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Abstract

We develop a framework for studying quasi-periodic maps and diffeo-
morphisms on R". As an application, we prove that the Euler equation is
locally well posed in a space of quasi-periodic vector fields on R™. In par-
ticular, the equation preserves the spatial quasi-periodicity of the initial
data. Several results on the analytic dependence of solutions on the time
and the initial data are proved.

1 Introduction

Consider the Euler equation in R” (n > 2),
{ us +u-Vu=-VP, divu=0, (1)
u|t:0 = Uo,

where w is the fluid velocity, P is the (scalar) pressure, and V denotes the
gradient in the Euclidean space taken component-wise. In this paper we will
prove that the Euler equation is well posed in a class of quasi-periodic vector
fields on R™. Quasi-periodic functions appear naturally in integrable PDE’s
where the solutions can be frequently written in terms of theta functions (see e.g.
[15, 24] and the references therein). Such solutions are quasi-periodic both in
time and spatial direction. Note that in oceanography, modulational instabilities
of periodic wave trains introduce perturbations that lead to spatially quasi-
periodic dynamics and are believed to be one of the mechanisms responsible for
the formation of rogue waves (|25, B4} [I]). Faraday wave experiment in which
a fluid layer is subject to vertical oscillations leads to quasipatterns which are
quasi-periodic functions. For example, a twelve-fold orientationally symmetric
quasipattern is produced by forcing a layer of silicone oil simultaneously at
two frequencies ([9]). Quasipatterns were found in nonlinear optical systems,
shaken convection, and in liquid crystals (see [36} 37, [3, 13| [14] and the references
therein).
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In order to define the quasi-periodic functions on R™ with n > 1 we fix an
integer M > n, and a linear map

Q:R" - RM (2)

of rank n, tk Q = n. Consider the standard covering map p : RM — TM where
TM .= RM /ZM is the M-dimensional torus. Denote by (1, the composed map
poQ:R" — TM™ and let N > 1 be an integer.

Definition 1. A map f : R" — RY is called quasi-periodic if f(z) = F(Qp(x))
where F : TM = RN 45 a continuous map.

In the case when n = 1 the definition above coincides with the classical definition
of quasi-periodic functions (cf. [B] 10]). We will assume that Q satisfies the
following non-resonance condition:

(NC) The image of the map Qp, : R* — TM s dense in TM .

Remark 1.1. By Lemma in the Appendiz the non-resonance condition
(NC) is equivalent to the injectivity of the map

ZM SR, me Ay, (3)

where Ay, = 27QT(m) and ()T denotes the transpose of a matriz. By the
Kronecker-Weyl theorem, (NC) holds if e.g. there exists o € R™ such that the
components of Q(a) € RM are linearly independent over Z, i.e., if (m, Q(a)) =
0 implies m = 0.

Here and below (-,-) denotes the Euclidean scalar product. By Z>o we will
denote the set of non-negative integer numbers.

The space Q% (R™): We will concentrate our attention to the case when N = 1.
The case N > 1 will then easily follow. For any s > % consider the Sobolev
space H*(TM) = H*(T™ R) of maps T — R. By the Sobolev embedding
theorem, the space H*(TM) is compactly embedded in the space of continuous
functions on the torus C(TM) = C(TM™,R). For a given s > & and O : R" —
RM | as above, define the following space of quasi-periodic functions

Qo (R") = {f(z) = F(Qp(x)) | F € H*(T")}. (4)

Take f € Q%(R™). Since s > &, the function F' € H*(T™) has a uniformly
convergent Fourier series. This implies that f(z) = F(€p(z)) has a uniformly

convergent expansion

f((E) _ Z F\me27ri(m,ﬂ(z))

mezZM

Z Fethmom), Ay = 2707 (m) € R, (5)

mezZM



where F,,, m € ZM  are the Fourier coefficients of the function F € H* (TM).
The uniform convergence in (] implies that f is a uniform limit of trigonometric
polynomials, and hence by Wiener characterization (see e.g. [20, Ch. I, §7],[32]
§2]) it represents a (classical) almost-periodic function in the sense of Bohr with
Fourier exponents A,, = 2rQ7 (m). Hence,

Q?l(Rn) - Cap(Rn) - Cb(Rn)

where Cy,(R™) is the space of (classical) almost-periodic functions in R™ in the
sense of Bohr and Cy,(R™) is the space of uniformly bounded continuous functions
in R™ (for more details see the short discussion at the end of the Appendix).
It follows from Remark [[.T] that the map (3)) is injective. In particular, we see
from the uniform convergence of (&) that for any m € ZM,

~ 1

F, = lim —/ f(z) e Ams) gy 6
T—o0 (QT)" [-T,T]" () (©)

where the integration is over the cube [—T,T]™ in R™. We define the norm in
Q4 (R™), s > M/2,

1= (3 1Bul2om®) " my = T+ P ™)
mezZM

For F € H*(T") consider the pull-back map Qi (F)(x) := F(Q(z)) €
Q%(R™). By construction, we have

*

Q
Lemma 1.1. Assume that s > M/2. Then, the map H*(TM) 3 Q% (R"),

F— Q;(F), s a linear isomorphism.

In particular, we see that Qg (R") is a Hilbert space with a scalar product

(F.9)s = Y. Fu(Gm)(m)®. g€ QaR". (8)

mezZM

In addition to the scalar product (8) on Q% (R™), we will also need the Hermitian
form

(£.9)0:= > Fu(Gm), f.g€Qa(Rm). (9)

mezZM

Note that the form (@) is bounded in Qg(R"), s > M/2.

In addition to the space Q§(R™), s > M/2, in Section [2] we define a finer
scale of Hilbert subspaces

Q5 (R™) C Q4(R™), 1€ Zso.

By definition, the space Qé’f (R™,R™) consists of maps R™ — R™ whose compo-
nents are quasi-periodic functions in Qgs (R™). The main properties of Qgs (R™)



are discussed in Section [2l In particular, it is shown that Qgs (R™) is a Banach
algebra. In what follows we will omit the symbols R™ appearing in the notation
of the space of quasi-periodic vector fields Qéf (R™,R™) and write Qéf instead.
For p > 0 denote by BQQS (p) the open ball of radius p in Qé’f. In Section Ml we
prove the following theorem on the solutions of the Euler equation.

Theorem 1.1. Assume that s > M/2+ 1 and l > 2. Then, for any p > 0
there exists T > 0 such that for any divergence free ugy € BQz,s(p) there exists a
Q

unique solution
we C(=T.7,Q57) N ¢ ([-T.T),Qq ™) (10)

of the Euler equation (1)) such that the pressure P(t) belongs to Q% (R™) and has
mean-value zero for any t € [—T,T]. The solution depends continuously on the
initial data in the sense that the data-to-solution map

Bos(p) = C([-T, 70, Q%) N CH (=T, 71, Q5 %),  uo — u,

Qg
is continuous. In addition, we have that P € C([-T,T], SLLS).

Remark 1.2. Theorem[I1l continues to hold if we add a quasi-periodic external
force F e C((—o0,00), lQH’S) such that divF = 0 or F = —VU for some
U € S'(R™) on the right side of ([{l). The analytic dependence in Proposition
[4-3, Section[d], continues to hold if we assume that F € C*((—o0,00), g.ls)

where Qé;r.ls consists of quasi-periodic functions with bounded set of Fourier
exponents (see ([2)).

The solution in Theorem [[.1] is unique in the class of solutions satisfying
(@0) such that the pressure P(¢) belongs to Qg (R™) for any ¢t € [-T,T]. The
condition on the pressure can be replaced by another condition on the pressure
(or, on the solution itself) but cannot be avoided, as seen from the transforma-
tion @(t) := u(t) + ¢t and P(t,z) := P(t,z) + (¢,z), ¢ € R, that transforms a
solution u of ({l) with pressure P to a solution @ of (Il) with pressure P and the
same initial data ug. The transformation above can be easily modified so that
the solution u will have a blow-up in finite time.

The total energy: Since a quasi-periodic vector field u € ng’zs C QL >0,
5> % + 1, does not decay at infinity, its total energy cannot be defined in the
usual way. Nevertheless, we can consider the (averaged) energy

1 1
E(u) = > lim ——— > 11
() =3 A oy /[TVT]n(u’ u)de 20 (1)

which is well-defined and, as can be easily seen from the uniform convergence
of the Fourier series, E(u) = % (u,u)o where (cf. (@),

()0 =Y (lm,0m), w0 € Qg (12)

mezZM



and Uy, 0, € C" are the Fourier coefficients of the vector fields u,v € ng’zs,
respectively (see Remark [Z] in Section 2]). A direct computation shows that
the solutions in Theorem [[T] preserve the averaged energy ([l). In fact, since
ue C([-T,TY, Qé’zs) NnCH([-T, T, Qé;l’s), we can differentiate (II)) (and (d2))
in time to conclude from the Stokes’ theorem and the fact that u is divergence
free that

E(u) = (d,u)o = Th_r}I;o ﬁ /[—T,T]" (— (u . Vu,u) — (VP,U)) dx

1 1
= lim —/ VU,u)dzr = lim —/ div (Uu) dz
Too (2T)" [—T,T]"( ) Too (21)" Ji_r 1 (Uu)
1
= lim —/ (u,v) Udo =0, (13)
T—o00 (2T)" a([~T,T)™)

where v is the outward unit normal to the boundary 9([—T,T]") of the cube
[T, T]"™ in R", do is the surface volume form corresponding to the Eucli-
dena metric in R”, and U := —3(u,u) — P. The limit of the flux integral
above vanishes since the integrand is uniformly bounded on R™ by the inclusion

Q4P (R™) C Cy(R™) and the fact that u, P € Q4 (cf. Theorem [LT)).

Remark 1.3. One can use the averaged energy () to define a right-invariant
weak Riemannian metric on the group of volume preserving quasi-periodic dif-
feomorphisms of R™ (cf. Section[3). It can be shown that the solutions of the
Euler equations in Theorem [0 locally minimize the length of the curves corre-
sponding to this metric. In particular, we see that the Euler equation can be
derived from the variational principle applied to the averaged energy. We will
discuss the Riemannian geometry of the group of volume preserving diffeomor-
phisms in detail in a separate work.

The particle trajectories: Let us now take a divergence free quasi-periodic initial
velocity field ug € Qg and let u € C((~T1,T2), Q%) N CH (=11, T»), Q5 *)
be the solution of the Euler equation () on its maximal interval of existence
(—=T1,T), T1,T> > 0. (The existence of such an interval follows from Theorem
[CIl) The trajectory (streamline) of a fluid particle that is positioned at x €
R™ for t = 0 is given by the integral curve of the (non-autonomous) ordinary
differential equation 4(t) = u(t, ¢(t)), @(t, 2)l—o = = in R™. It follows from
Lemma in Section M that these integral curves are defined for any x € R"
and ¢t € (—T1,T3) so that for any given ¢ € (—T11,7%) the map ¢(t) : R" —
R™, x — ¢(t,x) is a quasi-periodic diffeomorphism of R™. The quasi-periodic
diffeomorphisms are quasi-periodic perturbations of the identity map in R™.
They form a topological group and are studied in Section Bl (cf. Theorem B.1]
and Theorem B:2). Proposition 3] in Section @l implies the following corollary.

Corollary 1.1. The trajectories of the fluid particles are analytic curves in R™
that depend analytically on the initial data uy € Qgs.



The corollary extends the result in [31] from the periodic to the quasi-periodic
setting. In contrast to [28], the particle trajectories in Corollary [[Il depend
analytically on the initial data.

Another consequence of Proposition [£.3] is that the Fourier coefficients of
the fluid velocity are analytic functions of time and the initial data. Note that
generically, the velocity field u : (—=T4,Ts) — Qé’f is not real analytic. Moreover,
its dependence on the initial data is not even Lipschitz continuous.

