arXiv:2209.10107v1 [math.NA] 21 Sep 2022

LOW-DEGREE ROBUST HELLINGER-REISSNER FINITE ELEMENT SCHEMES
FOR PLANAR LINEAR ELASTICITY WITH SYMMETRIC STRESS TENSORS

SHUO ZHANG

AgstrACT. In this paper, we study the construction of low-degree robust finite element schemes for
planar linear elasticity on general triangulations.

Firstly, we present a low-degree nonconforming Helling-Reissner finite element scheme. For the
stress tensor space, the piecewise polynomial shape function space is
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the dimension of the total space is asymptotically 8 times of the number of vertices, and the supports
of the basis functions are each a patch of an edge. The piecewise rigid body space is used for the

displacement. Robust error estimations in I? and broken H(div) norms are presented.

Secondly, we investigate the theoretical construction of schemes with lowest-degree polynomial
shape function spaces. Specifically, a Hellinger-Reissner finite element scheme is constructed, with
the local shape function space for the stress tensor being

(0 M0 S O S M0 )k

which is of the lowest degree for the local approximation of H(div; S), and the space for the displace-
ment is piecewise constants. Robust error estimations in > and broken H(div) norms are presented
for regular solutions and data. Meanwhile, accompanied with this Hellinger-Reissner finite element
scheme, a minimal Navier-Lamé finite element scheme is constructed, with the local shape function
space for the displacement being

wl(SHHEEH)

which is of lowest degree for the local approximation in the norm || - |lo + |l&(-)|lo. Robust error
estimations in broken energy norms are presented for regular solutions and data.
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1. INTRODUCTION

The Hellinger-Reissner variational principle of planar linear elasticity seeks simultaneously for
a 2 x2 symmetric stress tensor o~ contained in H(div, Q; S) which are square integrable with square
integrable divergence and for a square integrable displacement vector #. The symmetry constraint
imposed on the stress tensor distinguishes the problem from the mixed formulation of general
second-order problems. Meanwhile, the Lamé constants, u and A, characterize certain mechanical
feature of the material, and the issue that the computational performance keeps robust when A
tends to infinity is one which is to be taken into consideration. The Hellinger-Reissner variational
principle has been a long-standing foundational model problem of computational mechanics.

For the Hellinger-Reissner finite element methods, the earlier works [8, 22, 34, 44] mainly fo-
cuses on composite elements, namely a composite structure of the triangulation is assumed. Later
on, kinds of schemes with weakly imposed symmetry are designed, cf., e.g.,[2,7,9, 10, 15, 20, 41].
In 2002, based on the elasticity complex, the first family of symmetric conforming mixed elements
with polynomial shape functions was proposed for the planar case in [11], which was extended to
the three dimension by [4]. Those elements from [11] and [4] are later extended to any dimension
by a family of conforming elements, with fewer degrees of freedom, proposed in [24, 31-33] by
discovering a crucial structure of symmetric matrix-valued polynomials on simplicial grids and
proving two basic algebraic results. Besides, various conforming finite elements are also con-
structed in, e.g., [1, 3, 4, 25, 26, 29], with or without an (explicit) application of the elasticity
complex. For these conforming finite elements, the robust stability can be proved once the diver-
gence of the stress space is proved contained in the displacement space and an inf-sup condition
is proved. The inequality for sufficiently smooth 2 X 2 tensors, not necessarily symmetric, in the
form that (see Lemma 2.2 below from [16] and discussed in [8, 15])

(1.1) I7lloa < CllIT®lloq + Idivrllog),

where 72 is the deviatoric part of 7, is crucial for the robust coercivity. To reduce the complexity
of conforming finite element schemes, nonconforming finite element schemes are designed. We
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refer to [5, 12-14, 23, 27, 28, 30, 37, 47-49] for some discussions. Due to the nonconformity, the
discrete analogue of (1.1) does not hold self-evidently for the nonconforming tensor functions;
though, a locking-free behavior of the scheme of [27] can be illustrated by numerical experiments.
Based on these existing works, for the planar elasticity, the dimension of local polynomial shape
function space for the symmetric stress tensor can be as low as 7 on rectangular grids ( [37]) and
12 on triangular grids ( [12, 42]) both by nonconforming elements. As from the point of approxi-
mation theory, a shape function space with dimension as low as 5 can be minimally sufficient for
the local approximation of H(div; S), in this paper, we will try to narrow the gap. We will focus
on the problem with pure displacement boundary condition; the other conditions can be dealt with
the same way. Besides, we focus ourselves on two dimension, and the high-dimensional case will
be discussed in future.

In this paper, firstly, we present a low-degree nonconforming Helling-Reissner finite element

scheme on general triangulations. For the stress tensor space X%, the 6-dimensional local poly-
nomial shape function space is

A I T N R e

and the piecewise 3-dimensional rigid body space U} is used for the displacement. The newly
constructed EES/—Uf scheme possesses a A-robust convergence rate; particularly, it is proved that
o — oulloq + llu —unlloa < Chl|fllo.q on convex domains with a constant C independent of A.

The stress tensor space Z,’fs/ is defined by reconstructing the adjoint relationship. To construct
a finite element space by reconstructing certain adjoint relation is suggested in [54], where a fam-
ily of lowest-degree nonconforming finite element discretizations of HA*, the spaces of exterior
differential forms in R"” with O < k < n, are constructed, which form a discretized de Rham com-
plex and a commutative diagram. Revealed by the theory of partially adjoint operators developed
in [54], the discrete adjoint relation can lead to kinds of basic properties. The methodology is then
utilized in [55, 56], where primal finite element schemes are designed for the H(d) N H(6) elliptic
problem and the Hodge Laplace problem on A* in R” for 1 < k < n— 1, respectively. In this paper,
the so called adjoint relation between H(div, Q; S) and (Hé (Q))? reads

(1.2) (divr,v) + (1,&()) = 0, V1 € H(div, Q; S), v € (H,(Q))*.

