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ABSTRACT

The central limit theorem is one of the most fundamental results in probability and has been
successfully extended to locally dependent data and strongly mixing random fields. In this
paper, we establish the rate of convergence in the central limit theorem in terms of transport
distances. In specific, for arbitrary p > 1 we obtain an upper bound on the Wasserstein-p
distance between the law of the scaled sum and the limiting normal distribution for (i) locally
dependent random variables and (ii) strongly mixing stationary random fields. Our proofs ex-
tend the Stein’s dependency neighborhood method for the Wasserstein distance of a general
order p > 1 and provide new tools to study the deviation behaviors for dependent random vari-
ables. Moreover, as an application we demonstrate how our results can be used to obtain tail
bounds that are asymptotically tight and decrease polynomially fast for the empirical average
under weak dependence.

Keywords: Normal approximation, Wasserstein distance, Stein’s method, dependency graph,
strong mixing coefficients.

1 Introduction

The central limit theorem is one of the most fundamental theorems in probability theory. Initially
formulated for independent and identically distributed random variables, it has since then been gen-
eralized to triangular arrays [Feller 1945], martingales [Lévy 1935], U-statistics [Hoeffding 1948],
locally dependent random variables [Hoeffding & Robbins 1948; Heinrich 1982; Petrovskaya &
Leontovich 1983], and mixing random fields [Rosenblatt 1956; Bolthausen 1982]. It states as fol-
lows: Let (I,) be an increasing sequence of subsets I; € I, C --- C I, whose sizes increase to
infinity |I,| —» oo. If (X;),; are (dependent) centered random variables, then under certain con-
ditions on the moments of (X;) and on its dependence structure the scaled sum is asymptotically
normal, i.e., ;
W, = O'nl ZXi — N(0,1),

i€l,

where we write O'i = Var(ziel X l-). While the central limit theorem is an asymptotic result, there
is a long history of quantifying how far W, is from being normally distributed. One of the most
important metrics to do so is the Wasserstein-p distance, which originated in optimal transport
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theory [Villani 2009]. For two probability measures v and u over the real line R, we denote by
T'(v,u) the set of all couplings of v and u, and the Wasserstein-p distance between v and u is

defined as
. b 1/p
Wvw) = inf [y [X=¥I1]
In the case of independent observations, the first rates for p > 1 were obtained by Bartfai [1970].
They are, however, sub-optimal in terms of the sample size |I,,|, decreasing at a slower rate of

O(IIHI_%“L%). Under some additional necessary moment conditions, Rio [2009] obtained that,
for 1 < p < 2, the Wasserstein distance converges at the optimal rate of 0(1 / \/II_HI) They
conjectured that such a rate would be extendable to arbitrary p > 1, which was recently proven
to be true by Bobkov [2018]; Bonis [2020] using a series of methods including the Edgeworth
expansion and the exchangeable pair method. They showed that if max; [|X;||,,, < oo and if
Var(X;) = Var(X;) = 1, then there is a constant K,, < 00 such that

1+2/
Kp”Xl ||p+2 P

VLI

where £( -) designates the distribution of the given random variable.

W,(L(W,),N(0,1)) <

While the central limit theorem is known to hold both for locally dependent and for mixing random
fields, no analogous bound is known for general Wasserstein-p distances (p > 1) for dependent
data. This is the gap that we fill in this paper. We do so in two different settings (i) for the locally
dependent random variables (including m-dependent random fields and U-statistics), and (ii) for
strongly mixing stationary random fields. We obtain that for a d-dimensional stationary random
fields, if the mixing coefficients decrease as a, = O(£~?) with § > d(p + 1) then we have

WP(E(WH),N(O, 1)) = O(L) (Corollary 5.4),

VLI

where I, is the index set of the random field. The constants here depend on p, the dependence
structure, and the moments of the random variables (X;). If the mixing coefficients decrease as

a, =0 with g (@, d(p + 1):| then we have

W,(L(W,),N(0,1)) = 0( ) (Corollary 5.7),

1|
where ¥ < 1/2 is an explicit constant that depends on f3. For locally dependent random variables,
if the sizes of dependency neighborhoods are bounded and certain moment conditions are satisfied,
then we obtain a similar rate of O (1 / \/II_,II ) (see Theorem 3.3). Note that for m-dependent random
fields we do not make any assumption of stationarity for the distribution of (X;), but only impose
non-degeneracy conditions on the variances (o,,) and moment conditions on the random variables.
Further remark that we generalize our results to triangular arrays where the random variables (X g"))
are allowed to change with n.

Another contribution of our paper is that we propose a new way to adapt the Stein’s method to
obtain general Wasserstein-p bounds. This is the first technique that successfully handles a large

2
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class of dependent random variables. Indeed, the results in Bobkov [2018] were obtained by ex-
ploiting Edgeworth expansions. This is sadly not amenable to handling dependence as in this case
the characteristic function of W, does not decompose into a product of characteristic functions.
Ledoux et al. [2015], on the other hand, showed that the Stein kernel can also be used to obtain
Wasserstein-p bounds. However, the Stein kernel is not always guaranteed to exist, and further-
more, even when it does there is no known way to obtain a Stein kernel for W, if the random
variables are dependent. Fang [2019] proposed a different variant of the Stein’s method to obtain
a Wasserstein-2 bound for locally dependent random variables by relating to Zolotarev’s metrics.
Contrary to Fang [2019] we obtain bounds that are valid for any real value p > 1 and generalize
to mixing random fields. Another approach proposed by Bonis [2020] successfully adapted the
Stein exchangeable pair idea to obtain Wasserstein-p bounds, and was later used by Fang & Koike
[2022] to deal with local dependence. However, Fang & Koike [2022] only obtained sub-optimal
rates of convergence, and this type of argument is once again not amenable to handling mixing
random fields. In this paper, we not only obtain optimal rate for local dependence, but also show
how it can be used to handle the strong mixing case.

1.1 Application to tail bounds

In this subsection, we show a specific application of our results to elaborate the importance of con-
sidering Wasserstein distance of order p > 1. To be specific, we explain how W,(£(W,,), N (0, 1))
(p > 1) can be used to obtain tail bounds for W,. Indeed, letting t > 0, an important goal for
statistical inference is to obtain tight upper bounds for P(W, > t). Notably, among many other
applications, such inequalities lie at the heart of decision making in reinforcement learning [Mnih
et al. 2008; Audibert et al. 2009] and generalization guarantees for high dimensional statistics
[Wainwright 2019; Bartlett & Mendelson 2002]. When the observations (X;) are i.i.d and bounded,
general well-known concentration inequalities such as Azuma’s or Bernstein’s inequalities allow

one to upper-bound P(W, > t) with a sub-Gaussian decay in t. Notably if ||X;||.c < R and
2

Var(X;) = 1, then Azuma’s inequality states that P(W, > t) < e~ 22. However, no such con-
centration inequality is known to hold for strongly mixing sequences. Moreover, even when sub-
Gaussian bounds hold, those are known to be significantly looser than the asymptotically valid tail
bound ®°(t) [Austern & Mackey 2022], where °(-) =1—®(-) and ®( - ) denotes the cumulative
distribution function (CDF) of the standard normal. In this subsection we see that our results can
be used to obtain a tail bound that is asymptotically tight, decreases polynomially fast in t, and is
valid for mixing sequences.

To this goal, choose p > 1 and p € (0,1). Then remark that for all € > 0 there is G ~ N(0,1)
such that [|G — W, ||, < W,(L(W,),N(0,1)) + €. Therefore, by the union bound we have

P(W,>t)=P(W,—G+G>t)
<P(W,—G=(1-p)t)+P(G=pt)

@ (o) W, —Gl?
<®(p —_—
(pt)p
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(W,(L(W,), N (0,1)) +€)
(pt)p

where to obtain (a) we have used Markov’s inequality. Now as this holds for any arbitrary choice
of € > 0 we conclude that

<®(pt)+

W, (L(W,), N (0, 1))

P(W,>t) < ®(pt) + Tl

, then we obtain that

Now imagine that there is a constant K, such that W,(£(W,,), N'(0,1)) <

|r1|

KP
P(W,>t) < igf{@c(pt)+ —p} (1.1)

(ptVILI)

Note that this upper bound is asymptotlcally tight. Indeed as n grows to infinity, the upper bound

(pt \/II_ )P
creases polynomially fast in t and \/|I_n| . This leads to interesting new concentration inequalities
since there has not been any such non-uniform Berry-Esseen bounds for mixing fields in the liter-
ature (see Nagaev [1965]; Bikelis [1966] for examples in the i.i.d setting and Chen & Shao [2004]
for weaker results in the local dependence setting).

given by (1.1) converges to ]P’(W > t) ket ®°(t). Moreover, the remainder term

1.2 Related literature

Agnew [1957]; Esseen [1958] established that the convergence rate in the central limit theorem is
@ (1 /L] ) in terms of the Wasserstein-1 distance. Since then many papers have tightened this
result and generalized it to dependent observations. Notably, the Stein’s method offers a series
of powerful techniques for obtaining Wasserstein-1 bounds in the dependence setting. See Ross
[2011] for a survey of those methods. Baldi & Rinott [1989]; Barbour et al. [1989] obtained
Wasserstein-1 bounds under local dependence conditions and Sunklodas [2007] showed a similar
bound for strongly mixing sequences, which is O (1 /1L, ) when the mixing coefficients decay
fast enough.

For p > 1, the first paper to propose a rate for the central limit theorem was Bartfai [1970]. Under
the hypothesis that the random variables have finite exponential moments, they obtained a rate of

(|I |~ 2+ ) for the Wasserstein-p distance. Sakhanenko [1985] obtained a similar rate but only
required the existence of p-th moments. Rio [1998, 2009] showed that in order to obtain a con-
vergence rate of O (1 /AL ), it is necessary to require finite (p+2)-th moments of the random
variables. They also obtained the expected rate for p < 2 and conjectured that a similar rate should
be valid for any arbitrary p > 2. This conjecture was demonstrated to be true by Bobkov [2018];
Bonis [2020]. Those two papers took different approaches. Bobkov [2018] used an Edgeworth
expansion argument. Bonis [2020], on the other hand, used the Ornstein-Uhlenbeck interpolation
combined with a Stein exchangeable pair argument. Previous to that, Ledoux et al. [2015] had al-
ready obtained the optimal rate for the Wasserstein-p distance using the Ornstein-Uhlenbeck inter-
polation but required significantly stronger assumptions on the distribution of the random variables
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by requiring the existence of a Stein kernel. Moreover, for the special case p = 2, the celebrated
HWTI inequality [Otto & Villani 2000] and Talagrand quadratic transport inequality [Talagrand
1996] can help obtain Wasserstein-2 bounds by relating it to the Kullback-Leibler divergence.

Contrary to the independent case, much less is known for the general Wasserstein-p distance for de-
pendent data. Barbour et al. [1989]; Fang [2019] adapted the Stein’s method to obtain Wasserstein-
2 bounds with the optimal rate for locally dependent variables. Fang & Koike [2022] modified the
approach of Bonis [2020] and obtained a rate O (logII A/ ) for the Wasserstein-p distance un-
der local dependence. Our results propose significant extensions to both of those results by gener-
alizing them to arbitrary p > 1 and mixing random fields. When the mixing coefficients decrease
fast enough we obtain that the Wasserstein distance decreases at the optimal rate O (1 / \/ll_nl)
Otherwise, the rate of convergence is slower and depends on the mixing coefficients.

Our proofs rely on the Stein’s method and a result of Rio [2009] that allows to upper the Wasserstein-
p distance by an integral probability metric [Zolotarev 1984]. As those metrics are defined as the
supremum of differences of expectation of functions, the Stein’s method lends itself nicely to this
problem. The Stein’s method was first introduced in Stein [1972] as a new method to obtain a
Berry-Esseen bound and prove the central limit theorem for weakly dependent data. It has since
then become one of the most popular and powerful methods to prove asymptotic normality for
dependent data, and different adaptations of it have been proposed, notably the dependency neigh-
borhoods, the exchangeable pairs, the zero-bias coupling and the size-bias coupling [Ross 2011].
In addition to being used to prove the central limit theorem, it has since then been adapted to obtain
limit theorems for the Poisson distribution [Chen 1975] or for the exponential distribution [Chat-
terjee et al. 2011; Pekodz & Rollin 2011]. It has also been used as a tool for comparing different
univariate distributions [Ley et al. 2017]. Our use of the Stein’s method is closely related to the
dependency neighborhood method described in Ross [2011].

We further remark that the theory we have developed has an interesting by-product. We prove
upper bounds on the absolute values of the cumulants of W,, (see Corollaries B.5 and F.11). Previ-
ously, Janson [1988] showed a similar bound under the dependency graph conditions and Heinrich
[1990]; Gotze et al. [1995] tightened the results for m-dependent random fields. Goétze & Hipp
[1983]; Lahiri [1993, 1996] obtained similar cumulant bounds for the strongly mixing sequences
in an effort to obtain Edgeworth expansions. Note that we also provide the bounds on the cumu-
lants of W, for strongly mixing random fields in Appendix F, which is more general than the results
mentioned above. Furthermore, Doring & Eichelsbacher [2013]; Doring et al. [2022] showed that
cumulant bounds can be useful in problems including the analysis of moderate deviations.

1.3 Paper outline

In Section 2 we clarify some notations that we use throughout the paper. Then we present our
results under the hypothesis that the random variables under two different local dependence condi-
tions in Section 3, and provide some applications in Section 4. In Section 5 we show upper bounds
for the Wasserstein-p distance for mixing random fields. In Section 6, we make an overview of our
proof techniques. Finally all proofs are presented in the appendices.
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2 Notations

Notations concerning integers and sets In this paper, we will write [ x| to denote the smallest
integer that is bigger or equal to x and | x| denotes the largest integer smaller or equal to x. We
use N to denote the set of non-negative integers and let N, be the set of positive integers. For any
n € N, denote [n] := {£ € N, : 1 < { < n}. Moreover, for a finite set B we denote by |B| its
cardinality.

Notations for sequences Given a sequence (x;) we will shorthand x;., = (x,- -, x,) and simi-
larly for any subset B € N, we denote x5 := (X;);cp-

Notations for functions For any real valued functions f(-),g(-) : N, — R, we write f(n) <
g(n) or f(n) = O(g(n)) if there exists some constant C (with dependencies that are fixed in the
contexts) and an integer N > 0 such that the inequality f(n) < Cg(n) holds for all n > N. We
further write f (n) =< g(n) as shorthand for f(n) < g(n) and g(n) < f(n).

Notations for probability distributions For a random variable X we write by £(X) the distri-
bution of X.

3 W, bounds under local dependence

Let p > 1 be a positive real number and write w := p+1—[p]| € [0,1]. We choose I to be an
infinite index set I and (I,)72, to be a sequence of finite subsets of I; € I, C --- ¢ I that satisfy

i

(n=1,2,---), and let W, be the following empirical average empirical average

W,:=0" ZXf"), with o2 := Var(ZXl@).

i€l, i€l

|I,| 2%, oo. Let (X (”))iel be a triangular array of random variables, each row indexed by i € I,

Under the hypothesis that the random variables (X l(n)) are locally dependent we will, in this section,
bound the Wasserstein-p distance between W, and its normal limit. The bound we obtain depends
on the size of the index set I,,, the moments of the random variables and the structure of local
dependence in question.

To capture the local dependence structure, we first provide the definition of dependency neigh-
borhoods following Ross [2011]. Given random variables (Y;);; we call N(J) a dependency
neighborhood for the index subset J € I'if {Y; : j € N(J)} is independent of {Y; : j € J}. In our

setting of the triangular array (X g“)), we define (N,(i1.4)), by choosing the subsets of I, that satisfy
the following conditions:

[LD-1]: For each i; € I, there exists a subset N, (i;) € I,, such that {X](.") 1jé Nn(il)} is indepen-
dent oleg").

[LD-q] (g = 2): Foreachi; €1,,1i, € N,(i;), -+, i, € Nn(ilz(q—l))’ there exists a subset Nn(ilzq)
such that {X](.”) 1jé Nn(ilzq)} is independent of (Xlg"), e ,Xi(:)).

6
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We remark that the sequence of subsets (N, (iy.,)), is increasing, i.e., N, (i1,4—1)) € N,(iy,) in q;
and that the neighborhoods N, (i;.,) are allowed to be different for different values of n-which
reflects the triangular array structure of our problem. The condition of dependency neighborhoods
here generalizes the one in Ross [2011] and was also adopted in Fang [2019], inspired by Barbour
et al. [1989]; Chen & Shao [2004]. Barbour et al. [1989] obtained a Wasserstein-1 bound under
“decomposable” conditions similar to [LD-1] and [LD-2], and Chen & Shao [2004] showed a
Berry—Esseen type result under slightly stronger assumptions for local dependence, while finally
Fang [2019] obtained a Wasserstein-2 bound.

In order to define the remainder terms that will appear in our bounds, we introduce the following
notions. Given t € N, such that k > 2, we say that the tuple (1;,7,, -+, n,) where £ € N, is an
integer composition of ¢t if and only if 1),., are positive integers such that n; + Ny +---+n, =t.
We denote by C(t) the set of those integer composition

c(t):={t,n, €N, : >, m;=t}.

Moreover, for any random variables (Y;);_,, we define the order-t compositional expectation with
respect to 1., as

[0, md> (Y, Y) =E[Yy oY JE[Y, Yo ] E[Y g Y] G
Note that if 17, = 1, the last expectation reduces to E[Y,].

Next for any positive integer k and real value w € (0, 1], we define

Rk,w,n =
(n)

Sy S X meendo (B LY R,

(€n1.0)eCH(k+2) 1€l €N, (1) ikg1ENL(T1:) ik 42€N, (i1 (c41))

3.2)
where C*(k + 2) is given by

cxt)={(t,n)eC(t): n;=2 for1<j<L—1,} CC(t).

The terms (Ry, ,) are remainder terms that appear in our bound of the Wasserstein-p distance
between W, and its normal limit.

Theorem 3.1. Let ( l(n)) e, be a triangular array of mean zero random variables and suppose that
they satisfy [LD-1] to [LD-(p1+1)]. Let 02 := Var (3., X*°) and define W, := o' 3,0, X,

Further suppose for any j € N, such that j < [p]—1, it holds that R; ; , X 0asn— co. Then
there exists an integer N € N, such that for all n > N, we have the following Wasserstein bounds:

i€l,

p1-1
W, (L(W,),N(0,1)) < C (Z R +ZRj{fj;” ”) (3.3)

where w = p+1—[p]and C, is a constant that only depends on p.
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Remark. We note that the condition that the remainder terms R; ; ,, shrink to O forall j < [p]—1
impose an implicit constraint on the size of the sets N,,(i;,,). In particular, for p = 1,2 we have

Wl(c(Wn): N(O, 1)) < ClRl,l,nJ (34)
Wy(L(W,),N(0,1)) < Cy(Ry 10 +RYE). (3.5)

where the remainders are given by

Ruaa=oy 3 30 35 (Bl

i€l JEN, (1) kEN,(i,))

RZ,l,n 20;42 Z Z Z (E[lxgn)X](H)X]En)Xén)

(€], JEN, (1) keN, (i) LEN,(1,),k)

+E[|x"x x| ] B[ |x{”

J+El

My (M)
X"

]

JE{xx”

)]

JE[]x”

1)

Note that (3.4) was proven by Barbour et al. [1989] and (3.5) is a corollary of Theorem 2.1, Fang
[2019]. The bound (3.3) with an integer p was also proposed as a conjecture in Fang [2019]. As
p grows, the right-hand-side of (3.3) becomes more and more complicated, which suggests the
necessity of new assumptions in order to be able to obtain a simplified result.

]+E[|xx®

We further remark that the choice of N, (i;,,) might not be unique (even if we require that it has the
smallest cardinality among all possible index sets that fulfill the assumption [LD-q]). Therefore, to
be able to obtain more interpretable upper-bounds for the remainder terms (R; ,, ,) , we impose a
slightly stronger assumption on the dependence structure:

[LD*]: We suppose that there exists a graph G, = (V,, E,,), with V, := I, being the vertex set and
E, being the edge set, such that for any two disjoint subsets J;,J, C I, if there is no edge
between J; and J,, then {X](.”) je Jl} is independent of {X](.”) (j€ Jz}.

Introduced by Petrovskaya & Leontovich [1983] the graph G, defined above is known as the de-
pendency graph and was later adopted in Janson [1988]; Baldi & Rinott [1989]; Ross [2011].
Please refer to Féray et al. [2016] for a detailed discussion.

If [LD*] is satisfied, for any subset J C I,, we define N, (J) to be the set of vertices in the neigh-
borhood of J C I, in the graph G. To be precise, this is

N.(J):=Ju{iel,:e(i,j) €E, for some j €J},

where e(i, j) denotes an edge between the vertices i and j. To simplify the notations, we further
denote N,(J) by N,(iy,,) if J = {iy,---,i;} forany 1 < q < [p]+ 1. Then (N,(i,;)) not only
satisfies [LD-1] to [LD-([p1]+1)], but has the following properties as well:

(a) Nn(ilzq) = Nn(iﬂ(l), el iﬂ(q)) for any permutation 7 on {1,--- ,q};

(b) iy € Ny(iy.(g-1)) © 11 € Np(inyg)-
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We point out that by definition of the dependency graph even if {X](.“) 1 j € Jl} is independent of
{X](.”) 1 j € JZ}, there can still be edges between the vertex sets J; and J,. In fact, there might not
exist G, such that there is no edge between J; and J, as long as {X](.") 1j € Jl} is independent of
{X](.”) ES Jz} since pairwise independence does not imply joint dependence.

The condition [LD*] provides us with a tractable bound on R, ,, which is applicable in most of
the commonly encountered settings, including m-dependent random fields and U-statistics.

Proposition 3.2. Given M € N, and real number w € (0, 1], suppose that (X gn))iel satisfies [LD*]

and that the cardinality of N,,(iy.1)) is upper-bounded by M < o0 for any i,- -+ ,iy,, € I,,. Then
there exists a constant Cy_,, only depending on k + w such that

Riwn < Ck+ka+wZ O';(HH‘”)]EHXL(H) k+1+w:|.

iel,

We remark that the upper bound on (R ,, ,) depends on the moments of the random variables (X g"))
and the maximum size of the dependency neighborhoods. The results of Proposition 3.2 can be
used to propose a more interpretable upper bound for the Wasserstein-p distance.

Theorem 3.3. Suppose that (X g")) is a triangular array of mean zero random variables satisfying

[LD*], and that the cardinality of index set Nn(ilz(mﬂ)) is upper-bounded by M,, < o0 for any
i1, 5 p141 € I Furthermore, assume that

Mi+w‘7;(w+2)ZE[|an) w+2] -0, Mﬁ*lo;(P+2)Z]E[|X§“)
i€l, i€l

Then there is N such that for alln > N we have

W,(L(W,), A'(0,1))
<C, (Mi*“’o;(“’”) > E[|x™ “’”])”w + cp(M;;“o;(P*z) > E

i€l, i€l,

p+2] =0.

0
Xi

p+2:|)1/P, (3.6)

Jfor some constant C,, that only depends on p.

We notably remark that if the moments are nicely behaved in the sense that

1X M2

B, :=
i,jel,neN, ||X](.")||2

2

and that the size of the dependency neighborhood are universally bounded, i.e.,

B, :=sup sup |Nn(i1:([p]+1))| < 00,
niypln€ln
then there is a constant K,, that only depends on B;, B, and p > 1 such that for n large enough we
have

K
W, (L(W,),N(0,1)) < ——.
’ VL]
The rate of convergence matches the known rate for independent random variables (see Bobkov
[2018]).




4 APPLICATIONS

4 Applications

4.1 m-dependent random fields

Let d € N, be a positive integer, in this subsection we will study d-dimensional random fields.

Definition 4.1 (m-Dependent Random Field). A random field (X;);cy on T C Z¢ is m-dependent
if and only if for any subsets U;,U, C Z9, the random variables (Xi))i,ev,nr and (X)) eu,nr are
independent whenever ||i; —i,|| > m for all i, € U; and i, € U,

Here ||-|| denotes the maximum norm on Z, that is || z|| = max;.;<ql3;| for z = (21, , 24).

Now we consider an increasing sequence T; C T, C - - - of finite subsets of Z¢ that satisfy | T, | inda
o0. We have the following result as a corollary of Theorem 3.3.

Corollary 4.2. Let p € N, and m € N, be positives integer. Suppose that (Xf")) is a triangular
array where each row is an m-dependent random field indexed by finite subsets T, C Z¢ such that
|T,| 2%, 00, Let o= Var(ZieTn XIF”)) and define W, := o' >,
IE[XL.(”)] =0 for any i € T, and that the following conditions hold:

(n)
X;". Further suppose that

i€T,

p+2]

e Moment condition: o ®*2>" _ E[|x™

—0 asn—o oo,

* Non-degeneracy condition: limsup, 0,2 > ;. ]E[|X§“) 2] <M < oo for some M > 1.

Then for n large enough, we have

1+w —w —ﬁ 1/P
W, (L(W,),N(0,1)) < C,qm" & M7 o, * (ZE[|X§") P”]) , (4.1)

€T,

where C, 4 only depends on p and d.

In particular, for a triangular array of m-dependent stationary random fields, suppose that we have

sup,, IE[ |Xl.(”) p+2] < 09, and that the non-degeneracy condition liminf, 02/|T,| > 0 holds. Then
we have

W,(L(W,),N(0,1)) = O(|T,[/?).

4.2 U-statistics

Definition 4.3 (U-Statistic). Let (X;)_, be a sequence of i.i.d. random variables. Fix m € N, such
that m > 2. Let h : R™ — R be a fixed Borel-measurable function. The Hoeffding U-statistic is

defined as
> (XX

1<i) <-<ipp<n

10
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Corollary 4.4. Given p > 1, suppose that the U-statistic of an i.i.d. sequence (X;)!_, induced by
a symmetric function h : R™ — R satisfies the following conditions

* Mean zero: ]E[h(Xl, “e ,Xm)] =0;
* Moment condition: IEHh(Xl, e ,Xm)|p+2] < 00;

* Non-degeneracy condition: E[g(X,)?] > 0, where g(x) := ]E[h(Xl, LX) |X1 = x].

If we let
W, := Gi Z h(X,, - ,X;, ), whereo? :=Var( Z h(X;,- ,Xim)),
n1<iy<+<i<n 1<) < <ip<n

the following Wasserstein bound holds:

W,(L(W,),N(0,1)) = O(n~"/?).

5 W, bounds for strongly mixing random fields

Let p > 1 be an arbitrary real number and write w := p+1—[p] € (0,1]. In this section we
will characterize the rate of convergence of the Wasserstein-p distance beyond the case of local
dependence. To do so we need to quantify the amount of dependence between random variables.
Introduced by Rosenblatt [1956], the strong mixing coefficient is one of the most widely-adopted
measurement for this purpose. See Bradley [2005] for a discussion of the different notions of
mixing coefficients.

Definition 5.1. Ler (Q, F,P) be a probability space. Given two sub-o-algebras A,B C F, the
strong mixing coefficient or a-mixing coefficient between A and B is defined by

a(A,B)= sup |P(ANB)—P(A) P(B)|. (5.1)
A€ A,BEB

Let d € N, be an integer, in this subsection we will study d-dimensional random fields. Let (T,)

be an increasing sequence T; C T, C --- of finite subsets of Z¢ that satisfy |T,| %, oo. Let
(X g"))ieT be a triangular array where each row is a random field indexed by T,

We define the strong mixing coefficients associated to a random field as follows:

Definition 5.2. Given a finite index set T C 74, suppose (X;);cr is a random field on T. For any
U C T, denote by Fy; := o(X; : i € U). For positive integers {,k,,k,, define the strong mixing
coefficients of (X;)er by

Qe iys0 =0V sup {a(Fy, Fy,) : Uy, Uy € T, |Uy | < ky, Uy < ko, d(Uy, Uy) > £, (5.2)

where d(Uy,, U,) := min{||i, —i,|| : i; € Uy, i, € U,}. Here |||| denotes the maximum norm on Z°.

11



5 WASSERSTEIN-P BOUNDS FOR STRONGLY MIXING RANDOM FIELDS

Let (ay, «,;¢,n) be the strong mixing coefficients associated with (X lgn))_ . In this section, we will

€T,
always consider the strong mixing coefficients with k; = [p]+ 1 and k, = |T,|. For convenience,

when there is no ambiguity we will denote a; , := d[p1411,|;0,n-

Note that the strongly mixing random field is a natural extension of the m-dependent random field
discussed in Section 4 as m-dependence corresponds to the case where a; , = 0 forall £ > m+1. In
the rest of this section, we will extend the Wasserstein-p normal approximation results to random
fields whose strong mixing coefficients converge to 0 fast enough (uniformly on n).

Theorem 5.3. Let (Xg"))ieT be a triangular array of real-valued stationary random fields with
Xl.(”)) and define W, := o > X

strong mixing coefficients (a; ,)¢>,. Let 02 := Var (Z ier. Xi
Suppose that ]E[X l(n)] =0 for any i € T,, and that the following conditions hold:

i€T,

"] < ooy

* Moment condition: There exists r > p + 2 such that sup,, ]E[|X§“)
* Non-degeneracy condition: liminf,_,., 02/|T,| > 0;

* Mixing condition I: sup,, ZZI Ed_lagrn_p I < o0;

* Mixing condition I1:

LT, ]
|Tn|—P/2 Z ed(P+1)—wagt‘n—P—2)/r_>0’ as n— 0o.
(=1

Then the Wasserstein-p distance W,(L(W, ), N(0, 1)) converges to O and we have

LT, M)
1/p
W, (LW),N(0,1)) = O(IT,|7") + O(mI‘W( D, Lo, () ) (5.3)
=1
In particular, W,(L(W,), N'(0,1)) = O(|T,|™/?) if the condition sup,, Zzl (ireq, (pm2ir <
o0 holds.

If we assume that the mixing coefficients decrease polynomialy fast with £ then the statement of
Theorem 5.3 can be simplified in the following way.

Corollary 5.4. Assume that the conditions of Theorem 5.3 hold. Furthermore, suppose that a; , <
CL™ for some constants v > 0 and C > 0 that do not depend onn. Letu := (r—p—2)v/r—(1—w).
Then the converging rate of the Wasserstein-p distance W,(L(W,),N(0,1)) (p = 1) is given by

W, (L(W,), N (0,1)) = O(IT,|™F)

where
! ifu>d(p+1)
B = %—e ifu=d(p+1) )
1 p+1 u :
i—(5—%) ifdp/2+1)<u<d(p+1)
for any e > 0.

12



5 WASSERSTEIN-P BOUNDS FOR STRONGLY MIXING RANDOM FIELDS

As we can see, Corollary 5.4 implies that the Wasserstein-p distance converges if u > d(p/2 + 1).
In particular, if p = 1, we need u > 3d/2. We remark that this condition is sufficient but not
necessary. When p is integer valued the conditions on the mixing coefficients can be weakened in
the following way:

Theorem 5.5. Let p € N, and (Xg")) be a triangular array of real-valued stationary ran-

i€T,

dom fields with strong mixing coefficients (a; ,)¢»1. Let 0% := Var (ZieTn Xg")) and define W, :=
o ! ZieTn X™. Suppose E[ X" ] = 0 for any i € T,, and they satisfy

* Moment condition: There exists r > p + 2 such that sup,, ]E[le.(") "] < oo;
* Non-degeneracy condition: liminf,_,., 02/|T,| > 0;

* Mixing condition I: sup, y.,-, Ed_lagrn_p D" < oo;

* Mixing condition II: For some m € N, and & € [0, 1] (that can depend on n) we have that
each of the following terms converges to 0 as n — 0Q:

m+1+L—‘T”|21/d ] Y
p
1T, [2m*, |Tn|—1/2+(1—5)/(2p)md( Z Edﬁ—ﬁa&n(r—p—l—ﬁ)/r) ’
{=m+1

1/d
me+ 1+ T |

—1/2+1/(2p) dp—1 _ (r—p—1)/r\"/P
IT,| I i

{=m+1
Then the Wasserstein-p distance W,(L(W, ), N(0, 1)) converges to O and we have

W, (L(W,),N(0,1))

1/d
m+ 1+ o |

- - — _ 1 1/p
:O(lTn| 1/2m2d)+0(|Tn| 1/2+(1 6)/(2p)md( Z 048 5a€’n(r p—1 6)/r) )

{=m+1 (54)
m+1+L—|T"|21/dJ Y
p
+ O(|Tn|—1/2+1/(2p)( Z Edp—lag’n(r—p—l)/r) )
{=m+1

Note that in general the bound (5.4) is not comparable to (5.3). However, supposing that the strong
mixing coefficients converge with a polynomial rate, Theorem 5.3 leads to better convergence
rate for the Wasserstein-p distance if the mixing coefficients converge to O sufficiently fast while
Theorem 5.5 tends to give faster convergence when the mixing coefficients converge slower. The-
orem 5.5 also requires weaker conditions for the Wasserstein-p distance to converge. In specific,
we show the following two results.

Corollary 5.6. Let (Xg"))ieT be a triangular array of real-valued stationary random fields with
strong mixing coefficients (a; ). Let 0% := Var (ZiGTH Xl.(")) and define W, := o~ ! ZieTn x®.
Suppose that ]E[X l(n)] =0 for any i € T,, and that the following conditions hold

13



5 WASSERSTEIN-P BOUNDS FOR STRONGLY MIXING RANDOM FIELDS

"] < ooy

* Moment condition: There exists r > 3 such that sup,, ]E[|X§“)

., . . . . 2 .
Non-degeneracy condition: liminf,_,., o%/|T,| > 0,

* Mixing condition I: sup, y.,-, Ed_lagrn_z)/r < 00;

m—-00

* Mixing condition II (uniformly Cauchy): sup, sz Ed_lalgrn_z_e)/r — 0 for some € > 0.

Then the Wasserstein-1 distance W, (L(W,), N (0, 1)) converges to 0 as n — 00.
Corollary 5.7. Let p € N, and (Xi(") )l.eT be a triangular array of real-valued stationary ran-
dom fields with strong mixing coefficients (ay )¢, Let 02 := Var (ZieTn Xl(“)) and define W, :=
o ZieTn X™. Suppose E[ X ] =0 for any i € T,, and they satisfy

1< ooy

Moment condition: There exists r > p + 2 such that sup,, ]E[|X§")

Non-degeneracy condition: liminf,_,., 02/|T,| > 0;
* Mixing condition I: sup, >.,-, Ed_lagrn_p 2" < o0;

* Mixing condition II: agr;p A" < Co holds for some constants u > d(p +1)/2 and C > 0.

Then the convergence rate of the Wasserstein-p distance W,(L(W,), N(0,1)) (p = 1) is given by

W,(L(W,),N'(0,1)) = O(IT,| "),

where
(1 ifu>d(p+1)
%—e fu=d(p+1)
ﬂ:{%—min{’%—%,ﬁ} ifdp<u<d(p+1) ,
%—(%4—6) ifu=dp
(5 —3) ifd(p+1)/2<u<dp
for any € > 0.

In particular, for p =1 and agrn—s)/r =0(™), B is given by

ifu>2d
—€ ifu=2d ,
—min{z—ﬁ,ﬁ} ifd <u<2d

=
I
NI= NI= N =

for any € > 0.

14



6 OVERVIEW OF THE PROOF TECHNIQUES

We make a final remark that there are also measurements of dependence besides strong mixing
coefficients. Volkonskii & Rozanov [1959] considered the assumption called absolute regularity
(also known as 3-mixing), Kolmogorov & Rozanov [1960] introduced the p-mixing coefficients,
and Ibragimov [1959]; Cogburn [1960] studied the ¢-mixing conditions. Only strong mixing
conditions are discussed in this paper because they are the most commonly studied ones and can
be upper-bounded by the other coefficients mentioned above. Please refer to Bradley [2005] for
more details on the comparison between these different conditions. We further suggest that our
proof method is potentially applicable to other dependence measurements as well.

6 Overview of the proof techniques

The key idea of our proofs is to approximate the sum of weakly dependent random variables
(Xl(“))iel by the empirical average of g, i.i.d. random variables 5(1“), I 551”). Specifically, we
show (Lrémma A.8) that as long as the third and higher-order cumulants of Wn decay then there
exist integers (g,,) and i.i.d. random variables such that the first k (k € N, ) cumulants of

1
V, i=— 5 (m
matches those of W, for n large enough. The decay of the cumulants can be proven to hold by
exploiting the weak dependence assumptions (see Corollaries B.5 and F.11).

