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Abstract

We present variations on theorems of Mertens as special cases of
Density Hypothesis. Moreover, we study a Serre’s estimate concerning
Lang-Weil estimate.

1 Introduction

In 1874 Mertens [M] proved the following theorems:
Theorem A(Mertens) .
1 - -1
H 1—=|~e"(logt)
p<t p
as t — oo, where p runs over prime numbers.
Theorem B(Mertens) .
—1

-1\ 4
I (1 ~ ¢>: 4
p:odd prime p g

In this paper we present an interpretation to these theorems as special
cases of the following expectation:

Density Hypothesis(DH) . Let X be an algebraic variety over the rational
number field Q. Define the density function fort > 0 as

e = [ 28

o pdim(X)
P>
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Then there would exist a positive constant C'(X) and an integer r(X) satis-

fying
| X[ ~ C(X)(log 7))

ast — 00.

Theorem 0. Theorem A and Theorem B are cases
(1) X =G, = GL(1)

and
(2) X =C = {(x,y)|z* + y* = 1} (circle).

Proof of Theorem 0. (1) Let X = G, = GL(1). Then we have
[ X(Fp)| = |GL(1,Fy)| =p— 1.
Thus we have

1|1 = er ), = [ L

p<t p

=[Ia-»™.

p<t

(2) Let X = {(z,y)|z% +3? = 1}. Then we have

2 ... p=2,
I X(F,)|=¢ p—1 -+ p=1modd4,
p+1 -+ p=3modd4.

Thus we have

I = [T

p<t

~ H p- (DT (t — 00).

p:odd prime

O

Hereafter we explain many examples satisfying DH. We remark that DH
is quite difficult in general. For example let X be an abelian variety (e.g.
elliptic curve), then DH is the original version of BSD [BS] with r(X) =
rank X (Q) and it will imply the Riemann hypothesis for the associated L-
function L(s, X) as indicated by [G] (at least for dim(X) = 1.) We remark
that the Deep Riemann Hypothesis is studied in [, KIKK].



Theorem 1 (GL(n)).

Theorem 2 (SL(n)).

Theorem 3 (Sp(n)).

Theorem 4 (A").

Theorem 5 (P").

CP") = e7¢(n+ 1)
r(P") = 1.

Theorem 6 (Gr(n,m):n>m >1).

T
C(Gr(nm) = e = =y

r(Gr(n,m)) = 1.
For a monic polynomial f(x) € Z[x] we define

71k =TT 28

p<t

and study the property
[1£1le ~ C(f)(log t)"P)

as t — o0o. Then Theorems 1-6 are essentially reduced to the case of the
cyclotomic polynomial ®,,.



Theorem 7.

C(®,) = e~ Tn) H C(d)—u(%)_
|

d>1

Now we recall a Serre’s estimate [S] concerning Lang-Weil estimate [LW].

Theorem C(Serre) . Let X be an algebraic variety over the rational num-
ber field Q. Then we have

'|X(Fp)| o pdim(X)'S deim(X)—%’

where B is a constant independent of p.

‘We notice that

| X (Fp)| — plim(X) ‘S deim(X)_% can be written as

[ X(Fp)|
pdim(X)

‘ B
-11< —
VP

Let A(p) be a numerical sequence satisfying

that is,
p VP
We notice that by Theorem C b(p) is finite (|b(p)| < B) if b(p) = bx(p)
with A(p) = | X(F,).

Theorem 8 (P"). Let X =P". Then




Theorem 9 (A"). Let X = A™. Then

bx(p) = 0.
Theorem 10 (GL(1)). Let X = GL(1). Then
1
b =-——(<0
x(p) \/2—9( )
Theorem 11 (GL(2)). Let X = GL(2). Then

- L L1
VU /I Y
Theorem 12 (SL(2)). Let X = SL(2). Then
bx(p) = ~—~(< 0)
pv/P
The following theorem gives an example where b(p) is not necessarily
finite.

(<0)

Theorem 13. Let A(p) = p? +pd_%. Then b(p) is not finite.

Finally, we calculate bx(p) for elliptic curve X over Q with A(p) =
| X (Fp)]-

Theorem 14. For sufficiently large p (p is “good”) we have

-2 < bx(p) < 3.