Actually, we note here that the operator div : L*(Q,S) — L(Q) (see the notations in Section
2) with domain H(div, Q; S), say (div, H(div, Q;S)), and the operator (&, (Hé(Q))z) : L2(Q) —
L2(Q, S) are a pair of adjoint operators, and this is why the Navier-Lamé principle and the Hellinger-
Reissner principle are mathematically equivalent. Then, denoting by V}; the Kouhia-Stenberg

space for the Navier-Lamé variational principle [35], we define EES/ so that the discrete relation-
ship holds as

(1.3) D ldiven, vy + (@ el = 0, Vo, € 2, vy € VG,
TeT
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We use (1.3) as a criterion for E}fs/, not only because it provides appropriate continuity restriction,

but also because the adjoint relation (1.2) is crucial for (1.1), and the analogue (1.3) is much useful

for reconstructing (1.1) with finite element functions and further the A-independent coercivity.
The 2}11(3' constructed this way does not coincide with a finite element triple, defined by [19]

and adopted in, e.g., [17, 40] and other numerous textbooks. We simply call Z,’fS' one of non-
Ciarlet type. The non-Ciarlet type finite element spaces/functions are defined by combining the
local shape function spaces and global continuity restrictions, and on a cell there may not be a
unisolvence. The analysis of these schemes may rely on indirect approaches. Though, once the
locally supported basis functions are figured out, the scheme can be implemented by the subrou-
tine for standard Ciarlet-type finite element methods. Famous non-Ciarlet type finite elements
include the Fortin-Soulie element [21], the Park-Sheen element [39] and others. Recently, some
low(est)-degree finite element schemes for respective model problems are constructed in the form
of non-Ciarlet type; we refer to [36, 52, 53] for some examples., and to [45, 46, 50, 51] for some re-
lated applications. The aforementioned non-Ciarlet type finite element spaces of [54-56] all admit
locally supported basis functions as well. For the space ZES/ of this paper, we show that it admits a
set of basis functions, the supports of which are each contained in a patch of two neighbored cells.
The total number of basis functions is asymptotically 8 times of the number of vertices, lower than
other known finite element spaces for o on a same triangulation. Any single cell is covered by
the supports of at most 9 basis functions of ZES/ and 3 basis functions of UhR; namely, the size of
piecewise stiffness matrix is not bigger than 12 x 12.

Based on the spaces ZES/ and UR, secondly in this paper, we investigate the theoretical construc-
tion of schemes with lowest-degree polynomial shape function spaces. Specifically, a Hellinger-
Reissner finite element scheme is constructed, with the local shape function space for the stress

tensor being
1 0Y(O 1Y[O0O\[{O x\[O y
PN o o)\t o) lo 1 )\xofly o]

and the space for the displacement is piecewise constants. The space EZKS/ for stress tensor is

simply a reduction of 2}11(5" Robust error estimations in L? and broken H(div) norms are presented
for regular solutions and data. This may be viewed a positive confirmation that the theoretical
lower bound of degree of polynomials is an active one.

Meanwhile, accompanied with this Hellinger-Reissner finite element scheme, by constructing

(1.4) D [(dives, vy) + (1, 80 = 0, V7, € T, v, € VIS,
TE(]—;,

we construct a lowest-degree space V%s for the Navier-Lamé principle, with the local shape func-
tion space for the displacement being

w8 (2)1(5) (1)
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which is of lowest degree for the local approximation in the norm || - ||p + |l&(-)|lo. Robust error
estimations in broken energy norms are presented for regular solutions and data. Note that the
shape function space (1.5) does not contain complete vector linear polynomials, and it works for
the approximation in norms of &), but not in norms of Vu.

The remaining of the paper is organized as follows. Section 2 collects some preliminaries,
including the model problem, some basic polynomial spaces and finite element spaces, and the

theory of partially adjoint operators from [54] Section 3 introduces the finite element spaces Z}fs/,
X" and VIXS and constructs the basic Poincaré inequalities thereon. Section 4 studies the &> —
UE Hellinger-Reissner finite element scheme, provides the robust error estimation, and presents
the locally supported basis functions of EES'. Section 5 studies the EZKS/ — U}’ Hellinger-Reissner

finite element scheme and the V> Navier-Lamé finite element scheme, which are respectively the

lowest-degree one, and prove their robust convergence.

2. PRELIMINARIES

2.1. Model problems. In this paper, we use a Greek letter in bold format to denote a 2 X 2 tensor,

T T2

1
) . y
T l, and use a Latin letter in bold format for a 2 X 1 vector, such asv = ( 2 )
21 22

suchast = [

As usual, we use V and div to denote the gradient operator and div operator, respectively. For a
vector v, g(v) = %(Vv + (Vv)T), where -T denotes the transpose. For a tensor, div is performed row
by row. We further denote by Ry the space of symmetric 2 X 2 tensors, by Id the identity 2 x 2

tensor, and by tr(-) the trace of a 2 X 2 tensor.

Let Q C R? be a polygon. In this paper, we consider the linear elasticity problem, with clamped
boundary condition,

Ao =¢&(u) inQ,
(2.1) divo =f in Q,
u =0 on 0Q2.
Here A is the compliance tensor of fourth order, defined such that
Aijit = Awij = Ajiw, 1 <1, jk, 1< 2,

and

1 A
At (0’ — m(tra)ld) , TER,.

Here u € [up, 1] and 0 < A < oo are the Lamé constants. Let C denote the elasticity tensor, namely
Cijwt = Cuij = Cjie, 1 <1, jk, 1< 2,

and
7=ACTt =CAr, T €R..

