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UNIQUENESS OF u-GIBBS MEASURES FOR
HYPERBOLIC SKEW PRODUCTS ON T*

SYLVAIN CROVISIER, DAVI OBATA, AND MAURICIO POLETTI

ABSTRACT. We study the u-Gibbs measures of a certain class of uni-
formly hyperbolic skew products on T*. These systems have a strong
unstable and a weak unstable direction. Among such skew products,
we show the existence of a subset which is C"-dense and C?-open for
which every u-Gibbs measure is SRB. In particular, there is only one
such measure. As an application, we obtain the minimality of the strong
unstable foliation.

1. INTRODUCTION

Anosov (or uniformly hyperbolic) diffeomorphisms have been extensively
studied and today we have a good description of its topological and statis-
tical properties. These properties are closely related to the properties of its
invariant foliations.

Consider a closed manifold M supporting a transitive Anosov diffeo-
morphism f : M — M. Suppose that f admits a splitting of the form
TM = E°@ E¥" @ E* where E“" is uniformly expanding under the action
of Df, but at a slower rate than E“*. In this case, we can consider the un-
stable foliation F* which is tangent to E%* & E“*, and the strong unstable
foliation F** which is tangent to E"".

The foliation F* is well understood. Indeed, it is known that F* is
minimal (i.e. every leaf is dense). Regarding ergodic properties of this folia-
tion, there is only one invariant measure which admits conditional measures
along F"-leaves that are absolutely continuous with respect to the Lebesgue
measure on these leaves [Si72, Bow75, Ru76]. This measure is called SRB
(Sinai-Ruelle-Bowen), (see Section for the precise definition). The SRB
measures were constructed first using ideas from statistical mechanics and
they are expected to be the ones truly “physically observed” in a system (see
[You02| for a discussion on this). Questions on existence and uniqueness of
these measures are on the core to understanding the statistical behavior of
dynamical systems, see [Pa00].

On the other hand, the foliation F** is not well understood. For instance,
it was only recently announced in a joint work of the first author with Avila,
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Eskin, Potrie, Wilkinson and Zhang, that F"* is minimal for any Anosov
Clto_diffeomorphism of T3. In higher dimensions, the first author jointly
with Avila and Wilkinson, recently announced that C'-open and C”-dense
among the transitive Anosov C"-diffeomorphisms admitting a decomposition
E* ® E¢ @ EY, where E€ is one dimensional and uniformly expanding, the
strong unstable foliation is minimal.

A class of invariant measures associated to F“" are the u-Gibbs mea-
sures. A wu-Gibbs measure is a measure that admits conditional measures
along F“%-leaves that are absolutely continuous with respect to the Lebesgue
measure on these leaves (see Section . Let us make a few remarks:

e contrary to the SRB measures, u-Gibbs measures do not have to be
unique;

e SRB measures are u-Gibbs;

e u-Gibbs measures do not have to be SRB.

An interesting problem is to understand conditions that guarantee that
a u-Gibbs measure is SRB. There have been some recent progress for this
problem. In [ALOS22], it is proved that for an Anosov C2-diffeomorphism
near a volume preserving one in T3, either the directions E* @& E%* are
tangent to a two-dimensional foliation, or every fully supported wu-Gibbs
measure is SRB. In [Ka23|, the author gives a condition called quantified
non integrability (QNI) that guarantees that a u-Gibbs measure is SRB
whenever the direction E** is one dimensional. In [EPZ23], the authors
obtained equivalent notions to QNI that are easier to work with. Their result
will be used by the first author with Avila et al. to prove that for any Anosov
C°-diffeomorphism in T? admitting a decomposition E* @ E¥" @ E"* either
E? and E** are jointly integrable, or every u-Gibbs measure is SRB. More
related to the present work, in [Ob23|, it is proved a type of classification
of u-Gibbs measures for some partially hyperbolic skew products on T* (see
Theorem below). These results are inspired by some important measure
rigidity techniques from [EMIS, [ELL BQII, BRHI7] to classify stationary
measures of certain random products (see also [CD23| for an interesting
application of [BRHIT]).

