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Abstract

Letn >3, 0 <m < ”T'Z, ip € Z*, Q c R" be a smooth bounded domain,

ay,az,..., a4, € Q, Q=0 \{a1,az,...,a;},0 < feL®0@Q)and 0 <ug € L’l”oc(ﬁ) for some

constant p > n(12— ") which satisfies Ailx = a7 < up(x) < Alfx — a7 Y0 < |x —ay < 6,

i=1,...,io where 6 > 0, /\l'. >A; > 0and ﬁ <y < 7/; < ”7'2 Yi=1,2,...,iy are con-
stants. We will prove the asymptotic behaviour of the finite blow-up points solution u
of uy = Au™ in Q x (0,00), u(a;, t) =co Vi=1,...,0p,t >0, u(x,0) = up(x) inQand u = f
on dQ % (0, 00), as t — co. We will construct finite blow-up points solution in bounded
cylindrical domain with appropriate lateral boundary value such that the finite blow-
up points solution oscillates between two given harmonic functions as t — co. We will

also prove the existence of the minimal solution of u; = Au™ in Qx (0, 00), u(x, 0) = up(x)
inQ, u(a;, t)y=c0 Vt>0,i=1,2...,ipand u = oo on dQ X (0, o).

Keywords: finite blow-up points solutions, fast diffusion equation, asymptotic be-
haviour, blow-up at boundary
AMS 2020 Mathematics Subject Classification: Primary 35K65 Secondary 35B51, 35B40

1 Introduction
Recently there is a lot of study on the properties of the fast diffusion equation,
uy = Au™ (1.1)
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with 0 < m < 1by P. Daskalopoulos, M. Fila, S.Y. Hsu, K.M. Hui, T. Jin, S. Kim, Y.C. Kwong,
P. Mackovd, M. del Pino, M. Sdez, N. Sesum, J. Takahashi, ]J.L. Vazquez, H. Yamamoto,
E. Yanagida, M. Winkler and J. Xiong, etc. [DS1]], [DS2], [EMTY], [H1, [H2], [HK1], [HK2],
[Hs], X1, [K1, [PS], [TY], [VW1], [VW2]. The equation (L.1)) arises in many physical models
and in geometry. When m > 1, (L) is called the porous medium equation which arises
in the modelling of gases passing through porous media and oil passing through sand
[Ar]. @LI) also arises as the diffusive limit for the generalized Carleman kinetic equation
[CL], [GS], and as the large time asymptotic limit of the solution of the free boundary
compressible Euler equation with damping [LZ]. When m = 1, it is the heat equation.
When the dimension n > 3 and m = 22, ([L.T) arises in the study of the Yamabe flow [DST],
[DS2], [PS].

Various fundamental results in R” for the equation (LI) are obtained recently by
A. Friedman and S. Kamin [FrK]], and M. Bonfonte, J. Dolbeault, G. Grillo, M. del Pino and
J.L. Vazquez [BBDGV], [BGVT], [BV1], [BV2], [CaV], [PD], [V1]. Results for the equation
(LI) in bounded domains are also obtained by D.G. Aronson and L.A. Peletier ,
B.E.J. Dahlberg and C.E. Kenig [DaK], E. Dibenedetto and Y.C. Kwong [DiK], E. Feireisl
and F. Simondon [FeS], M. Bonfonte, G. Grillo and ].L. Vazquez [BGV2], [V2]. We refer
the readers to the books by P. Daskalopoulos and C.E. Kenig [DK] and J.L. Vazquez [V3]],
[V4], for some recent results on the equation ().

Let Q C R" be a smooth bounded domain, iy € Z*, a;,4a5,...,4a;, € O and

Q=0Q\{a,a,...,a,). (1.2)

Let 60 = % mil’llsi,]'sio (dist(al-, 8Q),

a; — a]-|). For any 6 > 0, let

Qs = O\ (U2 Bs(@)) and D; = (x € Q; : dist (x,9Q) > 5). (1.3)

For any j € Z*, let
E; = {x € Q:dist (x,dQ) > 1/j} (1.4)

and jy € Z"* be such that j, > 1/0,.
When n > 3 and =2 < m < 1, existence of positive smooth solution of the Cauchy

problem,

Uy =Au" in R" x (0, OO)

o (1.5)

u(x,0) =up(x) inR

for any 0 < uy € L; (R"), 1y # 0, was proved by M.A. Herrero and M. Pierre in [HP]. This
implies that the diffusion for the solution of (L.3) when m < 1 must be very fast so that for
any t > 0 the solution u(x, t) is positive everywhere even though the initial value #, may
only have compact support in IR".

When m > 1, the Barenblatt solution

_a(m =P

1
m-1
T— ) , xeR",t>0

B(x,t) =t (c1
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where a = m and C; > 0 is any constant is a solution of (LI in R" X (0, c0). Note that
the Barenblatt solution B(x, t) has compact support for any ¢t > 0 and the diffusion for the
solution of (L.I) when m > 1 is slow. Hence the behaviour of the solution of (L)) is very
different for m <1 and m > 1.

Uniqueness of solutions of (L5) for the case 0 < m < 1 and n > 1 was also proved in
[HP]. This result was later extended by G. Grillo, M. Muratori and F. Punzo , to the
uniqueness of the strong solution of the equation

uy =Au™  in M X (0, )
u(x,0) =up(x) inM

on a Riemannian manifold M whose Ricci curvatures satisfies some lower bound condi-
tion. Note that in the uniqueness theorems of [HP] and the solutions considered
are strong solutions. That is the solution u satisfies

u, € Ll (R"x (0,00)) in

loc

and
uy € LI (M x(0,00)) in [GMP].

loc

However in the comparison results (Theorem 3.4 and Theorem [B.5)) that we will prove in
this paper the subsolutions and the supersolutions that we consider are C*'(R" x (0, T))
functions and the condition u; € L}DC(IR” % (0, T)) is automatically satisfied.

Asymptotic behaviour of the solution of

w =Au"  inQx(0,T)
u =0 on dQ x (0, T)
u(x,0) =up(x) in Q

which vanishes at time T > O where 0 < m < 1, n > 3 and uy > 0 is a function on QQ was
studied by G. Akagi [A1], [A2], ].G. Berryman and C.J. Holland [BH], B. Choi, R.J. Mccann

and C. Seis [CM9], etc. Let iy > 0, o < fi € CY(Q) and pp < vy € CX(Q \ {a1}) satisfies
Ml — |7 < vp(x) < Ay —aa[77 VO {a)

for some constants A} > A; > 0,7, > y; > =. Whenn >3 and 0 < m < 2, existence and
asymptotic large time behaviour of the Dirichlet blow-up solution of

uy =Au™  in (Q\ {a1}) X (0, 00)
u=f on dQ X (0, c0)
u(ay, t) =oc0 Yt >0
u(x,0) =vo(x)  inQ\ {a}



has been proved by J.L. Vazquez and M. Winkler in [VWT], [VW2]. When n > 3 and
0 < m < =2, existence of finite blow-up points solution of
uy =Au™  in Q x (0, o0)
u=f on dQ x (0, )
u(a;, t) =00 Vi>0,i=1,2...,0
u(x,0) =up(x)  inQ

(1.6)

forany 0 < f € L®(dQ% (0, ))and 0 < 1 € Lic(ﬁ\{al, ...,a;,}) for some constant p > @
which satisfies

up(x) = Ailx —a;|™" Vix—ail <61,i=1,...,10

for some constants 0 < 6; < 69, A; > 0 and y; > ﬁ foranyi=1,...,i, has been proved
by K.M. Hui and S. Kim [HK2]]. Whenn > 3,0 < m < =2 and f, uy, also satisfy f > py and
up > o for some constant 1y > 0 and

up(x) < Mx — a7 Ylx—a| <b1,i=1,...,1

for some constants A’ > A; >0,y > y; > ﬁ,i =1,...,1y, asymptotic large time behaviour
of the finite blow-up points solution of (L6) has been proved by K.M. Hui and S. Kim in
and [H2].