Then
o = Ce(u) = Atre(w)Id + 2ue(u).
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We use as usual H'(Q), Hy(Q) and L*(Q) to denote certain Sobolev spaces, and specifically,
denote L3(Q) := {w e LX(Q): f wdx = 0}. We use LA(Q) := (L*(Q))?, and similarly H'(Q),
Q

H)(Q) and H*(Q), and L*(Q; S) := {1 € (L*(Q))* : 712 = 721}. We use (-, ) to represent L? inner
product of L*(Q), L*(Q) or L*(Q; S) or on a subdomain of Q with corresponding subscripts.
The Navier-Lamé variational principle of (2.1) is: to find u € H(l)(Q), such that

2.2) (Ce(u), (v)) = 2u(e(m), e(v)) + A(divu, divw) = (f,v), Vv e H})(Q),

and the Hellinger-Reissner variational principle of (2.1) is: to find o € H(div, Q; S) and u € L*(Q),
such that

2.3) { (Ao, 1) +@,divt) =0 V1 e H(div, Q: S):

(divor, v) =(f,v) VYvel*Q).
The solution u of (2.2) and of (2.3) are identical, and for (2.3), o = Ce(u).

Theorem 2.1. [I8, 43] Let u be the solution of (2.2). There exists a constant C, independent of
A, such that
Al|divulla < Cll fllo.q-

If Q is convex, then further
lull.0 < Cliflloo-

Following [15, 16], we use 7° := 7 — %tr(T)Id to denote the deviatoric part of 7, and then

(0,7) = f [o? 1P + ltr(«r)tr(r)]
o 2

and

(Ao, 1) = fQ [ioﬂ P+ 1 (ﬂl_i_ﬂ)tr(a)tr(‘r)].

Lemma 2.2. ( [16], also [8, 15]) There exists a constant C > 0, such that, for a 2 X 2 tensor
T € H(div, Q) satisfying fQ tr(t)dx = 0, we have

D .
Tl < C(lT"llo.a + lIdivello.q).

2.2. Triangulations and basic finite element spaces. Let 7, be a shape-regular triangular sub-
division of Q with mesh size A, such that Q = UTerrhT, and every boundary vertex is connected to
at least one interior vertex. Denote by &, 8;'1, 82, Ny, N, ,’l and N, ,’j the set of edges, interior edges,
boundary edges, vertices, interior vertices, and boundary vertices, respectively. We use the sub-
script “ -, 7 to denote the dependence on triangulation. In particular, an operator with the subscript
“., 7 indicates that the operation is performed cell by cell.

We use the notations below for spaces of polynomials:

S DRI
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0 vy 0 X —y?
y 0)° xz—y2 0 ’

|
o e G
o el )
(2.8) P, = span{((l))(?)}

o[22

Denote ™(77,) := {1, € L*(Q) : T4y € ™, VT € 73}, and denote similarly ™ (77,), VE™(77),
P,(71), Po(7) and R(77},). Denote by PIT‘ the L? projection on a cell T to R, by PE the L? projection
on a cell T to R(77,), by P) the L? projection on a cell T to constant, by P! the L? projection on a
cell T to piecewise constant. Particularly, P} and P! are used for the projections to scalar, vector
and tensor constants; no ambiguity will be come across based on the contexts.

2.2.1. The Kouhia-Stenberg finite element space. On a triangulation 77, denote the Kouhia-Stenberg

finite element space

Vi = {vh = (v,,v;) € Pi(T3) : v, € Hy(Q), fv,zl is continuous across e € &), fv,zl =0onec 82}
e

e

The corresponding discretization problem for (2.2) is: to find u}fs € V5, such that

(2.10) (Cen@fS), &,m)) = (f.vi), Vv, € VLS.

Lemma 2.3. [35] There exists a constant C depending on the shape regularity of T}, such that
(divyyy, gn)

(2.11) inf > C,
gnePo(THNLA(Q) yyeVES VAl nllgnllo.o
and
KS
(2.12) IVivilloo < Cller(Willog, for vi € V5.

Lemma 2.4. [35] Let u and u}fs be the solutions of (2.2) and (2.10), respectively. Denote O',Ifs =
Cey(uXS). Ifu € H*(Q), then

KS KS
e —u,>llip + lloo = 0, oo < Ch(llull,q + 11fllo.q)-
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2.3. Theory of partially adjoint operators. The theory of partially adjoint operators is intro-
duced in [54], and we collect the basic results in this subsection. The details of the proof are
omitted and referred to [54] for simplicity.

Let X and Y be two Hilbert spaces with respective inner products (-, -)x and (-, -)y, and respec-

tive norms || - ||x and || - ||yv. Let (T, 1\7[) : X - Y and (T, N) : Y — X be two closed operators,
not necessarily densely defined. Denote, for v € M, ||v|lp := (Ml + ITvlI3,)"2, and for v € N,

IVl = (Ivli5, + ITvIIR)"?. Denote

(2.13) M:={veM: (» Tv)x - (Tr,v)y =0, Vv e N},

(2.14) N :={veN: @ Tv)x - (Tr,v)y =0, Yv e M},

(2.15) Mg :={v € M: (v, w)x = 0,Yw € N(T,M); (Tv, Tw)y =0, Vw € M,

and

2.16)  Np:={veN:(v,w)y =0,Ywe N(T,N); (Tv, Tw)x =0, ¥w € NJ.
We call (Mg, Np) the twisted part of (M, N).

In this paper, as usual, for an operator (T, D), we use N(T,D) := {v € D : Tv = 0} for the
kernel space, and R(T, D) := {Tv : v € D} for the range space.

