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ABsTrACT. This monograph is devoted to the theory of vector-valued
modular forms for orthogonal groups of signature (2,7). Our purpose
is multi-layered: (1) to lay a foundation of the theory of vector-valued
orthogonal modular forms; (2) to develop some aspects of the theory in
more depth such as geometry of the Siegel operators, filtrations asso-
ciated to 1-dimensional cusps, decomposition of vector-valued Jacobi
forms, square integrability etc; and (3) as applications derive several
types of vanishing theorems for vector-valued modular forms of small
weight. Our vanishing theorems imply in particular vanishing of holo-
morphic tensors of degree < n/2 — 1 on orthogonal modular varieties,
which is optimal as a general bound.

The fundamental ingredients of the theory are the two Hodge bun-
dles. The first is the Hodge line bundle which already appears in the the-
ory of scalar-valued modular forms. The second Hodge bundle emerges
in the vector-valued theory and plays a central role. It corresponds to the
non-abelian part O(n,R) of the maximal compact subgroup of O(2, n).
The main focus of this monograph is centered around the properties and
the role of the second Hodge bundle in the theory of vector-valued or-
thogonal modular forms.
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CHAPTER 1

Introduction

In the theory of modular forms of several variables, it is natural and
also necessary to study vector-valued modular forms. One way to account
for this is that scalar-valued modular forms are concerned only with the 1-
dimensional abelian quotient of the maximal compact subgroup K of the
Lie group, while the contribution from the whole K emerges if we con-
sider vector-valued modular forms. In more concrete levels, the significance
of vector-valued modular forms appears in the study of the cohomology
of modular varieties, holomorphic tensors on modular varieties, and con-
structions of Galois representations etc. The passage from scalar-valued to
vector-valued modular forms is an intrinsic non-abelianization step.

This subject has been well-developed for Siegel modular forms since the
pioneering work of Freitag, Weissauer and others around the early 1980’s
(see, e.g., [19] for a survey). In particular, a lot of detailed study have been
done in the case of Siegel modular forms of genus 2.

By contrast, despite its potential and expected applications, no system-
atic theory of vector-valued modular forms for orthogonal groups of signa-
ture (2, n) seems to have been developed so far. Only recently its applica-
tion to holomorphic tensors on modular varieties started to be investigated
([36]). The observation that some aspects of the theory of scalar-valued
Siegel modular forms of genus 2 have been generalized to orthogonal mod-
ular forms, rather than to Siegel modular forms of higher genus, also sug-
gests a promising theory.

Vector-valued orthogonal modular forms will have applications to the
geometry and arithmetic of orthogonal modular varieties, and so espe-
cially to the moduli spaces of K3 surfaces and holomorphic symplectic
varieties. Moreover, from the geometric viewpoint of K3 surfaces, vector-
valued modular forms on a period domain of (lattice-polarized) K3 surfaces
are considered as holomorphic invariants related to the family that can be
captured by the variation of the Hodge structures on H?(K3) but typically
not by the Hodge line bundle H°(Kx3) alone. For example in this direc-
tion, the infinitesimal invariants of normal functions for higher Chow cycles
in CH?(K3, 1) give vector-valued modular forms with singularities (§3.8).
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This geometric viewpoint offers another motivation to develop the theory of
vector-valued orthogonal modular forms.
The purpose of this monograph is multi-layered:

(1) to lay a foundation of the theory of vector-valued orthogonal mod-
ular forms,

(2) to investigate some aspects of the theory in more depth, and

(3) as applications to establish several types of vanishing theorems for
vector-valued modular forms of small weight.

Our theory is developed in a full generality in the sense that we work with
general arithmetic groups I' < O*(L) for general integral quadratic forms
L of signature (2,n). The facts that unimodular lattices are rare even up to
Q-equivalence (unlike the symplectic case) and that various types of groups
I appear in the moduli examples urge us to work in this generality.

Our approach is geometric in the sense that we define modular forms
as sections of the automorphic vector bundles. Trivializations of the auto-
morphic vector bundles, and thus passage from sections of vector bundles
to vector-valued functions, are provided for each O-dimensional cusp. This
approach is suitable for working with general I', without losing connection
with the more classical style.

In the rest of this introduction, we give a summary of the theory devel-
oped in this monograph.

The two Hodge bundles (§2). Let L be an integral quadratic lattice of
signature (2, n). We assume n > 3 for simplicity. The Hermitian symmetric
domain O = Py attached to L is defined as an open subset of the isotropic
quadric in PLc. It parametrizes polarized Hodge structures 0 ¢ F?> C F!' C
Lc of weight 2 on L with dim F? = 1 and F! = (F?)*. Over D we have two
fundamental Hodge bundles. The first is the Hodge line bundle

L =0pr (Do,

which geometrically consists of the period lines F? in the Hodge filtrations.
In terms of representation theory, £ is the homogeneous line bundle asso-
ciated to the standard character of C* ¢ C* x O(n, C), where C* x O(n, C) is
the reductive part of a standard parabolic subgroup of O(L¢) ~ O(n + 2,C).
Invariant sections of powers of L are scalar-valued modular forms on D,
which have been classically studied.

The Hodge line bundle £ is naturally embedded in Lc ® Op as an
isotropic sub line bundle. The second Hodge bundle is defined as

E=L/L.

Geometrically this vector bundle consists of the middle graded quotients
F'/F? of the Hodge filtrations. In terms of representation theory, & is
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the homogeneous vector bundle associated to the standard representation
of O(n,C) c C* x O(n, C). It is this second Hodge bundle & that emerges in
the theory of vector-valued modular forms on 9 and plays a central role in
this monograph.

While £ is concerned with scalar-valued modular forms, & is responsi-
ble for the higher rank aspect of the theory of vector-valued modular forms.
While £ provides a polarization, & is an orthogonal vector bundle, and in
particular self-dual (but not trivial). Thus £ and & are rather contrastive.

Vector-valued modular forms (§3). Weights of vector-valued modular
forms on D are expressed by pairs (4, k), where A = (1; > --- >4, >0)isa
partition which corresponds to an irreducible representation V, of O(n, C),
and k is an integer which corresponds to a character of C*. The partition A
satisfies ‘A; +‘A, < n where ' A is the transpose of A. To such a pair (4, k) we
associate the automorphic vector bundle

8/1’/{ = 8,1 ® -£®k,

where &, is the vector bundle constructed from & by applying the orthog-
onal Schur functor associated to 4. Modular forms of weight (4, k) are de-
fined as holomorphic sections of &, over D invariant under a finite-index
subgroup I' of O*(L) (with cusp conditions when n < 2). We denote by
M, (I') the space of I'-modular forms of weight (4, k).

Sometimes it is more appropriate to work with irreducible represen-
tations of SO(n, C) rather than O(n,C), but in that way we obtain only
SO*(Lg)-equivariant vector bundles. Since in some applications we en-
counter subgroups I' of O*(L) not contained in SO*(L), we decided to work
with O(n, C) at the outset. It is not difficult to switch to SO(n, C) (see §3.6)).

Fourier expansion (§3). A first basic point is that &, can be trivial-
ized for each O-dimensional cusp of D in a natural way. Let I be a rank
1 primitive isotropic sublattice of L, which corresponds to a 0-dimensional
cusp of D. The quotient lattice /*/1 is naturally endowed with a hyperbolic
quadratic form. Then we have isomorphisms

I:®0p — L, (I /Dc®O0p — &,

canonically associated to /. If we write V(I),x = ((I*/Dc), ® (I )&, these
induce an isomorphism

V(D ® Op = Eas

which we call the I-trivialization of &,;. Via this trivialization, modular
forms of weight (4, k) are identified with V(1),,-valued holomorphic func-
tions f on P satisfying invariance with the factor of automorphy. Then,
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after taking the tube domain realization of D associated to I ([40]), we ob-
tain the Fourier expansion of f of the form

(1.1) f(2) = Z al)expni(l,2))),  Z€ Dy,

leu(ny

where D is the tube domain in (/*/I)c ® Ic, U(I); is a certain lattice in
(I*/Dg ® Iy, and a(l) € V(I),x. By the Koecher principle, the index vectors
[ range only over the intersection of U(I),, with the closure of the positive
cone (a connected component of the locus of vectors of positive norm). We
prove that the constant term a(0) always vanishes unless 4 = (0), (1"), which
correspond to the trivial and the determinant characters respectively. (In
what follows, we write A = 1, det instead.) Therefore the Siegel operators
are interesting only at the 1-dimensional cusps. We can speak of rationality
of the Fourier coefficients a(/) because V() has a natural Q-structure.

In this way, the choice of a O-dimensional cusp I determines a passage
to a more classical style of defining modular forms. Since there is no dis-
tinguished 0-dimensional cusp for a general arithmetic group I', we need
to treat all O-dimensional cusps equally. Even after the /-trivialization, it is
more suitable to have V(I),, as the canonical space of values, rather than
identifying it with C" by choosing a basis. This approach enables us to de-
velop various later constructions in an intrinsic and coherent way (and so in
a full generality) without sacrificing the classical style.

These most basic parts of the theory are developed in §2/and §31 In §4]
as a functorial aspect of the theory, we study pullback and quasi-pullback of
vector-valued modular forms to sub orthogonal modular varieties. This type
of operations are sometimes called the Witt operators. The consideration of
pullbacks leads to an elementary vanishing theorem for M, (I') in k < 0
(Proposition [4.4). We prove that the quasi-pullback produces cusp forms
(Proposition 4. 10), generalizing a result of Gritsenko-Hulek-Sankaran [23]]
in the scalar-valued case.

After these foundational parts, this monograph is developed in the fol-
lowing two directions:

(1) Geometric treatment of the Siegel operators and the Fourier-Jacobi
expansions at 1-dimensional cusps (§5— §O).
(2) Square integrability of modular forms (§10 — §1T).

Both lead, as applications, to vanishing theorems of respective type for
modular forms of small weight.

Siegel operator (§6). Let J be a rank 2 primitive isotropic sublattice
of L. This corresponds to a 1-dimensional cusp H; of O, which is isomor-
phic to the upper half plane. We take a geometric approach for introducing
and studying the Siegel operator and the Fourier-Jacobi expansion at the
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cusp H;, by using the partial toroidal compactification over H;. The Siegel
operator is the restriction to the boundary divisor, and the Fourier-Jacobi
expansion is the Taylor expansion along it.

The Siegel domain realization of O with respect to J ([40]) is a two-step
fibration

Tl 4o
D -V, —>H,,

where m; is a fibration of upper half planes and x, is an affine space bun-
dle. Dividing D by a rank 1 abelian group U(J)z < I, the quotient
X(J) = D/UJ)z is a fibration of punctured discs over V,. The partial
toroidal compactification X(J) < X(J) is obtained by filling the origins of
the punctured discs ([2]). Its boundary divisor A, is naturally identified with
V;. We can extend &, to a vector bundle over X(J) via the /-trivialization
for an arbitrary O-dimensional cusp I C J, the result being independent of
I (§5.4). This is an explicit form of Mumford’s canonical extension [37]]
which is suitable for dealing with the Fourier-Jacobi expansion. If f is a
I-modular form of weight (4, k), it extends to a holomorphic section of the
extended bundle &, over X(J).

Intuitively (and more traditionally), the Siegel operator should be an op-
eration of “restriction to H,” which produces vector-valued modular forms
of some reduced weight on H,. Geometrically this requires some justi-
fication because of the complicated structure around the boundary of the
Baily-Borel compactification. We take a somewhat indirect but more geo-
metrically tractable approach, working with the automorphic vector bundle
&, over the partial toroidal compactification X(J).

Let £L; be the Hodge line bundle on H;. We write V(J) = (J*/J)c. For
A= =--- = A4,) we denote by V(J), the irreducible representation of
O(V(J)) ~ O(n — 2,C) for the partition "’ = (A > - -+ > A,,_1).

TueoreM 1.1 (Theorem [6.1). Let A # 1,det. There exists a sub vector
bundle Sik of &, such that Sikl A JTEL?]‘MI ® V(J) and that the restric-
tion of every modular form f of weight (A, k) to A; takes values in Sik|A ,-
In particular, there exists a V(J)-valued cusp form @, f of weight k + 4,
on H; such that f, = m5(®; f).

The map
M) = Sia, L) V(I)y, [,

is the Siegel operator at the J-cusp, where I'; is a suitable subgroup of
SL(J) ~ SL(2,7Z). If we take the I-trivialization for a O-dimensional cusp
I c J and introduce suitable coordinates (7, z, w) on the tube domain in
which the Siegel domain realization is given by (t,z,w) — (7,2) — T, the
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Siegel operator can be expressed as

(@,)(7) = tlim f(x,0,i1), TeH.

In this way, the naive “restriction to H;” can be geometrically justified at
the level of automorphic vector bundles as the combined operation

restrict to A; + reduce to &}, + descend to H;.

This a priori tells us the modularity of @, f with its weight. When n = 3,
the weight calculation in Theorem [[.I] agrees with the corresponding result
for Siegel modular forms of genus 2 ([47], [1]]). The sub vector bundle Sik
will be taken up in §8 again from the viewpoint of a filtration on E,.

Fourier-Jacobi expansion (§7). Next we explain the Fourier-Jacobi
expansion at the J-cusp. Let ®, be the conormal bundle of A; in m
After certain choices, we have a special generator w; of the ideal sheaf of
A;. With this normal coordinate, we can take the Taylor expansion of a
modular form f € M, (') along A; as a section of the extended bundle
8/1’/{:

(1.2) F= buw).

m>0

The m-th Taylor coefficient ¢,,, or rather ¢,,®w%", is essentially a section of

the vector bundle &,,®0%" over A,;. We call (L2) the Fourier-Jacobi expan-
sion of f at the J-cusp, and call the section ¢, ® w3 of &, ®OF" form > 0
the m-th Fourier-Jacobi coefficient of f. (¢ is just f|, considered above.)
Although the choice of w, is needed for defining the Fourier-Jacobi expan-
sion, the resulting expansion and the sections of &, ® ®%" are independent
of this choice, thus canonically determined by J (§7.2). This geometric
definition of Fourier-Jacobi expansion, whose advantage is its canonicity,
agrees with the more familiar style of defining Fourier-Jacobi expansion by
slicing the Fourier expansion (§7.1)) if we take the (1, w;)-trivialization.

In general, we define vector-valued Jacobi forms of weight (4, k) and in-
dex m > 0 as holomorphic sections of &, ® @?’" over A; = V; which is in-
variant under the integral Jacobi group and satisfies a certain cusp condition
(Definition [7.10). The m-th Fourier-Jacobi coefficient of a modular form of
weight (4, k) is such a vector-valued Jacobi form (Proposition[7Z.12)). In the
scalar-valued case, our geometric definition agrees with the classical defini-
tion of Jacobi forms ([44], [21]) after introducing suitable coordinates and
trivialization (§7.4). When n = 3, our vector-valued Jacobi forms essen-
tially agree with those considered by Ibukiyama-Kyomura [28] for Siegel
modular forms of genus 2.
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Filtrations associated to 1-dimension cusps (§8). While a O-
dimensional cusp of D provides a trivialization of &,; which enables the
Fourier expansion, we will show that a 1-dimensional cusp introduces a fil-
tration on &, which is useful when studying the Fourier-Jacobi expansion.
To start with, we observe that for each 1-dimensional cusp J, the second
Hodge bundle & has an isotropic sub line bundle &; canonically determined
by J. This defines the filtration

0c& c& cé

associated to the J-cusp, which we call the J-filtration. Its graded quotients
are respectively isomorphic to

& =n'Ly;,  &/&=U'Nc®0p,  E/& =n L],

where 7 = m, o m; is the projection from D to H,. The J-filtration is trans-
lated to a constant filtration on V(I) ® Oy by the I-trivialization for every
adjacent O-dimensional cusp I C J (Proposition [8.3).

The J-filtration on & induces a (decreasing) filtration on a general au-
tomorphic vector bundle &y, also called the J-filtration, whose graded
quotient in level r is isomorphic to a direct sum of copies of JT*L?I‘”.
Representation-theoretic calculations show that the J-filtration on &, has
length < 24, + 1 (from level —4; to 4;), and that the sub vector bundle Sﬁ .
of &, in Theorem [[.1]is exactly the last (= level ;) sub vector bundle in
the J-filtration (Proposition[8.13). Moreover, we have a duality between the
graded quotients in level r and —r.

We give two applications of the J-filtration. The first is decomposi-
tion of vector-valued Jacobi forms. We prove that a vector-valued Jacobi
form of weight (4, k) decomposes, in a certain sense, into a tuple of scalar-
valued Jacobi forms of various weights in the range [k — A, k + A,] (Propo-
sition [8.13)). More precisely, what is proved is that certain graded pieces
are scalar-valued Jacobi forms, so this result does not mean that the theory
of vector-valued Jacobi forms reduces to the scalar-valued theory. Nev-
ertheless this decomposition theorem enables us to derive some basic re-
sults for vector-valued Jacobi forms from those for scalar-valued ones. For
example, we deduce that vector-valued Jacobi forms of weight (4, k) with
k + A, < n/2 — 1 vanish (Corollary [8.18)). In the case of Siegel modular
forms of genus 2 (namely n = 3), the fact that vector-valued Jacobi forms
decompose into scalar-valued Jacobi forms was first found by Ibukiyama
and Kyomura [28]]. Their method is different, using differential operators,
but it might be plausible that their decomposition agrees with that of us.

Vanishing theorem I (§9). It is a classical fact that there is no nonzero
scalar-valued modular form of weight 0 < k < n/2 -1 on D. Two proofs of
this fact are well-known. The first uses vanishing of Jacobi forms (cf. [21],
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[44]]), and the second uses classification of unitary representations. We give
two generalizations of this classical vanishing theorem to the vector-valued
case, corresponding to these two approaches.

Our first vanishing theorem belongs to the Jacobi form approach, and
is obtained as the second application of the J-filtration. We assume that L
has Witt index 2, i.e., D has a 1-dimensional cusp. This is always satisfied
whenn > 5.

THeoREM 1.2 (Theorem [0.1)). Let A # 1,det. If k < Ay + n/2 — 1, then
M, (') = 0. In particular, M, (') = 0 whenever k < n/?2.

As a consequence, we obtain the following vanishing theorem for holo-
morphic tensors on the modular variety I'\D.

CoroLLARY 1.3 (Theorem[9.3). Let X be the regular locus of T\D. Then
we have H°(X, (Q)l()@’k) =0forall0 <k<n/2-1.

Moreover, we obtain a classification of possible types of holomorphic
tensors of the next few degrees up to n/2 (Proposition[9.6). The vanishing
bound k < n/2 — 1 is optimal as a general bound.

The proof of Theorem [I.2]is built on the results of §7land §8| and pro-
ceeds as follows. We apply the classical vanishing theorem of scalar-valued
Jacobi forms of weight < n/2 — 1 ([44], [21]) to the first graded quotient of
the J-filtration on &,,. This implies that the Fourier-Jacobi coeflicients of
f € M, (I) take values in a certain sub vector bundle of &, 4 ®®°}’m. Passing
to the Fourier expansion at I C J, we see that the Fourier coefficients of f
are contained in a proper subspace of V(). Finally, running J over all
1-dimensional cusps containing /, we conclude that the Fourier coefficients
are zero.

In the case of Siegel modular forms of genus 2, the idea to use Ja-
cobi forms to deduce a vanishing theorem for vector-valued modular forms
seems to go back to Ibukiyama ([26]] Section 6). Our proof of Theorem [1.2]
can be regarded as a generalization of his argument.

In this way, we have the unified viewpoint that the Siegel operator is
concerned with the last sub vector bundle in the J-filtration, while the proof
of Theorem [1.2] makes use of the first graded quotient. We expect that a
closer look at the intermediate pieces of the J-filtration would tell us more.

Square integrability (§10). We now turn to our second line of investi-
gation. We can explicitly define and calculate an invariant Hermitian metric
on & (and on L, which is well-known). They are essentially the Hodge
metrics. They induce an invariant Hermitian metric (, ), on a general au-
tomorphic vector bundle &,;. Apart from the matter of convergence, this
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defines the Petersson inner product on M, ;(I'):

(f’ g) = (f’ g)/l,kVOlD’ f’ 8 € M/Lk(r)a
no

where voly, is the invariant volume form on . When f or g is a cusp form,
this integral converges as usual. Conversely, we prove the following. Let

A=, App) = (4 = Ay Ao = Aty -+, Aoy = Apsi—ing2))
be the highest weight for SO(n, C) associated to A. We write |4 = 3. A;.

TueoreM 1.4 (Theorem [10.1). Let A # 1,det and assume that k > n +
|A| — 1. Then a modular form f of weight (A, k) is a cusp form if and only if

(f, f) < oo

This holds also for A = 1, det at least when L has Witt index 2 (Remark
[10.13). In fact, Theorem [I0.1l contains one more result that any modular
form of weight (4, k) with k < n—|A]—1 and A # 1, det is square integrable,
but this is rather an intermediate step in the proof of our second vanishing
theorem.

Vanishing theorem II (§11). Our study of square integrability is partly
motivated by the following vanishing theorem. Let corank(1) be the maxi-
mal index 1 <i < [n/2] suchthat 3, = A, = --- = A;. Let S (') € M (')
be the subspace of cusp forms.

THeOREM 1.5 (Theorem[I1.1)). Let A # 1, det. Ifk < n+A;—corank(1)—1,
there is no nonzero square integrable modular form of weight (1,k). In
particular,

(1) Sx(I) =0ifk <n+ A; — corank() — 1.

(2) My (D) =0ifk<n—|4 - 1.

Although A, + n/2 — 1 < n + Ay — corank(d) — 1, Theorem does
not supersede Theorem [I.2] because it is about square integrable modular
forms. It depends on (4, k) which bound in Theorem[L.2]or Theorem [L.3](2)
is larger. The two vanishing theorems are rather complementary.

The proof of Theorem is parallel to Weissauer’s vanishing theorem
[47]] for Siegel modular forms. If we have a square integrable modular form,
we can construct a unitary highest weight module for SO* (L) by a standard
procedure. Then the bound k& < n + A; — corank(A) — 1 is derived from the
classification of unitary highest weight modules ([13], [12], [29]). The more
specific conclusions (1), (2) are consequences of the square integrability
theorem (Theorem [10.1)).
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Organization. The logical dependence between the chapters is as fol-
lows. A dotted arrow means that the dependence is weak.

) /i /z@

S10 — §11

§2I 9

Notations. Let us summarize some standing terminologies and nota-
tions.

(1) By a lattice we mean a free Z-module L of finite rank equipped with
a nondegenerate symmetric bilinear form (-, -) : LX L — Z. (Sometimes we
still use the word “lattice” when the bilinear form is only Q-valued.) The
dual lattice Hom(L, Z) of L is written as LY. A sublattice M of L is called
primitive if L/M is free. We denote by M+ the orthogonal complement of
M in L. A sublattice I of L is called isotropic if (I,1) = 0. The lattice L is
called an even lattice if (I,1) € 2Z for every [ € L. The orthogonal group of
a lattice L is denoted by O(L). For F = Q,R, C we write Ly = L®z F. This
is a quadratic space over F. Its orthogonal group is denoted by O(Lr). The
special orthogonal group, namely the subgroup of O(Lr) of determinant 1,
is denoted by SO(Lr). A lattice L in a Q-quadratic space V is called a full
latticein V if V = Lg. For a rational number a # 0 we write L(«) for the a-
scaling of L, namely the same underlying Z-module with the bilinear form
multiplied by . In the context of lattices, the symbol U will stand for the
integral hyperbolic plane, namely the even unimodular lattice of signature
(1, 1).