We then relate the cumulants to the Wasserstein-p bound thanks to the fact that the Wasserstein-p
distance can be upper-bounded by integral probability metrics (Lemma A.3) and the well-known
Stein equation. Indeed we establish local expansions of the latter to orders that will depend on our
choice of p > 1. Notably for i.i.d. random variables (5 E"))?ll, Barbour [1986] showed that the
following approximation holds (restated in Lemma A.5)

E[h(V)]—=Nh =E[f'(V,) = Vof (V)]
sJ+2( )

= Z (- l)rl_[( ey []L[(asﬁle) h]+ Remainders,
5

(rs1:)er([p1-1) j=1

(6.1)

where f is the solution of the Stein equation (A.2) and k ]-( - ) denotes the j-th cumulant of a random
variable. (All the other notations in (6.1) will be made clear in Appendix A.) We show that we can
obtain similar expansions for E[ f'(W,) — W, f (W,)] (see Lemma A.7):

E[R(W,)]—=Nh =E[f'(W,) —W,.f (W,)]

= Z (=1 l_[ %(1)) [l_[(asf’l@) h] + Remainders, 62)
5

(r>51:r)€1—‘(|—p-| )

As mentioned in the previous paragraph, g, and & E“) can be chosen to be such that x;(V,) = x;(W,)
forj=1,---,[p]+ 1. Thus, by taking the difference of (6.1) and (6.2), we get an upper bound on
|E[h(Wn)] — IE[h(Vn)]| for a large class of function h. As shown in Lemma A.3, this allows us to
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obtain an upper bound of the Wasserstein-p distance between £L(W, ) and £(V,,) for a general p > 1.
The desired result is therefore implied by the triangle inequality of the Wasserstein-p distance

W, (LW,), N (0, 1)) < W, (LIW,), L(V,)) + W, (L(V,,), N (0, 1)),

and the already known Wasserstein-p bounds for i.i.d. random variables (Lemma A.6).

To be able to show that (6.2) holds, we develop two new techniques to obtain such expansions.
These techniques will be carefully elaborated and discussed in Appendices B and F to H.
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A Proof of Theorem 3.1

In this section, we provide the proofs of Theorems 3.1 and 3.3 using Stein’s method. We first in-
troduce some background definitions and lemmas before showing the proofs of the main theorems.

A.1 Preliminary definitions and notations

Definition A.1 (Holder Space). For any k € N and real number w € (0,1], the Holder space
CR(R) is defined as the class of k-times continuously differentiable functions f : R — R such that
the k-times derivative of f is w-Holder continuous, i.e.,

105 f (x) = F ()
w = Su < oo
|f|k’ x;éyIEDR |X_y|w

b

where @ denotes the differential operator. Here w is called the Holder exponent and |f |, ,, is called
the Holder coefficient.

Using the notions of Holder spaces, we define the Zolotarev’s ideal metrics, which are related to
the Wasserstein-p distances via Lemma A.3.

Definition A.2 (Zolotarev Distance). Suppose u and v are two probability distributions on R. For
anyp>0and w:=p+1—[p|€(0,1], the Zolotarev-p distance between u and v is defined by

2y, ) = sup( f £0) du(x) - f F)a0),

fea,
where A, := {f € clP-Lo(R) |flip—1,0 < 13
To bound Zp( -, -) we rely on the Stein’s method which was introduced by Stein [1972] in order

to prove the central limit theorem for dependent data. It has been widely adapted to all kinds of
normal approximation problems. See Ross [2011] for a detailed exposition.
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A.2  Preliminary lemmas A  PROOF OF THEOREM 3.1

Stein equation and its solutions

Let Z ~ N(0, 1) be a standard normal random variable. For any measurable function h : R — R, if
h(Z) € £LY(R), we write N'h := E[h(Z)]. Thus, h(Z) € £}(R) if and only if N'|h| < co. Moreover,
we define f,(-) by

oo

£,(W) ;:J e(Wz_tz)/2(h(t)—Nh)dt:—J e =2(n(t)— Nh)dt. (A.1)

—00 w

We remark that f,(-) is a solution of the Stein equation meaning that it satisfies
f'(w) —wf(w)=h(w)—Nh, Yw e R. (A.2)

For the convenience of further discussion, we denote by © the operator that maps h to f}, for any h
such that V'|h| < 00, i.e.,
@h - fh'

Note that ®h(-) is a function. If h € A, then we will see in Lemma A.4 that ®h can be bounded.

A.2 Preliminary lemmas

An important fact proven by Rio [2009] is that the Wasserstein-p distance can be controlled in
terms of the Zolotarev distance.

Lemma A.3 (Theorem 3.1 of Rio [2009]). For any p = 1, there exists a positive constant Cy, such
that for any pair of distributions u, v on R with finite absolute moments of order p such that

Wi, ) < Cy(2, (u, 7))

In particular, W,(u, v) = Z,(u, v) by Kantorovich—Rubinstein duality.

To bound Z,( -, -) we will use the Stein’s method and exploit the fact ®h can be controlled for any
function h € A,,.

Lemma A.4 (Part of Lemma 6 of Barbour [1986]). For any p > 0, let h € A, be as defined in
Definition A.2. Then ®h = f, in (A.1) is a solution to (A.2). Moreover, ®h € C'P1=1¢(R)NCPI<(R)
and the Holder coefficients |©h|;,1_, ., and |©h|,, ., are bounded by some constant only depending
on p.

Next we present two lemmas on the normal approximation for independent random variables.
Lemma A.5 provides an expansion for the difference between E[h(S,,)], where S, is an empirical
average, and N'h. Lemma A.6 gives an upper bound on the Wasserstein distance between the
distribution of this empirical average, S,,, and the standard normal distribution.
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A.3 Main lemmas A PROOF OF THEOREM 3.1

Lemma A.5 (Theorem 1 of Barbour [1986]). For any p > 0, leth € A, and S, := Z:.l:l X; where
{X;,--+,X,} are independent, with E[X;] = 0 and ]E[Si] = 1. Then it follows that

r ot Sn r n
E[h(S)]-Nh= > (—1)r]_[2+(1)')/\f[]_[(a%'“@)h]+o(ZE[|Xi|P+2]), (A3)
j=1 \2J : j=1 i=1

(rs1:-)eT([p1-1)

where the first sum is over T([p]—1) —{r S1. €N, Z] 15 < p]—l}

Note that there is a slight abuse of notation in (A.3). The last | | indicates the composition of the
operators in the parentheses rather than the product.

Lemma A.6 (Theorem 1.1 of Bobkov [2018]). Foranyp > 1, letS,, := Z?ZIXI» where {X1,--+ ,X,}
are independent, with E[X;]1 = 0 and E[S*] = 1. Then it follows that

n 1/p
WA 1) = 6, B (A4)
i=1

where C, continuously depends on p.

A.3 Main lemmas
We introduce two new lemmas crucial in the proof of Theorem 3.1. They will be proven in Ap-
pendix B and Appendix C.

Lemma A.7 (Local Expansion). Suppose that (Xl.(") )l.el

ables with dependency neighborhoods satisfying the local dependence conditions [LD-1] to [LD-
(p+D). Let W, := 3., X" with B[X{" ] =0, E[]W2] = 1. Then for any p >0 and h € A,,, we

have
E[h(W)]-Nh= > (-1 )ﬂ% [l_[(a%“@)h]

(rs1:-)€r([pl-1)

= /j % [(j+w—-1)
cof Srn S,

is a triangular array of random vari-

(A.S)

j,1,n j,,n
where the first sum is over T([p]—1) —{rslrEN Z] 15 < ]—1}

We can see that Lemmas A.5 and A.7 look quite similar to one another with the only differences
being the dependence structures of (XIF“)) and the remainder terms in the expansions. This sim-
ilarity inspires the proof of Theorem 3.1. To illustrate this, imagine that there would exist some
i.i.d. random variables (5 (n))i:1 and a large sample size g, such that the first [p]+1 cumulants

of V, : q_l/ 2 q” x$ ™ match with those of W, » then the expansion (A.5) and in (A.3) would be
almost identical, and the difference between those would be controlled by the remainder terms
(R 1) and (R; , ). If those remainder terms are small then we could exploit the asymptotic nor-
mality of V,, to obtain the asymptotic normality of W,,. We show that such a sequence exists when
|I,| is large.
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Lemma A.8 (Cumulant Matching). Let p > 1 and k :=[p]. If p > 1, let (ug.") );:11 be a sequence of
(n)
J

constants C,, Czla only depending on p and a positive value N > 0 (that might depend on (ug.") ) )

real numbers. Suppose that forany j =1,--- ,k—1, we have u;” — 0 as n — 00. Then there exist

such that for any n > N, there exists q, € N, and a random variable £™ such that

(a) E[EW] =0, E[(E")]=1;
(b) Kja(EP) = g2 for j=1,+ k—1;

(c) Either maXISjsk—1|Kj+2(€(n)) =0or maxlgjgk—1|’<j+2(5(n)) =C,>0;

(d) E[EPP]<C.,
Furthermore, q,, can be chosen to be such that q,, — 00 as |I| — oo.

We note that the condition that ug.") — 0 as n — o0 is crucial. Lemma A.8 is an asymptotic
statement in the sense that for a given n < N, g,, and ™ might not exist.

Intuitively, Lemma A.8a and Lemma A.8b determines the cumulants of £™ and relates them to
the cumulants of W,. Lemma A.8c requires that the maximum max; _;; |K i+2(E™)] is either O or
bounded away from 0 as n grows. And Lemma A.8d indicates that the (p+2)-th absolute moment
is upper-bounded.

A.4 Proof of Theorem 3.1
The proof of Theorem 3.1 works in three stages:

1. Using Lemma A.8 we find a sequence of i.i.d. random variables ( 2“))€ and a sample

size g, such that the first k+1 cumulants of W, match the first k+1 cumulants of V, :=

—-1/2NYn (),
q, i=1%i >

2. Using Lemma A.3 we remark that we can bound the Wasserstein distance between the dis-
tributions of W, and an empirical average, V,, of i.i.d. observations in terms of |]E[h(Wn)] —

E[h(Vn)]| for a large class of functions h. We do so by exploiting Lemmas A.5 and A.7;

3. We remark that Lemma A.6 provides us with the bound on the Wasserstein distance between
the distribution of V,, and the standard normal.

Then Theorem 3.1 follows from the triangle inequality of the Wasserstein metric:

W, (W, N(0,1)) < W, (LIW,), L(V,)) + W, (L(V,), N(0,1)).

Proof of Theorem 3.1. Without loss of generality, we assume o, = 1 and denote W, :=

Zie[n Xi(n)‘
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Firstly, we remark that according to Corollary B.5, for all 1 < j < k—1 we have |Kj+2(Wn)| S
R;;,. Moreover, by assumption we have R;; , — 0 as n — oo. Therefore, j+2(Wn)| — 0 as
n — o0 and the assumptions of Lemma A.8 hold, which implies that there exist constants C » and
C; such that for any n large enough there are positive integers (q,) and random variables (£™)
such that

() E[£™]=0, E[(E™)]=1;
(b) 112(E™) = g}k o(Wy) for j =1, k—1;
(c) Either maxlsjsk—1|’<j+z(§(n))| =0or maxlsjsk—1|’<j+2(§(n))| =C,>0;

@ ELIEP] < Cl.

Furthermore, we know that (q,,) satisfies that g, — 00 as n — 0.

As presented in the proof sketch we will use this to bound the distance between the distribution
of W, to the one of an empirical average of at least g, i.i.d. random variables. Note that when
max, ;<1 |K;12(E™)| > 0 then we can obtain (by combining items (b) and (c) ) a lower bound
on g, which will be crucial in our arguments as it will allow us to control the distance between

this empirical average and its normal limit. When k3(W,) = -+ = k;,,(W,)) = 0, such a lower
bound on g, cannot be obtained in a similar way. Thus, we introduce an alternative sequence (q,,)
by setting G, := |I,|?**V/P v q, if k3(W,) = -+ = k;.;(W,) = 0, and §, := q,, otherwise. We

remark that the sequence (q,,) still respects q,, — 00 as n — 0.
Let £%, - 5(") be i.i.d. copies of £™. Define V, := g /> q" g,
By construction, for any j € N, such that j <k—1=[p]—1 we have

Gn

(*) ~ n ~—j n
Kir2(V) 2 G022 D k0 (E7) = Tk 15 (87) = K1 15(W,).
i=1

Here in (%) we have used the fact that cumulants are cumulative for independent random variables,
which is directly implied by their definition. For more details on this, please refer to Lukacs [1970].

Thus, by Lemma A.5 and Lemma A.7, for any h € A, we have

P (Ae)

@
p/j p/Gre=1) 4 —( 2)/2 ()
[BLR(W,)] - E[R(V,)]| < ZRﬂ,ﬁZRmn P2y |l
i=1
To be able to have this upper bound not depend on & g") we will upper-bound

n
a’;(P"'Z)/z Z E[ |€En) |p+2]
i=1

in terms of the remainders (R; ; ,) and (R; , ,). To do so we use the lower bounds on (g,,) implied
by the specific form we chose.
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If max; ;4 |Kj+2(Wn)| > 0, item (c) implies that

(n)
C'p — 1<I’Il<akX1|K]+2(§ )

1<makx 1{qj/ RJl"}

where to get (x) we used item (b) and to get (x*) we used Corollary B.5. Thus, the following holds

—p/2 — (F—Jo/2\P/]j P/J p/j
qP? =Py SREY <ZR]M,

where j, is the integer satisfying that |Kj0+2(§(“))| = max; <<k |Kj+2(§(“)) .

On the other hand, if x; ,(W,) = 0 for all 1 < j < k — 1, then by definitions we have q, =
|I,|*®*1/P and therefore, ?/? < |I,|7?*Y). Moreover, by Holder’s inequality we know that the

following holds
ZEHXL'(H) 2] < |In|p/(p+2)(z ]EHXlgn) p+z])2/(p+2). (A7)
i€l, i€l
and )
(2x7) < 2T (A8)
i€l, i€l,
Since E[(Zieln Xgn))z] =02 =1, we have
29 (p+2)/2
g <L ([ (O X
a0
(el P
i€l
ISE[XO ] <R o
i€l,
where to obtain (x) we used (A.8) and to obtain (x*) we used (A.7).
Thus, using item (d) and the fact that &} @ . &j ™ are i.i.d., we obtain
—(p+2)/ZZ]E g(n) P+2] < C/N—p/Z < ZRf/l]n + ZR?/&()]:w 1) (A9)

j=1
Therefore, by combining this with (A.6) we obtain that there is a constant K > 0 that does not
depend on h such that

k+1

E[h(W,)]—E[h(V,)]| <K RP/J + Rp/om 1
| | j,1,n j,w,n

j=1
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By taking supremum over h € A, and by Lemma A.3 we obtain that

W,(LW,), L(V,)) S sup|IE h(W,)]—E[h(V, )]|1/p < ZRl/J +ZR”U+“’ .

j,1,n j,w,n
j=1

Moreover, by combining Lemma A.6 and (A.9) we have

k—1

n
Wp(ﬁ(vn),/\[(o, 1)) S ('q‘;(p-ﬁ-Z)/Z Z]EHgEn) P+2:|)1/P S ZR]l,/ljn n ZRj/g:w 1)

i=1 j=1

Therefore, as the Wasserstein distance W, satisfies the triangle inequality we conclude that

k—1
W, (L(W,), N (0,1)) < W,(LW,), L(V,)) + W, (L(V,),N(0,1)) S ZRUJ +ZR1/(J+w o)

j,1,n j,,n
j=1

B Proof of Lemma A.7

For ease of notation, when there is no ambiguity we will drop the dependence on n in our notation
and write W, N(-), 0, X;, I and R; ,, for respectively W, N,,(-), o, Xg"), I,andR; , ,

B.1 Example & Roadmap

Given the form of expression in Lemma A.7, it is natural to consider performing induction on [p].
In fact, Barbour [1986] used a similar induction idea to prove Lemma A.5, the analogous result to
Lemma A.7 for independent variables. As Fang [2019] suggested, the key of each inductive step
is the following expansion of E[W f (W)].

Proposition B.1 (Expansion of E[W f(W)]). Denote by x;(W) the j-th cumulant of W. Given
k € N, and real number w € (0,17, for any f € C*“(R), we have

: ]+1( )
E[Wf(W)]= ) ———

j=1

————E[3'f(W)]+ O(f i Ri.w)- (B.1)

The case k = w = 1 is a well-known result in the literature of Stein’s method (for example see
Barbour et al. [1989]; Ross [2011]). The case k = 2, w = 1 was first proven by Fang [2019], and
they also conjectured that it was true for any positive integer k with co = 1. Inspired by Fang
[2019]’s method, we confirm that this conjecture is correct by proving Proposition B.1.

To help better understand the intuition behind our proof for the general settings, let’s first consider
the simplest case with k = w = 1. Given a positive integer m, suppose that (X;)?_, is an m-
dependent random sequence (the special case of d = 1 in Definition 4.1). We let W := Z?lei
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and require that E[X;] = 0 and E[W?2] = 1. For simplicity, we further assume f € C2(R)NC>!(R)
meaning that f” is a continuous and bounded function.

For any indexes i, j € [n] (by convention [n] :={1,2,---,n}), we write
N{@)={le[n]:|t—il|<m}, N(,j):={e€[n]:|{—i|<mor|l—j| <m}.

Denote W, ,,, := Z}¢N(1)X and W, ; ,, := ZMNU,].)XK. The idea is that for each i, we split W into

two parts, W; ,, and W —W, ... The former is independent of X; while the latter is the sum of X;’s in

the neighborhood of X; and will converge to O when n grows to ©0. Thus, we perform the Taylor
expansion for f (W) around W,

We have

E[WF (W) — f/(W)] ZE {(F V)= f Wi = F W)W =W, )]
+ZE[xl.f(wi,m)]+ZE[xi(w—m,m)f'(m,m)]—E[f'(W)]
_ZIE fW) = F (W) = F/(We )W = Wi )]

+Z E[X, ) ELf (W,,)1+ > D E[XX,f'(W,,)]—ELf'(W)]

i=1 jeN(i)
Z (FOW) = F(We) = F /W)W —W,,,))]
(Z Z E[X Wim)]— [f’(W)]) =: E; +E,. (B.2)

i=1 jeN(i)

By assumption, ||f”] is bounded and we have

|E| =

x(fmw)—fw, )—f’(wl-,m)(w—wi,m))]'

||f ”ZE _ IIZ [IXI(Z )]

JEN(i)

WS S S e = LIS S ST mwax. @)

i=1 jeN(i) (eN(i) i=1 jeN(i) €eN(i,j)

Now we bound E,.

E, =i > E[X.Xf (W,)]—ELf(W)]

i=1 jeN(i)
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=ZHIZE[Xin(f’( ) = F' (W ;) +ZZ]EXXf( W) | —ELf'(W)]

i=1 jeN(i) i=1 jeN(i)
DS S B (W) — £ W)+ ST S EIX X, VL (W,,,0]— ELF (W)]
i=1 jeN(i) i=1 jeN(i)
(ﬁ)i 2 B Wo) = (W) N+ ST EIXX T ELF W50~ 0] B4)
=(lr_11)JiN((lr)2), o (B.5)

where to obtain (x) we have used the fact that W;; , is independent of (X;,X;) in the second
equation and to obtain (s*) we have assumed hat E(W?) = 1.

The first term in (B.4), namely (t;), can be upper-bounded by the mean value theorem as

iZE[Xin(f’( )= W)

i=1 jeN(i)

<Z >IN EL X (W — W 00)]]

i=1 jeN(i)

<||f”||ZZ > ELXXX].

i=1 jeN(i)£eN(i,j)

By another application of the mean-value theorem, we remark that the second term in (B.4), namely
(t,), is controlled by

ZZE[X JELF (W) — £/(W)]

i=1 jeN(i)

<SSP B Wy~ W]

i=1 ]EN(l)

<||f”||ZZ > ELXX|]ELIX,[].

i=1 jeN(i)£eN(i,j)

Thus,

lwron -] <y Y S (Sexn e e n) < g,

i=1 jeN(i)LeN(i,j)

This gives us a bound that matches with (B.1).

For k > 2, we would like to carry out the expansion in the same spirit. However, it would be too
tedious to write out every sum in the process. Thus, in Appendix B.2, we introduce the terms called
S-sums, 7 -sums, and R-sums, which serve as useful tools in tracking different quantities when we
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approximate E[f'(W) — W f(W)] with respect to locally dependent random variables. Instead
of performing the expansion to get (B.1) for E[W f(W)], we first do it for any 7-sum and use
induction to prove a more general result for the existence of such expansions (see Theorem B.3).
In the general situation of 7 -sums, the cumulants are replaced by other constants that only depend
on the specific 7-sum in consideration and the joint distribution of (X;),c;. Finally, we prove that
in particular, those constants for E[W f (W)] are precisely the cumulants of W. This will be done
by direct calculation when f is a polynomial and then extended to more general f’s by applying
Lemma B.4.

B.2 Notations and definitions

As in Section 3, given an integer k > 1, suppose (X;);¢; is a class of mean zero random variables
indexed by I that satisfy the local dependence assumptions [LD-1] to [LD-k]. Without loss of
generality, we always assume that o := Var (3., X;) = 1. We denote W := 013 _ X; =

ZieIXi‘

S-sums

Fix k € N, and t, -, t, € Z be integers such that [t;| < j—1 for any j € [k]. We set t; = 0.
Let z = |{ jitp> 0}| be the number of indexes j for which ¢; is strictly positive. If z > 1,
we write {j : t; > 0} = {q;,---,q,}. Without loss of generality, we suppose that the sequence
2<q, <---<gq, < kisincreasing. We further let g, := 1 and q,,; := k+ 1. We define an order-k

S-sum with respect to the sequence t,.; as

S[tla"' :tk] = Z Z Z [Ch_%a"' ’qz+1_qz][>(Xi1:"' :Xik)

i1€EN; i,EN, i ENi
= Z Z Z E[Xiqo ...Xl,qu] E[Xiql ...Xl,qu] ]E[Xiqz "'Xiqul]’ (B.6)
(€N i,€N, i ENy

where N; :=1I, and for j € N, such that j > 2, we let
N = N(iy, ) =N(y, - ,1,,)  ift;#0 .

Note that N; depends on t; and the sequence iy.;;_;). For ease of notation, we do not explicitly
write out the dependencies on i.,;_;) when there is no ambiguity. Further note that if any ¢;, that
is not ty, is null then N; = @} therefore, the S-sum S[t,,---,t;] =0.

By definition all S-sums are deterministic quantities, the value of which only depends on t;.;, and
the joint distribution of (X;);;. We also remark that the signs of t;’s determine how a S-sum
factorizes into different expectations. Notably if z = 0 (meaning that all the t; are negative) then

the 7 -sum is
Toltn o td= >0 >0 DUE[X, X, 8L (W [k—s])].

i1EN; iH,EN, ix €N
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Since by assumption, X;’s are centered random variables, the S-sum vanishes if g;,; = q; + 1 for

some 0 < j <gz:
Slty, -, 6] = Z Z Z E lqo“ ig- 1].

i1EN; i,E€EN, i ENi (B7)
Xiqz*l] o E[Xiqj] o E[Xiqz N 'Xiqzﬂ*l] =0.

Furthermore, the absolute value of t;’s influences the range of running indexes. The bigger [t;] is
the larger the set N; is. The largest possible index set for i;,; is N(iy,;_1y), which corresponds to
the case |t;| = j — 1. On the other hand, if t; = 0, the sum is over an empty set and vanishes. In
particular, if we require that the S-sum is not always zero, then t, is always taken to be —1 and
i, € N(iy).

E[X;

lgq

T -sums

For any function f € C*(R) and integer s € N such that s < k, the order-k 7-sum, with respect
to the sequence t,.;, is defined as

7},5[’:1"" ’tk] = (B.8)

Z Z Z [ql_qO:"' :qz+1_qz][>(Xi1:" Xlk 12 ikak_lf(vvi,[k_s]))

i1EN; iH,EN, i €N

rZ:ileN1 ZizeNz ot ZikeNk E[Xil o 'Xikak_lf(vvi,[k _5])] ifz=0

= Z Z Z X, X 1] E[Xiq(z_l) "'Xiqfl:l'

i1€N; €N, iy €N ifz>1,
\ ]E[Xiqz X, 05 F (Wi [k —s]) ]
where N4, 2, q,;+1) are defined as in the definition of S-sums and W; [j] is defined as
W.Lj]= {W w=o
L ZieI\N(iLj)Xi if1<j<k

Note that the bigger s is, the larger the set I\N (i1.;_)) is, which means that W; [k —s] is the sum
of more X;’s. Again we remark that the values of 7-sums can depend on the values of s and the
sequences tq.,. In particular, if s = 0, then we have W, [k —s] = W, [k] = ZIGI\N(I o Xi» which
implies that W; [k —s] is independent of X; , -+ ,X; by the assumption [LD-k]. Thus, we have

E[X; ---X;, 0" f(W.[k—s])]=ElX, ---X, JE[a""f(W.[k—s])]
By definitions (B.6) and (B.8) we get
Trolty, -t ] =8ty -+, ] E[O* T fF (W, [kD)]. (B.9)

This equation will be useful in our discussion later. In general if z > O then

Tiltn ot d=8lt, e 4] D >0 e D UE[X, X, 8 (W [k—s])].

ig, €Ny, 1g,+1€Ng, +1 1, €N

(B.10)
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R-sums

For k > 2 and given a real number w € (0, 1], we further define an order-k R-sum with respect to
the sequence t;.; as

Rw[tli'” p tk] =

ZZ Z [Ch_CIo:"':qz+1_qz][>(|Xil|a""|Xik_1|’(Z|Xik|)w)

i1€N1 i2€N2 ik*l €Ny ikGNk

rZ:ilENl ZizGNz o ZikENk E[Xil o .Xik—l (ZikeNk |Xik |)‘°:| ifz=0
= { Z Z Z qu ' 141 1:| o EI:Xi‘I(zfl) o .Xiqz—lz| )

i1€EN; i,EN, i ENi

]E[Xiqz X (OO0, |)‘*’]

k i €N

ifz>1

(B.11)

We again remark that if z > 1 then

Rolty, - el =Ralty, -+, g ] Z Z "'Z]E[Xiqz"'Xik_l(Z|Xik|)w]

iqz GNqZ iqz+1 equ+1 ikGNk ik ENy

We call w the exponent of the R-sum. If v = 1, the only difference between a R-sum and a S-sum
is that the Xi’s in (B.6) are replaced by |Xij I’s in (B.11). Thus, a S-sum is always upper-bounded
by the corresponding compositional 1-sum, i.e.,

[Sler, L | S Ralty, o, 1. (B.12)

Another important observation is that we can compare the values of R-sums with respect to two
different sequences ty,---,t, and t7,-- -, t; in certain situations. In specific, if for any j € [k] we
have that if t; and t; are of the same sign and [¢t;]| < It;I, then

Rw[tlﬁ"'ﬁtk]SRw[t;'”3t]/(:|- (B13)

In fact, the sequences (t;) and (t;) having the same sign indicates that {j : t; > 0} = {j : t; > 0}.
Thus, we can write

Roltl, 1= >0 > Z — o+ o — 1 (X L X L (O 1% 1D)°),

i €N i,€N, i1 €N} ixeN]

(B.14)
where we note that N{ =1 =N, and for j =2,--- ,k we have
N]'/ :N(lls 3l|t;|) 2 N(lls 3i|tj|) :N

By comparing (B.11) with (B.14), we obtain (B.13).

31



B.3  Proofs of Proposition B.1 and Lemma A.7 B PROOF OF LEMMA A.7

Re-expression of the remainder terms R, ,

Using the notion of R-sums, we rewrite the R, ,, in Section 3 as

D WD IDIEED W NI CAREN SN W)

(£1:)€C*(k+2) i1 €N} 1€N;  if1€NY,, ik2€NL,,

(B.15)
= D Roltitys sl (B.16)

0 (k+2) EM 1 k2

where Nj := I and N} := N(iy,;_y)) for j > 2. C*(k +2) and M, ;,, are given by

J4
C'k+2)={,m N, 1n;>2Vje[l—1], Y n=k+2},

j=1
and
Ml,k+2 = {tlt(k+2) . tj+1 = :I:] & t)/\ t]'+1 < 0 V]. S] S k+ 1}.

Note that t;At;,; < 0 for any j € [k+1] means that there is at least one —1 in any two consecutive
signs, which corresponds to the requirement that n; > 2 for j € [£ — 1] in (B.15).

B.3 Proofs of Proposition B.1 and Lemma A.7

In this section, we carry out the local expansion technique and prove Proposition B.1 and Lemma A.7.

Firstly, we establish the following lemma, which will be crucial in the inductive step of proving
the main theorem.

Lemma B.2. Fixk € N,. Foranys € [k]U{0} and f € C*“(R), we have

Trln e ] =St i 1 BLOSF(W)]
5|f|k,w(_(]1(fk+1 <0) Rylty, s tip, k+ 1]+ 1 = DR, [ty, -, tyyy, —(k + 1)])
Given any [ € [k] and s € [£]U {0}, we further have

(B.17)

7},5[t1:"' > tﬂ]_s[tlz"' > t€] E[ag_lf(w)]

k—0+1 j
_]I(S>1) Z Z( 1)h h)'ﬁ,j[tla.”3t€3£_£3.”35_43_63”.3_€]
j=1 h=0 hnvmes (€] h};zmes
k— Z+1
_(H(t€<0)2 7}] tlau.atbes_es'”’_e]
(j—1) times
—M(_H(tf < O)R [tla.” > t@aea_ea.” 3_€]+]I(5 = 1) ‘R [tla.” 3t63_€3"' ;_E])
k—f+1)! 2 NN 2 Lot
(k—£+1) times (k—€+2) times
(B.18)

32



B.3  Proofs of Proposition B.1 and Lemma A.7 B PROOF OF LEMMA A.7

Proof. Firstly, we remark that the definition of Holder continuity implies that

|05 () = 5 ()] < If lwly — X1, (B.19)

where w is the Holder exponent of f and |f |, , is the Holder constant (see Definition A.1). Let
z= |{j €lk+1]:¢t;> O}| be the number of positive indexes (t;). If z > 1, we write {j € [k+1] :
t; >0} = {q," - ,q,}. Without loss of generality, we suppose that the sequence 2 < q; < -+ <
q, < k + 1 is increasing. We further let q, := 1 and q,,; := k + 2. Applying (B.19) we have

B[, X, 0" (Wi Ik +1=s])]=E[X, X, 8 F (W, [k+1])] (B.20)
S|f|k,wE[X- ¢ -|m.[k+1—s]—m.[k+1]|

Igy, Tk+1
Z ‘ w:|
Xi

Slf'k,wEDXiqz Xl ‘
€N (i1 (k1)) \N (i1:(k41-))

> xf]

€N (i1 (k+1))

S'flk,wEDXiqz Xy ‘

where in the last inequality we have used the fact that N (i1 1)) \N(i1.k+1-5)) € N(ips1y)- If
z = 0, this directly implies that

< ]I(S = 1) : |f |k,wa[t1: Tt tk+1a_(k + 1)] (B21)

‘7},s[t1’ T tk+1] _7},0[t1’ T tk+1]

If z > 1, by definition (B.8) we have fors > 1

Tesltn, s tewn] = Trolt, o 5t ]

Z Z Z lql 1] E[Xiqz_l ...Xiqz_l].

(1€N7 (p€Ny  ik1€Nk11

E[X, X, (0Xf Wi [k+1—s])— 8kf(W[k+1]))]‘

<ZZ Z X, X, | i

(1€Ny [p€Ny  ix41€ENK4

E[X, X, 0%F (Wilk+1—s)—a*f (W, [k+1])]‘

(B 20)
.. X o X, |] .
|f|k“’ Z Z Z lqo lq1 1| | lgz—1 lg;—1
(1 €N; ipEN, Uk+1€Nk41
w
2. X

1EN (i1.(k41))
:|f|k,wa[t15 ) tk+1’_(k + 1)]

Here the last equality is due to the definition (B.11). Thus, (B.21) is proven for both z = 0 and

z > 1. Next we show that

Sltr, b J(ELO F (WII—ELO*F (W, [k 1D)])| € Utir < Of lewRultns a4 11
(B.22)

] E[|x,

lg;—1 lgz

Tk+1

]E|:|Xiqz'”X'
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In this goal, we first note that if t,; > 0, by definition (B.6) we know that g, = k+1 and therefore,
according to (B.7) we know that
S[tla ) tk+1] =0,

and so (B.22) holds. Otherwise, we note that we have
[=[0%F ()]~ B2 (Wi Lk +11)]| < If B[ W, [k + 1—=51—w, [k+1|]

Slflk,wEH > Xi(w]s|f|k,wEH S Xi”]. (B.23)

€N (i1 (k1)) \N (1:(k41-5)) €N (i1 (k+1))

This implies that

|Ses, e+t (BLO F (W)] —ELO*f (W, [k + 1D)])
<[ster, -t [E[o%F (W)] — Lo (W Lk + 1])]|

() w
S'flk,o)Rl[tla'“ )tk+1:| ]E|:‘ Z Xi ]

€N (i1 (k+1))

:|f|k,wZZ'” Z [Ch_CZo,"',qz+1_qz]‘>(|Xil|,""lxikﬂl)EH Z Xi‘w]

{1EN; (p€Ny  ij11€ENk4 €N (i1:(k+1))
w
=lflw 2. 20 2o =@ — g 110 (K Lo X LC DS XL
i1EN; €N, Uk+1€Nk+1 ik+2€N (i1 (k+1))

:|f|k,wa[t15 s s k + 1]

where () is due to (B.12) and (B.23). Taking the difference of (B.21) and (B.22), we obtain (B.17)
by applying the equation (B.9).