When n > 3 and 0 < m < =2, existence of finite blow-up points solutions of (L) in
bounded cylindrical domains was also proved by K.M. Hui and Sunghoon Kim in [HKT]
using a different method when the initial value u, satisfies

uo(x) = |x —a;|”" forx=a; Vi=1,2,...,0

for some constants y; > max (ﬁ, ”7‘2) ,i=1,2,...,10.

Outline of our results:

e Weimprove the existence theorems of (Theorem 1.1 and Theorem 1.2 of )
to the existence of unique maximal solutions of (L.6) (Theorem[I.Iland Theorem[1.2)).

e We extend the comparison theorems of [H2] (Theorem 1.1 and Theorem 1.2 of [H2])
by removing the requirement that the boundary values and the initial values must
be larger than some positive constant (Theorem [3.4 and Theorem [3.5).

e We extend the asymptotic large time behaviour of the finite blow-up points solutions
results of [HK2] and [H2] by removing the requirement that the boundary value f
and the initial value 1y, must be larger than some positive constant (Theorem
and Theorem [1.4). More precisely we prove the asymptotic large time behaviour of
the finite blow-up points solution of (1.6) (Theorem [L.3] and Theorem [1.4) for any
0<feLl®dQx(0,0))and 0 <u €L (Q\f{ay,...,a;,}) for some constant p > 2"
which satisfies

’

lx —;-P”' < thlx) < |x ;1|V‘ VO<lr—aif <o1,i=1,--,1io (1.7)
1 — a;l’i




for some constants 0 < 61 < g, Ay, -+, Ajg, A}, -+, /\Zfo € R* and

2 , h-— . .
1—m <')/1'S')/i<7 \7'121,2,...,10. (18)

e In the paper [H2] K.M. Hui constructed a solution of (L.6) which oscillates between
some fixed positive number and infinity as t — co. A natural question to ask is
whether there exist solutions of (1.6) which oscillate between some functions on
Q. We answer this question in the affirmative. We will construct (Theorem [L.5) a
solution of (L6) with appropriate lateral boundary value such that the solution of
(L.6) will oscillate between two given harmonic functions as t — oo.

e We will prove the existence of minimal finite blow-up points solutions of (L.I)) in
bounded cylindrical domains (Theorem [1.6) which also blow-up everywhere on the
lateral boundary of the domain. Asymptotic large time behaviour of such solution
is also prove in Theorem[L.6

More precisely we obtain the following results. The first four theorems are extensions
of Theorem 2.3, Theorem 2.4 of and Theorem 1.5 of )

Theorem 1.1. Letn > 3,0 <m < 2,0 < 6; < min(1, &), 0 < f € C3(dQx (0, 00)) N L= (9Q X

(0,00)) and 0 < uy € LfOC(Q \ {aq, - ,alo }) for some constant p > ”(12 ") be such that (LZ) holds
for some constants

)/Z’-Z)/Z-> Vi=1,2,...,10 (1.9)
and Ay, -+, Aig, Ay, -+, Al € R™. Let Q be given by [L2). Then there exists a unique maximal
solutzon u of (IEI) such that for any constants T > 0 and 6, € (0, 61) there exist constants

= C(T) > 0, G = Cu(T) > O, depending only on Ay, -+, Aig, AL =+, AL, Vi o Vi Vi
7/1"0' such that

C C . .
L <u(rh<—=2— YO<|x—al<b,0<t<Ti=12,...,10 (1.10)
v — aj: v — aj|”;

holds. Moreover the following holds.
(i) If there exist constants T, > To > 0 and u; > 0 such that
f>u ondQx|[T,T)), (1.11)
then for any T, € (T, T}) there exists a constant u, € (0, 1) such that

u(x,t) >y, VYxe ﬁ, T, <t<Tj. (1.12)



(ii) If there exists a constant T, > 0 such that

f(x,t) is monotone decreasing in t on 9 X (T,, ), (1.13)
then u satisfies
u .=
u; < (1 — m)(t — Tz) in QX (Tz, OO) (114:)

Theorem 1.2. Let n > 3,0 < m < 22,0 < 6; < min(1,8), 0 < f € L*(IQ x (0, 0)) and
0 <uyel] (ﬁ\ a1, ,a;}) for some constant p > M be such that (L7) holds for some

constants y;, yi, i =1,... 14y, satisfying (L8) and Ay, - - /\lo, Ay oo, Al € R*. Let Q be given
by (L2). Then there exists a unique maximal solution u of (L.6) such that for any constants T > 0
and 6, € (0,61) there exist constants C; = C1(T) > 0, C; = Co(T) > 0, depending only on Aq, - - -,
Nigs Ay ee, /\l’.o, Vi Vi Vi oo yl’.o, such that (LIQ) holds. Moreover the following holds.

(i) If there exists constants Ty > Ty > 0 and yy > 0 such that (L1I) holds, then for any
Ty € (To, T}) there exists a constant i, € (0, ) such that (L12) holds.

(ii) If there exists a constant T, > 0 such that (L13) holds, then u satisfies (L.14).

Theorem 1.3. Let n > 3and 0 < m < =2, Let 0 < g € C*(dQ) and ¢ be the solution of

{Aq;:o in Q

$p=g" ondQ. (1.15)

Let 0 <up € L (Q \ {ay, - ﬂm}) for some constant p > ”(l_m) be such that (L.Z) holds for some
constants y;, v, i = 1,..., 1y, satisfying (L8) and 0 < 6, < min(1,6p), Ay, -+, Ajy, A,
Ai € R Let f € C3(8Q X (O 00))) N L2 (dQ X (0, 0))) be such that

f— g uniformlyin C*(9Q) ast — oo. (1.16)

Let Q) be given by (L2). Let u be the unique maximal solution of (L6) given by Theorem[L.1l Then
the following holds.

(i) If g > 0 0on dQ), then
u(x,t) — qb% uniformly in C*(K) ast — oo (1.17)

holds for any compact subset K of Q \ {ay, ..., a;,}.

(ii) If g # 0 on dQY,
f=g ondQx(0,o0) (1.18)

and . N
up > ¢n - on Q) (1.19)

holds, then (L17) holds for any compact subset K of Q.
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(iii) If g = 0 on dQ), then

u(x,t) - 0 uniformlyin K ast— oo (1.20)
for any compact subset K of Q.

Theorem 1.4. Let n > 3and 0 < m < =2, Let 0 < g € C(dQ) and ¢ be the solution of ([LI5).

Let 0 < uy € L’fo ) (ﬁ\ {ay,- - ,aio}) for some constant p > @ be such that (L7) holds for some
constants y;, yi, i = 1,...,1, satisfying (L) and 0 < 6 < min(1,d¢), A1, -+, Ay, Ay, -+,
Al €R™. Let f € L= (dQ % (0, 00))) be such that

f— g uniformlyin L (dQ) ast — co.

Let Q be given by (L2). Let u be the unigue maximal solution of (L.6) given by Theorem T2 Then
the following holds.

(i) If g > 0 on 9Q, then (LI7) holds for any compact subset K of Q.
(ii) If ¢ # 0 on dQ and both (1.18) and (1.19) holds, then (L17) holds for any compact subset K
of Q.
(iii) If g = 0 on Q, then (L20) holds for any compact subset K of Q.

Theorem 1.5. Let n > 3and 0 < m < =2, Let g1, 8, € C(9Q), g2 > 0, g1 > 0, and ¢, ¢, be the
solutions of (L15) with g = g1, g», respectively. Let

0< <min(min 1, Min 2)
Ho oo 818

be a constant. Let 0 < uy € Lfoc (5 \{ay, - ,aio})for some constant p > @ be such that (L7)
holds for some constants y;, y,,i=1,..., iy, satisfying (L) and 0 < 6; < min(1, 6p), Ay, -+, Ay,

AL+, AL € RT. Let €3 be given by (L.2). Then there exist a function f € L¥(dQ X (0, o0))) and
an increasing sequence {;}>,, t; — 0o as i — oo, such that if u is the maximal solution of (L.6)
given by Theorem [L.2) then

{u(x,t2l-_1)—> T in CHK) asi— o

u(x, tr;) — qbf in CH(K) asi— oo
for any compact subset K of Q.