In this work, we will study certain types of Anosov rigid skew products
on T*. Let us establish our setting. Let Sk”(T? x T?) be the space of
C"-diffeomorphisms of the form

f:T?2xT? — T2?xT?
(p1,p2) = (fi(p1), f2(p1,p2))s

where f; is a C"-diffeomorphism of T? and for each p; € T2, fa(p1,.) is a
C"-diffeomorphism of T2?. The term rigid skew product here refers to the
fact that we ask that these systems preserve the smooth fibered structure
of T? x T2

Let Ph” C Sk"(T?xT?) be the set of partially hyperbolic C"-diffeomorphisms
f such that
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(a) f admits a dominated decomposition TT* = E%¥ @ EYs @ BV @ B,
with E"$ @ EV" tangent to the vertical fibers {x} x T? and there are
constants

(1) X <X <X < < <M <X,
such that for every p € T?,

X2 < |Df(p)less|l < x5
X2 < |IDf(p)lpws|| < [|IDf(p)|pou|l < x4
X < | Df(p)lpen | < x4
Write B¢ = E% @ EY".
(b) f is 2-center bunched, that is,

ws \ 2 wu\ 2
() e (B

(c) f verifies
log x**  log x"" — log x'}{*
log x%° — log x*°
Moreover, we define the set A" as the set of Anosov diffeomorphisms in
Ph"™ which contracts E*¢ and expands E“* uniformly. Observe that A" is
Cl-open in SK"(T? x T?).
As we mentioned before, u-Gibbs measures do not have to be unique. Let
us give an example in our setting. Let

2 1
=)

and consider

89 55 0 0
B_(A5 0)_ 55 34 0 0
~\0o A)7 |0 0 21
0 0 11

Observe that B € SL(4,7) and B induces a diffeomorphism f : T4 — T4 of
the form
f:T?xT?2 — T2 xT?
(p1,p2) = (fi(p1), fa(p2)),

where f; and f, are the diffeomorphisms induced by A° and A on T2, re-
spectively. It is easy to verify that f € A".

Let p1 be the Lebesgue measure on T?, which coincides with the unique
SRB measure of fi, and let po be any ergodic fo-invariant measure. The
measure 4 = p1 X p2 is a u-Gibbs measure. Therefore, there are infinitely
many different u-Gibbs measures for f. However, our Theorem A below
states that, in our setting, having infinitely many u-Gibbs measures is not
generic.
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Theorem A. For any r > 3, there exists a set U, which is C"-dense and
C?-open in A", with the following property: if f € U then f has only one
u-Gibbs measure. Moreover, this measure coincides with the unique SRB
measure of f.

The proof of our Theorem A is based on the rigidity result stated in The-
orem [2.3| below (see [Ob23]). This theorem states that a u-Gibbs measure is
either SRB, or there is a 2-torus tangent to £*° and E“", or there is a type
of “infinitesimal” rigidity for the system. It is known that, in our setting,
C"-generically there is no 2-torus tangent to the strong directions.

The main goal of this paper is to develop C"-perturbation techniques that
break the “infinitesimal” rigidity of Theorem [2.3] Actually our techniques
show that a u-Gibbs measure with one positive and one negative center
exponents are SRB in some open set of partially hyperbolic (not necessarily
Anosov) rigid skew products, see Theorem

Using our Theorem A, we can also obtain the minimality of the strong
unstable foliation.

Theorem B. For any r > 3, let U be the C"-dense and C?-open subset
of A" obtained in Theorem A. Then, for any f € U, the strong unstable
foliation is minimal.

We remark that our argument to prove the minimality of the strong un-
stable foliation in Theorem B is different from the arguments used in the
works mentioned before (see Section [6]).

In the ongoing work for Anosov diffeomorphisms in T? of the first author
with Avila et al, mentioned above, the authors first prove the minimality of
the strong unstable foliation. Then, they use it to show the uniqueness of
the u-Gibbs measure whenever E* and E"" are not jointly integrable. Our
approach is in the converse direction. We first show the uniqueness of the
u-Gibbs measure, generically, and then we use it to show the minimality.

Remark 1.1. In both results the set is actually a C' open set inside subsets
of C™ maps with uniformly bounded C? norm. The bound on the C? norm
is necessary to control the variation of the holonomies with respect to f in
the C! topology, see Section

The rigid skew product setting and conditions (b) and (c) are only used
to apply Theorem Let us make a few remarks about it. The rigid
skew product setting is used to obtain that any u-Gibbs measure for the
system projects to the unique SRB measure of the basis. In particular, the
projected measure has a property called local product structure. This is a
crucial property in the proof of Theorem to build the 2-torus tangent
to the strong directions. Condition (b) is related to higher regularity of
the strong unstable and strong stable foliations when restricted to a center
unstable manifold. Condition (c) implies that we can find a 6 € (0,1) such
that the direction E* is f-Holder and (x%%)? < x™* (see the introduction
of [Ob23] for more details).
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This work is organized as follows. In Section [2, we review some prelim-
inary material that will be needed in our proofs. In Section [3, we prove
Theorem A assuming Proposition [3.1], which is the main perturbative result
of this paper. The proof of Proposition is done throughout Sections [4]
and [f] Theorem B is then proved in Section [6]

2. PRELIMINARIES

Throughout this section f is a C"-rigid skew product that belongs to A",
for r > 3. Recall that f admits a D f-invariant decomposition of the form
TT* = E% @ EY @ EV* @ E™. In the rigid skew product setting, the
direction E¢ = EY* @ E™" is tangent to the vertical tori of T? x T?. In
particular, the vertical tori give the center foliation F°.