For £ < k, we apply the Taylor expansion with remainders taking the integral form and obtain that
m—{ 1
(=3 ()= D = (y—xY3 I (x)
— jl
j=1

1
L (v )kt _ k—t 5k _
+ k—0+ 1)!(}’ x) JO (k—=L+1)v" "0 f(vx +(1—v)y)dv (B.24)

k—0+1

EDIECER O

1

1
+m(y—x)k_“1fo (k—ﬂ+l)vk_e(akf(vx+(1—v)y)—8kf(x))dv,

(y_x)k7€+1

where to obtain (x) we added and subtracted Sy 9% f (x). Moreover, using the fact that % f (-)
is assumed to be Holder continuous we obtain that

05 f vx + (1=v)y) =3 F ()| S k(1= V) |y = x| < |f | oly — x| (B.25)
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Therefore, as fol (k—£ + 1)v*¥dv = 1, by combining (B.25) with (B.24) we get that

k—t+1
1 |f|kco
a@—l _aﬂ—l x)— - x )aﬂ 1+j k14w B.26
f=af () Z O =x)0 () < Gy by =l (B.26)
We prove that the following inequality holds:
7},5[t15"'atﬂ]_7}70[t15“'atﬂ]
k—+1 j
J— h . P — oo e — — oo e —
I6>1) >, > (-1 h),’rf,][tl, N A g]‘ B.27)
j=1 h=0 h times (j—h) times

1621 fleo
(k—€+1)

Ro)[tla'“ 5 t(:_ea'” :_e])
———

(k—£+2) times

First, let’s establish (B.27). Let z = |{j € [¢] : t; > 0} If z > 1, we write {j € [(]: t; > 0} =
{q1,--+,q,}. Without loss of generality, we suppose that the sequence 2 < q; < -+- < g, < { is
increasing. We further let q, := 1 and q,,; := £ + 1. Applying (B.26) we have

‘E[Xiqz X, 0 f(w.[e—s])]—E[x,_---Xx;, 8" fF(W,[€])]
k— €+1
— Z R AVAG AT VAG) (B.28)
|f|k,w k— E+1+co
—mEHXiqZ"'Xie|'|vvi,[£_5]_ [e1]
For convenience let
Z D LE[X, X, 07 f (Wit —s1)]—E[X, X, 0 f(wLe])],
ig, € iy €Ny
Z O TE[X, X, (W[ —s] =W, [€]Y T F (W [eD)],
ig, €N, iy €Ny
Z Z]E lq” ; | [ —S]—W[£]|k Z+1+w.
ig, iy ENy
Then (B.28) reduces to
|Ey = S0 By /Y] < Uf lwBs/(k— €+ 1)L, (B.29)
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Then we obersve that by definition of W, [-] we have

E[X; X, (W, [€—s]—W,[£]Yo" T F (W, [])]

—E[x, %, ( X X— Y x) o))

i€N (i) €N (i1:0—) (B.30)
j . .
Jj h j—h L
=Z(—1)"(h) E[Xiqz---xie( >ox) (D] x) e ”ff(vm-.[e])],
h=0 i€N (1) i€N (i)
and that
k—l+1+w
E[|X, X, |- [W.[6—s]—w,.[(]] ] (B.31)
B k—l+1+w
SE |Xiqz * .XikJrl * Z Xl‘ ]
- €N (i1:(k+1)) WV (i1 (k4 1-5))
B k—(+1+w
S]E |XiqZ * .XikJrl * Z Xl‘ ]
- €N (i1:(k+1))
[ k—+1 w
<g|t, il > W) 3 x

iEN(i1:(k11)) iEN(i1:(k+1))

If z = 0, we take the sum of (B.30) or (B.31) over i, € N ,---,i, € N;,. By definition (B.8) and
(B.11) we have

E, = 7},s[t1"" > tf]_,]},o[tla"' S ted,

J .
Ez,j = Z(_l)h(;l) 7},]’[1’-13”' ) tﬂas_es'” 35_63_63.” 3_6]3
h=0

h t';lrnes (j—h;:imes (B32)
Es <R[ty -, tp,l,—C, - ,—L].
————
(k—£+1) times
Combining (B.32) and (B.29), we have fors > 1
7},3[’:1’ T fe] _7},0[t13 Tt tﬂ]
k—{+1 j 1
J— J— h— . oo J— oo J— fR— P p—
Zl hZ( 1) hl(]_h)'ﬁ,][tla :tﬂas e: VJS e: e: - ) e]
J =0 h times (j—h) times

B.32) k—{+1 ' (B.29)
2B = D Ey/it| € IflkwBs/(k—€+1)!
j=1

@3 |flie
< ————R [ty , tp,—L, -+ ,—L].

(k—£+2) times

Thus, (B.27) holds for z = 0.
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If z > 1, similar to (B.31) we have

S[tlﬁ"' p tqz—l] 'El = 7},3[’:15”' B t@]_ﬁ,o[tlj'” p t€]3

] .
S[tl,"' B tqz—l] .EZ,]' = Z(_l)h(;l) 7},)'[1'-1’.” 5 tg,S_E,'” ,S_E,\_Eg'” 3_4]3

h=0 h ti‘I,nCS (j—h;rtimes (B 33)
7:‘)’1|:t1:"' 5 tqz—l] 'E3 < Rw[tla"' 5 tb—ea'“ ,—E]
—_———
(k—£+2) times
Combining (B.33) and (B.29) we get fors > 1
7}73[1'1,"' 5 t@]_,]},o[tla"' ’tﬂ]
k—€+1 j 1
J— J— h— . e —_ cee J— J— [
Z Z( 1) h'(]—h)'ﬁ’][tl’ )tﬂas e: v)S ea\ e: V: ‘i]‘
J=1 h=0 h times (j—h) times
. k—t+1 B.12 k—t+1
= |S[t1,“‘ ) tqz—1]| : |E1 - Z Ez,j/j!| < Ralty, - tg ] |E1 - Z Ez,j/j!|
j=1 j=1
(B.29) (B.33) |f |k,w

< Ralty, s tg ] IfloBs/ (k=€ + 1) < Rolty, -t =, -+, =],
~—_——

(k—€+2) times

(k—C+1)

Thus, we have shown (B.27) for both z =0 and z > 1.

Next we prove that the following inequality holds:

‘S[tp L 0 )(BLOT (W) —E[07 (W, [£D)])
k—€+1 1
—1(t, < 0)- ; ﬁ’ﬁc’j[tl,---,te,ﬂ,—f,---,—ﬂ]‘ (B.34)

(j—1) times

I(t, <0)-
e <0) f e

(k—£+1)! Rolty, -, fe,ﬁ,u],

(k—£+1) times

For (B.34), we apply (B.26) again and get that

‘E[akf(W)]—E[akf(m[w]

Sl El(W. — ¢ 'a@ 1+j |f|ka) k—l+1+w ( ’ )
- . i ; Jot—iti W. [ b .

For convenience let
E,:=E[2" f(W)]—-E[0“ ' f(W,[¢])],
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Es; :=E[(W, =W, [£]Yo' ™ f (W, [¢D)],
E6 — ]E[|W _ V\/i.[f]|k_£+1+w].
Then (B.35) reduces to

|Ey— 30 Es /5t < |f lkwEs/(k— £+ 1)L, (B.36)

We first note that if t, > 0 then S[ty,---,t;] = O therefore, (B.34) holds. Moreover, similar to
(B.33), we have for t, <0

S[tla ) tﬂ] : E4 = S[tla Tt t@](]E[ae_lf(W)]_]E[ag_lf(vvl[6])]):
S[tla'” B t@] 'ES,]’ = 7}7j[t15"' s tﬂ:e:_e:'” :_e])
(j—1) times (B37)
Rl[tla"' , t@] 'E6 < ’Rw[tl,... , tf,ﬂ,—ﬂ,"' ’_g]_
—_——
(k—£+1) times

Combining (B.37) and (B.36), we have

k—€+1

_ _ 1
S[tly"' s te](E[aE 1f(W)]_]E[aE 1f(M/l[£]):|)_ Z F’]},][tls P tg,ﬂ,—ﬂ,--- 3_6]
J=1 ’ (j—1) times

BN k—{+1 (B.12) k—{+1

= |S[t1,“‘ ,te]| ) |E4_ Z ES,j/j!| < Rl[tla"' ,te]‘|E4_ Z ES,j/j!|

j=1 j=1

(B.36) (B.37) If] koo

< Rl[tlﬁ'”3tf]'|f|k,wE6/(k_£+1)! < me[tl,”',tbe,_e,”‘,_E]-

(k—£+1) times

Therefore, we have established both (B.27) and (B.34). Taking their difference and applying (B.9),
we obtain (B.18).

Equipped with the tools in Lemma B.2, we approximate any 7-sum 7; [t;,---,t,] by order-j
S-sums (j =£,- -+, k + 1) with remainder terms being order-(k + 2) R-sums.

Theorem B.3. Fix k € N,. Forany { € [k +1],s € [£]U {0}, and t,,---,t, € Z such that
It;| < j—1 forany j € [L], there exist Qy,- -+ ,Qy41 (Which depend on s and t,.,, and the joint
distribution of (X;);c;) and a constant Cy 4 (Cy ¢ < 4Y) such that for any f € C*“(R), we have

k+1

Trltn o 61— > QE[&LF(W)]

j=t

< Crlf Ik oRi o (B.33)

Note that by (B.16) R, , is given as

Rk,w = Z Ro)[tlatb'“ ’tk+2]-

t1:(k+2) M1 k42
where
Mijeps = {trgan  tin =%] & ;AL <0 V1<j<k+1}.
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Proof.  If there exists an integer 2 < j < £ such that t; = 0 or there exists j € [{ —1] such that t;
and t;, are both positive, then 7; [[t;,-- -, t,] = 0 by definition and the theorem already holds by
setting Q; = -+ = Q41 =0.

Otherwise, we claim:
Claim. Let T; [ty, -+ ,t,] be a T-sum. Forany j = +1,--- ,k+1, let
Ervny = {twsnyt el Sh & Aty VE<h<j—1}

Forallj=(+1,---,k+1, ve€[jlU{0}, and (t;, 1, , t;) € &, there are coefficients a
(additionally depending on s) such that if we write

JsVster1):j

J
Q] = Z Zaj,v,t(£+1):j7},v[t1:"' :t€) tﬂ+15“' )tj]: (B39)

t+1):,€E,; v=0

then the following holds

k+1
7},s[t1a"':te]_ZQjE[aj_lf(W)] 54k_e+1|f|k,w Z Rw[tl,”',tb"'stkw],
j=t E(e+1):(k+2) EM e

(B.40)
where
M1k = {t(e+1):(k+2) Dt =E] & AL <0 VI<j<k+ 1}-

We establish this claim by performing induction on £ with £ taking the value k+1,k,---,1 in turn.
For { = k+ 1, by (B.17) we have

‘7},s[t15 ) tk+1] _S[tla ) tk+1] ]E[akf(w)]
S|f|k,o.>(]1(tk+1 < O) 'Rw[tla Tt tk+1:k + 1] +]I(S = 1) : Rw[tla Tt tk+15_(k+ 1)])

If there exists j € [k] such that t; and t; ., are both positive, then T;[t;,--, t;41] = 0 and the

claim holds with all a; ,,, ... = 0. Otherwise, for all j < k either t; is negative or t;,; is negative

for j € [k]. If t; ., <O, then we have
]I(tk+1 < 0) : Rw[tla T tk+15k+ 1] +]I(S = 1) : Rw[tla T tk+1: _(k + 1)]
:Rw[tlﬁ ctc, tk+1,k + 1] +]I(S 2 1) * Rw[tl’ ttty, tk+1, _(k + 1)]

()
SRw[Oﬁ Sgn(t2)3 2 Sgn(t3)3 Tt k- Sgn(tk+1)3 k + 1]
+ Rw[oa Sgn(tZ)a 2 Sgn(tS): ) k : Sgn(tk+1)1 _(k + 1)]

Z Ro)l:tla'“ > Lkt tk+2]'

tk+2=:|:(k+].):
41 Atg2<0

IA

where () is a consequence of (B.13) and sgn(x) = 0,1, or — 1 denotes the sign of a real number
x.
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Further note that if t;,; > 0, then I(t,,; < 0) =0 and we get
]I(tk+1 < 0) : Rw[tla T tk+1’k + 1] +]I(S = 1) : Rw[tla T tk+1: _(k + 1)]
=I(s>1)-R,[ty, ,tesr, —(k+1)]
()
<R.[0,sgn(t3),2sgn(ts), - , k- sgn(tp41), —(k +1)]

< Z Rwl:tl’ R AR tk+2:|5

trpo==%(k+1):
41 Atg2<0

where () is a consequence of (B.13). Thus, we have shown that

ARSI B RN B L UG)]
S'flk,w(]l(tk-ﬁ-l < O) : Rw[tla Tt tk+1’ k + 1] + ]I(S = 1) : Rw[tlﬂ Tt tk+13 _(k + 1)])
S|f|k,a) Z Rwl:tla'“ th+1: tk+2:|'

trpo==%(k+1):
41 AL2<0

Now suppose the claim holds for £ + 1 and consider the case of £. By (B.18) we have

7},s[t1:"' s tﬂ]_S[tla'“ > te] E[ae_lf(w)]

k—=0+1 j
—I(s>1)- ZZ( 1)h h)'ﬁ][tl’...’tejf_g’.;.’S_g/’_g’.;’_g]

j=1 h=0 h times (j—h) times

k—0+1
+]I(te<0) Z '7}][1—-13”'3tZ3£3_£3...3_£]‘

(j—1) times
< ke (]I(tg<0).7g [ttty by —L, - ,—L]+T(s = 1) R [t1,- -+, tp,—L, —E]).

(k_£+1)| ) = w ) PR3 ) )

(k—£+1) times (k—L£+2) times

Note that 7; ;[ 1, -+, tp,s =L, ,s—L,—,--- ,—L]and T} ;[ t1, -+, t,,£,—L,--- ,—L] are T-sums
I, ~ ~— ’ N — —
h times (j—h) times (j—1) times

of order at least £ + j (j = 1). Therefore, we can apply inductive hypothesis on them. In specific,
the remainder term (R-sums) in the expansion of

7},j[t1:"' :tfas_ea'“ )S_ea_ea'” ,_E]

v ~
h times (j—h) times

is given by this

J

4k_e_j+1|f|k,w Z Rw[tla Tt t@:f_za e :S_ea_ea e ’_EJ tﬂ+j+1’ ) tk+2:|

~ Vv
E(0+j+1):(k+2) EM4j+1 k2 h times (j—h) times

(B.13) . :
< 4k_e_]+1|f|k,w Z Rwl:tlﬁ"' 3t63_£3_(£ +1)3 3_(6 +J—1)’ t€+j+1’... ’tk+2:|

E(0+j+1):(k+2)SMe4j+1 k+2
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S4k_e_j+1|f|k,w Z Rw[tb T th_ea TET TR tk+2:| = 4k_e_j+1|f|k’w u

E(e+2):(k+2) EMet2k+2
Similarly the remainder term in the expansion of 7; j[tl, ooy ty, 0, —L, -+ ,—L] is given by
> N———
(j—1) times

ke—l—i
4 ¢ ]+1|f|k,w z : Rw[tlﬁ'” B tg,ﬂ,—ﬂ,--- 3_63 tﬂ+j+1"” s tk+2:|
—————

b+ +1): (k4 2) EM e k2 (j—1) times

k—t—j k=t=j
<4 ¢ ]+1|f|k,w Z Rwl:tla"' 3t€3£3 FD AR 3tk+2:| =:4 ‘ ]+1|f|k,‘°. UZ'

tee42):(k+2) EMesokr2

Note that U; +1I(t, < 0) - U, is controlled by

U]_ +]I(tf < 0)' U2

= Z Rw[tla"':tﬂa_€’t£+2:"':tk+2:|

tee+2):(k+2) EMesokr2

+]I(tﬂ <O) Z Rw[tla"':tbg’ tﬂ+2:"':tk+2:|
Eo+2):(k+2) EMe+2 k+2
< D Rltstntin st (B.41)

E+1):(k+2) EMe+1,k+2

As we mentioned above, by inductive hypothesis we have that there exist coefficients Q; satisfying
(B.39) such that

k+1

Trslty, - t]— ZQ E[ j_lf(W)]‘

k—ﬂ+1i 1 kf—]l 1
=4 f |, Uy +1(2, < 0) — 4T f | Uy
j=1 h=0 h'(]_h)' i1 !
+ |f|$(]l(t€ < O) R [tla"' p tbea_ea'“ :_e] +R [tla'“ ,tg,_e,"' :_e])
(k—£+1)! — ¢ S—
(k—€+1) times (k—€+2) times
Noting that Zil:ol/(h!(j—h)!)zzj/j!,we have
k+1
7}73[1?1,"' s tﬂ]_ZQ] ]E[aj_lf(w)]‘
j=t
k—€+1
2) 4k {—j+1
< Z ]—|f|kw (U +1(t, < 0)- U,)
=1
|f|kw
+——(Il(t,;, <0)- Uy, + U
et At <0)- Uy + U3

< (1+Z" k2 2) £ (UL 41t < 0) - U,)
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< 4k_e+1|f|k,w(U1 +1(t, <0)- Uz)

B.41)
k—(
<4 +1|f|k,w Z Rwl:tlﬁ"' TR YNE PR ’tk+2:|'

Ee+1):(k+2) EM+1 k42

(

Thus, we have shown (B.40).
Finally we note that for all t;,, € M, , and then by (B.13) we have

Z Rwl:tl""’tb'”atk-t-z:l

Ee+1):(k+1) EMe+1,k+2

< Z Rw[O,sgn(tz),ngn(tg),--- ,(6—1)sgn(t,), typqy - ,tk+2:|

Ee41):(k+2) EMeps1 kr2

Z 7:‘>’w[t1: Lo, :tk+2] :Rk,w'

01 (k+2) €M1 k2

IA

We remark that if f is a polynomial of degree at most k, then the Holder constant |f|; , = 0 and
hence the remainder C; ¢|f | Ry ., vanishes.

For any 7-sum, we have established the existence of expansions in Theorem B.3. Next we show
the uniqueness of such expansions.

Lemma B.4 (Uniqueness). Under the same settings as Theorem B.3, suppose that there exist two
sets of coefficients Qq, -+ ,Q 1 and Q;z’ ‘e ,Q;(H only depending on s and t,.,, and the joint dis-
tribution of (X;);e; such that for any polynomial f of degree at most £, we have

Trslty, -, t 1 =QE[3" fF W)+ + QB[ f (W)]
=QE[3" ' f(W)]+---+ Q| E[d*F(W)],

TheanzQ;foranyjzﬁ,---,k+1.

Proof. We prove this lemma by contradiction.

Let j be the smallest number such that Q; # Q;. Since the coefficients Q,, -+, Q4+, do not depend
on f, we can choose f(x) = cx/~" such that 377! f (x) = ¢(j —1)! # 0. But Q;,E[d7f(W)] =
oo = Qi E[@%f(W)] = 0, which implies cQ; = cQ;.. This is a contradiction. Therefore, Q; = Q;
forany j=4{,--- ,k+1. [

Proof of Proposition B.1.  Applying Theorem B.3 with { =1, and s = t; = t, = 0, we have for
any f € CH“(R),

k+1
E[Wf(W)] = > E[X, f(W)]=T;o[0] = > QE[8 F(W)]+ O(f Ik wRe o),
i€l j=1

for some Qy,- -+, Q. that only depend on the distribution of (X;);c; and where Ry , is defined in
(B.16). Suppose that f is a polynomial of degree at most k, then we observe that f € C%“(R) and
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|f lx,o = 0. Thus, this implies that

k+1

T;0[0]=E[Wf(W)] =D QE[8 F(W)]. (B.42)

Jj=1

On the other hand, for any random variable, the moments (u;) ;> and cumulants (x;);>o, provided
that they exist, are connected through the following relations [Smith 1995]:

S (n—1
j=

Using this we will obtain a similar expansion to (B.42) by using the cumulants (x;). In this goal,
we first remark that if f (x) = x/ where j < k, then by using (B.43) we obtain that

j+1 .
E[Wf(W)]=pj (W) = Z (hi 1)Kh(W).Uj+1—h(W)
h=1
] .
=Z( P W h(W)—ZK’I%(,W)E[ahf(W)J.
h=0 '

Moreover, we remark that this can be generalized to arbitrary polynomials f of degree k. Indeed,
any polynomial f of degree k can be written as f(x) = Zf 0 JxJ for certain coefficients (a;). By
the linearity of expectations, we know that

: ]+1( )

E[Wf(W)] =D ———

j=0

—— —E[d’f(W)].

Compare this to (B.42) and apply Lemma B.4. We conclude that Q; = x;(W)/(j — 1)! for any
j € [k +1]. In particular, Q; = 0 = x,(W). [ |

Next we upper-bound the cumulants of W using Ry ;.

Corollary B.5 (Bounds for Cumulants). For any k € N_, there exists a constant Cy that only
depends on k such that |Kk+2(W)| < CiRy -

Proof. Let f(x) = x*"'/(k + 1)!. We remark that f € A.,, where A, := {f € C*(R) :
|flx.1 < 1}. Moreover, by using Proposition B.1 we have

£ ]+1( )

E[Wf(W)] = Z

———E["f(W)]+ ORy ).

Here the constant dropped from the big © analysis is controlled by 4%. On the other hand, by
(B.43) we have

1

EW (W)=

U2 (W)
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=

+1

(k ;r 1)Kj+1(W).uk+1—j(W)

j=1

Kira(W)
(k+1)°

t”%

J( )E[é”f(W)]

1

.
I

Thus, there exists C; such that |Kk+2(W)| < CpRy 1 [ ]
Finally, we are able to prove Lemma A.7 based on Proposition B.1 and Corollary B.5.

Proof of Lemma A.7.  We perform induction on k := [p]. We start with k = 1. In this goal,
we first remark that by Lemma A.4, we have f = ©h € C"*(R) and that |f|, , is bounded by a
constant. Moreover, as f = ©h is the solution to the Stein equation (A.2). By Proposition B.1 we
obtain that

E[h(W)]—Nh =E[f'(W)]—E[Wf(W)] = O(R,,).
Therefore, the desired result is established for 1. Suppose that the proposition holds for 1, - -+ , k—1,
we want to prove that it will also hold for k. Let f = ©h, then by Lemma A.4 we know that
f € C*“(R) and that |f|,, is bounded by some constant that only depends on k, w. Thus, by
Proposition B.1, we have

. ]+1( )
E[Wf(W)]= ) ———

j=1

E[07f(W)]+ O(Ry)-

Hence we have the following expansion of the Stein equation

: ]+1( )

E[h(W)]—Nh =E[f'(W)]—E[Wf(W)] =— > ———E[3/f (W)]+ O(R,,,)
j=2
kzlj el W )E[af+1eh(W)]+0(R ) B.44
< +1)' k,ew/* ( . )

Noting that 9/*'®h € C*7*(R) and |37"'Oh|,_;_,,,
on k, w, then by inductive hypothesis we obtain that

is bounded by a constant only depending

Boenwy] - Ao el = Y ([ [ Rt .) [l_[(awe) "o h]
(r,51..)€T(k—j—1) =1 ( +1)!
k—j—1

+(’)( Z Rngl—j—uw)/e ZR(k—] 140)/(+w— 1)), (B.45)

=1
where we denoted T'(k—j—1) := {r,slzr eEN,: Z;leg <k—j— 1}.
By Corollary B.5 and Young’s inequality, we have

k—j+w—1 k—j+ew—1 1 ktw-=1 k — 1 + w— 1 te-l
|K +2(W)R Tro—1 | < R) 1}{ o1 S ] _1J ] éﬂofl,

k—jtew-1 +co 1 k J+w 1 ] k+c;>—1 k _j +w—1 k+(2)—1 :
|K1+2(W)R SRR, < k+a)—1Rj’1 k+w—1 6!
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Thus, we derive that

E[R(W)]=Nh
k—1
(B.44) Kio(W)
= —me[al LOh(W)] + O(Ry.,.)
(B45) i ]+2( )N[8J+1@h]
£+ 1)
k—1 (W) ( )
]+2 —1)Y si+2 asﬁ-l a]+1 h
+]Z G+ 1) (rslr)ezr(;w 1)( 2 U( 1)1 [l_[( ©)-0’"'e ]
k—j—1
+O(Rkw+2|’<]+z(w)| Z R(k+w—] 1)/€+Z|K1+2(W)|ZR(k+w—J 1)/ (l+w— 1))

(BAG) kz: Kjpo(W )/\/[81+1®h]
o

1 +2(W) r - s£+2( ) st N
4 (;+ ! (wz S ] P G+ D) [ﬂ(a 19)-8/*1e h]

Jj er(k—j—1) (=1
k—1 k—1 k—j—1 k—1 k—j

+ O(Rk,w + > RUreTDI Z ST RGN gl Do 1))

j=1 (=1 j=1{=1

— Z (_ )r l_[ (sl+j_(1)')/\/. [ﬁ(aseﬁ-l@) h]
(r,s1.,)€l(k—1) (=1
k—1

(k+w—1)/¢ (k+w—1)/(L+w—1)
o 3R ZR )

=1

Therefore, the desired property was established by induction. ]

C Proof of Lemma A.8

In Lemma A.8, we would like to find a random variable with a given sequence of real numbers
as its cumulants. Constructing a random variable from its cumulants can be difficult in practice.
However, there is a rich literature on establishing the existence of a random variable given the
moment sequence. And it is well-known that the moments can be recovered from the cumulants,
and vice versa. The explicit expression between moments u, and cumulants k, is achieved by
using the Bell polynomials, i.e.,

Au’n = Bn(Kla R Kn) = ZBn,]’(Kla Tt Kn—j+1)3 (Cl)
j=1
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Kn= D (=1 G = DBy (e s bjion), (C2)

Jj=1

where B, and B,, ; are the exponential Bell polynomial defined by
n
Bn(xl’ T ,Xn) = ZBn,j(xl’x2’ B Xn—j+1)5
j=1

] i i i fn_iv
By j (0, g, X i) 1= Z lluzn—(%) 1(§)2(ﬁ) .

ooty i !

(C.3)

The sum here is taken over all sequences iy,---,1,_;,; of non-negative integers such that the fol-
lowing two conditions are satisfied:

htip+e o+l =],
il +2i2+“‘+(n_j+].)in_j+1:n.

In mathematics, the classical moment problem is formulated as follows: Given a sequence (U;)i>o»
does there exist a random variable defined on a given interval such that u; = E[X’] for any non-
negative integer j? There are three essentially different types of (closed) intervals. Either two
end-points are finite, one end-point is finite, or no end-points are finite, which corresponds to
the Hamburger, Hausdorff, and Stieltjes moment problem respectively. See Akhiezer [2020]; Berg
[1995] or Tamarkin et al. [1943] for a detailed discussion. For our purpose, there is no restriction on
the support of random variables. Thus, the following lemma for the Hamburger moment problem
is all we need.

Lemma C.1. The Hamburger moment problem is solvable, i.e., (u;);>o is a sequence of moments
if and only if u, = 1 and the corresponding Hankel kernel

Uo M1 U

Uy U MUz -
H=1u, pg opy - (C.4)

is positive definite, i.e.,
Z WjskCiCk = 0

7,k=0

or every real sequence (c):>o with finite support, i.e., c; = 0 except for finitely many j’s.
j/j=0

If we define the (j+1)-th upper-left determinant of a Hankel matrix by

Xy X X;
Xl X2 oo X
j+1
Hj(XOJXla'“ ’x2j) = . . .. . 5 (CS)
Xj Xjy1 X2j
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by Sylvester’s criterion in linear algebra [Gilbert 1991], the positive-definite condition above is
equivalent to H; (g, - , Uy;) > 0 for any j € N,.

In order to prove Lemma A.8, we construct a Hankel matrix from given values of cumulants and
ensure that the upper-left determinants of (C.4) are all positive. Then by Lemma C.1, there exists a
random variable that has matched moments with the ones in (C.4) and hence it also has the required
cumulants by (C.2).

For convenience, we write
Lj(Xb e ,ij) 3:Hj(1,B1(X1)’Bz(X1axz), e 3B2j(X1s e ’x2j))-
Taking x; = 0, from the definitions (C.3) and (C.5), there is an expansion
Lj(O’ Xo, "+ ’x2j) = Hj(]-’OsBZ(O’ X5), " :sz(O, Xo5 e :xzj)) = Zag?...,tzjxéz : "X;j-j, (C.6)
where the sum is taken over
t2+t3+"'+t2j2j,

2t2 + 3t3 +---+ (2])t2] = J(] + 1).

We further define in the following way a sequence of univariate polynomials which will be essential
in our construction in Lemma A.8, by setting

Pi(x):=L;(0,1,x,x% x%,--- ,x¥72).

Firstly, we present a lemma on the properties of P;(x).

Lemma C.2. P;(x) is a polynomial of degree at most j(j — 1) with only even-degree terms and if
we write

jG=1)/2 0
— 7,2t
Pi(x) = Z by, x™,
(=0
6] (6] . .
we have by’ = aj€j+1)/2,0,---,0 >2 foranyj>2,j€N,.

Proof. Note that by applying (C.6) we obtain that

D)= Li(0, L, o, x¥ ) = ) jal) | s, (C.7)
where the sum is taken over

ty+tst+-rr+ty =],
2ty + 3tz + - +(2))ty; = j(G+1).

The degree of each term in (C.7) is
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=j(+1)—2(ty +tz+--- +ty).

This is even and no greater than j(j — 1) since t, + t3+ -+ t,; = j.

Then we show the constant term bgj ) > 2. Consider a standard normal random variable &~
N(0,1). Then k;(§) =0 forall j = 1, j # 2, and k,(&) = 1, which is straightforward by checking
that the moment generating function of & is exp(t?/2). By Lemma C.1, we have

by’ = P,(0) = 1,(0,1,0,---,0)
=L;(1(&), K2(8), -+, K5;(£))
=H;(uo(&), w1 (), -+, uy;(E)) > 0.

Since w4, (&) = (2£—1)!" and py,_,(&) = 0 are integers for £ € N, b(()j) is also an integer. Checking
Leibniz formula of the determinant for the Hankel matrix H ; [Lang 2012], we observe that there
is an even number of terms and that each term is odd. In specific, the determinant for the Hankel
matrix is given by

| J
b§” = Hy(to(€),11(8), -+ 12, (€)) = D sn(D)] Ttcpni-al®),
i=1

TES;

where by abuse of notation sgn is the sign function of permutations in the j-th permutation group
S;, which returns +1 and —1 for even and odd permutations, respectively. Since uy, (&) = (2£—1)!!
and U,,_1(§) =0 forall £ € N, we have

isodd ift(i)+iisevenVi=1,---,]
sgn(T N .
O] [re-4) {: A

Noting that the number of permutations 7 that satisfies 7(i) +iis evenforalli =1,---,jis (j!)?,
which is even when j > 2, we conclude that bg )is even, and thus, it should be at least 2. ]

As we have explained at the beginning of this section, we would like to construct a ‘moment’
sequence such that the corresponding Hankel kernel is positive definite. The following lemma
offers one single step in the construction.

Lemma C.3. Suppose there is some constant C such that |u,| < C for £ = 1,---,2j +1 and
H;(Uo, "+ ,Uoj) = 1. Then there exists C" only depending on j and C such that

Hj+1(.“0, e uu2juu2j+1:C/) = 1.

Proof. Let C' = (j+1)(j + 1)!C’*2 + 1. Then by the Laplace expansion [Lang 2012] of the
determinant, we have

J
Hj+1(.u0: cot s Mg, Mojyas c" :C/Hj(qu: ER .Uzj) + Z(_l)]+1+enu’j+1+EAj+2,f+1
=0
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>C'—(G+1DC-(G+1Ct > 1,

where A;, 5 ¢4 18 the determinant of the (j+1)x (j+1) submatrix obtained by deleting the (j+2)-th
row and (£+1)-th column of

Mo M1 = Hjnr
A= ,u'l P%z : Uj.+2
Bi1 Mjpp oo C

Now we prove Lemma A.8.

Proof of Lemma A.8.  The key of the proof will be to use Lemma C.1. To do so we need to
postulate an infinite sequence that will be our candidates for of potential moments and check that
the conditions of Lemma C.1 hold. We remark that as we already know what we want the first
k+1 cumulants to be, we already know what the candidates are for the first k+1 moments; and we
only to find adequate proposal for the (k+2)-th moment onward. We will do so by iteratively using
Lemma C.3.

In this goal, we remark that since by Lemma C.2 we know that bgj ) > 2. Therefore, we can choose
a small enough constant 0 < C, < 1 only depending on k = [p] such that

JG=1)/2

0 YD S ®

=1 2t2+2t3+---+2t2j:j(j+1)—2l
2t+3t3++2jtgj=j(j+1)

for any integer j = 1,---,(k + 1)/2. Given an index set I,,, if ug.“) =O0forall j=1,---,k—1, let
£ ~ N(0,1) and g, > |I,|. Then g, and £ satisfy all the requirements since x ;(§™) = 0 for all
j€N,,j# 2 and k,(§™) = 1, which is straightforward by checking that the momemt generating
function of £™ is exp(t2/2).

Otherwise, let
gu:=| min_ {cHu?}, (C.9)

1<j<k—1,u{"#0
where | x | denotes the largest integer not exceeding x. Since by assumption, forany j =1,--- ,k—
1, ug.”) — 0 as n — o0, then we know that there exists N > O such that (i) g, > 1 forany n > N
and (ii) g, — ©0 as n — oo. We note that by definition minlgjgk_17u5n>7é0{C§|u§")|—2/j} <q,+1,
which implies
max {qfl/ZIuE.”)I} > C;(qn/(qn + 1))]'/2 > C;’/Zp/z. (C.10)

1<j<k—1

On the other hand, (C.9) also implies that C2|u'|™2/) > q,,. Thus, ¢//?[u™] < CJ. Now let K, :=
. ) p ] n J p J

qjl/zug."). We remark that K, < C and &, > CII)’/ZP/Z. We write fi; 5 := Bj,5(0,K,,- -+ ,K;,) for

j=1,---,k—1. Those will be our candidates for the first k+1 moments. Moreover, if k is odd,

we also propose a candidate for (k+2)-th moment by setting iy, := 0.
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Forj=1,---,[k/2] by (C.6) we have

Hj(]-soa‘ljZ).aBs'” 3;‘72]') = Lj(OakaZ)%Bs”' 3”2:2]')

jG=1/2
_ () I L 0 gt
= Z Ayt K2 77 Ky = E : E : Ayt K2 77 Ky
2ty +3t3++2jt;=j(j+1) (=0  2tp+2tg++2005=j(j+1)-2¢

2t9+3tg++2jtg=j(j+1)

jG=1)/2

(ﬂ)b(]) Z Z |ag?m7t2j,“<';2 ... %';2]1|

=1 2tp+2eg+-+20p5=j(j+1)-2t
2t +3t3++2jtg=j(j+1)

W jG-1)/2 ©
J (J) 20
b Z Z |a b |CP = L.

(=1 2t2+2t3+---+2t2j:j(j+1)—2l
2t +3t3++2jtg=j(j+1)

(b)

where to get (a) we used the definition of bgj ) and where to obtain (b) we used the fact that
K42l < C;, and where to get (c) we used (C.8). Moreover, as [K,,| < C[JJ, then we know that
there exists some constant C[’J such that ;5] = [Bj;2(0,Kq, -+ ,K;y0)| < C[’J for any integer j =
1,---,2[k/2]—1. Therefore, by Lemma C.3, there exists Czl)/ depending on k = [p] and Czl) such
that

Hpp o141 (1,0, U, -+ 5 Bopk/21415 C[/,/) = 1.
Let Uok/op4a i= C[’J’. Applying Lemma C.3 repeatedly, we get a sequence ({i;);»; such that gy =1
and H;(lug, ty,* - ,Uy;) = 1> 0 for any j € N,. The sequence (fi;) is then our candidate for the

moments and we remark that they satisfy the conditions of Lemma C.1. Therefore, by Lemma C.1,
we conclude that there exists £™ such that p;(§™) = [i; for any j € N,. As the first k+1 moments

uniquely define the first k+1 cumulants of a random variable we have x;,,(§™) =&, = ¢// zuﬁ.”)

forall j =1,--- ,k—1. Thus, the g, and ™ that we have constructed meet the requirements of
Lemmas A.8a and A.8b. Moreover, (C.10) implies that Lemma A.8c is also satisfied. Lastly, to
show Lemma A.8d we note that

n n) [|P+2 n )y \(P+2)/(2[k/2]1+2)
BEOP] = eI LI ., = (Haarsa(E™) < (G PraNCIkz2),

pt2 —

Here (%) is due to the fact that k =[p] > p. n

D Proofs of other results in Sections 3 and 4

In this section, we provide the proofs of Proposition 3.2, Theorem 3.3, and Corollaries 4.2 and 4.4.

D.1 Proof of Proposition 3.2

For ease of notation, in this subsection we will drop the dependence on n in our notation and write
W,N(-), 0,X;, I and R, , for respectively W,, N,,(-), o, ,X™ I and R; .

i >°n
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Before we prove the bounds for Ry ,,, we note that R, can be defined without assuming local
dependence [LD*]. Thus, we first aim to generalize this concept, which makes the result derived
in Proposition D.1 also applicable in general dependent situations. Let (X;);c; be a class of mean
zero random variables indexed by I. For any graph G (not necessarily the dependency graph) with
the vertex set I and a subset J C I, we define N(J) to be vertex set of the neighborhood of J. As
in Appendix B, we assume Var (Z X ) = 1, without loss of generality. Let W = > . X;.

e[t
We extend the notation of R-sums defined in (B.11) to this general setting. Given an integer k € N,
such that k > 2, for any t;,, € Z such that [t;| < j—1 for any j € [k], let z = |{j Dt > 0}|. If
z > 1, we write {j : t; > 0} = {qy," -, q,}, where the sequence 2 < q; <--- < g, < k is taken to
be increasing. We further let g, := 1 and q,,, := k + 1. Then we could still define the R-sums by

Rw[tla ty, tk] =

ZZ Z [ql_qoa'”qu+1_qz]>(|Xi1|’.”’lXik71|’(Z|Xik|)w)’

i1EN; i,EN, ir—1€Nk_1 i EN

where N; :=1I,and for2<j <k

Nj = . )
0 ift;=0

Now the remainder term R, , is defined as

Ry = Z Z Z Z (71, ,m]>(|Xi1|,--- :|Xik+1|:( Z |Xik+2|)w)

(£11.)€C*(k+2) i, EN] i,€N]  ij1ENL,, ik12€N],

= D Rultite sl (D.1)

t1:(k+2) EM 1 k42

where N := I and N} := N(iy,;_y)) for j > 2. C*(k +2) and M, ; ., are given by

4
C(k+2)={t,n €N im;=2Vjell—1], D m,=k+2},

j=1

and
Mijeps ={trgan i =%] & tjAt;,; <0 V1<j<k+1}.