Theorem 1.6. Letn > 3,0 < m < '=2,0 < &; < min(1, 8o) and 0 < ug € L (Q\{ay, -+, a,}) for
some constant p > @ be such that (LZ7) holds for some constants y;, y!,i =1,..., 1, satisfying



@9) and Ay, ---, Ay, AL e, /'\l’.0 € R*. Then there exists a unique minimal solution u of

w =Au™  in Qx (0, 00)
U =00 on dQ x (0, o)
u(a;, t) =oo Vt>0,i=1,2...,1

u(x,0) =up(x)  inQ

(1.21)

such that for any constants T > 0 and 6, € (0,061) there exist constants C; = Cy(T) > 0,
Cy = Cu(T) > 0, depending only on Ay, ---, A, AL e /\l’.o, VUt Vie Vi 7/;0, such that
(L.1Q) holds. Moreover u satisfies (.14) with T, = 0 and

u(x,t) = oo uniformlyon Qs ast— oo Y0 <6 < 0. (1.22)

Remark 1.7. The integrability condition 0 < uy € Lfoc(ﬁ \ {a1,--- ,a;}) for some constant
p > M is necessary since this condition together with f € L¥(dQ x (0, o0)) implies that the
solution u of (1L.6) locally satisfies a L — L regularizing result in terms of the local LP norm of

the initial value uy and L™ norm of f (Lemma(3.2land Lemma(3.3).

Remark 1.8. In the proof of Theorem [L.Iland Theorem[L.2lwe will construct the solution of (1.6))
as the limit of a monotone decreasing sequence of solutions of
w =Au"  in QX go, o) | 123)

u(a;, t) =oo Vt>0,i=1,2...,10

which have initial values strictly greater than uy and lateral boundary values strictly greater than
f. Since there is comparison results (Theorem 3.4 and Theorem[3.5) between any solution of (L6)
and this monotone decreasing sequence of solutions of (L.23)). Hence this constructed solution
of (1.6) must be maximal solution of ([L.6) by comparison arqument. On the other hand if we
construct solution of ([L6) as the limit of a monotone increasing sequence of solutions of (1.23)
which have initial values less than g and lateral boundary values less than f. Since there is no
comparison result between any solution of (L6) and this monotone increasing sequence of solutions
of (1.23). Hence it is not clear whether minimal solution of (1.6) exists.

The plan of the paper is as follows. For the readers’ convenience in section 2 we recall
some results of [HI], [H2] and [HK2] that is cited in this paper. In section 3 we will prove
Theorem [[.1land Theorem We will prove Theorem [I.3 and Theorem [L.4]in section 4.
We will prove Theorem [I.5land Theorem [L.6]in section 5. Unless stated otherwise we will
assume that n > 3 and 0 < m < =2 for the rest of the paper.

We start with some definitions. For any a € R*, let a, = max(a, 0).

Definition 1.9. For any t, > t;, we say that u is a solution (subsolution, supersolution respec-
tively) of @I in Q X (1, t2) if u € C>*1(Q X (41, tp)) is positive in Q X (1, 1) and satisfies

u=Au"  inQx(t,t) (£,>, respectively).
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Definition 1.10. For any 0 < f € L*(dQ x (0,T)) and 0 < ug € L, (Q), we say that u is a
solution (subsolution, supersolution respectively) of

u, = Au™ inQx(0,T)
u=f on dQA x (0,T) (1.24)
u(x,0) = up(x) inQ.

if u is a solution (subsolution, supersolution respectively) of (LI)) in Q x (0, T) which satisfies
lu(-,t) — uollpyy > 0 ast—0

and the boundary condition is satisfied in the sense that

to ty a
f f(unt +u"An)dxdt = f fma—n dodt+fu17dx
h JQ h Joo v Q

(>, < respectively) holds for any 0 < t; < t, < T and n € CX(Q x (0, T)) satisfying n = 0 on
dQ x (0, 7).

5]

ty

Definition 1.11. Forany T > 0,0 < f € L*(dQ % (0,T)) and 0 < uy € Llloc(ﬁ) where Q is given
by (L.2), we say that u is a solution (subsolution, supersolution respectively) of

w=Au"  inQx(0,T)
u(x,t) = f on dQA x (0,T) (1.25)
u(x,0) =up(x) in Q.
if u is a solution (subsolution, supersolution respectively) of (1)) in Q x (0, T) which satisfies

(-, ) = tolligy = 0 ast — 0 (1.26)

for any compact set K C Q\ {ay, -+, a;,} and

t2
f j; (uny + u™An) dxdt
51 Q

to a
= f f f’”g—ndodﬂ ﬁ u(x, t)n(x, tp) dx — ﬁ u(x, t)n(x, ty) dx
H JoQ v Q Q

(>, < respectively) forany 0 < t; < t, < Tand n € C2((Q\ {ay, -+ ,a;,}) X (0, T)) satisfying n = 0
on dQ x (0, T).

Definition 1.12. We say that u is a solution (subsolution, supersolution respectively) of ([L.6) if
u is a solution (subsolution, supersolution respectively) of (1.25) and

u(x,t) > o0 asx—a Vt>0,i=1,...,1. (1.27)
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Definition 1.13. We say that u is a maximal solution of (1.6) if u is a solution of ([L.6) and for
any solution v of (LE), v < uin Qx(0,T).

Definition 1.14. We say that u is a solution of (L21)) if u is a solution of (L) in Q x (0, o)
which satisfies (L26)) for any compact set K c Q, (1.27) and
lim u(y,s) =00 VY(x,t) €dQx(0,).

(v,8)—(x,t)
(y,5)€€2%(0,00)

Definition 1.15. We say that u is a minimal solution of (L21) if u is a solution of (L21)) and for
any solution v of (L21), v > u in Q x (0, T).

2 Preliminaries

In this section we recall some results of [HI], and that are cited in this paper.

Theorem 2.1 (Theorem 1.1 of [H2]). Let n > 3,0 < m < ”7_2, 0 < 61 < min(1,8), o > 0,
fi, fo € C3(0Q X (0, 00)) N L=®(IQ X (0, 00)) be such that f, > fi > po on dQ X (0, c0) and

n(l —m)

: (2.1)

po < U1 < Ugp € LZ;(;(Q \l{m, -~ ,a;,}) for some constant p >

be such that

’

i i

< g (x) S ugp < YO<|x—a]<b6,i=1,---,1 (2.2)

— — ’

Ix — a;]i Ix —aj|”i

holds for some constants Ay, - -+, Ay, A}, -+, /\lfo € R* and

, 2 ) )
)/Z-Z)/i>1_m Vi=1,2,...,1.
Suppose uy, uy, are the solutions of (L6) with uy = ug1,uon, f = f1, fa, respectively which satisfy
wix, )=y YxeQ,t>0,j=1,2 (2.3)
such that for any constants T > 0 and 6, € (0,061) there exist constants C; = Cy(T) > 0,
Cy, = Cy(T) > 0, such that

C C
! - < uj(x, t) < 2
v — a;]

(2.4)

N x —aji
holds for any 0 < |x —a;| < 0,0 <t <T,i=1,2,...,1p,j = 1,2. Suppose uy, s, also satisfy
ui(, £) — ugillr) = 0 ast—0 YO<6<0by,i=1,2 (2.5)

Then .
ui(x, t) <up(x,t) VYxeQ,t>0.
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Theorem 2.2 (Theorem 1.2 of [H2]]). Let n > 3,0 < m < ”7‘2, 0 < 61 < min(1,6), po > 0,
to < fi £ fo € L¥(0Q X (0, 0)) and @), @.2), hold for some constants Ay, ---, Ay, A}, -+,

Aj € R* satisfying (L.8). Suppose uy, u,, are the solutions of (1.6) with uy = ug1,uos, f = f1, fo,
respectively which satisfy 2.3) and @2.5) such that for any constants T > 0 and 6, € (0, 61) there
exist constants C; = C1(T) > 0, C, = Co(T) > 0, such that 2.4) holds. Then

ui(x,t) < up(x,t) Vxe ﬁ,t > 0.
For any m € R, we let ¢,,(u) = u"/m if m # 0 and ¢,,(u) = logu if m = 0.