Let £° = E%° @ EY and E* = EY" & E"™ be the stable and unstable
directions, respectively. It is well known that the directions E* integrate
in foliations F*, for * = s, ss,u,uu. We can also consider the weak stable
and weak unstable foliations given by F** = F* N F¢ and F** = F* N F¢,
respectively.

For each foliation F* and for any point p € T*, we denote the leaf contain-
ing p by W*(p, f). We will omit f whenever it is clear which diffeomorphism
we are referring to.

For a point z € T?, we write W#(z, fi) to be the stable manifold of
for the Anosov diffeomorphism f;. Similarly, we write W*(z, f1) to be the
unstable manifold of = for fi.

2.1. SRB and u-Gibbs measures. Let u be an f-invariant measure. A
partition & of T* is p-measurable, if up to a set of u-measure zero, the quo-
tient T4/¢ is separated by a countable number of measurable sets. Denote
by fi the quotient measure on T*/€.

By Rokhlin’s disintegration theorem [Ro52], for a measurable partition

&, there exists a set of conditional measures {,u£D : D € &} such that for fi-

almost every D € £ the measure ,uéD is a probability measure supported on D,

for each measurable set B C M the application D ,u%(B) is measurable

and
2) u(B) = /M/é 45 (B)dj(D).

We remark that usually the unstable partition {W*"(p)} e+ is not a
measurable partition. We say that a p-measurable partition &% is F“-
subordinated if for for u-almost every p, the following conditions are verified:

e "(p) C W(p);
e {"(p) contains an open neighborhood of p inside W*(p).

Definition 2.1 (SRB measure). An f-invariant probability measure p is
SRB if for any F“-subordinated measurable partition £“, for u-almost every
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p, the conditional measure Mgu(p) is absolutely continuous with respect to
the riemannian volume of W*(p).

Analogously, we say that a y-measurable partition £“* is F“*-subordinated,
if for p-almost every p, £**(p) C W**(p) and £**(p) contains an open neigh-
borhood of p inside W**(p).

Definition 2.2 (u-Gibbs measure). An f-invariant probability measure p is
u-Gibbs if for any p-measurable partition £“* which is F““-subordinated,

for p-almost every point p, the conditional measure Mgffu(p) is absolutely

continuous with respect to the riemannian volume of W**(p).

By the absolute continuity of the strong unstable foliation, we know that
every SRB measure is u-Gibbs (see [BDV05]). However, not every u-Gibbs
measure is SRB.

2.2. Holonomies and rigidity of u-Gibbs measures. For f € A", con-
sider the constants given by (1)) and observe that condition (b) from the
definition of A" implies that

ws wu

X- and X+ < x%.

wu ws -

+ —

SSs
Xx <

This condition is called center bunching.

Given two points p and ¢ in the same strong unstable manifold, we can
define the unstable holonomy Hj' . : We€(p) — W¢(q) as the unique point

(@) € Wz, f) N We(q, f). In the rigid skew product setting, this
map is well defined in the entire center manifold W¢(p). Similarly, define
the stable holonomy H . We(p) — W¢(z), for any p and z in the same
strong stable manifold.

The center bunching condition implies that H ' , is C' (see [PSWIT7,
PSW00Q]). In particular, we can consider the linear unstable holonomy
DHy, ¢ TW<(p) = TW<(q).

Let us explain now why the holonomies H;} , varies continuously in the

C'-topology with the choices of p, ¢ and f. For any n € N, consider the
family

L weg=n(g)) © F " Iwep) bpers gewi(p,1)-

This family converges exponentially fast in the C'-topology as n increases
and the limit gives the unstable holonomy {H;‘ " f}pET4,q€W““(p, #)- The speed
of convergence only depends on the constants given in and ||f|lc2 (see
[Br22l [Ob23]). In particular, if g is C?-close to f, p’ is close to p and ¢’ is
close to ¢, then Hj, , is C'-close to Hp ;. More generally if the C? norm
is uniformly bounded we only need g to be C'-close to f, recall Remark

When there is no confusion on which map f we are dealing with we omit
the sub-index f.