Definition 2.5 (Definition 2.13 of [54]). A pair of closed operators [(T,M) : X - Y, (T, N) : Y — X|
is called a base operator pair, if, with notations (2.13), (2.14), (2.15) and (2.16),

(1) R(T, M), R(T, ]ﬁ), R(T,M) and R(T, N) are all closed;

(2) N(T,Mp) and R(T', Ng) are isomorphic, and N(T, Ng) and R(T, Mg) are isomorphic.

For [(T, 1\7[), (T, N)] a base operator pair, for nontrivial R('T", Ng) and N(T, Mg), denote

. v, W . v, W
(2.17) = inf sup v W)x = in sup g,
0#veN(T.Mp) yer(m,Np) [IVIIx|Wllx  0#weR(T.Ne) e v rmp) [IVIx]IWIIx

and for nontrivial N(T, Ny) and R(T, Mg), denote

. V, W)y . V, W)y
(2.18) B = inf S L = in S L
0#veN(T.Np) werTMg) [VIIv|[Wlly — 0#weRTMs) yen(r Ng) Vv |[Wlly

Then a > 0 and 8 > 0. We further make a convention that,

(2.19) { a=1, if N(T,Mg) = R(T, Ng) = {0} ;

p=1, if N(T,INp) =R(T,Mp) = {0}.

Definition 2.6 (Definition 2.15 of [54]). For [(T,M) : X — Y, (T, N) : Y — X|a base operator
pair, two operators (T,D) c (T, 1\7[) and (T, ID) c (T, N) are called partially adjoint based on
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[(T. M), (T, )|, if

(2.20) D= {v eM: (v, Tv)x —(Tr,v)y =0, Vv € ]D},
and
2.21) D :{welﬁ (v, Tv)x — (Tv, v)y =0, VveD}.

Definition 2.7 (Definition 2.8 of [54]). For (T,D) : X — Y a closed operator, denote
D' ={veD:(v,w)x =0, Ywe N(T,D)}.
Define the index of closed range of (T, D) as

Ivilx .
_ su , ifD* #{0};
(2.22) icr(T,D) := O#veI]))‘ ITv|ly / 0
0, ifD*={0}.

Note that icr(T, D) evaluates in [0, +oc0], and R(T, D) is closed if and only if icr(T, D) < co. Fur-
ther, icr(T, D) plays like the constant for Poincaré inequality in the sense that ||v||x < icr(T, D")||Tv|ly
forv € D".

Theorem 2.8 (quantified closed range theorem, Theorem 2.21 of [54]). For [(T, D), (T, ID)] par-
tially adjoint based on |(T,M), (T, N)|, with notations given in (2.13), (2.14), (2.17), (2.18) and
(2.19), ificr(T, D) < oo,

(2.23) icr(T,D) < (1 + a") - icr(T, M) + o 'icr(T, D) + icr(T, M);

ificr(T,D) < oo,

(2.24) icr(T, D) < (1 + 87" - icr(T, N) + B~ licr(T, D) + icr(T, IN).

Remark 2.9. In the context of finite-dimensional case, icr(T, D) and icr('T, ID) are always finite.
If, for example, M = {0}, then icr(T, M) = 0; if further N(T,Mg) = R(T, Ng) thus a = 1, it holds

that icr(T, D) < 2icr(T, M) + icr(T, D).
3. FINITE ELEMENT SPACES AND ADJOINT PROPERTIES

On the subdivision 77, define

3.1) I = {1, € E™(T) 1 (divey, va) + (T &) = 0, Vv, € VIS,
(3.2) T = {ry € Z(T7) © (diveg, vi) + (T4, £4(0)) = 0, Y vy, € VIS,
and

VZI(()S = {v, € VEU(T) : (divry, vy) + (T, €,(v,)) =0, Yy, € ZZKS/}-

Namely, ZX%" satisfies some adjoint relation accompanied with VXS, 285" is a reduced space of

EES/ in the degree of polynomials, and V}5° is reduced in the degree of polynomials and relaxed

in the regularity from V};. In this section, we construct their associated Poincaré inequalities by
the theory of partially adjoint operators.
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3.1. Base operator pairs for discretization.

Lemma 3.1. The pair [(divh, I™(T) : L2(Q, S) — LA(Q), (8, P1(T7) : LA(Q) — L*(Q, S)] isa

base operator pair.

Proof. Evidently,

—_ O

(1))(8 (1))} = R(e. P1(T)).

R(div, 2™ (T)) = span {( (1) )( (1) )( Y )} = N(&,Py(T)).

X

N(div, 2™ (T)) = span {( (1) 8 ),(

and

Now, given T € X™"(T), T = 0 if and only if
(divr,v)r + (t,e(v))r =0, Yv € P (7).
Therefore, given 1), € Z™*(77},), 7, = 0 if and only if
(divry, vi) + (Th, €,(v1) = 0, Y, € Pi(75,).
Similarly, given v, € P{(73), v, = 0 if and only if
(divry, vy) + (th, €,(v1)) = 0, Y13, € Z™(T).

Therefore, the twisted part of (X™(77,), P;(77,)) is the pair itself.
It is easy to obtain:

(3.3) N (divy, 2™ (T7)) = l_[ N(div, 2"(T)) = ]—[ R(&, Pi(T)) = R(en, P1(Th)),

TeTh TeTy
and similarly
(3.4) R(divy, Z™(T7)) = N(&n, Pi(Th).

Therefore [(divh,2m+(7',l)) c L2(Q,S) — LA(Q), (8, P1(T7) : L2(Q) — LA(Q, S)] is a base
operator pair by Definition 2.5. The proof is completed. O
Remark 3.2. dim(ZX%') = dim(EZ™ (77,))-dim(VES) = OH(T1)—#(E})—#(N}) = 8#(N,)+o(H(N)).
Lemma 3.3. For [(div, D), (8, D})] partially adjoint based on |(divy, Z™ (), (&n, P1(T7)))
(3.5) icr(divy, D) < 2 -icr(divy, 2™ (T3)) + icr(gy, Dy).