(2) Let G be a group acting on a set X and let Y be a subset of X. By
the stabilizer of Y in G, we mean the subgroup of G consisting of elements
gsuchthatg(Y) =Y.

(3) Let V be a nondegenerate quadratic space over F' = Q,R,C. Let /
be an isotropic line in V, and P(I) be the stabilizer of I in O(V). Then we
have the canonical exact sequence

(1.3) 0— (/D ®rI— P(I) — GLUI)xOU*/I) — 1.

Here P(I) — GL(I) and P(I) — O(I*/I) are the natural maps, and the map
(I*/I) ®r I — P(I) sends a vector m ® [ of (I /) ® I to the isometry E,,&;
of V defined by

(1.4) E,ei(v) =v—(n,v)[+ (L,v)in — %(m, m)([, v)l, vev.
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Here m € I* is a lift of m € I*+/I. In particular, when v € I+, (I4) is
simplified to

Enei(v) = v —(m,v)L.
The isometries E,,g are sometimes called the Eichler transvections. If we
take a basis e;,---,e, of V such that I = (e;), I* = {e;,--- ,e,_;) and
(e1,e,) =1, (ej,e,) = 0fori> 1, then E,g,, is expressed by the matrix

1 -m¥ —(m,m)/2
0 In_2 m
0 o 1

where we regard m € {e,,- -+ ,e,_1) = I /1. The group (I*/1)®rI of Eichler
transvections is the unipotent radical of P(]).

(4) We will not distinguish between vector bundles and locally free
sheaves on a complex manifold X. The fiber of a vector bundle ¥ over
a point x € X is denoted by ¥, (not the germ of the sheaf). A collection
of sections of a vector bundle ¥ is called a frame of ¥ when it defines an
isomorphism O?}’ ~ ¥, i.e., it forms a basis in every fiber. The dual vector
bundle of F is denoted by V.

(5) Let X be a complex manifold and G be a group acting on X. Let ¥
be a G-equivariant vector bundle on X. Suppose that ¥ is endowed with an
isomorphism ¢t: V ® Oy — ¥ for a C-linear space V. Then the factor of
automorphy of the G-action on # with respect to the trivialization ¢ is the
GL(V)-valued function on G X X defined by

(1.5) j(g,x)=tg_;og0Lx: VoF,>Feu—oV

for g € G, x € X. Here the middle map is the equivariant action by g. If "
is a subgroup of G, a I'-invariant section of # over X is identified via ¢ with
a V-valued holomorphic function f on X satisfying f(yx) = j(y, x) f(x) for
everyy € ['and x € X.

(6) We write e(z) = exp(2riz) for z € C/Z. We use the symbol H for the
upper half plane {r € C|Im(r) > 0}.
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CHAPTER 2

The two Hodge bundles

In this chapter we study some basic properties of the Hodge bundles £
and &. In §2.1we recall basic facts on the Hermitian symmetric domains of
type IV. The Hodge line bundle £ is well-known, and we recall it in §2.2
In §2.3and §2.4] we study the second Hodge bundle E. In §2.5] we describe
& and L in the case n < 4 under the accidental isomorphisms.

2.1. The domain

Let L be a lattice of signature (2,n). Let Q = Q; be the isotropic quadric
in PL¢ defined by the equation (w, w) = 0 for w € L-. We express a point of
Q as [w] = Cw. The open set of Q defined by the inequality (w, ) > 0
has two connected components. They are interchanged by the complex
conjugation w — @. We choose one of them and denote it by D = D, . This
is the Hermitian symmetric domain attached to L. In Cartan’s classification,
D is a Hermitian symmetric domain of type IV. The isotropic quadric Q is
the compact dual of D. Points of D are in one-to-one correspondence with
positive-definite planes in Ly, by associating

D>3w] — H,={(Re(w), Im(w)).

The choice of the component © determines orientation on the positive-
definite planes. Note that (Re(w),Im(w)) = 0 and (Re(w),Re(w)) =
(Im(w), Im(w)) by the isotropicity condition (w, w) = 0.

We denote by O*(Lz) the index 2 subgroup of O(Ly) preserving the
component . Then O*(Lg) consists of two connected components, the
identity component being SO (Lz) = O (Lz) N SO(Lg). The stabilizer K of
a point [w] € D in O*(Ly) is the same as the stabilizer of the oriented plane
H,, and is described as

K = SO(H,) X O(H;) ~ SO(2,R) X O(n,R).

This is a maximal compact subgroup of O*(Lg). We have D ~ O*(Ly)/K.
On the other hand, as explained in (L3)), the stabilizer P of [w] in O(Lc) sits
in the canonical exact sequence

2.1 0 — (w"/Cw)®Cw — P — GL(Cw) X O(w"/Cw) — 1.
17



18 2. THE TWO HODGE BUNDLES

The reductive part
GL(Cw) x O(w*/Cw) =~ C* x O(n, C)

is the complexification of K.

The domain D has two types of rational boundary components (cusps):
0-dimensional and 1-dimensional cusps. The 0-dimensional cusps corre-
spond to rational isotropic lines in Lg, or equivalently, rank 1 primitive
isotropic sublattices I of L. The point p; = [I] of Q is in the closure of D,
and this is the 0-dimensional cusp corresponding to /. The 1-dimensional
cusps correspond to rational isotropic planes in Lq, or equivalently, rank 2
primitive isotropic sublattices J of L. Each such J determines the line PJ¢
on Q. If we remove PJi from PJ¢, then PJ- — PJr consists of two copies
of the upper half plane, one in the closure of 9. This component, say Hj, is
the 1-dimensional cusp corresponding to J. A 0-dimensional cusp p; is in
the closure of a 1-dimensional cusp H; if and only if 7 C J.

Let O"(L) = O(L) N O*(Lg) and I" be a finite-index subgroup of O*(L).
By Baily-Borel [3]], the quotient space

F ()™ =T\ (z) ol Ju,ul p,)
J I

has the structure of a normal projective variety of dimension n. Here the
union of P and the cusps is equipped with the so-called Satake topology.
In particular, the quotient

FI)=T\D

is a normal quasi-projective variety. The variety 7 (I')"” is called the Baily-
Borel compactification of F (I').

2.2. The Hodge line bundle

In this section we recall the first Hodge bundle. Let Oy(—1) be the
tautological line bundle over Q C PLc. The Hodge line bundle over D is
defined as

L =0o(-Dlp.
This is an O*(Lg)-invariant sub line bundle of Lc ® Op. The fiber of L
over [w] € D is the line Cw. By definition L extends over Q naturally, and
we sometimes write £ = Og(—1) when no confusion is likely to occur. A
holomorphic section of £ over D invariant under a finite-index subgroup
of O*(L) and holomorphic at the cusps (in the sense explained later) is called
a (scalar-valued) modular form of weight k.

The stabilizer K ¢ O*(Lg) of a point [w] € D acts on the fiber £, of
L as the weight 1 character of SO(2,R) c K. Therefore, if we denote by
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W =~ C the representation space of the weight 1 character of SO(2, R), we
have an O*(Lg)-equivariant isomorphism

L~ 0"(Lg) Xg Ly = O (Lg) xx W.

Similarly, the extension Oy(—1) over Q is the homogeneous line bundle
corresponding to the weight 1 character of C* ¢ C* x O(n, C).

A trivialization of £ can be defined for each 0-dimensional cusp of D
as follows. Let I be a rank 1 primitive isotropic sublattice of L. For later
use, it is useful to work over the following enlargement of D:

o) =Q-QnNPI;.

This is a Zariski open set of Q containing D. Its complement Q NP/ is the
cone over the isotropic quadric in P(I*/I)c with vertex [I¢]. If [w] € Q(),
the pairing between I and Cw is nonzero. This defines an isomorphism
Cw — Ié. Since Cw is the fiber of L = Oy(-1) over [w], by varying [w]
we obtain an isomorphism

(22) IQ\:{ ®OQ(]) - L

of line bundles on Q(I). We call this isomorphism the /-trivialization of L.
This is equivariant with respect to the stabilizer of Ic in O(L¢). Over Q the
[-trivialization has pole of order 1 at the divisor Q NP/%, and hence extends
to an isomorphism

I[L® 0y - L(QNPI).

In what follows, we work over 9. We call the restriction of (2.2)) to D
the I-trivialization of L too. If we choose a nonzero vector of I, it defines a
nowhere vanishing section of £ via the /-trivialization. To be more specific,
we choose a vector / # 0 € [ and let s; be the section of L corresponding
to the dual vector of /. This section is determined by the condition that the
vector s;([w]) € L, = Cw has pairing 1 with /. The factor of automorphy
of the O*(Lg)-action on £ with respect to the /-trivialization is a function
on O*(Lg) X D which can be written as

_ g sllwh) _ (gw, D) 8§ €07 (Ly), [w] € D.

silgw]) ()’

This gives a more classical style of defining scalar-valued modular forms.
Note that if g acts trivially on Iz, then j(g, [w]) = 1.

2.3)  Jjg [wD

2.3. The second Hodge bundle

In this section we define the second Hodge bundle. We have a natural
quadratic form on the vector bundle Lc ® Ogp. By the definition of Q, L is
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an isotropic sub line bundle of Lc ® Op, so we have £ c L*. The second
Hodge bundle is defined by

E=LL
This is an O*(Lg)-equivariant vector bundle of rank n over 9. The fiber
of & over [w] € D is w'/Cw. The quadratic form on Lc ® Oy induces a
nondegenerate O*(Lg)-invariant quadratic form on &. In other words, & is
an orthogonal vector bundle. In particular, we have & ~ &. Since L is
naturally defined on Q, & is also naturally defined on Q. This is an O(L¢)-
equivariant vector bundle. By abuse of notation, we often use the same
notation & for this extended vector bundle.

The stabilizer K ¢ O*(Lg) of a point [w] € D acts on the fiber &, of &
as the standard C-representation of O(n,R) C K, because we have a natural
isomorphism H ®z C ~ w*/Cw. Therefore, if we denote by V = C” the
standard representation space of O(n, C), we have an O*(Lg)-equivariant
isomorphism
2.4) E~ O+(LR) Xk S[M] ~ O+(LR) Xg V.

Similarly, the extension of & over Q is the homogeneous vector bundle cor-
responding to the standard representation of O(n, C) ¢ C* X O(n, C).
We present some examples where & and £ appear naturally.

ExampLE 2.1. The “third” Hodge bundle (Lc ® Op)/ L™ is isomorphic to
L7 by the natural pairing with .£.

ExampLE 2.2. The determinant line bundle det& = A"E of & is isomor-
phic, as an O*(Lg)-equivariant bundle, to the line bundle det ® Oy associ-
ated to the determinant character det: O*(Lg) — {1} of O*(Ly). Indeed,
by Example 2.1l we have the O* (L )-equivariant isomorphism

det&E =~ det(Le ® Op) ® L® L' ~ det(Lc ® Op) ~ det ® Op.

The line bundle det ® Oy appears in the study of scalar-valued modular
forms with determinant character.

ExampLE 2.3. Let Tp and Qé) be the tangent and cotangent bundles of
D respectively. Then we have the canonical isomorphisms

(2.5) Tp=ER L', Q) ~E®L.
Indeed, by the Euler sequence for PLc, we have
Tpr. = Opr (1) ® (Lc ® Op.)/Opr.(-1)).
As a sub vector bundle of T%;_|p, we have
To =~ O0g(1)® (Og(=1)"/0g(-1)) = L' ® &.
The isomorphism for QIQ is obtained by taking the dual.
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Tautologically, the identity of 9 can be regarded as the period map
[w] — L, for the universal variation 0 ¢ £ ¢ L+ c Lc ® Oy of Hodge
structures on D. Then the isomorphism Ty ~ £7! ® & is nothing but the
differential of this tautological period map (cf. [46] §10.1). By taking the
adjunctions of T, ~ £~' ® &, we obtain the homomorphisms

(2.6) LTy > E  E®Tp— L7,
These are familiar forms in the context of variation of Hodge structures.
Here the second homomorphism is given by the pairing on &:

ERTH~ERERL — L7,

ExampLE 2.4. Adjunctions of (2.6) induce the following complex of vec-
tor bundles on D (the Koszul complex):

(2.7) Lo ERQ, - LR,

Here the second homomorphism is the composition
EaQh~L'ealel 5 el

By (2.3)), the Koszul complex is identified with the complex

L ® (Op — E* 5 A28,

where Oy — &% is the embedding defined by the quadratic form on &E. This
shows that (2.7)) is indeed a complex, and its middle cohomology sheaf is
isomorphic to

(Sym*E/0p) ® L = Eny ® L,
where &) is the automorphic vector bundle associated to the representation
Sym?*C"/C of O(n, C) (see §3.2). The Koszul complex will be taken up in
3.8

2.4. [-trivialization of the second Hodge bundle

In this section we define a trivialization of & associated to each O-
dimensional cusp. This is the starting point of various later constructions.

Let I be a rank 1 primitive isotropic sublattice of L. The quadratic form
on L induces a hyperbolic quadratic form on the Z-module /- /1. We write
V(g = (I*/]I) ® F for F = Q,R, C. This is a quadratic space over F. We
especially abbreviate V(I) = V(I)c. We consider the following sub vector
bundle of Lc ® Og):

IJ' N LL = (Ié ®OQ([)) N .[,J'.

Th fiber of I+ N L+ over [w] € Q(I) is the subspace /2 Nw™ of Lc. The pro-
jection L+ — & induces a homomorphism I+ N L+ — &, and the projection
15 — V(I) induces a homomorphism I* N L+ — V(I) ® Og.
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LemMma 2.5. The homomorphisms I N L+ - Eand [ N L+ - V() ®
Ooq are isomorphisms. Therefore we obtain an isomorphism

(2.8) V() ® Oy — &

of vector bundles on Q(I). This is equivariant with respect to the stabilizer
of Ic in O(L¢), and preserves the quadratic forms on both sides.

Proor. At the fibers over a point [w] € Q(I), the two homomorphisms
are given by the linear maps /2 N w* — w*/Cw and Iz N w* — (/)¢
respectively. The source and the target have the same dimension (= n) for
both maps, so it suffices to check the injectivity of these two maps. This is
equivalent to Iz N Cw = 0 and w* N I = 0 respectively, and both follow
from the nondegeneracy (Ic, Cw) # 0 for [w] € Q).

Since both I7 N w* — w*/Cw and I3 N w* — (I*/I)c preserve the
quadratic forms, so does the composition w* /Cw — (I*/I)c. Hence 2.8)
preserves the quadratic forms. The equivariance of ([2.8) can be verified
similarly. O

We call the isomorphism (2.8)) and its restriction to D the I-trivialization
of &. This is a trivialization as an orthogonal vector bundle. See Claim[6.10]
for the boundary behavior of this isomorphism at a Zariski open set of the
divisor Q N PI.

For later use, we calculate the sections of & corresponding to vectors of
V(I). We choose a vector [ # 0 of I and let s; be the corresponding section
of £ as defined in §2.2

LemMA 2.6. Let v be a vector of V(I). We define a section of I+ N L+ by
sy([w]) =V = (@, si([wD), [w] € O(D),

where vV € Iéf is a lift of v e V(I) and we regard s,([w)]) € Cw C Lc. Then the
image of s, in & is the section of & which corresponds by the I-trivialization
to the constant section of V(I) ® Og(y with value v.

Proor. It is straightforward to check that s,([w]) does not depend on the
choice of the lift ¥ and that (s,([w]), w) = (s,([w]), ) = 0. Thus s, is indeed
a section of I+ N L*. Since s,([w]) = ¥ mod I¢ as a vector of I, the image
of s,([w]) in V(1) is v. This proves our assertion. O

2.5. Accidental isomorphisms

When n < 4, orthogonal modular varieties are isomorphic to other types
of classical modular varieties by the so-called accidental isomorphisms. In
this section we explain how the second Hodge bundle &€ in n < 4 is trans-
lated under the accidental isomorphism. (This is well-known for £; we also
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include it for completeness.) This correspondence is the basis of compar-
ing vector-valued orthogonal modular forms in n = 3,4 with vector-valued
Siegel and Hermitian modular forms respectively. We explain the transla-
tion from both algebro-geometric and representation-theoretic viewpoints.
Since the contents of this section will be used only sporadically in the rest
of this monograph, the reader may skip it for the moment.

2.5.1. Modular curves. When n = 1, the accidental isomorphism be-
tween the real Lie groups is PSL(2,R) ~ SO*(1,2). Its complexification
is PSL(2,C) ~ SO(@3,C). This lifts to SL(2,C) =~ Spin(3,C). The iso-
morphism between the compact duals is provided by the anti-canonical em-
bedding P! < P? of P!, which maps P! to a conic Q c P?. This gives
an isomorphism between the upper half plane and the type IV domain in
n = 1. The line bundle £ = Oy(—1) on Q is identified with Opi(=2) on
P!'. This means that orthogonal modular forms of weight k correspond to
elliptic modular forms of weight 2k.

The reductive part of a standard parabolic subgroup of SL(2, C) is the
a
0
minant 1. The corresponding group in PSL(2,C) is T/ — 1. The weight 2
character @ — a? of T defines an isomorphism 7/ — 1 ~ C*. This explains
Op(-1) = Opi(-2) from representation theory.

The full orthogonal group O(3, C) is SO(3, C) x {+id}. By Example 2.2]
the second Hodge bundle & is the line bundle associated to the determinant
character det: O(3,C) — {£1}. This is nontrivial as an O(3, C)-line bundle,
but trivial as an SO(3, C)-line bundle. Therefore & cannot be detected at the
side of SL(2, C).

. . . . . 0
I-dimensional torus 7" consisting of diagonal matrices ol of deter-

2.5.2. Hilbert modular surfaces. When n = 2, the accidental isomor-
phism between the real Lie groups is

SL(2,R) X SL(2,R)/(~1,-1) = SO*(2,2).
Its complexification is
SL(2,C) x SL(2,C)/(-1,-1) ~ SO(4, C).

This lifts to SL(2, C) x SL(2,C) ~ Spin(4, C). The isomorphism between
the compact duals is provided by the Segre embedding P! x P! < P3 of
P! x P!, which maps P! x P! to a quadric surface Q c P?. This gives an
isomorphism between the product of two upper half planes and the type IV
domain in n = 2. Since the Segre embedding is defined by Opi,pi(1, 1), the
Hodge line bundle £ = Oy(-1) on Q is identified with Opi,p1(—1,—1) on
P! x P!. This means that orthogonal modular forms of weight k correspond
to Hilbert modular forms of weight (k, k).
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We explain the representation-theoretic aspect. The reductive part of
a standard parabolic subgroup of SL(2,C) x SL(2,C) is the 2-dimensional
torus 7 X T, ~ C* x C* consisting of pairs («,8) of diagonal matrices in
each SL(2, C). The corresponding group in SL(2,C) x SL(2,C)/(-1,-1) is
T, X T,/(—1,—1). We have natural isomorphisms

(2.9) TixT/(-1,-1) = C*x C" ~C" x SO(2,C),
where the first isomorphism is induced by
T, xT, » C*xC*, (a,8) (afB,a'pB).

This is the isomorphism between the reductive parts of standard parabolic
subgroups of SL(2,C) x SL(2,C)/(—1,—-1) and SO(4, C). The pullback of
the weight 1 character of C* ¢ C*xSO(2,C) to Ty X T, by (2.9) is the tensor
product y; ® y, of the weight 1 characters yi, y» of Ty, T». This explains
O¢(=1) = Opiypi(—1, —1) from representation theory.

The second Hodge bundle & is described as follows.

LemmMma 2.7. We have an O(4, C)-equivariant isomorphism
(2.10) E = Opiypi(—1,1)® Opiypi (1, -1).
Proor. Let 7r;: P! x P! — P! be the i-th projection. Then
QL o = QL @ mQL = Opigei (=2, 0) ® Opiye (0, -2).
By 2.3) and £ ~ Opiypi(1, 1), we have
E = Ql . ®0pm(l, 1)
Opixpi (=1, 1) @ Opiyer (1, —1).

This proves (2.10). m]

Note that O(4, C) is the semi-product S, < SO(4, C), where S, switches
the two SL(2, C). This involution switches the two rulings of Q ~ P! x P!,
and acts on the right hand side of (2.10) by switching the two components.

At the level of representations, the isomorphism (2.10) comes from the
following correspondence. Let y be the weight 1 character of SO(2,C) =~
C*. The 2-dimensional standard representation of SO(2,C) is y ® y~'. The
pullback of y to T x T by (Z.9) is the character y;'®y,. Hence the pullback
of the standard representation of SO(2,C) to Ty xT5 is (x]' ®x2)®(x1Rx; ).
This explains (2.10) from representation theory.

By Lemmal[2.7] a general automorphic vector bundle &, on Q decom-
poses into a direct sum of various line bundles Opiypi(a, b). This means that
vector-valued orthogonal modular forms in n = 2 decompose into tuples of
scalar-valued Hilbert modular forms of various weights, so we have nothing
new here.

1

1
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2.5.3. Siegel modular 3-folds. When n = 3, the accidental isomor-
phism between the real Lie groups is PSp(4,R) ~ SO*(2, 3). Its complexi-
fication is PSp(4, C) ~ SO(5, C), which lifts to Sp(4, C) ~ Spin(5,C). The
isomorphism between the compact duals is provided by the Pliicker embed-
ding LG(2,4) — PV = P* of the Lagrangian Grassmannian LG(2,4). Here
V is the 5-dimensional irreducible representation of Sp(4, C) appearing in
A?C*. The Pliicker embedding maps LG(2,4) to a 3-dimensional quadric
Q c P*, and hence gives an isomorphism between the Siegel upper half
space of genus 2 and the type IV domain in n = 3.

Let F be the rank 2 universal sub vector bundle over LG(2,4). (This
is the weight 1 Hodge bundle for Siegel modular 3-folds.) Since the
Pliicker embedding is defined by O (1) = det¥ ", the Hodge line bun-
dle £ = Oy(-1) on Q is identified with det ¥ on LG(2, 4). This means that
orthogonal modular forms of weight k correspond to Siegel modular forms
of weight k.

We explain the representation-theoretic aspect. The reductive part of
a standard parabolic subgroup of Sp(4, C) is isomorphic to GL(2,C). The
corresponding group in PSp(4, C) is GL(2,C)/ — 1. We have a natural iso-
morphism

(2.11) GL(2,C)/ -1 =C" xPGL(2,C) =~ C* x SO(3,C),

where GL(2,C) — C* in the first isomorphism is the determinant charac-
ter, and PGL(2, C) ~ SO(3, C) in the second isomorphism is the accidental
isomorphism in n = 1. This gives the isomorphism between the reductive
parts of standard parabolic subgroups of PSp(4, C) and SO(5, C). By con-
struction, the pullback of the weight 1 character of C* to GL(2, C) by (2.11))
is the determinant character of GL(2,C). This explains £ ~ det¥ from
representation theory.
The second Hodge bundle & is described as follows.

LemMma 2.8. We have an SO(S, C)-equivariant isomorphism
(2.12) E~Sym’F e L.