The main ingredient in the proof of our Theorem A is the following result:
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Theorem 2.3 ([Ob23]). For r > 3, let f € A" and let p be an ergodic
u-Gibbs measure. Then one of the following holds:
(1) p is an SRB measure;

(2) There exists a set X C T* with u(X) = 1 such that for p € X and
for any q € W (p)

DHy ,(p)E**(p) = E**(q);
3) there are finitely many 2-dimensional tori T7Y,--- [ T2" tangent to
Yy Yy 1 k 9
E% @ E* such that

k

supp(p) = | | 73"
j=1

3. PROOF OF THE THEOREM A

Let f € A" and fix points qu,p1,p2,p3 € T? which are periodic for
fi. Fix points ¢; € W¥(qu, f1) N W*5(p;, f1), for i = 1,---,3. For each
i,7 € {u,1,2,3}, with i # j, let H oy W¢(q;) = W€(g;) be the unstable
holonomy map between the center leaves of ¢; and g;. See figure

FiGURE 1. Definition of q¢1, g2, q3

The main technical tool in our proof is given by the following proposition.

Proposition 3.1. Let f € A", forr >3, and fix ¢,,p1, P2, P3,q1, G2, q3 € T?

as above. Then for any € > 0, there exists g € A", with der(f,g9) < €, that
verifies the following properties:

(1) there are neighborhoods Vi of q; in T2, for | = u,1,2,3, such that if
Ty, T1, T2, 3 € T2 are points verifying:
e cach point x; belongs to Vi, forl =u,1,2,3, and
e the points x,,x1, T2, x3 belong to the same unstable manifold for
g1,
then for any point x € T?, there exist i,j € {u,1,2,3} such that

DH;, ) o(0)Eg®(x) # EJ®(Hy, 4 (2))-
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(2) For any rigid skew product h in a C?-neighborhood of g, there are
points pu, G1,G2,43 € T2 in the same unstable manifold for hi that
verify property (1) above.

Evs(h*(z))
D Ews (I) )
. ' v \ :
: . [ '
,__:h-ru ! '\l‘ s t"l-i‘-t:}
| e y : : l\ ,I ,1 -l‘---‘rl_--' -----
\\ ’f \‘L—"’ a7 \_""¢’
1

FIGURE 2. Proposition 3.1

Proposition [3.1] will be proved in Section

Proof of Theorem A assuming Proposition [3.1]. By Horita-Sambarino [HS17],
there exists a C'-open and C"-dense subset U; of A" consisting of diffeo-
morphisms which are accessible. Let f € U; and let g € U; be a diffeomor-
phism C"-close to f given by Proposition In particular, there are points
Qu, 1,92, g3 € T? in the same unstable manifold for g; and neighborhoods V;
of g;, for i = u,1,2,3, such that conclusion (1) from Proposition holds.

Let p be an ergodic u-Gibbs measure. Since g is accessible, p cannot
verify condition (3) in Theorem [2.3

Fix x € T* a typical point for u. Notice that m (W% (z,g)) = W¥(x1,91)
and that W"(x1, g1) is dense in T2 by the minimality of the unstable foliation
of an Anosov diffeomorphism in T?.

Since p is a u-Gibbs measure, we can find points z; = (2%, x%) € W*(z, g)
which are p-typical and such that 2 € V; for i = u,1,2,3. Property (1) of
Proposition implies that there exist j,1 € {u, 1,2,3} such that

DHy, o 4(pj)-Eg*(x5) # Eg”(a1).

Ti,Tj,9g
By Theorem w1 is SRB. Since g is a transitive Anosov system, there is
only one SRB measure and hence p is the unique SRB measure and it has
full basin (see [Bow75]).
Item (2) in Proposition implies that this conclusion is C?-open in A".
Thus, we obtain a set & C U; which is C?-open and C"-dense in A" for
which the conclusion of Theorem A holds.
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4. TRANSVERSALITY

Let PT'T? be the projectivization of the tangent bundle of T2. Observe
that 7T? is a trivial bundle and it can be identified with T? x R%. In
particular, PT'T? can be identified with T? x S = T3. From now on we will
use this identification.

Given a C™ function V : T? — S%, there is a one to one correspondence
with a section of the projective bundle PT'T? given by = — (x,V(z)). We
will call such a function V' a line field.

A C7-diffeomorphism f : T? — T2, acts as a C"'-diffeomorphism on
PTT?. Given a C'*® line field V, we denote by f,V the pushforward of
V, which is the line field given by £,V (x) = [Df(f~!(x))v(f~(z))], where
[w] denotes the projective class of a nonzero vector w and v(f~!(z)) is any
nonzero vector contained in the direction V(f~1(z)).

The main goal of this section is to prove the following proposition:

Proposition 4.1. Fiz r > 3. For any C'T% line fields W, V1, Va, V3 : T2 —
S1, there are C"-diffeomorphisms of T?, hi, ho, hs, arbitrarily C™ close to
the identity such that

{W (@)} 0 {(h1):Vi(2)} N {(h2):Va(x)} N {(h3). Vs(2)} = 0, Vo € T2

To prove Proposition we will need the following theorem, which is a
consequence of Sard’s Lemma.