Proof. The lemma can be proved by noting (T, f\71) = (div,, ™" (T3)), (T, N) = (&,,P1(7})) and

M = {0} in Theorem 2.8 with & = 1; see also Remark 2.9. O

Lemma 3.4. There is a constant C depending on the shape regularity of G, only, such that
icr(div,, ™" (73,)) < C.

If further G, is quasi-uniform,
icr(divy,, ™ (73,)) < Ch.
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00 1 0 01
fore, if T € ™" (T) and 7 is orthogonal to N(div, X™"(T)), namely T € ™" (T)", by elementary
calculation, ||tllo.r < Chr||divt]lo 7. Namely icr(div, ¥™*(T)) < Chy.

Noting that N(div,, Z™(77,)) = l_l N(div, ™ (T)), and ™ (7,)" = l—[ X"(T), we can

Proof. For ¥™"(T) on a cell T, N(div, £™(T)) = span {( 1o ),( 01 ),( 00 )} There-

TeT, TeT,
show icr(divy,, X" (7)) < max icr(div, Z™*(T)). The assertions follow by definition. O
€ h
Evidently,
. wm B 1 0 01 0 01| _ m
(3.6) N(div, 2°(T)) = Spaﬂ{( 0 0 )( 10 )( 0 1 )} = N(g, V'(T)),
and
(3.7) R(div, 2"(T)) = Po(T) = N(g,V™(T)).

Therefore, the lemma below follows easily.
Lemma 3.5. (1) [(divy, Z™(T1)), (&, V(T )] is a base operator pair;
(2) for [(divy, Dy), (&4, Dy)] partially adjoint based on |(divy, Z™(T3)), (&, VS™(Tw)|,
icr(e,, IDy) < 2 -icr(ey,, VE™(773)) + icr(divy,, Dy);
(3) there is a constant C depending on the shape regularity of G, only, such that
icr(e,, VE™(Th) < C;
if further Gy, is quasi-uniform,
icr(ey, VE"™(T7)) < Ch.
3.2. Poincaré inequality for £-°". By (3.3) and (3.4), it follows that

(3.8) Vi = i € Pi(T0) : (diven,vi) + (T 8,000) = 0, Y1, € XS}

Therefore, by Definition 2.6, the pair [(divh, 2}11(3')’ (&, V,Ifos)] is partially adjoint based on the pair
|(diva, Z™(T3), (&, P1(Th))].
Lemma 3.6. There exists a constant C > 0, such that, for t), € EES/ satisfying fQ tr(tp)dx = 0, we

have

D .
lITallo,e < ClT, lloq + lldivrlloo).

Proof. Note that tr(t;,) is a piecewise constant function. As fQ tr(t,)dx = 0, by Lemma 2.3, there

exists a vy, € V,Ifos, such that

divyy, = tr(ty,), and |4l x < Cllte(Tp)llog-
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Therefore,

7, - Iddiv,y, = 2fTh S (Vv = (Viv)?)
Q

lltr(Ta)lli o = (tr(T,), divw,) = f

Q

= 2[‘1’;, . (Sh(Vh) - (thh)D) = —ZfdiVTth - 2[‘1’5 . thh
Q Q Q

. D
< 2(|ldivaTallog + liT, llo)Wallog + IVavallog)-

It follows that |[tr(T))llo.o < C(|div,Talloo + ||Tf llo.o)- Therefore,

1
D : D
ITallog < liTillog + Slirpldloq < C(ldiviTillog + i) log)-

The proof is completed. O
Remark 3.7. The adjoint relation (1.3) is crucial in the proof of Lemma 3.6.
Denote
XS = N(divy, ZKY), and T = {1, € 25 : (AT, 1,) = 0, Vi, € EXY).
By Lemma 3.6, if 7, € =55 and thr(‘rh) = 0, then ||Itylloq < Clitilla := C V(Ary, T,) uniformly
for 0 < A < co.

Lemma 3.8. It holds with a constant C depending on the regularity of T}, that

: KS',
(3.9) ITalloe < ClldivyTalloo, Y7, € X7 .

Proof. Denote EES T= {T), € EES/ :(tw,my,) =0, Vo, € Zol,’fsl}. By Lemma 2.3, icr(sh,V}fOS < C.

Then by Lemmas 3.4 and 3.3, icr(div;, ZK%) < C, namely |It,lloq < Clldiv,Tilloq, for 7, € EES"{
Now, given 1), € ZES,’J, there is a 7, € EhKS/’J, such that div,7;, = div,7), and (AT}, 7,) =
(A(r), — 1), m,) for any g, € EES AsT,—T1, € ZOIES/ and fQ tr(t, —74) = 0,
I, = Tallo.e < Clit, = Thlla < It lla < Clizglloq-

Therefore, |[t4lloo < CliT)lloo < Clldiv,7)llo.o = Clldiv,Tsllo.q. The proof is completed. o
3.3. Poincaré inequality for reduced finite element spaces.
Lemma 3.9. 2% = {7, € X : div, 1), € Py(T7)).

Proof. Evidently, ZZKS/ C{r, € ZES/ . div,T, € Po(73)}. On the other hand, given 1, € EES/ such
that div, 7, € Po(T3), T4 € ™(T3) and (divty, v4) + (T4, €,(v4)) = 0, Vv, € VLS ; namely 1, € E5°,
The proof is completed. O

Remark 3.10. By the proof of Lemma 4.4(see below), R(div, ZES/) = R,(772). Thus R(divy,, EZKS/) =
Po(7,) by its definition.
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Note that NV (div,, ZX) = N(divy, 28, it follows that icr(div,, Zi5%) < icr(div,, Z8%) < C.
Denote Z;KS/’J = {1, € 25 (1,m,) = 0, Vg, € ).