Lemma 2.3 (Lemma 1.7 of [HI]). Let my < 0 < &1 < 1 and m € [mo, 1 — &1]. Suppose u is a
solution of

Uy = A(Pm(u)
in Q X (0, T) with initial value 0 < uy € LZ) (Q) for some constant

p > max (1, (1 — mp) max(1,n/2)).

Then for any Bg,(xo) C Bg,(xo) C € there exists a constant C > 0 such that

f u(x,t)r’dxsc{tp/<1—mo>+tf’/fl+ f ugdx}
Bg, (xo) Bg, (x0)

holds for any 0 <t < T, m € [my, 1 — &1].

Theorem 2.4 (Theorem 1.1 of [HK2]). Let n > 3,0 < m < 2,0 < 6; < 8, 0 < f €

L=(@Q % [0,00)) and 0 < uy € Lfoc(ﬁ \{ay,- -+, a;}) for some constant p > @ be such that
v — aif

uo(X)Z V0<|x—ai|<61,i:1,---,i0

holds for some constants Ay, - -+, Aj, € R* and y1,--- ,yi, € (ﬁ, 00). Then there exists a solution
u of (1.6) such that for any T > 0 and 6, € (0, 61) there exists a constant C; > 0 such that

G
|lx —a]i

u(x, t) > VO <|x—a] <0y,0<t<T.

Moreover if there exists a constant Ty > 0 such that (L13)) holds, then u satisfies (L.14).

Theorem 2.5 (Theorem 1.5 of [HK2]). Suppose that n > 3, 0 < m < 2 and p, > 0.
Let py < ug € L (5\ {ag, -+ ,aio}) for some constant p > " such that @LZ) holds for
some constants Ay, -+, A, Ay, -0, AL€ R* and y;, yi, i = 1,...,1, satisfying (L8). Let
f € L*(0@Q X (0, )) N C3(9Q x (T4, 2)) for some constant Ty > 0 satisfy

f=p ondQx(0,00)

and (L16) for some function g € C?(dQ), ¢ > o on dQ. Let u be the solution of ([L6) given
by Theorem Let ¢ be the solution of (L15). Then (LIZ) holds for any compact subset K of

Q\ {aq, -+, a;,}).
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Lemma 2.6 (Lemma 2.9 of [HK2]). Let n > 3,0 <m < 22,0 < f € L*(dQ x [0, c0)) and

n(1-m)

0 <up el (Q\fay, -, a;}) for some constant p > “="2. Suppose u is a solution of (L.25).
Then for any 0 < 6¢ < 05 < 0g and 0 < t; < T there exist constants C > 0 and 0 > 0 such that

0/p
||u||L°°(Qo5><[t1,T)) < C(kiilQl + f(; ug dX) + kf

%
where ky = max(1, || fl|).

Lemma 2.7 (Lemma 3.2 of [HK2]). Let n > 3,0 < m < 2,0 < 6; < min(1,8), 0 < f €

L*¥(@Q x [0,00)) and 0 < ug € Lfoc(ﬁ \ {aq,--- ,a;}) for some constant p > @ such that (LL7)
holds for some constants Ay, ---, Ay, A, -+, Al € RY and y;, y!, i = 1,..., 1y, satisfying (L8).
Let u be the solution of (1.6) given by Theorem U4 Then for any 0 < 6, < Og and ty > 0O there
exist constants C, > 0 and C3 > 0 such that

u(x, ) <Cy  Vx € Q, X [ty, )

and
u(x, ) < Calx —a| 7 VO<|x —a] < gt > tg,i=1,--,ig

hold.
Remark 2.8 (Remark 3.7 of [HK2]). If f € L*(dQ x (0, »0)), ¢ € C(dQ) and
f(x.t) = g(x)  uniformly in L*(dQ) as t — oo,

then the solution u of ([L6) given by Theorem 1.1 of [HK2| satisfy (LI17) for any compact set
K c Q. Moreover

u(x, t) — tp% inL;?

loc

Q\ (a1, ,a;,)) ast— oo.

3 Existence of maximal blow-up solutions

In this section we will use a modification of the argument of and to prove the
existence of maximal solution of (I.6). We first extend Theorem 1.1 and Theorem 1.2 of
[H2]. We start with a technical lemma.

Lemma3.1. Letn >3,0<m<1,p> ”(12_m), 0<fel®dQx(0,T))and 0 < uy € L*(Q).

Suppose u € L¥(Q x (0, T)) is a solution of (L24). Then for any 0 < &' < & < Oy there exists a
constant C > 0 depending only on p, m, 6 and &' such that

fQ u(x, ty dx < C(fQ ub dx + =i ”f”ioong(o,n) YO<t<T (3.1)
) o
where Qs, Qs , is given by [L.3).
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Proof. We will use a modification of the proof of Lemma 1.7 of [H1]] to prove this lemma.
Let0 < ¢ € C“(ﬁ\ a1, ,a;}), 0 < @1 < 1, be such that q’)l(x) =1 for any x € Q; and
¢1(x) = 0 for any x € Q\ Qs . Let ¢, = ¢ for some constant & > = and k > || f||.~. Let Q
be given by (1.2). Then

d
E (fﬁ(u - k)ﬁ_(]bz d.X)

=p fA (u— k)ﬁ_lutgbz dx

Q
=p ﬁ (= k), ppAu™ dx

Q
=—p ﬁ Vi - V[(u = k) o] dx

Q
=—pm {(p -1 fA "= k) Vuld, dx + fA W= k) Vu - Ve, dx} . (3.2)
Q Q

Since

<(p-1 j; W = k) Vul, dx
B
j; u" = kY Vool 3" dx,
B

j; W= k) Vi - Ve, dx
o

Tap-1)

by (3.2) and Holder’s inequality with exponents £ and

% (ﬁ(u — k)i o dx)

f " — k) [VolPdy ! dx

p+m 1/

4(10 -1)
<qim [kl vt s
v o 1-1on
34(’”” )(f (|v¢ P, ) dx) (fﬁ(u—k)ﬁgbzdx) VO<t<T.  (33)
Since . e
|V<152|2<]52T =a’p, ’ |V<¢)1|2 < VP,
we have

1-m _ 1fm 2_;7 2_[0
f (|v¢2| b, ) dx < ath ﬁ Vb |25 dx < co.
Q
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Then, by (3.3),

1-1om

& p
E(fﬁ(u_k)ﬁ@dx) < C(fﬁ(“—k)ngzdx)

-1
= ( [ (u—k)’icpzdx) %( [ (u—k)ﬁ¢2dx)sc. 64)

where Q is given by (L2). Integrating (3.4) over (f1,1),0<t; <t <T,

fA(u(x, t) — kY, o dx < {Ct + (fA(u(x, t) — k), dx)T} _ .
a o
f (u(x, t) — kY, dx < {Ct + (f (u(x, t) — k) dx)T} _
Q, Qy

<C’ ( f u(x, t,) dx + tTm +kp)
Qé/
holds forany 0 < t; <t < T, k > ||fllz~ax@,). Thus

f u(x, ty’ dx <C (f u(x, ) dx + = k”) (3.5)
Qé ny
holds for any 0< tl <t< T, k> ”f”L‘x’(an(O,T))' Letting k \, ||f||Lw(aQX(0,T)) in m),

Hence

fQ u(x, £ dx < c( fQ u(x, bV dx + t + | f||Pm(aQX(OIT») Vo<t <t<T. (3.6)
O o

Let C; = max(||uollz~), lullz~@x@©r)). By the mean value theorem for any x € Qs and
0 < t; < T there exists a constant & between u(x, t;) and uy(x) such that

u(x, 1) — uo(x)| = pIEP u(x, 1) — up(X)| < pC |u(x, 1) — up(¥)-

f u(x,tl)”dx—f ub dx
Qy Qy

holds for any 0 < #; < T. Since u is a solution of (1.24) with initial value u, letting t; — 0
in (3.7) by Definition we have,

Hence

<pC” fQ |u(x, t1) — uo(x)] dx (3.7)

lim f u(x, tp) dx—f ub dx| =0
h=01Jaq, Qy

= lim u(x, t)f dx = f ub dx. (3.8)
h=0 Ja,, Qy

14



Since (3.6) holds for any t; € (0,t), letting £ — 0 in (3.6), by (3.8) we get (3.I) and the
lemma follows.
O

By Lemma [3.1] and an argument similar to the proof of Corollary 1.8 of and a
compactness argument we have the following result.