Theorem 4.2 ([Hi76], Theorem 2.7). Let P, M, N be C" manifolds without
boundary and A C N a C" submanifold. Let FF: M x P — N be a C" map
that satisfies the following conditions:
(1) F is transverse to A;
(2) r > max{0,dimM + dimA — dimN}.
Then the set
{©eP:Forh A}

s open and dense.

Proof of Proposition[{.1 Consider the C'*t_submanifold of T3 given by
the graph of W, graph(W), and let A = graph(W) x graph(W) the 4-
dimensional C'T® submanifold of T®. We are going to construct a C' map
F :T? x P — T, where P is a set of parameters, such that F is transverse
to A. We will then apply Theorem for r =1, M = T? and N = T®.

Fix p > 0 small. For each # € T? and 6 € (—m,7) consider the smooth
map [, : T? — T? that coincides with a rotation of angle # and centered
at = in B,(x), it is the identity outside Bg,(r) and in a neighborhood of
O0Bs,(z). Observe that R,y varies smoothly with the choice of 6. Indeed,
R, ¢ can be obtained as the time 6 flow of a smooth vector field on T2.

For each x € T? and i = 1,2, consider the map ®!(y,0) = (R.4):Vi(y).
Since R, ¢(y) is smooth with the choices of y and 6 and V; is C1*%, we have
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that ®% is C'**, where D®. is (C’, a)-Holder for some constant C’ that
can be chosen independently of x. Observe that ®! (x,0) = DR, g(x)Vi(x),
which is a rotation of V;(z) by an angle 6. In particular,
toLiiA
06

Since D®!, is (C'.ar)-Holder, there exists a constant g € (0,p) such that

for any y € Bj(x), we have %%(y,O) > 1. Consider a finite set of points

2
x1,--- , 2, with the property that

(x,0) =1, fori=1,2.

k
1% = | Bj(z)).
j=1

Let P = (—m, m)* and for each © = (61,...,0;) € P, define Fg : T? — T2

by
Fo(.) = Ray 0,00 Ray 0, ()
and F : T? x P? — T3 x T3 by
F(:U? O1, @2) = (=, (Fgl)*vl(m)? €, (FG)Q)*VQ(x»'

For (©1,03) € P? and for any i € {1,2}, write 0;- the j-th coordinate of ©;,
forj=1,--- k.

First, let us check that F is transverse to A on T2 x {0}2*. Recall that A
is the product of two graphs. In particular, for each (z,y) € A,

Loy A = Tegraph(W) x Tygraph(W)

and graph(W) is transverse to {m2(x)} x S! at o, where mq2 : T? x ST — T2
is the natural projection. Recall that the image of F' belongs to T3 x T3
and let F!' be the natural projection of F into the first torus. Similarly,
define F? as the projection of F into the second torus. Hence, for F to be
transverse to A on T2 x {0}2*, it suffices that for any (x1,22) € A, where

mp2(21) = 7p2(22) = o for some point x € T2, there exists j,1 € {1,--- ,k}
such that the third component of the vectors %(m,0,0) and 88—522(:6,0,0)
j I

are both non zero.
Let us show this for F'!, the argument for F2 is the same. Let x = mp2(z1)
and take j such that « € Bj(z;). By our choice of p and j, we have that

OF! L
?(z,0,0): 0,0, 5 (x,0) | #(0,0,0).
J

Hence, F' is transverse to A on T? x {0}%*. Since transversality is open,
there exists an open subset of P2 C P2, containing {0}?* with the property
that F is transverse to A restricted to T? x P2,

Observe that dimT? + dimA — dimT® = 2+ 4 — 6 = 0. In particular
r = 1 is enough to apply Theorem Hence, there exists (01,05) € P
such that F(.,01,0) : T? — TO is transverse to A. Take hy = Fg, and
he = Fe,, and observe that since (©1,02) can be taken arbitrarily close to
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{0}?*, the diffeomorphisms h; and hy can be taken arbitrarily C"-close to
the identity.

Let Z = {z € T? : W(z) = (M)Vi(z) = (h)Va(2)}, if 2 € Z we
have that F(x,©1,02) € A, and by transversality, Z is finite. Now it is
straightforward to take hg such that (hg).Vs(x) # W(x) for every x € Z,
which concludes the proof of the proposition. O

5. PROOF OF PROPOSITION [3.]]
Let f e A" and qu, p1, p2, p3, q1, g2, g3 be as in the statement of Proposition
and fix ¢ > 0. For any z € T*, define EYS = E% ey,
Let W = E”, and V; = (H}!, ;)«E)° for i = 1,2,3. By Proposition
[4.1] we can find diffeomorphisms h; : T? — T? arbitrarily C"-close to the
identity such that for every z € T?