Note that the expressions of R-sums and R, ,, have the same forms as those in Appendix B.2, but
here we do not impose the assumption of the local dependence of (X;);c; anymore as N(iy,,)’s are
defined directly from the graph structure we constructed on I. The main goal of this section is to
prove the following proposition.

Proposition D.1. Fix k € N, such that k > 2 and real number « € (0,1]. Let N(J) be defined
as above and suppose the cardinality of N(J) is upper-bounded by M for any |J| < k. Then there
exists a constant Cy,, only depending on k + w such that

Rw[tla tg, e tk] < Ck+ka_2+wZ]E[|Xi|k_1+w]-

i€l
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Before proving Proposition D.1, we need the following two lemmas. Lemma D.2 helps us change
the order of summation in R [t;, - ,t;] and Lemma D.3 is a generalized version of Young’s
inequality, which allows us to bound the expectations of products by sums of moments.

Lemma D.2. Fix k € N, such that k > 2. For any J C I, let N(J) be defined as above. Suppose
(iy,--- i) is a tuple such that iy € I, iy € N(iy), -*, iy € N(iy,k—1)). Then forany 1 < h <k,
there exists a permutation 7 on [k] such that (1) = h, in) €1, i) € N(iﬂ(l)), oy Iy €
N(inays s Engee)-

Proof. We perform induction on k.

Firstly, suppose that k = 2, then we remark that i, € N(i;) < i; € N(i,). For h = 1, we can
choose 7 to be the identity and the desired identity holds. For h = 2, we let (1) := 2 and
7t(2) := 1 and remark than once again the desired result holds.

Suppose that the proposition is true for 2,--- , k —1. We want to prove that it holds for k. If h < k,
consider the tuple (i;,- - ,1,). By inductive hypothesis, there is a permutation 7 on {1,2,--- ,h}
such that 7,:5(1) == h, lﬁ(Z) S N(lﬁ:(l)), ey lﬁ(h) S N(lﬁ(l), e, iﬁ:(q—l))' Define
) n(j) if1<j<h
n(j)=y. . -
j ifh+1<j<k

Then 7t satisfies the requirements in the lemma.

Now suppose h = k. i, € N(iy,;_1)) indicates that i, is a neighbor of {i;,---,i,_;}. Then there
exists 1 < £ < k — 1 such that there is an edge between i, and i, in the graph G = (I, E). Thus,
i, € N(iy).

By inductive hypothesis, there is a permutation 7 on [£] such that 7T(1) = £, iz €N (iﬁ(l)), e
iz(e) € N iz zge-))-

Define
k ifj=1
n(j):=17(—1) if2<j<{+1.
j—1 if+2<j<k

Then 7(1) = h = k, and moreover, we have i,y =i, € N(i) =N (iﬁ(l)). Moreover, we note that
for all ] = 3, tee ,E we have i,,[(j+1) = lﬁ(]) S N(lﬁ(l), e, lﬁ(]—l)) = N(iﬂ:(l), e, lﬁ(])) Flnally for
all j > £+ 1 we have iygj,q) =i; € N(iy-1)) S N(iy, o ij1,1) = N(inays -+ ingpy)- Thus, the
lemma holds for k as well. By induction, the proof is complete. [ ]

Also, we need a generalization of Young’s inequality.

Lemma D.3. Given t € N,, let Y,,---,Y, be a sequence of random variables, and real numbers
Pi,++»Pe > 1satisfy that 1/py + -+ +1/p. = 1. Then for any (€,11,) € C(£) := {€,n1¢ €N, :
Zj‘:1 n; = t}, we have that

1 1
[0y, me]> (Yl [V ) < p—]E[|Y1|p1]+---+ —E[|Y,[*]. (D.2)
1

t
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D.1  Proof of Proposition 3.2 D PROOFS OF OTHER RESULTS IN SECTIONS 3 AND 4

Proof. First, we prove

1 1
E[|Y; - Y]] < —E[|V;["* ]+ --- + —E[|V,|F], (D.3)
P1 P:
1 1
E[|Y;|]---E[Y,[] < —E[IY;[*]+---+ ;]E[IY}I’”]- (D.4)
1 ¢

In this goal, note that Young’s inequality is stated as follows: For any a;,--- ,a, > 0,and p;,---,p, >
1suchthat1/p; +---+1/p, =1, we have

1 1
a-ra, < —al'+-+—ai.
P1 P
Thus, by Young’s inequality we know that
1 1
|Y1 '”Ytl < _|Y1|p1 +et _|Yt|pt-
1 P:
Taking the expectation, we have
1 p 1 p
E[Y, -V |] < —E[Y, [ ]+ -+ —E[|V,[*].
P1 P:
Again by Young’s inequality, we obtain that
1 p 1 p
E[Y[]---E[IY,]] < —=E[|¥;[]P" +--- + —E[|Y, [P~
1 P:
By Jensen’s inequality, E[|Y;|]? < E[|Y;|P{] for i € [t]. This implies that

1 1
E[|Y;]]---E[Y,]] < —E[|Y;["*]+--- + —E[|Y,[P*].
P P:

Finally, we prove (D.2). Let 1/q; := Y. 1/p;for1 <j<k.

i:T]j_1+1

["’71, e 3”[] > (|Y1|s T |Yk|)
T B V)

04 1] @ 1 k

< EEHYl ’ "Yn1| :| +eeet iE[|Yn1+---+m-1+1 ’ "Yk| :I
03 1 1

< B[P+ —E[]Y, P+

p]. 1
1 p 1 1 Pk
b B[V [Pt ]+ B[V,
DPyytetng+1 Dk

Now we are ready to prove Proposition D.1.
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Proof of Proposition D.1. By (B.13), we only need to prove that the following inequality holds
forany k e N,:

Ro[0,£1,-++, k] S MF1He S E[|X 4],

i€l
Once again we write z := |{j Dt > O}|. If z > 1, we write {j : t; > 0} = {qy,""*,q,}, where
2<q, <---<gq, < kisincreasing. Further let g, :=1and q,,; :=k + 1.

Noticing that

we apply Lemma D.3 and obtain that
k+w
) ] (D.5)

1
[ql_QO:"':qu qz]>(|X11| | lkl (M Z |Xik+1

ik41€EN (ir:k)

1
SELX, o)+ - Bl el (5 K

ik4+1€N (i1:1)

Now by Jensen’s inequality and the fact that |N (i1:k)| < M, we get that

(EI E e

ik 1EN (1) ik4+1€EN (i)

Moreover, we remark that

1 w
Mw[ql_qo""’qz+1 qz]>(|Xl1| | kl (M Z |Xik+1 ) )

ik41€EN (i1:1)

© (D.6)
=[q1 =40, 5 Q1 — 1> (|Xi1|: Tt |Xik|’( Z |Xik+1 ) )
ik4+1€N (i1:1)
Thus, this implies that
R,[0,£1,--- ,£k] (D.7)
w
:Z Z [ql_qOJ"'qu+1_qz][>(|Xi1|’ |Xlk| ( Z Trs1 ) )
i€l €N (i1 (x-1)) ik41€N(i1:4)
1

w k+w k+w k+w

Mo ST (BIK T B TS D RO T) @)
iHEI lkEN(llz(k—l)) lk+1€N(lI:k)

Since the cardinality of N(i,),---,N(i;,.) are bounded by M, for j = 1 we have

>0 o >0 ELX MUl MUY CE[X [l (D.9)

i1€I i,eN(i;) i €N (i1:(k—1)) i€l
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Now we bound

DT >0 Elx e,

i1€l i,eN(iy) ix €N (i1:(k—1))
where j =2,--- k.
By Lemma D.2, for any tuple (i, - - ,i;) in the summation, there exists a permutation 7t such that
(1) = J, i) € N(in)s =+ ngy € N(izy > ineeny)- Let ¢; be a map that sends (iy, - , )
to (irr(l)’ R in(k)). Then no more than (k — 1)! tuples are mapped to the same destination since
(i1, , 1) is a permutation of (i), - ,in) and i; is fixed to be i;). Thus, we obtain that

DT > ElX ]

i€l iZGN(il) ikeN(ilz(kfl))

<=1 D> > > > EX, ]

(=] i )N (in))  irg) €N (inq) singe-1))

S(e=1)0 D0 >0 D DL EIx ]

m:n(1)=j 1€l i,€N(iy)  ikEN(iy:(k—1))
<((k—1)1?M* D R[] s MY TRLIX <. (D.10)

i€l i€l

Similarly,

D> >0 EIX,, el s ME ) E[X [l (D.11)

1€l i,eN(i;) i +1E€N(i1.1) i€l

Substituting (D.9), (D.10), and (D.11) into (D.7), we conclude

Rw[tla ty, tk] SRO)I:OJ Sgn(tZ)a 2- Sgn(tB): ) (k - 1)Sgn(tk—1):|
sMk_2+wZ]E[|Xi|k_1+w]-

i€l
|
Proof of Proposition 3.2. By Proposition D.1, we have
(D.1) ©
Rk,w = Z Rw[tla to," - ’tk+2] S Z Mk+ ZE[|Xi|k+1+w]'
t1:0+2) EM 2 t1:0+2) M2 i€l
Noting that [ M ;| < 25" [Heubach & Mansour 2009], we conclude that
Rk’w S Mk+w Z ]E[ |X1 |k+1+w].
iel
|

D.2 Proof of Theorem 3.3
The proof of Theorem 3.3 relies on Theorem 3.1 and Proposition 3.2.
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Proof of Theorem 3.3. Letk :=[p]. Then p = k+w—1. Without loss of generality, we assume
o, = 1. By Proposition 3.2,

R; < MimZEHXi(n) ]'+1+w:|.

i€l,

If weletq, =(k—1)/(k—j)and g, = (k—1)/(j—1),then 1/q; +1/q, =1 and (2 + w)/q; +
(k+1+4+w)/qy,=j+ 1+ w. Thus,

j+1l4+w

(2+w)/q; (k+1+w)/qy

o

= | x®™

. | Xi(”)

By Holder’s inequality,

Mr]l'm ZEHXl@

i€l,

<SR[ ) (ke SR

i€l, i€l

:(M;-HO Z EI: |Xi(n) 2+w])(k_j)/(k_1)(Mr]f+‘° Z ]E[ |X§n)

i€l, i€l

j+1+w:|

k+1+w])1/Q2

k+1+w])(j_1)/(k—1)

Since
w(k—j) (—Dk+ow-1)

k—D(+w—-1) (k-D(+w-1)
by Young’s inequality (See Lemma D.3 for details), we get

(M§+‘°ZE[|X§“) 2+w])%(M§+wZE[ Xi(n) k+1+w])%
i€l, iel,
Q)(k_]) 14w (n)|2+w 1w
STy vy CCRPIL L )

iel,

k+1+w:|)1/(k+w—1)
k—1D)(+w-—1) )

i€l,

Thus, we have

RY/Ute-1) < (M1+w Z ]E[ |Xf”’
~ n i

Jsw,n

2+w])l/"’ n (Mrzl<+wZ]E[|Xlgn) k+1+w])1/(k+w—1).

iel, iel,

Similarly, we derive that

—i—1

N < (e STR[xOPT) T (v ST

i€l, i€l, i€l,

(v STR[xO]) " + (mve STR[ [0 ])

i€l, i€l

Jj—w
k+1+w:|) k—D)j

A
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w+2:| p+2:|

Since by assumption M ¥, E[ |x™ — 0and M3 E[ [x™
we have that R;; , — 0 as n — o0. Therefore, by Theorem 3.1 and noting the fact that p =
k + w —1, we conclude

p+2])1/P)

where C, only depends on p. ]

— 0asn— oo,

W, (L(W,), N'(0,1)) < Cp((MiJ"" > E[x™ “’*2])1/“) +(mp > T E[x

i€l, i€l,

D.3 Proofs of Corollaries 4.2 and 4.4

Proof of Corollary 4.2.  Define the graph (T,, E,,) to be such that there is an edge between i, 1, €
T, if and only if ||i; —i,]| < m. From the definition of the m-dependent random field, (Xl("))ieT
satisfies [LD*]. We will therefore apply Theorem 3.3 to obtain the desired result. We remark that

je Nn(ilz([p]ﬂ)) only if there is £ € [[p]+ 1] such that ||i, — j|| < m, which directly implies that
Ny (ir.gpren)| < @m+1)(Tp1+1).

Moreover, by Holder’s inequality, we have

S E[) ) < ml

i€T, €T,

D o-o)/p g20-0)/p (Z E[[x®
- i

i€T,

(p—w)/p w/p
N (Seer)
€T,
p+2 :| ) w/p

Here (a) is due to the non-degeneracy condition. And this directly implies that
(n)|w+2 Ve
d — n
m(1+e) /w(o.n(w+2) ZEHXi ])
i€T,

S N

i€T,

1/p
p+2]) —0 asn— oo.

Therefore, by Theorem 3.3, there exists C pd >0 such that for n large enough we have

+2 1/p
P p+2:|)

1+w —w —pte
W, (L(W,), N(0,1)) < C, qm " &M% o, (Z E[|x(

i€T,

Moreover, if (X l.(”)) is in addition assumed to be stationary, then by assumption there is a constant
K such that liminf,_, O'TZ1 /|T,| = K. Therefore, we get that

O-;(P+2) Z EI:

i€T,

n)|P+2 — —
X[ IR TR T = T P 0,
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and

(+w)d  p—w —P2 n
W,(LW,),N(0,1)) < C,ym & M o, ’ (ZE[|x§)

i€T,

1/p
]) = O(|T,[7/?).

Proof of Corollary 4.4.  Consider the index set [, = {¢ = (i1, ,i,,):1<i; <---<i,<n}C

Z™. Foreachi €I, let & :=h(X,,---,X; ). Then W, = 0" >.._, &,;. Let (I, E,) be the graph
such that there is an edge between 2, j € I, if and only if {i;, -+ ,i,,} N {j1, -, .} # 0.

Then we remark that the conditions [LD*] holds. Moreover, note that j is in N,(%1.(,141)) only if
there is £ € [[p]+ 1] and ky, k, € [m] such that ji, = (4,)y,, where (%), denotes the k,-th com-
ponent of the vector 2,. This directly implies that the cardinality of the dependency neighborhoods
are bounded by n™ — (n —m([p]+ 1))m = n™"!. Moreover, the non-degeneracy condition of the
U-statistic implies that o =< n*"~' [Chen & Shao 2007]. Applying Theorem 3.3, we get that

W, (L(W,), N (0,1))
S(nm(nm—1)1+wLE[|h(X1, e ,Xm)|w+2:|)1/w

O-LL)+2
n
1

+ (nm(nm_l)P+10P+2E[|h(X1, . :Xm)|p+2])l/p

1/ 1/p

Sn_l/z(EHh(Xl’ e ’Xm)|w+2])
(w+2)/w
p+2

‘4 Tl_l/z(]EHh(Xla e ’Xm)|p+2:|)

(p+2)/p

Sn_1/2||h(X1:'“ :Xm)” p+2

+n 2 ||n(Xy, L X))

By the moment condition, | h(Xy,--- ,Xm)||p+2 < 00. Thus, we conclude W,(£L(W,),N(0,1)) =
o(n~?). n

E Proofs of results in Section 5

In this section, we establish Theorems 5.3 and 5.5 and Corollaries 5.4, 5.6 and 5.7. Similar to
the role of Lemma A.7 plays in the proof of Theorem 3.1, we need lemmas on the high-order
expansion of the Stein equation with respect to the strongly mixing fields. Thus, we introduce
Lemma E.1 for the proof of Theorem 5.3 and Lemma E.2 for the proof of Theorem 5.5. Further-
more, Corollaries 5.4 and 5.7 are directly applications of Theorems 5.3 and 5.5 for random fields
with strong mixing coefficients converging at a polynomial rate.

Lemma E.1. Let p > 1 be a real number and « := p +1—[p] € (0,1]. Set (T,) € Z% be an

increasing sequence of finite index sets such that |T,| — oo and let (Xi(") )ieT be a real-valued

stationary random field with strong mixing coefficients (a;,);>,. Suppose that ]E[Xgn)] = 0,
sup,, IEHXI.(") r] < 00 for some r > p + 2, and that the non-degeneracy condition holds that
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liminf, ,., 02/|T,| > 0, where o> := Var (ZieTn Xl.(")). Denote W, := o' ZleTnXi("). Further-
more, suppose that the mixing coefficients satisfy that sup,, ZZI (41 gr -2 < M < 00. Define

LTl
— — -2
My, = | T [/ +|T, [/ Z pdp+D—o grnp ) (E.1)
(=1

If My, = 0 asn — 09, then for any j € [p — 1], we have k;,(W,) = O(M{’/:), and for any
h € A,, we have the expansion

(W,
E[h(W,)]—=Nh = Z (-1 )rl—[Kj 2( )

=N [[ Jesteyn]+own,), €2
(rs1.)Er(p1-1) (s; + 1)

=1
where F([p]_l):{raslzr€N+:Z] 1 ]SI_p _1}

Now we provide the proof of Theorem 5.3 by utilizing Lemma E.1. Lemma E.1 is also a novel
result, whose proof is shown in Appendix F.6. The proof of Lemma E.1 requires new tools and
theories that will be established throughout Appendix F.

Proof of Theorem 5.3. By Lemma E.1, we know that |K-
where M, , is defined in (E.1). Apply Lemma A.8 with uﬁ.n) = Kj;2(W,) where j € [k —1]. Forn
large enough, there exist constants C, and C[’J (that do not depend on n) and positive integers (q,,)

SMi/,f—>Oasn—>OO,

and random variables (§™) such that

(a) E[€™]=0, E[(E™)’]=1;
(b) Kj+2(€(n)) = Q£/2Kj+2(Wn) for j € [k—1];
(c) Either maxlsjsk—1|’<j+2(§(n))| =0or max1gjsk—1|’<j+2(§(n))| =C,>0;

(d) E[IE™P*2]<C).

Furthermore, we know that (q,,) satisfy g, — oo diverges to infinity as n — oo.

Similar to the proof of Theorem 3.1, we will use this to bound the distance between the distribution
of W, to the one of an empirical average of at least g, 1.i.d. random variables. Again we introduce
an alternative sequence (q,,) that can be lower-bounded for all cases. In specific, we let g, :=
|T|2PHD/P v g if Kk3(W,) = -+ = K,1(W,) = 0, and q, := q,, otherwise. Then we still have
g, — 00 asn — 0.

Let £%, . &7 ™ be i.i.d. copies of £™. Define V, := g, /2 q" £,
By construction for any j € [k — 1] we have
. qn .
K2V =G 02 T o (8) = G772k 10(87) = K50 (W),

i=1
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Thus, by Lemma A.5 and Lemma A.7, for any h € A, we have

|E[R(W,)]1— E[R(V,)]| S My, +q‘(P+2)/2ZE []e®]"™]. (E.3)

i=1

To be able to have this upper bound not depend on £™ we will upper-bound

an
’C‘l’;(p+2)/2 Z EH@EH)
i=1

in terms of M, ,,. To do so we use the lower bounds on (g,,) implied by their choice.

p+2

If max; ;<4 |K- > 0, item (c) implies that there exists

)

C, < max |x;,,(E0)] 2

/2 J/P
p = 1<j<k—1 e {q M

1<j<k—-1

J/2|
max K
1<j<k— 1{q

where to get () we use item (b) and to get (**) we use Lemma E.1. Thus, the following holds
a—p/Z — (’q'_fo/z)P/fo S M,
n n ~ 1

where j, is the integer satisfying that |Kjo+2(§(”))| = maxlgjgk_1|1<j+2(§(”))|. Note that M, ,, does
not depend on the value of j, anymore.

On the other hand, if  ;,,(W,) = O for any j € [k—1], then by definitions we have g, > | T,[*P*D/7.
Moreover, by Holder’s inequality we obtain that

Bl ™[> <|T,|P/®+2) Bl 5™ [P+2 2/(P+2)’ (E.4)
S el <imee (Sl )
and that )
€T, ieT,

Since 02 = E[(ZieTn Xl.(”))z], we have

G S|Tn|_(p+”o;(p+2)(E[(Z Xl(n))z])(p”)/ 2

ieT,
() 2\ (p+2)/2
—p+2)| 7 |-p/2 )
SO‘n(p+ )lTn| p/ (ZEHXI )
i€T,
) o (n)|P+2 —p/2
PN R[] S 1T < My,

i€T,

where to obtain (x) we use (E.5) and to obtain (xx) we use (E.4).
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Thus, using item (d) and the fact that & @ .. 5 ™ are i.i.d., we obtain

n
’q’;(p+2)/2 Z IE[ | ggn)
i=1

p+2 J~—

<C,q, P/2 < M . (E.6)

Therefore, by combining this with (E.3) we have that there is a constant K > 0 that does not depend
on h such that
|E[R(W,)]—E[h(V,)]| < KM, ,.

By taking supremum over h € A, and by Lemma A.3, we obtain that

p+2 1/p 1/p
]) s Ml,n N

W,(LW,), £(V,)) S sup|E (W) 1-E[h(V)]|"" s (M, +q—(P+2)/ZZE B

i=1

Moreover, by combining Lemma A.6 and (E.6) we have

W (ﬁ(V) N(O 1)) <( —(p+2)/ZZE |€(n) p+2 ) 1/p < Ml/p-

i=1

Therefore, as the Wasserstein distance W, satisfies the triangle inequality we conclude that

W, (LIW,), N (0, 1)) SW,(LIW,), L£(V,)) + W, (L(V,,), N (0,1))

LIT,1/4)
_ 1/p
<M11{1p < |Tn|—1/2+|Tn|—1/2( Z JLICERVR® (rnp 2)/r) _
(=1

Now we consider random fields with strong mixing coefficients converging to zero at a polynomial
rate as a special case of Theorem 5.3.

Proof of Corollary 5.4. By assumption we know agr;p A" < ¢+ Thus, we have

LT, /) LT, M) LT, /)
Z Ed(p-ﬁ-l) wa(r p=2)/r < Z Ed(p+1)—w£u—w+1 Z Ed(p-ﬁ-l) u— 1
{,n N
(=1

If u>d(p+1), then we have d(p + 1) —u—1 < —1. Thus, the sum is finite and does not depend
on n, which implies that W,(£(W,,), N'(0,1)) = O(|T,|™/%).

If u =d(p + 1), then similarly we have

LT, 1M
W,(L(W,),N(0,1)) = O(IT,|™?) + 0(|Tn|‘”2 > f‘l) = O(IT,|7/*10g]T,|).

(=1
Lastly if d(p/2 + 1) <u < d(p + 1), we derive that

AR
W, (L(W,), N (0, 1)) =O(IT, /) + O(ITnI‘” 193 ﬂd“’“)‘“‘l)w)

(=1
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d(p+1)—u

=O(IT, V2T, V4|77 ) = O(|T,[TV/2w/@p+rn/p),

which concludes the proof. [ ]

In order to prove Theorem 5.5, we need the following lemma similar to Lemma E.1.

Lemma E.2. Let p € N,. Set (T,) C Z% be an increasing sequence of finite index sets such

that |T,| — oo and let (Xlg"))ieT be a real-valued stationary random field with strong mixing

coefficients (a; ,)¢>1. Suppose that IEI:XL.(H)] =0, sup,, ]E[|X§")
the non-degeneracy condition liminf, o%/|T,| > 0 holds, where 0 := Var (ZieTn X l.(") ) Denote

r] < o0 for some r > p+2, and that

W, = o;l Zi er, Xi- F urthermore, suppose that the mixing coefficients satisfy that

oo
supZEd_lagrn_p_l)/r <M < 0.
=1 ’

Foranym e N, and 6 €[0,1] (m and & can depend on n), let

14 D
M, 5.0 ;:|Tn|—p/2m2dp + |Tn|—(P—1+5)/2mdp Z edé—éagrn—p—l—é)/r

{=m+1

(E.7)
14 Il
WP dp—1,(r—p—1)
+|T, T2 N g
{=m+1

If My 5, = 0 as n — 00, then for any j € [p — 1], we have kj,,(W,) = O(Mé,/ri,&n)’ and that

there exists K41, = (’)(Mz(pnjyfl P ) depending on p and the joint distribution of (X;);er, such that

for any h € A, the following holds

r Z Ksj+2(Wn) - si41
(rs1)eT (1) =1 % j=1 (E.8)
K — w,
Kp+1,n Kp+1( n)N [ap@ h] n O(Mz,m,&n)-

p!

Lemma E.2 will also be proven in Appendix F.6. We remark that Lemma E.2 is different from
Lemma E.1 in the following ways:

* p is required to be an integer (this is mainly due to the proof technique we use),

e The remainder is controlled using M, ,, 5 , instead of M, ,,, which will lead to different con-
vergence rates in the theorem,

* Kp41(W,) is replaced by K1 ,.
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Note that in general M, , does not dominate M, ,, 5 ,, and vice versa, which leads to different
conditions and convergence rates for the WV, bounds in Theorems 5.3 and 5.5.
Proof of Theorem 5.5.  We follow techniques similar to the proof of Theorem 5.3. By LemmaE.2,

we have that |x;,,(W,)| S Mé/,ﬁgn — 0 for any j € [p—1] and |R),1,| S Mépr;?{lp — 0as
|T,| — oo, where M, ,, 5, is given in (E.7).

We will repeat all the derivation in the proof of Theorem 5.3 with ., (W, ) replaced by K, ,, and
M, , replaced by M, ., 5 .. We now apply Lemma A.8 with ug.“) = K;42(W,) where j € [p —2] and

) _ =

Uy 1 = Kpiin For any index set T, with n large enough, there exist constants C, and C; (that do
not depend on n) and positive integers (g,,) and random variables (§™) such that

(a) E[g™W]=0, E[(E™)]=1;
(b) 1;12(E™) =g}k o(Wy) for j € [p— 2], #,41(E™) = qF V2R, 1
(c) Either max,;, |Kj+2(§(”))| =0 or max,_j., ; |Kj+2(§("))| >C,>0;

(d) E[[E™P*?] < C).

Furthermore, we know that g, — 00 as n — ©9.

Again we will bound the distance between the distance between the distribution of W,, to the one
of an empirical average of at least g, i.i.d. random variables, and will need the lower bounds on
(q,,) for the convergence of the distribution of the empirical average to a standard normal. Thus,
we introduce an alternative sequence (q,) by setting G, := |T,[2®*V/P v q, if k(W) = -+ =
x,(W,) =K,,1, =0, and q, := q,, otherwise. Then we still have (g,,) — o0 as |T,| — co.

Let £%,... 5(6”) be i.i.d. copies of £™. Define V, :=7q /2 Z?;l g,

By construction, for any integer j such that 1 < j < p—1, we have

n .
~—(j n ~—j n K; (Wn) 1SJSP_2
Kjaa(V) = G072 a0 (E7) = G7/K40(E7) = {N .

i=1 Kp+1,n J =p— 1

Thus, by Lemma A.5 and Lemma A.7, for any h € A,, we have

Gn
|[E[R(W,)] = E[A(V,)]| S My 5,0+, 522 D ELIE]2]. (E9)

i=1
To be able to have this upper bound not depend on ™ we will upper-bound
dn
’q’;(p+2)/2 Z E[ |§En) |p+2]
i=1
in terms of M, , 5 ,. To do so we utilize the lower bounds on (g,,) implied by its choice.
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If [Kpy10 V maxlgjgp_2|Kj+2(Wn)| > 0, item (c) implies that there exists

©
max {g)*M};; .},

(n)
<
C max |1<]+2(§ )| S | max

P = 1<<p

where we use item (b) and Lemma E.2 in (x). Thus, we have the following inequality for some
Jo€lp—1] N . ,
4, = (@,P" S My -

On the other hand, if k5(W,) = -+ = k,(W,) = K,,,, = 0, then we get q, > |T,[*?*V/? by
definition of g,,. Since o> = E[(ZieTn Xl.(")) :|, we have

?1?’/2 :|Tn|_(P+1)o-;(p+2)(E[(ZXI_(H))ZD(NZ)/Z

i€T,
() 2\ (p+2)/2
—(p+2 —p/2 (n)
SO'n(p+ )lTnl p/ (ZE[ X :I)
i€T,
P <o, DN B[ XOP ] S I P2 < My s

ieT
where to obtain (x) we use (E.5) and to obtain (x*) we use (E.4).

Thus, using item (d) and the fact that & @ .. 5 ™ are i.i.d., we obtain

’C‘I‘;(p+2)/2 i IE[ | ggn)

i=1

p+2] < C;a;p/z S My msn- (E.10)

By taking supremum over h € A, and by Lemma A.3, we obtain that

W,(LW,), L(V,)) S sup [E[A(W,)]—E[A(V, )]|1/P

heA,

5( My 5m+ q;(p+2)/2 Z IE[ | EE")

i=1

1/p
p+2:|) < M21/nli)6n

Moreover, by combining Lemma A.6 and (E.10) we have

1/p
p+2:|) < M21/nli)6n

n
W,(£(V,),N(0,1)) 5 (322> B[ |
i=1

Therefore, as the Wasserstein distance WV, satisfies the triangle inequality we conclude that

W, (LW,), N(0,1)) W, (LW,), LV,)) + W,(L(V,), N (0,1)) S M, P,
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m14+| Tl /dJ
—1/2.2d —1/2+(1-8)/(2 d5-5 o (r—p—1-8)/r 1/p
<IT,[7V2m2 4 |T, |71/ )/(p)m( Z (45-34(" )
{=m+1
m+1+| ‘Tnlzl/d J Y
- (r—p—1)/r\*/P
+1T,| 1/2+1/(2p)( Z - 1azn ) .
{=m+1
]
As an application of Theorem 5.5, we show Corollary 5.6.
Proof of Corollary 5.6. We apply Theorem 5.5 withp =1, 6 = €, m < |T, |6A(211/3). Then

m — o0 as n — 09. Since

(e @]
ng—l (r=2)/r <Z€d 1 (r —2— 6)/r
=1

the mixing condition I of Theorem 5.5 is satisfied. Now we check that

n—oo

ITnl_l/ZmZd S |T |—1/2+e = 0’

m+1+| Tl = Ve, oo
—€/24,d de—e (r 2—€)/r d—1 (r —2—€)/r
|Tn| Z ¢ [ n "\’ Z ¢ Zn ’
{=m+1 {=m+1
m+1+| ‘T”'zl/d | oo
d—-1 (r 2)/r d—1 (r 2—e€)/r
D, TP Y e
{=m+1 {=m+1
Since m — 00 as n — 00, we have that by assumption >, ., €47} grn 279" converges to zero.
Thus, mixing condition II of Theorem 5.5 is also satisfied and the result follows. ]

Lastly, we prove Corollary 5.7 by applying Theorem 5.5 to random fields with strong mixing
coefficients that converge at a polynomial rate, and combining the results of Corollary 5.4.

Proof of Corollary 5.7.

If u > d(p + 1), the results are directed implied by Corollary 5.4.

If dp < u < d(p + 1), on one hand, Corollary 5.4 gives that § > 1/2+u/(dp)—(p +1)/p. On
the other hand, we apply Theorem 5.5 with 6 = 1 and m =< |T, |2« . Then we have
|T | 1/2 2d _ |T | 1/2+d/(u+dp)

1/d
m+1+{ o |

|Tn|—1/2+(1—5)/(2p)md( Z ¢d6-5 gr;p 1- 5)/r) Yp =T, |—z ) T

{=m+1
S | Tn |—1/2+d/(u+dp),

1/d
m+1+ Tal— |

|Tn|—1/2+1/(2p)( Z pdr—1 grn—p 1)/r) =|T, |—§+$—m

{=m+1
— |T |—1/2+d/(u+dp)
n .
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Thus, by Theorem 5.5 we get W,(£(W,), N(0,1)) = O(ITn|_1/2+d/(”+dp)).
If u =dp, apply Theorem 5.5 with & = m =1 and get that

_ d _ —
|Tn| 1/2m2 AlTn| 1/2:

1/d
me14 F T,

[ ]
1 1/p e 1/p
|Tn|—1/2+(1—6)/(2p)md( E : £d5—5a2’rnp 1 6)/r) < |Tn|_1/2( E : Edp—la(r p 2)/r)
(=1

{,n
{=m+1

= |T,|""*log| T,|,

m14+ 1ol Y [T, .
- -1, r—p-1)/r\"/P —1/2+1/(2p) dp—1 ., (r—p—=2)/r )"/
T, Ve (N gl < Pl
{=m+1 ’ (=1 ,
= |T, |2/ log| T, .
Thus, we get
LT, 4]
W, (L(W,), N (0,1)) = O(IT,|2) + O(|T,| 7241120 3" 1) = O(|T, | /212 log| T, |).
(=1
Ifd(p +1)/2 < u < dp, the results also follows from Theorem 5.5 as
| T, |72 m* < |T, |72,
1 2 " T, Up
|Tn|—1/2+(1—5)/(2p)md( Z €d5—5a2rn—p—1—6)/r) < |Tn|_1/2( Z edp—u—l)
{=m+1 (=1
= |T,| 4,
1+ 0 g
|Tn|—1/2+1/(2p)( Z edp—lagrn—P—l)/r) P < |Tn|—%+%+d§;u
{=m+1 ’
e
Thus, Corollary 5.7 is proven. [ ]

F Proofs of Lemmas E.1 and E.2

In this section, whenever it is not ambiguous we will drop the n notation and write a,, o, W, X;
and T for respectively a; ,, 0, W,, Xg") and T,.
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F.1 Example & Roadmap

Similar to the role Proposition B.1 plays in deriving Lemma A.7, the key step in proving LemmaE. 1
is to obtain the following expansion of E[W f (W)] for f € C*“(R):

£ ]+1( )
E[Wf(W)]=> 2=

j=1

E[J’f (W)] + Remainders, (F.1)

where x;,,(W) is the (j + 1)-th cumulant of W.

To gain intuition, we first consider the simpler case of a stationary random sequence (X;)"_; with
k=w=d=1. WeletW := o' > X; where 0 := Var(3./_, X;) and require that E[X;] =0
and E[|X;|"] < oo for a given r > 3. For simplicity, we further assume f € C?(R) N C!(R),
i.e., f” is continuous and bounded (see Definition A.1). We will see that (F.1) reduces to an upper
bound on the absolute value of E[ f/(W)—W f(W)].

Fixing a positive integer m € N. For any positive integers i, j, we denote

i—j—1 n i—j—1

(e 3x) — (X x 2 x)

{=i+j+1 =1 {=i+j

where X, :=0if £ <Oor{>n+1. Note that W', =W, ; =X;,;and W, ;_, =W =X, ;if j > 2.

Now we have
[Wf(W)—f’(W)]
:—Z]E (FW) = fFW) = F W —=W,,)) ]

= ZEXf( W1+ = ZEX(W W, )f (W)] —ELF/(W))]
—.E1+E2+E3— [f'(W)]. (F2)

Intuitively, for each i, we split W into two parts, W; , and W —W, .. The latter has limited number
of X;’s and converges to O when n is relatively large compared to m. Although the first part, W;

,m»

has a lot of X;’s in the sum, it is less dependent on X;. As a result, the expectation terms can be
controlled using the strong mixing conditions of the random sequence.