Lemma 3.11. There is a constant C depending on the shape regularity of Gy, such that
ITilloe < Clidivitallog, 7 € .
By (3.6) and (3.7),
TS = {1, € (T} : (divey, vy) + (T, €,(v) = 0, Vv, € ViESh

Then |(divy, Zj<), (8, Vi )| is partially adjoint based on | (divi, 2™ (73)), (&4, Pi(T7)) |

KS
Lemma 3.12. |[v;lloq < Clley(vi)lloq, vi € Vi -

Proof. Givenv;, € Vjg® such that &,(v;) = 0, then v;, € Py(77), and further (v;, div,7;,) =0, Y1, €
XK' Therefore, v;, = 0 as R(divy,, ZX5) = Py(T7).
Note that [(divs, Z;%5), (&, Vi55)] is partially adjoint based on [(divy,, Z™(77)), (€4, VE™(TW))].

It follows that icr(g, Vis°) < C; namely, |[v;lloa < Cllen(vi)lloq, vi € Vi . O

4. A Low-DEGREE HELLINGER-REISSNER FINITE ELEMENT SCHEME

We consider the finite element problem: find o, € ZES/ and u; € Uf := R(77},), such that

@.1) (Acy, ) +y, dive) =0 V1, e ZF,
' (divory, vi) = (f,vy) Vv, e U}

The main results of this paper are the theorems below.

Theorem 4.1. Given f € L*(Q), the system (4.1) admits a unique solution (o, u), and

— pR
lorallaiv, + lallo = 1Py fllo.q-
The equivalence is independent of A.

Theorem 4.2. Let (0,u) and (o, uy) be the solutions of (2.3) and (4.1), respectively. Assume
ue HZ(Q). Then, with C independent of A,

lle — uplloo < Ch(llullo + 1fllo.),

o — olloo < Ch(llulla + llfllo.q)
and
ldivo- — divorlloo < Chl|flli.q, provided that f € H!(Q).

We postpone the proofs of the two theorems after some technical preparations.
Remark 4.3. If Q) is convex, then

lle —upllog + llo = oullog < Chllflloq-
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4.1. Equivalence between finite element systems.

Lemma 4.4. Given f, € U}. Let r;, € V}y solve

4.2) (Cen(rn), €x(sn) = (f1- 1), V51 € Vi,

and let (£, 7) € K5 x UR solve

43) { (AP, Bm,)  —(Fdiviag,) =0, Vi, € zgs’
(5n, divid),) = (f,5n) V5, €Ur

Then

(4.4) P =P, PV, = Cey(ry), and divid, = f).

Proof. The solution of (4.3), if exists, is unique. Actually, if ({,, F,) € 2}11(3' X UE solve

4.5) (AR, By (o divimy) =0, Vi, € 5
' (85, divid),) =0 Vs§,eU},

then, by decomposing ¢, = Z‘h + ¢ with 2,, € )9.‘.}1(5’ and j € EES/’J, we can show that {;, = 0 by
noting easily that ¢ » = 0and ; = 0. Further, 7, = 0.
The solution r, of (4.2) can be viewed as, r;, € P;(77,), such that, with £, € ZX',

4.6) (Cen(ry), &n(sn))  +(&yo &n(sn)) + (divagy, su) = (fr80), ¥ si € Pi(T)
' (&n(rn), my) + (rp, divym,,) =0, v, € 255
By (3.3) and (3.4), on any specific grid, the well-posedness of (4.6) and its equivalence to (4.2)

are evident.
Now, taking s, to be any one in UE C Py(7,), we obtain div,{, = f;, and further,

(Cen(ry), &n(sn) + (&), €n(sn)) =0, Vs, € Pi(Th),
and thus Cey(r,) = —P){,, namely —g,(r;,) = APYE, = PVAL,. This way, (,, PVr,) solves the
equation (4.3).
On the other hand, if (£, F,) solves (4.3), by the uniqueness, with the unique solution r;, € V,’fos
of (4.2), ey(ry) = ~APYE, and Cey(ry,) = —P)¢,,. The proof is completed. o

Remark 4.5. Given the solution of one of (4.2) and (4.3), the other can be computed cell by cell.
The equivalence between the finite element schemes of primal and dual models are also studied
in, e.g., [6, 38, 53].
4.2. Proof of Theorem 4.1.
di ,

Lemma 4.6. inf sup (AT Vi) >

e ey’ [1TallaivalVallo.o
Proof. By the proof of Lemma 4.4, given v, € UR, there exists a 1, € Z}fs/, such that div,t, = v,

We can further set 7, € EES/’J. By Lemma 3.8, [T)lloa < Clvilloo. The proof of the inf-sup
condition then is completed. O
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By Lemma 3.6 and that R(div,, E}Ifs’) = UhR, we can prove the lemma below.

Lemma 4.7. Denote Kj, := {1, € £ : [ tr(ry) = 0, (divzy,vy) = 0, Vv, € UR). Then, with C

uniform with respect to A,
2. 2 . 2
4.7) (Atp, 1) 2 CllTillgy, = CliTalloq + 1divitillo o), Tn € Ki.

Proof of Theorem 4.1. Denote £ := {7, € ;¥ : [ tr(r;) = 0}. Then £ = £ &* span{Id},

orthogonal in L*(Q, S). If (0, uy,) solves (4.1), as tr(Ac,) = s——tr(o7;,) pointwise, o7, € EKS’

2(/1+/1)
Now, given f, by Lemmas 4.6 and 4.7, there is a unique solution (o, u;) € EES x UR such that

(4.8) { (Aop, 1) +uy,dive) =0 v, eﬁ:,’fs',

(divoy, vy) = (f,v) Vv, e U},
and

— oR
llomnllaiv, + llenllog = P, fllo.-

Further, (Ao, Id) = i 4 v
solution of (4.1). The proof is completed. O

s-—1tr(o,) = 0. Namely, (o, u;) solves (4.1), and is indeed the unique

4.3. Proof of Theorem 4.2. Denote f), := PhR f. Denote by (67, i1,,) the solution of (4.3), denote
by @XS the solution of (4.2), and let uXS € V5 be such that

(4.9) (Cen@X), &4(s1)) = (f, sn), Vs, € VES.