3) W)} n{(h)Vai(@)} N {(h2):Va(z)} N {(hs).Va(z)} = 0.

Write f; = f lwe(q,) and consider g; : T? — T? given by

gi=fio Hypohy ' o HY, g,
for ¢ = 1,2, 3. Since h; can be taken arbitrarily C" close to the identity and

(Hl“u’f)* = H:j,i’f, we can suppose that g; is also C" close to f, Hence, we

can perturb f to obtain a C" diffeomorphism ¢ with the following properties:

L4 dCT(fag) <g;

e g = f outside a small neighborhood U of the fibers W¢(g;), for i =
1,2,3. We can take U small enough so that U N (W(f1"(¢:)))nez =
We(ai);

e g1 = f1, in other words, the perturbation only happens in the fibers;

® glwe(q) = Gi-

Observe that E;Uls(qz‘),g only depends on the future iterates of g|;; . (" (q))?
for n > 0, which are the same as f|WC(f1"+1(qi)) . Therefore,

(4) E;lis(qz) 9= E?}ls(qz'),f'

The unstable holonomy Hu,i,f only depends on f|Wc( FMa) and
f|WC(ff"(qu))’ for m > 0, which coincides with g|WC(gl‘"(qi)) and
g‘WU(gl‘"(qu))‘ Hence,

(5) H;jﬂ-,f uzg, fori=1,2,3.
Thus, by and ,
u ~—1 ws 1 ws
(Hi,u,g)*(gi )*Egl(Qi)ﬂ ( 1u7g) ( uzf) (h )*(quf)*(z, 1) Egl(ql)g
= (qu ) ( uzf) h)*( zuf)*(fz ) fl((h)f
(
(

hi)s ( w )R Egy

hz)* Q-
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Therefore, g realizes the property . Notice that this property is open, in
particular, this implies item (1) of Proposition Since the direction E%*
changes continuously with the diffeormorphism and the unstable holonomies
H* changes continuously in the C'!-topology with the choice of h (see Section

2.2), item (2) of Proposition follows.

Remark 5.1. As, we mentioned before, Theorem [2.3] holds for any u-Gibbs

measure with one positive and one negative center exponent, where Ev*

is replaced by the corresponding Oseledets direction. The main technical

properties that we need in the proof of Theorem [I| are the C! regularity of

E™% on the center manifolds over g, p1, p2, p3 and the dominated splitting.
The same proof of Theorem A, gives the following result.

Theorem 5.2. Let f € Ph3. If fi has periodic points qu,p1,p2,p3 such
that EvS is C1 restricted to W¢(p;), for i = u,1,2,3. Then there exists
a neighborhood U of f inside Sk3(T? x T?), and a subset V C U which is
C?-open and C"-dense in U with the following property. For any g € V,
any ergodic u-Gibbs measure for g with one positive and one negative center
exponent is SRB.

For surface diffeomorphisms having a dominated splitting, in general,
without any uniform contraction assumption on E%?, this distribution is
only Holder continuous.

6. MINIMALITY OF THE STRONG UNSTABLE FOLIATION

Throughout this section, let & be the C"-dense and C?-open set obtained
in Theorem A and fix g € U. The goal of this section is to prove that the
strong unstable foliation of g is minimal.

Lemma 6.1. For every ¢ > 0, there exists m = m(e) such that for any

m
p € T? the set U ¢ (Wi (p,g)) is e-dense in T*.
=0

Proof. Suppose not, then there exist € > 0, sequence of points (pp)nen,
(qn)nen and a sequence of natural numbers (ky,)pen, with k, — 400, such
that

kn
U & (Wi (pn, 9)) | N Blgn,€) = 0.
7=0

Without loss of generality, we can suppose that there are points p and ¢
such that limy, o0 pn = p and lim,— o0 g = q. It is easy to see that

+o00o
(6) U Wi, 9) | nBlg,e/2) = 0.
7=0
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Let p be the unique u-Gibbs measure of g, by Theorem A, and since supp(u) =
T* we conclude that u(B(q,£/2)) > 0. For each n € N, consider

1 n—1 ‘
= Zgi (my
§=0

where my is the normalized Lebesgue measure on Wi*“(p,g). By Theo-
rem A, lim, , oo ptn = p. Since B(g,£/2) is an open set, we obtain that
liminf,, oo pn(B(gq,e/2)) > pu(B(g,e/2)) > 0. In particular, for n large
enough, fi,(B(g,€/2)) > 0. This is a contradiction with (6). O

Recall that the set U of Theorem A was obtained by applying Proposition
In particular, we can assume that there are points qu,q1,q2,q3 € T?
that verify the conclusion of Proposition For every g € W"(qu, f1) and
x € T?, consider the angle function

az,q) = L(Ey (x), DHy o, (Hy, o(2)) B (Hg, o(2)))-

qu,q
Define
a(r) == max{a(z, q1), a(z, ¢2), (7, g3) }.