Lemma3.2. Letn > 3,0 <m <22, p> "M 0 < fe L®9Qx (0,T)) and 0 < uy € L™(Q).
Suppose u € L=®(Q x (0,T)) is a solution of (1.24). Then for any 0 < &' < 6 < O and
0 < t; <ty < T there exist constants C > 0 and 6 > 0 such that

0/p
el (uxity ) < C(l +IfI + f uﬁ dx) + [ fll (3.9)
Q

where Qs, Qs , is given by [L.3).
By Lemma 1.7 of and a compactness argument we have the following result.

Lemma 3.3 (cf. Corollary 1.8 of [HI]). Let n > 3,0 < m < =2, p > "I 0 < f ¢

L®(@Q x (0, T)) and 0 < uy € L*(Q). Suppose u € L*(Q x (0, T)) is a solution of (L24). Then
forany 0 < &' <0 < 6pand 0 < t; < t, < T there exist constants C > 0 and 0 > 0 such that

5!

0/p
1l LoDy ity b)) < C(l + f ub dx) (3.10)
Dg

where Ds, Dy, is given by ([L.3).

Theorem 3.4. (cf. Theorem 1.1 of [H2l]) Let n > 3,0 < m < 2,0 < 6; < min(1, &), o > 0,
fi, fo € C3(0Q X (0, 00)) N L=(IQ X (0, c0)) be such that

b= fiz20 andf, > uy ondQx(0,0) (3.11)
and
y = n(l —m)
o, op € L (Q\ ey, -+, i }), uoa = woy 2 0,10 2 po for some constant p > ———.
(3.12)

Let Q be given by [L2). Suppose 1,1 € L (Q\ {ay, ..., a,)) X (0,00)) N C21(Q x (0, o0)) are
subsolution and supersolution of (L8 with f = fi, f» and uy = ug 1, uo, respectively which satisfy

ux(x,t) > uo VYx € ﬁ,t >0 (3.13)

such that for any constants T > 0 and 6, € (0,061) there exist constants C; = Cy(T) > 0,
Cy, = Cy(T) > 0, such that

C C
up(x, t) < ! - and  u(x,t) > 2 - VO0<|x—ai <6,0<t<T,i=1,2,...,1.
Ix — ;i lx — a;|
(3.14)
for some constants y;, v, i=1,..., 1y, satisfying (I.9). Then
wm(x,t) < up(x,f) YxeQ,t>0. (3.15)

15



Proof. Since the proof of the theorem is a modification of the proof of Theorem 1.1 of [H2]],
we will only sketch the proof here. Let

D, ={(x,t) € QX (0,00) : ur(x, £) > ts(x, 1)}
and a > max(2 + 1,7,V - - .,)/lfo). Then by (3.13) for any (x,t) € D,
uy(x, t) > up(x, t) > L.
Hence by the mean value theorem,
W =)o () < mul Ny — ) (x,£)  Yx € Q,t > 0. (3.16)

Asin we choose 1 € C(Q\{ay, -, a;,}) such that ¢(x) = |[x—a;|* for any x € Uf’leéo(ai)
and
P(x) = VxeQ\ U2 B () (3.17)

for some constant ¢; > 0. Let T > 0. Since
Uy, Uy € L;:)C((ﬁ \ {all cey aio}) X (OI OO)),
by (3.14) and the choice of @, we have foranyi=1,---, i,

02
f |x - aila(ul — u2)+(x, t) dx SCTf pa+n—)/l’.—1 dp
Bs, (a:) 0

a+n-y;

=Cro, '"<oo VO<t<T (3.18)

for some constants Cr > 0, C%. > 0. Since by the same argument as the proof of Proposition
2.2 of [H2], the result of Proposition 2.2 of [H2] remains valid for uy, u,. That is

(-, t) — ug,illi) 2 0 ast—>0 VO<6<by,i=1,2
Hence there exists a constant C5(T) > 0 such that

”ui('/ t) - uo’illLl(ﬁ\U:ngbz(ﬂi)) < C3(T) YO<t< T/l = 1/2

= |lur(-, ) — us(:, t)||L1(§\u’ﬁngéz(a,-)) <2CG(T) VO<t<T. (3.19)
By (3.18) and 3.19),
ﬁ P — 1), (x, ) dx < O T+ 2C5(T) <00 VO <t<T. (3.20)
Q

By (3.14) and the mean value theorem for any [x —a;| < 0,, 0 <t < T,i=1,--- iy,
e — a2 (Ul = uy) s (x, )
<mlx — al*Pup(x, )" 1y — 1) (%, 1)
<mCo(T)" Hx = a2+ (uy — ) (x, 1)
<mCo(T)" 65 """ — a1 = 1) (x, )

<mCy(T)" 765 "™ 2P0 (11 = 1) (x, ). (3.21)
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As in [H2] we now choose a nonnegative monotone increasing function ¢ € C*(R) such
that ¢(s) = 0 for any s < 1/2 and ¢(s) = 1 for any s > 1. For any 0 < 0 < 0o, let
B5(x) = p(1xl/5) and |

ws(x) =TT Ps(x — ay).
Then by (B.16), (3.17), 3.20) and (3.21) and an argument similar to the proof of Theorem

1.1 of [H2]],
% (fﬁ(ul — Up)+ PwWs dx)

<C f - ) by dx
O\UY, Bs, (a)
+C f v — a2 — u))(x, t) dx
U2 Bs, (@)
<C [ = )5, 090) d
Q
+C f v — a2 — u))(x, t) dx
U2 Bs, (@)

<Cr f;(ul — up)+(x, )P(x) dx. (3.22)
0

Integrating (3.22) over (0, t) as letting 6 — 0,

j;(ul —up)+(x, HYP(x) dx < CTf fA(“l —up)(x, )P(x)dxdt VO<t<T. (3.23)
Q 0 Ja

By (8.23) and the Gronwall inequality, we get (3.15) and the theorem follows. |

Theorem 3.5. (cf. Theorem 1.2 of [H2l]) Let n > 3,0 < m < =2, 0 < &; < min(1, &), o > 0,

fi, fo € L®(9Q2% (0, )), t4o,1, U2 € L’l"o C(ﬁ\ {a1,--- ,a;,}) for some constant p > ”(12_ " be such that

B.11) and B.12) hold. Let Q be given by (L2). Suppose uy, u, € L;’;’C((ﬁ\ {a,...,a;,}) % (0, )N
C>1(Q x (0, 0)) are subsolution and supersolution of (LE) with f = fi, f» and uy = 1, Ugo
respectively which satisfy B.13) such that for any constants T > 0 and 6, € (0, 01) there exists a
constant C, = Co(T) > 0 such that

C
uj(x,t)Sﬁ VO<|x—a)<8,0<t<T,i=1,2,...4,j=12 (3.24)
X —d;|’i
holds for some constants
n-—2
<yi<—— Vi=1,2,...,10. 2
1—m Vi . t=1L12,...,0 (3.25)

Then B.19) holds.
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Proof. Since the proof is similar to the proof of Theorem 1.2 of [H2[], we will only sketch
the argument here. Similar to the proof of Theorem 1.2 of [H2] we let

Uy (x/ t)m - u2(x/ t)m
up(x,t) — up(x, t)

Vx € ﬁ,t > 0 satisfying u;(x, t) # ux(x, t)
Ax, t) =

musy(x, )" Vx € ﬁ,t > 0 satisfying u;(x, t) = ux(x, t)
0 Vx=ua;,i=1,---,iyt>0.
For any k € Z*, let
|u1(xl t)m - uZ(xl t)ml ~
VxeQ,t>0
ag(x, t) = { ui(x, t) — ua(x, )| + (1/k)
0 Vx=ua;,i=1,---,ip,t >0

and Ai(x,t) = ax(x, t) + k1. We claim that the function A(x, t) € L”(ﬁ X (0, )). We divide
the proof of this claim into two cases.
Case 1: uy(x, t) > 2uq(x, t).