To study E; in (F.2), we apply the Taylor expansion and Young’s inequality and obtain that

|E1|—‘ ZE FOW) = F (W) — F/ (W)W — W,,.))]

s“g;“;wxi(w W= S el (3 )
IFl < S5 S

== ST ST BIxx] (F3)

i=1 j=i—m{=i—m
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”f/,” i+m i+m

SZGSZZ > < (B P1+ B, 1+ EL1X, 1)

ll]lmﬂlm

L2m+ 1)2||f”

|| _
ZE[|X| 15 1f” lm?n 2, (F4)
Next we consider E,, and observe that

Ez:ézﬁ[xif( =1 ZZ]E (W) = VD + (F (W) = F (W)
i=1

i=1 j=m+1
(E5)
1 n n—1
=5 20 2 B O O O, 00 = W) = O =W, )
1 n n—1 / / )
+ ;%}J;lE[Xi(Xi_jf (W) +Xii f (W)
1 n n—1 / * *
:g;];F[ (W) = F (W) = /(W o (W oy = W) — £/ (WE (W = W) ]
n n—1
+ %Z 'ZIE[Xi(Xi—j(f/(VVi,j)_]E[f/(VVi,j)]) +Xl~+j(f’(l/vsj)_]E[f/(mfiikj)]))]
1=1 j=m+
1 n n—1 / / *
5 25 25 (B JELF(,)+ BLXX D L7 O0))
1 n n—1 / * *
=5 2 2 L Oh) O ) W)Wy = W)= OV = W)
n n—1
+ %Z 'ZIE[Xi(Xi—]’(f/(VVi,j)_]E[f/(vvi,j)]) +Xi+j(f/(mfj)—]E[f’(ij)]))]
1= ]=m+
+%Zl Zl ELX X )(ELF /W, )]~ ELF (WD) + ELX X, J(ELF (W;)] ~ ELF'(W)1)
i=1 j=m+
=3 S B0 G + X ELF (W)
i=1 j=m+1
=:E,+E,+E,+E,. (E6)

Intuitively, E, to Eg can be controlled with the strong mixing conditions of (X;)?_,. For example
in Eg, the strong mixing coefficient between the o-algebra generated by X; and the o-algebra
generated by X;_; or X;,; is no greater than a;. We will illustrate how this helps get an upper
bound later.
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As for E5 in (F.2), we have

:éZE[Xi(W )F(W)] = Z Z E[X.X,f'(W)]
i=1 i=1 j=i—m
=—Z Z [x.X,(F'(W)—ELF'(W)]) +—Z Z E[X.X;] ELf'(W)]
i=1 j=i—m i=1 j=i—m
=—Z Z E[X.X(f' (W)= f'(W,;,) Z Z ELX.X,)(ELF' (W, ;)1 —ELF (W)
i=1 j=i—m i=1 j=i—m
—ZZ (XX (BLF (W, ) 1= (Wi ) +—ZZ E[X.X;] ELf'(W)]
i=1 j=i—m i=1 j=i—m
=:Eg+Ey+E +E, (E7)
where we set et
Weymi= IR > x)
{=iVj+m+1
Next we observe that
Ey+Ey == Y Z [X, (X, + X )] ELf* (W)J+—Z Z [X.X;] ELf'(W)]
i=1 j=m+1 i=1 j=i—m

[(ZX) | ELF/(W)] = ELF (W),

Thus, E, + E;; cancels out with —E[f'(W)] in (F.6).

The terms Eg and E, can be bounded by the Taylor expansion and Young’s inequality in a way
similar to (F.3). Ej, can be controlled with the strong mixing conditions of (X;)"_; by utilizing the
covariance inequality as stated below.

Lemma F.1 (Theorem 3 in Chapter 1.2 of Doukhan [1994]). Suppose X,Y are two random vari-
ables. X is measurable with respect to the o-algebra A and Y is measurable with respect to the

o-algebra B. Denoting ||X||, = (E[lep])l/p, we have

|Cov(X,Y)| < 8a (A, BIXINIY I, (F.8)

forany p,q,r =1 suchthat1/p+1/q+1/r=1.

To illustrate on how to use the strong mixing conditions, we consider a special case, where f €
C*(R)NC>Y(R) N CY(R), i.e, both f” and f” are continuous and bounded. Under this condition,
the second term in (F.2) can be controlled more easily. By Lemma F.1, we have

ELIXX;11 < 8af P IX 1, 10, = 8y~ " 1,12,
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Thus,
1 n 1 n n—1
— D> IEXFW0 <=0 D E[X(FW, ) — F(W50))]
o3 O3 iS5
1 n n—1
<— |E[X,(f (W, ) — F (W, ;1)) ]|
03 iZmn
Il - <
== E[|Xi|(|Xi—j|+|Xi+j|):|
o i=1 j=m+1
2070
== 2. Elxx]
i,j:li—jl>m+1
21£7M (r—2)/r 2
S Z 8ay ;X I
i,j:li—jl=m+1
n—1
SIFI D, el (F.9)
{=m+1
Hence, this term vanishes at n = m = oo if Zzl agr—z)/ " converges. For this special case, we

need n > m* — oo so that both (F.3) and (F.9) will approach 0.

We omit the technical details on the rest of the derivation because the aim here is only to help build
intuition. Please refer to Sunklodas [2007]; Bentkus & Sunklodas [2007] for more information on
this case.

More generally, consider a mean-zero random field (X;),.; indexed by a finite set T € Z9 (d > 1).
To be able to bound E[f'(W) — W f(W)], it is important to carefully keep track of which indexes
in T are at a distance of less than m of each other as the corresponding random variables X;’s
are non-negligibly dependent. Similarly, we will also want to keep track of which indexes are at
distance of more than m from each other. Indeed if all the indexes in U; € T and U, & T are at
distance of more than m from each other, then the dependence between (X; ); ¢y, and (X; ), ey, 18
negligible and we can control the correlation between those thanks to the mixing coefficients.

For k > 1, we would like to get an expansion (F.1) of E[W f(W)] with controllable remainders
instead of directly bounding E[W f(W) — f/(W)]. Following an idea similar to Appendix B,
we can achieve this by encoding the structure of all possible sums appearing in the process and
reformulate the expansion using a better representation called the “genogram”. As we have seen
in the example of the simple case k = 1, we expect to obtain an expansion, where each summand
of the remainders (e.g. E,, E,, Es, E¢, Eg, Eo, E;) is an expectation or the product of expectations.
We will use two different tools to control them, namely the Taylor expansion and the fact that
covariances can be controlled by the mixing coefficients (see Lemma F.1).

For k = 1, we have shown that

E[Wf(W)— f'(W)] = E, +E, + E; —E[f'(W)]
=E, + (E, + Es + E + E;) + (Eg + Eg + E;o + Ey) — E[f'(W)]
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=E, +E,+Es+Eg+Eg+ Eo + Ey. (F.10)

Note that we use the word “summand” here to refer to the variable that is being summed. For
example, E, is defined as

n n—1

éz Z E[X;(X;—; + X, ) )] ELf'(W)].

i=1 j=m+1

Then the summand in E, refers to

1
—EX (X + X DT ELf (W),
o2
and it factorizes into two expectations

]E[Xi(Xi—j +Xi+j)] and E[f'(W)]

with a scaling constant o2,

Re-examining the procedure, we see that what we actually have done is approximating E[W f (W)]
by E, + E;; with error terms E,, E,, Es, E¢, Eg, Eg, E;,. Then the “local” errors, E,, Eg, E,, are
bounded directly by remainder estimation from the Taylor expansion, while to study the other
terms we need to apply Lemma F.1. As we try to generalize this, we need to be careful that to
apply Lemma F.1, the error terms need to have a factor that appears as a covariance rather than
any arbitrary expectation. The idea to enforce this requirement is that for any random variables
X,Y, we keep track of Cov(X,Y) a priori instead of writing out E[XY ] and E[X ] E[Y ] separately.
To generalize, we will introduce a multilinear operator D*. In particular, for any random variables
X,Y,Z, we let

D*(X):=E[X], D*(X,Y):=Cov(X,Y),
D*(X,Y,Z):=E[XYZ]—E[XY]E[Z]—E[X]E[YZ]+E[X]E[Y]E[Z].

In the previous example, we can rewrite the expansion as

E[Wf(W)]=(E; +E;) + E,

(E11)

Here
BBy == Y DX, fW)=F W), Ey== > D'(X,, F(W,,)
i=1 i=1

Noting that

1
FW) = F (W) — F (W)W = W,,) = (W —W,.,) J (FOw +@=»w,,)—f/(wW))dv
0

i+m 1
-2 5 (ow e =ron)es
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we get

ZE (FOV) = F (W) — F (WW —W,,))]

Zn: Zm: [ J (r (vW+(1—v)Wi7m)—f’(W))dv]
i=1 j=i—m
n i+m 1
:_Z > D*( J (f’(vW+(1—v)Wi,m)—f’(W))dv). (E.12)
i=1 j=i—m 0
We can further check that
Ell __zn: if D* XUX]’f (W))
i=1 j=i—m
Ey :_Zn: in: D*(XUX)D*(f (W)),
i=1 j=i—m
n 1
L5 D(x, X J (F(Wiga + A=W = £, -)) )
i=1 j=m+1 0
n 1
2303 o [ (O a-m)-ron))
i= 1] m+1 0
=—Z Z (D (%, Xy £/ Wiy ) + D (X, Xy £/ WD),
i=1 j=m+1
n n—1
By=—s > > (DX X)) D (/W) = £O0)
i=1 j=m+1

+D*(X;, XH].) D*(f’(W.*.) —f’(W)))

:_Zn: Z DX, Xi_j +Xii)) D(f'(W)).

i=1 j=m+1

Thus, each summand in E; + E5, E,, E{, E; — E{1,E{1,E,, -+ , E; is either a D* term or the product
of two D* terms with some scaling constant.

Next we aim to encode the structure of these sums in a more efficient way. In general, we need to
take into account the following issues:

* How each summand in the expansion factorizes into D* terms;
e How each D* term is constructed;

* Which values the running indexes in the summand are allowed to take.

72



E2 Genograms F PROOFS OF LEMMAS E.1 ANDE.2

To address all these issues, we introduce an abstract structure called a “genogram”, consisting of
a rooted tree and integers bigger or equal to —1 (called “identifiers”), each attached to a vertex
of the rooted tree and satisfying certain requirements. Then we represent each sum (e.g. E; +
E;,E,,E|,E;—E,E 1, E,, -+, E;) with the help of genograms such that

* Each vertex of the rooted tree corresponds to a running index of summation (i.e., i}, iy, *);
* Each branch (or each leaf) of the rooted tree corresponds to a D* factor of the summand;
* The signs of identifiers control how each D* term is contructed;

* The values of identifiers help determine the sets of values that running indexes take by encod-
ing their distance structure, which reflects the dependency between corresponding random
variables.

Interestingly, the process of expanding E[W f (W)] precisely corresponds to growing a class of
genograms. Instead of deriving the expansion solely for E[W f (W )], we get a similar expansion for
any genogram G and quantities 7;(G) (formally defined in (F.23)). In the expansion of 7;(G), the
cumulants in (F.1) are replaced by other constants that depend on both G and the joint distribution
of (X;),cr but not on f.

As we will see later, E[W f (W)] corresponds to 7;(G) with G being the order-1 genogram, which
consists of only the root vertex. For this special case, directly calculation with f set to be polyno-
mials helps recover the constants as the cumulants of W, and thus, (F.1) is obtained for general f
by uniqueness of the constants. Finally, we carefully collect and control the remainders with the
mixing coefficients.

The rest of the section is constructed as follows: In Appendix F.2, we formally define a genogram
and related concepts. In Appendix F.3, we define three types of sums corresponding to a genogram,
which will be used later in the expansion. In Appendix F.4, we show how to achieve the expansion
by growing a class of genograms. In Appendix F.5, we control the remainders using the mixing
coefficients. Finally, in Appendix F.6, we provide the proofs of Lemmas E.1 and E.2.

F.2 Genograms

A rooted tree is a tree in which one vertex has been designated the root. In a rooted tree, the
parent of a vertex v is the vertex connected to v on the path from the root to v; every vertex has a
unique parent except the root, which has no parent. A child of a vertex v is a vertex of which v is
the parent. An ancestor of a vertex v is any vertex other than v which is on the path from the root
to v. A sibling to a vertex v is any other vertex on the tree which has the same parent as v. A leaf
is a vertex with no children. See Bender & Williamson [2010] for a detailed exposition.

An order-k genogram is defined as the tuple G := (V, E, {sv}vev), where (V, E) is a rooted tree
with a vertex set V (|G| := |V| = k) and an edge set E, and s, is an integer called the identifier
associated to each v € V that satisfies the requirements below:
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* 5, =0 for the root v. s, > —1 for any other vertex v;
* 5, = 0if v is a child of the root;

 If v has more than one child, identifiers of v’s children must be non-negative and mutually
different.

Beware that the identifiers are part of the genograms by definition. We say that a vertex v is
negative if and only if s, = —1, nil if and only if s, = 0, positive if and only if s, > 1. The
requirements above implies that the identifier of each child of v is different, and therefore, v’s
children can be uniquely identified by their identifiers. The last requirement also suggests that if v
has more than one child, there is no negative and at most one nil among them. In other words, a
negative vertex has no sibling, a nil vertex only has positive siblings, and any vertex must have an
identifier different from all its siblings.

Furthermore, denote the set of all possible order-k genograms by G(k). Figure 1 depicts two
examples of genograms G, G, € G(7), where each circle represents a vertex, the one representing
the root is filled with gray, and the identifiers are marked inside the circles.

(@) Gy. (b) Goy.

Figure 1: Examples of order-7 genograms.

We remark that the notion of genograms resembles the ordered trees in combinatorics. An ordered
(rooted) tree (V, E, <) is a rooted tree (V, E) where the children of every vertex are ordered (the
order denoted by <) [Stanley 2011]. Note that < is a strict partial order on the vertex set V. By
definition every genogram induces a unique ordered tree if we set v; < v, & s, >, whenever
vy, Vv, € V are siblings. However, an ordered tree corresponds to infinitely many genograms since
the largest identifier is allowed to take any sufficiently large value in NU {—1}.

Compatible labeling, parent, progenitor, and ancestor

Next we consider a labeling of the vertices of a genogram (or the induced ordered tree of a
genogram). We say a labeling V = {v[l], e ,v[k]} is compatible with G (or (V, E, <)) if and
only if

(a) It follows from a depth-first traversal: v[1] is the root, and for any 1 < j < k — 1, the vertex
v[j+ 1] is chosen to be a children of the vertex with the largest label £ < j that has children.
In particular, v[j + 1] is v[j]’s child as long as v[j] has a child;

(b) It respects the partial order < induced by G: If v[j] and v[h] 2 < j,h < k, j # h) are
siblings, then we have s; > s, < j < h (or equivalently, v[j] < v[h] < j < h). In other
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words, if a vertex has more than one child, a child with a larger identifier has a smaller label.
In particular, if s; = 0, then v[j] has the largest label ;.

Figure 2 shows the compatible labelings of G; and G,, where the labels are marked outside the
circles that represent the vertices.

(a) G]_' (b) Gz.

Figure 2: Examples of order-7 genograms with the compatible labeling.

We remark that there is a unique compatible labeling given any genogram G (or any ordered tree
(V,E,<)).

Now we introduce more notations in order to express the compatible requirements for identifiers
and the labeling in a more concise manner. Let G = (V,E,s;,) be an order k—genogram with
vertices labelled as V = {v[l], e v[k]}and where s; is the identifier of v[j] for 1 < j < k. We
denote the label of v[j]’s parent by p(j,G) for 2 < j < k+1, and the label set of v[j]’s ancestors
by A(j, G) (we set A(1, G) = 0)). Moreover, we write

g(,G):=sup{l:L=1orl €A(j,G) &s, > 1}, (F.13)

and call v[g(j, G)] the progenitor of v[j]. In particular, we have that g(1,G) = 1. Intuitively,
v[g(j, G)] is the positive vertex closest to v[j] in its ancestry if such vertex exists, in which case
there is a path from v[g(j,G)] to v[p(j, G)], the parent of v[j], such that v[g(j, G)] is the only
positive vertex along the path. Otherwise, v[g(j, G)] is set to be the root. Note that v[g(j,G)] #
v[j] for 2 < j < k. Take the genograms G, and G, in Figure 2 as examples, g(j, G;) = 1 for all
1<j<7whilein G,, g(1,G,) = g(2,G,) = g(3,G,) = g(4,G,) = 1, g(5,G,) = g(6,G,) = 4,
and g(7, G,) = 6. We further denote

u(j,G) :=sup{f € {j} UA(j,G) : s, = 0}. (F.14)

In other words, v[u(j, G)] is the closest non-negative vertex in v[j]’s ancestry if v[j] is negative,
otherwise u(j,G) = j. In particular, s; = —1 & u(j,G) < j, s; =2 0 < u(j, G) = j. For example,
in the genogram G; shown in Figure 2a, u(5,G;) = 4 and u(j,G,) = j for j # 5. For ease of
notation, when there is no ambiguity, we will abuse notations and write p(j),A(j), g(j), u(j) to
mean p(j, G),A(j, G),&(j, G),u(j, G).

We remark that the labeling has to respect the following properties

Proposition F.2. Let k be a positive integer, (V,E) be a rooted tree with the vertex set V. =
{v[l], “e ,v[k]} and edge set E, and s,,--- ,s;, be k integers. (V, E, {Sl:k}) is a genogram with
the compatible labeling if and only if all the following statements are true:
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(a) p(j+1)=max{p(l): L =j+1,p(l)<j}for1<j<k—1;

(b) s,=0.5;>—1for2<j<k

(c) Ifs;=—1(2<j <k), then (i) p(j) # 1, (ii) p(j) =p(h) & j=hfor2<h < k;
(d) If p(j)=p(h) (2<j,h < k), thens; >s, & j<h,s;=s, < j=h

Induced sub-genograms

Lastly, given G = (V, E,s;;) and 1 < j < k, we call an order-j genogram G[j] := (V’,E’,s, ;) the
induced sub-genogram of G the genograms by setting V' := {v[l], e v[j]} and E’ C E be the
set of all edges between the vertices V' in G. We further denote H € G or G 2 H if and only if a
genogram H is a sub-genogram of G. If j < k, we say G[j] is a proper sub-genogram of G and
write G[j] S G or G 2 G[j].

F.3 Constructing sums from genograms

Consider a d-dimensional random field (X;),c; with the index set T satisfying T € Z¢ and |T| <

00. We write
o?:= Var(ZXi) W= 0_12Xi.
ieT ieT

For any index subset J C T, we denote

W) =0 D X,

ieT\J
In this subsection, we build sums S(G), 7;(G),U;(G) from a genogram G and a given function
f € C*"Y(R) in four steps:
* Use the genogram G to define the sets of values taken by running indexes;
* Introduce the generalized covariance operator D*;

* Construct an operator &, from G, which leads to the summand;

Define S(G), T;(G),U;(G).

Note that these sums will be used in the next subsection to track the expansion of the quantity
E[Wf(W)].

Firstly, as we have pointed in the roadmap, we will construct from an order-k genogram G sums
with k running indexes, where the v[j] corresponds to the j-th running index, denoted by i;. Since
i; will appear in the subscript of X, the value of i; needs to be chosen from T'. It is important to
note that the vertices v[1],---,v[k] as well as the genogram do not represent specific values of
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i1, -+ ,l. The genogram reflects the dependency structure of random variables appearing in the
sum by encoding the distance structure between the running indexes.

Setting B := T and D, := @, i; will be summed over B;\D; = T. Next given the choice of the
first j — 1 running indexes (j = 2), we aim to define two index sets, B; and D;, using the chosen
values iy, ,i;_; and the order-j sub-genogram G[j]. In the last step, we will take the sums
over iy € B\Dy, T\By or T\Dy, and then i;_; € By_;\Dy_y,***,1; € B;\D; in turn. We call B;
the outer constraint (set) of the running index i;, and D;, the inner constraint (set) of i;. For
ease of notation, on most occasions we do not explicitly write out the dependencies on G[j] and
iy, ,1j_1 when referring to the constraint sets B; and D;. However, if we are considering multiple
genograms, we will use B;(G) and D;(G) to specify the constraint sets of i; with respect to G to
avoid ambiguity.

We will formally define B; and D; for 2 < j < k later by induction. Bur first we consider the case
j = 2 to build intuition. When the first running index is set to be some specific element i; € T, we
define B,, D, C T using i; and s,, and i, will be summed over B,\D,. If s, = 0, i, will be summed
over all the indexes of distance no greater than m from i,, in which case B, and D, are defined by

By:={ieT:|li—i||<m}, D,:=0,
where ||-|| is the maximum norm on Z¢. Note that m is a positive integer that we have fixed earlier.

running index has only one possible choice in the summation. Different values of 1 <s, < |{i €

Otherwise, s, > 1, we let i, take the sum over a singleton B,\D,. In other words, the second

T:|li—i]| = m+1}| =: s* will correspond to different singletons of elementsin{i € T : |[i—i,|| >
m + 1}. Let < be a strict total order on Z<. With the first level comparing the value of ||i — i, ||
and the second level using the strict order <, we perform a two-level sorting of all elements i from
{ieT:|li—1i|| = m+ 1} and obtain an ascending sequence, z,,- - ,%... Now i, is chosen to be
Z, , and

S92

By:={ieT: il <m}ufz;: 1<j<s,}, Dy:={ieT:[i—i||<mlufz;:1<j<s,—1}.

The motivation of using singletons arises from deriving (F.5), where we have decomposed the
quantity E[X; f (W, ,,)] into a telescoping sum:

n—1

ELX.f(W,)1= D E[X((F W, o) = FOWE ) + (FW) — £ (W, )))) ]

j=m+1

In order to accurately approximate the differences f(W; ;_;)— f (Wif].) and f (Wif].) — f(W, ;) by the
Taylor expansions, the differences between the inputs of f need to be small enough. The best we
can do is to put exactly one random variable in each of such differences.

In general, we introduce some new notations in order to define B; and D; (2 < j < k) more
conveniently. Denote the m-neighborhood of J C T as

NJ):={ieT:d(i,J) <m}, where d(i,J) := miJn||i —jll. (F.15)
je

We will treat each element of T\N(J) sequentially starting from the closest elements to J. To
make this precise, for any positive integer j, we write AY(J) := {i € T : d(i,J) = j} to be the set
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of indexes in T that are at distance of j from J. Notably we remark that T\N(J) = lJTzlm +1A(j ().
We write rk(i,J) = ;:m+1|A(“(J)| +rifd(i,J) = j+1 (j > m) and i is the r-th smallest element

of AUtD(J) with respect to the order <. Therefore, rk(-,J) is a bijection between T\N(J) and
{£e€Z:1<{<|T\NUJ)|}. The smaller rk(i,J) is, the closer i is from J. The value of rk(-,J)
does not have an intrinsic mathematical significance but will allow us to determine the order in
which we will treat the indexes in T\N(J). Now denote

NOWU):={ieT:ieNU)or rk(i,J) <s}. (F.16)

We note in particular that NO(J) = N(J), and N¢9(J) = {i € T : d(i,J) < L} fors; :=
L
DsolAPW)I.

For any 2 < j < k, fixing the genogram G and a sequence i; € B;\D;,---,i;_; € B;_;\D;_;, we
define

NGI(i, : ¢ € A(j))UD,,; ifs; >0

B, ;:{ (i:6€AD)UDyy  ifs;20 (F17)
NG=D(i, .0 €A())UD, .y ifs.>1

Dj = (lf (])) g() l SJ . (F18)
Dg(j) 1fsj <0

Here (by abuse of notation) A(j) is the label set of v[j]’s ancestors, and u(j) and g(j) are defined in
(F.14) and (F.13). Note that B; and D; depend on G[j] through s;,A(j),u(j), and g(j). Moreover,
by definition, we have that D; € B; for any 1 < j < k. We remark that when the identifier s; = 0
is nill then B;\D; € N(i, : £ € A(j)), and when s; > 1 then B;\D; is either empty or a singleton
with element the unique i such that rk(i, {i,eT:teA j)}) = s;. Finally, if s; = —1, then
Bj\D; = By()\Dy(j)-

For instance, we consider the genograms G; and G, shown in Figure 2. The constraint sets of the
running indexes are presented in Table 1.

Table 1: The constraint sets with respect to G; and G,.

jl1 2 3 4
G BG)|T N2, NGy N(iy)
' DGy | 0 NO(i,) N(i) 6
Bi(Gy) | T N(i;) NO®(iy, iy) NO®(iy, iy)
% b6, |0 ) NG, i) NO(, i)
\2 1> b2 1> L2
il 5 6 7
c. Bi(G) N(iy) Ny, iy, i5) N(iy, iy, i5)
! Dj(Gl) ) N(D(i1>i4,i5) 0
G B;(Gy) | N®(iy, iy, i) UNP(iy,iy) NO(iy, iy, 1) UND(iy, i) NO(iy, iy, i) UNP(iy, 1,)
> Di(G,) | NW(iy, g, i) UNP(iy,15) Ny, i, ) UNP(iy,15)  N(iy, b, 1) UNP(iy, i)

Secondly, as described in the roadmap, we define the generalized covariance operator D* on a
finite sequence of random variables (Y;);>;. To do so, we also need to inductively define another
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operator D that takes in a finite sequence of random variables and outputs a new random variable.
For any random variable Y, define

DY) :=E[Y], D(Y):=Y—D*(Y)=Y —E[Y].

Suppose D is already defined for a random sequence of length t —1. Then for any random variables
Yy, , Y, let

D(Y, Yy, ,Y,) :=D(V\D(Yy, -+, V) = V,D(Yy, -+, Y,) —E[V, D(Ya, -, V)],
DYy, Yy, -, Y,) =D (Vi D(Ys, -+, 1)) =E[V;D(Ys, -+, Y,) |-

In particular, for any two random variables Y; and Y,, D*(Y;,Y,) = Cov(Y;, Y;) gives the covariance
between Y; and Y,. Here we remark that D(Y3,---,Y,) and D*(Y;,---,Y;) are well-defined for a
tuple of t random variables (Y;){_, supposing that for any i, j € N, such that i < j < t we have
E[lYiYiH e Y]|:| < o0o. It is straightforward to see from the definition that both operators are
multilinear. We will show more properties of them in Appendix H.

Thirdly, we construct from any genogram a new operator £ that maps from |G| random variables
to a real number. Note that this £; operator will provide us with the summands in S(G), 7;(G),
and U;(G). If |G| = 1, for any random variable Y, define £;(Y) := D*(Y) = E[Y ]. Suppose &; is
already defined for |G| < k — 1. Consider the case where |G| = k. Let

Go:=sup{j:j=1lorp(j)#j—1for2<j<k}, (E.19)

In other words, either v[q, — 1] is the leaf with the largest label smaller than k, or alternatively
v[k] is the only leaf and g, = 1. Intuitively, v[q,] is the starting vertex of the last branch of G.
Next we set w := |{t Qo+ 1<t<k&s > O}| to be the number of all indices g, +1 <t <k
such that the identifier s, > 0. If w = 0, define

D (Y, Yy--- V) ifgy=1
o1 (Vs Ygy 1) - D (Y Vg1 - Vi) ifqp>2"

> 2qo—1 Qo1 qot+1l’

(F.20)

where G[q,— 1] € G is the unique order-(q, — 1) sub-genogram of G as defined in Appendix F.2.

Otherwise, we write {t : qo+1 <t <k &s, >0} ={qq, -+ ,q,}. Without loss of generality, we
suppose that g, +1 < g, <--- < q,, < k is increasing. We define

D*(Yl"'qu—l SV Y g, qu"'Yk) ifg,=1
€, Yi) = 3 Eapgon)(Ya o, V) tasa  (E2D
% 0=
D(Yqo'”qu—lﬁqu'”Yqz—l’”'3qu”' k)

By definition, we can see that £5(Y7,:--,Y;) is either a D* term or the product of multiple D*
terms, each of which corresponds to a branch of the rooted tree (V, E).

Taking the genograms G, and G, shown in Figure 2 as examples, £; and &, are provided by

EGI(Yla Tt Y7) =D*(Y,,Y,) D*(Ys) D*(Y4Y5 , Y6) D*(Y7),
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ng(Yla B Y7) =D(Y1,Y,,Y3) D*(sz Ys) D*(Y6Y7)-

Finally, we define S(G), 7;(G),U;(G) with respect to any genogram G = (V, E, sy, ) € G(k) and
function f € C*"1(R).

S@ =07 D> D> 0 D> (X Xy L Xy, (F.22)

i,€B; \Dl iZEBZ\DZ ikEBk\Dk

TG =07 > > > g(Xi, e Xy, X, 0 (W(DY)), (F.23)

ileBl\Dl izeBz\Dz ikeBk\Dk

U(@)i=0~CD S N YT (XX A(G)), (F.24)

HEB\D eB\Dy ik 1 €Be 1 \Dy s
where

o 2f (W(B)— 3% 2f (W(Dy)) if u(k) =k

A (G) = fl(k —u(R)WVIO( 352 (vW (D) + (1 —VIW(BY))

o ifu(k)<k—1"
— 3" 2f(W(Dy))) dv

is called the adjusted f-difference. Note that A;(G) depends on G and iy,---,i;_; through
By, D, and u(k), where k = |G|. For ease of notation, we do not write out the other dependen-
cies iy, ,1;_q-

Intuitively, S(G) is analogous to the S-sums defined for the local dependence case while 7;(G) is
analogous to the 7-sums. And U;(G) is defined in a similar spirit to the R-sums as they are both
used to handle the remainders. A, is obtained from the integral-form remainders of the Taylor
expansions (see (F.12) and Lemma F.5). Eventually, we would like to expand 7;(G) using S(H)
and U;(H) for some H 2 G as shown in Theorem F.6.

Now we revisit the case k = d = 1 discussed in Appendix F.2. We rewrite the quantities that
appear in (F.11), i.e. E[Wf(W)],E; + E5,E,, E1,E5 — Eq1, Eq1, E,, - -+ , E; using the notations we
have developed so far. For example,

E[Wf(W)]= D EXf(W)]= > DX, fW(D))=T;(®), (F.25)
i=1

i1€B;\D;

and E, is written as

n

By=— > (X, fW,,)
i=1

n n—1
:%Z Z (D*(Xi:f(VVi,j_J—f(ij)) +D*(Xiaf(ij)—f(VVi,j)))
i=1 j=m+1
n—1 n—1
== 2. u ()= 2 u (o)
j=m+1 j=m+1
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2(n—m—1)
=— > U (@9).
j=1
Furthermore, we can express all the other quantities in a similar way, and (F.11) will transform into
the following equation (details omitted):
2(n—m—1)
(@)= (@©)= >, (@)

Jj=1

2(n—m—1)
= (@)= > U (@—0—0)+5(@—©) E[f'(W)]
2(n—m—1) " 2(n—m—1) 2(n—m—1) 2(n—m—1) j—1
+ > U (@)= > D Y (0—0)+ >’ Zuf(0<:)
=1 j=1 (=0 j=1

2(n—m—1)

+ > S(@9) E[f'W)].

Jj=1

F.4 Expansions

Firstly, we consider how to grow a genogram by following the compatible labeling order of the
vertices. Initially, there is only the root and |G| = 1. We would like |G| to increase from 1 to k
after repeatedly choosing a “growing” vertex and adding a child to that vertex. In order to obtain a
genogram with the compatible labeling at each step, we observe that the growing vertex needs to
be v[|G|] or an ancestor of v[|G|], which is formally stated in Lemma F.3. Moreover, a negative
vertex can only be added to v[|G|] because negative vertices do not have siblings as required in the
definition of genograms (see Proposition F.2c).

Lemma F.3. Let (V,E) be a rooted tree with V := {v[1],---,v[k]}, whose vertex labels satisfy
Proposition F.2a. Then forany 1 < j < k—1 eitherp(j+1)=jorp(j+1) € A(j) and j is a leaf.

The proof of Lemma E.3 is in Appendix G.
In general, a genogram can be constructed by repeating the following two operations (not neces-

sarily consecutively):

(@) G~ Q[],s5+11(G): Fix the growing vertex v[j] to be v[|G|] or an ancestor of v[|G|] that
satisfies min, ¢g|.,()=;j{s:} = 1. Add a non-negative child v[|G|+1] to v[j] and choose 55,1
to Satisfy 0< SiGl+1 < mintS|G|:p(t):j {St};

(b) G~ A[h](G): Add a path of h negative vertices to v[|G|]. In other words, v[|G|+t]is added
as the single child of v[|G|+t —1]for t =1,--- ,h, and we set 5,Gj47 =+ = S|gj4p, = — 1.

Take G, shown in Figure 2b as an example. A negative vertex can only be added as a child of v[7]
while a non-negative vertex can be added as a child of v[4] with the identifier 0, 1 or 2, a child of
v[6] with identifier 0, or a child of v[7] with any non-negative identifier.
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Figure 3: Adding a new vertex to G,.

From the derivation of (F.5), we note that the expansion of 7;(G) is typically achieved by con-
structing a telescoping sum followed by the Taylor expansions. We will see later that the first
operation of growing genograms corresponds to the telescoping sum argument, and the second one
corresponds to the Taylor expansion, which will be formalized in Lemmas F.4 and F.5.

Lemma F.4. Given an integer { and an order-{ genogram G, let Q[j,s](G) (1 <j<{,s>0) be
the genogram obtained by growing a child from the vertex v[j], as defined in (a). Then we have

si—1
T(@)—S@E[2 7 FW)] == > 1 (t,s1@)+ D, D us(QLp().sG)), (F26)

s=>0 jEA(£):s;=1 5=0
=— > U+ Y. UH), (E27)
HeG({+1): HeG({+1):
H2G, H2G,
544120, 544120,
p(+1,H)=t p(e+1,H)<(

where p(j) is the label of the parent of v[j], s; is the identifier, and G(k) is the set of all order-k
genograms, all of which are defined in Appendix F.2.

Note that Lemma F.4 (proved in Appendix G) generalizes the idea of expanding to a telescoping
sum while deriving (E.5).

Lemma F.5. Given two integers £ > 1,k > 0, and an order-£ genogram G, let A[j](G) (0 < j <
k + 1) be the genogram obtained by gluing a path of j negative vertices to v[L], as defined in (b)
of Appendix F.2. Then we have

(€ —u(0))!
G+1+L—u@)) '’

et (€ —u(O)!

ALK (1 (k+ 1+ £—u(0))!

k
U(G) = (-1 Us (A[k+11(G)),
j=0

(F.28)
where u(j) is given by (F.14).
As we have pointed out, Lemma E.5 is a direct consequence of the Taylor expansion, and the proof
is also provided in Appendix G.

Theorem F.6. Given a genogram G and an integer k > |G|, then the equation below holds for any

f eCc(R)
T:(G) = E ap ¢ S(H) E[8"M 1 f (W) ] + E by o U (H), (F.29)
HOG: HeG(k+1):
|H|<k, HDG,
5|6l+1=0 8|gl+1=0
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where the coefficients ay  and by g are provided by

1 if H| =G|
Ay g = {(_1)YH_YG+TH—TG ljlil|G|+1 j+1_111(j,H) llel > |G| +1 5 (FSO)
L JErerne if IH| = |G| + 1
o {(_1)YH_YG+TH_TG+1 l_lljlill_GLl j+1—111(j,H) if [H| = |G| +2 ' (31

Here y; denotes the number of leaves on G and 7 is the number of negative vertices on G.

It will be useful in the future to note that for all genograms H 2 G with |H| > |G| + 1 we have

- bu
Q.6 = T HFT—u(HTH)
Proof.  For convenience, denote £ := |G|. We prove by performing induction on k (k > £).

If k = £, then we note that the set {H 2 G : |[H| < k} = {G} only contains the genogram G.
Moreover, in (F.30) we set a; ; = 1. Therefore, we obtain that

> aueSEVE[MTFW) ]+ > by el (H)

H2G: HeG(k+1):
|H|<k, HOG,
5|6l+1=0 5|Gl+1=0
=S(G) E[8"'f(6)]+ E by o Uy (H).
HeG({+1):
H2G,
504120

Next let H € G(£ + 1) be a genogram of order £ + 1 such that H 2 G and such thats,,; > 0. Note
that s,,; = 0 implies that T;; = T4. To calculate Y, — 5, we check that the parent of v[{ + 1] is
either v[£] (i.e., p({ + 1,H) = £) or an ancestor of v[£]. If its parent is v[£] then the number of
leaves in H, denoted by Y, is the same as that of G, and hence by (F.31) bH,G = —1. Otherwise,
the number of leaves increases by exactly one: yy = v + 1, which implies by ; = 1. Thus, (F.29)

reduces to
DU obucU(H)=— > UE+ > U ),
HeG(L+1): HeG(L+1): HeG(L+1):
HOG, HOG, HOG,
5¢+120 504120, 504120,
p(e+1,H)=¢ p(e+1,H)<C

Using Lemma F.4 we directly obtain that

TG =S@E[fM]- Do U+ D, U(H),

HeG({+1): HeG(L+1):
H2G, H2G,
504120, 504120,
p({+1,H)=L p({+1,H)<(

and the desired result is proven.