Corollary 1.2. Let u € C((—T1,T»), é’ls) NCH (=T, To), é;l’s) be the solu-
tion of the Euler equation [ on its maximal time of existence. Then, for any
m € ZM the Fourier coefficient Ty, (=Ty,To) — C™ is an analytic curve that
depends analytically on the initial data uy € Qgs.

The phase space: With any choice of the linear map €2 which satisfies the
non-resonance condition (NC) one associates a discrete lattice T'q = {”y €
R™ | Q(y) € ZM} in R™. The rank of g can take any integer value in {0, ...,n—
1} (cf. Lemma [A-3]in the Appendix). Hence, depending on the choice of €,
the phase space of the fluid in Theorem [[.T] is diffeomorphic to the cylinders
T" x R"™" where r = rkT'q and T := R/Z. Informally, we can say that when
r > 0 we have r periodic and n — r purely quasi-periodic directions in R". If
r = 0 the phase space is diffeomorphic to R™ and does not have periodic di-
rections. This implies that for such Q a quasi-periodic vector field u € Qé’f
in general position is purely quasi-periodic in the sense that it does not have
non-vanishing periods. By the uniqueness, if ug € ng’zs is purely quasi-periodic,
then u(t) € Qé’zs is purely quasi-periodic for any ¢ in the interval of existence.

Related workéDiscussion: There are many important works related to the so-
lutions of the Euler equation on R™ in various function spaces. Since we are
not able in this short section to review even a small part of these works, we will
mention only a few and will refer to the monographs [6, [21] for further refer-
ences. Local existence and uniqueness in the Sobolev space H*(R"), s > § +1,
is proved in [16] (see also [18|[I7]). Concerning spatially non-decaying solutions,
we mention [6l, 28] (and the references therein) were local existence and unique-
ness is proved in the Holder space C;(R™), v > 1. (Note that these solutions do
not depend continuously on the initial data [22].) Solutions in spaces of func-
tions that grow at infinity were constructed recently in [23]. Almost-periodic
solution of the Euler equation are considered in [33, 27]. In [33] is proved that a
unique weak solution of the 2d Euler equation in the Besov space B, ; (R?) with
almost-periodic initial data is almost-periodic for any time. In [27] is proved that
if the initial data ug in the Besov space Bio)l(R"), n > 2, is almost-periodic in
the (larger) Besov space BY, ;(R™), then the unique solution in B (R™) (|26])
is almost-periodic in BY, ;(R™) for any ¢ in the interval of existence. The dis-
crepancy of the norms appears since the continuity on the initial data in Béoyl
is established with respect to the (weaker) norm in BY ;(R™). The proofs in
[33, 27] are based on the Bochner’s characterization of almost-periodic functions
and on the continuity on the initial data in various norms — an idea applied ini-
tially to the solutions of the Navier-Stokes equation in [IT]. We are not aware



of works on quasi-periodic solutions of the (full) Euler equation. As mentioned
above, quasi-periodic functions appear naturally in applications and have much
more rigid structure than the almost-periodic ones. Note that Bochner’s char-
acterization does not apply to quasi-periodic functions, and hence results on
quasi-periodic functions are not readily available. Note also that our solutions
depend continuously on the initial data with respect to the norm in Qé’f. By
Lemma [A4] in the Appendix the elements of ng’zs are almost-periodic in the
sense of Bochner with respect to the norm in ng’zs. Finally, note that results
similar to the ones proved in this paper can be also proved in the viscose case.

Organization of the paper: In Section [2] we define the spaces of quasi-periodic
functions Qé’f (R™), I > 0, s > M/2, and study their main properties. In
particular, in Lemma and Proposition 2] we discuss the Fourier series of
quasi-periodic functions. In SectionBlwe define the group QDgS (R™),1>0,s>
% +1, of quasi-periodic diffeomorphisms of R™ and prove that it is a topological
group that enjoys additional regularity properties formulated in Theorem
(Part of the results in Section Bl are contained in the first author’s PhD thesis.)
Theorem [ ]is proved in Section[dl The main obstacle in this section is to prove
analyticity and to avoid the appearance of small denominators in the Lagrangian
representation of the Euler equation (cf. [4] [8 [35]). This is achieved by the
decomposition ([I02), Proposition &1l and a sequence of lemmas concerning the
analyticity of the non-linear maps (between spaces of quasi-periodic functions)
appearing as factors in the decomposition (I02)). The paper has an Appendix
where we prove several technical lemmas.

Acknowledgment: Our dear college and long time co-author Thomas Kappeler
was involved at an earlier stage of this project. His constant encouragement,
insights and influence cannot be overstated. The authors are also thankful to
Jean-Claude Saut for referring them to Gérard looss’ papers on quasipatterns.

2 Spaces of quasi-periodic functions

In this section we introduce and study in detail the scale of Hilbert spaces of
quasi-periodic functions Qé’f (R™), I > Z>o, s > M/2.

Any f € Q§(R™) C L*>°(R™) defines a tempered distribution in S’(R™) which
we identify with f. In view of the uniform convergence, the series (Bl converges
to f in S'(R") in distributional sense. Recall that a series >, ; f;, f; € S"(R"),
where J is a countable set of indices, converges to f € S'(R") in S"(R™) inde-
pendently of the order of summation (or equivalently, unconditionally) if for any
test function ¢ € S(R™) the series >, ;(fj,¢) converges unconditionally to
(f, ), Le., for any bijection o : J — J the series > ;(fy(;),¢) converges to
(f,»). We have the following characterization of the image of the embedding
Q4(R™) C S'(R™).

Lemma 2.1. Assume that s > M/2. A distribution f € S'(R™) belongs to



Q5 (R™) if and only if f can be written as a convergent in S'(R™) series,

SO Fuei @) Ay, = 2707 (m), (14)

mezZM

such that (fm)mezM is a sequence of complex numbers such that

> [l m)* < oo (15)
mezZM
If the conditions [Id) and ([IT) above hold then ([Idl) converges absolutely (and
uniformly) to f and, in particular, [I4) converges in S’"(R™) independently of
the order of summation. Moreover,

~ 1

fm = lim —/ f(z) e "Amo) gy 16

and for any m € ZM the coefficient fm coincides with the Fourier coefficinent
F,, of the periodic function F € C(TM) (see Definition[).

Lemma 2T will be often applied together with Lemma [A.1]in the Appendix.

Remark 2.1. Note that the expansion ([I4) of an element f € Q§{(R™) such
that ([I3)) holds is unique since the coefficients fm can be determined from f by
formula ([@8). We will refer to (I4)) as the Fourier series and to fm, m € ZM,
as the Fourier coefficients of the quasi-periodic function f € Qg (R™). Since the

coefficients fm, m € ZM , satisfy ([I6) the terminology is consistent with the one
used in the theory of almost-periodic functions (see e.g. [20]).

Remark 2.2. It follows from the Cauchy-Schwatz inequality and representation
@) and [@D) that there exists C = Cs > 0 such that for any f,g € Q& (R™),
[f=9loo < C|f—glls, where|-|oo denotes the norm in L>°(R™). In particular, we

see that the inclusions QG (R™) C Cop(R™) and Q(R™) C L*(R™) are bounded.

Proof of Lemma[21l. The proof of this Lemma is straightforward. In fact, as-
sume that f € Q&(R™). Then, by definition, f(z) = F(Qp(x)) where F €
H S(Tm) whit s > % In particular, inequality (I5) holds with fm replaced
by F for any m € ZM . This together with the Cauchy-Schwarz inequality
implies that ) ,u |F | < co. Hence, the Fourier series ) ., u Fpe2milm.y)
converges uniformly and absolutely to F' on the torus T™. We have f(x) =
F(Qp(x)) = heam Fe2mi(mQ(@)) = Y mezM F, et (m).0) where the series
converge uniformly and absolutely. In particular, we see that the statement of
the Lemma holds with f,,, = F,, m € Z™.

Conversely, assume that (I4)) converges in S"(R™) to some f € S'(R™). As-
sume in addition that (IE) holds. Then, by the Cauchy-Schwarz inequality,
Y omezM |fm| < co. This implies that the series fAmei(Am’m) converges
uniformly and absolutely to f and f € C,(R™). Hence, we have

Z J/c\mei(Am,m) _ Z fm62ﬂi(m,52(m)) — F(QP(.’IJ))

mezZM mezM



where F(y) := Y com Fme?™(my) converges uniformly and (I5) holds. This
implies that F' € H*(TM) and its Fourier coefficients coincide with the coeffi-
cients fm, m € Z™. Combining the above we conclude that f € Q(R™).
Finally, note that since the series (Id]) converges to f absolutely the sum is
independent of the order of summation in m € Z*. The uniform convergence

of ([I4) implies (I8)). O

The space Qéf(R”): For given | € Z>o and s > % we will introduce a finer

scale ng’zs (R™) of Sobolev spaces of quasi-periodic functions,

Q' (R™) = {f € Q4(R™) | 92 f € Q4 (R™), |8 <1} (17)

where J € Z% is a multi-index and 98 =021 --. 9% where 9, denotes the dis-

tributional partial derivative in the x; variable. We define the norm in ng’f (R™),
1/2
s = (32 102702) (18)
|BI<1
Using Lemma 2.1l and Lemma [AT] one can easily prove the following

Lemma 2.2. Assume thatl € Z>o and s > % Then the following statements
hold:

1) The space Ql’s R™) equipped with the norm is a Hilbert space.
Q
1) An element f € Q% (R™) belongs to Ql’s R™) if and only if its Fourier
Q g Q Y
coefficients (see Remark[21l) satisfy

Yo 1l (An)? m)* < oo, (Am) = /14 |Amf?, (19)

mezM

where |Ay,| = ,/Z?Zl Afnyj and (Am,1,...; Amn) are the components of

the Fourier exponent A, € R™. Moreover, for f € Qé’zs (R™) we have that

—

(Bff)m = (iAm)P frn for any multi-indez B with 0 < |B| < | and for any
m e ZM.

(11i) The norms ([I8) and
N 1/2
W ls = (D2 1ol (Am)2 m)>*) (20)
mezZM
in Q% (R™) are equivalent.

Remark 2.3. By LemmalZ.2, the scalar product in Qé’f (R™) is equivalent to

(fo 9= O Fn @) (M) (m)®, f.g € Q5 (R™). (21)

mezM



Remark 2.4. The space of quasi-periodic functions Qgs (R™) appears as a nat-
ural generalization of the Sobolev space of functions on the torus T™. In fact,
if M =n and Q is the identity matriz Id, x,, then Qgs (R™) coincides with the
Sobolev space HST(T™) interpreted as a space of Z"-periodic functions in R™.

The corollary below follows directly from (I4]) and Lemma (iii).

Corollary 2.1. The set of finite linear combinations of exponents e'(Am:®)
m € ZM | is dense in Qé’zs (R™).