Proor. As it is well-known, we have an Sp(4, C)-equivariant isomor-
phism Qi(} ~ Symz?‘ (see, e.g., [19] §14). Then @2.12) follows from the
isomorphism & ~ Q . ® L7 in (2.3)). o

Note that ¥ is not SO(5, C)-linearized but Sym2¢ is. At the level of
representations, the isomorphism (2.12) comes from the following fact: the
symmetric square of the standard representation of GL(2, C), when viewed
as a representation of C* x SO(3, C) via (2.11)), is isomorphic to the tensor
product of the weight 1 character of C* and the standard representation of

SO(3,C).
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The full orthogonal group O(5, C) is SO(5, C) x {+id}. As an O(5, C)-
vector bundle, we have

E=~Sym’F ® L' ®det.
The twist by det cannot be detected at the side of Sp(4, C).

2.5.4. Hermitian modular 4-folds. When n = 4, the accidental iso-
morphism between the real Lie groups is SU(2,2)/ — 1 ~ SO*(2,4). The
complexification is SL(4,C)/ — 1 =~ SO(6,C). This lifts to SL(4,C) =~
Spin(6, C). The isomorphism between the compact duals is provided by the
Pliicker embedding G(2,4) < P(A?C*) = P of the Grassmannian G(2, 4).
This maps G(2,4) to a 4-dimensional quadric Q C P°, and gives an isomor-
phism between the Hermitian upper half space of degree 2 and the type IV
domain in n = 4.

The reductive part of a standard parabolic subgroup of SL(4, C) is the

group
g1 0
G =
e o)

The corresponding group in SL(4,C)/ — 1 is G/ — 1. We have a natural
isomorphism

(2.13) G/-1=C"x(SL(2,C)x SL(2,C)/(-1,-1)) = C* x SO(4, C).

£1,82 € GL(Z, C), detgz = detg[l }

Here the first isomorphism sends (g1,g2) € G to (detg,, o 'g|, +ag,)
where « is one of the square roots of det g, and the second isomorphism is
given by the accidental isomorphism in n = 2. This is the isomorphism be-
tween the reductive parts of standard parabolic subgroups of SL(4,C)/ — 1
and SO(6, C).

Let #, G be the universal sub and quotient vector bundles on G(2, 4) re-
spectively. Since the Pliicker embedding is defined by Og.4)(1) = detG =
(detF)~!, the Hodge line bundle £ = Oy(-1) is isomorphic to det #. Thus
orthogonal modular forms of weight k correspond to Hermitian modular
forms of weight k. At the level of representations, this comes from the
fact that the pullback of the weight 1 character of C* to G by (2.13)) is the
character of G given by (g1, g,) — detg;.

The second Hodge bundle & is described as follows.

Lemma 2.9. We have an SO(6, C)-equivariant isomorphism
(2.14) E2FRG.

Proor. We have a canonical isomorphism T4y ~ ¥ ® G. The natural
symplectic form ¥ ® F — det F induces an isomorphism ¥V ~ ¥ @ L.
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Therefore, by (2.3), we have
ExToon®L=F' @GO L~FQRG.
This proves (2.14). m]

Note that each F, G is not SO(6, C)-linearized, but ¥ ® G is. At the
level of representations, the isomorphism (2.14) comes from the following
correspondence. Let V;, i = 1,2, be the representation of G obtained as the
pullback of the standard representation of GL(2,C) by the i-th projection
G — GL(2,C), (g1,82) — & Then V|, V, correspond to the homogeneous
vector bundles ¥, G respectively. Each Vi, V, is not a representation of
G/—-1,but V;®V, is. Then, as a representation of C*x (SL(2, C)*/(-1, 1))
via the first isomorphism in 2.13), V; ® V;, is isomorphic to the external
tensor product of the standard representations of the two SL(2,C) (with
weight 0 on C*). This in turn is the standard representation of SO(4, C) via
the second isomorphism in (2.13). This explains the isomorphism (2.14)
from representation theory.

Finally, O(6, C) is the semi-product S, =< SO(6, C) where S, = (¢) acts
on G(2, 4) by the following involution: choose a symplectic form on C* (say
the standard one), and sends 2-dimensional subspaces W C C*to Wt c C*.
This involution exchanges the two P3-families of planes on G(2,4) = Q.
(This is essentially the involution Z +— Z’ in [16] §1 on the Hermitian upper
half space.) The involution ¢ acts on the vector bundle ¥ ® G ~ F' ®
G by 'F ~ G¥ and *G =~ F". Then (2.14) is an O(6, C)-equivariant
isomorphism.






CHAPTER 3

Vector-valued modular forms

In this chapter we define vector-valued orthogonal modular forms (§3.2)
and explain their Fourier expansions at O-dimensional cusps (§3.3]— §3.3).
These are the most fundamental parts of this monograph. The rest of this
chapter (§3.6] - §3.8)) is devoted to supplementary materials: the passage
from O to SO, an example of explicit construction, and an interaction with
algebraic cycles.

3.1. Representations of O(n, C)

We begin by recollection of some basic facts from the representation
theory for O(n, C). Our main reference for representation theory is [39] §8
(whose main contents are more or less covered by [18] §19 and [20] §5.5.5,
§10.2). In what follows and in §3.6] all representations are assumed to be
finite-dimensional over C.

Irreducible representations of O(n,C) are labelled by partitions 4 =
(4 = -+ = A, = 0) such that ‘A; + ‘A, < n, where ‘A is the transpose
of A. The irreducible representation corresponding to such a partition A
is constructed as follows. Let V = C" be the standard representation of
O(n,C). Let d = |4 = 3; A; be the size of 1. We denote by V!¥! the inter-
section of the kernels of the contraction maps V& — V®/=2 for all pairs of
indices. Vectors in V!“! are called traceless tensors or harmonic tensors in
the literature. The symmetric group S, acts on V® naturally and preserves
VA LetT = Tll be the column canonical tableau on A (namely 1,2, - - ,’4,
on the first column, ‘A; + 1,---,’A; + A, on the second column, - --). Let
¢y = bya, € CS; be the Young symmetrizer associated to 7', where

a, = Z o, b, = Z sgn(7T)T

ocHr TeVr

as usual. (Hr and Vy are the row and the column Young subgroups of S,
for the tableau T respectively.) We apply the orthogonal Schur functor for
Ato V:

Vi=cy- Vi = v (- v,
29
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This space V), is the irreducible representation of O(n, C) labelled by the
partition A. Since b; maps V& to A1V ®---® AV, we have

3.1 V, C AV Q- @AY c v

If we take a basis e, --- , e, of V such that (e;,e;) =1 wheni+ j=n+1
and (e;, ;) = 0 otherwise, V, especially contains the vector

(32) (61 A "'/\€t/ll)®(€1 /\“‘/\€t/12)®“‘®(€1 /\“‘/\651/{1)
(see [39] §8.3.1).

ExampLE 3.1. (1) The exterior tensor AV for 0 < d < n corresponds
to the partition A = (19 =q@,---,1. By abuse of notation, we sometimes
write A = 1, St, A?, det instead of A = (0), (1), (1), (1") respectively.

(2) The symmetric tensor Sym“V is reducible and decomposes as

SymV = V(d)éBSymd_zV = ..
= Viy® Va2 ® - ® Vo)

Geometrically, V(4 is the cohomology H°(Oy, ,(d)) for the isotropic quadric
Q,_» C PV of dimension n — 2.

3.2. Automorphic vector bundles

In this section we define automorphic vector bundles and vector-valued
modular forms. Let L be a lattice of signature (2,n). For simplicity of
exposition we assume n > 3 so that the Koecher principle holds. (This
assumption can be somewhat justified by our calculation of & in the case
n<2in§.3) LetA = (4; > --- > A,) be a partition as in §3.1] and let
d = |4|. Recall that the second Hodge bundle & is endowed with a canonical
quadratic form. Let & ¢ &% be the intersection of the kernels of the
contractions &% — &®4-2 for all pairs of indices. The fibers of E consist
of traceless tensors in the fibers of £*¢. The symmetric group S, acts on ¥
fiberwisely and preserves E¥!. We define the vector bundle &, by applying
the orthogonal Schur functor for A relatively to &:

Ex=cy - 8 =8N (cy- 8.

By construction &, is a sub vector bundle of %, naturally defined over Q
and is O(L¢)-invariant.

Let I be a rank 1 primitive isotropic sublattice of L. Recall from §2.4]
that we have the /-trivialization & =~ V(1)®0g(;, over Q(I) = Q—0NPI. Let
V(I), be the irreducible representation of O(V (1)) ~ O(n, C) obtained by ap-
plying the orthogonal Schur functor for A to V(I). Since the /-trivialization
of & preserves the quadratic forms, it induces an isomorphism

8,1 = V(I)/z ®OQ(1)
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over Q(I). We call this isomorphism the I-trivialization of &,.
Next for k € Z we consider the tensor product

Ex =8,® L
This is an O(L¢)-equivariant vector bundle on Q. If we write
V(D) = V(D2 ® U™,
the I-trivializations of &, and £®! induce an isomorphism
Evk = V(D ® Ogq

over Q(I). This is equivariant with respect to the stabilizer of I in O(Lc).
We call this isomorphism the I-trivialization of &,.

In what follows, we work over . We use the same notations &,, &, for
the restriction of &,, &, to D. These are O (L )-equivariant vector bundles
on D. Like (2.4), we have an O*(Ly)-equivariant isomorphism

(3.3) &1 = O"(Lg) Xk (EDjw) = O (Lg) Xk Vi,

where K is the stabilizer of [w] in O*(Lg). The [-trivialization of &, is
defined over D. Let j(g, [w]) be the factor of automorphy for the O*(Lg)-
action on &,; with respect to the I-trivialization. This is a GL(V(I),x)-
valued function on O* (L)X D. Since the /-trivialization is equivariant with
respect to the stabilizer of Iy in O*(Lg), we especially have the following.

LemMmA 3.2. When g € O*(Ly) stabilizes Iy, the value of j(g,[w]) is
constant over D, given by the natural action of g on V(I) .

Now let I" be a finite-index subgroup of O*"(L). We call a I'-invariant
holomorphic section of &, over D a modular form of weight (A, k) with
respect to I'. By the [-trivialization, a modular form of weight (4, k) is
identified with a V(I),-valued holomorphic function f on D such that

flw)D = j(y, [wDf([w])

for every y € I and [w] € D. We denote by M, (') the space of modular
forms of weight (4, k) with respect to I'. When A = (0), we especially write
M) x(I') = M;(I') as usual.

When —id € T, the weight (4, k) satisfies a parity condition. We state it
in a slightly generalized form.

Lemma 3.3. Let [w] € D and Ty, be the stabilizer of [w] in I. The
value of a I'-modular form of weight (4,k) at [w] is contained in the I',-
invariant part of (E,x)w1- In particular, when —id € I and k + |A| is odd, we
have M, ;(I') = 0.



32 3. VECTOR-VALUED MODULAR FORMS

Proor. The first assertion follows from the I'f,-invariance of the sec-
tion. As for the second assertion, we note that —id acts on both £ and & as
the scalar multiplication by —1. Since &, is a sub vector bundle of &2V, —id
acts on &, as the scalar multiplication by (—1)"". Therefore, when k + |4
is odd, —id has no nonzero invariant part in every fiber of &, . O

Product of vector-valued modular forms can be given as follows. Sup-
pose that we have a nonzero O(n, C)-homomorphism
(34) (770 V/ll ® V/lz - V,13
for partitions A;, A, A3 for O(n,C). This uniquely induces an O*(Lgy)-
equivariant homomorphism
@Y Sﬂl,kl ®8/12,k2 - 8/13J<1+k2'
If fi, f> are I'-modular forms of weight (4, k;), (4,, k) respectively, then

fi X, 2= @(f1 ® f2)

is a ['-modular form of weight (13, k; + k). This is the “p-product” of f; and
f>. Note that a homomorphism (3.4)) exists exactly when V,, appears in the
irreducible decomposition of V,;, ® V,,, and it is unique up to constant when
the multiplicity is 1. This information can be read off from the Littlewood-
Richardson numbers ([30], [32], see also [39] §12).

The map (3.4) also uniquely induces an O(V(/))-homomorphism

(3‘5) QOI : V(I)/ll,kl ® V(I)/lz,kz - V(I)/lj;,kl +k2 .
If we denote by ¢ the relevant /-trivialization maps, then we have
(3.6) (i) Xg, Uf2) = (fi Xg f2).

In this sense, ¢-product and /-trivialization are compatible.

It will be useful to know how orthogonal weights (4,k) in n = 3,4 are
translated by the accidental isomorphisms. For simplicity we assume ‘A; <
n/2, namely ‘A; = 1. See §3.6 for some justification of this assumption.
(There is no essential loss of generality when n = 3.) Henceforth we write
A = (d) with d a natural number.

ExampLE 3.4. Let n = 3. Let ¥ be the rank 2 Hodge bundle considered
in §2.5.31 Automorphic vector bundles on Siegel modular 3-folds can be
expressed as Sym’F ® L% with j € Z.o and [ € Z. In the literature this

is often referred to as weight (Sym’, det'). This corresponds to the highest
weight (o1, 02) = (j + [,1) of GL(2,C). When j = 2d is even, we have

Symz‘l? = (Symzf)(d) = S(d) ® -£®d
by Lemmal[2.8] Therefore
Symz‘l?j ® .[:@l = S(d) ® .£®l+d.
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Thus we have the following correspondence of weights:

orthogonal weight ((d), k)
& Siegel weight (Sym’, det’) with (j, 1) = (2d, k — d)
o GL(2,C)-weight (o1,0,) = (k+d, k—d)

ExampLE 3.5. Let n = 4. Let ¥ and G be the rank 2 Hodge bundles
considered in §2.5.4. Automorphic vector bundles on Hermitian modular
4-folds can be expressed as

(3.7) L@ Sym!'F @ Sym”2G,  k€Z, ji,j»€ Zso.

On the other hand, in [16] §2, weights of vector-valued Hermitian modular
forms of degree 2 are expressed as (r, p; ® p;) where r € Z and py,p»
are symmetric tensors of the standard representation of GL(2,C). (We are
working with SU(2,2) rather than U(2,2), and we do not consider twist
by a character as in [16]].) Then L corresponds to the weight r = 1, ¥
corresponds to the weight p; = St, and L® G ~ G’ ~ *F corresponds
to the weight p, = St. Thus the vector bundle (3.7) corresponds to the
Hermitian weight (r, p; ® p,) with r = k — j,, p; = Sym’' and p, = Sym”.
Now, by Lemma[2.9] we have

S(d) ~ Syde &® Symdg

Therefore the orthogonal weight ((d),k) corresponds to the Hermitian
weight (r, py R py) withr = k—d and p; = p, = Symd. In [16] §3 and
§4, some examples in the case d = 1 are studied in detail.

3.3. Tube domain realization

In this section we recall the tube domain realization of D associated to
a 0-dimensional cusp. We refer the reader to [22], [34], [35] for some more
details. This section is preliminaries for the Fourier expansion (§3.4).

We choose a rank 1 primitive isotropic sublattice / of L, which is fixed
throughout §3.3/— §3.51 Recall that this corresponds to the 0-dimensional
cusp [Ic] of D. The Z-module (I*/I) ®; I is canonically endowed with the
structure of a hyperbolic lattice, from the quadratic form on I/ and the
standard quadratic form I X I — I®> ~ Z on I in which the generators of I
have norm 1. For F = Q, R, C we write

UDr = /DF ®F Ir = V(D ®F IF.

This is a quadratic space over F, hyperbolic when F' = Q, R.
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3.3.1. Tube domain realization. The linear projection PLs --»
P(L/I)c from the point [Ic] € Q defines an isomorphism

(3.8) o) — P(L/Dc —-PV().

We choose, as an auxiliary data, a rank 1 sublattice I” C L such that (/,1") #
0. This determines a base point of the affine space P(L/I)c — PV(I) and
hence an isomorphism

(3.9) P(L/D)c — PV(I) = V() ®c I = U(])c.

Since the quadratic form on U(/)g is hyperbolic, the set of vectors v € U(I)g
with (v,v) > 0 consists of two connected components. The choice of the
component D determines one of them, which we denote by C; (the positive
cone). Let

D;={ZeU()|Im(Z) € Cy}

be the tube domain associated to C;. Then the composition of (3.8) and
(3.9) gives an isomorphism

(3.10) D S D, cUWDe.

This is the tube domain realization of D associated to /. If we change I’,
this isomorphism is shifted by the translation by a vector of U(])q.

3.3.2. Stabilizer. Next we recall the structure of the stabilizer of the
I-cusp. Let F = Q,R. We denote by I'(/)r the stabilizer of 7 in O (L)
(not the stabilizer of Ir). Elements of I'(/)r act on U(J)r as isometries. Let
O*(U(I)r) be the subgroup of O(U(I)r) preserving the positive cone C;. By
(@L.3), T'(1)F sits in the canonical exact sequence

(3.11) 0> UDr » Ty » O (U()r) x GL(I) — 1.

Here the subgroup U(I)r consists of the Eichler transvections of Ly with
respect to the isotropic line /r. The adjoint action of I'(/)r on U(I)r via
(B.11)) coincides with the natural action of T'(/)r on (I* /1) ® IF.

The choice of I’ determines the lift V(I)r = (Ir & I})* of V(I)F in I,
and thus a splitting Ly ~ Uy & V(I)r. This determines a section of (3.11))

O"(U(Dr) X GL(I) = T (1),
by letting O"(U(I)r) =~ O"(V(I)r) act on the lifted component V(I)r C Lg
and mapping GL(/) = {x1} to {+id}. In this way, from the choice of I’, we
obtain a splitting of (3.11):
(3.12) I(Dr = (O (U)r) x GL() < U(D),

where O*(U(I)r) acts on U(I)r in the natural way and GL(/) acts on U(I)r
trivially. This splitting is compatible with the tube domain realization in the
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following sense. We translate the I'(/)-action on D to action of I'(/)r on
D via the tube domain realization (3.10) defined by (the same) I'. Then,
e the unipotent radical U(I)r C I'(I)r acts on D, as the translation
by U(D)r on U(I)c,
e the lifted group O*(U(I)r) in (3.12)) acts on D; by its linear action
on U()c,
o the lifted group GL(J) = {+1d} acts trivially.

Now let I' be a finite-index subgroup of O*(L). We write
Iz =T(NgNT, Uz =UDgNT, Ty =Tz/U(D:.
The group I'(1)7 is the stabilizer of I in I'. The exact sequence
(3.13) 0— Uz = Tz » T, — 1

is naturally embedded in (3.11). The group U(I)z is a full lattice in U(I)g.
It defines the algebraic torus

) =U)c/U)z.
Then the tube domain realization (3.10) induces an isomorphism
DIUI); - Dy/UI)z C T().

The group mz acts on D/U)z =~ D;/UI)z. Lety € ﬁz and let
v € I'(I)z be its lift. According to the splitting (3.12)), we express y as

(3.14) y=0n.&a), v €0°(UWU)), &=+d, aeUl)g.

Here 7y, a priori an element of O*(U(I)q), is contained in O (U([)z) be-
cause the adjoint action of I'(/)z on U(I)q preserves the lattice U(/)z. Then
the action of ¥ on D;/U(I)z is given by the linear action by y; plus the
translation by [a] € U(I)q/U(I)z. Note that y is determined by (y,, &) be-
cause the projection WZ — O (U(I)q) x GL(I) is injective. Nevertheless
the translation component [@] could be nontrivial because (3.13)) may not
necessarily split.

3.4. Fourier expansion

Let 7 and I’ be as in §3.31 Let f be a modular form of weight (4, k) on D
with respect to a finite-index subgroup I' of O*(L). By the I-trivialization
Eax = V(Dax ® Op and the tube domain realization D ~ 9, we regard
f as a V(I),,-valued holomorphic function on the tube domain D, (again
denoted by f). The subgroup U(I)z of I'({)z acts on D; by translation, and
acts on V(I),, trivially . By Lemma [3.2] this shows that the function f is
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invariant under the translation by the lattice U(/)z. Therefore it admits a
Fourier expansion of the form

(3.15) f@= ) ad, ¢ =el2),

leu(ny,

for Z € Dy, where a(l) € V(I),x and U(I); C U(l)q is the dual lattice
of U(I)z. This series is convergent when Im(Z) is sufficiently large. The
Fourier coeflicients a(l) can be expressed as

(3.16) a(l) = f f(Zy+v)e(—(Zy +v,1)dv,
UDr/U(Dz

where dv is the flat volume form on U(I)r normalized so that U(l)g/U(I)z
has volume 1.

The Koecher principle says that we have a(/) # 0 only when [ is in the
closure of the positive cone C;, which is the dual cone of C;. See, e.g.,
[19] p.191 for a proof of the Koecher principle in the vector-valued Siegel
modular case. The present case can be proved similarly by using (3.16) and
Proposition below. See also [8] Proposition 4.15 for the scalar-valued
case. In general, when n < 2, the condition a(l) # 0 = [ € C_‘I 1s the
holomorphicity condition required around the /-cusp. The modular form f
is called a cusp form if a(l) # 0 only when [/ € C; at every 0-dimensional
cusp I. We denote by S, (I') € M,(I') the subspace of cusp forms.

It should be noted that the Fourier expansion depends on the choice of
I'. If we change I’, the tube domain realization is shifted by the translation
by a vector of U(I)g, say vo. Then we need to replace f(Z) by f(Z+vy), and
the Fourier coefficient a(/) is replaced by e((/,vy)) - a(l). In what follows,
when we speak of Fourier expansion at the /-cusp, the choice of I’ (and
hence of the tube domain realization D — 9);) is subsumed.

The Fourier coefficients satisfy the following symmetry under I'(1).,.

ProposiTION 3.6. Let 7 € T(I);. Lety = (y1,&, @) be its lift in T(I)z
expressed as in (3.14). Then we have

(3.17) a(y1l) = e(=(y1l, @) - y(a(D))
foreveryl e U(I).

Proor. By Lemma [3.2] the factor of automorphy for 7y is given by its
natural action on V(1) . Therefore we have

f(@) =v(f(2), ZeD,
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where y acts on 9; via the tube domain realization D ~ 9,;. We compute
the Fourier expansion of both sides. Since y(Z) = y,Z + @, we have

@) = ) ae(l,yZ + )

l

D ahe((l,a)e((y;'1,2))

l

D atyie(nl, a)e((l, 2)).

]
In the last equality we rewrote / as y;/. Comparing this with

V@) = > Wa)e(d, 2)),
1

we obtain y(a(l)) = e((y1l, @))a(y:l). O

In the right hand side of (3.17), the action of y on a(l) € V(I), is
determined by (y;, ). More precisely, y acts on Ic by € € {+1}, and on
V(D) =U()c®1: by y ®e.

Proposition implies the vanishing of the constant term a(0) in most
cases.

ProrositioN 3.7. Assume that A # 1,det. Then a(0) = 0.