2 Proof of Main results
Proof of Theorem 1. Using
|GL(1,Fp)[=p—1

and Theorem A, we have

L), = [T /S LE)

p<t p
=[I{a -1

~e 7 (logt)™t (t — o0).



Let n > 2. Using
IGL(n,Fp)| = p (1 —p N1 —p 2 (1 —p")

and Theorem A, we have

lGLml :H‘GL;"%?)‘

p<t

=[la-»Ha-p2)---1-p)

=H(1— H{l— (1-p")}

Ne_”’HC ~(logt)™ (t — o0).

Proof of Theorem 2. Using
|GL(n Fp)l
—1
p"2(1 —p H1-p?)---1-p"
p—1
= 1 —p72) . (1—p™),

ISL(n,F,)| =

we have

SL
e = [T 22!

p<t

=[[{a—») - —p™)}

p<t

~TJ¢tk™ (t— ).
k=2

Proof of Theorem 3. Using

Sp(n, Fp)| = p"® (1 —p=2) 1 —p~ - (1 —p~ ),



we have

SpnIF‘
vl = [T 22

p<t
= [T =)= p (1= p2)
p<t
~JJ¢er)™ (- o).
Proof of Theorem /. Using
An(Fp) = (Fp)na
we have
n IA"
1an = —2=
p<t
=1
~1 (t— o0).
Proof of Theorem 5. Using
n+1
P —1
PY(F, )| =1 n_+Y 0 -
P = 1+ p+o 45" = g
and Theorem A, we have
n UP’”
1Bl = [ —>2
p<t
H —(n+1)
p<t
e’ 1



Proof of Theorem 6. Using

(" =1 -1
Gr(n,m)(F,)| =
and Theorem A, we have
|Gr(n, m)(Fp)|
|Gr(n, m)|[: = HW
p<t
_H 1_p (n— m+1)) (1_ —n)
p<t (A=)
c<2> B <<m>
v logt (t — o0).
(o—m+ 1)y 8 700
Proof of Theorem 7. Using
(1) = ]t — 1@
din
and Theorem A, we have
1®nlle = H deg@n
p<t
1 [y (0 = D)
pei p%p(")
Mt 02
p<t Zd\n %
=TT -p e
p<t d|n
_H (1-p H(l_ d)u(%)
p<t d|n
d>1
~ (e "(logt)” H C(d) D) (¢ — o0)

d>1

— e m(n H< - (log )™+,

d|n
d>1



Proof of Theorem 8. Since
[ X(Fp)| =p" +p" 1+ + 1,

we have
X(F 1 1
XE) 1, 1
p p p
VP
Thus we have
1
bx(p) =+p(— 4+ —= + + —
(p) = vp( pe p”)
1 1 1
= 0
VP p p
iy
VPl—pt
Proof of Theorem 9. Since
| X(Fp)| = p",
we have
| X ()|
bx(p) = v/p( pnp -1
=0.
Proof of Theorem 10. Since
’X(]FP) =p—- 17
we have
‘X(Fp)‘ _ p—1
p p
-1
p
—14 X0
VP




Thus we have
bx(p) = —

S/-

Proof of Theorem 11. Since
[ X(Fp)| =p'(1—p (1 —p7?),

we have
X(F . .
XE (1 - pya—p)
p
—loplop2yp?
b
— 1_‘_&_
VP
Thus we h
us we have 1 1 1
bx(p) = = -

NN AN

Proof of Theorem 12. Since

we have
XE)
1y bx(p)'
/P
Thus we have
bx(p) = ——
X = ——.
pvp
Proof of Theorem 13. Since
A(p)
b(p) = x/ﬁ(p—d —-1)
d d— =
P +pT 3
- = -
p
1
= ps,

10



we have

lim b(p) = oo.

pP—00

Proof of Theorem 14. For
A(p) = |X(Fp)| =p+1—alp)
using Hasse’s theorem on elliptic curves we can write
a(p) = 2y/pcos(0(p))
with 6(p) € [0,7]. So we obtain

bx() = VAL

L 2cos(6(p)).

/P

Since —2 < 2cos(f(p)) < 2, we have

_1)

1
bx(p) < —=+2<3,

V2

bx(p) > —2cos(f(p)) > —2.
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