Let us now proof Lemma 2.2

Proof of LemmalZ2. The proof of item (i) is straightforward. Let (f;);j>1 be
a Cauchy sequence in Qé’zs (R™). Then, in view of (I8)), the sequence (9 f;);>1
is a Cauchy sequence in Q§(R") for any given multi-index 8, || < I. As the
space Q¢ (R™) is complete we conclude that there exists vg € Qg (R™) such that

081, L vs, o oo, (22)
On the other side, the continuity of the inclusion Qg (R™) C L*°(R™) (see Re-
mark[2.2)) and the fact that f; “n, vo as j — oo implies that f; — v in S’ (R™).
Hence, 92 f; &, 9%vy as j — oo for any |3| < I. By comparing this with (22])
we conclude that d%vy = vz € Q§(R™) for any |3] < I. Hence, vy € Q% (R™)
and (by @2)) f; “n, vo as j — oo. This completes the proof of (7).
In order to prove item (i7) take f € ng’f (R™) C Q&(R™). Then, by Lemma
I f(z) =3 ,,czm fme'@m®) where the series converges to f in S'(R") inde-
pendently of the order of summation. This implies that for any 8 with |3] <,

00f = " Fanlily)Pei ) (23)

mezZM

where the series converges to 92 f in S’'(R"™) independently of the order of sum-
mation. It then follows from Lemma [AJ] that (23] is the Fourier expansion
of the quasi-periodic function 92 f € Q% (R™) (see Remark ). In particular,

we see that for any multi-index 8 with |3| < I, (&ff)m = (iAn)? fpn, and by
Lemma [2.T],
Z |J?m|2(|Am,1|2181 T |Am,n|2ﬂn)<m>2s < 0, (24)
mezZM

where Ay, = (A1, oo, Amn). Since inequality (24)) holds for any g with || <,
we sum up inequalities of the from ([24)) for different values of 8 to conclude that
D 1l (A1) () < 00
meZM

where [A, |1 =307, [Ap, |- The last inequality is equivalent to (I9).
TItem (7i7) follows easily from the arguments used to prove (i). O

10



Denote by le (R™), k € Z>o, the space of continuously differentiable func-
tions on R™ whose partial derivatives of order < k are continuous and bounded
in R”. Similarly, we denote by C*(R"), k € Z>0, the space of continuously dif-
ferentiable functions on R™ whose partial derivatives of order < k are continuous
in R” (and not necessarily bounded). We have the following

Proposition 2.1. Assume thatl € Z>o and s > % Then we have:
(i) For any multi-index 8 the mapping
1+8, l
(95 1 Qq 1 S(Rn) - QQS(RH)
18 CONtInuoUS.

(i) The space ng’zs (R™) is a Banach algebra with respect to the pointwise mul-
tiplication of functions.

(iii) If s > 2 + k for some k € Z>q then QQS(R”) C CFYYR™) and the
inclusion is continuous. More generally,

s (mn FH(s—% )+ on n
o (R") C Hp, (%) (R™) NGy (R™). (25)

Remark 2.5. In the definition of a Banach algebra (X, || -||) we assume that
the ring inequality ||fgll < C|flllgll, f,g9 € X, holds with a constant C > 0
that is not necessarily equal to one.

Proof of Proposition [27]. Ttem (i) follows directly from Lemma 2] and Lemma
(13). We will now prove (i7) by iduction in ! > 0: Assume that | = 0 and
take f,g € Qg°(R") = Q§(R"). Then, by definition f = Q(F) and g = Q}(G)
where F,G € H*(TM). Clearly,

fg9 = (FG). (26)

Since for s > % the space H*(TM) is a Banach algebra, we then conclude
that FG € H*(TM) and hence fg € Q§(R™). The continuity of the pointwise
multiplication of functions in Qg (R™) then follows from ([26) and Lemma [Tl

Further, assume that [ > 1 and Qé{l’s(R") is a Banach algebra. Take f,g €

Qgs (R™). Then, a simple approximation argument involving Corollary [Z1] the
induction hypothesis and item (¢) implies that for any 1 < 5 < n we have

02, (f9) = (0u, f)g + [(02,9) (27)

in S’(R™). Using the induction hypothesis one more time one concludes from
27) that 9,,(fg) € Q5 *(R™). This implies that fg € Q%°(R™). The continu-
ity of the pointwise multiplication of functions in Qgs (R™) then follows since,
by ([27)) and the induction hypothesis, the map

Q5 (R™) x Qg (R™) — Q5 "*(R™),  (f.g) = 0y, (f9),
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is continuous for any 1 < j < n. This completes the proof of item (7).

Towards the proof of item (¢i¢), we first note that the embedding Qgs (R™) C
CF(R™) follows directly from the Sobolev embedding H*(TM) C C*(TM), s >
M + k, since any element f € Q5*(R™) has the form f = Qs (F) where F €
H*(TM) C C¥(TM). More generally, one sees from the trace theorem that for
any multi-index 8 € Z2, with || <! one has

M—n

* (RY)

s—

92f € QyR™) C H

loc

ny (g—M
which implies that f € gt (e )”(Rn) C C*+(R"). Combining this with

loc

the fact that for any multi-index 8 with |8] <,
9lf € Qo(R™) C Gy (R™),

we conclude that f € O™ (R™). Since all of the inclusions above are continuous
we conclude that the inclusion ng’zs (R™) C CFTH(R™) is continuous. O

Remark 2.6. In addition to the spaces QgS(R"), 1 € Z>o, s > M/2, that con-
sist of real valued functions we will also consider complex spaces Qéf«:(R") =
QgS(R”) &3] ZQZQS(R") that consist of compler valued quasi-periodic functions.
Note that all statements proved in this section hold also for Qéfc (R™). In par-

ticular, ng’zs(c (R™) is a Hilbert space and a Banach algebra.

The space of quasi-periodic functions Qgs (R™) is closely related to the fol-
lowing space of periodic functions on the torus TM. For given | € Z>o and
5> % define

HE(TM) = {F e H*(TM) | 95F € H*(TM)) (28)
where 3 is a multi-index and
06 =gy 04,

where Oq, = Z;Ai1 Qiay , denotes the distributional derivative in the direction

of the k-th column of the matrix of 2. In the same way as above we define the
. l,s i M

norm in H;*(TY),

/
Fl= (3 104F12) (20)
|B1<i

(Note that we use the same symbols for the norms in Q5° and Hg®.) One
easily sees that F' & Héz’S(TM ) if and only if its Fourier coefficients satisfy
Somezr [ Fm|? (Am)?(m)?* < co. Note that Ay, = (Am,1,..., Am.n) where the

component of Ay, , (1 <k <n) is equal to 27 E]]Vil Q) m;. We have

12



Proposition 2.2. Assume thatl € Z>o and s > %

(i) For anyl € Z>o and for any multi-index B the mapping
O + Hy1”M(T) — Hgg* (TV)
18 continuous.

(i) The space Hslis(']TM) is a Banach algebra with respect to the pointwise
multiplication of functions.

(iii) If s > 2 +k for some k € Z>q then
Hg*(TM) € o*(T™).

Qr

Lemma 2.3. Assume that | € Zso and s > . The map HS*(TM) 3

é’f (R"), F'— Qu(F), is a Banach algebras isomorphism.

The proofs of these two statements are similar to the proofs of the corre-
sponding results for Qgs (R™) and will be omitted.

3 Quasi-periodic diffeomorphisms

In this Section we define the group of quasi-periodic diffeomorphism of R™ and

study its properties. For given | € Z>o and s > % + 1 consider the space
é’zs = é’f (R™,R™) of quasi-periodic vector fields on R™ where for simplicity

we will often omit the symbols R™ appearing in the notation. (In order to
avoid confusion we reserve the notation Qgs (R™) for single valued quasi-periodic
functions only.) By Proposition 2] the inclusion

&'(R") € G (R") (30)
is continuous. This allows us to define the set of maps R — R",

QDL (R™) := {o@)=a+f(x),f € QL |30 > 0 s.t. det (Id + [df]) > o}
31
where Id = Id,,x, denotes the identity n x n-matrix and [df] is the Jacol()iar)l
matrix of the map f : R — R". Note that by Hadamard’s theorem (see e.g.
[2, Supplement 2.5D]) and the fact that the components of the Jacobian matrix
[d. f] belong to Cj, the set QDlg’zS(R") consists of orientation preserving C'-
diffeomorphisms of R™. Note alsuch that in general, g > 0 appearing in (B
depends on the choice of . Since, in view of the continuity of the inclusion (B0)
and the Banach algebra property of Cp(R™), the inequality appearing in (31]) is
an open condition in Qé’f (R™,R™), we conclude that QDéf (R™) can be identified
with an open set in ng’zs (R™, R™) that is coordinatized by f € Qgs (R™,R™). By
definition, QDg,(R™) := QDY*(R™). We have
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Lemma 3.1. Assume that | € Z>o and s > % + 1. Then the set QDgS(R") is
a Banach manifold modeled on the space of quasi-periodic maps Qgs (R™, R™).

We will first prove that QDgS (R™) is a topological group. To this end, we
prove

Proposition 3.1. Assume thatl € Z>o and s > % + 1. Then the map

Qs (R") x QDG (R™) = Qg'(R™), (g,0) = go,
18 continuous.

We start with a preparation: Take g € Q§(R™) and ¢ € QDg(R™). Then
for any given x € R” we have g(z) = G(p(2)) and p(x) =z + F(Qp(x)) where
G € H*(TM R) and F € H*(TM™,R"™). This implies that for any z € R",

(go9)@) =G((z+F (%))
= G(Qp(x) + QPF(Qp(x)))
= (Go®)(Qp()) (32)
where
o:TY - TM &0 0+ Q,F(0). (33)
Denote
D*(TM) := {p € Diff} (T™) | ¢ € H*(T™,T™)}

where Diffi(’IFM ) is the group of orientation preserving C!-diffeomorphisms of
the torus TM and H*(TM,T™) is the space of maps TM — TM of Sobolev
class s. It is known that D*(T™) is a topological group — see e.g. [12, Theorem
1.2],[8]. We will prove

Lemma 3.2. Assume that ¢ € QD§(R"), s > % + 1, and let p(x) = x +
F(Qp(x)) where F € H*(TM R™). Then, the map B3) is a diffeomorphism in
D?*(TM) such that the diagram

™ 2 T™

QT Tn (34)

is commutative.

Remark 3.1. One sees from the non-resonance condition (NC) that a C*-
diffeomorphism ® : R™ — R™ which satisfies B4) is uniquely determined by
¢ € Diff} (R").

Lemma B2l and formula (B3]) imply that the map
h: QDH(R™) — D3 (TY), ¢ — @, (35)

is well-defined and continuous. In fact, see will see below that (B5]) is a homo-
morphism of topological groups (Proposition B3)).

14



Remark 3.2. Note that the correspondence ([B8) is not necessarily injective. In
Jact, since ¢ is coordinatized by the quasi-periodic function f = (F), which
by Lemma [T is uniquely determined by F € H*(TM R™), one sees from (33)
that the functions F and F + v where v € T'q (see B8)) lead to the same
diffeomorphism ® € D*(R™). The arguments in the proof of Lemma [3.2 imply
that h(p) = h(¥) if and only if for any x € R™, p(x) = ¥(x) + v for some
v € I'q independent of x.

Proof of Lemmal3 2. Take p € QD§(R™), s > % +1 as in stated in the lemma.
Since by the Sobolev embedding F' € H*(TM R") C CH(TM,R") and p(z) =
x4+ F(Qp(z)) we conclude that for any z € R" [dy¢] = (Id + [dp F]Q)
This together with (BI]) then implies that

}eznp(m)'

det (Id + [dgF]Q) > g0 > 0.

}GZQP(w)

Since the image of the map Q, : R" — TM is dense in T and since F C
CH(TM R"), we conclude that for any 6 € TM|

det (Id + [dgF]Q) > 0> 0. (36)

On the other side, for any 6 € TM,
[do®] = Idprxar + Qdo F).

By combining this, (36), and Sylvester’s determinant identity we conclude that
for any 6 € T™,

det[d®] = det (IdeM + Q[deF]) = det (Id + [dgF]Q) >0 > 0.

Hence, ® : TM — TM is a local C'-diffeomorphism.

Let us now prove that ® : TM — TM is onto. Since TM is compact we
see that the image ®(TM) of ® is closed in T™. On the other side, since
®: TM — TM is a local diffeomorphism we conclude that ®(T™) is open. The
connectedness of TM then implies that ®(TM) = TM. Hence, ® : TM — TM is
a covering map.