Proor. We apply Proposition[3.6]to / = 0 and elements ¥ in the subgroup
(3.18) (yeT(zle=1dety; =1}

of mz. By trivializing I =~ Z, we identify V(I),, = V(I),. We also
identify SO(U(I)q) = SO(V(I)g) naturally. Then elements ¥ of the group
B.18) act on V(1) by the action of y; € SO(V(I)g) on V(I),. Therefore, by
Proposition 3.6 we find that a(0) = y;(a(0)) € V(I), for every such y. The
mapping ¥ — y; embeds the group (3.18) into SO(V(I)g), and the image
is an arithmetic subgroup of SO(V(/)g). By the density theorem of Borel
[S] (see also [42] Corollary 5.15), it is Zariski dense in SO(V(I)). Therefore
the vector a(0) € V(I), is invariant under the action of SO(V (1)) on V(I);.
However, by our assumption 4 # 1,det, the SO(n, C)-representation V,
contains no nonzero invariant vector (cf. §3.6). Therefore a(0) = 0. O

Remark 3.8. Since V(I) and Ic have the natural Q-structures V(/)q and
I respectively, V(I), has the natural Q-structure V(I)g 1 ® (Ié)@‘ where
Vga=ca- VU )([Qf” is the Q-representation of O(V(/)g) obtained by apply-
ing the orthogonal Schur functor to V(I)g. Thus we can speak of rationality
and algebraicity of the Fourier coefficients a(/). (Rationality depends on
the choice of I’, but algebraicity does not because the transition constant
e((1,vp)) is a root of unity.) When the homomorphism ¢; in (3.3)) is defined
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over Q, the p-product of two modular forms with rational Fourier coeffi-
cients at the /-cusp again has rational Fourier coefficients by (3.6).

3.5. Geometry of Fourier expansion

Let I and I’ be as in §3.3/and §3.4l In this section we recall the partial
toroidal compactifications of D/U(I)z following [2] and explain the Fourier
expansion from that point of view.

3.5.1. Partial toroidal compactification. We write X(I) = D/U(]).
The tube domain realization identifies X (/) with the open set D,/U(I)z of
the torus 7(I). Let C; = C; U |J, Ryov be the union of the positive cone

C; and the rays R.qv generated by rational isotropic vectors v in C;. Let
¥; = (0,) be a rational polyhedral cone decomposition of C7, namely a fan
in U(I)r whose support is C;. Note that every rational isotropic ray in C}
must be included in X;. We will often abbreviate X; = X when [ is clear
from the context. The fan X is said to be I'(/)z-admissible if it is preserved
by the I'(/)z-action on U(I)r and there are only finitely many cones up to
the I'(/)z-action. The fan X is called regular if each cone o, is generated by
a part of a Z-basis of U(I)z. It is possible to choose X to be I'(/)z-admissible
and regular ([2], [14]).

Let X be I'(/)z-admissible. It determines a mz—equivariant torus em-
bedding T'(I) — T(I)*. The toric variety T(/)* is normal; it is nonsingular
if T is regular. The cones o in T correspond to the boundary strata of 7'(I)*,
say A,. A stratum A, is in the closure of another stratum A, if and only if 7
is a face of 0. Each stratum A, is isomorphic to the quotient torus of 7'(/)
defined by the quotient lattice U(I)z/U(I)z N (o), where (o) is the R-span
of o. In particular, the rays Rsov in X correspond to the boundary strata of
codimension 1, say A,. If we take v to be a primitive vector of U([)z, the
stratum A, is isomorphic to the quotient torus of 7'(/) defined by U(I)z/Zv.
The variety T(I)* is nonsingular along A,. If we take a vector [ € U 05
with (v,[) = 1, then ¢' = e((I,Z)) is a character of T(I) and extends holo-
morphically over A,. The divisor A, is defined by ¢’ = 0. More generally,
a character ¢’ of T(I) where [ € U (1), extends holomorphically around a
boundary stratum A, (i.e., extends over A, and the strata A, which contains
A, in its closure) if and only if (/, o) > 0, or in other words, / is in the dual
cone of o. If moreover / has positive pairing with the relative interior of o,
the extended function vanishes identically at A, .

Now let X(I)* be the interior of the closure of X(I) in T(I)*. We call
X(I)* the partial toroidal compactification of X(I) defined by the fan X.
As a partial compactification of X(I) = D/U(I)z, this does not depend on
the choice of I”. When a cone o € X is not an isotropic ray, its relative
interior is contained in Cy, and the corresponding boundary stratum A, of
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T(I)* is totally contained in X(/)*. On the other hand, when o = Rsqv is
an isotropic ray, only an open subset of A, is contained in X(I)*. (This will
be glued with the boundary of the partial toroidal compactification over the
corresponding 1-dimensional cusp: see §3.3]) By abuse of notation, we still
write A, for the boundary stratum in X(/)* in this case.

3.5.2. Fourier expansion and Taylor expansion. Let f(Z) = 3, a(l)¢'
be the Fourier expansion of a I'-modular form of weight (4, k) at the /-cusp.
This can be viewed as the expansion of the V(/),,-valued function f on
X(I) by the characters of T(I).

Lemma 3.9. The function f on X(I) extends holomorphically over X(I)*.
When A # 1,det and o is not an isotropic ray, f vanishes at the corre-
sponding boundary stratum A,. When f is a cusp form, it vanishes at every
boundary stratum A,.

Proor. Since the dual cone of C; is C; itself, C; is contained in the dual
cone of every cone o in X. Therefore, if [ € U(I); N C,, then [ is contained
in the dual cone of every o, which implies that the function ¢’ extends holo-
morphically over X(I)*. By the cusp condition in the Fourier expansion,
this shows that the function f extends holomorphically over X(I)*.

When o is not an isotropic ray, its relative interior is contained in C;.
Hence any nonzero vector [ € U(I); N C has positive pairing with the rel-
ative interior of o-. This shows that the corresponding character ¢’ vanishes
at the boundary stratum A,. It follows that f|,_ is the constant a(0). By
Proposition[3.7] this vanishes when A # 1, det.

Finally, if f is a cusp form, we have a(/) # 0 only when / € C,. Such a
vector [ has positive pairing with the relative interior of every cone o € X,
and so ¢’ vanishes at A,,. Therefore f vanishes at the boundary of X(/)*. O

Let us explain that the Fourier expansion gives Taylor expansion along
each boundary divisor. Let o0 = R,yv be aray in X with v € U(I)z primitive.
We can rewrite the Fourier expansion of f as

(3.19) f@=), ), ald"

m20 ey (D),
(Lv)=m

We choose a vector [y € U(I); with (lp,v) = 1 and put gy = g"°. The
boundary divisor A, is defined by gy = 0. We put

b= D alhd™ = > al+mi)q.

IEU(I)% lEvJ-ﬂU(I)%
(Ly)=m
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Note that v:NU(1); is the dual lattice of U(I)z/Zv and hence is the character
lattice of the quotient torus A,. Therefore ¢,, is (the pullback of) a V(1) x-
valued function on A,. Then (3.19) can be rewritten as

@)= ¢ud.
m=0
This is the Taylor expansion of f along the divisor A, with normal parameter
qo, and ¢,, (as a function on A)) is the m-th Taylor coefficient. In particular,
the restriction of f to A, is given by ¢y:

fla=¢0= > ald.

levinU(DY

When (v, v) # 0, this reduces to a(0) because v+ N C; = {0} holds (cf. the
proof of Lemma[3.9). On the other hand, when (v, v) = 0, this reduces to

(3.20) fla= Y ald

1eQuAU(D)Y
because v+ N C; = Ragv.

RemMark 3.10. Sometimes it is useful to allow [, from an overlattice of
U(I);, e.g., when considering the Fourier-Jacobi expansion (§7). Then g
and ¢,, are still defined, as functions on a finite cover of 7T'(I).

3.5.3. Canonical extension. In §3.4] and §3.5] we regarded modular
forms as V(I),.-valued functions via the /-trivialization. Let us go back to
the viewpoint of sections of &,. The vector bundle &, on D descends to
a vector bundle on X(I) = D/U(I)z, which we again denote by &,;. We
extend it over X(I)* as follows.

Since the /-trivialization &, ~ V(I),x ® Oy is equivariant with respect
to U(I)z which acts on V(1) trivially, it descends to an isomorphism &, ; =~
V(D) ax ® Oxy over X(I). Then we can extend &, to a vector bundle over
X(I)* (still denoted by &,;) so that this isomorphism extends to E;; =
V() 1k ® Oxqy= over X(I )=. In other words, the extension is defined so that
the frame of &, over X(I) corresponding to a basis of V() by the I-
trivialization extends to a frame of the extended bundle &,,. This is an
explicit form of Mumford’s canonical extension [37]. By construction, a
section f of &, over X(I) extends to a holomorphic section of the extended
bundle &, over X(I)* if and only if f viewed as a V(I),-valued function
via the I-trivialization extends holomorphically over X(I)*. Then Lemma
can be restated as follows.

Lemma 3.11. A modular form f € M, (') as a section of E, over X(I)
extends to a holomorphic section of the extended bundle &, over X(I)*.
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When A # 1, det and o is not an isotropic ray, this extended section vanishes
at A,. When f is a cusp form, this section vanishes at every A,.

3.6. Special orthogonal groups

In the theory of orthogonal modular forms, there is an option at the
outset: which Lie group to mainly work with. The full orthogonal group
O, or the special orthogonal group SO, or the spin group Spin, or even the
pin group Pin. We decided to start with O for two reasons: (1) in some
applications we need to consider subgroups I' of O*(L) not contained in
SO*(L), and (2) the explicit construction by the orthogonal Schur functor
for & will be useful at some points.

On the other hand, it is sometimes more convenient to work with SO.
In this section we explain the switch from O to SO. The contents of this
section will be used only in §6.1] §10/and §111 so the reader may skip it for
the moment.

3.6.1. Representations of SO(n, C). We first recall some basic facts
from the representation theory of SO(n, C) following [39] §4, §8 and [18]
§19. Irreducible representations of SO(n, C) are labelled by their highest
weights. When n = 2m is even, the highest weights are expressed by m-
tuples p = (01, -+, pn) Of integers, nonnegative for i < m, such that p; >

© > Pt = |oml. We write pT = (o1, , Pm_1» —Pm) for such p. When
n = 2m + 1 is odd, the highest weights are expressed by m-tuples p =
(01, ,pm) of nonnegative integers such that p; > --- > p,, > 0. We
denote by W, the irreducible representation of SO(n, C) with highest weight
p. The dual representation W, is isomorphic to W, itself when n is odd or
4|n, while it is isomorphic to W, in the case n = 2 mod 4.

By the Weyl unitary trick, W, remains irreducible as a representation
of SO(n,R) c SO, C), and the above classification is the same as the
classification of irreducible C-representations of SO(n, R).

The restriction rule from O(n, C) to SO(n, C) is as follows ([39] Propo-
sition 8.24). Let A = (4; > --- > A, > 0) be a partition expressing an
irreducible representation V; of O(n, C). We define a highest weight A for
SO(n, C) by

/_l = (/ll - /lna /12 - /ln—l’ Tt /l[n/Z] - /ln+l—[n/2])-

Note that A itself can be viewed as a partition for O(n, C). When n is odd
or n = 2m is even with ‘A; # m, the O(n, C)-representation V, remains irre-
ducible as a representation of SO(n, C), with highest weight A. The vector
defined in (3.2)) is a highest weight vector. Thus V, ~ W; as a representa-
tion of SO(n, C) in this case. In particular, since the highest weight for the
partition A is A itself, we have V, =~ V; as SO(n, C)-representations. More
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specifically, when ‘A, < n/2 we have A = A, while when ‘A; > n/2 we have
V, = Vi®det as O(n, C)-representations. (In the latter case, the partitions A
and A are called associated in [39] and [18].)

In the remaining case, namely when n = 2m is even and ‘A, = m, V),
gets reducible when restricted to SO(n, C). More precisely,

(3.21) Vi~ Wi Wy

as a rePreS(Entation of SO(n, C). Note that A = A and A,, # O in this case.
Since A # A, this decomposition is unique. In this case, V, is the induced
representation from the representation W5 of SO(n, C) C O(n, C).

3.6.2. Automorphic vector bundles. We go back to the automorphic
vector bundles on 9. We choose a base point [wy] € D. Let K ~ SO(2, R) X
O(n,R) and SK ~ SO(2,R) x SO(n,R) be the stabilizers of [wy] in O*(Lg)
and in SO™(Ly) respectively (cf. §2.1)).

ProposiTiON 3.12. The following holds.

(1) If either n is odd or n = 2m is even with 'A; # m, then &, remains
irreducible as an SO*(Lg)-equivariant vector bundle, and we have &, ~
SO*(Lg) Xsxk W3. In particular, we have &, ~ &; as SO* (Lg)-equivariant
vector bundles.

(2) If n is even and 'A; = n/2, then &, as an SO*(Lg)-vector bundle
decomposes into the direct sum of two non-isomorphic vector bundles:

(3.22) & =808

with each component isomorphic to SO (Lg) Xsx W3 and SO*(Lg) Xsx Wy
respectively.

Proor. By (3.3), we have &, ~ O"(Lg) Xx V, as an O*(Ly)-equivariant
vector bundle. Therefore, as an SO* (Lg)-equivariant vector bundle, we have
&, = SO™(Lg)Xsk V,. Note that the representation of O(n, R) ~ O(H,jo) cK
on V, = (wy/Cwo)a = (H;, ® C), extends to a representation of O(n, C) ~
O(H $0 ®g C) naturally. Then our assertions follow from the restriction rule
for SO(n, C) c O(n, C). O

At each fiber, the decomposition (3.22) is the irreducible decomposi-
tion of (w*/Cw), as a representation of SO(w*/Cw). The I-trivialization
respects the decomposition (3.22)) in the following sense. As a representa-
tion of SO(V (1)), V(I), decomposes according to (3.21)), which we denote
by V(I), = W(I); ® W(I);:. By the uniqueness of the decomposition (3.21)),
the I-trivialization &, ~ V(I), ® Op sends the decomposition (3.22)) of &,
to the decomposition

V(D),®0p = (W(I); ®O0p) & (WD) ® Op)
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of V(I), ® Op. Thus we have the I-trivializations
(3.23) E = W(); ®O0p, E =W ®O0p

of each component &}, &;.

3.7. Rankin-Cohen brackets

In this section, as an example of explicit construction of vector-valued
modular forms, we define the Rankin-Cohen bracket of two scalar-valued
modular forms. This is a general method: see, e.g., [43], [27], [9], [16], [17]
for the case of some other types of modular forms, where Rankin-Cohen
bracket is a successful technique for explicitly describing some modules of
vector-valued modular forms.

Let f, g be nonzero scalar-valued modular forms of weight &, [ respec-
tively for I' < O*(L). We define the Rankin-Cohen bracket of f and g by

{f.gt =@/ Hedf/¢h.

Here g"*'/f"! is a meromorphic section of L*+D-k=D - pek+l = and
d(f'/g") is the exterior differential of the meromorphic function f’/g* on
D. Thus d(f'/g*) is a meromorphic 1-form on . It is immediate to see
that {g, f} = —{f, g}. When k = [, the Rankin-Cohen bracket reduces to the
more simple expression

if.g = " ffAYek(fle ! -dflg)
kg* ®d(f/g).

ProposiTiON 3.13. The Rankin-Cohen bracket {f, g} is a modular form
of weight (St, k+1+1) for T. We have {f, g} # 0 unless when f'is a constant
multiple of g~.

Proor. Since g“*!/ =1 and d(f!/g*) are meromorphic sections of L&+
and Q) ~ E® L respectively, {f, g} is a meromorphic section of E® L1,
i.e., has weight (St, k+/+1). The I'-invariance is obvious from the definition.
It remains to check the holomorphicity over D. We take a frame s of £ and
write f = fs®, g = gs® with £, g holomorphic functions on 9. Then

(fgb = @/ /Hs™ ed(f'gh
s* @ (1(d)g - k(dR))).
From this expression, we find that { f, g} is holomorphic. The nonvanishing
assertion is apparent. m|

When f =0 or g = 0, we simply set {f, g} = 0. Then the Rankin-Cohen
bracket defines a bilinear map

M (') X My(I') = M pq11(I).
When k = [, this induces A>M,(I') — M 241 (') by the anti-commutativity.
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3.8. Higher Chow cycles on K3 surfaces

One of the geometric significance of vector-valued modular forms on O
is the appearance of the middle graded piece of the Hodge filtration, while
scalar-valued modular forms are concerned only with the first piece. Thus
the connection between modular forms and geometry related to the variation
of Hodge structures on O shows up fully. In this section we present such
an example of geometric construction of vector-valued modular forms with
singularities. This section is independent of the rest of the monograph.

Let r: X — B be a smooth family of K3 surfaces. We say that 7: X —
Bis lattice-polarized with period lattice L if we have a sub local system A yg
of R*n,Z whose fibers are primitive hyperbolic sublattices of the Néron-
Severi lattices of the n-fibers X, and the fibers of Ay = Ay, are isometric
to L. Let B be an unramified cover of B where the local system A7 can be
trivialized (e.g., the universal cover) and let X = X xz B. After choosing a
base point o € B and an isometry (A7), ~ L, we have the period map

P:-B>D, b [H?*X,)C L.

If ' is a finite-index subgroup of O*(L) which contains the monodromy
group of Az, P descends to a holomorphic map

P:B—-F@).

When B is algebraic, £ is a morphism of algebraic varieties by Borel’s
extension theorem.

Let Z = (Z,) be a family of higher Chow cycles in CH?*(X,, 1). By this,
we mean that

e 7 is a higher Chow cycle of type (2, 1) on the total space X, i.e., a
codimension 2 cycle on X x A! which meets X x {0} and X x {1}
properly and satisfies Z|xx; = Z|xx1}, and

e the restriction Z, = Zly, to each fiber X, is well-defined, i.e., with-
out using the moving lemma, Z already intersects with X;, x A!
properly and gives a higher Chow cycle on X,.

The normal function v; of Z is defined as a holomorphic section of the
fibration of the generalized intemediate Jacobians H /(F*>H + R*n,Z). Here
H = R*n.C®0p and (FPH),, is the Hodge filtration on . The infinitesimal
invariant vz of v; is defined as a section of the middle cohomology sheaf
of the Koszul complex

(3.24) F*H - (F'H/F*H) @ Q) — (H/F'H) ® Q

over B. See [45], [11] for more details and examples.
We explain the connection with vector-valued modular forms. We first
consider the case where B = B is an analytic open set of D and the period
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map B — D coincides with the inclusion map. Then we can identify
F*H =L, F'H/FPH =83 (Ays ®205), H/F'H=L"|5
The Koszul complex (3.24) is the direct sum of the complex
0> Ays ®Qp — 0
and the modular Koszul complex (2.7)) restricted to B:
L-EQ,— Lo

According to this decomposition, we can write 6vz as ((6vz) yor, (OV2) prim)
where (0vz),, 1s a section of Ays ® Q}; and (6vz),rim 1s a section of the
middle cohomology sheaf of the modular Koszul complex over B. By the
calculation in Example 2.4] we see that

(6VZ)prim € HO(B’ 8(2) ® L),

namely (6V7z) ,rim 15 @ local modular form of weight (4, k) = ((2), 1) over B.

Now we consider the case where the family 7: X — B is algebraic,
—id ¢ I, and the algebraic period map £: B — ¥ (I') is birational. By
removing some divisors from B if necessary, we may assume that ¥ is an
open immersion and D — F (') is unramified over B ¢ ¥ (I'). Then we
may take B to be a I'-invariant Zariski open set of . In this case, the
Koszul complex (3.24) over B is the direct sum of 0 — Ays ® Qj, — 0 and
the descent of the modular Koszul complex (2.7) from B ¢ D to B ¢ F(I).
Let Z be a family of higher Chow cycles on X — B as above. According to
the decomposition of the Koszul complex over B, we can write

é‘VZ = ((5VZ)pol’ (5VZ)prim)

as in the local case. Then the pullback of the primitive part (6vz) yyim tO Bisa
T-invariant holomorphic section of &) ® L over B. By a vanishing theorem
proved later (Theorem [9.1)), there is no nonzero holomorphic modular form
of weight ((2), 1) on D. Hence, if (6vz),.im does not vanish identically, it
must have a singularity at some component of the complement of B in D.
In other words, the primitive part (6vz) . of the infinitesimal invariant v,
of Z is a modular form of weight ((2), 1) with singularities.






CHAPTER 4

Witt operators

In this chapter, as a functorial aspect of the theory, we study pullback of
vector-valued modular forms to sub orthogonal modular varieties, an oper-
ation sometimes called the Witt operator. Let L be a lattice of signature
(2,n) and L’ be a primitive sublattice of L of signature (2,n"). We put
K = (') NLand r = rank(K) = n —n’. If we write O’ = Dy, then
D = PL, N D. Let f be a vector-valued modular form on O. In §4.1]
we study the restriction of f to 9’. This produces a vector-valued mod-
ular form on 9, whose weight (in general reducible) can be known from
the branching rule for O(n’,C) € O(n,C). An immediate consequence is
the vanishing of M,(I') in kK < 0 (Proposition 4.4). A more interesting
situation is the case when f vanishes identically at ', which we study in
§4.2] In that case, we can define the so-called quasi-pullback of f, which
produces a cusp form on 9’ (Proposition 4.10). These operations will be
useful when studying concrete examples.

Restriction of modular forms to sub modular varieties has been consid-
ered classically for scalar-valued Siegel modular forms, going back to Witt
[48]]. Quasi-pullback has been also considered in this case: see [10] §2 for
a general treatment.

Quasi-pullback of orthogonal modular forms was first considered for
Borcherds products by Borcherds ([6], [7]), and later for general scalar-
valued modular forms by Gritsenko-Hulek-Sankaran ([23] §8.4) in the case
r = 1. Our terminology “quasi-pullback™ comes from this series of work.
The cuspidality of quasi-pullback was first proved in [22]], [23] in the scalar-
valued case. Our Propositiond.10/is the vector-valued generalization.

4.1. Ordinary pullback

We embed O"(L},) X O(Kr) in O"(Lg) naturally. This is the stabilizer
of Li, in O"(Lg). Let I be a finite-index subgroup of O*(L). Then I =
I'NO*(L) is a finite-index subgroup of O*(L’), and G = 'NO(K) is a finite
group. The product I” X G is a finite-index subgroup of the stabilizer of L’
inT.

47
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Let £, & be the Hodge bundles on O'. Since Op;.(— Dler,, = OM&(— 1),
we have L],y = L'. We also have a natural isomorphism

4.1) Elp =& & (Kc ® Op),
which at each fiber is the decomposition

(w" N Lc)/Cw = ((w* N Ly)/Cw) & Ke.
This corresponds to the decomposition St = St” & St” of the standard rep-
resentation of O(n, C) when restricted to the subgroup O(n’, C) x O(r, C),
where St” and St” are the standard representations of O(n’, C) and O(r, C)
respectively.

Let A be a partition expressing an irreducible representation V, of
O(n, C). We denote by

(4.2) Viz P Vi 8 Vina

the irreducible decomposition as a representation of O(n’,C) x O(r, C),
where V), (resp. VY, ) is the irreducible representation of O(n’,C)
(resp. O(r,C)) with partition A’(a) (resp. A”’(a)). See [31], [33] for an
explicit description of this restriction rule in terms of the Littlewood-
Richardson numbers. Let k be an integer.

ProposiTiON 4.1. Restriction of modular forms to D' C D defines a
linear map

M) — @ My i) & (K5 f P flo

This maps cusp forms to cusp forms.