By (3.13),

up(x, t)"

|A(x, t)| < = 2up(x, £)" 7 < 2ul .

%uZ X, )
Case 2: uy(x, t) < 2uy(x, t).

By (8.13) and the mean value theorem there exists a constant & = &(x, t) lying between
u1(x, t) and uy(x, t) such that

|A(x, )] < mE™ ™ < m(uy(x, £)/2)" 7 < 28" mu =t

By case 1 and case 2, A(x,t) € Lw(ﬁ X (0, 00)). Since |ax(x, t)| < |A(x, t)|, we get ax(x, t) €
L*(€2 x (0, 00)) and hence one can apply the same argument as the proof of Theorem 1.2

of [H2]] to conclude that the theorem holds.
O

Proof of Theorem[L1} Since the proof is similar to the proof of Theorem 1.1 of [HK2], we
will only sketch the argument here. Forany M > 0,0 < ¢ <1, let

{ Ho.(x) = ()" + e ) (326
U e m(¥) = (min (o(x)", M™) + &™) ™
and

£t = (fa, "+ eMV™  Y(x,t) € 9Q X (0, o). (3.27)

Let u, 1 be the solution of

uy = Au™ inQx(0,T)
u=f on dQ x (0,T) (3.28)
u(x,0) = ug e m(x) in Q.
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Then

u >Upp, =€ INnQX(0,00) YMy>M;>0,6>0
{ &,Mp My ( ) 2 1 (329)

Uey M = Ugy M in(Qx(0,00) YM>0,e1 > ¢ >0.

By LemmaB.2for any 0 < ¢’ < 6 < 6y, t) > ty > 0, there exists a constant C > 0 such that

0/p
el gy S C(l +IAE. + fo i dx) + [l =: Co (3.30)

holds for any 0 < ¢ <1 and M > 0 where Qs, Qy, is given by (L.3). As in [HK2], by (3.29)
and (3.30), as M — oo, u, ) will increase monotonically to some solution u, of

5

w =Au"  inQx (0, 00)
u=f on dQ X (0, o0)

u(a;, t)y =0 Vt>0,i=1,2...,10 (3.31)
u(x,0) =ug(x) in Q.
Letting M — oo in (3.29) and (3.30),
Ue 2 € in Q x (0, o)
Uey 2 U, IN Qx(0,00) Y&y >e>0 (3.32)

u. <Cy inQsx[to, )] V0O<e<T.

Moreover u, will decrease monotonically to a solution u of (L6) as ¢ — 0. By an argument
similar to the proof of Theorem 1.1 of [HK2] for any T > 0, 6, € (0, 01), there exists constants
C1 = Ci(T) > 0, C; = C(T) > 0, depending only on Ay, -+, A, A}, -+, /\Z'-O, V1o Vier Vs
-+, y;,such that both u and u, satisfy (L.10) forany 0 < ¢ < 1.

Suppose v is another solution of (1.6) which satisfies (I.10) for some constants C; > 0,

C, > 0. Since by (3.26) and (3.27),

g > max(ug, ) and f. > max(f, ¢),
by Theorem 3.4]

v<u, InQx(0,0) Yo<e<l
= v<u inﬁx(O,OO) as ¢ — 0.

Hence u is the maximal solution of (L.6).
Proof of (i) of Theorem 1.1t
Suppose there exist constants Ty > Ty > 0and y; > Osuch that (LII) holdsand T; € (T, Tj).
LetT; =(To+T1)/2, T = (T, —Ty)/2and C3 = T /y%. Let g and A; > 0 be the first positive
eigenfunction and the first eigenvalue of —A on Q. By the proof of Theorem 2.2 of [HI]
there exists a constant C; > 0 such that the function

[m(t - T5)]"0~™

WD = T 4:39)
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is a subsolution of (L)) in Q X (T3, o). Since w(x, T3) = 0 in Q and

m(t —Ts)

1/(A—m)
T ) U1 < fg(x, t) on dQ x [Tg, T1],

w(x, t) = (
by Theorem[3.4]

u.(x,t) > w(x,t) Vxe Qx (T5,T1],0<e <1
= u(x,t)>wxt) Vxe Q x (T3, T1] ase—0

m(Ty — Tp)

1/(A=m)
> ) (Cs + Callglls) ™2 Vx e Q (3.34)

= u(x,Ty) > Yz = (

Let pp = min(yy, p3). Then by (L11), (3.34) and Theorem 3.4}

ug(x,t) >y, VYxe Q x [T1,Ty),0<e<1

= ulx,t) > Vxeﬁx[Tl,Té) ase¢— 0

and (i) follows.

Proof of (ii) of Theorem .1t

Suppose there exists a constant T, > 0 such that (II3) holds. Then f, is monotone
decreasing in t on dQ X (T,, ). Hence similar to Theorem 1.1 of both u, y and u,
satisfies (I.14). Putting u = u, in (L14) and letting ¢ — 0, we get that u satisfies (L.14) and
(ii) follows. O

By Lemma[3.2] Lemma[.3and the construction of solution of (1.6) in Theorem [L.Ilwe
recover Lemma 2.9 of [HK2] and have the following results.

Lemma 3.6 (cf. Lemma 2.9 of ). Letn > 3,0 <m < 2,0 < f € L*(dQ X [0, 0)) and

0<uge L’Z}C(ﬁ\ {ay, -+ ,a;,}) for some constant p > @ Suppose u is a solution of ([L.6). Then

forany 0 <6’ <6 <dgand 0 <ty < t, < T there exist constants C > 0 and 6 > 0 such that (3.9)
holds.

Lemma3.7. Letn >3,0<m < ”7_2, 0< feLl®@02x[0,00))and 0 < ug € Lfoc(ﬁ\{al,--- , i, })

for some constant p > @ Suppose u is a solution of [LE). Then for any 0 < ¢’ < 6 < 6 and
0 < t; <ty < T there exist constants C > 0 and 6 > 0 such that (3.10) holds.

Lemma3.8. Letn >3,0<m < ”7_2, 0< feLl®@02x[0,00))and 0 < u € Lfoc(ﬁ\{al,--- , i, })

for some constant p > ”(12_ "™ Suppose u is a solution of (LG). Then for any 0 < & < & < &, there

exists a constant C > 0 depending only on p, m, 6 and &’ such that (3.1)) holds.

Remark 3.9. By an argument similar to the proof of Theorem LT but with Theorem 3.3 replacing
Theorem [3.4lin the proof we get Theorem

By Theorem [3.4] Theorem B.5and the construction of solution of (L.6) in Theorem [L.1]
we have the following corollaries.
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Corollary 3.10. Let n > 3,0 <m < 22,0 < &, < min(1, o) and Ty > 0. Let 0 < upy < upy €
ZDC(Q \{a,- -+ ,ai}) for some constant p > @ and fi, fo € C3(0Qx (0, T1)) N L= (dQ % (0, T1))
be such that
f2>f1>0 0n8Q><(0,T1)

holds. Let Q be given by ([L.2). Suppose Uy, Uy € Lloc((Q \{a1,...,a;,})x(0,T1))N szl(ﬁ x (0, T1))

are the maximal solutions of (1.6) in Q x (0, Th) with f = fi, f> and uy = g1, o, respectively
such that for any constants 0 < T < Ty and 6, € (0,61) there exist constants C; = C1(T) > O,
C, = Cy(T) > 0, such that

G
x —ali

G
|x — a;f

<uj(x,t) < | VO<|x—a]<6,0<t<T,i=1,2,...,ip,j=12 (3.35)

holds for some constants y;, yi, i = 1,... iy, satisfying (L.9). Then B.15) holds for any x € Q,

0<t<T.