We will now prove that the degree of this covering map ® : TM — TM is
one. To this end, we will find p € TM such that the pre-image ®~!(p) consists
of a single point. For any x € R™ we have

D(Qp(x) = Q@)+ RF ()
= O (:C—i—F(Qp(:C)))
= O (go(:v)) (37)

Hence, ® satisfies the commutative diagram (B4]).
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Consider the following discrete set in R™,
T :={y€R"|Q(y) € Z"}. (38)

The set T'q is a discrete lattice in R™ whose rank r is less than or equal to n (see
e.g. [4 Lemma 3,849]). (In view of the non-resonance condition (NC), r = n
only if n = M.) In particular,

FQ = {m1'71 + My | My, My € Z}

for some basis 71, ...,7» € R™ of I'q. For any x € R™ and for any v € T'q we
have

ex+7) = (+7)+F(Qz+7))
= 3:—|—F(Qp(:1:))+”y
= (p(i[]) +7, (39)

where we used that Q(vy) € Z™ and F is a function on T. This implies that
for any v € I'q we have the following commutative diagram

R* —— R"

=] T (40)

R* —2 5 Rn

where 7, (z) = z + . Since ¢ : R" — R"™ is a C'-diffeomorphism (@0) implies
that for any x € R™ and for any v € I'g we have

e @ +7) =9 (z) +, (41)

where p~! : R® — R" is the inverse of the diffeomorphism . Now, take p € TM
such that p € Q,(R") and ®(q1) = ®(¢2) = p. Note that the assumption
®(q) € Qp(R") for some g € TM and B3) imply ®(q) = ¢+ QF(q) € Q(R")
that gives ¢ € Q,(R™). Therefore, there exist ¢; and ¢, in R™ such that

Q;%Ql) =q, +Tq and Q;l(qz) =Gy + q.
Then we obtain from the commutative diagram (34]) and ([B9) that
Q((d) + o) = (e(d; + L)) = 2(g)) =p. j=1.2

This implies that ¢(Gy) = ¢(Gy)+ for some v € I'q. Then {I)) gives ¢, = ¢, +7
which implies that

g2 = (G2) = WG +7) = B(q) = a1

Hence the preimage ®~!(p) contains only one point. This implies that the
degree of the covering map ® : TM — TM is one. Hence, ® : TM — TM is a
C'-diffeomorphism. Finally, since F' € H*(TM | R") we conclude from (33) that
® ¢ H*(TM ,TM). This completes the proof of Lemma O
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Now we are ready to prove Proposition [3.11

Proof of Proposition[31. We will prove Proposition [3.1] by induction in { > 0:
First, assume that | = 0 and note that by [B2), for any ¢ € Q& (R"™) and
¢ € QDgH(R™),

gogp:Q;(Go(I)), (42)

where @ is given by (33), g = G, =idgn + Q0F, and G € H*(TM R) and
F € H(TM R"). (Here idg~ denotes the identity map in R™.) By Lemma [[1]
the map

Q4(R") — H*(TY,R"), g+ G,

is a linear isomorphism. In addition, ® = h(y) where h is the continuous map
(5). On the other side, by Theorem 1.2 in [12] (cf. also [g]), the composition

H(TM R) x D*(RM) —» H*(TM,R), (G,®) = God,

is continuous. This together with (@2) and Lemma [[T] then imply that the
statement of Proposition [3.] holds when [ = 0.
Further, assume that [ > 1 and let the map

Qo (R x QDG (R = Qg (R, (9.9) goe,  (43)

be continuous. Take g € Q4 (R™) and ¢ € Q4% (R™). Since Q5 (R™) C C}(R™)
we have that for any = € R”,

[da(g09)] = [dyg| [dap)- (44)

y=p(z)
Then ([#4]), the induction hypotesis [@3]), and the Banach algebra property of
éz_l’s(R") with [ > 1 imply that the map
& (R™) x QDG (R") = Qg " (R™) ® Matxn(R),  (g,%) = [d(g0¢)],

where Mat,, x,(R) denotes the space of n x m-matrices, is continuous. This,
in view of the definition (I7) (and ([J)) of Qé’lS(R"), concludes the proof of
Proposition 311 O

Further, we prove

Proposition 3.2. Assume thatl € Z>o and s > % + 1. Then the map
QD (R") = QDG (R™), 7, (45)
is well-defined and continuous.
Proposition [3.] and Proposition imply

Theorem 3.1. Assume that | € Z>o and s > & +1. Then QDéf(R") s a
topological group with respect to the composition of maps.

17



Proof of Theorem[31l By Proposition Bl for any ¢, € QDldS (R™) the com-
position 1 o ¢ € Q5°(R™,R™). In view of the the definition @) of QD& (R™)
it follows that there exists g > 0 such that

det ([d(v 0 p)]) = det ([dy¥]],_ ) det ([du]) > 20 >0 Vo € R

This shows that oy € QDéf (R™). The continuity of the composition and the
inverse map (45]) then follow from Proposition 3.1l and Proposition O
Let us also record the following

Proposition 3.3. Assume that s > % + 1. Then we have:

(i) The map h : QDE(R™) — D*(TM), ¢ s ®, where ® is given by B3, is
a homomorphism of topological groups.

(it) The kernel of this homomorphism consists of all translations 7, : R™ —
R™, x — x + vy, where v € Tq (see (B38))).

Proof of Proposition[Z3. Let is first prove item (i). Take ¥, ¢ € QDlg’zs(]R").
By attaching to each other the two copies of the diagram (B4]) corresponding
respectively to ¢ and ¢ we obtain the commutative diagram

™ Y M 2, M

QT TQ QT : (46)

R* —¥ s Rn £, Rn

By Theorem Bl o ¢ € QDgS (R™). In view of the uniqueness statement in
Remark Bl we then conclude from ({6]) and Lemma B2 that h(1 o ) = ¥ o P.
This completes the proof of item (7). Item (iz) follows from (B3). O

Proof of Proposition[3.2. Take ¢, € QDg(R™). Then, ¢(x) =z + f(x) where
f(@) = F(Qp(z)) and ¢(z) = x + g(x) where g(z) = G(Qp(x)) with G, F €
H*(RM R™). We have

(Wop)(x) = @)+ g(p(2))
= (o + F(2(@) + G( (@ + F(2(2))))
= 2+ {F+God}(Q(x)). (47)

This implies that the composition oy € QD (R™) corresponds to the periodic
map F + G o ® € H*(TM,R") where ® = h(p) € D*(TM). Hence, by taking

Gi=-Fod! (48)
we see from ([{7) that
" =idrn + Q5 (G). (49)
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Moreover, it follows from (@g]), Theorem 1.2 in [12], and Lemma 3.2 that G €
H*(TM R"). In addition, it follows easily from [@J) that there exists eg > 0
such that det[d(¢~')] > go > 0. This implies that ¢! € QD5*(R™). Since
F € H*(TM R") coordinatizes the diffeomorphism ¢ € QDg(R") (see Lemma
L) and since ® € D*(TM) where h is the continuous map (B5), we conclude
from [12] Theorem 1.2 |, (8), and [@3)), that the map QD (R™) — QDg(R™),
@+ @1, is well-defined and continuous.
Now, assume that [ > 1 and that the map

QDL (R™) — QDL (R™), ¢ 7L, (50)

is well-defined and continuous. For ¢ € QDéf(R”) we have, in view of the
inclusion Q%*(R™) C C(R™), that for any y € R",

_ -1
[dy(@ 1)} = [[dz@”zzap*l(y)} . (51)
This together with induction hypothesis (B0, Proposition Bl the Banach al-

gebra properties of Qé{ 1’S(}R”), and Lemma [3.3] below, implies that the map

QDG (R") = Qo " (R™) ® Mataxn(R), ¢+ [d™)],
is well-defined and continuous. This completes the proof of Proposition3.21 [

The following lemma is used in the proof of Proposition

Lemma 3.3. Assume that | € Z>g, s > %, and let fo € Qé’f(R") be such that
[fo(z)| > €0 >0 for any x € R™. Then 1/fo € ng’ZS(R"). Moreover, there exists

an open neighborhood U of zero in Qé’f (R™) such that the map

U= Qg (R™), fr1/(fo+ 1),
18 contmuous

Lemma [Tl and an induction argument in ! > 0 reduces the proof of Lemma [3.3]
to an analogous statement with ng’f (R™) replaced by H*(TM R). The case of
the Sobolev space H*® follows from Lemma B.2 in [12].

In the remaining part of this Section we will prove that the composition
and the inverse in the topological group QDéf (R™) enjoy additional regularity
properties. These properties are similar to the ones of the groups D*(R"™) and
D#*(X) where X is a smooth compact manifold without boundary (see e.g. [12]
Theorem 1.1 and Theorem 1.2]). More specifically, one has

Theorem 3.2. Assume thatl € Z>o and s > % + 1. Then for any r € Z>g
the maps

o (R") x QDG (R") = Q5" (R"),  (9.9) = go e, (52)

and
QDL (R™) — QDY (R™), ¢ oL, (53)

are C"-smooth.

Hn fact, this is a real analytic map.
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We first prove

Lemma 3.4. Assume that | € Z>o and s > 2 + 1. For any ¢y € QDL (R™)
there exist an open neighborhood U(pg) of wo in QDlg’ZS(R”) and a constant
C > 0 such that for any g € Qé’lS(R") and for any ¢ € U(po) one has

lgo@lls < Cllgll,s-

Proof of Lemma[34]. First, recall that we identify QDgS (R™) with an open set
in Qéf (R™) — see BI) and Lemma Bl The statement of Lemma B4 follows
directly from Proposition Bl In fact, since go ¢ — 0 in Qgs (R™) as (g,p) —
(0,00) in Q4*(R™) x QDE*(R™) we conclude from Proposition Bl that there
exist C7 > 0 and € > 0 such that

lgoells <Ci

where B(fy) is an open ball centered at fy = g —idgn in ng’f (R™) and such that

U(po) C QDéf (R™). This and the linearity of the composition with respect to
the first argument then imply that

for any g € Qé’zs(R") with ||g]|1,s < € and for any ¢ € U(pg) = idr» + B(fo)

Ch
lgoglis < () ol

for any g € QgS(R”) and for any ¢ € U(pg). Finally, by setting C = C1/e we
complete the proof of the Lemma. o

In fact, we have also the following variant of Lemma [3.4]

Lemma 3.5. Assume that | € Z>o and s > % + 1. For any ¢y € QDéf(R”)
there exist an open neighborhood U(pg) of wo in QDéf(R") and a constant

C > 0 such that for any g € QZQJFLS(R") and for any ¢ € U(pg) one has

lgo e —=goollis < Cligllitrsle = olls-

Proof of Lemma[33. In view of the inclusion Qéf (R™) C C}H(R™) we have that
for any ¢ € U(po) = idrn + B(fo), where B(fo) is a given open ball centered
at fo = o — idgn in Q5°(R™) and such that U(po) € QD5 (R™), and for any
r eR™,

g(e(@)) —g(po(x)) = /O [dy gl y=po(2)+top(x) - Op(x) dt

( /Ol[dyg]|y—soo<m>+m<m> dt) () (54)

where 6 := ¢ — @y € QL (R™). Since, g € Q5*(R™) and ¢, ¢y € Q5 (R™) we
conclude from Proposition 2.1l and Proposition [3.1] that the curve

[Oa 1] — QZQS(Rn) Y Matnxn(R)v t— [dyg“y:wo(m)-i-t&p(m)a
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is continuous. This implies that that the integral in (54)) has convergent Riemann
sums in Q5 (R") and that (54) holds in Q%°(R™). This and the Banach algebra
property of Qé’zs (R™) then imply that

lgow—gowols <Cr sup ||[dg] oo, 6@l (55)
»€U(p0) ’

for some constants C; > 0 that is independent of the choice of g € le’s(R”)
and ¢ € U(ypg), and the neighborhood U () in QDldS (R™) is chosen such that
|| [dg] o 90”1,5 is bounded uniformly in U(yy) (see Proposition Bl Lemma [34)).
Finally, the Lemma follow from (53] and lemma 34 O