For the proof of Proposition 4.1, we need to calculate the Fourier ex-
pansion of f|y. We take a rank 1 primitive isotropic sublattice I of L’. Let
U(I)z ¢ U(I)g be as in §3.3 and we define U(I);, ¢ U (I)(’Q similarly for
(L', T7). Then U(D)g, € U(D)g and U(D);, € U(D)z. If we write K = Ko ®1q,
we have U(Il)g = U(I )(’Q ® K(’Q. The tube domain realization with respect to /
(with I’ also taken from L") identifies 9’ C D with O} = D;NU);. € D;.

Lemma 4.2. Let f(Z) = ZleU(% a(l)q' be the Fourier expansion of f €
M, () at the I-cusp of D. Then we have

(4.3) floy@y=" > b, (@) =el.2),
re(Uy,)Y

forZ' € D), where
b= > al'+1")

l// EK/
Q
I+ €Uy
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Proor. Let : U(l)g — U(I); be the orthogonal projection. This maps
U(I); to a sublattice of (U(I);,)". For [ € U(I);, the restriction of the func-
tion ¢' = e((l,2)) to D, ¢ Dy is (¢')P = e((n(l), Z')). Then our assertion
follows by substituting ¢/ = (¢')"® in f = 3,a(l)¢'. Note that the sum
defining b(!’) is actually a finite sum by the condition I’ + I’ € C; (the cusp
condition for f) and the fact that K7, is negative-definite. O

Now we prove Proposition 4.1l

(ProoF oF ProposiTioN [4.1). From the expression (3.3)) and the decom-
position 4.2), we see that

(4.4) Eily = P 1oy ® Ko

as an O"(L}) X O(Kg)-equivariant vector bundle on ©’. With the isomor-
phism L]y = L', we obtain

il = @ Elyayn ® (Ke)vr(a)-
a

If f is a I'-invariant section of &, over D, this shows that f|y isal” X G-
invariant section of @a 8’1,((1)’,(@([(@) 1 over 2. Hence itis aI”-invariant
section of € E ik ® (Kc)S, @ over D'

Holomorphicity of f|s at the cusps of 9’ holds automatically when
n’ > 3 by the Koecher principle. In general, this can be seen from Lemma
4.2 as follows. Let [ and K7, be as in Lemmad.2l Since K7, is negative-
definite, the orthogonal projection U(l)r — U(I); maps the positive cone
C; of U(D)r to the positive cone C; of U(I);, and maps C; to E} Hence
the vectors I’ in (4.3) actually range over (U(I);)" N C_‘} This proves the
holomorphicity of f|s around the I-cusp of 9. Since [ is arbitrary, f is
holomorphic at all cusps of 9. When f is a cusp form, the vectors /' range
over (U(I);)" NC; for the same reason. This means that f|y is a cusp form.
This proves Proposition 4,11 O

ExampLE 4.3. Let us look at a typical example. Let 4 = St. As
noticed before, this decomposes as St = St & St” when restricted to
O(n’, C)x O(r, C), which corresponds to the decomposition (4.1)). Therefore
restriction to 9’ gives a linear map

MSt,k(F) e Mst/’k(r,) (&) (Mk(l—v) 24 Kg)

The first component Mg x(I') — Mgy x(I'") can be considered as the main
component of the restriction, but we also obtain some scalar-valued modular
forms in M, (I") ® Kg as “extra” components. When G fixes no nonzero
vector of K, these extra components vanish. For example, this happens
when I contains a reflection and L’ is the fixed lattice of this reflection.
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As an application of Proposition 4.1} we obtain the following elemen-
tary vanishing theorem. Although this will be superseded later (§9), we
present it here because it can be proved easily and is already informative.

ProposiTioN 4.4. When k < 0, we have M (I') = 0. Moreover, we have
M,o(T) = 0 when A # 1, det.

Proor. Let f € M,,(I') with k¥ < 0. We consider restriction of f to
I-dimensional domains 9;, C D for sublattices L C L of signature (2, 1).
As a representation of O(1,C) = {£id}, V, is a direct sum of copies of the
trivial character and the determinant character. By Proposition 4.1l and the
calculation in §2.5.1] we see that f|p,, is a tuple of scalar-valued modular
forms of weight 2k < 0 on the upper half plane 9;,. Since there is no
nonzero elliptic modular form of negative weight, we find that f vanishes
identically at D;,. Now, if we vary L’, then 9, run over a dense subset of
D. Therefore f = 0.

When f € M) with 2 # 1,det, by combining Proposition [3.7] and
Lemma B.2] we see that f|p,, is a tuple of scalar-valued cusp forms of
weight 0 on D;,, which vanish identically. Therefore f = O similarly. O

The idea to deduce a vanishing theorem by considering restriction to
sub modular varieties is classical. In the case of Siegel modular forms, this
goes back to Freitag [15].

Proposition4.4]in particular implies the following.

ProposiTioN 4.5. Let n > 3. Assume that {I', —id) does not contain a

reflection. Let X be the regular locus of ¥ (I') = T\D. Then H°(X, T;’?k) =0
for every k > 0.

Proor. Let 1: D — F(I') be the projection and X’ C X be the locus
where 7 is unramified. By [22], the absence of reflection in (I', —id) implies
that 7 is unramified in codimension 1, so the complement of 77}(X’) in D
has codimension > 2. Since we can pullback sections of T;’?," by the étale
map 7' (X’) — X', we see that

H'X T =X, Tg) = H (' (X)), T

X

D' =H(OD,TH)".
Since Ty ~ E® L7 by (2.3), we find that

H(X, Tf?k) = H' (D, &% @ L7 = @ Mgy, (),

where A(i) run over the irreducible summands of St®. By Proposition .4}
the last space vanishes when —k < 0. O
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4.2. Quasi-pullback

In this section we show that when f|5 = 0, we can still obtain a nonzero
cusp form on 9’ by considering the Taylor expansion of f along O’. We
assume n” > 3 for simplicity of exposition, but the results below hold also
when n’ < 2 (see the proof of Proposition [4.10).

We first describe the normal bundle N = Ny, of D" in D.

LemMa 4.6. We have N ~ (L) '®Kc as an O*(Ly)XO(Kr)-equivariant
vector bundle on 9.

Proor. By (2.3) and (d.1)), we have natural isomorphisms

Toly = (E®L Dy ~(E & Kc®0p)® (L)
Tp & (L)' ® Ke).

1

This implies N =~ (L)™' ® K¢. O
Let 7 be the ideal sheaf of ' c D and v > 0. By Lemma /4.6l we have
4.5) Iy = Sym"NY =~ (L)® ® Sym”K}

as an O*(L},) x O(Kg)-equivariant vector bundle on 9. Therefore we have
the exact sequence

(4.6) 0— I"'E = I'Ep — Eilp © (L) @ Sym”KY — 0

of sheaves on D. By @.4) we have an O*(L;,) x O(Kr)-equivariant isomor-
phism

Ellp ® (L) @ Sym’K) ~ @ Eroriey ® (K@) ® Sym’Ky.

Note that K\ ~ K canonically by the pairing on K. Taking global sections
in (4.6), and then the I X G-invariant part, we obtain the exact sequence

0 - HO(D, Iv+18/l,k)F/XG - HO(D, IVS/I,k)F/XG
(4.7) = P My i) & (K)o ® Sym*Ko)°.
By definition, a modular form f € M, (I') vanishes to order > v along 9" if

itis a section of the subsheaf 77E, ; of &, . The vanishing order of f along
7Y is the largest v for which f is a section of 77E .

DeriniTiON 4.7. Let f € M, 4(I') and v be the vanishing order of f at D'.
We define the quasi-pullback of f

flo € B M) & (Koo ® Sym*Ke)°

as the image of f by the last map in (4.7).
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By the exactness of (4.7) and the definition of the vanishing order, we
have f|lpr # 0. Note that the vanishing order v contributes to the increase
k ~ k + v of the scalar weight. When v = 0, the quasi-pullback is just the
ordinary pullback considered in §4.11

ExampLE 4.8. When r = 1, ignoring the symmetry by G C {+id}, the
quasi-pullback f1lpy belongs to €, My (@ kv(I"). Explicitly, fllo is given
by the restriction of f/(:,0)” to D', where ¢ is a nonzero vector of K and
(+,0) is the section of O(1) defined by the pairing with ¢.

ExampLE 4.9. The quasi-pullback of a Borcherds product f considered
by Borcherds ([6], [7]) is defined as f/ [[5(9, -)lp’, where 6 run over primi-
tive vectors in K (with multiplicity) such that f vanishes at - N D. This is
a single scalar-valued modular form (again a Borcherds product), while our
quasi-pullback produces a tuple of scalar-valued modular forms, or more
canonically, a Sym”Kc-valued modular form. The relationship is as fol-
lows.

The denominator []s(6, -) is a section of 7 - O(v) over D. This corre-
sponds to a sheaf homomorphism¢: L*” — I”. By a property of Borcherds
products, f is a section of the subsheaf ((L®") - L of 1" - L&, Let
: (L) — Sym’NV be the embedding induced by ¢| and @.3). Un-
der the isomorphism Sym" A" =~ (L)®” ® Sym"K(, this corresponds to the
vector [5(-,6) of Sym”"K, which in turn corresponds to the vector []; 6 of
Sym’Kc. Then fllsy as a section of Sym’ NV ® (L)% takes values in the
sub line bundle 7((L)®") ® (L)®* ~ (L)®*. This section of (L")®* is the
quasi-pullback in [6] and [7]].

Next we prove the cuspidality of quasi-pullback. In the case 4 = 0 and
r = 1, this is due to Gritsenko-Hulek-Sankaran ([23] Theorem 8.18).

ProposiTioN 4.10. Let f € M, (') and v be the vanishing order of f at
D', Suppose that v > 0. Then f||gy is a cusp form. Thus

flor € D StwunT) @ (Ko)pw ® Sym”Ke)°

For the proof of Proposition we calculate the Fourier expansion
of fllpy. We work under the same setting and notation as in the proof of
Lemma 4.2l We choose a basis of K3, According to the decomposition
Ull)g = U(I)@’Q @ K(’Q, we express a point of U(l)c as Z = (Z', 21, ,2r)
with Z” € U(I); and z; € C. Then O} C Dy is defined by z; = --- =z, = 0.
The coordinates z;,-- - ,z, give a trivialization of the conormal bundle NV
of D). The quasi-pullback f|l as a V(1) ®Sym"C"-valued function on D
is given, up to constants, by the Taylor coeflicients of f along O); in degree
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of
, N= | —/— L
Ao (Z7) (&Y‘“'azf’

We calculate the Fourier expansion of the Taylor coefficients. In what fol-
lows, we identify (K(’Q)v ~ Q" by the dual basis of the chosen basis of K
and express vectors of (K(’Q)v as (ny,---,n,), n; €Q.

, 0))

Vit ty=y

Lemma 4.11. Let f(Z) = Y, a(l)q' be the Fourier expansion of f. Let
1, ,v,) be anindex with vy + - -- + v, = v. Then we have

an ’ v ’ N4
o5 (.0 = QeV=1) ) b))

azll oo er IIE(U(I)/Z)V
where (¢') = e((I',Z")) and
bIy= D aeenyeal + (e n).

(n1,n,)EQ”
U+(ny,-n)elD)y

Here, by convention, 0° = 1 but 0™ = 0 when m > 0.

Note that the sum defining b(!") is actually a finite sum for the same
reason as in Lemma4.2]

Proor. We can rewrite the Fourier expansion of f as

f(Z”Zl’ e ’Zr)

DD al sy ) e+ (e ), (22, 2)
)

l, (nl,"',nr

D al + Gy n) el 2 - | | ez,

U (nyeny) i=1

Here I’ ranges over (U(I);)" and (n,--- ,n,) ranges over vectors in Q" =
(K@)V such that ' + (ny,--- ,n,) € U(I);. Since we have

DL W2 _ =Ty [T etmz,

az‘l/l P azrr =
we see that
af
S — /A N
9z '-'GZZ’( . )
= @eV=1y' ). > all + (e, n))- (@) - | |l enizo.
U (ny,,ny) i

Substituting z; = - - - = z, = 0, this proves Lemma4. 11l m|

Now we complete the proof of Proposition 4. 10l
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(Proor or ProposiTioN[4.10). Let I’ be a vector in E} N (U);,)" with
(') = 0. For (ny,--- ,n,) € Q", we have I' + (n,,--- ,n,) € C; only when
(ny,---,n) =(0,---,0) because Ké is negative-definite and perpendicular
to U(I),. By Lemma.T1] this shows that

bly=0"---0"-a(l')=0

because (vi,---,v,) # (0,---,0) by the assumption v > 0. This proves
Proposition |



CHAPTER 5

Canonical extension over 1-dimensional cusps

In this chapter we recall the partial toroidal compactification over a 1-
dimensional cusp and the canonical extension of the automorphic vector
bundles over it. This provides a geometric basis for the Siegel operator
(86) and the Fourier-Jacobi expansion (§7). Except for a few calculations in
§5.4] and §5.3] most contents of this chapter are essentially expository. We
refer the reader to [2] for the general theory of toroidal compactification,
o [22]], [34], [35] for its specialization to the case of orthogonal modular
varieties (especially for more details on the contents of §5.1]— §5.3)), and to
[37] for the general theory of canonical extension. Nevertheless, since this
chapter is the basis of many later chapters, we tried to keep the presentation
as self-contained, explicit, and coherent as possible.

Throughout this chapter, L is a lattice of signature (2, n) with n > 3. We
fix a rank 2 primitive isotropic sublattice J of L, which corresponds to a 1-
dimensional cusp of D = D;. We write V(J)r = (J*/J)p for F = Q,R,C.
This is a quadratic space over F, negative-definite when FF = Q,R. We
especially abbreviate V(J) = V(J)c. We also write U(J)r = A*Jp. The
choice of the component 9 determines an orientation of J so that the R-
isomorphism (w,-): Jg — C preserves the orientation for any [w] € D.
This determines the positive part of U(J)g.

For 2U = U & U, where U is the integral hyperbolic plane, we will
denote by ey, fi and ey, f> the standard hyperbolic basis of the first and the
second components respectively. We say that an embedding ¢: 2Ur —
Lr is compatible with J if «(Ze, ® Ze,) = J. This defines a lift V(J)p =
tQUp)* N Lg of V(J)F in Jx and hence a splitting

(3.1 Ly 22Ur®V()r = (Jr®Jp) ® V(Dr,

where we identify «((fi, f2)) with J. We often choose a rank 1 primitive
sublattice I of J. We say that ¢: 2Ur <> Ly is compatible with I C J if
(Ze, & Zey) = J and u(Zey) = 1.

5.1. Siegel domain realization

In this section we recall the Siegel domain realization of O with respect
to the J-cusp and explain its relation with the tube domain realization.

55
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5.1.1. Siegel domain realization. The filtration J c J* C L on L de-
termines the two-step linear projection

(5.2) PLc -5 P(L/J)c = P(L] T )e.
Via the pairing on Lc, this is identified with the dual projection
PLY --> P(J2)" > PJL.

The center of m; is PJc, and the center of m, is PV(J). The projection
m, identifies P(L/J)c — PV(J) with an affine space bundle over P(L/J*)c.
If we choose a lift V(J) — Jz of V(J), it defines a splitting (L/J)c =
V(J) ® (L/J*)c, and so defines an isomorphism between the affine space
bundle P(L/J)c — PV(J) with the vector bundle V(J) ® O(1) over P(L/J*)c.

We restrict (3.2)) to the isotropic quadric Q C PLc. The closure of a ;-
fiber is a plane containing PJc. When this plane is not contained in PJZ, it
intersects properly with Q at two distinct lines, one being PJ. This shows
that

mlo: Q- QNPJE > B(L/))c —PV(J))

is an affine line bundle.

Next we restrict (3.2) further to an enlargement of the domain D C Q.
Let H, be the connected component of PJ: — PJy consisting of C-linear
maps ¢: Jo — C such that ¢|;, : Jg — C is an orientation-preserving R-
isomorphism. By the canonical isomorphism PJ ~ PJc, H; corresponds
to the J-cusp. We put V, = ﬂgl(Hj) and D(J) = (mIQ)‘l("VJ). Then
D c D(J). We thus have the extended two-step fibration

(5.3) Do) Dy, 5H,

where V, — H; is an affine space bundle isomorphic to V(J) ® Og, (1),
D(J) — YV, is an affine line bundle, and D — YV, is an upper half plane
bundle inside D(J) — V,. This is the Siegel domain realization of D with
respect to J. (Up to this point, canonically determined by J.)

5.1.2. Relation with tube domain realization. We choose a rank 1
primitive sublattice I of J. Recall from §3.3]that the tube domain realization
at the /-cusp (before choosing a base point) is the canonical embedding

D c Q) > P(L/De — PV(I)

induced by the projection PL¢ --> P(L/I)c. Note that D(J) € Q(I). We can
factor the projection 7r; in (3.2)) as:

PLc - P(L/D)c -> P(L/J)c - P(L/J ).
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Hence we have the following commutative diagram:

P(L/Dc —PV() —=P(L/J)c = PU* /e —=P(L/J ) = PU+ /I )e

N

D c D) YV, H;.

Here the upper row is projections of affine spaces, the left vertical map is the
tube domain realization at /, and other vertical maps are natural inclusions.
The two squares are cartesian, i.e., D(J) — YV, — H; is the restriction of
the upper row over H;. Thus the Siegel domain realization at J can be given
by a decomposition of the tube domain realization at I C J.

Next we choose a rank 1 isotropic sublattice I’ ¢ L with (/,1’) # 0 and
accordingly a base point of the affine space P(L/I)c —PV(I). This identifies
the upper row of the above diagram with the linear maps

UDc=U"/Dc®lc = (I Ne®Ic = (I /J )@ Ic.
We identify U(J)c = A%Jc with the isotropic line (J/I)c ®Ic in U(I)c. Then

this is written as the quotient maps

(5.4) UDe — UDc/UDe = UDc/UU)z.

Therefore, after choosing the base point /’, the above commutative diagram
can be rewritten as

0

U(l)c U(De/U(De —— U(Dc/UJ)E
D c DUJ) il (J/, i 14,

where the vertical embeddings are defined by I’ and the two squares are
cartesian. This gives a simpler (but depending on /,1”) expression of the
Siegel domain realization.

Finally, we introduce coordinates. Let v, be the positive generator of
A*J =~ Z. We choose an isotropic vector [; € U(l)g with (v, 1;) = 1.
This defines a splitting U(I)g = Uqg ® Kg where Ko = V(J)g ® I, which
determines a splitting of (5.4). Accordingly, we express a point of U(I)c =~
Cl; x Kc x Cyy as

(5.5) Z=(t,z,w) =7l + 2+ wvy, z€ Ke, ,weC.

In this coordinates, the I-directed Siegel domain realization (5.4) is ex-
pressed by

(t,zzw)— () > T
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The w-component gives coordinates on the mri-fibers (=~ U(J)c), and T gives
coordinates on the base U(I)c/U(J)z =~ U (J)é. The images of the embed-
dings

D) > UDe, Vy = UDc/UWe, Hy = UDe/UWU)z

are all defined by the inequality Im(7) > 0, and the tube domain D; C U(I)c
is defined by the inequalities

—(Im(z), Im(z)) < 2Im(7) - Im(w), Im(7) > 0.

Thus the choice of I, I, I; defines a passage from the canonical presentation
(3.3) to a more classical presentation of the Siegel domain realization.

Remark 5.1. The choice of I’ and /; is almost equivalent to the choice
of an embedding 2Uq < Lq compatible with Iy C Jgo. More precisely, we
choose one of the two generators of / ~ Z, say v,. Let v; € I, be the dual
vector of v; in I@. We can write v; = ¥,®v; and [, = [;®v, for some vectors
¥, € (I)* N Jgand [; € (I)* N I3. This defines an embedding 2Uq — Lg
compatible with Iy C Jg by sending

, . -
et v, fimv, eV, fiml.

5.2. Jacobi group

In this section we describe the rational/real Jacobi group of the J-cusp
and its action on the Siegel domain realization.

Let F = Q, R. Let I'(J)r be the subgroup of the stabilizer of Jr in
O(Ly) acting trivially on A%2Jr and V(J)r. We call I'(J); the Jacobi group
for J over F. (It is certainly useful to take into account the action on V(J),
but here we refrain from doing so for simplicity of exposition.) The Jacobi
group has the canonical filtration

U()r ¢ W) CT(DF
defined by
W()r = Ker(M'(J)r — SL(JF)),
U(J)r = Ker(I'(J)r — GL(J3)).

The group U(J)r consists of the Eichler transvections Eygy for [,I' € Jp.
Since Epg = E_jgr, U(J)p is canonically isomorphic to A2Jg. This justifies
our use of the notation U(J)r. We also have the canonical isomorphism

VIDr®Jr = W) /U(J)F, m®l— Ezg mod U(J)r,

where 7 € Jg is a lift of m € V(J)p. The linear space V(J)r ® Jr has a
canonical U(J)g-valued symplectic form as the tensor product of the qua-
dratic form on V(J) and the canonical A%Jz-valued symplectic form on J.
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We thus have the canonical exact sequences
(5.6) 0> W) -»T(J)r— SLUJr) - 1,

0->UN)yr > W > V)reJr— 0.
The group U(J)F is the center of I'(J)r, and W(J)r is the unipotent radical
of I'(J)¢. The first sequence (3.6) splits if we choose an embedding 2Uy <
Lr compatible with Jr and hence a splitting Lr =~ (Jr ® J)) & V(J)F as in
GI):
(5.7) I'(J)r = SL(Jr) =< W(J)p.

Here the lifted group SL(Jr) C I'(J)F acts on the component Jr & J;. in the
natural way. The adjoint action of SL(Jr) on W(J)r/U(J)r = V(J))r ® JF
is the tensor product of the natural action of SL(Jr) on Jr and the trivial
action on V(J)r. The group W(J)r is isomorphic to the Heisenberg group
for the symplectic space V(J)r ® Jr with center U(J)r. We call W(J)r the
Heisenberg group for J over F.

If I is a rank 1 primitive sublattice of J, we have

(5.8) UNr cUDr CT(Dr,

as can be seen from the definitions. In U(l)r = (I*/D)r ® I, U(J)F cor-
responds to the isotropic line (J/I)r ® Ir. We also have W(J)r C T'(I)r
and

UDrNW()p=UF = Dr @ Ir.
The image of W(J)r in O(V(I)r) is the group of Eichler transvections of
V(I)r with respect to the isotropic line (J/I)f.

The Jacobi group I'(J) preserves the Siegel domain realization (3.3)) by
definition. The actions of the factors U(J)r, W(J))g/U(J)r, SL(JF) of I'(J)r
on the spaces in (3.3)) are described as follows.

(1) The group U(J)Fr acts on V; trivially. The projection D(J) — YV,
is a principal U(J)c-bundle, where U(J)c = A%Jc is the group of Eichler
transvections Egy with [,I” € Jc.

(2) The Heisenberg group W(J)r acts on H trivially. The quotient
W(Dr/U)r =~ V(J)r ® Jr acts on the fibers of V; — H; by transla-
tion. More precisely, if 7 is a point of H; c PJy and Jc = J"* & J%! is the
corresponding Hodge decomposition of Je (where J'? is the kernel), the
fiber of Oy, (1) over T is Jo/J'0. So the fiber (V). of V; over 7 is an affine
space for V(J)®c (Jc/J'Y). On the other hand, we have a natural projection
V(e ® Jg = V(J) ®c (Jo/J"?) which is an R-isomorphism. Then the
action of an element of W(J)r/U(J)r =~ V(J)r ®r Jr on the affine space
(V) is the translation by its projection image in V(J) ®c (Jc/J"0).