Now supposing the statement is true for k, we will establish that the desired result also holds for
k+1.
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By inductive hypothesis we have

TG = Y ayoSHE)E["F W) ]+ D by U (H). (F.32)
H2G: HeG(k+1):
|H|<k, H2G,
S[JrlZO S[+120

For any H € G(k + 1), by Lemma E.5 we have

1
k+2—u(k+1,H)

Up(H) =— (7;:(H) + U (A[11(HD))). (F.33)

Combining (F.33) with (F.32), we get

e
7@ = auoSHEE["FW)]- > ’ 7;(H)
asc: Heg(k+1):k+2_u(k+1’H)
|H|<k, HDG,
54120 54120
e
- > ’ u:(A[11(H))
_ f
Heg(k+1):k+2 u(k+1,H)
H2G,
5¢+120
(a) —
2> 4y SEELTT W]+ DT T+ Y bl (K). (B34
H2G: HeG(k+1): Keg(k+2):
|H|<k, H2G, K2G,
504120 504120 5¢+120,

Skr2=—1

Note that s; ., = —1 implies that T, = 7, + 1 and v, = v (since p(k +2,K) = k + 1). Moreover,

. . b
equality (a) is due to the fact that for any H € G(k + 1) we have ay ¢ = — 5Ty and that for
. _ _ b b
any K € G(k +2) with s, = —1 we have by g = (=1)/* 7" ity = — it

Next by another application of Lemma F.4, we get that

TH)-SH)E[a fW)]== > U+ >, UK. (F.35)
Keg(k+2): Keg(k+2):
K2H, K2H,
Sk+220, Sk+220,
p(k+2,K)=k+1 p(k+2,K)<k+1

Combining this with (F.34), we get

T(G)= > aycSHE[2TTfFW)]+ D ay6SH) E[3*F(W)]

H2G: HeG(k+1):
|H|<k, H2G,
s¢41=20 S¢4120
— E ay U (K) + E ay Uy (K) + E br.Us (K), (F.36)
KeG(k+2): Keg(k+2): KeG(k+2):
K2HDG, K2HDG, K2G,
5¢+120, 504120, 5¢+120,
k220, Sk+220, Skr2=—1
p(k+2,K)=k+1 p(k+2,K)<k+1

where H is the order-(k + 1) sub-genogram of K.
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Now we simplify (F.36). For K € G(k + 2) such that p(k + 2,K) = k + 1, we have )/K =71y

b
And s;,, > 0 implies that Tx = Ty. Thus, by g = (=1) T T oy = uIZkG+1 0 =

—ay . For K € G(k + 2) such that p(k + 2,K) < k+ 1, we have yx = vy + 1. Thus, by =

gt T— by ¢ by ¢ _
(=) e = et — dag- (F.36) reduces to
TG =D aycSHEE[MF W]+ DT ayoSH) E[*f (W)]

HOG: HeG(k+1):

|H|<k, H2G,

504120 54120

> b () DL bl (K)+ Y bty (K)
KeG(k+2): KeG(k+2): KegG(k+2):

K2aG, K2G, K2aG,
5¢+120, 5¢+120, 5¢+120,
Sk+220, Sk+220, Sk+2="—1
p(k+2,K)=k+1 p(k+2,K)<k+1
= > augSEE[M W]+ D bl (K). (F.37)

H2G: Keg(k+2):

|H|<k+1, K2G,

504120 5¢+120

The last equality is from the observation that

{H2G:|H <k+1,s/,, =0}
={H2G:|H|<k,s;;,; =0}U{HeG(k+1):H2G,s;., =0},
{Keg(k+2):K2aG,s;, =0}
={Keg(k+2):K2G,s;,;=0,5,,=>0,p(k+2,K)=k+1}U
{Keg(k+2):K2G,sp.1=>0,8,5,=>0,p(k+2,K)<k+1}
{Keg(k+2):K2G,sp.1 = 0,505, =—1},

where LI denotes the disjoint union of sets. Note that (F.37) is precisely (F.29) for the case k + 1.
By induction Theorem F.6 is proven. [ ]

Lemma E.7. Given a genogram G and an integer k > |G|, suppose there exist two sets of constants
that only depend on G and the joint distribution of (X;)icr, (Qigp, -+ + , Qi) and (Q|g, -+ , Q) ), which
satisfy that for any polynomial f of degree at most k —1,

k k
T,(G) = > QE[ (W)l = D QE[37F(W)].
Jj=IG] j=IGl

Then Q; = Q;.forany |G| <j<k

Proof. We prove the lemma by contradiction.

Let j be the smallest number such that Q; # Q;. Since Qi)+, Qx does not depend on f, we
choose f (x) = cx/ such that 3/ f (x) = cj! # 0. ButQ;,E[8/" f(W)] =--- = Q,E[0* ' f(W)] =
0, which implies cQ; = cQ;.. This is a contradiction. Therefore, Q; = Q; forany |G| <j<k. m

Let Py(k) := {G € G(k) : 5; < 0, forany 1 < j < k} denote the set of order-k genograms with
no positive vertex. Let G,(k) := G(k)\P,(k) denote the set of order-k genograms with at least one
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positive vertex. Let P;(k) := {G € G(k) :5; < 0,1 < j < k—1,s, = 1} be the set of order-k
genograms where v[k] is the only positive vertex. Note that from the compatible conditions of
identifiers, we know any genogram in P, (k) or P; (k) has only one branch.

Corollary F.8. Given k > 2, the equation below holds for any f € C*(R)

E[Wf(W)]

k
Z JH( ) E[0Tf(W)]+ > bylds(H) (F.38)

HeG(k+2)

=1
— J+1() k+1 k
Z E[07f(W)]+—2E[3*f (W)]+ > buld(H), (F39)
j=1 HePy(k+2)u
P1(k+2)UGo(k+1)

where K, and by, are defined as

k!'b
Kinq =K (W) + H S(H), (F.40)
frl sk Heg%;+1)k+2—u(k+ 1)
(=1)ratn if|H| =2
b, = _ , . (E41)
H {(_1)YH+TH l_ll]lilz 1 j+1iu(j) lf‘|H| > 3

Here yy is the number of leaves on H, and T is the number of negative vertices on H.

Proof. We write G, = (1,0,0) to be the genogram consisting only of the root. We remark that
as already discussed in (F.25),
Ti(Go) =E[W f(W)].

As G, is a genogram of order-1, applying Theorem F.6 we have that for any f € C*(R),

k+1
Ti(Go) =E[Wf(W)]= > QEL7F(W)+ D by ls(H), (F42)
j=1 HeG(k+2)

where Q; = S(G,) = 0 and for all j > 2 we take

a b
QU= D ageSEE- D —E (), (F43)

HEG(j):H2Go,5920 Hea(j) +1—u(j,H)

where ay g, and by g, are defined in Theorem F.6, and where to obtain (a) we used the fact that

. b .
for all genograms H of order bigger than 2, we have ay ¢ = —%. The expression above

shows that Q; only depends on the joint distribution of (X;);cy. Furthermore, we see that by
definition by g, is identical to the by defined in the corollary.

For any H € G(k + 2) and polynomial f of degree at most k, d%f is a constant. Therefore,
A¢(H) =0, which directly implies that

U =00 D1 D, D, &l X A,() =0

i1€B1\D1 i3E€B3\D;y ik +1€Br+1\Drr1
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Therefore, by combining this with (F.42) we obtain that

k+1

E[Wf(W)]= > QE[37f(W)]. (F44)

j=1

On the other hand, we note that for any random variable, the moments (u;);>o and cumulants
(k;);>0 are connected through (B.43). If we choose f(x) = x’ where j € [k], then by (B.43) we
have

j+1

SV FONI= a0 = 35,7 J )

J . k+1 K (W)
=3 (D oy = 3 g ),
h=0 h=1 :

Any polynomial f of degree at most k can be written as f(x) = Zj'(:o ajxj . By linearity of
expectations, we know

k+1 w
LW FW)) = Y S )
j=1

Compare this to (B.42) and apply Lemma F.7. We conclude that Q; = x;(W)/(j — 1)! for any
j € [k+1]. Thus, for any f € C*(R), we have shown

k+1
E[Wf(W)] =) \QE[& W)+ > bylls(H)
j=2 HegG(k+2)
k
=D QEfFW]+ D byl (H)
j=1 HeG(k+2)
. K']-b-l( ) ;
=> E[0/f(W)]+ D bulds(H).
j=1 HeG(k+2)
Since f € CK(R) € C1(R), we also have
k—1
E[Wf(W)]= . ”1( Jerorr )+ D byl (H). (F45)
j=1 ! HegG(k+1)

As Py(k + 1) € G(k + 1) we can decompose ZHeg(k-H) byU;(H) into two sums as

DU obull(H)= > by (H)+ > byl (H). (F.46)

Heg(k+1) HePy(k+1) HeGo(k+1)\Po(k+1)

For H € Py(k + 1), applying Lemma E.5 we obtain

by
2, balh(== ), kr2—ukrn) P 22 k+2— u(k+1) Uy (K)

HePy(k+1) HePy(k+1) HePy(k+1) KeG(k+2):
K2H,
5k+2:_1
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®_ by
o Z k+2—u(k+1)7}(H)+ Z bKuf(K) F47)

HePy(k+1) KePo(k+12):
Sk+2=—

) _ _ b
where in (x) we use the fact that by = (—1)"< s " x="H —— D = e

implies that yx =y and 74 =74 + 1.

since §p,o = —1

Noting that for any H € Py(k + 1), if an order-(k + 2) genogram K satisfies that K 2 H, then we
have p(k + 2,K) = k + 1 since we have thats; < 0 for any j € [k + 1]. Thus, Lemma F.4 implies
that

> (T -SEER W) == > > UK

HePy(k+1) HePo(k+1)Keg(k+2)
5k+2>0
=— > U®- > UK.
KePy(k+2): KeP;(k+2)
Sk+2=0

Combining this with (F.47) we get

b
byl (H) =— 1 S(H) E[a*f(W)]+ bl (K)
HGPO%-H) He%-ﬁ-l) k+2- u(k + 1) Ke%+2):
Sk+2=—1

by by
i Z k+2— u(k+1)uf(K)Jr Z k+2—u(k+1)uf(K)

KePy(k+2): KeP;(k+2)
Sk+2=0
(F.48)
(@) Z by k
= — SHE)E[a*fF(W)]+ D> beld(K)
HePy(k+1) k+2—u(k+1) KePy(k+2):
Skr2=—1
+ > UK+ D blU(K)
KePy(k+2): KeP;(k+2)
Sk+2=0
by
—— S(H) E[a*F(w)]+ > byl (K).
HePy(k+1) k+2—u(k+1) KePy(k+2)UP; (k+2)
(F.49)
by

Again (a) is obtained by checking that y, = vy and Tx = T, and thus, by = T
Since we have already established that Q; = x;(W)/(j — 1)!, by (F.43), the following equation

holds that W) 5
Kk+1 H
—:Qk+1:_ E : S(H)-

k! Heg(k+1)k+2—u(k+1)
Thus, we get
Kis1  Ke(W) by by
= + E S(H)=-— E S(H). (F.50)
k! k! Hego(k+1)k+2_u(k+1) Hepo(k+1)k+2—u(k+1)
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Combining (F.46), (F.49), and (F.50) with (F.45), we obtain (F.39).

Properties of the coefficients b,

We remark that from the definition of by, it is straightforward that for any H, we have the bound
|by| < 1. Moreover, if two genograms H,, H, share the same tree structure (V, E) and the set of
negative vertices (i.e., {j : s; = —1}), then by = by,.

F.5 Controlling the remainders

From now on, we consider the case when (X;);cr is a strongly mixing, stationary random field
of mean-zero random variables (see Definition 5.2), and proceed to control the terms S(H) and
U;(H) in Corollary F.8.

Throughout this subsection for a genogram H we write

{(_1)YH+TH if [H| =2
by =

+ |H|-1 1 .
(—1)ra*rH P ) if |[H| >3

where v, designates the number of leaves on H and 7, denotes the number of negative vertices on
H.

Lemma F.9. Let T C Z¢ and (X,);cr be a random field. Given k > 1, suppose that there is a real
number r > k+ 1 such that E[X,] = 0, E[|X;|"] < 0o. Assume that the non-degeneracy condition
holds that liminfy; ., 0®/|T| > 0. Then for any m € N, we have

|T|1/d

m+1+[TJ
Z |8(H)| S |T|—(k—1)/2 Z edk—lagr—k—l)/r. (FSl)
HeGo(k+1) t=m+1

(Where the constant dropped from using the notation < does not depend on m.)

Given w € (0,1], for any f € C5"2°(R) and m € N,, we have

‘T‘l/d

m+1+|—5—|
— —_ —1)— —k—
D bulh ()| S If ol T2 7 gitroirogioalr (@52
HegGy(k+1) (=m+1
D buldy(H)| S |f g | TITEF 2 2mdlere), (F53)
HePy(k+1)

Moreover, if k > 2, for any f € C*"21(R) N C*LY(R), m € N, and real number 5 € [0,1], we
have

m14+ 152 |
_ —(k— — — —k—6
ST bl 0| S AT, 12 T2t ST gDl sy
HeP;(k+1) {=m+1
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The proof of this lemma is long and technical, so we postpone it to Appendix H. Now combining
Corollary F.8 and Lemma E.9, we have the following results.

Corollary F.10. Under the same settings as Lemma E.9, for any f € C*“(R) and m € N, we have

k
( )
ELWf (W) = Z R0 W)+ Ol T4 )
_ m+1+ 1 /dj (E.55)
n Z ed(kw)—wagr—kﬂ—w)/r))
{=m+1

For any f € CK"VY(R) N CRY(R), m € N, and real number & € [0,1] we have the following

k—1

Kgea(W) k ]

]E[Wf(W)] _Z J—]E[a]f(w)]+ k+1 [akf(W)]_i_O(lf'k’l'T' k/Zmd(k+1)
=1
m1+] 10 |
IS IF 12 TR0k N gdo=d gkt (F.56)
{=m+1
1+ 157 |
1 g | T2 Z Edk—lagr—k—l)/r)’
{=m+1

where K, is some constant that only depends on the joint distribution of (X;);cr, and it satisfies

that

m 1+ L5 |

~ —(k— dk—1_ (r—k—1
Riws =KW S [TI6D2 S0 pdkragrodrn,

{=m+1
Proof. By Corollary F.8, we have the expansion

E[Wf(W)]—Z J( Jerorr )+ D byl (H).

j=1 HegG(k+2)

By Lemma F.9 with m € N we get the upper bound:

> uf(H)‘

HeG(k+2) HePy(k+2) HegGy(k+2)
m1+] 25 |
Slf|k,w|Tl—(k+w—1)/2(md(k+co)+ Z Ed(kw)—wagr—k—l—w)/r)
{=m+1
Again by Corollary F.8, we have
< K (W)
j
E[Wf(W)]—Z— [87f(W)]
j=1
K
+ RS+ D bullp(H)+ D5 byl (H),
HeGy(k+1) HePy(k+2)uPy(k+2)
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where K, satisfies that

~ k! by
Kir1 = K (W) — Z S(H).
Hetmis1) k+2—u(k+1)

Note that |by| < 1. By Lemma F.9 we get

m+1+ T— Ly
~ —(f— _ —k—
R —rea W] <kt D7 [SED|SITIED2 S0 pdiatg b,
HEGo(k+1) (=m+1
By Lemma F.9 with w =1 we have
S b @)|+| S by Zw@
HePy(k+2) HeP; (k+2) HeGo(k+1)
14 201
SIF [ TIH2mED 4 |f 20 IF 17| T 2mtc S o gdooqrmiton
{=m+1
m1+{ 15
R R I
{=m+1
Therefore, (F.56) is proven. [
Corollary F.11. Under the same settings as Lemma F.9, the (k + 1)-th cumulant of W (k = 2) is
upper-bounded by
m14+ 157 |
—(k— — r—k—1)/r
|Kk+1(W)| S |T| (k 1)/2(mdk + Z Edk 1a2 1)/ ) (F57)

{=m+1

Proof.  Applying Corollary F.10 with f(x) = x*/k! € A, where A, := {f e CELI(R) :
|fli—11 < 1}, we have

k—1 ( ) m 1+ 182
[Wf(W) :Z J+1 ]E[&”f(W)]-FO(ITI (k— 1)/2(mdk+ Z Edk 1 (r k— 1)/r))
j=1 {=m+1
On the other hand, by (B.43) we have
k k—1
1 k 1( ) Ky (W)
LW FOW] = gitea ) = D (5 s W0y = 3, L5107+ S
j=1 j=1 :
Thus, we conclude that
ULy
|Kk+1(W)| < |T|—(k—1)/2(mdk n Z edk—lagr—k—l)/r)'
{=m+1
[ ]
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F.6 Proofs of Lemmas E.1 and E.2

Proof of Lemma E.1.  Let k :=[p]. For convenience, for any j € [k — 1], we denote

LTI
B — |T|"(tw-1)/2 d(j+w)—w ,, (r=i—2)/
Ry, 1= [T[UremD2(14 37 pdlte)oqr=im2ir),
(=1

Then we have that M; = ﬁkw and that by Corollary F.11, |Kj+2(W)| N ﬁm.

Firstly, we perform induction on k to prove that

: Ksj+2(W) L st
snl-ai= 3. 0 TIeg [[leen)
renr) ST = = (F.58)

+ O(Z Rsl,lez,l e 'Rsr_l,ler,w)’

(k)
where ['(k —1) = {r,s;.,, €N, :s; + -5, = k—1}.
For p =1, by Lemma A4, f = ©h € C*'(R)NC"'(R). Both |f],; and |f],; is bounded by some
constant. By the Stein equation and (F.55), we derive that

LT

E[h(W)]~Nh =E[f'(W)]—E[W f(W)] = o(|T|—1/2(1 +> Fd*a?‘””)) = O(R,,)-

(=1

Suppose the proposition holds for 1 < p < k—1 (k > 2), consider the case of k —1 < p < k
(p =k+w—1). By Lemma A4, f = ©h € C**"*(R) and |f|;,1,, is bounded by some constant
that only depends on p. Thus, by (F.10), we have

E[R(W)]—Nh =E[f'(W)]-E[W f(W)]

L)

Z Ed(p+1)—w agr—P—Z)/r ))

(=1

k
- _Z —K”I,EW)E[aff(W)] + (’)(ITI_p/Z(l +
)

_ ]+2( ) +
Z G 1OR(W)]+ O(Ry..,)-

Noting that 9/*'@h € C*/"*(R) and |3/"'©h],_;_, , is bounded by a constant only depending
on k, the inductive hypothesis shows that

sorenml-aeten = Y [ [ty [l_[(asme) 510 1]
(r,51.0)ET(k—j—1) = (s¢+ 1)
+ (’)( Z Ry .ﬁsrblﬁshw).

(rrslzr)er(k_j)
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Here we use I'(k — j) = {T”,Sm eN,: Z;lee < k—j}.

Since |Kj+2(W)| S ﬁj,l’ we have

= ]+2( )

E[h(W)]—Nh=—>" GO E[87'Oh(W)] + O(R,.,)
=1
k—1
]+2( ) i1
2’7 eh
]Z G+ 1! GVt ]
k-1
Kipa(W) Ky, +2(W ) 1 1
+ (=1 (0%*'@)- 9’ e h
JZ: (+1)! (rslr)ezr(;w 1 !:1[ (s¢+1)! [l_[ ]
k-1
FO(Reot 2R D20 RyaRy R
j=1 (r,51:/)€T(k—J)
K, +2(W ) ~ .
= Z (_1)rl_[ z+j_ [l_[(aseH@) h] ( Z R5171...R5r1’1R5“w)
(r,51..)€N(k—1) (=1 (s (r,51..)el(k)

By induction, (F.58) is true for any non-negative integer k.

Next we prove

)

o1 Ry 1R, o SRio(L+M)K,  foranys,+--+s,=k,s;>1,1<j<r.  (F59)

In fact, by Holder’s inequality, we get

L[]
R;, S|T|‘1/2(1+ Z ed(i+1)—1a§r—p—2)/r)
(=1
|_|T|1/dJ gd |.|T|1/dJ it ie)
S|T|—J'/2(1+ Z pdk+o)—o aET—P—Z)/r)kdf(d—l)(lfw)(1 n Z ed(j+1)—1agr—p—2)/r) H@-T0-a) ’
=1 £
L[]
R, SIT[TUFOD2(14 S gdig{r2im)
=1
( Ll%ﬂ ( y jd=(d=1)(1-0) H%”:dj ( ., e
<|T| (j+w—1)/2 1+ ed(k+w) w (r—p—2 r)kd (d=D(1— w)(1+ (d L (r—p—2 r)kd Gt w)
= =1

By substituting them into (F.59), we have

N N LT[ LT [M4) X
Rsl,l'“Rsr_l,le L <ITI (ktcw— 1)(1+ Z ed(k+w)—wagr—P—2)/r)(1+ Z ed—1a§r—p—2)/r)
=1 (=1
<Ri.(1 +Z£d PN <R (14 M

(=1
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Note that M < co by assumption and M; = ﬁ,@w. (E.2) is proven.

Finally, we prove |K i +2(W)| N Mf/ P forany 1 < j < p—1. In fact, by Holder’s inequality again,
we get

L]
R —j it1)-1 . (r—p—2
R, <IT] 1/2(1+ Z ¢dG+D) 1agr p )/r)

(=1
L[] j LIT|4) ktw—1—j
7 _ —p— k+w— _ —p— k+w—
S'T' ]/2(1+ Z Ed(k-ﬁ-w) 1a2r D 2)/r) + 1(1+ Z Ed 1agr D 2)/”) +o-1
=1 (=1

<M/P(1+ M) FET
Thus, we get the upper bounds for the cumulants in terms of Mj:
|k 2(W)| SRy SM]”?, foranyl1<j<p-—1.
Lemma E.1 is proven. ]

Now let’s prove Lemma E.2.

Proof of Lemma E.2.  Note that p is required to be an integer in this lemma. For convenience,
for any k € [p], we denote

1/d
m+1+ T |

R, := |T|—k/2(md(k+1) n Z Ed(k-ﬂ-l)—lagr—k—z)/r).
{=m+1

Then by Corollary F.11,

Kk+2(W)| S ﬁk-
Also denote

m+1+[mj
2
R .=|T|P2mie+D —(p—1+6)/2 . d(p—1) d6—5 (r—p—1-8)/r
R, :=|T|P"m™" 7 + T2 m®P Z °Ca,
{=m+1

ma1+[ 10|
+ |T|—(p—1)/2 Z gdp-1 agr—p—l)/r_

{=m+1
Then by definition ﬁp <M, 5.

Firstly, we perform induction on p to prove that

E[h(W)]— N
- Ks-+ (W) - P ~p/i
= > (—1)f]_[ﬁjv [ [ce+2e) h]+0(z ;’/1) (E.60)
(r,s1.,)€l(p—1) j=1 J ) j=1 j=1

. KSJ+2(W) L

- ¥ ol re o]

(rs1:-)€l(p—1) j=1
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R:p+1 p+1( )

p—1
- N [8P© h]+ (’)(ZA‘;/J +ﬁp), (F61)
j=1

where F(p_ 1) = {r:'sl:r < N+ : Z;:lse Sp_l}

For p =1, by Lemma A4, f = ©h € C*'(R)NC"'(R). Both |f]y; and |f],; is bounded by some
constant. By Stein equation and (F.55), we get

+1+L‘T‘2 |

E[h(W)]-Nh = E[f'(W)]-E[W f(W)] = 0(|T|‘”2(m2d + D, e r)) = O(R,).

{=m+1

By (F.56), we also have
E[h(W)]—Nh =E[f'(W)]—E[Wf(W)] = (1—F,) E[f'(W)]+ O(R,).

Suppose the proposition holds for 1,--- ,p — 1, consider the case of p. By Lemma A4, f =©h €
CPY(R)NCP*MY(R). Both |f|, ; and |f],,, are bounded by some constant that only depends on p.
Thus, by (F.10), we have

E[h(W)]—=Nh =E[f' (W)]-E[W f(W)]

p ( ) m+1+ I
Z J+1 ]E[aff(W)]+O(|T| p/Z( d(p+1) 4 Z ed(p-!—l)—lagr—p—Z)/r))
=2
1

{=m+1

j=
pz ”2( )]E[aj+1®h(W)]+O(§)
G+ P

and

[h(W)] Nh=E[f'W)]-E[Wf(W)]

KW "
= Z (;+1)' E[3/" ' Oh(W)]— ; E[3?©h(W)]+ O(R,),

where ¥, is some constant that only depends on the joint distribution of (X;);cr, and it satisfies
that

m+1+ L 1/d |

Ron = Kpn(W)| SITIOD2 50 glgf 7D < R

{=m+1

.
Noting that 3/*'®h € C?~/~>!(R) and |37*'©h],_;_, ; is bounded by a constant only depending on
k, the inductive hypothesis is given by

E[3/T'Oh(W)]—N[0'*OHh]

- ¥ o TR [ Teweraven] +o( L)
(=1

(r51:-)€T(p—j—1) =1
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Here weuse I'(p—j—1) = {T”,Sm eN,: Zzzlsg <p—Jj— 1}.
By Corollary B.5 and Young’s inequality, we have the following bounds:
B/t B p-N/t - ppli | pp/t
|k (WIRS SRR <R+ RY,
~ B <R 4B RV < B/ =D | Fp/(p-1) 4 B/
KR | S R, +RR SRV + RE/D 4 RYE

On one hand, we now have

= Kj+2(W) i+ ~
E[h(W)]—/\/hz—; GO 1Or(W)] + O(R,)
__ Z ]+2( )N[8]+1@h]

G+ 1!

+(W) r S£+( ) s+ +
Z(;il)' 2, (_)l_[( o [l_[(a“@) 7en]

T (ns1)ET(p—j—1)

—1 p—j

+ O(R + ZRP/J + ZZR"“)

j=1 (=1

— Z (_ )rl_[ (S[+j_(1)') I:l_[(asﬂ-l@) h] + O(ZR[;/E)

('”:Slzr)GF(P ]-) =1
Thus, (F.60) holds for the case p.

On the other hand, we derive that

[h(W)] Nh=E[f' (W)]-E[Wf(W)]

_ ]+2( ) + p+1
— Z (]+1)' E[8/*'@h(W)]— o E[37©h(W)] + O(R,)

Lo k(W)
_ Kj+ i+1
= E (]+1)|N[3] ©h]

S Kf+2(W) . S[+2( ) " .
+JZl: (G+D! (rsl,);(;, i 1)(_ ) l_[ ( +1),N[]_[(a 19)-5/*'0 h]

— p—1 p—j
p+1N[ap@h] + O R +RP/(P 1) RP/J ﬁp
p! ¢

.
—_
~
Il
—_

sJ+2( ) L

- Z (_1)rl_[ (s; + 1)! [l_[(ESJ+1® h}

('”:Slzr)GF(P—l)

=1
7 p—
4 e k'p+1( ) N [3°0 h] + O(Z )
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Thus, (F.61) also holds for the case p. By induction, we have established (F.60) and (F.61).

Next we prove that if Y-, £47 agr_p DI < oo, then for any j € [k], ﬁ]l./ 7 has the following bound:

mt 1 7Y ) Vi
ﬁ}l/j < |T|—1/2(m2dk+ Z ed(k+1)—1agr—k—1)/r) . (F.62)
{=m+1
In fact, by Holder’s inequality, we get
m+1+L‘T‘2 ] .
|T|jk/2_§§ S(md(j+1)_|_ Z ed(j-t—l)—lagr—k—l)/")
{=m+1
1+ 157 | _ mer 14+ L) .
S(md(j+1)k/j+ Z ed(k+1)—1agr—k—1)/r)J(1 n Z ed—lagr—k—l)/r) -
{=m+1 {=m+1
a1+ 151 )
S(mzdk+ Z Ed(k-ﬁ-l)—lagr—k—l)/r)].
t=m+1

By taking 1/j-th power on both sides, (F.62) is proven.
For (F.61), we apply (F.62) with k = p — 1 and get for j € [p — 1]

1/d
m+1+| 1=

/i <71 d(p- dp-1 ,(r=p=1)/r P/~
ROV ST P2 (meD 4 Y0 gdeig{ i)

{=m+1
m+1+| T Ly
(r—1)
—p/2.2dp —(p—1)/2 dp—1 (r—p—l)/r)p/
SITI#2m2 + (|7 >l
{=m+1
m1+ 10
S|T|—p/2m2dp + |T|—(p—1)/2 Z edp—lagr—P—l)/r < Mz,m,5:
{=m+1

given that M, ,, 5 converges to 0 as |T| — oo.
By substituting this into (F.61), we complete the proof of (E.8). Moreover, we have
|Kj+2(W)| Sﬁj < Mé,/nli,ﬁ’ forany1<j<p-—1,

14 207
~ —(p— 1 _(r—p—1
Ry =W ST >0 e a0 <y
{=m+1
Thus, Lemma E.2 is proven. ]

G Proofs of Lemmas F.4 and F.5

Before establishing Lemmas F.4 and E.5, we introduce the following lemma and prove Lemma F.3.
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Lemma G.1. Let (V,E) be a rooted tree whose vertices are ordered from a depth-first traversal
(i.e., the labels satisfy Proposition F.2a). Suppose i ¢ A(j) and j & A(i) for some 1 <i < j <k
Then for any t such that i € A(t), we have t < j.

Proof. First let < be the strict total order on V such that for any u,w € V, u < w if and only
if the label of u is smaller than the label of w. For any two vertex subsets U,W C V, we denote
U<Wifandonlyifu<wforanyueUandweW.

Claim. Let < be defined as above. Suppose u,w € V (u # w) are siblings in (V,E). Let
U:={v:v=uoruisanancestor of v}, W :={v:v=worw isan ancestor of v}.

Then either U < W or W < U.

To prove this we can perform induction on k = |U| + |W|. If k = 2, this is true because U and W
each contain one element and < is a strict total order on V. Now suppose the claim is true for k
and consider the case for k + 1. Without loss of generality, assume |U| > 2, and thus, u is not a
leaf.

If there is only one leaf in U, denoted by u, (u, # u), then restricting on V' := V\{u,}, we get a
new rooted tree (V’, E") and the order on V' is induced by that on V. Then (V’, E’) also satisfies
Proposition F.2a and u, w are still siblings in (V’, E’). By inductive hypothesis, either U\{u,} < W
or W < U\{u,}. Since u, is the only leaf in U, the parent of u,, denoted by u; has only one child,
which implies that u,, := min_{v : u; < v}. Thus, we have U < W or W < U.

If there are at least two leaves in U, two of which are denoted by u; and u, (u, u;, u, are mutually
different). Let V| := V\{u;} and V, := V\{u,}. Restricting on V/ or V,, we get a new rooted
tree (V/, E;) or (V,, E;) with the vertex order on V or V; induced by <, respectively. By inductive
hypothesis on (V;,E), we get U\{u;} < W or W < U\{w,}. Similarly we have U\{u,} < W or

W < U\{u,}. Since u € (U\{u;}) N (U\{u,}) # 0 and U = (U\{u;}) U (U\{u,}), we conclude
that U< WorW < U.

By induction the claim is true. Let h := maxA(i) NA(j), which is the closest common ancestor of
v[i] and v[h]. Since i ¢ A(j), we have h < i and similarly h < j. Let v[i,] be the vertex such that
i, € A(i) and p(iy) = h, and v[j,] be the vertex such that j, € A(j) and p(j,) = h. The definition
of h implies that i, # jj,.

Let U := {v[t]: t =iyoriy € A(t)} and W := {v[t] : t = j,orj, € A(t)}. Note that v[i,]
and v[j,] are siblings. Using the claim above we get U < W or W < U. Noticing that v[i] € U,
v[jle W andi < j, we conclude that U < W. If i € A(t), then we have v[t]€ U and t < j.

Proof of Lemma F.3.  Firstly, if p(j + 1) # j, then v[j] is a leaf. Otherwise, suppose v[j] has a
child v[h] where h > j + 1. Then p(h) > p(j + 1) contradicts Proposition F.2a.

Suppose p(j + 1) # j and p(j + 1) € A(j). Proposition F.2a implies that p(j + 1) < j. Thus, we
know p(j +1) < j. Since v[j] is a leaf, we have j ¢ A(p(j + 1)). Thus, by Lemma G.1, for any t
such that p(j + 1) € A(t), we have t < j. In particular, let t = j + 1 and we get j+1 < j. Thisis a
contradiction. Thus, either p(j +1) = j or v[j]is aleaf and p(j + 1) € A(j). [ ]
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Proof of Lemma F.4.  Consider the label set of all positive ancestors of v[£], i.e., {j € A({) :
s;> 1} Letz :=|[{j €A€) :5; = 1}|. If 2 > 1, we write

{JEA(E)S]Z 1}:{r13r23'”3rz}s
where 2 <r, <r,<---<r,<{—1.

Then consider all possible genograms constructed by adding a non-negative child to a vertex of G.
On one hand, Proposition F.2d implies that it is only possible to add such a child to v[£] or v[p(r;)]
for some 1 < j < z (provided that z > 1), and if a genogram is obtained by adding v[£ + 1] as a
non-negative child of v[p(r;)], thens;,; < s, —1because £ +1>r;.

On the other hand, we show that for 1 < j < z,
Sy, S5 for any t < £ such that p(t) = p(r;).

Supposing this is true and v[¢] is added as a child of v[p(r;)] with s;4; <5, —1, thens;,, is smaller
than the identifiers of all v[{ + 1]’s siblings. Hence Proposition F.2 holds and Q[p(r;,s)](G) is
indeed a genogram with the compatible labeling.

In fact, p(t) = p(r;) (t < {) implies that t ¢ A(r;) and r; ¢ A(t). If t > r;, by Lemma G.1, for any
t’ such that r; € A(t'), we have t’ < t. In particular, let t" = £. Then £ < t, contradicting t < £.
Thus, t < r;. Proposition F.2d implies that s, > s, .

Thus, we have shown

H:={HeG(l+1):H2G,sy,; >0}

={Q[p(r;),s1(G): 1< j<w,0<s<s, —1}u{Q[(,51(G):s =0}, (G-

where LI denotes the disjoint union of sets. This directly implies that

> u(ales)6)+ > Zuf [p(),sIG))=— D U+ > U(H).

s=0 JjEA(£):5;21 5=0 HeG({+1): HeG({+1):
H2G, H2G,
5¢+120, 5¢+120,

p(l+1)=¢ p(l+1)<t

(G.2)

Therefore, to conclude the proof we only need to show that this is also equal to
7:(G)—S(G) E[9 7 f (W) -
For convenience, we list all elements of H (see (G.1)) in a sequence. If z = 0, we write
H,:=Q[{,t—1](G).

Otherwise, let
. Q[p(r;),s —11(G) 1ft—Z] ri+s
Qe s—11(6) 1ft=2‘jf:1 ri+s
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In other words, H, is a genogram of order £ + 1 and the sequence (H,),~; can be enumerated as

(H)ez1: Qp(r),01(G), Qp(r),11(G), ---, Qlp(r).s, —11(G),
Qlp(ry),01(G), Qlp(rx),11(G), ---, Qlp(ry),s,, —11(G),

Q[p(rz)’ O](G) ’ Q[p(rz)a 1](G) > T Q[p(rz)asrz - 1](G) P
Q[¢,0]1(G6), Q¢ 11(G),

1 ifz=0
Co 1= ,
0 St ts, +1 0 ifz>1

We write

and remark that H, = Q[{, t —c,](G) for t > c,.

For any t > 1, we note that H, is an order-(£ + 1) genogram. We write B;(H,) and D;(H,) respec-
tively the outer and inner constraints of i; with respect to H,. We remark that as H,[{] = G, this
directly implies that B;(H,) = B;(G) = B; and D;(H,) = D;(G) = D; forall j < {.

Leti;,---,i, be indexes in i; € B;\D; for 1 < j < {. We note that the sets B, ,(H,) and D,,(H,)
will depend on the value of t > 1.