Now, we are ready to prove Theorem

Proof of Theorem[3.2, For the proof of the regularity of the composition (52
we follow the lines of the proof of [I2, Proposition 2.9]. If » = 0 the statement of
Theorem [3.2] follows directly from Proposition 3.Iland Proposition 3.2l Further,
assume that r > 1 and take g,dg € QlQJrT’S(R"), pE QDldS (R™), and dp € Qgs
such that ¢+d¢ € U(p) = idrn + B(f) where B(f) is a given open ball centered
at f = p—idg» in Q5 and such that U(p) C QDg*(R™). In view of the inclusion
QLT R™) € CHTHLR™) C OF(R™) (see Proposition EX] (iid)) one sees from
Taylor’s formula with remainder in integral form that for any x € R”,
_ Ly s
g(e(x) + dp(x)) = > E(azg) (o(2)) (0p(x))” + Ra(g, ¢, 00)(x)  (56)

|Bl<r

where the remainder R4 (g, ©, (530) (x) is given by

> & / (1= ((029) (¢(2) +tap(x)) — (929) (9(x)) ) dt- (Sp()) " (57)

|Bl=r
Similarly, for any ¢, d¢, and dg as above and for any z € R” we have

59(p(x) + o) = 3 %(5559)(%96))(5@(96))6+7€2(%5975<P)(w) (58)

1Bl<r—1

where Ra (¢, dg,d¢) (x) is given by

1

>0 g1 [, (=077 (0289) (@) + thpa) it (Gp(x)”.  (59)

It follows from Proposition B.I], Proposition [3.2] and the Banach algebra prop-
erty of Qéf (R™) that the integrals in (57)) and (59) have convergent Riemann
sums in Q5°(R™) and the equalities (56) and (58) also hold in Q%*(R™). Sum-

ming up these two equalities we see that for any g,dg € QL (R"), ¢ €
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QDlg’zS (R™), and for any d¢ € ng’f as above,

1
(9+89) 0 (p+00) =gop+ Y 5 Pi(9.0)(39,09) + R(g,0,09.0)  (60)

where
1
1 Di(9,0)(09,0¢) := > ﬂ,( 9)op-(6p) + Z ﬂ—(aﬂég)oq7 (6)”
' |Bl=k |81=
and
R(g,0,09,00) = Ri(g,e,00) + Ra(p,dp,d9)
= > pslg,9,09,00) - (6p)° (61)
|Bl=r
with
1
ps(9,¢:09,0p) = ;,/ 1-t) ((359) o (v +tdp) — (979) O@(I)) dt
1
,
+ ﬂ'/ (1—1)""1(0568g) o (¢ + tdp) dt (62)
for any multi-index 8 € Z%, with || = r. In view of the Banach algebra

property of Qgs (R™) for any g € QlQJrT’S(R") and ¢ € QDlg’zS (R™),
(g, o) € PH(QG™ x Q7. QF), 1<k<r,

where P*(X,Y) denotes the Banach space of polynomial maps of degree k
from a normed space X to a Banach space Y supplied with the uniform norm.
Moreover, using again the Banach algebra property of QgS(R"), Proposition
B, and Lemma [3.5 one easily sees that for any 1 < k < r the map

Pt Q™ (R") x QD (®") = PH(Q5™ x Q. QF)
is continuous. For any ¢ € QDlg’zS(R") denote by Be(f) the ball centered
at f = ¢ — idge in Q5°(R") of maximal radius such that Us(p) = idg» +

B;(f) - Q?l *(R™). (ljonsider the open set V of elements (g, ,dg, dp) in
0" X QDG (R™) x Qg™ x QQ ’

V= {(9759)662”” x QU o € QDY 6p € QY <P+5<P€U-(<P)}-

It follows from (62]) and Proposition Bl that for any 5 with || = r the map
5:V — ng’zs (R™) is continuous. This together with (GIl), (62), and the Banach
algebra property of Qé’f (R™) then implies that the map

R: V_>73k( Lhms s Qb lés), (97@,59,5s0)'—>[wHﬁ(g,(p,ég,égp;w)L
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where
R(g,¢.09.605w) =Y pslg.¢.69,00) - w’, weQF (R,
|Bl=r

is continuous. Note that

R(g,¢,09,00) = R(g, ¢, 89, 5¢; 5p). (63)

Since ﬁ(g, ©,0,0; ) = 0 we then conclude from (60), (63), and the converse to
Taylor’s theorem (see e.g. [2, Theorem 2.4.15]) that (&2) is a C"-map.

The regularity of the inverse map ([B3]) now follows easily from the implicit
function theorem — see the proof of [12, Proposition 2.13]. In fact, if r = 0
then the statement follows from Proposition B2l Now, assume that r > 1, take
Yo € QDlQJrT’S(R"), and denote by vy its inverse ¢y = ¢, ' € QDlQJrT’S(R"). It
follows from the regularity of (52) that

F: QD™ (R") x QDG'(R") = Q3*(R"),  (2,9) = o,

is C"-smooth. The (functional) partial derivarive of F' with respect to the second
argument D2 F (g, o) : gS(R”) — ng’ZS(R") is

DaF (0, %0)(6¢) = [[dpo] © ¢y '] - 1.

Since r > 1 it follows from the Banach algebra property of Qéf (R™) that the
components of the Jacobian matrix [dyo] oy and it’s (matrix) inverse [[do] o

@5 ! belong to Q5*(R™) (see Lemma [B:3). This implies that
DaF (o, %0) : Q" (R™) = Qg (R™)

is an isomorphism. In addition, F(@g,%0) = idgn. Hence, by the implicit
function theorem in Banach spaces, there exist an open neighborhood U (pg) of
@o in QDL (R™) and a C"-map

U Upo) = Q3 (R™), ¢ — U(p), (64)

such that F(¢, ¥(p)) = idg~ for any ¢ € U(pp). In particular we see that for
any ¢ € U(po), ¢~ = ¥(p). Hence, by the regularity of the map (64)), the map

U(po) = QDg’(R™), ¢ o™t = U(p),

is a C"-map. Since ¢y € QD}"*(R™) was chosen arbitrarily we conclude that

(E3) is a C"-map. O

4 Proof of Theorem [1.1]

Consider the Euler equation (),

{ uy +u-Vu=-VP, divu=0, (65)

u|t:0 = Uo,
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and assume that for given [ > 2, s > % +1,and T > 0,
u e C([-T,7],Q¢") N CH([ - T.7),Qq ) (66)

is a solution of (65). Then, by (63) and the Banach algebra property of
Lbs(R™) (Proposition BT (i),

VP e O([-T,T],Q5 ")

and, by assumption, P(t) € Q% (R™) and has mean-value zero for any ¢ € [T, T].
By applying div to the both sides of (GH), we obtain that

div (u- Vu) = —AP. (67)
Since divu = 0 we then conclude by a direct computation that
div (u- Vu) = tr ([du]?) + u - V(divu) = tr ([du]?) (68)

where [du] is the Jacobian matrix of w and tr is the trace of an n x n-matrix.
For w € Qé’f with [ > 0, s > M/2, denote

Qw) := tr ([dw]?) (69)

and note that Q(w) € ng_l’s(R") by Proposition 211
Let Ay = (A1, Amn), m € ZM | be the exponents appearing in the
Fourier expansion ([[4) of the elements of Q¢;* with 7 > 0 and s > M/2. Consider
the subsets of indices
Io:={meZM||An| <1, 1<j<n}, (70)
I :=7M\ I, (71)

and define the closed subspaces in ng’zs,

e = {we QG| W, =0 for me I}, (72)
e = {w € QG | Wy =0 for m € I} (73)

By construction,
o = Qoe®1 Qg (74)

where the spaces are orthogonal with respect to the scalar product (2I]) on Q¢”.
Let

I: Q5" = Qg oo 1 Qg = Qs (75)
be the (orthogonal) projections corresponding to the splitting (74). Clearly,
o +1IIs = idgre and the projections (75) commute with the differentiation in
the scale Qg°, 7 >0, s > M/1. Our first observation concerns the space Qg .
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Lemma 4.1. For any r,7 € Z>o and s > M/2 we have that Qg°, C QG C

Cy° and the inclusions are bounded. In particular, for any r,7 > 0 the map
I : Q5" — Q'™

is well-defined and bounded.

Proof of Lemma[{.d] It is enough to consider scalar valued functions. Take
[ € Q5P (R™) where r > 0 and s > M/2. It then follows from Lemma 2.2 (ii)

that o
fa) = Y Fuein)

mel,

where > | Fon|2(A) 2" (m)2* < oo. This and the definition (Z0) of the set
I, then imply that |A,,| are bounded uniformly in m € I, and hence for any
720,

S BP0 ()2 < oo,

mely
Applying Lemma 22 (ii) one more time we see that f € Q;;T’S(R") and the
inclusions

Ge(®") C Qo (RY)

are bounded. Since this happens for any 7 > 0 we then conclude from Proposi-
tion 2] (iii) that

6.(R") € [ Q5" (R") € G (R™)

>0

and the inclusions are bounded. O
Remark 4.1. More generally, since f € Qg',(R") C S'(R") is a tempered
distribution whose Fourier transform

(FHE) = @m)" D fmd(€ = Am)

mel,

has support I, inside the centered at zero closed ball of radius < 1 in C", we
conclude from Paley-Wiener’s theorem that [ extends to an entire function on
C™ such that |f(€)] < Ce™©) (cf. e.g. [30)).

Our next observation is the following lemma.

Lemma 4.2. For anyr >0 and s > M/2 the map
A - QT+2,S N Qr,s

Q,00 Q,00

is a linear isomorphism.
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The lemma follows directly from the estimate 3 (Ay,) < [Ap| < (Ay), m €
I, and Lemma 22 (ii).
In view of (7)) and (G8) we have

—AP = div (u Vu) = (HOO + H.) div (u . Vu)
= Il 0 Q(u) + I, div(u - Vu)
=1l 0 Q(u) + divoIly(u - Vu).
This implies that
— A(VP) =Tl o VoQ(u) + (Vodiv) o Il 0 D(u), (76)

where we set
D(w) :=w-Vw

for w € Q%°. Note that for any r > 0 and s > M/2 the map
Vodiv:Qp ™" = Qg°

appearing in (Z6) is bounded and its image is contained in the image of the

Laplace operator A : Q57> — Q5°. In order to see this, define the linear map

A7l oVodiv: Q;;FQ’S — ?;2’5, w (A_l oVo div)(w), (77)

by setting

A i Ak

7/\ M
m 07 mZO,

for any 1 < k,5 < n. The map (77) is bounded since % < 1 for any

m € ZM \ {0}. By combining (7€) with (78), Lemma F2, and the fact that
VP € Q5 *(R™), we conclude that

— VP(t) = P(u(t)) +c(t), te[-T,T], (79)
where ¢ : [-T,T] — R" is a curve in R™ and
P(w) := (A oIl )oVoQ(w)+ (A oVodiv )oll, oD(w), w € Qéﬁs- (80)

Here one uses that the kernel of A : S/(R™) — S’(R™) consists of harmonic
polynomials on R™ (see e.g. [30, §5.10]) and that VP and P(u) are quasi-
periodic, and hence uniformly bounded on R™ (cf. Proposition 2] (iii), Lemma
M3 below). We have

Lemma 4.3. For anyl > 2 and s > M/2 the map
l,s l,s
P:Qy —QF, we— P(w),
is well-defined and real analytic. Moreover, P(w) has mean-value zero for any

we QY.
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Proof of Lemma[{.3 Assume that [ > 2 and s > M /2. It follows from Proposi-
tion 211 (i) and the Banach algebra property of Qg (Proposition 211 (ii)) that
the polynomial map (69)),

Q:Q% — Q5" wr Qw),

is real-analytic. This implies that the map I, o Vo @ : Qé’zs — Qé{ go is real
analytic. By combining this with Lemma we conclude that

(A7l oTle) o VoQ: Q5 — Qy
is well-defined and real analytic. Similar arguments involving the smoothing of

the projection operator Il in Lemma [L.1] and the boundedness of the map (7))
imply that the map

(AfloVodiV)OH. oD:ng’f—>Q§§S

is well-defines and real analytic.
Let us now prove the second statement of the lemma. Take w € ng’f.
The second summand in (80) has mean-value zero by the definition (78]) of the

map (7). It follows from (69) and Lemma that the first term in (80) is

the gradient of the quasi-periodic function A~! o Il o Q(w) € QlQH’S(R").