(3) To describe the action of SL(Jr), we take an embedding 2Ur —
Ly compatible with Jr. As explained before, this induces an isomorphism
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V, = V(J) ® Og,(1) and a lift SL(Jr) < I'(J)r. Then the lifted group
SL(JF) acts on V, by its equivariant action on Oy, (1).

5.3. Partial toroidal compactification

Let I' be a finite-index subgroup of O*(L). We take the intersection of
I'(N)g, W(J)q, U(J)qg with I" and denote them by

[(J); =T(N)gNT, W)z =W(gnT, UWJ)z=U)NT.

By the orientation on J, we have a distinguished isomorphism U(J)z ~ Z.
We also denote by I'(J); the stabilizer of J in I'. The integral Jacobi group
I'(J)z is of finite index in I'(J);, because

L) /T(J)z < OWJ*/J)

and O(J*/J) is a finite group. If I' is neat, we have I'(J);, = I'(J)z.
We put

(), =T(Nz/UWD)z, T)p =TW)r/UWJ)z

for F = Q,R. These quotients make sense because U(J)r is the center of
['(J)r. By definition we have the canonical exact sequence

0 — W()z/UWJ)z = T(J); = T()z/W(J)z — 1,

which is canonically embedded in the quotient of (3.6) by U(J)r: more
specifically, I'(J)z/W(J)z is embedded in SL(J) as a finite-index subgroup,
and W(J)z/U(J)z is embedded in V(J)g ® Jg as a full lattice.

Let T(J) = U(J)c/U(J)z =~ C* be the 1-dimensional torus defined by
U(J)z. We denote by T(J) ~ C the natural partial compactification of 7'(J).
We take the quotient of D c D(J) by U(J)z:

X(J)=D/UDz, T)=DWD/U)yz.

Then 7 (J) is a principal T'(J)-bundle over V,, which contains X(J) as a fi-
bration of punctured discs. Let 7(J) = 7 (J) Xz T(J) be the relative torus
embedding. This has the structure of a line bundle on V;: the scalar multi-
plication on each fiber is given by the action of 7'(J) =~ C*, and the sum is
determined by the scalar multiplication because the fiber is 1-dimensional.
The group I'(J); acts on 7°(J) naturally, and this extends to an action on
T (J). The fact that I'(J)g commutes with U(J)c implies that the action of
mna on 7 (J) is an equivariant action on the line bundle.

Let X(J) be the interior of the closure of X(J) in m We call m
the partial toroidal compactification of X(J). This is a disc bundle over V,
obtained by filling the origins in the punctured disc bundle X(J) — V. Let
A, be the boundary divisor of X(J). This is naturally isomorphic to V,. We
denote by @, the conormal bundle of A, in X(J). This is a [ (J)z-equivariant
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line bundle on A;. (Although the subgroup U(J)r/U(J)z of T'(J)i acts on
A, trivially, it acts on the fibers of ®, by rotations.)

Lemma 5.2. We have a natural T'(J)g-equivariant isomorphism @V =~
T (J) of line bundles on A,.

Proor. Since A; is the zero section of the line bundle 77 (J), its normal
bundle in X(J) is the same as the normal bundle in 7 (J), which is isomor-
phic to 7 (J) itself. O

The partial compactification X(J) already appears in essence in the par-
tial compactifications X(I)* for I C J considered in §3.5.11 Recall that the
isotropic ray o; = (U(J)r)so appears in every ['(/)z-admissible fan Z as in
§3.5.1l Since U(J); c U(I)z, we have a natural étale map X(J) — X(I)
which is a free quotient map by U(I)z/U(J)z.

Lemma 5.3. The map X(J) — X(I) extends to an étale map X(J) —
X(I)*. The image of A; is a Zariski open set of the boundary divisor of
X(D* associated to the isotropic ray o .

Proor. Since D(J) c Q(I), we have the following commutative diagram

(cf. §5.1.2):

T(N——0WD/U()z T{)

l | l

Vi——0WD)/U()c —=TWUD)/T({).

Here the vertical maps are principal 7'(J)-bundles, and the two right hori-
zontal maps are free quotients by U(I)z/U(J)z. The two squares are carte-
sian: the right is the pullback of a principal 7'(J)-bundle to a U(I)z/U(J)z-
cover, and the left is the restriction to an open set. Since the upper row is
T (J)-equivariant, it extends to

T(J) = (QD)/U()z) X1y T(J) = TU) Xr(5y T(J).
The second map is still a free quotient by U(I)z/U(J)z. The image of
A; C T (J) by this map is an open set of the (unique) boundary divisor
of T(I) Xz T(J). Since T(I) XT() T(J) is the torus embedding of T'(1)
associated to the ray oy, it is a Zariski open set of T(/)*. Thus we obtain

an étale map 7 (J) — T(I)* which maps A; to an open set of the boundary
divisor of T(I)* corresponding to o . O

5.4. Canonical extension

In this section, which is the central part of §3 we extend the automor-
phic vector bundles &, over X(J). This is an explicit form of Mumford’s
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canonical extension [37] which is suitable for dealing with the Fourier-
Jacobi expansion. We use the same notations L, &, &,, &, for the descends
of these vector bundles to X(J). They are I'(J)z-equivariant vector bundles
on X(J).

We choose an adjacent O-dimensional cusp I € J. Since U(J)z C I'(D)g,
the I-trivialization &, =~ V(I)x ® Op over D descends to an isomor-
phism &, =~ V(D ® Oxyy over X(J) = D/U(J)z. Thus we still
have the [-trivialization over X(J). This is equivariant with respect to
T N T(r)/UJ)z. We extend &, to a vector bundle over X(J)
(still use the same notation) by requiring that this isomorphism extends to
S = V(IDax® OTJ)' We call it the canonical extension of &, over X(J).
This is the pullback of the canonical extension over X(I)* defined in §3.3.3]
by the gluing map X(J) — X(I)* in Lemma[5.3] By construction, the frame
of &, over X(J) corresponding to a basis of V(I),, via the I-trivialization
extends to a frame of the extended bundle over m

ProposiTiON 5.4. The canonical extension of E,; over X(J) defined
above does not depend on the choice of 1. The action of I'(J)r on &,
over X(J) extends to action on the canonical extension of &, over X(J).

The proof of this proposition amounts to the following assertion.

Lemma 5.5. The factor of automorphy of the I'(J)r-action on &, with
respect to the I-trivialization is constant on each fiber of my: D — V. In
particular, if I’ is another R-line in Jy, the difference of the I-trivialization
and the I'-trivialization at [w] € D as the composition map

(5.9 V(IDix = Erdiw) = VU ax
is constant on each m|-fiber.

Proor. Let j(y, [w]) be the factor of automorphy in question. This is a
GL(V(I),x)-valued function on I'(J)g X O. What has to be shown is that
Jjy, [w]) = jly, [)]) if mi([w]) = m([w']). We consider the natural exten-
sion of &, over D(J), on which the group U(J)c - I'(J)r acts equivariantly.
Note that U(J)c commutes with I'(J)z. We can write [w’] = g[w] for some
g € U(J)c. Since U(J)c acts trivially on I and V(I), we have j(g,-) = id.
Therefore

I, glw)) = j(yg, [w]) = j(gy, [w]) = j(y, [w]).

As for the second assertion, we choose y € I'(J)r with y(Ig) = I’. Then

coincides with the isomorphism
yo joy L wh) : VD = VD ax = VU g
Hence the constancy of j(y~!, [w]) over mr;-fibers implies that of (5.9). O
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Now we can prove Proposition

(ProoF oF ProposiTioN[3.4). Let 1, I’ be two rank 1 primitive sublattices
of J. By the second assertion of Lemma [5.3 the difference of the I-
trivialization and the /I’-trivialization

(5.10) V(D k ® Oxsy = Eax = VU )ik ® Oxys

viewed as a GL(n, C)-valued holomorphic function on X(J) via basis of
V() and V(I'),, is constant on each fiber of X(J) — V;. Therefore it
extends to a GL(n, C)-valued holomorphic function over X(J). This implies
that (5.10) extends to an isomorphism

V(I),Lk ® Om - V(I,),Lk ® Om

over X(J). Thus the two extensions agree.

Extendability of the I'(J)z-action on &, can be verified as follows. Let
v € I'(J)r. The y-action on &, sends a frame corresponding to a basis of
V(). via the I-trivialization to a frame corresponding to a basis of V(yI),x
via the yl-trivialization. By Lemma[5.5] again, the latter extends to a frame
over m also in the I-trivialization. Thus y sends an extendable frame to
an extendable frame. This means that the y-action extends over X(J). O

The fact that the canonical extension comes with an /-trivialization (but
independent of it) enables us to develop the theory of Fourier-Jacobi expan-
sion (§7) in an intrinsic but still explicit way. The following property will
play a fundamental role in

ProposiTION 5.6. Let 2 X(J) = V; = A; be the projection. Then we
have a I'(J)g-equivariant isomorphism &,y = m7(Exla,) over X(J).

Proor. We fix a rank 1 primitive sublattice / c J and let j(y, [w]) be
the factor of automorphy of the I'(J)g-action on &, with respect to the /-
trivialization. By Lemma[5.3] the GL(V(I),4)-valued function j(y, [w]) on
['(J)r X X(J) descends to a GL(V(I),x)-valued function on I'(J)r X A,. This
gives the factor of automorphy of the I'(J)g-action on &, x|, with respect to
the I-trivialization &, 4la, =~ V()14 ® O,,. The fact that its pullback agrees
with the factor of automorphy of &, implies that the composition

71 (Eakla,) = T{(V(Dax ® On,) = V(D ® Oz = Eak

gives a ['(J)r-equivariant isomorphism 717 (&, kla,) — &, over X(J), where
the first isomorphism is the pullback of the /-trivialization over A, and the
last isomorphism is the /-trivialization over X(J). O
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RemARk 5.7. By the proof, we have the following commutative diagram:

FT(S/LIJA‘]) 8/1’](

| |

T (V(Dak ® On)) — V(D ® Ox-

Here the upper arrow is the isomorphism in Proposition 5.6 the vertical
arrows are the /-trivializations, and the lower arrow is the natural isomor-
phism.

ReMARK 5.8. Although the canonical extension at the level of m still
has a trivialization (by construction), this no longer holds when passing to
the full toroidal compactifications (§5.6). Around A; we need to further
take the quotient by T'(J).,, which does not preserve the trivialization.

5.5. The Hodge line bundle at the boundary

In this section we study the Hodge line bundle L relative to the J-cusp
and show that its canonical extension can be understood more directly. Let

L; =0py,(-1) = Opyyr).(=Dly,

be the Hodge bundle over the upper half plane H;. The group I'(J)r acts on
L, equivariantly via the natural map I'(J)z — SL(Jgr). Letm = myom: D —
H, be the projection from D to H,.

LemMma 5.9. We have a I'(J)g-equivariant isomorphism L ~ n* L; over

D.

Proor. Recall that 7 is restriction of the projection PLc --> P(L/J*)c.
Since this is induced by the linear map Lc — (L/J*)c, we have a natural
isomorphism 7*Op(./j1).(=1) =~ Opr (1) over PLc — PJZ. By restricting
this isomorphism to 9, we obtain L =~ n*L;. Since the projection L —
(L/J*)c is T'(J)r-equivariant, so is the isomorphism £ =~ 7*.L;. O

The fiber of n*L; over [w] € D is the image of the projection Cw —
(L/J*)c, and the isomorphism £ — 7n*L; over [w] is identified with the
natural map Cw — Im(Cw — (L/J*)c).

The projection D — H, descends to X(J) — H; and extends to m -
H, naturally. We denote it again by x: X(J) —» H,. The isomorphism in
Lemma descends to a mR—equivariant isomorphism £ =~ 7*L|x)
over X(J). We have respective extension of both sides over m: for L
the canonical extension constructed in §5.41 and for 7*L,|x, the natural
extension 7* L. It turns out that these two extensions agree:
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ProposiTioN 5.10. The isomorphism L =~ n* L;|x(;, over X(J) extends to

a I'(J)g-equivariant isomorphism between the canonical extension of L and
n* Ly over X(J). In particular, we have L], ~ n5.L; over A,.

Proor. We choose a rank 1 primitive sublattice I € J. Recall that the
canonical extension of L is defined via the /-trivialization of £, which we
denote by ¢;: L =~ Ié ®0Ox()- On the other hand, we also have a trivialization
G Ly = 12 ® Oy, of L; = Oy, (-1) over H; C P(L/J*)c induced by the
pairing between (L/J*)c and I-. The natural extension n*L; of 7* Llx
over X(J) coincides with the extension via the trivialization

(5.11) 7 Lilxay = 7' 1% ® Ox)lxyy = 12 ® Oxw),

because ¢} is defined over m

We observe that the composition of (3.11) with the isomorphism £ =~
7" L|x) in Lemmal5.9 coincides with the /-trivialization ¢; of £: this is just
the remark that taking the pairing of a vector w € L¢ with I (this is ¢;) is the
same as projecting w to (L/J*)c (this is £ — 7" L) and then taking pairing
with Ic (this is 7%}). From this coincidence, we see that the isomorphism in
Lemma extends to an isomorphism over m from the extension of £
via (; (this is the canonical extension of £) to the extension of 7" L;|x via

m*ty (this is 7 L;). The I'(J)g-equivariance holds by continuity. O

Thus the canonical extension of £ defined in §5.4] via the I-trivialization
can be understood more directly as the canonical (verbatim) extension * L
Of 7T*£J|X(J).

ReMARk 5.11. By the proof of Proposition L, is endowed with
the /-trivialization I? ® Oy, — L, induced by the pairing between (L/J*)c
and Ic, and its pullback by & agrees with the /-trivialization of £ via the
isomorphism £ =~ 1" L.

5.6. Toroidal compactification

In this section we recall the (full) toroidal compactifications of the mod-
ular variety ¥ (I') = I'\D following [2]. While this provides a background
for our geometric approach, logically it will be used only in §10/in a rather
auxiliary way, so the reader may skip it for the moment.

The data for constructing a toroidal compactification of F (I') is a collec-
tion £ = (%)) of I'(I)z-admissible rational polyhedral cone decomposition
of C; € U(I)r in the sense of §3.5.1] one for each I'-equivalence class of
rank 1 primitive isotropic sublattices I of L. Two fans ¥,;, ¥ for different I'-
equivalence classes I, I’ are independent, and no choice is required for rank
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2 isotropic sublattices J (it is canonical). Then the toroidal compactification
is defined by

FOF =|Du| X0 u| | XD/~
1 J

where [ (resp. J) run over all primitive isotropic sublattices of L of rank 1
(resp. rank 2), and ~ is the equivalence relation generated by the following
étale maps:

(1) The y-action D — D, X(D)* — X(yD>', X(J) — X(yJ) for
vel.
(2) The gluing maps D — X()*, D — X(J) and X(J) — X(I)* for
I c J as in Lemma[5.3
By [22] $1I1.5, 7 (I')* is a compact Moishezon space which contains 7 () as
a Zariski open set and has a morphism F (I* — T(F)bh to the Baily-Borel
compactification. We have natural maps

(5.12)  X(D¥/T(); —» FIOF, X)/TWU):/UW)z) — F ()

These maps are isomorphims in a neighborhood of the locus of boundary
points lying over the /-cusp and the J-cusp respectively (see [2] p.175). We
may choose X so that 7 (I')* is projective. When I' is neat and each fan X;
is regular, i.e., every cone is generated by a part of a Z-basis of U([)z, then
¥ (I')* is nonsingular ([2] §11L.7).

Next we explain the canonical extension of &, over F(I)* (cf. [37]).
We assume that I is neat and X is regular. Then not only I itself but also
mz and I'(J);/U(J)z = mz are torsion-free, so the quotient map

DU |_| X(I)® U |_| X(J) = F(D)F
1 J

is étale. The vector bundle &, is initially defined over O and hence over
DU, XD ull, X(J). In §3.5.3 and §5.4] we constructed the canonical
extension of &,; over X(I)* and X(J) respectively. By construction we
have a natural isomorphism p*&,; =~ &, for a gluing map p in (2) above.
Moreover, we have a natural isomorphism y*&,; =~ &, for the action of
y € I': this is evident for © and X(/)*, while it is assured by Proposition
B.4lfor X(J). Since these isomorphisms are compatible with each other, the
extended vector bundle &, on DU |; X(D* U] |, m descends to a vector
bundle on F(I')*. We denote it again by &,. This is the same as extending
Ex on F(I) over the boundary of F(I')* by using the local charts (3.12).

ProposITION 5.12. For T neat, we have M () = H*(F ()%, E4).



5.6. TOROIDAL COMPACTIFICATION 67

Proor. We have the natural inclusion
HY(F (D)™, Ep) = HUF D), E10) = Mar(DD).
It is sufficient to see that this is surjective. Let f € M, (I'). As a section of

Ex over X(I), f extends holomorphically over X(I)* by Lemma[3.11l By

the gluing, f extends holomorphically over X(J). Therefore, as a section of
Ex over F(I), f extends holomorphically over F (I')*. O

Let us remark an immediate consequence of this interpretation. We go
back to a general finite-index subgroup I' of O*(L). For a fixed A4, the direct
sum @ o0 Max(I') 18 @ module over the ring @ o0 Mi(') of scalar-valued
modular forms.

ProposrTioN 5.13. For each A, the module & » Mo () is finitely gener-
ated over the ring @, Mi(I).

Proor. We may assume that I" is neat by replacing the given I by its
neat subgroup of finite index. We take a smooth toroidal compactification
F(I)* as above and let 7: F(I)* — F (F)b ® be the projection to the Baily-
Borel compactification. Then £*" = 7*O(1) for an ample line bundle O(1)
on F (F)b b by [37] Proposition 3.4 (b). (In fact, L itself descends, but we
do not need that.) It suffices to show that for each 0 < ky < n, the module
., « M ko+ni(I) is finitely generated over $ . M, (I'). By Proposition [5.12]

we have
P Mm@ = EHF TP, Eiy, ® 7 00))

k>0 k>0

P HF T, &1, ® 0W)

k>0

1R

where the second isomorphism follows from the projection formula for
m. Since (I is projective, the last module is finitely generated over
EB ‘ HO(T(F)hb,O(k)) = EB , M (I') by a general theorem of Serre (see,
e.g., [38] p.128). O






CHAPTER 6

Geometry of Siegel operators

Let L be a lattice of signature (2,n) with n > 3 and I" be a finite-index
subgroup of O*(L). Let A = (4; > --- > A4,) be a partition expressing
an irreducible representation of O(n, C). We assume A # 1,det. This in
particular implies A, = 0 and so ‘A; < n. In Proposition[3.7, we proved that
a modular form f € M,;(I') always vanishes at all O-dimensional cusps.
In this chapter we study the restriction of f to a 1-dimensional cusp, an
operation usually called the Siegel operator.

Let J be a rank 2 primitive isotropic sublattice of L, which we fix
throughout this chapter. A traditional way to define the Siegel operator @, at
the J-cusp is to choose a O-dimensional cusp I C J, take the /-trivialization
and the coordinates (7, z, w) as in §5.1.2] and set

6.1) (©,/)(@) = lim f(7,0,in), 7€k

In this way it is easy to define the Siegel operator, but we have to check the
modularity of @, f and calculate its reduced weight after defining it.

In this chapter we take a more geometric approach working directly with
the automorphic vector bundle &,;. This improves the geometric under-
standing of the Siegel operator, and tells us a priori the modularity of @, f
and its weight. We work with the partial toroidal compactification X(J),
rather than with the Baily-Borel compactification, because the boundary
structure of X(J) is easier to handle and &, extends to a vector bundle over
X(J) as we have seen in §3 We also wanted to put the Siegel operator on
the same ground as the Fourier-Jacobi expansion (§7). Understanding the
Siegel operator at the level of toroidal compactification will be useful in
some geometric applications.

Let A, be the boundary divisor of m and m,: A; — H, be the projec-
tion to the J-cusp. Let L; be the Hodge bundle on H;. For V(J) = (J*/J)c
we denote by V(J), the irreducible representation of O(V(J)) ~ O(n—-2, C)
with partition A’ = (1, > - -+ > A,_1). Our result is summarized as follows.

THEOREM 6.1. Let A # 1,det. There exists a I'(J)r-invariant sub vector
bundle 8; of &, with the following properties.

(1) &’ extends to a sub vector bundle of the canonical extension of &,
over X(J).

69
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(2) We have a T'(J)-equivariant isomorphism &1, =~ 713.5?’“ V().

(3) If f is a I'-modular form of weight (A, k), its restriction to Ay as a
section of E, . takes values in the sub vector bundle Sﬁ QL3 = ﬂ;L?H/lI ®
V(D of Eaxla,-

In particular, we have

fla, = m (@, f)

for a V(J)-valued cusp form @, f of weight k + A, on H; with respect to
the image of T(J)z — SL(J). If f = 3, a(l)q' is the Fourier expansion of f
at a 0-dimensional cusp I C J, the Fourier expansion of ©,f at the I-cusp
of H, is given by

6.2) (D))= Z a(De((l, 7)), TeH; cU(De/UU)G,

lea UMY,
where o; = (U(J)r)so is the isotropic ray in U(I)r corresponding to J.

In (6.2)), the pairing (I,7) for [ € o; and T € H; is the natural pair-
ing between U(J)c and U(I)c/U(J);. (This v € H; is different from the
coordinate 7 € H in §5.1.2] but rather is identified with the point 7/, there.)

A point here is that the vector bundle &, “reduces” to the sub vector
bundle &’ ® L% at the boundary divisor A;. This is the difference with
the Siegel operator in the scalar-valued case. This reduction corresponds to
the reduction 4 ~ A4; ® A’ of the weight, and makes it possible to descend
fla, to H,. Roughly speaking, this reduction occurs as a result of taking the
direct image of &, to the Baily-Borel compactification. In this way, the
naive Siegel operator (6.1)) can be more geometrically understood as

restriction to A; + reduction to & ® £ + descend to H.

The sub vector bundle &’ will be taken up again in §8.3]from the viewpoint
of a filtration on &,.

In §6.1l we prepare some calculations related to &7. In §6.2 we define
&7 and prove the properties (1), (2) in Theorem[6.1] The Siegel operator @,
is defined in §6.3] and the remaining assertions of Theorem [6.1] are proved
there.

6.1. Invariant part for a unipotent group

This section is preliminaries for introducing the Siegel operator. We
prove that the Fourier coefficients of a modular form in the J-ray are con-
tained in the invariant subspace for a certain unipotent subgroup of O(n, C),
and study this space as a representation of C* X O(n — 2, C).

Let F = Q,R. Let W(J)r C I'(J)r be the Heisenberg group and the
Jacobi group for J over F defined in §5.21 We choose a rank 1 primitive
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sublattice I of J, and also a rank 1 sublattice I’ of L with (I,I’) # 0. Let
I'i,)r =T()r N Ker(I'(D)r — GL()).

By definition I'(Z, J)r consists of isometries of Ly which act trivially on
Ir, Jp/Ir and V(J)r = (J*/J)p. As a subgroup of I'(J)r, I'(I, J)r con-
tains W(J)r, and the quotient I'(Z, J)p/W(J)r =~ F 1is the subgroup of
['(J)r/W(J)r ~ SL(JF) which acts trivially on /.