Firstly, in H; we remark that by definition (F.13), if z > 1, the vertices v[{ + 1] and v[r; ] have the
same parent and that the indentifier of £ + 1 is 0. This implies that if 2 > 1,

Dy1(H1) = Dy(es i) = Dy(ryotny) = Dytr6) = Deryy = D1 = 0.
If z = 0, the progenitor of v[£ + 1] is either v[£] or v[1]. In both cases, the inner constraint is

empty, i.e., D, = D; = (. Thus,

Dyy1(Hy) = Dy(pirp,y = 9.

Note that here we have used g(j,H) to denote the progenitor label of v[j] with respect to the
genogram H. Throughout the proof, H is omitted only if H = G.

Next we establish that for all t > 1 the following holds: B, ,,(H,) = D;,1(H,1)-
If z = 0, the result is directly implied by the definitions (F.17) and (F.18) as we have
By (H)=NW(i,: t €A(t+1,H,))UD, (1111,
=NO(i, : t €AWl + 1,H,,1))UDy(pi1.,
= D£+1(Ht+1)-

Note that A(j, H) is used to denote the label set of v[j]’s ancestors with respect to the genogram
H. Again H is omitted only if H = G.

If z > 1, we remark that according to the values of t the relationship between the genograms H,
and H, will be different. To make this clear, we distinguish 4 different cases according to the values
of t:
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i t= f;i ri+k+1forl<j<gzand0<k< s, — 2, in which case we observe that

By1(H,) = B£+1(Q[P("j): k](G)): Dy1(Hyya) = D€+1(Q[P("j), k + 1](G));

(i) t=>r_ r;+k+1fork>0,where we have

i=1"1
B£+1(Ht) = Be+1(9[€: k](G)), D13+1(Hz+1) = Df+1(ﬂ[€, k + 1](G));

J
i=1

By, (H) = BZ+1(Q[p(rj)s5rj - 1](G)): Dy (H,) = DZH(Q[p(er), OJ(G));

(i) t= r; for 1 < j < z—1, where we observe that

(iv) t=>__ r; in which case we have

i=1"1

By, (H.) =B, (Q0p(r,),s,, —11(G)), Dyy1(Hei1) = Dyyr(020€,01(G)).

Again cases (i) and (ii) are directly implied by the definitions (F.17) and (F.18). Indeed, for all
1 <j <z wehave
By (H) =NY(i, : t €A+ 1,H,)) UDyry1,)

=N®D(i, : t € AL+ 1,H, ;1)) UDyps1m,,.)

= Dy1(H1q)-
We now prove cases (iii) and (iv). In this goal, let t = 2{21 r; for a given j < z—1. Since in
H,, the vertices v[{ + 1] and v[r;] are siblings, we have A({ + 1,H,) = A(r;,H,) = A(r;) and
g(l+1,H,) = g(r;,H,) = g(r;). On the other hand, for case (iii) we notice that as in H,,, the

vertices v[{ + 1] and v[r;,,] are siblings, we have g({ + 1,H,,;) = g(r;;;) = r;. For case (iv),
similarly we have g(£ +1,H,,;) = g({) = r;. Equipped with those equations, we remark that

Byy(H) =N (i, : t €AW +1,H,)) U Dy, = N7 V(i, : t €A(r))) UDy, .

On the other hand, we also remark that as the indentifier of £ + 1 in H,, is 0, we have

s (.,
Desa(Hesa) = Dy, = Dy = N2 (i 1 £ €A(r))) U Dy .
Thus, By1(H¢) = Dy 1 (Hpyq)-
Therefore, we have established that B, ,(H,) = D;,,(H,,,) for any t > 1.

Since the index set T of the random field is finite, there exists a finite number ¢; > ¢, such that
N©@=)(i, : t €A(€) or t =€) =T. Then

By (H)2N©@ (i, : t €Al +1,H,)) =N (i,: t €A()ort =€) =T.

On the other hand, B,,,(H,,) € T. Thus, we have B,,;(H. ) = T. We remark that by definition of
¢y and ¢; we have

0 =Dy.1(Hy) € Byyy(H) -+ C Be+1(HcO) C---C BE+1(HCI) =T.
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We prove that for ¢y < t < ¢; —1,
— & (Xi, 0 Xy, Ap(H)
=£5(Xy, ) X, (0T F (WD (H) — 371 (W(Ba (H)))))
— (X, . X, )(E[0f (W(Desn(H))) ] —E[ 0 £ (W By (H))]):
and similarly that for 1 < t < ¢, —1,
Eu, (X, 0%, Ap(H))

G.3
=E(Xi X, )(E[8 F (W(Bua(H))) ] —E[3° f (W(Dpan(H))])- (€

Note that by definition &; is the product of D* factors. Let

do ;zsup{j;j:]orp(j);éj—lfOl‘ZS]'SK}.

Intuitively, v[q,] is the starting vertex of the last branch of (V,E). Now set w = |{t 1o +1<
t </l &s, > O}|. Ifw>1,weset{q;, " ,q,} ={t:qo+1=<t <L &s, > 0}. Without loss of
generality, we suppose that the sequence g, +1 < q; < --- < q,, < { is increasing. By definition,
the last factor in £5(X; , -+, X;,) is given by

112

DX, - X,) ifw=0
DH(X X, X)) ifw=17

lgo g1 lqw

And the last factor in Eo(X; , -+, X;,_,X;, 07 f (W(D))) is

L2 -1

(X, X, 07 F(W(DY)) ifw=0
DX, ---X X, X, 07 f(W(D)) ifw>1

Lo lg-1 7 ? L

l‘l(wfl) lgy—1 2 qw

For convenience, in this proof we temporarily denote

o D*(+) ifw=0
Y= p(x ifw>1"

v X XX )
Since s;,; = 0, we have
Ap(H) = 0" f(W(B1(H))) — 07 f(W(Dp1 (HL)).
For ¢y, <t < c¢; —1, we derive that
—0'(X, X, A(H))
=0(X,_ X, , 0 (WD (H))) — 3L F (W (B (H))))
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Do1(x, X, D(8" 7 f (W(Dpsa(H))) — 87 f (W(Bein (H))))
=0'(X, X, (3" F (W(Dua(H))) — 87 f (W (B, (H)))))
—0*(X, X, )(E[8f (W Dy ()] —E[2 7 F (W (Bria (H)))]).

Here the equality () is implied by Lemma H.1. Noticing that v[£ + 1] is the child of v[{], we
combine this with the definition of the £; operator and obtain (G.3).

For1 <t <c¢,—1, we note that
(X, X)) D(As(H,))
=0, X, )(E[2 7 F (W (Bpn(H )]~ E[87 F (W (Dpsa (H,)))])-

Since v[£ + 1] is added as a child of v[r;] for some 1 < j <z and r; <{, v[{]is aleaf in H,. We
obtain (G.3) by applying the definition of the &£, operator again.

Finally, using the definitions of 7;(G) and S(G), we derive

7}(G) —S(G) E[3' ' f(W)] =

2 2 (& x 2 (WD)

i1€B; \Dl lzGBz\Dz iy€By \De

_SG(Xil’.“’Xie—l’ lz) [af 1f(W):|)

Note that

E(Xips . X, X, 0T F(W(DY)) = E6(Xsy -+ X, ) B[O F(W)]
:gG(Xil’ Tt :XiH p Xigag_lf(W(BH-l(Hco—l)))) _SG(Xila Tt :Xie) E[ag_lf(W(D£+1(Hl)))]

co—1
=- Z gHt(Xila e 3Xi£ 5 Af(Ht)) + Z gHt(Xila e ,Xi[ P Af(Ht))
t=cg t=1

The last equality is due to a telecoping sum argument since B, ,(H,) = D;,;(H,,;) for 1 <t <
c¢o— 1 and for ¢y < t < ¢; — 1. Taking the sums over i; € B;\D; where 1 < j < £, we obtain

co—1
T(G)—S(G)E[0" f(W)] = Zuf Zuf(Ht

t=cy

:_Zuf [¢,51(G)) + Z Zuf Q[p(j),s1(@)).

s>0 jEA(£):s5=1 5=0

Proof of Lemma F.5.  1If u({) = ¢ then by definition,

Ap(G)= 02 f(W(B)) = 2f (W(Dy)).
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Applying the Taylor expansion with integral-form remainders, we get

k+1 ,
NEEDY %(W(BZ) —W(D,)) 32 f (W (D)) + D (W) -w(D))™ (G.4)
=17 '
1
J (k + 1)vk(a’<+f—1f (vW(De) +(1- v)W(BE)) —okf (W(DL;))) dv
0
k+1 .
=S (ST x) e (WD) + (Do (3 )
j=1 ! i€B,\D; (k+ 1)! i€B,\D;

1
J (k + 1)vk(ak+€—1 f(vW(De) +(1- v)W(Bg)) —gkHt-if (W(Dg))) dv
0

k+1

. 1 '
(:);(_1)]0_]? Z Z Xil---Xi£+j_18£+]_2f(W(De+j))

(€8 \Dy  ig4j-1€Be+j-1\Dpj1

1
1)kl -+~ E ... E ... .
+( 1) o (k+1)! Xiz Xin

[ €B\Dy g4k €Bo1i\Dpsk

1
J (k + 1)v’<(a“’<‘1f(vW(De+k+l) + (1= V)W (Bgysan) ) — a“k‘lf(W(DMH))) dv
0

=—o1 > X, 0 (WD)

i €By\Dy
k+1 1
L {+j—2
+Z(—1)JO' ]F Z Z Xig"'XiHj_ZXiHj_la ’ f(W(De+j—1))
j=2 T €B\Dy gy j1€Beyj1\Derja

T N Dl D> XX, A (AT +13(6)).

(k+1)!. .
[ €B\Dy  ip4k€Bo1i\Dpsk

where to obtain (x) we have used the fact that v[£ + 1],---,v[£ + k + 1] are negative vertices in
A[k+1](G) and A[j](G) € A[k+1](G) for 0 < j < k, which implies that B, = B,,; = *** = By, 11
and Dy = Dy,q = -+ = Dyi44; from the constructions of B;’s and D;’s.

In (F.19), we defined g, to be

go:=sup{j:j=1lorp(j)#j—1for2<j<t(}.

We write w := |{t Qo+ 1<t <L &s, > 0}|. Since £ = u(¢), we know s, > 0 and w > 1. We
suppose without loss of generality that the elements of {t : q,+1 <t <{ &s, >0} ={qy," " ,q,}
are presented in increasing order: g, +1 < q; < --- < q,, = £. Moreover, by definition, the term
Ec(Xy, X, ,» Af(G)) is the product of D* factors, and we remark that its last factor is

D*(Xqu T N () ifw=1

DH(X <Xy, 8p(G) ifw>2"

lgo lg—1 2 L TN
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For convenience, in this proof we temporarily denote

* - D*(Xiqo"'Xié—l’ ) fw=1
@(-)-— D*(X» X Xig_l’.) fw>2"

. L, X, .
lqo lg—1 Yg(y—1)

And write
EcXi, X, Af(G)) = €-D*(A[(G)).

Combining this with (G.4) we obtain that
5G(Xi1: T :XiH: Af(G)) =¢- @*(Af(G))
=—07' > e 0(x, 37 f(W(D))

iy€By \De
k+1

+Z( 1)J _] Z Z e'@*(Xiln le 2Xl£+JaE+] lf(W(Dfﬂ)))

le €B\Dy  ig4j-1€Be+j-1\Dprj

+(_1)k+1o.—(k+1)# Z Z ¢.DF (X X, f(A[k+1](G)))

|
(k+1)! €B\Dy g4k €Br+k\Dy+k
() _ _
=—o! Z gG(Xila" Xle . iéae 1f(W(De)))
i €B;\Dy
k+1
_ {+j—1
+Z( 1)] ] Z o Z EA[J'—l](G)(XH’ e ’Xiijz’Xieﬂ'a " f(W(DHj)))
: €B\Dy  i4j—1€Be4j—1\Dpj1
1
Vel =+ = ... ..
+ ( 1) o (k + 1)| Z Z g/\[k-’-l](G)(Xh’ X1£+k’ f(A[k + 1](G)))

€B\Dy  ig1k€Brix\Dyyk

where to get (x) we have used the condition that v[¢ + 1],--- ,v[{ + k + 1] are negative vertices
in Ak + 1](G). Indeed, the factorization stay the same due to the fact that they are all added to
the same branch, and q;, - - - ,q,, remain the same since v[{ + 1],---,v[{ + k + 1] are all negative.
Taking the sum over i; € B;\D; for 1 < j < {—1, we have

k+1

U(G)=> (- V' Tf(A[J—l](G))H 1)1

j=1

—Z(— M +1)|7}(/\[J](G))+( D

1

muf(A[k +11(G))

1
e+ 1)1 7

Uy (Alk +11(G)). (G.5)

Now consider the case u(¢) < £. Let G[u({)] := (V/,E',s1,4)) S G be the order-u({) sub-
genogram of G as defined in the last paragraph of Appendix F.2. Now by (G.5), we have

1
(k+ 1)

T (ALIGIu(OD) + (1) Us (ALK + 11(GLu(O)D)).

k
_ _1)jt1
4 (CuOD =2 (" 7
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Replacing k by £ —u(£) —1 and £ —u(£) + k respectively, we get that

{—u(f)-1
U (Glu(l)]) = Z (—1y*! , T (AL I(GIu(O)D)
= (j “) , (G.6)
_1\e—u(e) 1 —
(-1) (E_u(g))!uf(/\[ﬁ u(O)1(GuO)D)
L—u(0)+k
U (Glu(0)]) = Z (—1y*! , T (AL IGIu(O)D)
= (j +1) (G.7)
1y e—u(0)+k+ 1 .
+(-1) 1(£_u(£)+k+1)!uf(/\[£ u(€) + k + 11(G[u(O)D)
By taking the difference of (G.6) and (G.7) we obtain that
w1 _
(-1) (E_u(e))!uf(/\[ﬁ u(O)1(Gu)D)
L—u(0)+k
— _ i+1
—j:;m( Dz 5 T ALIGIOD)
oy —u(f)+k+ 1 N
+(-1) 1(£_u(£)+k+1)!uf(/\[e u(l) +k +11(G[u(®)D).
Thus, we have
Us(G) = U (AL —u(O)I(G[u(O)])
S u(0))! .
Zo )”(J+1+e Ly AL+ £ u@)GLu@D)
k1 (L=u(0)!
+(—1) 1(k+1+€_u(€))' (Alk+ 1+ —u(O)1(G[u(®)])
k
il —u(())! . IR R O)]
Z 24 (J+1+£ (ﬁ))!Tf(A[]](G))’L( 2 (k+1+£—u(£))!uf(A[k+1](G))'
| ]

H Proof of Lemma F.9

Firstly, let’s show some properties of the D and D* operators that will be useful later.

Lemma H.1. Let (Y;);_, be a sequences of random variables. Suppose for any i, j € N, such that
i <j<t, wehave ]E[lYl- . Y]|:| < 00. Then the following holds for all t € N such that t > 2
and forany j=1,--- ,t—1:

DYy, -+, Y, D(Yjyq, -, Y,)) =D'(Yy, -+, Y,), (H.1)
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D(Yy,+,Y;D(Yjsq, -+, Y)) =D(Yy, -+, Y,). (H.2)
In particular,
D*(Ylj R Yt) = D*(Y],ﬁ U Yt—2 5 Yt—lp(Yt))
:D*(YIJ ) Yt—2 P Yt—lYt) _D*(YIJ ) Yt—l) E[Yt]

Moreover, we know that

(H.3)

E[D(Y;,--,Y,)]=0.

Proof of Lemma H.I.  We perform induction on j to prove that

D*(le e YjD(Yj-HJ TR Yt)) — D*(Yl’ e Yt)'

If j =1, this is precisely the definition. Supposing the lemma holds for j (j < t — 1), consider the
case for j + 1. By definition,

D(Yp YDV, Yt))
:D(YlD(YZ, T Yj+1D(Yj+2’ T Yt)))
=D(Y,D(Yy, -+ ,Y,)) =D(Yy, -, ).

Note that we have used the inductive hypothesis in the second equation. By induction, (H.2) is
proven.

Now forany j=1---t—1,
D*(Yp YDV, Yt))
:E[Yﬂ)(Yz, Y DY, Yt))]
=E[Y,D(Y,, -, Y,) ]| =D*(¥y, -, Y,).
Finally we remark that

E[D(Y,,...,Y,)] = E[D(Y,D(Y,,...,Y,))]

=E[Y,D(Y,,...,Y,)|—E[ViD(Y,,...,Y,)] = 0.

Lemma H.2. Let (Y));_, be a sequences of random variables. Suppose for any i, j € N, such that
i <j<t, wehave ]E[|Yl e Y]|:| < 00. Then we have the following expression for D*(Y,,Y,,-++,Y,)
and D(Yl’ Y2, ctty, Yt)"

D*(Yla YZ:”' 3Yt): Z (_1)e_1[n13”' 3nZ]D(Y13Y23"' 3Yt)3 (H4)
(€,m1.0)€C(1)
(-1
D(Y]_, Yz, e ’Y[) - Y1Y2 . .Yt _D*(Yl’ ttt, Yt)_ZY]' . 'Yj D*(Yj+1, et ’Yt)' (H.S)
j=1

i
where C(t) ={{,n,, €N, : Z}.zl n; =t}
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Proof of Lemma H.2.  We perform induction on t.

If t = 1, then by definition D*(Y;) =E[Y;]=[1]»(Y;) and D(Y;) =Y, —E[Y;] =Y, — D*(Y;).

Supposing the results hold for 1,2,---,t — 1, we consider the case t. Suppose that we have

E[|Y; ---Y,|] < oo. By the inductive hypothesis, we have

D*(Yls Y23 R Yt) = ]E[Ylp(Y23 T, Yt)]

t
@ ; ;
=E[Y,Y, Y, ]—E(Y))D Y,,...,Y,) — E E[Y; Y,y D*(Y}, -+, Y,)]

=E[Y,Y,--Y,]— ZEDG Yy DY, Y]

SRV, Y, Y] - Z >TEY Y (CD T g ] (YL, V)

Jj=2 C(t—j+1)

t
:]E[Y1Y2Yt]+z Z (_1)6[1_137’1’ 37/”] D(Ylﬁ... 3Yt)
Jj=2 C(t—j+1)

Q) _
SEVY, Y]+ > (=D g, ]e (Y, Y

CO\{L=1, ny=t}

:Z(_l)g_l[nla T ’ne] > (le T Yt)'

C(t)

where to get (a) we have used the fact that by inductive hypothesis (H.5) holds for t — 1, and to
get (b) we have used the fact that we assumed that (H.4) hold for t — 1. Finally to get (c) we have

used the fact that

Cc(t)= {55771:13 €N, : Zﬁzl n;= t}
={t=1,m=t0J_{t.nm eN, 1022, 0, =i, 3 n=t}.

Moreover, we also have

D(Y13Y23 e 3Y[) = Ylp(Y23 e 3Y[)_D*(Y13 e 3Yt)
t—1
=Y,Y,- Y, — Y, D" (Y, - ,Yr)—ZY1‘“1GD*(1G+1,"' Y) = DYy, -+, Y))
=2
t—1
=Y,Y, - Y, = D*(Yy, :Yt)—ZY1"'YjD*(1G+1:"' 1))
j=1

Thus, the results also hold for t. And the proof is complete by induction.

Next we need the following notions of compositional D* and D operators.

[T’l’"' ’nﬂ]bp*(yb Y) _D*(Yl 771 ’ Y??1+1”.Y771+772 T Yﬂ1+“‘+77£—1+1.”Yt)’
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[771, Tt W] > D(Yb ) Yt) = D(Yl T YTII p YT]1+1 toe YT]1+7]2 P Y'r)1+w+m,1+1 toe Yt) (H7)

Note that a compositional D term is a random variable while a compositional D* operator gives a
deterministic value. We remark that

E[[n1,....n 00 DYy, ..., Y] =E[D(Yy Y, oo Yy a o Y s Y) | =0, (H.8)

Moreover, by definition and (H.1), we can directly check that

[7713"' ’nE]DD*(Yb'” 5Yt)
" (H.9)
:[”’71, Mo Ms T 1] >D (Yb T Yn1+---+n5 > [”’73+1: T "’7@] > D(Yn1+~~~+ns+1’ T Yt))

The following lemma shows some upper bounds on their norms.

Lemma H.3. Let (Y;),_, be random variable such that for all i,j € N, such thati < j <t we
have ]E|:|YiYi+1 e Y]|:| < 0Q. Then for any q = 1 the following holds

|[T’13”'3”E]>D*(Y1""’Yt)|S Z [Cla"'ﬁgs]b(lyﬂﬁ'”3|Yt|)’ (H.10)
(s,¢1:)€C(t)

(01, s me]> D (Y3, -+, V)| < |ELY, - Y] |

+>0 >, g (Il yl) - [ELY,, - Y,

J=1 (5,¢1:5)€C())

Itnw - de D ) <2 ST (g, ade(nln-v)) ™ @12
(5,81:5)€C(t)

where C(t) :={s,{, €N, : Z;Zl g =t}

(H.11)

Proof. Applying Lemma H.2, we get

(1,11 D (Y, -+, Vo))
:|D*(Y1 o Yﬂl ’ Yﬂl"‘l o Yﬂl"‘ﬂz LA YU1+'“+W—1+1 o Yf)|

:‘ Z (=17 ¢, 8] D(Yl”‘Ym s Yo Yoo Ym+~~~+m—1+1"'Yt)
(s,¢1:5)€C(1)

= Z [S1,0 4] D(lyl"'YnJ ) CREREED (o P |Ym+---+m71+1"'Yt|)
(Saglzs)ec(t)

< D0 DAl (W)L %)L 1Y),

(s,A1:5)€C (1)

where in the last inequality we have used the fact that for every (s,{;.,) € C(t), if we write
A= Zfll:l Ny and A; 1= fl]:év My forall j <s, we have that (s, 4,,,) € C(t) and
i

[A'la'“ ’A'S] D(|Y1|: |Y2|5 5 |Yt|)
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:[Clz"' :gs]b(lYl"'Ynll | m+1’ n1+n2| PR |Yn1+~~~+m,1+1"'Yt|)'
Using similar ideas, we observe that
|[”’71,“‘ 577[] DID*(YD'” ’Yt)|
= |D*(Y1 o YTh ’ YTI1+1 o YTI1+712 2T YTI1+"'+TI£—1+1 o Yf)|

(HA) —
= ‘ Z (—1 [y, 8] D(Yl"'Ynl e Y")1+“'+7)£—1+1...Yt)
(s,¢1:)eC(t)

:‘]E[Yl Y]+Z D DT

J=1 (5,¢15)€C())

(Yl'”Ym"" > Yn1+~~~+nj-1+1"'Yn1+---+m) E[Y, ntetn;+l 1000 Y]

< |ELy; - Y]|+Z > L,

J=1 (5,{1:5)€C()

(|Y1"'Yn1|:"':

{—1
(<_) |]E[Y1Yt]|+z Z [Cl:’”:gs]D

J=1 (s,A15)€C(n1+-++1;)
(|Y1| Yol Yn1+---+nj|) ) |]E[Yn1+---+nj+1 ’ "Yt]|

Yﬂ1+“‘+77j—1+1 T Yﬂ1+“‘+77j |) ) |]E[Y771+"'+77j+1 o Yt]|

t—1
< B Y[+, D0 [ Ade (Il 1Yl %) LY, - V).

h=1 (s,A15)€C(h)
where to obtain (x) we have used the fact that

Y,

[ A0 (1%L |V, |)

:[51:"' :gs]>(|Y1'“Yn1

Now let’s prove (H.12). By Lemma H.2, we observe that

’ |Y711+"'+T)j—1+1 o YTI1+"'+T)J' |)

||[Tl1: :W]DD(YM" :Yt)”q
= ||D(Y1 ”'YTh ’ YTI1+1 “'Yﬂl"'ﬂz R YTI1+"'+W—1+1 Yf)”q

) *
=YYy Y, =D (Yl"'Y ""Yn1+~'+m71+1'“Yt)

m?
{—1

k
E:Yl Yn1+---+m D(Yn1+~~~+m+1 Yn1+~~~+nj+1’ ’Yn1+~~~+m_1+1 Yt)
Jj=1 q

VY, Y=y, e DAYy, , V) — ZYl Yo

Z (_1)5_1[61’ o { ] > ( Mtetn+l Y7)1+‘“+77j+1’ o Y7)1+‘“+W—1+1 T Yt)

(s,81:5)€C(l—)) q
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We upper-bound this using the triangle inequality. Indeed we obtain that

||[n1’ ’nZ]DD(YD'“ ’Yt)”q

< o e DY, Y| + I Yl + D0 D Yy Yyl
J=1 (s,{1:)€C(E—))

‘[Cl’ ROk (Yn1+---+m+1 Yt Y Y)

< w0 de DL I Y Yl + 20 D0 Y Yy g
j=1 (S;CI:S)EC(Z_])

q q 1/q
(CSIEN ALY () ASIPETS AVININ LTI AEEES AL))

(55) C
< [nls'”3nZ]>D*(Y13”.3Yt)|+||Y1Y2.”Yt||q+Z Z ”Yl 1’]1+ +T)J||q

J=1 (s,A15)€C(Nj1++1¢)

([A,--, A0 (lYm+~~~+m+1|q’ . |Yt|q))1/q

IA

t—1
[0, e DY, V) + I Y Yl + > D Iyl
h=1 (s,A1,)eC(t—h)

([2’15 Tt 52’5] > (th+1|qa Tt |Yt|q))1/q
1/
= |[771,"',W]DD*(Y1,”‘,YJ|+ Z ([2'13”'32'3][>(|Y1|q3"'3|Yt|q)) !

(s,A1:5)€C(8)

S S (TRER A 1S (VAR ) ESD S (FANSPR AN (AR AT A

(5,¢1:5)EC(2) (5,81:5)EC(2)
1/q
< 2 Z ([Cl)'”3Cs]>(|Y1|q3'”3|Yt|q)) 5
(s,81:5)€C(8)
where to obtain (x) we have used the fact that by Jensen inequality for any random variable X €
L1(R) we have |IE [X ]| E[|X |q]) ; and where to obtain (x*) we have used the fact that
[A'la'“ ]D(l N1+ +nj+1| )lYt|q)
:[Cl’” C ] D(' Ni+-+n;+1 .Yn1+"'+’f]j+1|q3'” B |Y’r]1+~~~+'r],3_1+1'”Yt|q)'

Lemma H.4. Let (X;);cr be a stationary random field of random variables with a finite index set
T and finite L"-norms, i.e., ||X;||, < 00, where r is a real number such that r > 2. Let Sy, ,, be a

random variable that satisfies |St, | |ZIGT X; | where T, C T is an index set and 0 < w < 1.
FixteN, suchthatl1<t<r—1landi,, €T.

For any £,m,, €N, such thatn,+---+n, =t + 1, we have

ln,-- M > DXy, X X, )| < 200X (15 (H.13)

it4+1
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[(n1, -+ e DXy, -+ Xo, Sy 0)| < 20 Tol 11X 1157 (H.14)

We further let j be an integer that satisfies 2 < j < t + 1 and define the o-algebras F, and F, by

O-(Xij’ e ’Xit’STo,co) lf] <t
O-(STO,Q)) lf] =t+1

Foranys,l,n,, €N, suchthatn,+---+n,=j—landn,+---+n, =t +1, we have

fl -= O-(Xilﬁ N 3Xij)’ ‘Fz = O-(Xijﬂ’ e ’Xit+l)’ Fg = {

|[7)1, M DXL X, )| < 2t+3(a(.7:1,]:2))(r_t_1)/r

Xi 1, 11, (H.15)
* (r—t— )/
|[771, T ,W] >D (XLIJ : :Xit:STO,w)| < 2H_3|T0| (a(]:p ]:3)) e r||Xi1||£+w, (H16)

where a(F,, F,) is the strong mixing coefficients between F, and F,, and a(F;, F3) is the strong
mixing coefficients between F, and F.

Proof.  For ease of notation denote M := ||X; ||,. To prove (H.13), we remark that

‘[771:"' :TI[] DD*(XHJ'“ ’Xitﬂ)

(H.10)
=D N (TR 1N > PR )
g, [/)EC(H-l)

()
< 2 (el + 1) <o,

t+1

-+ |1,

Le+1

where () is implied by Lemma D.3 and the fact that |C(t + 1)| = 2° [Heubach & Mansour 2009].
For (H.14), we have

‘[771: T nf] > D*(Xila Tt ’Xit’STo,co)

(H.10)
SN S (SRTPIN % 1 (> A RTINS AN IR}

,81.01)EC(t+1)

SN W N A N C AR

(0,8 1.4)EC(t+1)

() 1
JUCED) (Hw(||xi1||z12+---+||xlt

(£,81.¢7)eC(t+1)
(%) 1
t w
< 24T, (—Hw( X, |

S 2t|T0|w . Mt+w.

ZX

i€Ty

t+w

+

t*‘*’) t+wH|T | —
t+w
t+co
Here we have used Lemma D.3 in (x), and (xx) is implied by |C(t+1)| < 2° and Jensen’s inequality

as
1 tto 1 t+w
||mzi€ToX.| t+w_E ||T_O|Zi€TOX |
1 to| = + +
<E[ 7y Dier, il ] = i D, BIXI' “’] = 171 Zaier, Xl
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t+w
e t*“’ t+co|T|
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To show (H.15), we remark that assumption we have that s is such that n; +---+n, = j— 1.
Therefore, according to (H.9), we get that

[T’l’ e JT’Z] DD*(XH’ o ’Xit+1)
:[T’l"" s M5 a”’)@] DD*(Xil"” ’Xij"” ’Xir+1)

:[nla'“ Jns—lﬂns+1][>D*(Xi1"" ’Xij_l ) [lr’s-i-l"“ Jnﬂ]DD(Xij’“' X )) (H17)

25

Moreover, by exploiting (H.11), we obtain that

2T e

[7)1:"' > Ns—1, N + 1] DD*(Xil’“' ’Xij—l ’ [ns-i—l:"' :le] DD(Xij’.“ X ))‘

S‘E[Xll o 'Xij,l' [ns+1: ) n@:l > D(Xij’ o ’Xit+1):|‘

j2 (H.18)
DD I (RN AR )]
w=1(s,01.¢)€C(W)
‘]E[Xinrl o .Xl'j—l. [n5+1’ B nf] > D(Xij’ o ’Xirﬂ)]‘
By Lemma D.3, we know that
1 w w w
(€05 Godo (X Lo 16 1) < (G I 4+ 16 ) < ™ (H.19)
Combining (H.17), (H.18), and (H.19), we get
‘[nb Tt T’f] > D*(Xh’ e ’XiH—l)
S‘]E[Xll o .Xijfl. [”’75+1, B TN] > D(Xij’ T ’Xirﬂ):”
j—2
Z Z M ]EI:Xinrl “.Xl'j—l. [ns"‘l’“' ’nf]DD(Xij"" ’Xirﬂ)]‘
w=1 (5,0 . )EC(W)
()
= 2(w—1)V0Mw ]E[Xiwﬂ .. 'Xij,l' [Tls+1: el ng] > D(Xl.j’ N ’Xit+1):|‘
w=0
j—1
_ N w2V rw—1 ]E[Xiw .. ‘Xij,l' [Meits M 1> D(Xij, ... :Xim)]‘- (H.20)
w=1
where () is due to the fact that |C(w)| = 2"
As mentioned in (H.8), by definition of the compositional D operator we know that
]E[[T’HD T 778] > D(Xij’ U ’Xitﬂ)] =0.
Thus, we can apply Lemma F.1:
‘E[Xiw .. .Xl_H. [Mers M) DD(Xija et ’Xim):l‘
(r—t+w—=2)/r
<8(a(Fy, F»)) Xy Xl sgmwy N [ss157 5] > DXy, Xi,.,) F/(t—j+2)°
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By Lemma D.3, we get

i (j—w)/
||Xiw.”Xijfl||r/(j—W) :(]EUXI'W'”Xij,l r/( w)D j—w)/r

1 . G . (H.22)
s(j_—w(nxiwnr ot IX )T =M,
Moreover, remark that
||[775+15 M D(Xij’ o ’Xit+1)||r/(t—j+2)
(H.12) » . (t—j+2)/r
<2 Z ([mﬂ,'“ ane]P(lXijl'”/“ X, [ ]+2)))
(t',1.0)EC(t—j+2)
(%) . 1 (t—j+2)/r . .
< 27— (X |1+ X =22, H.23
(=l I1X;,,,117) (H.23)
Note that (%) is implied by the fact that |C(t — j + 2)| = 27" and Lemma D.3.
Substituting (H.22) and (H.23) into (H.21), we get
i (r—t+w—2)/ _
EI:XiW .. .Xl,H. [Mesr M ] DD(Xij: ... :Xitﬂ)]‘ <ot 1+5(a(]_—1’]_,2)) rw=2)/r e

Combining this and (H.20), we get

e e D X,
j—1
S 2(W—2)\/0 . 2t—j+5(a(f1’ ]:2

w=1

<2(a(F, Fy

))(r—t+w—2)/th+1

))(r—t—l)/rMH_l .

Lastly, we prove (H.16). We consider two cases, 2 < j<tand j=t+1.
If2 <j<t, by (H.9), we have
[771: T :W] DD*(XHJ T :Xit’STo,co)
=[Ny, , Mgy ,m]pp*(xil’... injs"' 3Xi[38T0,w)
=M1, M-, ms + 1] DD*(Xilﬁ X M omed DD(XL']-: e aXitsSTo,w))‘ (H.24)
By (H.11), we get

‘[nl’ LM Nt 1] > D*(Xil’ o ’Xij—l ’ [ns+1’ T nt] > D(Xij’ o ’Xit’STO:w))

S‘E[Xil o 'Xij_l' [ns+1’ ) 7)13] DD(XL']-: T :Xit’STo,w)]‘

j—2
DD I (RN (> AR )]

w=1(s",{1.)EC(W)

|E|:Xiw+1 o 'Xij_l' [ns+1’ T ne] > D(Xij: T :Xit:STO,w):I|'

(H.25)
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Combining (H.24), (H.25), and (H.19), we have

‘[nla e ’ne] > D*(Xila e ’Xit:STO,w)

<[, -+ Xy D Do D[y X S1,0)]|

j—2
+Z Z MW‘E[Xiwﬂ”'Xij1'[775+1,"' :nﬂ]DD(Xij:'” ’Xl}’STo,w):I‘
w=1(s/, 1.0 )EC(W)
) i 9(w=2)v0p rw—1

w=1

(H.26)

EI:XiW o 'Xij,l' [”’75+1, R T’Z] > D(Xij: T :Xit:STO,w)] B

where () is due to the fact that |C(w)| = 2¥ .