By Lemma (ii) we then conclude that the 0’th Fourier coefficients of the
components of the first summand vanish. This completes the proof of the lemma.
o

On the other side, since divu = 0 the j-th component of u - Vu can be
written as u- Vu; = > 7, Opk (uku]) where (u1, ..., u,) are the components of
the fluid velocity (G6). This implies that

div (u . Vu) = Z Op,; Oz, (ukuj). (81)

k,j=1
By applying div to the both sides of (6] we then obtain that
— AP = > 0y, 00, (uruy). (82)
k,j=1

Since u € C([-T,T1, é’ls) we conclude from the assumption that P € Qg (R™)
has mean-value zero and Proposition 2.1] that

P =" A'0,,0, (uuy) € C([-T.7],Q8) (83)
k,j=1

where A0, 0y, : LY (R™) — Q4*(R™) is a bounded linear map defined as in

(). In particular, (83) and Lemma imply that VP € ng_l’s has mean-
value zero. Since by the second part of Lemma [£3] P(u) has mean-value zero,
we obtain from (79) that

—VP(t) = P(u(t)), tel[-T,T], (84)
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where P(u) € C([-T,T], gs) by the first part of Lemma 3] By combining
this with (&3) we conclude that VP, P(u) € C([-T,T], lg’zs), and hence

PeC(-T.7],Qq ™). (85)
Moreover, (84]) implies that (G0 satisfies the equation

us +u - Vu = P(u),
{ ulg=0 = ug, divug =0. (86)
We have the following lemma.

Lemma 4.4. Assume that v € C([-T,T], Qé’ls) NnCH([-T,1], Qé;ls) for some
1>2and s > M/2. Then, u is a solution of the Euler equation (G63) such that
the pressure P(t) belongs to Q%(R™) and has mean-value zero for anyt € [T, T)
if and only if u satisfies equation [BGl). In both (equivalent) cases, we have that
Pe C(-T,7],Q5").

Note that in contrast to the solutions of the Euler equation (65, the solutions
of [BO) are not assumed to be divergence free on their interval of existence. By
Lemma [£4] a solution of (8f) that is divergence free at t = 0 is divergence free
for any time.

Proof of Lemma[{.4 The direct implication and (8] are already proven. Now,
assume that u € C([~T,T), Q3*) NC* (=T, T}, Qg *) is a solution of (86). We
will first prove that divug = 0 implies that divu(t) = 0 for any ¢t € [-T,T]. To
this end, we apply div to the both sides of ([86) to conclude that

(divu)” +div (u- Vu) = divP(u)
Then, we use that div (u- Vu) = Q(u) 4+ u - V(divu) and
div P(u) = Il 0 Q(u) + Iy div (u - Vu)
to conclude that (div u) + Il (u . V(div u)) = 0. This equation splits into
two relations
(divune) + oo (- ¥ (diver) ) =0 (87)
(divue) =0 (88)
where we set ue := IIqu and us := Iloou. Since divug = 0 we have
divtelt=0o =0 and divuc|i=o =0. (89)

It follows from (BY) and the first relation in (R9) that divue(t) = 0 for any
t € [-T,T]. Hence, [87) becomes

(divitae) + oo (- V(divise) ) =0, (90)
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We then multiply (@0) by div ue, integrate over the cube [T, T]™ C R", take
the limit as T — oo, and use the Stokes’ theorem as in (I3) to obtain that

. ‘ . 1 . 3 . 2
|| div uoo||2> =— lim —/ div s )" dr < C|| div ue|| (91)

( 0 T—o0 (2T)7l [7T1T]n ( ) 0
where C' > 0 is chosen so that C' > [mzszc] | div thoo|oo > 0 (cf. Remark 22) and

(cf. @),

R 12 1 1/2

mezZM

By Gronwall’s inequality we then obtain that, || divuc|o = 0. Since || - ||o is
norm, div u(t) = 0 for any ¢t € [-T,T).
Since divu = 0 it then follows from (80), (€9), and &I)), that

Pu) = Vo Afl(Hoo o Q(u) + I, div (u - Vu)) =VoA™! (div (u- Vu))
= voa!( Zn: O, O, (w13) ) = V Zn: A0, 0, (ups) ) = VP
k.j=1 k,j=1

where P:= Y7 A0y, 0n, (uruy) € C([-T,T], lﬂ_l’s) by the boundedness

of the map A™'9,,0,, : Qé{l’s — Qé;l’s defined as in (Z8). This implies that
u satisfies (86) and the pressure P(t) € Q&(R™) has mean-value zero for any
t € [-T,T)]. This completes the proof of the lemma. O

The proof of the following lemma is identical to the proof of Theorem 6.1 in
[32] (cf. also [8]) and follows from Theorem 3.2 and the embedding Qg;* C C7
for > 1 and s > & + 1 (see Proposition 2] (iii)) and will be omitted.

Lemma 4.5. Assume that r > 1 and s > % + 1. Then, for any T > 0 and
u € C([—T, 7], Qgs) there exists a unique solution ¢ € C* ([—T, T], QDgS(R”))
of the differential equation

¢ =wuop,
{ 80|t:0 = ian. (92)

We now apply Lemma to the solution
ue O([-T.7,Q5") NCH([-T.T],Qq ) (93)

of the Euler equation (63) to obtain a 1-parameter family of quasi-periodic
diffeomorphisms l
¢ € CH([-T,T],QDg"(R™)) (94)

: M
that satisfies ([@2) for [ > 2 and s > 3~ + 1. Denote

v:=uopeC([-T, T],ng’zs). (95)

29



In view of ([@2), (@), (@5), and the embedding Qgs CCiforl>2ands > +1
we conclude that u, p,v € C* ([—T, T] x R”,R”) and hence

b=1dop+[dufop-p (96)

pointwise. This implies that for any 7 € [T, T],

v(T)—uo—|—/0T(1logp—|—[du]o<p'¢)dt (97)

pointwise. In view of Theorem we then conclude from (@3) and ([@4) that
the integrand in ([@7) belongs to C'([~T,T], Q¢ *). This and (J5) imply that
the integral in ([@7) converges in Qé{l’s, and hence,

ve C([-T,7,Q5) NCH ([T, 11, Q5 %) . (98)

For ¢ € QDG (R™), 7 >0, s > % +1, consider the right translation of of vector
fields (or functions) on QDg’(R™),

Rw : 88 — Qgs, f — Rw(f) = fow. (99)

Remark 4.2. For simplicity of notation, we will use the same symbol for the
right translation Ry : QDS (R™) — QD¢ (R™) on the group QD¢ (R™), r > 0,
5> % + 1. Strictly speaking, the map (@9) is the linearization of this map. The
both maps are real analytic (see Remark[{.5] below).

In view of Theorem B.2] the map (@9)) is a linear isomorphism of Banach
spaces with inverse R;l = Ry-1. It follows from (96) and (@2)) that

=0+ dulop- ¢
= (11 +u- Vu) o
= (RyoPoRy)(v) (100)
where we used that u satisfies the equation (86) (cf. Lemma ). Hence,

¢ € CY([~T,T],QD5*(R™)) and v € C([-T,T],Q%’) N C([-T,T},Q5 ")
satisfy the system of equations

o=,
{ b = Fu,0), (101)

where, in view of (80,
F(v,¢):= (Ry0PoR,1)(v)
= (Rg, o (A*l ol_[oo) ORLP—l) o (RS(J oVo R«p’l) o (RS(J oQo R«pfl)

+(Rpo (A 0V odiv)ollyo Ryt ) o (Rpo Do Rymr).  (102)
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It follows from Theorem and Lemma [£.3] that
F: Qg x QDG (R") = Qg (103)

is continuous. By the second equality in (I0I) we then obtain that for 7 €
[-T,T], v(r) = uo+ [, F(v,¢)dt, where the integrand is a continuous function
of ¢, and hence,
L
veCY([-T,T],Q4).

In this way we proved the direct statement of the following proposition.

Proposition 4.1. Assume thatl > 2 and s > % + 1. Then, for any T > 0
there exists a one-to-one correspondence between solutions

u € C([_Tv T]? lf)ls) n Cl ([_T7 T]v 5—1,8)
of the Euler equation ([G3) such that the pressure P(t) belongs to Qg (R™) and has
mean-value zero for any t € [T, T], and solutions (v,p) € C*([-T,T], QZQS X
QDéf(R")) of the system ([[0I) with initial data (v,¢)|t=0 = (uo,idrn) where
v=uop.

The converse statement in Proposition [.1] follows easily from Lemma [£4] and
Theorem Since the arguments are fairly standard we will omit them and
concentrate on the new aspects related to the quasi-periodicity of the solutions.

Our main task now is to prove that the dynamical system (I0I]) has a smooth
right side.

Proposition 4.2. Forl>2 and s > % + 1 the map [I03) is real analytic.

Theorem [LT] will then follow from Proposition 1] Proposition B2 and the
existence theorems for solutions of ordinary differential equations in Banach
spaces.

We will prove Proposition by showing that the conjugated factors ap-
pearing in (I02) are real analytic. The proofs of the following two statements
are standard (cf. e.g. [32] Appendix A]).

Lemma 4.6. Forr >ryg>1 and s > % + 1 the map

& (R") x QD" (B") = Qg (R"), (f.0) = (R0 Vo Ryms) (),
is real analytic.

Proof of Lemmal[f.6 In view of the embedding Q¢g"*(R™) C CZ(R"), we obtain
),

-
by a direct computation involving (51l that for f € Q5 (R"™

(RyoVoR,1)(f) = (V) [de] ™",
where (Vf) = (9, f, ..., 0z, f). Lemma then follows from the Banach alge-

bra property of Qg)_l’s (R™), the formula for the inverse of a matrix, and Lemma

9.0l o
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As a direct consequence of Lemma we obtain
Lemma 4.7. Assume that s > % + 1. Then, we have

(i) Forr > 1o > 2 the map
3" (R") x QDG (R™) = Q3 (R™),  (f:9) = (Rp o Ao Rymr)(f),
is real analytic.
(ii) Forr >ro>1 the maps Q° x QDg*(R™) — Q™ "*(R™),

(w,¢) = (RyoDoR,1)(w) and (w,p)— (Ry0QoRy-1)(w),

where D(w) = w - Vw and Q(w) = tr[dw]?, are real analytic.

Lemma [4.7] follows directly from Lemma 4.6 the Banach algebra property
of Qg)_l’s, and the following easily verified identities

(RyoAoR,-1)(f) = (RyodivoR,-1) o (R,oVoR,1)(f),
(RyodivoR,-1)(w) =tr [(R, 0V o Ry-1)(w)],
(RooDoR,1)(w)=[(Ry0oVoR,)(w) - w,

and
(Ry0QoRy1)(w) = tr [(Ryo Vo Ry )(w)]?,

where f € QS)H’S(R"), w = (wi,...,wy)" € Qy*, R, 0V o R,-1 is applied
component wise to w to obtain an n x n-matrix, and (-)7 denotes the transpose
of a matrix.