As a subgroup of I'(/)r, I'({, J)r contains the unipotent radical U(I)y of
['(I)r by (3.8). Let U(J/I)r be the subgroup of O(V(I)r) acting trivially on
Jr/Ir and V(J)g. Then U(J/I)f is the image of I'(Z, J)r in O(V(I)r). This
is also the image of W(J)r in O(V(I)r). From (3.11), we have the exact
sequence

(6.3) 0 — Uy — TU, Ny — UWJ/Dr — 0.

By (L3), the group U(J/I)r is the unipotent radical of the stabilizer of Jr/Ir
in O(V(I)r) and consists of the Eichler transvections of V(I)r with respect
to Jr/Ir. We have a canonical isomorphism

UJ/Dr = V(J))r ®r (Jr/IF).

We define U(J/I)c < O(V(I)) similarly.

Now let f be a modular form of weight (4, k) with respect to I', and
f = 3, a(Dq' be its Fourier expansion at /. We are interested in the Fourier
coefficients a(l) € V(1) for [ in the isotropic ray o; = ((J/Dr ® Ir)so
corresponding to J. We denote by

vy = v

the invariant subspace of V(I), for the unipotent subgroup U(J/I)c of
O(V()), and put

VIO, =vID] @ UH® c V(Dag.
Lemma 6.2. If 1 € U(I); N oy, then a(l) € V(D).

Proor. We take the splitting of (6.3) for F = Q following (3.12), and
accordingly express elements of I'(Z, J/)g as (y;, @) where y; € U(J/I)g C
O(V(I)g) and @ € U(I)g. (In the notation (3.14), this is (y, ® id;, 1, @).)
There exists a finite-index subgroup H of I'(/, J)o N I" such that @ € U(I)z
for every element (y,,@) of H. The group I'({, J)g acts trivially on the
isotropic ray ;. Therefore, if [ € U(I)] N o, we see from Proposition 3.6l
that

a(l) = a(y,l) = yi(a(l))
for every element (y;,) of H. Here y, € U(J/I)q acts on V(I),; by its
natural action on V(I),. This equality means that a(/) is contained in the
H-invariant subspace V()Y = V(D] & (1)®* of V(I),«. The image of H by
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the projection I'(1, J)g — U(J/I)q, (y1, @) — v, is afull lattice in U(J/1)q.
In particular, it is Zariski dense in U(J/I)c. This shows that V()Y = V(I)Y,
and so a(l) € V(I)},. o

Let P(J/I)c be the stabilizer of the isotropic line Jc/Ic € V(I) in

O(V()). Then U(J/I)c is the unipotent radical of P(J/I)c and sits in the
exact sequence (cf. (L3))

(6.4) 0> UWJ/Dc — P(J/c — GL(Jc/Ic) x O(V(J)) — 1.
Therefore V(I )g’ is a representation of
GL(Jc/Ic) X O(V(J)) =~ C"x0O(m—-2,C) ~ SOR,C)xO(n—-2,C).

ProposiTioN 6.3. Let A # det. As a representation of C* X O(V(J)) we
have
VD] =y, 8V,
where ), is the character of C* of weight A, and V(J), is the irreducible
representation of O(V(J)) associated to the partition A’ = (1, > -+ > A,_1).

Proor. This is purely a representation-theoretic calculation. Let us first
rewrite the setting. Let V = C" be an n-dimensional quadratic space over C
with a basis ey, - - - , e, such that (e;,e;) = 1ifi+ j=n+ 1 and (e;,e;) =0
otherwise. Let P be the stabilizer of the isotropic line Ce; in O(V) and let
V' = <€2, ey, en_1>. Then

P=(C" x0OWV))=U,
where C* = SO({ey, e,)) =~ GL(Ce,) and U is the group of unipotent matri-
ces

0 In_z 1%
0 O 1

The problem is to calculate the U-invariant part V/{J of V, as arepresentation
of C* x O(V’).

veV.

[1 v —=(v,v)/2

Step 1. There exists a C* X O(V')-equivariant embedding x, ® V), —
Vv,
Proor. We write
Wo= A"V @AWy,
W= AUV @ @ ATy,
Wi = (Ce; ANYIV)@---®(Cey A ATV,
We have a natural C* X O(V’)-equivariant isomorphism

LiCEM QWS W C W,
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Recall from (3.1) that V, ¢ W; and V), ¢ W{. (Note that the transpose of A’
is (‘4 = 1,-+- 2, — 1).) We shall show that the image of Ce®"' ® V, by ¢
is contained in VY. Since (Ce?”1 ~ y.,, as a representation of C*, this would
imply our assertion.

Since U acts on W; trivially, it does so on L(Ce?l ®V’,). Thus it suffices
to see that L(Ce?ﬂ1 ® V),) is contained in V. Recall from (3.2)) that V, and
V/, respectively contain the vectors

Vil A1
vy = (X)(el Ao Ney), V= (X)(ez/\---/\e%.).
i=1 i=1

Since (" ®V',) = vy, we have O(V') - u(e?"' ®V/,) C V. Taking the linear

hull and using the irreducibility of V/,, we see that «(Ce?"' ® V) c V,. O

For the proof of Proposition [6.3] it thus suffices to prove dimV’, =
dim Vf . We use the restriction to SO(V) c O(V). We first consider the case
when V), remains irreducible as a representation of SO(V). As recalled in
§3.6.1] this occurs exactly when n is odd or n is even with ‘A, # n/2, and
V, has highest weight

A=, ) = (A, A = Aets -+ 5 Apnga) = Ansi—(n/21)
in this case.

Step 2. When V, is irreducible as a representation of SO(V), VY
is irreducible as a representation of SO(V’) with highest weight A =
(A2, -+, Apy2y)- In particular, we have dim V', = dim VAU.

Proor. Let B and B’ be the groups of upper triangular matrices in SO(V)
and SO(V’) respectively (the standard Borel subgroups). Let U, and Uj be
the groups of unipotent matrices in B and B’ respectively. Then U and U}
generate U,. Therefore we have

(6.5) v = (VU

The space Vf“ is the highest weight space for the SO(V)-representation V),
while (VY)Y is the highest weight space for the SO(V")-representation VY.
The irreducibility of V, as an SO(V)-representation implies dim Vfo =1,
which in turn implies by (6.3)) the irreducibility of VY as a representation of
SOV’).

We shall calculate the highest weight of V¥ for SO(V’). Let T and 7" be
the groups of diagonal matrices in B and B’ respectively. Then 7 = C* X T".
The highest weight A = (1, - -+, Aj,/2)) of the SO(V)-representation V; is
the weight of the T-action on the highest weight space VﬂU". Therefore 7’
acts by weight 2’ = (A, -+, A7) on V2. By (6.3), this means that the
highest weight of V¥ for SO(V’) is A’. O
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It remains to cover the exceptional case where V, gets reducible when
restricted to SO(V), namely n is even and ‘A; = n/2.

Step 3. We have dimV’, = dim Vf even when V), is reducible as a
representation of SO(V).

Proor. In this case, the irreducible summands of V, have highest weight
A = A and A" respectively. We can argue similarly for each irreducible
summand. This shows that V¥ as a representation of SO(V’) has two ir-
reducible summands, of highest weight ' = (4, ,4,) and (1) =

(A2,+++,=4,2). On the other hand, V/, is also reducible as a representa-
tion of SO(V’) with highest weight A’ and (1')" = (A7) by §8.6.1l This
implies that V¥ ~ V’, as SO(V’)-representations. O

The proof of Proposition[6.3]is now complete. mi

6.2. The sub vector bundle &’

Let A # det. We define the sub vector bundle &’ of &, as the image of
V(DY ® Op by the I-trivialization ¢;: V(I), ® Op — &,.

Lemma 6.4. The sub vector bundle &' of E, is T'(J)g-invariant. In par-
ticular, it does not depend on the choice of 1.

Proor. Lety € I'(J)z. What has to be shown is that the image of V(I){ ®
Oy by the composition homomorphism

L—l
V), ®0p = &, Le b V), ®O0p

is again V(I )g ® Ogp. This homomorphism coincides with

6.6) V), ®O0p 5 VD, 8 0p 2 8,5 VD), 8 Oy,

where ¢,; is the yl-trivialization. The image of V(I)¥ by y: V(I), —
VyD),is V(yl )f{, the invariant subspace of V(yI), for the unipotent radical
U(yJc/ylc) = U(Jc/vlc) of the stabilizer of Jo/vIc in O(V(yl)). Therefore
it suffices to show that the homomorphism

Gi o VID1®O0p —= V(yD), ® Op

sends V(1)Y ® Op to V(y1)Y ® Op.
The problem is pointwise. Let [w] € D. At the fiber of & over [w], the
difference of the /-trivialization and the y/-trivialization is the isometry

I5/Ic - I Nw' - w /Cw - ylz Nw' — yIz/yle.
This sends the isotropic line Jz/Ic of Ié /Ic as

Jc/IC g JC N CL)J_ = J@ N (J)J_ - Jc/’)/IC.
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Therefore the induced isomorphism O(V(/)) — O(V(yI)) sends the sub-
group U(J/I)c to U(Jc/vIc). It follows that the induced isomorphism

(61 © ) : VD = V¥,
sends V(DY to V(yD)Y. m]

Recall that the canonical extension of &, over the partial toroidal com-
pactification X(J) is defined via the I-trivialization V(I); ® Oxuy — &g
Therefore, by construction, Sj extends to a sub vector bundle of the canon-
ical extension of &, (again denoted by 81). The I-trivialization &, —

V(I), ® Oxgy over X(J) sends & to V()] ® Oz

ProposITION 6.5. There exists an SL(Jr)-equivariant vector bundle ®,;E,
on H; such that we have a I'(J)g-equivariant isomorphism

Ella, = m5(D,8,))
of vector bundles on A,.

Proor. Let j(y, [w]) be the factor of automorphy of the I'(J)g-action on
&7 with respect to the /-trivialization & =~ V(I){ ®0yp. This is a GL(V(I)Y)-
valued function on I'(J)r X D. We shall prove the following.

(1) For fixed vy, the function j(y, [w]) of [w] is constant on each fiber

of O — Hj.

(2) jly,[wD) =1dify € W(J)g.
Since I'(J)r/W(J)r =~ SL(Jr), these properties ensure that j(y, [w]) de-
scends to a GL(V(I)/[{)—Valued function on SL(Jg) X H;. This function de-
fines the factor of automorphy of an SL(Jr)-equivariant vector bundle ®,E,
on H; such that Sﬁ ~ 1%(®,;E,) as I'(J)g-equivariant vector bundles on D.
This gives an isomorphism Sle , =2 (D;8,) over Ay

We first check the property (2). Since W(J)r acts on Iy trivially, we see
from Lemma [3.2] that the factor of automorphy of the W(J)g-action on &,
with respect to the [-trivialization is given by the natural action of W(J)r
on V(I),. Since the image of W(J)g in O(V(I)g) is equal to U(J/Dr, W(J)r
acts on V(I)ﬁj trivially by definition. This implies (2).

Next we verify the property (1). The fibers of © — YV, are contained
in U(J)c-orbits in D(J) D D, and the fibers of A; — H; are W(J)r/U(J)g-
orbits. In particular, the constancy on the fibers of D — V; would follow
from the constancy on U(J)g-orbits and the identity theorem in complex
analysis for U(J)r € U(J)c. Thus we are reduced to checking the constancy
on W(J)g-orbits. Lety € I'(J)r and g € W(J)r. Then we can calculate

J(v: g(lw))

jtyg, [w)) o j(g, [w) ™" = jlyg, [w])
iy y(w)) o j(y, [w]) = j(y, [w]).
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In the second and the last equalities we used the property (2) proved above,
with the normality of W(J)g in I'(J)g in the last equality. The property (1)
is thus proved. O

ReMARK 6.6. By construction, ®;&, is endowed with a trivialization
V(DY ®0y, ~ ®,8,, whose pullback agrees with the /-trivialization V()Y ®
Op, = &), of &7 over A,.

We can calculate the weights of ®;&, by using Proposition Let £,
be the Hodge bundle on H;,.

ProposiTioN 6.7. There exists an SL(Jr)-equivariant isomorphism
(6.7) D8, = L2 V(I)y,
of vector bundles on H,.

The proof of Proposition is divided into several steps. Let us for-
mulate the first half as preparatory lemmas as follows. Let P(J) be the
stabilizer of Jc in O(Lc). We write Q(J) = Q — Q N PJ7. Recall that &, is
naturally defined over Q as an O(Lc)-equivariant vector bundle.

Lemma 6.8. The vector bundle Sj extends to a P(J)-invariant sub vector
bundle of &, over Q(J) (again denoted by Sﬁ).

Proor. For each C-line I’ C J¢, the I’-trivialization ¢y : V(I'),®0 — &,
is defined over Q(I’) = Q — Q N P(I')*. The same argument as the second
half of the proof of Lemma shows that for two C-lines I;,1, C J¢c, we
have

(VIS ®0) = 14,(V()] ® 0)
over Q(I}) N Q(I). Therefore, by gluing the image of ¢, for all C-lines
I’ C Jc, we obtain a sub vector bundle of &, over Q(J) = Uy Q(I") which
extends &7. Since y € P(J) sends ¢,(V(I"){ ®0) to 1, (V(yI')] ®O) (cf. the
proof of Lemmal6.4), this sub vector bundle is P(J)-invariant. O

Lemma 6.9. Let D; = Q()NPIE. The I-trivialization V(I){®0oq) — &)
over Q(I) extends to an isomorphism

(6.8) V(DY ® Oy — &) ® Oy (A1Dy)
over Q(J), which is equivariant with respect to the stabilizer of I in P(J).

Proor. We choose an arbitrary embedding 2Us — L compatible with
Ic C Jc in the sense of §3] and accordingly take a lift GL(Jc) <— P(J)
of GL(J¢). Let T ~ C* be the subgroup of GL(J¢) consisting of matrices

((1) 2), a € C*, with respect to the basis ej, e, of Jc. (e; spans Ic and e;
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spans Jc/Ic.) The image of T in P(J/I)c is a lift of GL(Jc/I¢c) in (€.4).
Then
Vi) =Cer @ V(J)® Cf,

is the weight decomposition for 7', where Ce,, V(J), Cf, have weight 1, 0,
—1 respectively. A general T-orbit C° = T[w] in Q(I) gives a flow con-
verging to the point p = [f5] of D; as @ — 0 from a normal direction. Let
C = C° U p ~ C be the closure of such a T-orbit in Q(J). The proof of
Lemmal6.9]is based on the following assertion.

Cram 6.10. The I-trivialization E|c- =~ V(I) ® O¢- over C° extends to
an isomorphism

Ele = Ce; ®Oc(-p) ® V()®Oc @ Cf, ® Oc(p)
over C.

We postpone the proof of this claim for a while and continue the proof of
Lemmal6.9 From Claim|6.10] we see that if V(I); = @r V(r) is the weight
decomposition for 7" with V(r) the weight r subspace, the I-trivialization of
&, over C° extends to an isomorphism

Elle = P Vr) @ Oc(-rp)

over C. Since V()Y c V(4,) by Proposition[6.3] we obtain
Elle = V(DY ® Oc(=,p).

Finally, if we vary the embedding 2Uc < Lc, then the point p = [ f;] runs
over D;. This implies the assertion of Lemmal6.9 O

We give the postponed proof of Claim [6.10f

(Proor oF CLam[6.10). Let v € V(I) be a weight vector for T with
weight r € {—1,0, 1} and let s, be the corresponding section of &. We calcu-
late the limit behavior of s, on the T-orbit C° = T|[w] as @« — 0. We write
Vo = (1) g) € T. We lift V(I) — I by the given embedding Uz — Lc.
By Lemma[2.6lfor [ = ¢, € I, we have

$i(Yelw]) = v—=(,5,(olw])er  mod Cy,(w)
= V=%, ([w)))er  mod Cy,(w)
= v=(,' ), s, (w]))e;  mod Cy,(w)
(6.9) = v—a'(v,s,(w])e; mod Cy,(w).

We take the Ce,-trivialization of & and express s,(y,[w]) as a V(Ce,)-valued
function. We identify V(Ce,) = Ce; ® V(J)@®C f; naturally. Then, according
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to the weight r of v, we have

v+ Ci(v)e veV(y)
sy (Yelw]) = a7 Caey vV=e
aCy' fi+aCser +avy v=,

as a V(Ce,)-valued function. Here C;(v) is a linear function on V(J), C; # 0
and Cj are constants, and vy € V(J) is some constant vector. These expres-
sions in the cases v € V(J) and v = e, are apparent from (6.9), because the
vector in is already perpendicular to e, in these cases. The case v = f,
follows from the conditions

(5p.8e) =1, (s54,8,) =0, (sp,s,) =0forwe V(J).

(This can also be calculated by using the coordinates (t, z,w) in §5.1.21)
The assertion of Claim [6.10 now follows from these expressions. mi

Now we can complete the proof of Proposition[6.7]

(ProoF oF ProposiTiON[6.7). We pass from Q(J) to PJ% . By the same
argument as the proof of Proposition with I'(J)r replaced by P(J) and
W(J)r replaced by the kernel of P(J) — GL(Jc) X O(V(J)), we find that the
P(J)-equivariant vector bundle Sj on O(J) descends to a GL(Jc) xO(V(J))-
equivariant vector bundle on PJ¢. This is an extension of ®,&,, and we
denote it again by ®;E,. Let p; = I* N PJ% be the I-cusp of H,. Since
D, is the fiber of Q(J) — PJ{ over p;, we find that the isomorphism (6.8)
descends to an isomorphism

(6.10) V(DT ® Opjy = ©,8,® Opyy(Aip)).

This is equivariant with respect to the stabilizer of I in GL(J¢) and
O(V(J)). Note that these groups act on V(I)f{ by the representation in
Proposition[6.3]

g aql) of GL(Jg), @ € C*, acts on

the fiber of ®,;&, over p; as the scalar multiplication by a!.

CrLam 6.11. The element g(a) = (

We prove Claim By Proposition [6.3] the matrices ((1) 2) in
GL(Jc) act on V(I)Y as the scalar multiplication by a'. Moreover, the

matrices B O) act on V([) trivially. It follows that g(«) acts on V(I)f{ as

0 1
the scalar multiplication by a™*'. On the other hand, since the tangent space
of py € PJ s

Hom(I* N J&, J& /(I N J2)) =~ Hom((J/ D, 12),
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the element g(a) acts on it by the multiplication by a~2. Hence g(a) acts
on the fiber of Op;v(=A,p;) over p; as the multiplication by a*!!. By the
isomorphism m, we find that g(a) acts on the fiber of ®,;E, over p; as
the scalar multiplication by =" - @®! = o!'. This proves Claim [6.11]

We go back to the proof of Proposition [6.71 The torus consisting of
the matrices g(a@) is the reductive part of the stabilizer of p; in SL(J¢).
Therefore Claim implies that ®,&, is isomorphic to a direct sum of
copies of L?’“ as an SL(J¢)-equivariant vector bundle on PJ%. Moreover,
by the isomorphism (6.10) and Proposition the action of O(V(J)) on
the fibers of ®,;E, is isomorphic to the representation V(J),. Therefore
D,;6, ~ Lf’ll ® V(J), as SL(Jc) X O(V(J))-equivariant vector bundles on
PJ{. This finishes the proof of Proposition[6.71 i

ReMARK 6.12. By the proof, the vector bundle ®;&, over Hj is in fact
SL(Jr) X O(V(J)r)-linearized, and the isomorphism ®;5, ~ L?A‘ V(I )y
over Hj is SL(Jr) X O(V(J)r)-equivariant.

6.3. The Siegel operator

Combining the arguments so far, we can now define the Siegel operator
at the J-cusp.

ProposiTiON 6.13. Let f € M, (I') with A # 1,det. There exists a cusp
form @®,f on H; with values in ©,;&, ® L";’k ~ LQJM”{ ® V(J)y and in-
variant under the image of I'(J)z — SL(J) such that f|n, = (O, f). If
f = ,a(l)q is the Fourier expansion of f at a O-dimensional cusp I C J,
the Fourier expansion of O, f at the I-cusp of H; is given by

(@, /)(7) = Z aDe((l, 7)),  TeH; cUWD/UWJ)z.

lea ;U

Here we recall that £; and ®;&, on H; are endowed with I-
trivializations whose pullback agree with the [-trivializations of £ and
&7 respectively (Remarks [5.11] and [6.6). These define the I-trivialization
0,8, ® L3 ~ V(I)ﬁ{ . ® Oy, of ®;&, ® L5 whose pullback agrees with
the I-trivialization of & ® L% The Fourier expansion of @ f is done with
respect to this trivialization.

Proor. We choose a rank 1 primitive sublattice / € J and let f =
>, a(Dq' be the Fourier expansion of f at I. By (3.20) and the gluing map
X(J) = X(I)* in Lemma[5.3] we see that

©6.11) flay= ), ad

lea;NUDY
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as a V(I) ,-valued function on A; ¢ U(I)c/U(J)c. By Lemma [6.2] the
function fl,, takes values in V(I)g, .~ This in turn implies that f|,, as a
section of &,|a, takes values in the sub vector bundle

E® LMy, = my(@,E, ® L3 =~ i LY @ V().

Since the section fly, is mz—invariant, it is in particular W(J)z/U(J)z-
invariant, and so it descends to a section of ﬁ;LQJM”k ® V(J)y over
Ay [(W(J)z/U(J)z) where
7ot Ay /(W2 /U()z) = H,

is the projection. Since 7, is a proper map (family of abelian varieties), we
find that f|s, is constant on each m,-fiber. Therefore fln, = 75(®,f) for a
section @, f of L3 ® V(J), over H,. Since fla, is T'(J)z-invariant, @, f
is invariant under the image of I'(J)z — SL(J).

The fact that the pullback of the /-trivialization of ®,&; ® L?’k agrees
with the -trivialization of &/ ® L® implies that the pullback of @, f as
a V(I){,-valued function by A; — H; equals to fl, as a V(I),-valued

function. Therefore ®, f as a V(I);{k—valued function on H; is given by the
right hand side of (6.11):

o f = ), ald.

lea;NUDY,

Here ¢' for | € o, N U )~ is naturally viewed as a function on H, C
U(I)c/U(J)z by the pairing between U(J)c and U(I)c/U(J)z. This gives
the Fourier expansion of @, f at the /-cusp of H;. By Proposition D,f
vanishes at the /-cusp. Since this holds at every cusp of H,, we see that ®, f

is a cusp form. O
Let I'; be the image of I'(J)z in SL(J) ~ SL(2,Z). We call the map
(6.12) M) = ST D@V, [ Of,

the Siegel operator at the J-cusp.
We look at some examples. We use the same notation as in the proof of
Proposition[6.3]

ExaMmPLE 6.14. Let A = (19) for 0 < d < n, namely V, = A?V. Then
NV =Ce; A (AT ey, -+, en) = Cey @ A ea, -+, 1),
In this case, @, f is a (Zj)—tuple of scalar-valued cusp forms of weight k+ 1.

ExampLE 6.15. Let A = (d), namely V() is the main irreducible compo-
nent of Sym?V (see Example[3.11(2)). We have

Vv, = Cef’  SymV.
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In this case, @, f is a single scalar-valued cusp form of weight k + d.