Since the unstable holonomy H" between center manifold is C' and the di-
rection E"% is continuous, the function «(-) is continuous. Moreover, by the
conclusion of Proposition for every x € T2, a(x) > 0. By compactness,
there exists a constant a > 0 such that a(z) > « for every z € T2

Fix an orientation of Wj(qu,g1). Without loss of generality, we may
suppose that ¢, < q1 < ¢2 < g3, we have the freedom to choose the points g;
before performing the perturbation of Proposition Let R = d“(qu,q3),
this is the unstable distance between ¢, and ¢;. For each z € T?, let ¢, €
WE(qu, g1) be the smallest ¢ > g, such that a(z,g;) = . Consider the set

Dy = {Hyq, Wy (Hg, q(2) : qu < ¢ < g},

for some r¢ > 0.

Lemma 6.2. There exist constants €. > 0 and rog > 0 with the following
property: for any x € T? the set D, contains a ball of radius ., B(yz,e),
for some point y, € D,. Moreover, we can take B(y,e.) such that the
distance between the boundary of this ball and the boundary of D, is greater
than 2¢..

Proof. Fix x € T?, using the fact that the map H 7u,q Changes continuously

in the C'-topology with ¢, we can fix ry > 0 small enough such that for each

q € Wi(qu, g1), the set H  (Wes(Hy (7)) is a curve of length greater
than Crg, for some constant C' > 0, and it is tangent to a small cone con-
taining DHy, (Hy (x ))E“’S(Hf;u q( z)). Moreover, the map W(qu,g1) 3

HE, (Wies(Hy, ,(x))) is continuous. Since a(r,q,) = «, we have that
the Hausdorff dmtance between Wé(x) and Hy , (Ws(H, flﬁ“qx( x))) is uni-
formly bounded from below by a constant depending on «. Hence, there

exists €. > 0 such that D, contains a ball of radius ¢, centered at some
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point y, € D, (see Figure [3)). Furthermore, up to replacing e. by &./4, we
can assume that the boundary of B(y,,e.) is at least 2e. distant from the
boundary of D,. Moreover, by compactness, we can choose €, to be uniform
independent of x. O

W (a) W (g,)

We(qu)

Ficure 3. Configuration of Lemma [6.2

For each z € T?, define the map Ry : WH(qu, 91) x T? x (—7/2,w/2) — T?
as follows. For each ¢ € W(qu,91) and 0 € (—m/2,7/2), the map R.(q, -, 0)
coincides with the rotation of angle ¢ centered at the point Hy () inside
the ball B(HY .(x),2r¢) C T?, and it coincides with the identity outside
B(H}, ,(z),4r0). The map R, can be obtained as the flow generated by
a vector field that is tangent to the center manifolds (the vertical tori).
Moreover, since the strong unstable manifold and the center manifolds are
C', we can take R, to be C'.

Define S, := {W;*(Hg, (z)) : qu < ¢ < gz} and observe that S, is
a topological surface. We can assume that o > 0 is small enough such
that for any ¢ € [qu,q.] and y € H; (D.), there exists a unique 6(q,y) €
(—m/2,7/2) such that R,(q,y,0(q,y)) € Si. Observe that if 6(q,y) = 0 this
implies that (q,y) € S;.

For any ¢ € (0, &.), consider the set

B'(yee) = |J Wi w.9),

YEB(Yz,€)



UNIQUENESS OF u-GIBBS MEASURES 15

where W[Z: 0] (y,g) is the segment of strong unstable manifold that projects

into the piece of unstable manifold of W"(q,, g1) containing ¢, and g,
as the boundary points. Define the sets D, (¢) := B(yz,e) and D} :=

Hy, 4. (B(yz, €)).

Lemma 6.3. Let v : [0,1] — B“(yz,&c) be any continuous curve such that
v(0) € D, and~(1) € D}. Then there exists ty € [0,1] such that v(ty) € Sy.

Proof. Without loss of generality, we may suppose that for any point p € D,
we have that 0(qy,p) > 0 and 0(q., H;, , (p)) < 0.

Since the distance between the boundary of B(y.,e.) and the boundary
of D, is greater than 2¢., there exists a constant p > 0 such that for any
point y € B(yz,ec) and 2z € H . (B(yz,ec)) we have 0(qu,y) > p and
0(qz, z) < —p. This constant can be taken independently of x.