The following lemma plays an important role in the proof of Theorem [I.1]

Lemma 4.8. Forr > rg > 0, s > % + 1, and for any ™ > 0, the maps
QDgG"(R") x Q" (R™) — Qg (R™)
QD5 (R") x Qg (R") = Q3T (R™), (¢, f) = (a0 Ry-1)(f)  (104)

and

QDG (R") x Qq*(R") = Qg *(R"), (¢, f) = (RypoTL)(f) (105)
are real analytic.

Remark 4.3. Since 7 > 0 in Lemma [{.§ can be chosen arbitrarily large, we
conclude that the map [I04) is a C°°-smoothing. This is not true for the map

(I05).
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Proof of Lemma[{.8 Let r > 19 > 0, s > % + 1, and 7 > 0. Consider first
the map (I04). This map is well defined and continuous by Lemma ET] and
Theorem B2l Take ¢ € QDS (R™), f € Qg °(R™). For a given m € I, denote
by @ the m’th Fourier coefficient of (IT,0 Ry-1)(f) € Qg ™*(R™). By formula
(I8) in Lemma 2] we have

N . 1 - —
i = Jim i [ g e O gy
)" Ji—rm

1 .
= lim —— / f(z) e " Ame@) det[d, ] da: 106
T—r 00 (QT)" [T, T ( ) [ ] ( )

where we change the variables in the integral and then use that the integrand
in (I06) is uniformly bounded on R™ and

[ sl de =0T a5 T oo
D(T)

where D(T') denotes the symmetric difference = ([T, T]") A ([T, T]"). The
later follows from the fact that for T > B > 0 we have the inclusion of sets in
R™,

[-(T'-B),T-B]"Ce '([-T.7T]") C [~ (T + B), T+ B]",

where B > |h| is a constant independent of T > B and ¢! = idg= + h with
h € Qg°. By Taylor’s formula for any « € R",

e_i(Am;‘P(m)) — e_i(Amww) e_i(Am;g(m))

—1i T —i o a a
= et S DT e o) (107)

o

where v € ZY is a multi-index and we used the Taylor’s expansion of the

exponent e>i=1% = 3" 2 at x = 0. Note that the series in (I07) converges
absolutely in L°°(R™). By combining this with (I06) we then obtain that

—_)lel —
(@) s, = 2 a)! (A5.(Mg2),,) (108)

mel,

where we set M := f det[dp]. Recall that |A,,| <1 for m € I,. This and (I08)
imply that

[ o By} (D], <2 Y0 LS

ro+7,8 — OZ!

2
ol

rotT (Csllglls)®t---(Csllgnlls) ™
<27 ||M| Y

ro+T7

<27 MO, gl = max gl (109)
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where C' = Cs > 0 is the constant appearing in the Banach algebra inequality for
Q4 (R™) (see Remark [23). Note that the estimate (I09) also holds for g € Qg%
and f € Qg ¢ (R") (see Remark 2.6). This implies that the series in (I08)
converges absolutely on bounded sets in Q?{TCFT’S(R”). Since the terms appearing
in the series (I08) are bounded (non-homogeneous) polynomial functions of
9 € Qg and f € Qu'r(R™), we conclude from Weierstrass theorem that the
map ([I04) is real analytic.

The (I03)) is treated in a similar fashion. In fact, it follows immediately from
Lemma (1] and Theorem [B.2] that the map is well-defined and C°°-smooth. Let
us show that the map is real analytic. Take p € QDg*(R™) and f € Q¢ °(R™)
where r > rg > 0 and s > % + 1. Then,

(R oIL)(f) = Y Jre'Pn®) ihmale)) (110)
mely

where g € Qg” and ¢ = idgn + ¢g. In view of ([I07) we obtain that for any
m € I,

7 x —1 o] a @
¢ilhma@) = 3 % A% g(z). (111)

«
One easily sees from the Banach algebra property of Q¢ that for any g € Qg
and for any m € I, the series (ITI)) converges absolutely in Qg-(R") and

Hei(Amg)Hr,s < eCsllalls (112)

(Note that this is the place where we use that |A,,| < 1 for m € I,.) This
implies that for any m € I, the map

9 9 ] A"VYLL
Qoc — Qoc@®™), g e!(hm9),

is analytic. By (IIZ) and the fact that (fn)mer, € £'(Is,C) for f € Qac®R™),
the series in ([II0) converges absolutely and uniformly on bounded sets in the
space Q?{’E(R”) Hence, by the Weierstrass theorem, the map (I05) is real
analytic. This completes the proof of Lemma O

As an immediate corollary we obtain
C:)gollary 4.1T.SAssume thatr > 0 and s > %—H. Then, the maps QD¢ (R™)x
Qg (R™) = Qg (R™),

(0, f) = (Rpollao Ry—1)(f) and (g, f) = (Rpolla o Ry )(f)  (113)
are real analytic.

Proof of Corollary[4.1] The analyticity of the first map in (II3)) follows directly
from Lemma 8 Then, the analyticity of the second map in (II3) follows from
the fact that

(Rpollyo Ry-1)(f) + (Rpollo Ry1)(f) = f
for any f € Qg (R"). =
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Our next statement concerns the map

QG" X QDG (R™) = Q5°,  (w,p) — (Rg, o(A™"oVodiv)oll,o wal)(W)
(114)
that appears as a factor in (I02). We have

Lemma 4.9. Forr >0 and s > & + 1 the map ([14) is real analytic.

Proof of Lemma[f-9. Take r > 0 and s > & + 1. For any w € Qg° and
¢ € QDG (R™) we have that

Ryo(A™'oVodiv)o o R,-1(w) = (Ry0Ils)o (A7 oVodiv)o(IlyoRy-1 ) (w).

Now, the proof of the lemma follows directly from Lemma .8 and the bound-
edness of the map (7). O

Finally, for 7 > 2 and s > & + 1 consider the map (cf. (I02)),

o 25 % QDG (R™) = Q5% (w, @) — (Rg, ) (A_l OHOO) 0R¢71) (w). (115)
Note that by Lemma and Theorem the map (II3) is well defined and
continuous. We will prove
Lemma 4.10. Forr >2 and s > &L + 1 the map ([I5) is real analytic.

For the proof of this lemma we need a preparation. Assume that r > 0 and
5> % + 1. For a given ¢ € QDg’(R™) consider the commutative diagram

TS I

— Ry(Qg’s)
\ l (116)
Qoo
where R, (Qg",,) denotes the image of the subspace Qg C Qg° with respect
to the right translation R, : Q5" — Qg°
Iy, = RonOOonf : ;ls — R ( Qoo)

and the map C, is defined by the diagram. Since the right translation R :

T8 TS . . T, .
o — Qg is an isomorphism of Banach spaces we see that R ( Q,oo) is a
closed subspace in Qg;°. We have

Lemma 4.11. Forr >0 and s > % +1 there exists an open neighborhood U of
the identity in QD" (R™) such that for any ¢ € U the map Cy : Q5" — Qg
18 a linear isomorphism and

Qoone XU = Q5o (w,0) = C 7 (w), (117)

1s real analytic.
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Proof of Lemma[{.11] The lemma follows from the inverse function theorem.
Indeed, by Corollary [£.1] the map

r,s r,s n T8 r,s n T
C: Qd,oo x QDg"(R™) — QQ,oo x QDg"(R™),  (w,p) — (HOO oﬂooyga(w),<p),

is real analytic. For the the differential
7,8 TS 7,8 7,8
d0,idzn)C 1 Qg oo X Qg = Qg o X Qg

of C at the point (0,idr») we have d g iq..)C = (ings ,ings). Hence, by the
inverse function theorem there exist an open neighborhood U of the identity in
QDG (R™) and open neighborhoods V and W of zero in Q¢’_ such that the
map

VXU—>W><U7 (wusD)H(Cw(w)usD)a

is real analytic diffeomorphism. Since for any given ¢ € U the map

is a bounded linear map we then conclude from the open mapping theorem that
(II]) is a linear isomorphism and that (II7) is real analytic. O

By combining Lemma [.11] with the commutative diagram (II6) we obtain

Corollary 4.2. Assume that r > 0, s > % + 1. Then, there exists and open
neighborhood U of the identity in QD¢ (R™) such that the statement of Lemma
[{-17) holds and for any ¢ € U the restriction of the map

Qs — Qgi}o, w C’;l o Moo (w), (119)

T,8
Q,00

to the subspace R, ( ) is the inverse of the map

o, =Rpolli o Ryn Qgix — Rw(Qgifoo). (120)
The map
8 XU = QG (w9) = O 0Tl (w),
1s real analytic.

Remark 4.4. This corollary allows us to “coordinatize” the subspace R,(Qg’..)
of Qg° by the subspace Qg via the maps (II9) and (I20) that depend analyt-
ically on ¢ € U. Note that we cannot use the right translation Ry, : Q¢ —

Rw(Qg)soo) and its inverse for this purpose since they do not depend smoothly
onpeU.

Now assume that r > 2 and let U be the open neighborhood of the identity
in @D’ (R™) from Corollary 4.2l For ¢ € U consider the commutative diagram

A

Ro@ii7) =5 Ro(@i2)

HWT ) an,v (121)



where
Ay, =R,0A0R,

and the map Zg, is defined by the diagram Note that all arrows in (I2I]) are
linear isomorphisms by Lemma B2l and Corollary - It then follows from
Lemma L7 and Corollary 2 that the map A, : Qg", — Qg 0208 is well defined
and the map

G x U= Qa2 xU, (w,9) v (Ay(w), ),

is real analytic. By shrinking the neighborhood U of the identity if necessary and
arguing as in the proof of Lemma [T one concludes from the inverse function
theorem that the map

Qoo X U= Q5% (w,9) = AN (w), (122)
is real analytic. We summarize this in the following

Lemma 4.12. Assume that v > 2 and s > 2 + 1. Then, there exists an open
nezghborhood U of the identity in QDSTZS(R") such that for any ¢ € U the map

A : Q o Qg 0208 is a linear isomorphism and [I22) is real analytic.
We are now ready to proof Lemma [4.10

Proof of Lemma[{-10, Assume that r > 2 and s > & + 1. As noted above,
the map (IT3)) is well defined and continuous by Lemma 2] and Theorem
We will first prove that (II3)) is analytic for ¢ in an open neighborhood of the
identity in @D’ (R™). To this end, consider the open neighborhood U of the
identity in @Dg;’(R™) from Corollary .21 and Lemma EL12l For ¢ € U consider
the map

Gy, we Ty(w) = Hoo,g,ofAV;lo(CgloHOO)(w) (123)
where C 1ol : Qg 2S—>QT 2SandA Q5% — Qb 2* are the maps (TT9)
and (I22)) for a ﬁxed second argument ¢ E U. Tt follows from the commutative
diagram (IZI)) and Corollary that the map (I23) when restricted to the
subspace R,(Qg, =°) of Qi > is the inverse of the map A, : R,(Qg,) —
R, ( 5—0205)@ Hence,

-1
o

k@2 =4

Note that the map
Qo " xU=Qg"  (w,9) = Ty(w),
is real analytic by Corollary 2] and Lemma [£12] and the map

Qo xU = Q5 %" (w,¢) = oo p(w) = Ry 0ol 0 Ryi1(w),

2Recall that all arrows in diagram ([[21]) are linear isomorphisms.
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is real analytic by Lemma [Z.J1 By combining this with the fact that
R,o0 (A_l o Hoo) oR,-1(w) =Zy, 0 Il o (w)

for any w € Q?{Q’S and ¢ € U we conclude that the map (T3] is real analytic.
This completes the proof of Lemma for ¢ in an open neighborhood U of
the identity in QD" (R™).