Corollary311 Letn>3,0<m<22,0<06 <min(l,8) and T; > 0. Let 0 < up; < Uy €
ZDC(Q \ {a1, -+, a;}) for some constant p> ”(12m) and 0 < fi < f, € L®(0Q x (0, Ty)). Let Q be

given by (L2). Suppose Uy, Uy € Lloc((Q \{a1,...,a;,})x(0,00))N C21(Q % (0, 00)) are the maximal

solutions of (L.6) in Qx (0, Ty) with f = fi, f»and ug = ug,, tgp respectively which satisfy (3.13)
such that for any constants 0 < T < Ty and 6, € (0, 01) there exist constants C; = C1(T) > 0,
Co = Cy(T) > 0, such that 3.35) holds for some constants y;, v, i = 1,..., 1, satisfying (L.8).

Then BI5) holds for any x € Q, 0 < t < Ty.

4 Asymptotic behaviour of blow-up solutions

In this section we will prove the asymptotic behaviour of the maximal finite blow-up
points solutions.

Proof of Theorem[L3} For any 0 < ¢ < 1, let up,, f. and u, as in the proof of Theorem [L1l
Then —
u(x,t) <u.(x,t) VYxeQ,t>0. (4.1)

By an argument similar to the proof of Theorem 1.1 of forany T > 0, 6, € (0,01),
there exists constants C; = C(T) > 0, C; = C(T) > 0, depending only on Ay, ---, A;;, A},

SA YL Vi Vi Vi such that (I.I0) holds with u = u, forall 0 < ¢ < 1. For any
O < 0 < 0Oy, let Qs be given by (L.3). By (L.8) and Lemma 3.2 of [HK2] for any constants
0 <06 < Oy, tg > 0, there exists a constant Cs > 0 such that

u(x, ) < Cs  Vx € Qp X [ty, »),0 < € < 1. (4.2)

Let {;}2, € R* be a sequence such that t; — co as i — oco. Let u;(x,t) = u(x,t + t;) and
Ui = u(x,t + t;). Let ¢. be the solution of (I.I5) with ¢g" being replaced by g" + ¢™. By
Theorem 1.5 of and (1.16), (3.26), 3.27),

U, — qb;’l‘ uniformly in C*(K) ast — oo (4.3)
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for any compact subset K C Q\ {ay, .. ).

We now divide the proof into three cases.
Case (i): g > 0 on Q.
Since minyg ¢ > 0, we can choose a constant p; € (0, minyg g). Then by (1.16) there exists
a constant Ty > 0 such that (LII) holds with T} = co. Let Ty > T,. Then by Theorem [L1]
there exists a constant i, € (0, y1) such that (L12) holds with T} = co. By Theorem 1.5 of

[HK2], (L16), (LIT) and (LI2), (CLIZ) holds for any compact subset K of Q\ {ay, ..., a;,} and

(i) follows.
Case (ii): ¢ # 0 on JQ and (L.18), (L.19) holds.

Since f, > max(g, €) and the function ¢/ € C1(Q) N C>*(Q) satisfy (L.24) with f = g and
up = ¢, by (L.18), LI9) and Theorem .5

(%, ) = ¢ YxeQ,t>0,0<e<1
= ulx =W YxeQ,t>0 ase— 0. (4.4)

Since ¢(x) > 0 on Q, by @), @2) and @.4) for any N > 0 the equation (L.I)) for the

sequence {u;};~_n is uniformly parabolic on any compact subset of K C QX [-N, N]. Hence
by the parabolic Schauder estimates the sequence {u;};,~—n is uniformly continuous

in C*(K) for any compact subset of K C Q x [-N, N]. Thus by @.1), @.3), @.4), the Ascoli
Theorem and a diagonalization argument the sequence {u;} has a subsequence which we
may assume without loss of generality to be the sequence itself that converges uniformly

in C?(K) for any compact subset of K C Q X (—c0, ) to a solution v of (L)) in Q X (—oo, c0)
which satisfies

P < v(x, ) < ()" VxeQ,t>0
= U(x,t)=¢(x)l/m Vxeﬁ,t>0 ase — 0

= u(x,t) - v(x,0) = ¢(x)"/" uniformly on C*(K) asi— oo

for any compact subset K C Q. Since the sequence {t;} is arbitrary, we get (LI7) and (ii)
follows.

Case (iii): g = 0 on JQ.

By (1), @.2) and Theorem 1.1 of [] for any N > 0 the sequence {u;};~_y is uniformly

continuous in K for any compact subset of K ¢ Q x [-N, N]. Thus by 1)), (4.2) , Theorem
1.1 of [S], the Ascoli Theorem and a diagonalization argument the sequence {u;} has a
subsequence which we may assume without loss of generality to be the sequence itself

that converges uniformly in K for any compact subset of K C Q X (~00, 00) to a continuous
function v which satisfies

0<o(x,t) <PV VYxeQ,—co<t<oo
= o(x,t)=0 VxeQ ase— 0.
Hence

u(x, t)) = ui(x,00 >0 asi— co.
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Since the sequence {t;} is arbitrary, we get (1.20) and (iii) follows.
O

By an argument similar to the proof of Theorem [.3 but with Remark 3.7 of
replacing Theorem 1.5 of [HKZ2] in the argument Theorem [[.4 follows.

5 Existence of finite blow-up solutions that blow-up at the
lateral boundary

In this section we will construct a solution of (1.6) with appropriate lateral boundary value
such that the finite blow-up points solution will oscillate between two given harmonic
functions as t — oco. We will also prove the existence of finite blow-up solutions that
blow-up at the lateral boundary of the bounded cylindrical domain.

Proof of Theorem Let fi = g1 and 4 be the maximal solution of (1.6) given by Theorem
[.2with f = f;. For any 0 < 6 < 9y, let D; be given by (L.3). Let o = 0 and &x = 61/k for
any k € Z*. Then by Theorem [L4 there exists a constant #; > 0 such that

Iul(x, t) - ¢1(.’Xf)| <1 Vxe D(sl,t > 1. (51)

Let fo(x,t) = g1(x) for 0 < t < t; and fo(x, t) = g2(x) for t > t;. Let u, be the maximal solution
of (L.6) with f = f,. Then by Theorem [1.4] there exists a constant t, > t; + 1 such that

1
qu(x, t) - ¢2(.’Xf)| < E Vx € D52,t > t. (52)

By repeating the above argument there exist sequences {t;}2,, t; + 1 < t;;; for all i € Z7,
{fi}2, € L*(dQ), such that Vi € Z,

g1(x)  Vx € 90, t € Ui (tax, toks] U (2, )

7 (x/ t) = { i (53)
faa (x) Vx€dQ,t €U, (tu, tul
and 5 o
x) Vxe€dQ,teU_(ty, tu] U (t_1, 0
fzi(X, b = {gz( ) f_l( 2k-1, tox] U (t2i-1, 00) (5.4)
gl(X) Vx e &Q,t c Ukzl(tZk—Zl t2k—l]
and a sequence {u;}?°, of maximal solutions of (L.6) with f = f; that satisfies
[uzip1(x, t) — P1(x)] < .1 Vx € Dy, t > b1, €27
. 2i + " (55)
qui(x, t) - qbz(x)| < Z Vx € D@zi,t > tzl',i e”Z".
Let u be the maximal solution of (I.6) with
x) VxedQ,teU? (ty,t
f(x, p = {g1( ) ;;0( 2%k boke1] (5.6)
LX) Vx€dQ,t € UZ (ta-, tal.
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Then by (.3), 5.4) and (5.6),

f(x,t) = fi(x,t) Vxe€dQ,te(0,t),icZ" . (5.7)
Hence by Corollary B.11]
u(x, ) = wi(x, ) VxedQte(Ot]ieZ" (5.8)
By (G.5) and G.9),
[u(x, trir1) — P1(x)| < T Vx €Dy, ,icZ"
[u(x, tri) — P2 (x)| < % Vx €Dy, i€ Z".

Since Ds, C Ds,,, foralli € Z* and Q= U2, Ds, for any 0 < ¢ < 1 and compact subset K of
Q there exists ky € Z*, ky > €71, such that

K c D5k0 - Déi Vi> ko.