Observe that v(t) € Wg(qu, g1) X Hy o (D,), where ¢(t) is the projection
of y(t) into the base torus, then we can consider the function 0(t) := 0(~(¢)).
Since « is continuous, and R, is C!, the function (¢) is a continuous in .
In particular, §(0) > p and 6(1) < —p. Hence, there exists ty such that
0(tp) = 0, which implies that v(tg) € S,. O

““““

W (qu)

Weu( )

D; ()

FIGURE 4. Lemma [6.3]

For each p € T?, write W§*(p) := U ez Wi“(2, g). So far, we have been
using the stable holonomies between two center manifolds. In this section,
we will use the stable holonomy between two center unstable manifolds. For
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ps € Wi (qu,91), let Hy . be the stable holonomy between Wg*(ps) and
Wg(qu). It is well known that Hj , is continuous, indeed, it is Holder
continuous.

For each yy € T2, ¢ > 0 and 6 > 0, define the set

D4(y,e,9) : U

2€B(y,e)

Since the strong stable foliation is C! inside a center stable manifold, the
set D*(y,e,0) is a C' submanifold.

Lemma 6.4. There exists 65 > 0 such that for any v € T? and any z €
D% (yz,ec/4,ds), it holds that

HZ, o, (WE(2,9)) N Sz # 0,

Zsyqu

where zs is the projection of z into the base torus.

Proof. Observe that if z is close to y, then WA(z, g) is uniformly C'-close to
Wi (yz, g). Moreover, the map H:_ , is uniformly CP-close to the identity.
Hence, if d; > 0 is sufficiently small then H;  (Wg"(2,g)) is a continuous
curve CO close to Wi*(y., g). In particular, we can find a continuous curve

C H; . (Wg“(2,g)) which is contained in B"(y,,e.) and intersects D (e.)

Zsyqu

and D (e.). The proof follows from Lemma O

Proof of Theorem B. A standard application of Zorn’s lemma implies that
we can always find a compact set L C T* which is u-minimal, that is,
L = Ww(p, g) for every p € L. Let us fix a u-minimal set L. We will split
the proof into two cases.

Case 1: L is periodic.

In this case, there exists & € N such that ¢g*(L) = L. Suppose that k is
the smallest number with this property. The set £ = LU ---U g* (L) is
a compact, u-saturated and g invariant set. Hence, there exists a u-Gibbs
measure pu supported on £. By Theorem A, and since the support of the
SRB measure of g is T*, we conclude that £ = T*.

If Kk = 0 then L = T* and we are done. Otherwise, we obtain that T*
is decomposed into a finite union of compact subsets. Hence, there exists
i < k— 1 such that L N g*(L) # 0. The set ¢g°(L) is also u-minimal and two
u-minimal sets are either the same or disjoint. Therefore, ¢°(L) = L but
this contradicts our choice of k. This finishes the proof of the periodic case.

Case 2: L is aperiodic.
In this case the sequence of sets (¢"(L)),,cz is pairwise disjoint.

Claim 1. There exist a number k£ € N and a sequence (n;);en such that
n; — 400, as j — +oo, and Wi (g7 (L), g) N g k(L) #£ 0.

Proof. Let e, and d5 be as in Lemmas [6.2] and [6.4] Since the unstable
foliation of an Anosov diffeomorphism in T2 is minimal, for every n € N the
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projection of g~™(L) into the base torus is T2. In particular, for every n € N
we can choose a point x,, € W¢(q,) Vg "(L). Let y,, € W(q,) be the point
given by Lemma [6.2] for the point x,, and consider D*(y,,e./4,ds). Observe
that for every y € W¢(qy), the set D*(y,e./4,0,) is a C! submanifold of
uniform size and uniformly transverse to the strong unstable foliation.

Fix € > 0 small and by Lemma there exists m = m(e) such that for
every n € N the set

m—1
U g (@)
j=0

is e-dense. Hence, there exists k,, € {0,--- ,m — 1} such that g~ "% (L) N

D*(yn,c/4,05) # 0. By Lemma [6.4] g~ (L) "W, (97" (L), g) # 0.
By the pigeonhole principle, we can find k € {0,--- ,m—1} and a sequence
n; — +oo that verify the conclusion of the claim. O

By Claim there are points p,,; € g~ F(L) and P, € 97" (L) such that
Pn; € Wige(py,;»9). Hence, limj o0 d(g" (pn,), 9" (py,;) = 0. Therefore,
g*(L)N L # . Since, L is u-minimal, we conclude that ¢¥(L) = L and L is
periodic, which is a contradiction. O
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