Firstly, we show that

llen(uy®) — &n@ > )lo.o + Aldivia,> — divyiglloo < Chllflloo-
Indeed, 2ulle), (1) ~KS)|| o+ Alldiv, (S ~KS)|| = (f,u;5—i,), therefore, ||&),(u) —uhs)”og
Chl|flo.o- Then, by Lemma 2.3, there exists a w;, € VhO , such that div,w; = dlvh(uh —u, K$), and
lexwWillon < IViwalloe < Clldivy@XS — @f®)|l, and then A(div(utS — @5), divw,) = (&, -

irS), £,(wy)) — (f, wi, — PRwy,), which leads to that A||div(u}® — @X5)|loo < Chllflloq. If follows
further then |C(e(u;> — @)oo < Chllflloq.
Secondly, we show that

0 =0y, and i, — uplloo < ChllAT|loq.
Decompose o, := 07, + 0, with 7, € )i‘.hKS’ and o} € ZES”J, and similarly 6 = 67 + &,. Then
0,=6,=0, and &} = 0.
Further, for any 7; € Z}fs/“,

(), — iy, div;) = (Aoj, 77 — PI1).
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Therefore,

(A, 7 = Byty) I, = Pytilloo

|l —islloo = sup < || Aolloe  sup < Chl|| Aoyl < Chllfllo.q-

pertee IdVTlog penes IdVETlog

Therefore, by Lemma 2.4,

KS KS _ 7KS
e — willog < |l —uolloq + ) — i >|loq + iy — i lloq + i, — wallog < Ch(lello + 11fllo.q),

lo—ailloa < llo—Cen@;)lloa+HICen)S)~Cenity)lo.a+ICen) ) ~ailloa < Ch(lullo+flloq)

and

||[divor — divory|lo.q = ||dive — PRd1V0'||OQ < Chl|fll1.q, provided that f € H!(Q).

The proof is completed. O

4.4. Basis functions of E}fs/. First of all, the vertices and edges of the triangulation are numbered,
such that interior vertices are ahead of boundary vertices, and interior edges are ahead of boundary

edges. Now, we present the basis functions of Z}fs/ by these three steps(Steps 1-3 below).
Step 0. We write {pi, i=1:#Ny; q;, j=1: #(Sh)} to be a set of basis functions of VX5, where

p; = (pi,0)" with p; being a basis function of Vj, the linear element space associated with the
vertex a; and ¢; = (0,g,)" with g; being a basis function of VX the Crouzeix-Raviart element
space associated with the edge e;. Note that the support of p; is the patch of one vertex a;, and the

support of g, is the patch of one edge e;. Then V}Ifos = span {pi, a; € Nj; q;, ej€ S’h}

Step 1. Given a cell T with vertices a;, a; and a, and edges ¢;, ¢,, and e,,, we can write

m+ __ T T T T T T
E = Span {‘)Da,-’ ‘)Daj’ ¢ak’ wel’ wem’ ‘pen}’

such that

(diVSDgr, PslT)T + (Sogr, E(PslT))T = 57‘3‘3 r,s € {l3 j, k} )
and (dive! , g,l)r + (9!, 8@l =0, r € 1i, j K}, 5 € (Lm,n},

and

(diV‘ﬁeT,,P.JT)T + (‘ﬁeTr,g(P‘JT))T =0, re{l,m,n}, s €fi, j ki,
and (diV‘P;, qt|T)T + (SDZ;V’ 8(%|T))T = 6!’[’ r?t € {l’ m, }’l} .
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Step 2. Based on all T € 77, and {(p;, Pai> Pays yl, !, 1,05} associated with T,

(4.10) X = {r) € Z™(T3) : (divey,vp) + (T4, 8404)) = 0, Vv, € VIS

= {Th € l_[ span (@], @7 . @l Yl Wl Wl (dive,vy) + (T 8,00) = 0, Vv, € V}fos}

TE(]—;,
{@ [T spanfer}o @ [ spanfyl}:
ll,'ENh TZ(l,'EﬁT 6168;, T: e,ciiT
(divry, vp) + (T, €,(v)) = 0, Vv, € span {pj, aj € N;;; q €m € 8;,}}

= @ 1_[ span gaa o @ T € 1_[ span {<p£j} L (divTy, p)) + (Th.£4(p)) = 0

| @i er T:a;€dT ,ajEN;; T:a;e0T
@ @ 1_[ Span 61 @ @ {Th € 1_[ Span {w;} : (diVTh’ qm) + (Tha gh(qm)) = 0} 5

e,egb T:e;coT »gmeg; T:e,,coT

here 7, € [1.4,cor SPan {gag} means 7;|; € span {cpg} if a; € AT, and otherwise T,|r = 0
Step 3. The basis functions of E}fsl are collected in four groups:

Group 1: for boundary vertices a;, all ', (with a; € dT) each is a basis function of E}Ifs’;
Group 2: for interior vertices a;, all functions

T), € l—[ span {905} such that (divry, p,) + (th, €,(p;)) =0

T:a;€0T

Group 3: for boundary edges ¢, all WT (with e¢; € 0T) each is a basis function of E}Ifs’;
Group 4: for interior edges ¢, all functions

T, € l_l span {‘/’ET,} such that (divty, q)) + (T4, €1(q)) =0

TZEICl?T

These four groups of basis functions are linearly independent, and they span the whole space
EES'. They are corresponding to the last four terms of (4.10) respectively.