Hence
lu(x, tris1) —P1(¥) < e VYxeK,i>ko
|u(x, tZi) — (Pz(.X')l <é€ VxeKi> ko
and the theorem follows.
O

Proof of Theorem For any 0 < 6 < 0y, let D; be given by (L.3). For any k € Z*, let uy be
the maximal solution of (L.6) with f = k given by Theorem [LTlwhich satisfies (1.14) with
T, = 0. By Lemma[3.7land Corollary for any 0 < 6 < min(1,6y), t; > to > 0, there
exists a constant Cs > 0 such that

{ul(x, f) < up(x, t) Sug(x, t) VYxe (ﬁ\ {a1,...,a;,}) X (0,00),k € Z* (5.9)

Mk(x,t)Sng Vx € Dg, t StSté,kEZ+.

By Theorem [1.1] for any T > 0 and 6, € (0, 61) there exist a constant C; = C1(T) > 0 such
that

G
t) >
Z’ll(xl ) = |x _ 111‘|7/"
On the other hand by the proof of Lemma 2.3 of there exists a constant Ay > 0 such
that

VO<|x—aj]|<6,0<t<T,i=1,2,...,1. (5.10)

Ao(1 + )™

e — a|i (61 — |x — aif) =n

we(x, 1) < VO<|x—al<6,i=1,... i, keZ". (5.11)

Let Q be given by (L2). By (.9) the equation (1) for the sequence {ue}?, is uniformly
parabolic on any compact subset K of () X (0,0). Hence by the parabolic Schauder
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estimates [IHJI] the sequence {u};?, is uniformly continuous in C*(K) for any compact

subsetK C QX(O o). Thus by (5.9), (5.10), (5.11)), the Ascoli Theorem and a diagonalization
argument the sequence {u4};., has a subsequence which we may assume without loss of
generality to be the sequence itself that increases and converges uniformly in C*(K) for

any compact subset K C Qx (0, o) to a solution u of [L.I)) in Q x (0, 00) which satisfies

C
u(x, t) > e ;-IV' VO<|x—a] <8, 0<t<T,i=1,2,...,i, (5.12)
Ao(1 + £)™
u(x, t) < ,O( )" — VO<|x—a]<0d,i=1,...,0 (5.13)
v — a1 (61 — |x —ai)=m
and .
u<u inQx(0,0) VkezZ" (5.14)

and u also satisfies (.14) with T, = 0.

By (6.12) and (5.13) u satisfies (1.10) for some constants C; > 0, C, > 0. Now by (i) of
Theorem [1.1] Corollary and (5.9), for any Ty > 0 there exists a constant 0 < g, < 1
such that

we(x, t) > up(x, t) > pur, Vx e (Q\ {ay, ..., a;,)) X [To, ), k € Z*. (5.15)
By Lemma B.6land (5.15), for any k € Z* the equation (L.I) for u is uniformly parabolic

on any compact subset K C (ﬁ \ {a1,...,4;}) X (0,00). Hence by the parabolic Schauder
estimates , ux € CH((Q\ {ay, ..., a;,)) X (0, 00)) for any k € Z*. Thus

lim u(y,s)> lim w(y,s)=k VY(x,t)€dQx(0,00)
(y,5)=>(xh) (y,5)=>(xh)

(1,5)€€2x(0,00) (,5)€€2x(0,00)
= ( 1)1rr(1 : u(y,s) = oo Y(x,t) € dQx(0,00) ask— oco. (5.16)
Y,8)—(x,t
(y,5)€€2x(0,00)

We will now show that u has initial value 1. Since u; has initial value u, for all k € Z*, by
Lemma 3.1 of [HP] and a compactness argument for any 0 < 6 < 9, there exists a constant
C > 0 depending on 6 such that

f (u(x, ) — up(x, ) dx < /™ vt >0,k e Z*

= f (u(x, t) — ui(x, 1)) dx < Ct/3= VYt >0 ask — oo. (5.17)

Hence by (6.17),
fDé lu(x, t) — up(x)| dx < fDé(u(x, t) —uqi(x, t)) dx +fD lu1(x, t) — up(x)| dx

o

SCtl/(l"”)+f lua (x, t) — up(x)|dx VYt >0
Dy

= tmf lu(x, t) — up(x)|dx =0 V0 < 6 < 8. (5.18)
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Hence by (1.10), (5.16) and (5.18), u is a solution of (L.21).

We will now use a modification of the proof of Lemma 2.9 of [HI] and Theorem 1.1

of to show that u is the minimal solution of (1.21). Suppose v is another solution of
(L2I). Let0 < ¢ € C®(Q\ {ay, - - -, a;,}) be as in the proof of TheoremB.4land let E; be given
by (L4). LetT > t; > 0and k € Z*. By Lemma[B.6lu; € L® (Q\ {ay, .. .,a;,} X (0, 00)). Hence

loc

by a compactness argument there exists jo € Z*, jo > 1/6y, such that

inf o(x,t) > sup u(x,t) Vj>jo (5.19)
XeO\E; xeQ\E;

where E| is given by (1.4). Since v > 0 in Q x (0, o) and satisfies (1.10),

u(x, t) > ﬁjo VxeE,tj <t<T (5.20)

Jo’

for some constant ;> 0. Hence by (G.19), (6.19) and (5.20),
o(x, £) 2 min(@i, , 1) >0 Vxe Qb <t<T. (5.21)

By (6.21) and an argument similar to the proof of Theorem 1.1 of and the proof of
Theorem 3.4l we get

| =05 DY) < | [ f | =Dt 62)

where C > 0 is some constant for any t; <t < T, j > j,. By (5.22) and the Gronwall
inequality,

Ct
f(uk - 0)+(x, HP(x)dx < % f(uk -0):(x, )Y(x)dx VYVt <t <T,j>jp. (5.23)
E; E;
Letting j — oo in (5.22),

f(uk —0)+(x, p(x) dx < e—Ct f(uk -0)(x, t)P(x)dx VYVt <t<T. (5.24)
a C Ja
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We now fix 0 < 6, < 0;. Then by (1.10) and G.19), Y0 < 6 < 6, ] > jo,

j; (ur — 0)1(x, t1)P(x) dx
Q

Ej\U2, Bs(a;)

+ f , [o(x, t1) — up(x)|[P(x)dx VYO <6 <O
E \U Bb(’lz)

<CZZ f I — a7 dx + f (b)) — () (x) dx
E\U BO(“I)

’ ‘fEV.\Ui0 Bs(a;) |v(x, tl) ) uO(X)llp(X) ”

<CE 4 f , lur(x, t1) — uo(0)|Y(x) dx + f . [o(x, t1) — uo(x)|ip(x) dx  (5.25)
E\UY. Bs(a;) E

AU, Bs(ar)

for some constant C’ > 0. Letting first #{ = 0 and then 6 — 0, j — oo, in (5.25),

lim | (ur — 0)+(x, t1)P(x) dx = 0.
t1—>0 5
Letting f; — 0 in (5.24), by (G.26),

j;(uk —0),(x, HYp(x)dx =0 VO<t<T keZ"
0

= wx,t) <ot YxeQ0<t<TkeZ
= u(xt)<ovxt) Vxe 6,0 <t<T ask— co.
Since T > 0 is arbitrary,
u(x,t) <o(x,t) YxeQ,t>0.

Hence u is the minimal solution of (L.21).
We will now prove that (1.22) holds. We choose 7, .. ., 7, such that

2 — . (n—2 . .
1_m<yi<mur1( - ,7/1-) Vi=1,...,1
and let ,
. uo(X) Vx e Q \ U;O:1B51 (ﬂi)
up(x) = = . .
Ailx —a;|7" YO<|x—a;|<01,i=1,...,100
Then

(%) < up(x)  in Q.
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For any k € Z*, let v, be the maximal solution of

uy =Au™  in Q x (0, o0)
u =k on dQ X (0, o)
u(a;, t) =00 Vi>0,i=1,2...,0

u(x,0) =ip(x)  inQ
given by Theorem [Tl Then by Corollary
v <ux inQx(0,00) VYkeZ*. (5.27)
Since by Theorem [L.3]
vk(x,t) = k  uniformlyon Qs ast — oo (5.28)
forany 0 < 6 < &g and k € Z*, by (5.14) and (5.27),

lim &nfu(x, tYy>k VkeZ*. (5.29)

t—oo

for any 0 < 6 < §y. Letting k — oo in (5.29), we get (L.22) and the theorem follows.
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