We apply Lemma F.1 and obtain

[BLX, X, [ 0d5 DX X0 51,)]|

(r—t+w—1—w)/r
S8(a(]:1’ ]:3)) | Xiw R P r/(j—w) ) || [n5+1’ s nf] > D(Xij’ o ’Xit’ STO:‘O) r/(t+14+w—j)"
(H.27)
We observe that
||[ns+1’ o nf] > D(Xij’ T ’Xir’ STo,w) r/(t+1+w—j)
re t+1+w—j
(H.12) P 1 Hlto—j T
<2l )] ([Al, S (|xl,|—r+l+w, T =X, ))
0 i€Ty

(8", Aq.07)eC(t+2—7))

t+14+w—j

5 1 w 1 T
< 2Tl >, (—(nx I+ X 1I7) + H DX

R W= t+1+w t+1+w—j |T0|i€TO .

tH1l+w—j
1 T
2t+2—) w( X r+___+ X. r r)

T\ e Ul + -+ XD+ o ;n ||

S 2t+2_j|T0|wMt+1+w_j, (H28)

where we have used Lemma D.3 in (x), and (%) is implied by |C(t +2—j)| = 2"}/ and Jensen’s
inequality as

|||T_0| i€Ty [ B ZieTOXir] = E[ﬁ Z:ieTO |Xi|r:| = ﬁZieTo ]E[|Xl|r] = ﬁZieTO”Xi”:'

Substituting (H.22) and (H.28) into (H.27), we have

[BLX,, X, [ 0] DKoo X0 51,0)])|

(r—t+w—1—w)/rM t+1+o—w

$2t+5_j|To|w(a(]:1, ]:3))
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Combining this with (H.26), we obtain

‘[nlﬁ T TN] > D*(Xil’ o ’Xit’ST07w)
j—1
< Zz(w—z)von—l . 2t+5—j|TO|w(a(]:1’]:3)

w=1

<2773 Ty | (a(Fy, Fs

)(r—t+w—1—w)/th+1+w_W

))(r—t—w)/rMH_w

Ifj=t+1,thenn; +---+n,=j—1=t implies thats =¢ —1 and n, = 1. By (H.9) we have

[nly ) W] > D*(‘Xilﬁ e 3Xi[38T0,w)
=[5 110 D (X, , X, St o)
:[”’71, Mo Ms T 1] > D*(Xil’ o ’Xit’ D(STo,w))' (H.29)

By (H.11), we get

‘[nlj Mo Ms T 1] > D*(Xils T 3Xit3 D(STO,w))

< ‘]E[Xl-l c X D(STO,w)]‘

+Z D1 G G (e X ) B X PGS0

w=1(s",01.)€C(W)

(*) 2(W—2)VOMW—

E[X, -+ X, D(St,.0)]|, (H.30)

w=1

where (x) is due to (H.19) and the fact that |C(w)| = 2"
Combining (H.29) and (H.30), we have

t

< Z 9(w=2)v0p rw—1

w=1

‘[m, e D (X, X, Sy ) E[X, - -Xi[-D(STO,w)]‘. (H.31)

Again we apply Lemma F.1 and obtain

|E|:Xiw o 'Xit' D(STo,w)]‘ < 8(a(F1:F3))(r_t+W_1_w)/r Xiw o .Xlt r/(t+1-w) ||D(ST°’°°) r/w’
(H.32)
Note that
||D(STO>‘°)||r/w = 2||STO"*’||r/w ZX
i€Ty
w/r

<2|T,|* Zx )2|To|“’( Zux ||") < 2|T,|°M®. (H.33)

i€Ty | 0| i€Ty
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Once again we have used Jensen’s inequality to get ().

Substituting (H.22) and (H.33) into (H.32), we get

(r—t+w—1—w)/r

‘E[Xiw X D(STO,w)]‘ < 16(a(Fy, F3)) | T, M W+t

Combining this and (H.31), we obtain

‘[7)1, ) n@] > D*(Xila Ut :Xif:STO,w)

)(r—t+w—1—w)/r | To|wMt—w+w+1

t
<> 20 DVOp L 16( o Fy, Fa)

w=1

§2t+3|To|w(a(]:1, ]:3))

(r—t—w)/r

Mt+w
|

Before providing the upper bound for the sums of S(H) and U (H), we first control the &; operator
defined in Appendix F.3 using strong mixing coefficients.

Lemma H.5. Let (X;);cr be a stationary random field of random variables with a finite index set T
and finite L™ -norms, i.e., |X;||, < 00. Given an order-(k + 1) genogram G, we have the following
bounds:

(a) For any real number r > k + 1, we have

|E6(Xis e X0 X )| < 28I 1 (H.34)
(b) For any f € CK"1°(R), we have
|E6(Xiy 5 X AF(G))] < 207 B \Diea |+ 1 ke, I, 15T, (H.35)

where 0? := Var (ZieTXi)'
Ifk > 2, forany f € C<2YR)NC*VY(R) and w € [0, 1], we have

|E6(Xis e X AH(G))| < 207 B \Dyea |- IF L I 10 L IX K4, (HL36)

(c) Forany f € C*"%*(R) and c,,c, €N, such that ¢, < c,, we have

D ol X, A4@)

C1=Sk41<C2

< zko'_w(cz —c)®lf |k—1,w||Xi1 ||I,f+w,

where the sum is taken over genograms whose ¢, < s;,1 < Co with the vertex set, the edge
set, and sy.; fixed.

Ifk > 2, for any f € C<2Y{(R)NC* 1 (R), w €[0,1] and c,,c, € N, such that ¢; < c,, we
have

< 21070 (e, — e )P IF I F 12 I, 1.

2. X X, 80(6))

C1=8k+1<C2
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Now suppose there exists 1 < j < k+ 1 such that s; = 1. Then the following holds:

(d) For any real number r > k + 1, we have

|5G(Xi11“ X, Xlk+1)| 2k+3 (r k— 1)/r||X |k+1’ (H37)

i i

where £ is the smallest integer { such that

k(2 +1)'> max s;+k(2m+1)".

<]<k

(e) Forany f € C<"2(R), we have

|E6(Xise e+ 2 X 85(G))| < 2207 By \Dya | - |f licnoatf, T IIX I1EF, (HL38)

Lo
where L is defined as above.

Ifk > 2, for any f € C<2Y(R)NC(R) and w € [0, 1], we have

|E6(Xis e+ 2 X AL(G))] < 207 By \Dyw | - F 22 IF 1oy ™ IX (154,
(H.39)

(f) Forany f € C5"%*(R) and c,,c, €N, such that ¢, < c,, we have

> (X X AH(G))| < 20079 — ) f il I, (H.40)

C1=Sk+1<C2

where £ is the smallest integer { such that

k(20 +1)¢ > ¢,V max s; +k(2m + 1)%.
1<j<k

Ifk > 2, for any f € C-2YR)NCHY(R), w €[0,1] and ¢;,c, €N, such that ¢; < c,, we
have

|€a(x AH(G))] < 20 (=) - IF g IF 12 ol "X Ik, (AL

lkJ

Proof of Lemma H.5.  We will perform induction on k to prove this lemma. But before that, we
will present some prelimenary results.

Firstly, we observe that if s;.; > 1, then B, ; \ Dy, is a singleton and therefore,
which implies that Lemma H.5b is a special case of Lemma H.5c and that Lemma H.5e is a special
case of Lemma H.5f by setting ¢, = ¢; + 1. For notational convenience, we combine the two cases
by denoting
X . {Af(G) if sp., <0

f ZqukH«Z Ap(G) ifspy, 21

Then by definition of £, we have

Eo(Xi, . Xy, A4(G)) if 5,1 <0
ZCISMQ;G( X, Ap(G))  if sy > 1
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Further let
B, = Byt1 if g1 <0
T ANG@ (i i €Ak +1))UDyyy  ifs =17
D, = Dy44 if 4, <0
ETANGT(i £ €Ak +1))UDgyqy  ifSpg 1

Ifsp.1 = ¢q =1, we have u(k+1) = k+1. The following holds due to a telescoping sum argument:

Ry = 053 f (W(Bir) — 05 (W(B)).

Thus, we get that

SR (W (Bir)) — 8% f (W (D)) ifu(k+1)=k+1
Ap =1 [ok+1—ulk+ 1)k,
(' f WW(Dpr) + (1= V)W (By1)) — 057 f (W(Dy1r))) dv

If u(k+1)=k+1, we have

ifulk+1)<k

|Zf| < |ak_1f(W(§k+1))_ak_lf(W(5k+1))| <07 f ket Z Xi| -

i€By+1\Di+1

If u(k + 1) < k, we have

1
IZfI SJ (k+1—u(k 4+ 1))ykut+D.
0

B (YW (Bien) + (1= W (B.) — 0L (WD)

> x

€811 \Diy1

> Xi‘w.

1€By+1\Di+1

1
<0 f k1,0 J (k+1—u(k+ 1))y gy
0

So-_w |f |k—1,w

Therefore, in both cases, we can write
Zf = O'_w|f|k—1,w5TO,w
where T, = §k+1\5k+1 and St ., (which depends on f by definition) satisfies
|STO,w| < |ZieT0Xi|w'
If k> 2and f € CK2Y(R)NCELY(R), £ € CFH(R) implies that
|£f| < 0'_1|f|k—1,1|ZieTOXi|-
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On the other hand, f € C*">1(R) implies that
|Af] < 2|f lea-
Thus, for any w € [0, 1], we have
As] <20 I 51 [ Dier, X

In this setting, we can write
Af = 20'_w|f|]1:(20,1|f|(]:)_1,1ST0,w’

where T, = §k+1\5k+1 and St ., (which depends on f by definition) satisfies
w
|ST0,w| < |ZieToXi| .
Then Lemmas H.5b and H.5c¢ reduce to

(@)

12

|E6(Xi -+ X1, Sy )| < 28| To| 11X, 115+ (H.42)
And Lemmas H.5e and H.5f reduce to

(h)
|8G(Xi13 “en ,X_ STO,w)| < 2k+3|T0|wa22_k_w)/r”Xil ||l]f+w, (H43)

12

where £ is the smallest integer £ such that

k(20 +1)¢ > ¢,V max s;+k(2m + 1)%.
1<j<k
Secondly, if s; > 1 for some 1 < j < k + 1, we denote the o-algebras F;_ := o(X; : t €A(j)) and

- _:{O'(Xl-:ieT\Dj) if2<j<k
j+ -

oX;:i€T\Dy,,) ifj=k+1"
We will establish that a(F;_, F;,) < a, where a(-, -) is defined in Definition 5.1.

In this goal, we will write By (i,b) := {z € Z% : ||i —z|| < b} for any i € Z4, where || - || is the
maximum norm on Z¢. This is the set of elements at a distance at most b from i. Similarly if
I c Z% we write By (I,b) := {z € Z% : min, [|li —z|| < b}. We denote by £ ({ > m+ 1) the
distance between i; and {i,: t€A()} in Z4, and by g the number of indices whose distance from
{iy,---,i_1} is at least m + 1 and at most { meaning that we set

q:= |{s €T :d({i},...,i;1},8) € [m+1,€]}| = |Tr‘|IB3”'”({i1, . ..,ij_l},f)\]B%”,”({il, . ..,ij_l},m)|.

To bound g, we note that for any i € Z¢ and b € N we have exactly (2b+1)? elements in By, (i, b).
Thus, we have

g <(G—1)(2+1)*—2m+1)?) <k((2¢ + 1) —(2m + 1)%).
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Moreover, by definition, N(i, : t € A(j)) \ N(i, : t € A(j)) contains the smallest s; indexes
(with respect to the strict order on Z%) in T \ N(i, : t € A(j)). We remark that all the elements in
N©I(i, : t € A(j))\N(, : t €A(j)) have distance at least m + 1 and at most £ from {i, : t € A(j)}
meaning that

N(sj)(it it EA(]))\N(lt it EA(])) Cc B||.||({i1, ey, ij—l}ae)\BH-Il({il’ e, ij—l}’ m)
Thus, we have g = s;. As aresult,
k(26 + 1) > s, + k(2m + 1)°.

As {, := min{¢ : k(2¢ + 1)* > s; + k(2m + 1)?}, we have £ > £,. Thus, we obtain that
a(]:j—: ]:)+) < Ay < aeo'

Now we finish the proof of Lemmas H.5a, H.5d, H.5g and H.5h by performing induction on k.
Let M :=||X;||, foranyi e T.
If k = 1, by definition we have

E(X,, X)) =D"(X;,,X,,),  E6(Xi,S1,0) =D (Xi),S1, 0)-

112 112 112
By (H.13) and (H.14), we have
|D*(X,,, X)) < 2M?, |D*(X,,,Sr, )| < 2To|“M™e.

Thus, Lemmas H.5a and H.5g hold for k = 1. Now supposing s, > 1, by (H.15) and (H.16), we
get
N 4 (r=2)/r_ o
DX, X,)| < 24(a(F, 7)) M2,
% o (r—1—w)/r ©
|D (Xilx'STo,w)| < 24|T0| (a(}—la}—g)) M 5
where F; := 0(X; ) = Fo_, Fp:= 0(X;,) € Fo, and
‘FB = O-(Xl . l S TO):O-(XL :legz\ﬁz)g O-(Xl . l S T\ﬁz):f2+.
As we have shown a(F,_, F,,) < a,,, we obtain

a(F, Fy) <ay, alF,F)<a,.

Thus, Lemmas H.5d and H.5h also hold for k = 1.

Suppose Lemmas H.5a, H.5d, H.5¢ and H.5h are true for |G| < k. Consider the case where
|G| =k+1. Let
Go:=sup{j:j=lorp(j)#j—1for2<j<k+1} (H.44)

We remark that g, is the first vertex in the branch of G with the highest indexes. We set w := |{t :

GQo+1<t<k+1&s > 0}| to be the number of all indices g, + 1 < t < k + 1 such that the
identifier s, > 0. If max; .;<;41 S; = 1, we let j, be an integer that satisfies s; = max;<j<;15; = 1.
We remark that such an index always exists.
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We will first propose a simplified formulation for £; that will hold irrespective of the value of w.
Then we will distinguish two main cases in our analysis namely (i) when q, = 1 and (ii) when
do > 2.

In this goal, we first remark that if w = 0, by definition we know that for any random variables
Y, -+, Y, the following holds

D*(Ylyz"'Yk-t-l) ifgy=1

5G[q0—11(Y1’ B Yqo—l) D (Yququ Yk+1) ifgo>2"

Ee(Yy,- -+, Vi) = {
where G[q, — 1] C G is the unique order-(q, — 1) sub-genogram of G as defined in Appendix F.2.

Forw> 1, wewrite {t :qo+1<t<k+1&s,>0}=1{q, ,q,}. Without loss of generality,
we suppose that the sequence g, +1 < q; <--- <gq,, < k + 1 is increasing. By definition

D*(Yl"'qu—l A ARTE AP qu"'Yk+1) ifgo=1
Ec(Yy, Y1) = EG[qo—ll(Yl’ n ’Y%—l)' ifgy>2"
k 0=
D (Yqo"'qu—l’ Yo o Yopas o5 Yo, oo k+1)

Set q,,.1 := k + 2, then by exploiting the definition of compositional D* operators, we remark that
& will take the following form irrespectively of the fact that w > 1 or not:

[ql_qO:"' :qw+1_qw]>D*(Yla'“ ,Yk+1) lquZ 1
E6(Yy,-++, Yiwn) = { Eorgomn) (1o s Yot )- ifg,>2" (H45)
. 0=
(91 —q0> " s Qw1 —Quwl> D ( g0 """ aYk+1)

In particular, we know that

E6(Xipom 5 X)) =

{[Ch_%:"' qu+1_qw]>D*(Xi1"“ ’XikH) ifgy=1 (H.46)
5G[qo—1](Xi1’ Xy _1) (4140, > Qw1 — 9] DD*(XquJ e aXikﬂ) ifgy>2" '
E6(X, ,Xik,STo,w) -
{[Ch — o, an+1 —q,] DD*(Xil, e ’XikJSTO,w) ifgo=1
5G[q0—1](Xi1a e lq 1) (41— 0> " s Qws1 — ] DD*(X%,X%H: e :Xik’STO,w) ifgo=>2"
(H.47)

We will use this simplified representation to prove the desired result. If g, = 1, by (H.13) and
(H.14) we remark that

s —d0r » Qusr — 1> DXy, X )| < 253 MF,
|[q1_q0"" sqw1 — qw]PD*(Xll, Xlk’STo,w)| < 2k+3|TO|ka+w-

Therefore, Lemmas H.5a and H.5g are true when g, = 1.

122



H PROOF OF LEMMA FE9

Supposing s;, = max;<j<418; = 1 (o = 2 since s; = 0), by definition of g4, - - - , g, we know there
is some 1 <w’ < w such that q,, = j,. Hence

(@1 —q)+-+(qw—qwa) =Jjo— 1.
By (H.15) and (H.16) we have

" (r—k—1)/r
|[q1 —qo>" " 59w+t _qw] >D (Xi13 e 3Xik+1)| < 2k+3(a(F13F2)) Mk+13
« © (r—k—w)/r ©
|[q1_q0"" 3qw+1_qw][>D (Xila"' 3Xik38TO,w)| SZk+3|TO| (a(FlﬁfS)) Mk+ P
where
‘F]. = O-(XiI’ e ,Xij071) == .F-jo_,
® |loX;:ieT\D;,)=F, if jo <k
Fo 1= G(Xijo’ o ’Xik+1) = { . ~ _ o . .O —k >
oX;:i€T\Dyy) =Fj» ifjo=k+1
O-(Xl'jo,"',Xik,STO’w)gO-(Xi:i:jo,“‘k, OI‘iET\Dk+1) L
_ (x4) _ if jo <k
Fy = C {(Xi (i€T\D)=F;,
O-(STO,O))EG(Xi:ieT\Dk+1):‘F:io+ 1f]0:k+1

Here (*) and (*x) are due to the fact that p(j) = j— 1 for any 2 < j < k + 1 since it implies that
1,---,jo—1€A(j) for any j, < j < k+ 1. Thus, we have

% r—k—1)/r
|[CI1 —qo>"** > qw+1 —qwl]> D (Xils T ink+1)| < 2k+30‘20 / M,
* —k—w w
|[q1 —qo>" " 5 Qw+1 _qw] >D (Xi1: U :Xik’STO,w)| < 2k+3|TO|waZ} )/er+ .
Therefore, Lemmas H.5d and H.5h are true when g, = 1.

If g, = 2, note that
|Eotap-11(Xeo X, )| < 207°M, (H.48)

which is true for q, = 2 since Eg13(X;,) = E[X; ] and is precisely the inductive hypothesis for
qo = 3.

Thus, we have

|5G(Xi1’ o ’Xik+1)|
S|8G[qo—1](‘Xi1’ o ’Xiqo—1)| ) |[Q1 ~q0>" " 5 Qw+ _qW] > D*(Xiqo’XitIoH’ o ’Xik+1)|

(<*)2qo_2MqO_1 . 2k+1—q0Mk+2—q0 < szk+1
where () is due to (H.48) and (H.13). Similarly we have

|5G(Xi1: T JXik’STo,co)|
S|5G[QO—1](X1'1’ o ’Xiqo—1)| ) |[q1 —dqo> " 5w+ — qw] > D*(Xiqo’Xiqoﬂ’ o ’Xik’STo,co)|
quo—ZMqo—l . 2k+1—q0|T0|ka+1+w—qo S 2k|T0|ka+w.
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Therefore, Lemmas H.5a and H.5g are true when q, > 2.

Supposing s; = max;.;115; = 1, we claim that p(jo) = jo — 1. In fact, if p(jy) < jo— 1, set

= p(jo)+1. Since j, < jo and v[j;] and v[j,] are siblings, by Proposition F.2d we have Sip > Sjs
which contradicts the definition of j,. Therefore, we have shown p(j,) = j, — 1, and thus, j, # q,
by definition of q,,.

If j, = qo + 1, by definition of qq, - ,q,, we know there is some 1 < w’ < w such that q,, = j,.
Hence

(@1 —90) + -+ (qw — qw—1) = jo— 4o
Thus, by (H.15) and (H.16) we have
|[CZ1 — o> > Qws1 — qu] DD*(XL A :Xik+1)|
< 2k_q°+4(a(]:1:f2))(r k+q0 o
|[Q1 —qo> " 5 Qws1 —qul® D*(Xiq(), e 5Xik’STO,w)|
< 2k_q°+4|To|w(a(-7:1’-7:3))(r_k+qo_1_w)/rMk_q°+1+w,

k—qo+2
M qo ,

where

)_
& |oX;:i€T\D if jo <k
f2 = O-(Xi-""aXi )E ( \ ]0) Jo+ ‘ ]'0 )
70 kil O-(Xl i e T\Dk+1) = jo+ lf]O = k+ 1

'F]. ::O-(Xl'qo,"‘

lo-1

O-(X ' ‘XlkﬁsTO,w) c O-(Xl = j03 tte k: ori € T\5k+1)
(%) if jo <k
F3 = Co(X;:i€T\D,)=F;.

o(Sr,,)CoX; i€ T\Dy,,) = if jo=k+1

Jo+

Here (*) and (xx) are due to the fact that p(j) = j—1 for any q, + 1 < j < k + 1 since it implies
that qo, -+, jo— 1 €A(j) for any j, < j < k + 1. Thus, we have

|8G(Xi1’ o ’Xik+1)|
<|8G[QO—1](Xi1’ X - )| ) |[q1 ~q05" "7 5 Gw1 _qW] > D*(X quo+1’ o ’Xik+1)|

igo-1 lgo’

<2q0—2Mq0—1 . 2k—q0+4agr_k+q0_2)/er—qo+2 < 2k+3a2r_k_1)/er+1

= = 5
0 0

and

|5G(Xi13 U 5Xik’STO,w)|

S|‘€G[q0—1](Xvi1: U ’Xiq0_1)| : |[q1 —qo>" " Qw1 — qw] > D*(X Xl 0417 ’Xik:STO,co)|
quO_ZMqO_l . zk—qo+4|TO|wag(r)—k-t-QO—l—w)/er—qo-i-l-i—w < 2k+3|T0|wag(r) k— w)/er+co'

If 2 < j, < q,— 1, by inductive hypothesis we have

|Eotap1Xio oo, X;, )| < 20 ay M, (H.49)

lgo—1
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Thus, we have

|5G(Xi1’ o ’Xik+1)|
S|‘C"G[qo—1](‘x’i1’ o ’Xiq0—1)| ) |[q1 ~do0>" > Qw+1 _qW] > D*(Xqu,XquH, o ’Xik+1)|

(%) _ ke
quOHaE; Q+D/T g rao—1 . 9k—qo+1 prk—qo+2 < 2k+3agg k 1)/er+1,

where () is implied by (H.49) and (H.34). Similarly

|5G(X T JXik’STo,co)|

112

S|5G[q0—1](Xi13 T ,Xiq071)| : |[q1 —qo>" " 5 Qw1 — qw] > D*(X 3Xiq0+1: T :XikﬁsTo,w)|

i
52q0+1a20—qo+1Mq0—1 . 9k=qo+1 | To|ka—q0+1+w < 2k+3|To|wa2(r)—q(l)<—w)/er+w.

Therefore, Lemmas H.5d and H.5h are true when q, > 2.

By induction the proof is complete. ]

Equipped with the tools in Lemma H.5, we are able to show the proof of Lemma F.9.

Proof of Lemma F.9. For ease of notation, let M := ||X;||,. For each of (F.51)—(F.54), we
conduct the sum in two steps:

1. Fixing an ordered tree (V, E, <) with the compatible labeling. Here V = {v[l], e v[k+1]}
denotes the vertex set and E denotes the edge set. We take the sum of S(H) or U;(H) over
all possible values of s, -+ , ;. such that H is a genogram that induces (V, E, <);

2. Sum over all possible ordered trees (V, E, <) of order-(k + 1).

Note that an ordered tree corresponds to infinitely many genograms (as there is an infinite number
of possible identifiers). However, when the index set T of the random field is finite, only finitely
many genograms give non-zero values of S(H) and U, (H).

For the second step, we observe that the total number of ordered trees of order-(k + 1) solely
depends on k. (In fact, this is exactly the k-th Catalan number [Roman 2015].) Hence summing
over all such trees only contributes to the constant in the bounds. As for the first step, the following
statement will be crucial to our proof.

Claim. Fix a positive integer s > 1. For any 2 < t < k + 1, given a sequence i,,--- ,i,_,, the sum
of |Bt\Dt| over —1 <s, < s is smaller or equal to 2(k(2m + 1) +5s).

To see this we will consider the following three cases:

(i)  Whens, =—1ands,; =0;
(i)  Whens, =—1and s, =1;

(111) WhenO0<s, <s.
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Firstly, if s, = —1 and s,,,) = 0, then we note that
BAD; = By)\Dy) S N(iy : h € A(1))) S N(iy : h € A(t)) S NO(iy, : h € A(D).

If s, = —1 and s,y > 1, then by definition, B,\D, = B,,)\D,,) has at most one element namely
i,)- Thus, B\D, € N(i, : h € A(t)) S N®(i, : h € A(¢)).

Finally if 0 < s, < s, by definition, B,\D, € N®(i, : h € A(t)).

To bound Zst < Bt\Dt| we remark that the sets B,\D, are disjoints for different values of 0 <s, <
s. Thus, this implies that

> |BAD| < 2N, s he Ar)).

$¢<s

To further bound this, note that for any index i, the indices with distance from i at most m lie in the
d-dimensional hypercube centered at i with the sides of length 2m + 1. Thus, i, the A(t))| <
k(2m + 1)¢. By noticing that for any subset J (by definition of N®)(+)) there is at most s elements
in N®(J)\ N(J) we obtain that

INO(, : he A(t))| = [N(iy : h € A(t))| +5 < k(2m +1)? +s.

Next we establish (F.51).

Suppose v[j,] is a vertex with the largest identifier among all vertices and s; =s. By (H.37) of
Lemma H.5, we obtain that

where £, is the smallest integer ¢ that satisfies
k(2 +1) > s+ k(2m + 1)%. (H.50)

Thus, we obtain that

MECCIESEED D 3D JED J XAy

S1:(k+1)* S1: (k+1) i1€B;\D; i,€B,\D, i3 +1€Bi+1 \Drs1
Sjo=%> Sjo=$
sp<s, Yh#jo SpSS, Vh#]o

k—2 e
<2235t T|(k(2m + 1) +5) ol MR,

Since the set {s;, -+, Si41 : MaX;<p<i41 S = S} is the union (not necessarily disjoint) of {s1, -+, S :
s;=5,5,<sVI<h<k+1}over2<j<k+1,wehave

k+1
2, s, 2, |sen|
S1:(k+1)* =2  S1:(k+1)*
Maxj<h<k+1Sh=S Sjg =S
sp<s,Yh#jo

S22k+3ko_(k+1)|T|(k(2m +1)4 + s)k_lagr_k_l)/er“.
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Next we take the sum over all possible |T| > s > 1 and obtain that

7]
2, sl >, |sun) (H51)
S1:(k+1)* s=1 S1:(k+1)*
max;<p<i+121 max; <p<k+1Sh=$
IT] 1
£22k+3k0'_(k+1)|T|Z(k(2m + 1)d +S) agr—k—l)/erH.
s=1

To further bound this it will be important to know what is the number of different possible values
of s will have the same ¢, = . To do so, we note that by definition (H.50) of ¢, any such s much
satisfy

k(20,+ 1) >s+k(2m+ 1) > k(20, —1)? + 1,

which implies that for any £ > m + 1
[{s : 0, = 0} < k(20 + 1) — k(26 — 1) < 2kd (2 + 1)
On the other hand, s < |T|—1 implies that
k(20,— 1) +1 < |T|+ k@m +1)* +1 < (|T + k(2m + 1)) + 1.
Thus, we have {, <m+ 1+ [#J for any s. And we conclude that

_ . 1/d
|{s:€s=€}|£{2kd(2€+1)d 1 1fm+1+[%]2€2m+1'
0

otherwise

Therefore, by combining this with (H.51) we obtain that

m+1+[¢]
k=1 (r—p—

D |St)] <2ko T ST 2kd(20 + 1) k(2 +1)7) g
1 : =
maxllg(:;glzl m+l

(@) m+1+[¢]

<|T D2 Z k=1 —k=D/1

~ ¢

{=m+1

where to obtain (a) we used the assumption that the asymptotic variance does not degenerate:
liminfo?/|T| > 0.

|T|—o0

For any G € G,(k + 1), there exists at least one positive vertex. Thus, max;.,<.,;5, = 1. Now that
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the number of labeled rooted trees on k + 1 vertices only depends on k, we conclude

D, lsanl= 2 >, |s(H)]

HeGy(k+1) (V,E,<): S1:(k+1)*
|V|=k+1 H=(V,E,s1.(+1))
€Go(k+1)
<2 2 st
(V,E,<): S1:(k+1)*

|V|=k+1 maxi<p<+1Sp21

1/d
m+1+| L=

< Z |T|—(k—1)/2 Z Edk—lagr—k—l)/r

(V,E,<): {=m+1
|V|=k+1
m 1 102
<|T |—(k—1)/2 Z edk—lagr—k—l)/r_
{=m+1

Next we prove (F.52).

Again suppose v[jo] is a vertex with the largest identifier among all vertices and s; = s. In other
words, max{s, : 1 <t < k+1} =s =s; . We discuss the following two cases (i) when j, < k
(whose analysis will be further split depending on the fact that s,.; > 1 or not), and (ii) when
Jo=k+1.

First consider the case where j, < k. From the claim above, we know that for any 2 < t < k,

t # jo, given a sequence iy, -+ ,i,_;, we have that . __|B, \ D,| < 2(k(2m + 1)¢ +5).

S¢<S

Suppose that s, < 0, then by (H.38) of Lemma H.5, we know that
|5H(Xi1: Tt ink3 Af(H))| S|f|k—1,w0'_w|Bk+1\Dk+1|wag:_k_w)/r,
where £, is the smallest integer ¢ that satisfies

k(20 + 1) > s+ k(2m + 1)4.

If 5,1 = 1 then by (H.40) of Lemma H.5 we have

D EalXi e X A ()

1<5)41 <5

— —k—
SIf oo @s@ay T

Thus, as we have shown that |By,;\Dy,;| < k(2m + 1)? since By, ;\Dys1 € N(ij, : h € A(k + 1))
we obtain that

S (X, ,xik,Afw))\

Sk+1SS
< Z gH(Xila"':Xik’Af(H)) + Z gH(Xila'“’Xik:Af(H))
Sk+1=0,—1 1<sp41<s
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SIf lheroo @ (k(2m + 1)¢ +5)2al ),

Noting that b, is the same for genograms with the same (V, E, <) and negative vertices, and that
|by| <1 (see the remark following Corollary F.8), we have

‘ >, bHuf(H)‘

S1:(k+1)*
31<jo<k s.t.
Sjo =maxi<p<k+1Sh=S

<Z > ZbHUf(H)‘ Z > byl

> uf(H)‘

Jo=1 S1 k Sk415$ Jjo=1 51 k Sk+15S
sj<s 1<]<k sj<s 1<]<k
—k
<o) DD IND HEEID IR DI lk,Af(HD‘
Jjo=1 51 ki 01€B1\D1 €By\Dy ik €B\ Dy !Sk41SS

sJ<s V1<)<k

k— —k—
SKIf o, w0 T (k(2m + 1) +5) " ol i,

Thus, we get that

IT|
X 2 X e
S1:(k+1)" s=1 S1:(k+1)"
J1<jo<ks.t. J<jo<k s.t.
Sjo=Max) <p<k+15h=1 Sjo=Mmaxy <p<k+1Sh=$
u k—2+
— —. w —Je—
Skif lk-1,00 (k+‘”)|T|Z(k(2m+1)d+s) az k=) ppite
s=1
@ m+1+['T'/ ]
—(k+w—2)/2 d(k+w—1)-1 . (r—k—w)/r
SIf gl TITRFe2/2 X gl gl ,
{=m+1

where once again to obtain (a) we used the fact that by assumption limsup |T|/o? < o0.

We now consider the case where j, = k + 1. To do so we first note that by (H.40) of Lemma H.5
for any £ > 1 we have

k(2e+1)d
—k(2m+1)d

Ea(Xi, - X, Ap(HD)
LR 1)
S 00 (k26 + 1) — k(20 = 1)7) 0l "
S |f |k_17wo-—w£dw—w agr—k—w)/r.
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Taking the sum over £ and s;.;,, we get

' E bHuf(H)‘
S1:(k+1)*
Sj§5k+1,V].§]'§k,
Sk+121
p1/d k(20+1)4
m1+ 5= | eamind
< > > > bld(H) (H.53)
Sik: {=m+1 spq1=k(20-1)d
sj<sx+1,V1<j<k, —k(2m+1)d+1
Ske121
1/d k(2e+1)d
m+1+{ T | —k(2m+1)d
= E: E: byl E Us(H)
S1k: {=m+1 s =k(20-1)d
$jSsk41, V1<) <k, “k@m+1)d+1
Ske121
1/d k(2e+1)d
m+1+| T —k(2m+1)d
< Y Y T2 Y e mam)
S1:kt {=m+1 i{;€B;\D; i €Bi\Dy | spq1=k(2¢-1)d
5 <skr1,V1<j<k, —k(2m+1)d+1
Sk+121

k_ —_— e —
S|f|k—1,w0'_(k+w)|T|(k(2m +1)¢ +5k+1) 1€dw—wa2r k—w)/r
Slf'k—l,wg_(k+w)|T|(k(2€ + 1)d)k—1£dw—wagr—k—w)/r

m+1+ L 1d |
S|f|k_1,w|T|—(k+w—2)/2 Z ed(k+w—1)—wa§r—k—w)/r'
{=m+1

Therefore, we conclude that

S hun]< ¥ N wuwfs X| X s
HegGy(k+1) (V,E,<): S1:(k+1)* (V,E,<): Stk+1*

[VI=k+1 H=(V,E,s1,(k+1)) |V|=k+1 MaXi<h<ic+1Sh=1

€Go(k+1)
S| T omue)s BT wwe)

(V,E,<): S1ik* (V,E,<): S1:(k+1)!

[V]=k+1 Sj<sk+1,Y1<j<k |V|=k+1 Jjo<ks.t.
Se4121 Sjo=Max1<p<k+15p21

1/d
m+1+| 1=

S D5 Ukl TR S0 gitremiregirioer

(V,E,<): {=m+1
Vi=k+1
m+1+| 1= iy
< |f |k—1,w|T|_(k+w_2)/2 Z Ed(k-ﬁ-w—l)—wagr—k—w)/r.
{=m+1

Next we prove (F.53). If H € Py(k + 1), then for any t < k we know that i,,; € N(i;.,). In other
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words, new indexes lie in the m-neighborhood of previous ones. By (H.35), we have

|Eu(Xis o X AL (HD)| < 2507 By \ D |+ 1f ey, M,

Taking the sums over i; € B;\D; for all 1 < j < k, we get

k
|, (D) SZkU_w|Bk+1\Dk+1|w NS leer, oM< l_[|Bj\Dj|
=1
<|f|k ) w|T|_(k+w_2)/2md(k+w_1). ’

Therefore, we have

> bHZ/lf(H)‘ < >

> bHuf(H)‘

<2

Z byl

HePy(k+1) (V,E,<): S1:(k+1)° (V.E<): | sixe:
[VI=k+1 H=(V,E,51.(k+1)) [V|=k+1 $j=0or—1,
ePy(k+1) Vi<j<k+1
< T3 bl s ST ST )|
(VE,<):  Stk+1 (VE,<):  Suk+1:
[V]=k+1$=00r—1, [V|=k+1$;=00r—1,
V1<j<k+1 V1<j<k+1
—(k+w—2)/2_ d(k+w—1)
E: f le-1,0l Tl m
(V.E,<):
|V|=k+1

< |f |k—1,(,o | T |_(k+w_2)/2md(k+w—1).

Finally, to prove (F.54), we follow the derivation similar to (H.53) to obtain that

> byl (H)| < > bl S D b (H)‘
HEPy(k+1) (VE=):!  Stksn); (VE,<):!  SLn:
[VI=k+1 H=(V,E.51.41)) [V|=k+1 s;<0,V1<j<k,
Py (k+1) Si121
> bl >y 2| 2 Uf(H)‘
(V,E,<): S1:(k+1)* (V,E,<): S1:(k+1)
|V|=k+1 5;<0,V1<j<k, |V|=k+1 5;<0,¥1<j<k,
3k+1>1 5k+121
1/d k(2e+1)1
m+1+ T || Jiamenyd
_k E E E E gH(Xila" lkJAf(H))
(VE,<):  Sukt {=m+1 spp1=k(20—1)d
V|= k+1sj\7/00r kl —k(2m+1)d+1
<j<
/d k(2e+1)4
m+1+| 1= —k(2m+1)d
_k E E E E E E SH(Xilj.. lkJAf(H))
(V,E,<):  Suk! (=m+1 ;€BI\D;  ix€B\Dy | sp4q=k(2t-1)d
V= k+1SJV00r_kl —k(2m+1)d+1
<]<
1/d
m+1+| T )
_ k—6
ISR YD YD YD S LM e
(V,E,<):  Sukt {=m+1 i{;€B;\D; i €B; \Dy
|V|=k+1$;=0or —1,
Vi1<j<k
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() _ _ _ k=1 45_ —k—5
< |f|]1<_g71|f|]f_1710- (k+5)2k 1|T|(k(2m + 1)d) fdé 5agr )T

1/d
m+1+| T )

- e - 5 _(r—k—6
SIFIEIFI2, | T U 22dGe) Z (455 O

{=m+1

Note that the inequality () is due to (H.41). For (+x), we note that s; = 0 or —1 for 2 < j < k,

and that the number of choices for i; (2 < j < k) is upper-bounded by k(2m + 1)¢ since i; lies in
the m-neighborhood of i;, - -+, i;_;. ]
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