Supports of the basis functions. Firstly, it is easy to know the basis functions in Groups 1 and 3
are each supported on a single cell.

Then, for the fourth group, as an interior edge is shared by two cells, the support of the basis
function is a patch by two neighbored cells.

For the second group, if an interior vertex a; is shared by m cells, then there are exactly m — 1
linear independent basis functions in Group 2 associated with a;, and the supports are each a patch
by two neighboured cells. For example, c.f. Figure 1, an interior vertex A is shared by 6 cells 77,

i =1 : 6. Associated with p,, there are 6 local functions <p£" each on one cell. The associated
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Te
A
' Ts
Ts
T5 A
° >
T T2 A A A
A
T, T
T3
A
A A
—— A

Ficure 1. As A is shared by six triangles, five basis functions are associated with
the interior vertex A. The shadowed parts are respectively the supports of the basis
functions.

basis function 7 is piecewise cigoi" , and by the criterion Z?zl(divcigafl" , DT, + (cigai" ,e(p )1, =0,
5 linearly independent basis functions can be determined, the supports of which are a patch by
two neighbored cells, illustrated in Figure 1. Note that we can choose any 5 favored patches by
neighbored cells of the 6 patches to be the supports of the linearly independent basis functions.

Size of stiffness matrices. Given a triangulation, the dimension of £ is 6#(77,)—(#(E)) +#(N1)),
which is asymptotically 8 times of #(N;;). The size of the global stiffness matrix is (9#(77;,) —
(#(E) +H#(N)))) X (O(Ty) — #(E,) + #(N}))). A cell T is covered by the supports of no more than
9 basis functions of 2}11(5/, which are:

e 3 in Group 4, and no more than 6 in Group 2, if T is an interior cell;

e | in Group 1, 3 in Group 4, and no more than 4 in Group 2, if T has 1 boundary vertex;

e 2 in Group 1, 1 in Group 3, 2 in Group 4, and no more than 2 in Group 2, if 7 has 1
boundary edge.

Thus, a cell T is covered by the supports of no more than 12 basis functions, including 3 of U}.
Therefore, the size of the cell-wise stiffness matrix is not bigger than 12 x 12.

5. INVESTIGATION ON FINITE ELEMENT SCHEMES OF THEORETICALLY LOWEST DEGREES

5.1. A lowest-degree robust Hellinger-Reissner finite element scheme. We consider the finite
element problem: find (07}, u)') € EZKS/ x U, 1= Po(77), such that

(5.1) { (Ac™, 1) +@" diviry) =0 VY, e XS,

(divyo',vp) =(f,vn) Vv,eU.
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The wellposedness of (5.1) is straightforward to obtain.

Theorem 5.1. Let (0, u) and (o7, u}}) be the solutions of (5.1), respectively. Assume f € H'(Q),

and u € HX(Q). Then
ldiv, o, — divollo.q < Chllflliq,

llo,) — ollog < Ch(llullo + Ifll1.0).
and
), — ulloo < Ch(llullo + 1f1.0)-

Proof. Firstly, similar to the proof of Theorem 4.2, we can show o} € ZZKS”J. Note that (o7, uy),
the solution of (4.1), satisfies (5.1). It follows then

o} — aulloq < Clldivy (o — o)l and [[PYuy, — u}lloq < Cllo} — oullog-
Therefore, provided f € H!(Q),
ldiv,o; = divollo.o < Chllflli .

lloy — olloe < Ch(llullra + If1l10)s
and

0
e — ulloo < PYuy, — udlloq + Phw, — Pullog + IPYu — ulloo < Ch(llullg + [IfllL0)-

The proof is completed. O

5.2. A lowest-degree robust Navier-Lamé finite element scheme. For the Navier-Lamé equa-
tion, we consider the finite element problem: find u¢ € V};°, such that

(5.2) (Cen(f), £:v) = (f. Ppvy), Vv € Vi,
Theorem 5.2. Let u and u; be the solutions of (2.2) and (5.2), respectively. Assume f € H!'(Q)
and u € H*(Q). Then

llen(uy,) — e@llo.q + IC(e(uy) — e@)loo < Chlllulln + [1f1h.0)-

Proof. We firstly introduce an auxiliary problem: find (&, ;) € Zi%%" x U, such that

(5.3) { (AP, B+t dive) =0 V1, e 5K

(leO'h,Vh) =(fovp) Vv, e U

Then by the virtue of Lemma 4.4, we can show that Cg;,(u}) = Pgo*h and i1, = Pgui
At the same time,

5.4) { (ARNG, — o™),74) +(@t, —ul, divr) = (Ale™ - Plo™), 1) V1, € TF,

(divay, — o', vy) =0 Yy, € UO
It follows that

16 — TP laiv, + ity — ulllog = IAGT = PoMlloqa < Chllfllog-
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Therefore,

~ 0 ~
e —uplloo < llw —dplloq + lluy, — Pyujlloo < llw —dlloq + Chllen@ploa < Chllflh o,

len@s) — e@)llog = IPYAF, — Aclloa < Cllullha + 11fllL0),
and
IC(&1 1) — e@))llo.q = P, — olloa < Clullg + 11fl10)-

The proof is completed. O
Remark 5.3. Theorem 5.2 presents the convergence of the scheme in broken energy norm. We
remark here that, as the shape function space V& does not contain ( _yx ) the convergence of

Vi — u)llo.o may not in general be expected.

Remark 5.4. In this paper, we do not seek to figure out the basis functions of EZKS/ or V%S.

Though, by the virtue of (4.6), we can write (5.1) and (5.2) as expanded formulation by introducing
Lagrangian multipliers, and to have the scheme implemented.
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