Let us now consider the general case. Take an arbitrary ¢y € QDg’(R™) and
consider the open neighborhood V := R, (U) of ¢ in ¢y € QDg’(R™) where
U is the open neighborhood of the identity in QDg;*(R™) considered above and
let S: Q> x QDG (R™) — Qg is the map (I13).

Remark 4.5. Note that for a given ¢o = idgn + fo € QDG (R™), r > 0,
s>%+1, one has

R‘PO : QDQS(R") — QDQS(R”), QD — RSOO (lan + f) = lan + (fo + f (@] 300),

where ¢ = idgn + f € QDG (R™). This implies that, in coordinates, the right
translation on a fized element ¢y in QDS (R™) is identified with the bounded
(Theorem[3.2) affine linear map f — fo+ fopo, Qg° — Qg Since (Ry,) ™! =
R -1 we then conclude that Ry, : QDG (R™) — QDG’(R™) is a bi-analytic
diffeomorphism. The rights translation (Q9) of vector fields Ry, : Q&7 — Qg°
is a bounded linear map, and hence analytic (see Remark[{.2).

r—2,5

For any ¥ € V and w € Q) we have
Ryo (A7 olly) o Ry—1(w) = Ry, © (Rg, o (A7 olly) 0 Rtpfl) o Rwal(U}).

where ¢ = Yo, ! = R, (). This implies that for any ¢ € V and w € Q?z_%,

S, ) = Ry (S (R (w), Byt (0))), (124)

where S|y : Q7% x U — Qg is the restriction of S to Qf, >* x U. Since the
map S|y is real analytic we then conclude from Remark 5] that the restriction

S|y of S to Q;{z’s x V is real analytic. This completes the proof of the lemma.
O

Proof of Proposition [{.3 Proposition now follows from ([02)), Lemma [£6]
Lemma [£7] Lemma L9 and Lemma .10 O

We are now ready to prove Theorem [Tl

Proof of Theorem[I.1l Theorem [[1] follow from Proposition 1] Proposition
A2 and the theorems on the existence and the dependence on the initial data
of solutions of ordinary differential equations in Banach spaces (cf. [19]). O
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In fact, since by Proposition the right hand side of (@2) is real analytic
on Qéf X QDlg’zs, we obtain from the theorem on the analytic dependence of
solutions of analytic vector fields in Banach spaces (see e.d. [7]) the following
proposition.

Proposition 4.3. Assume that Il > 2, s > % + 1. Then for any p > 0 there

exists T > 0 such that for any divergence free vector field uy € BQz,s(p) there
Q

exists a unique solution (v,¢) € C*([-T, T],Qé’zS X QDéiS(R”)) of (IOIl) with

ingtial data (v,¢)|t=0 = (uo,idrn). The solution depends analytically on the

initial data in the sense that the map

(=T.T) x Bgus(p) = Qg* x QDG'(R™),  (t,u0) = (v(t; uo), p(t;u0)),
1s real analytic.

Since by Proposition 1] the solution (G6) of the Euler equation () and
the solution (v, ¢) € C*([-T,T7, Qu¥x QDY (R™)) in Proposition @3 above are
related by v = uop, we conclude that ¢ = uogp, p|t—o = idgn. As a consequence
we obtain Corollary [[LT] stated in the Introduction.

Proof of Corollary[L2 Let u € C((—T1,T5), é)s) NCH (=T, T2), lﬂ_l’s) be
the solution of the Euler equation () on its maximal time of existence. Then,
by arguing as in (I06) and using that u = v o ¢~! we obtain that for any

t e (—Tl,TQ),
1 )
U (t) := lim —/ v(t, ot y))e " Am) gy
T—oo (2T)™ Ji_p 1y ( )

T 1 —i| A, (t,x)
.

= <U(t)e_i(Am;f(t))7 e—i(Am,-)> (125)
0

where o(t) = idgn + f(t), f(1) € Q% and for h, g € Q5 c(R™),

1 ~
g,h)o := lim —/ g(x)h(z)dr = Imh—m. 126
b= i o [ s = 3 (126)

Since the complex bi-linear form (I26]) is bounded in Q¢ ¢, the corollary follows
from (IZH), Proposition £33 and the Banach algebra property in ng’zs(c (R™). O

A Appendix

In this Appendix we prove several technical lemmas. The first one is used in
Section
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Lemma A.1. Let (\j)jes be a sequence of points in R™ such that A\j # A, for
j # k and J is a countable set of indices. Assume that the series EjGJ ajeio‘i’w),
a; € C, converges to zero in S'(R™) independently of the order of summation.
Then a; =0 for any j € J.

Proof of Lemmal[Adl. By applying the Fourier transform F : S’(R"?) — S'(R")
to the series ZjeJZijei(Af’w) we see that

D@6 —2y) =0 (127)

jeJ

where the sum converges to zero in S'(R™) independently of the order of sum-
mation and §(§ — A;) is the Dirac delta function at the point A;. For a given
p > 0 take ¢ € C°(R™) such that (&) =1 for €] < p, (&) = 0 for |€] > 2p,
and 0 < ¥(§) < 1 for p < [¢] < 2p. Then, in view of [I27), > ;a;¥()\;)
converges to zero independently of the order of summation. This implies that
it converges absolutely. Since, @ ();) = a; for j € J<, := {j € J} IAjl < p},
we conclude that for any p > 0 there exists a real constant C, > 0 such that

> fal < €, < oo (128)
jGJSp

Denote f(§) :=3;c;a;6(§ — A;) € S'(R™) and take R > 0. Let x. € C2°(R")
be such that x.(§) =0 for [§] > 2R, 0 < x.(§) <1 for £ € R, and

Xe & X<r as € — 0+ (129)

pointwisely, where x<p is the characteristic function of the closed disk {5 €
R"™ | ¢] < R}. In view of (I28), (I29), and Lebesgue’s dominated convergence
theorem, for any ¢ € S(R™),

(foxep) = > aixe(M)e(N\) = (f<r, @) (130)

Jj€J<2r

where f<p(§) == > ey, @0(§ — Aj). Note that in view of (IZ8), f<r is a
well-defined distribution in S’(R™). Since, by ([I217), (f, xe®) = 0, we conclude
from (I30) that f<r = 0 in S’(R™). Applying the inverse Fourier transforn to
this equality, we obtain that

E ajei(’\f’m) =0
J€J<Rr

in S’(R™). Since, by ([I28), the series above converges uniformly in R™, we can
apply formula (@) and the condition that the mapping J — R™, j — A;, is
injective, to conclude that a; = 0 for any j € J<g. Since Jp_; J<r = J we
conclude the statement of the lemma. O
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Recall from the Introduction that €, : R — TM denotes the composed
map Q, = po Q where p : RM — TM is the standard covering map of the
torus. The following lemma gives a condition equivalent to the non-resonance
condition (NC).

Lemma A.2. Let Q: R" - RM 1 <n < M, be a linear map of mazimal rank
n. Then, the map Q, : R™ — TM has a dense image in T™ if and only if the
map @) is injective.

Proof of Lemma[AZ First, let us assume that Q, : R® — T™ has dense image.
Assume in addition that there exist m’,m” € ZM™, m’ # m”, such that A, =
Ay Then, for any 2 € R”, e/Am®) = ¢iAm2) or equivalently, elm".Q2(x) —
et(m”. =) This implies that
Q(F)=0

where F(y) := /(™" ¥) — ¢i(m"v) 4 ¢ TM  Hence, F vanishes on the image of
Q. Since the image of Q, is dense in TM, we then conclude by continuity that
F(y) =0 for any y € TM. This implies that e/ %) = ¢i(m") for any y € RM,
that is a contradiction.

Let us now assume that the map (B]) is injective. Assume in addition that
the image of €, is not dense in T. Then, there exists an open ball U in TM
that is not in the image of Q,. Take x € C*°(TM R), y # 0, with support in U,
and let X,,, m € ZM | be the Fourier coefficients of x. Clearly, the Fourier series
of x converges absolutely, and hence, independently of the order of summation.
Since, Q25 (x) = 0, we obtain that

Z S(\mei(Am,m) =0

mezZM

where the series converges absolutely. Then, we can apply e.g. Lemma [A]]
to conclude that ¥,, = 0 for any m € ZM. By the Parseval equality we then
conclude that x = 0, that contradicts our assumption that y # 0. O

Let © : R® — RM 1 < n < M, be a linear map that satisfies the non-
resonance condition (NC) in the Introduction and let T'q be the discrete lattice
B8) in R™. We have the following lemma.

Lemma A.3. For any integer n > 1 and for anyr € {0, ...,n—1} there exists an
integer M > n and a linear map Q : R™ — RM that satisfies the non-resonance
condition (NC) and such that tkT'q = r.

Remark A.1. Note that the quasipatterns appearing as solutions of Swift-
Hohenberg PDE model and the Bénard-Rayleigh convection (cf. [13, [14)] and
the references therein) are quasi-periodic functions with Q : R? — R* that are
purely quasi-periodic (see Lemma 4 in [13]).

Proof of LemmalA.3 Since the case when n = 1 is trivial we will assume that
n > 2. For the simplicity of the exposition, we will first consider the case when
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r = 0. We will construct a linear map Q : R® — R"*! that satisfies (NC) and
I'q = {0}. To this end, choose w = (w1, ...,wy) € R™ such that |w| = 1 and the
numbers

W1, -, Wn, 1 are linearly independent over Z. (131)

(The proof that such w exists can be done e.g. along the lines of the proof of
[4, Theorem 4, §24].) Now, consider the (n + 1) x n matrix

10 .. O
o 1 .. 0

Q=1 o . (132)
w1 W2 e Wh

The linear map 2 : R™ — R™"! associated to this matrix satisfies (NC) since
T
Q(w) = (wlv ey Wiy |W|2)

and (w1, ..., wn, |w|?) where |w|*> = 1 satisfy (I31). If we assume that Q(y) €
Z"*! for some v € R™ then we conclude from ([32)) that v = m € Z" and
(m,w) € Z. In view of (I31)) this is possible only if v = m = 0. This completes
the proof of the case when r = 0. The case when r > 1 follows by similar
arguments. O

For a given f € Q5°(R™) consider the set in Q5 (R™),
§pi= {1u0) = f(+ )| c € B7).

The corollary below shows that the elements of Qgs (R™) are almost-periodic in
the sense of Bochner with respect to the norm (20)) in Qé’zs (R™) (cf. e.g. [32/20]).

Lemma A.4. For any f € QgS(R") the set Sy is precompact in QgS(R").

The original Bochner’s argument (J20]) and Lemma [A.4] imply that any f €
Qgs (R™) is almost-periodic in the sense of Bohr with respect to the norm ||-||; s,
i.e. for any € > 0 there exists L = L. > 0 such that in any n-dimensional closed
cube of side L in R™ there exist T > 0 (called an e-almost period) such that
Il fr — flli,s < e. Since we will not need this statement we will omit its simple
proof. The classical almost-periodic functions in the sense of Bohr are bounded
continuous functions on R™ that are almost-periodic in the sense of Bohr with
respect to the norm in L>(R™) (20, Ch. I,§1],[32 §2]).

Proof of Lemma[A Take f € Q4*(R™). Then, it follows from Lemma 21 and

——

Lemma 22 that (f.),, = ¢iAme) £ for any m € ZM where I £ls,s < oo. This
implies that |(fe),,| = | Fm| for any m € ZM and hence
Sy € Tr € Q4 (R") (133)
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where T; denotes the “infinite torus” in ng’zs (R™),

T = {9 € Q5" (R™) | [Gn| = | Fin| Y € ZM}.

It follows easily from Cantor’s diagonal argument applied to a sequence (fc,);j>1

in Qgs (R™) where ¢;, j > 1, are constant vectors in R™ that 7 is a compact set
in Q4*(R™). Then, Q%*(R") is precompact in view of the inclusion (I33). O
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