The Siegel operator for vector-valued Siegel modular forms is studied
in [47] §2. The case of genus 2 is also studied in [1] §1. Let us observe that
the weight calculation in Example in the case n = 3 agrees with the
results of [1] and [47] for Siegel modular forms of genus 2.

ExampLE 6.16. Let n = 3. In [1] and [47], it is proved that the Siegel
operator for a Siegel modular form of genus 2 and weight (Sym’, det') pro-
duces a scalar-valued cusp form of weight j + [ on the 1-dimensional cusp.

On the other hand, when j = 2d is even, we saw in Example[3.4]that the
Siegel weight (Sym??, det’) corresponds to the orthogonal weight (1, k) =
((d),d + I). According to Example ®,f is a cusp form of weight
d+ (d + 1) = j+ l. This agrees with the above results of [1] and [47].

In general, the Siegel operator in the form of (6.12)) is still not surjective
for the following obvious reason. Let I'(J);, be the stabilizer of J in I, and
let I'; be the image of I'(J);;, in SL(J) x O(J*/J). ThenT'; = I"; N SL(J) is
of finite index and normal in I"’,. Let

G=I;/T;,=T(J);/T(J)z.
The modular forms are not only I'(J)z-invariant but also I'(J);-invariant.

Therefore, in view of Remark [6.12] we see that the image of the map (6.12))
is contained in the G-invariant part of Sy, ++(I'y) ® V(J) .






CHAPTER 7

Fourier-Jacobi expansion

Let L be a lattice of signature (2,n) with n > 3 and I" be a finite-index
subgroup of O (L). We fix a rank 2 primitive isotropic sublattice J of L. In
this chapter we study the Fourier-Jacobi expansion of vector-valued modu-
lar forms at the J-cusp. From a geometric point of view, the Fourier-Jacobi
expansion is the Taylor expansion along the boundary divisor A; of the par-
tial toroidal compactification X(J). The m-th Fourier-Jacobi coefficient is
the m-th Taylor coefficient, and is essentially a section of the vector bundle
E1k ® @?m over A; where ®; is the conormal bundle of A;. Here we have
some special properties beyond general Taylor expansion:

e existence of the projection 7, : X(J) — A, and the isomorphism
Ex = 1 (Exla,) (Proposition[5.6), and

e existence of a special generator w; of the ideal sheaf of A; which
is a linear map on each fiber of ;.

These properties ensure that the m-th Fourier-Jacobi coefficient as a section
of &, ® ®F" over A, is canonically defined (Corollary [7.3]) and is invariant

under mz. If we take the (I, w,)-trivialization for I C J, we can pass to
a more familiar definition of the Fourier-Jacobi coefficient as a slice in the
Fourier expansion at /.

In general, we define vector-valued Jacobi forms as I'(J),-invariant sec-
tions of &,x ® ®F" over A; with cusp condition (Definition [Z.10). Thus
the Fourier-Jacobi coefficients are vector-valued Jacobi forms (Proposition
[1.12). Although our approach is geometric, our Jacobi forms in the scalar-
valued case are indeed classical Jacobi forms in the sense of Skoruppa [44]
if we introduce suitable coordinates and the (I, w;)-trivialization (§7.4).
When n = 3, our vector-valued Jacobi forms essentially agree with those
considered by Ibukiyama-Kyomura [28]] for Siegel modular forms of genus
2.

When J comes from an integral embedding 2U <— L and I is the
so-called stable orthogonal group, the Fourier-Jacobi expansion of scalar-
valued modular forms is well-understood through the work of Gritsenko
[21]]. A large part of this chapter can be regarded as a geometric refor-
mulation and a generalization of the calculation in [21] §2. A lot of effort

83
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will be paid for keeping introduction of coordinates as minimal as possi-
ble (though never zero), or in other words, for describing what is canonical
in a canonical way. We believe that this style would be suitable even in
the scalar-valued case when working with general (I', J), for which simple
expression by coordinates is no longer available.

7.1. Fourier-Jacobi and Fourier expansion

We begin with the familiar (but non-canonical) way to define Fourier-
Jacobi expansion: slicing the Fourier expansion. The passage to a canonical
formulation will be given in §7.2

We choose a rank 1 primitive sublattice / of J, and also a rank 1 sub-
lattice I’ ¢ L with (I,I’) # 0. Recall from that U(J)r = A%Jy is
identified with the isotropic line (J/I)z @ Iz in U(I)z = (I*/I)z ® Iz, and
that the Siegel domain realization of O with respect to J can be identified
with the restriction of the projection

UDe — UDc/UDe = UDe/UW)z

to the tube domain 9D; c U(I)c after the tube domain realization D ~ 9.
The orientation of J determines the nonnegative part o; = (U(J)r)so of
U(J)r. Let v;r be the positive generator of U(J)z = U(J)g NI'. We choose
a rational isotropic vector [;r € U(I)q such that (v,r, l;r) = 1. Then v;r, [;r
span a rational hyperbolic plane in U(I)qg. We put

wy=q¢" =e((lyr.2), ZeUe.

This is a holomorphic function on U(/)¢ invariant under the translation by
U(J)z. Thus we have chosen the auxiliary datum 7, I’, [;r. These will be
fixed until Lemmal[Z.4l

Let f be aI'-modular form of weight (4, k). We identify f witha V(1) -
valued holomorphic function on D; via the /-trivialization and the tube do-
main realization, and let f(Z) = Y, a(l)q' be its Fourier expansion. Like
the calculation in §3.5.2] (see also Remark [3.10), we can rewrite the Fourier
expansion as

(7.1) f@=> > al+mlpd |o).

m=0 ZEU(J)é

Here [ ranges over vectors in U (J)5 such that [ + ml;r € U(I);. They form
a translation of a full lattice in U(J)a. Although [;r is not necessarily a
vector in U(I);, this expression still makes sense over the tube domain D;.
We call (Z.1)) the Fourier-Jacobi expansion of f at the J-cusp relative to I,



7.2. GEOMETRIC APPROACH TO FOURIER-JACOBI EXPANSION 85

I’, l;r, and usually write it as

(7.2) f= Z B
m=0
with
(7.3) bn= Y all+mly).
leU(J)é

We call ¢,, the m-th Fourier-Jacobi coefficient of f at the J-cusp relative to
L, I', I;r. This is a V(I),-valued function on D;. Since [ € U(J)a in (Z3),
¢, actually descends to a V(I),,-valued function on A; € U(I)c/U(J)c.
We often do not specify the precise index lattice in (Z.3)); it is convenient to
allow enlarging it as necessary by putting a(/ + ml,;r) = O when [ + ml;r ¢
U(I);. When m = 0, ¢ is the restriction of f to A, and was studied in N
In this chapter we study the case m > 0.

7.2. Geometric approach to Fourier-Jacobi expansion

In and we give a geometric reformulation of the Fourier-
Jacobi expansion (Z.2)). Our starting observation is (compare with §3.5.2)):

Lemma 7.1. The Fourier-Jacobi expansion (L.2) gives the Taylor expan-
sion of the V(1) x-valued holomorphic function f on X(J) along the bound-
ary divisor A; with respect to the normal parameter w,;, where ¢,, is the
m-th Taylor coefficient as a V(I),x-valued function on A,.

Proor. Since the function f is invariant under the translation by U(J)z C
U(I)z, it descends to a function on X(J) =~ D,;/U(J)z. Since (I;r,v;r) = 1
for the positive generator v;r of U(J)z, the function w; = e((l;r,Z)) de-
scends to a function on X(J) and extends holomorphically over X(J), with
the boundary divisor A; defined by w; = 0. In particular, w; gener-
ates the ideal sheaf of A;. On the other hand, as explained above, the
Fourier-Jacobi coeflicient ¢,, is the pullback of a V(I),,-valued function
onA; C U(I)c/U(J)c (again denoted by ¢,,). Thus f = 3, (n]¢,)w] gives
the Taylor expansion of f along A, with respect to the normal parameter
wy, in which the V(1),-valued function ¢,, on A, is the m-th Taylor coeffi-
cient. O

Recall from §5.3Ithat X(J) is an open set of the relative torus embedding
m = T (J) X7 T(J) which has the structure of a line bundle on A;.
Since D(J) € O() =~ U()c, the function w; on m extends over m
naturally. It is a linear map on each fiber of 7(J) — A;. Indeed, the fact
that w, preserves the scalar multiplication follows from the equality

e((yr, avyr +2)) = e(@) - e((yr, 2)), a<€C,
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and similarly for the sum. The following property will be used in §7.31

Lemma 7.2. For eachy € I'(J)z we have y*w; = (n] j,)-w, for a nowhere
vanishing function j, on A,.

Proor. Since y acts on 7 (J) — A; as an equivariant action on the line
bundle (see §5.3)), y*w; is also linear on each fiber. Therefore y*w;/wy is the
pullback of a function on A;. See also Corollary for a computational
proof. O

Let us reformulate Lemma /7. 1] by passing from vector-valued functions
to sections of vector bundles. Let 7 = 7,, be the ideal sheaf of A; and
@, = I/I?be the conormal bundle of A;. As explained above, w; generates
I over X(J). In particular, it generates ®; over A;. We have

]-m/Im+l ~ @?m — OAJ(,U?m

for every m > 0. In what follows, we write Ela, ® OF" = & ® OF"
for simplicity. The I-trivialization &, |a, = V(I)ax ® Oa, of E,4la, and the
trivialization of ®%" by w?™ define an isomorphism &, ® OF" =~ V(1) ®
Oy, We call it the (I, w,)-trivialization of 8,Lk®®§’m. Via this isomorphism,
we regard the V(I),,-valued function ¢,, over A, as a section of &, ® @?’"
over A;. Specifically, the process is to multiply the function ¢,, by w%", and
then regard ¢,, ® w3" as a section of &, ® ®F" by the I-trivialization.

Proposition 7.3. The Taylor expansion of sections of &,y over X))
along the boundary divisor A; with respect to the normal parameter w
and with the pullback r} : H(A,, Eakla,) = Ho(m, E.x) defines an em-
bedding

(74)  HXD, &0 = | | H(A,E.0 05", F (¢ ® ")y,
m>0

where ¢, are the sections of Eyila, with [ = (7). If we send a
modular form f € M, (') as a section of E, by this map, its image is the
Fourier-Jacobi coefficients of f regarded as sections of E,x ® ©F" via the
(I, wy)-trivialization.

Here the pullback 71 : H(A;, Eaxla,) = HY(X(J), E,) is defined by the
isomorphism &, = 71;(E.xla,) in Proposition Via the I-trivialization,
this is just the pullback of V([),-valued functions by 7, : X(J) — A, (see

Remark [5.7]). The existence of this pullback map is one of key properties in
the Fourier-Jacobi expansion.

Proor. The exact sequence of sheaves

0 I"Ey » I"E i = E4®6F" -0
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on X(J) defines the canonical exact sequence
(7.5)
0 — H'(X(J), " &1x) = H(X(), I"Ex) — H(Ay, E1x ® OF").

The generator '} of 7™ and the pullback map
s HY Ay, Eaala,) = HUX(), Exp)
define the splitting map
(7.6) H(As, Ex®OF") = HUX(), I"E0), ¢ @ W™ = wf - 7id

of (Z.3)). Here w7™ in the source is a section of ®F" over A, while w7 in the

target is a section of 7™ over X(J). This defines a splitting of the filtration
(HY (X)), I"E1))m on H(X(J), E1) and thus an embedding

H'XD, &0 = | | (A, €060 O5™.

m>0

Explicitly, this is given by writing a section f of &, over X(J) as f =
2T o)) with ¢, a section of E,la,, and sending f to the collection
(pm ® W§™) of sections.

Since 7} is just the ordinary pullback after the I-trivialization, the equa-
tion f = 2, (m¢,)w] when f is a modular form coincides with the
Fourier-Jacobi expansion of f after the [-trivialization. Thus the /-
trivialization of ¢,, is the m-th Fourier-Jacobi coefficient (Z.3). It follows
that the section ¢,, ® w7" is identified with the Fourier-Jacobi coefficient by
the (1, w,)-trivialization. O

At first glance, the Taylor expansion (Z.4) may seem non-canonical be-
cause the lifting map (Z.6)) uses the special normal parameter w,, which as a
function on X(J) depends on the choice of /;r, I’, I. In fact, it is canonical:

LemMA 7.4. The map (1.6), and hence the Taylor expansion (L.4), does
not depend on the choice of l;r,I’, 1.

Proor. Let @, be the special normal parameter constructed from another
such data (I, ', I,). Both w, and &, extend over 7 (J) and are linear at each
fiber of 7ry: 7(J) — A;. Therefore we have @;/w,; = n}¢ for a nowhere
vanishing holomorphic function &€ on A;. Then the map (7.6) defined by

using @, in place of w, sends ¢ ® W™ as

P8 = (€D R o D) TEP) = off i,

This coincides with the map using w,. O

This in particular implies the following.
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CoROLLARY 7.5. The m-th Fourier-Jacobi coefficient of a modular form,
viewed as a section of E,; ® @?’" over Ay via the (I, wy)-trivialization, does
not depend on the choice of l;r, I, I.

This means that we obtain the same section of &,; ® (9?’" even if we
start from the Fourier expansion at another O-dimensional cusp / C J.

To summarize, the Fourier-Jacobi expansion of a modular form f as
a section of &, is a canonical Taylor expansion along A; which uses but
does not depend on the choice of a special normal parameter w;. The m-th
Fourier-Jacobi coefficient is canonically determined as a section of &, ®
®?’". If we take the (I, wj)-trivialization, this section is identified with the
V(I),.-valued function (Z.3)) defined as a slice in the Fourier expansion of
f at the I-cusp.

7.3. Vector-valued Jacobi forms

We want to refine Proposition by taking the invariant part for the
integral Jacobi group I'(J)z and imposing cusp condition. This leads us to
define vector-valued Jacobi forms in a geometric style. In what follows,
we let m > 0 and consider the vector bundle &, ® ®?m over Aj, leaving
modular forms on D for a while.

As in §7.11 and §7.21 we choose a rank 1 primitive sublattice I of
J, a rank 1 sublattice I’ c L with (/,I’) # 0, and an isotropic vec-
tor I;r € U(l)g with (I;r,v;r) = 1. (I will be fixed until Definition
and I, I;r will be fixed until Lemma [7.9]) We keep the same nota-
tion as in §Z11 Since U(I); < I'(J); by (.8), the group I'(J); contains
U(l)z/U(J)z as a subgroup. As recalled in §7.1 I’ determines an embed-
ding A; <= U(I)c/U(J)c. The action of U(I)z/U(J)z on A, is given by the
translation on U(I)¢c/U(J)c.

We consider the action of U(I)z/U(J)z on the vector bundle &, ® ®‘§’m.
The [-trivialization E,4[x, = V()1 ® O, over A; is equivariant with re-
spect to the subgroup (I'I)g N I'(J)r)/U(J)z of WR. In particular, it is
equivariant with respect to U(I)z/U(J)z. Since U(I)z/U(J)z acts trivially
on V(I),x, the factor of automorphy for the /-trivialization of &, s, 1s triv-
ial on this group. On the other hand, as for the w;-trivialization of ®,, we
note the following.

LemMa 7.6. There exists a finite-index sublattice Ny of U(l)z/U(J)z
such that y*w; = wy for every y € No. In particular, the factor of auto-
morphy for the (I, w,)-trivialization E,;, @ OF" ~ V(1) ®Oy, of E14 @ OF"
is trivial on the group \.
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Proor. Recall that v € U(l)r acts on the tube domain 9; =~ 9D as the
translation by v, say #,. Then

twy =e((lyr, Z+v)) =e(lyr,v)) - wy.
Therefore, if we put
(7.7) Ao ={veU)z/UD)z|Ujr,v+UJ)z) CZ},

we have f,w; = w, for every v € Ay. Since (U(I)z,l;r) € Q and U(l)z is
finitely generated, we have (U(I)z, l;r) € N™'Z for some natural number N.
This shows that Ay is of finite index in U(J)z/U(J)z. O

Let ¢ be a ﬁz—invariant section of &, ® ©F" over A,. By the (1, w,)-
trivialization of &,; ® ©%", we regard ¢ as a V(I),-valued holomorphic
function on A,. By Lemma the function ¢ is invariant under the trans-
lation by the lattice A. Therefore it admits a Fourier expansion of the form

(7.8) ¢(2) = Za(l)ql, ZeA;cUc/U)c,
leA
where a(l) € V(D i, ¢' = e((1, Z)), and A is a full lattice in U(J)(é32 (which is
the dual space of U(1)q/U(J)q).
At this point, A can be taken to be the dual lattice of A defined by (Z.7),
but we can replace A by its arbitrary overlattice (or even the whole U(J )6)

by setting a(l) = 0if [ ¢ Aj. It is sometimes convenient to enlarge A in this
way. For this reason, we do not specify the lattice A in (Z.8).

ReMARK 7.7. The dual lattice of Ay in U(J )5 can be explicitly written as
Ay =UWD)y, Zlir)y N Uy
We do not use this information.
Replacing A by its overlattice, we assume that A is of the split form
AN =ZPBw,;r)®K,

where §; > 0 is a rational number and K is a full lattice in ;. N U (J)a.
Note that K is negative-definite. Accordingly, we can rewrite the Fourier
expansion of ¢ as

79 6@ =) > anbddy. i =elvir.2),
nepZ leK
forZe Ay cU(I)c/U(J)c.
DeriniTion 7.8. We say that ¢ is holomorphic at the I-cusp of H; if

a(n,l) # 0 only when 2nm > |([,1)|. We say that ¢ vanishes at the I-cusp if
a(n,l) # 0 only when 2nm > |(1, 1)|.
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The expression (Z.9) of the Fourier expansion of ¢ depends on the
choice of I, I, A. Specifically,

e [’ determines the embedding A; — U(l)c/U(J)c.

e [, determines the normal parameter w,; which determines the triv-
ialization of ®@7". The vector /;r also determines the splitting
U(J)a = U(J)g & Kg of the index space U(J)a.

e A is the index lattice in the Fourier expansion which is taken to be
a split form.

However, we can prove the following.
Lemma 7.9. Definition[7.8 does not depend on the choice of I, I;r, A

Proor. We verify this for the holomorphicity condition. The case of
vanishing condition is similar.

(1) If we change I, its effect is the translation on A; € U(I)c/U(J)c by
a vector of U(I)g/U(J)q. This multiplies each Fourier coefficient a(n, [) by
a nonzero constant, so its vanishing/nonvanishing does not change.

(2) The condition 2nm > |(1, )| is the same as the condition

(7.10) (mlj’r +v, mlj,r +v)>0

for the vector v = nv,;r + [ of U (J)a which corresponds to the index (n, /).
With [ fixed, this condition does not depend on the lattice A.
(3) Finally, if we change /,r, the new vector can be written as

U=l + 1o =27 (o, lo)vyr
for some vector [y € Kq. Since the normal parameter w; = e((l;r,Z)) is
replaced by
- ’ —(lo.lo)/2
Wy =e(ljr.2)) = q° “dyr CWy,

we have to multiply the function ¢ by g~ . q'J"(Fl“ 102 when passing from the
w,-trivialization to the w/-trivialization of ®%". Also Kg = Lrnuy )5 is
replaced by K L= r)L NnNUWJ )Q, for which we have the natural isometry

KQ—>K . li—)l/ .—l—(l,l())VJ,r.
Therefore the new Fourier expansion is
¢/ — ¢ q mly . m(l() lo)/2
Z Z a(n l)ql mly n+m(lg lo)/2
neQ leKq
U'—ml] L1 lo,l 2
Z Z a(n, l)q moqj;( 0)-m(lo,lo)/
}'IEQ IGKQ

In the last equality we used

[—mly = (l - ml())’ + (l — mly, l())VjJ".
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This means that a(n, /) is equal to the Fourier coefficient of ¢’ of index
(n+ (L L) —m(lo, 1p)/2, I —mly) € Qe K,
The holomorphicity condition 2nm > —(,[) for ¢ can be rewritten as
2m(n + (1, l)) — m(ly, lp)/2) = —=(I' = ml}, I' — ml}).
This is the holomorphicity condition for ¢’. O

Lemma ensures that Definition [7.8] is well-defined for a T'(J),-
invariant section of &, ® @F".

DeriniTion 7.10. We denote by
Jun@T(z) € H'(Aj, Erp ® OF™)

the space of mz—invariant sections ¢ of &, ® @?m over A; which are
holomorphic at every cusp I C J of Hj in the sense of Definition [7.8] We
call such a section ¢ a Jacobi form of weight (4, k) and index m for the
integral Jacobi group I'(J)z. We call ¢ a Jacobi cusp form if it vanishes
at every cusp I € J. When 4 = 0, we especially write Jo,,(I'(J)z) =
JimT'(J)z).

For later use (§7.4), we note the following.

Lemma 7.11. Let y be an element of I'(J)q which stabilizes J. A mz'
invariant section ¢ of E,x ® OF" over A, is holomorphic at the y(I)-cusp
of H, if and only if the y~'T(J),y-invariant section y*¢ of Eix ® OF" is
holomorphic at the I-cusp of H;.

Proor. This holds because the pullback of a Fourier expansion of ¢ at
the y(I)-cusp by the y-action

Y : UD)c/U)e = UyDc/U(J)c

and the isomorphism y: V(I),x — V(yI).x gives a Fourier expansion of
v*¢ at the I-cusp. m|

Now we go back to modular forms on P and refine Proposition [7.3] for
M, (). Recall that the m-th Fourier-Jacobi coefficient of a modular form
was initially defined as a V(I),,-valued function on A; by (Z.3)), and then
regarded as a section of &, ®0%" by the (I, w,)-trivialization. By Corollary
this section is independent of /.

ProposiTiON 7.12. For m > 0 the m-th Fourier-Jacobi coefficient of a
modular form f € M, (') as a section of Eyx ® OF™ is a Jacobi form of
weight (A, k) and index m in the sense of Definition[/ 10 When f is a cusp
form, the Fourier-Jacobi coefficient is a Jacobi cusp form.
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Proor. In what follows, ¢,, stands for the m-th Fourier-Jacobi coefficient
of f as a section of &, ® ©®F". What has to be shown is that G is T(J)-
invariant and is holomorphic at every cusp of H,. We first check the cusp
condition. Let I C J be an arbitrary cusp (not necessarily the initial one).
Corollary ensures that the Fourier expansion of ¢,, at the I-cusp of H,
is given by the series (Z.3]) obtained from the Fourier expansion of f at the
I-cusp of D. Then the holomorphicity condition for ¢,, at I, written in the
form (Z.10Q), follows from the cusp condition in the Fourier expansion of f
at 1. The assertion for cusp forms follows similarly.

It remains to check the ['(J);-invariance of ¢,,. Let ¢,, = ¢, ® W3
This is a section of &,4|x, whose I-trivialization is the (I, w,)-trivialized
form (Z.3)) of ¢,,. By Proposition[7.3] we have the expansion

(7.11) f=) @ onw,

as a section of &, where we view w; as a generator of the ideal sheaf 7 of
A;. We let y € I'(J), act on this equality. Then we have

(712) ¥ f =) Y @EenG e)" = ) w0 ¢y )"

by Proposition[5.6l By Lemmal[7.2] we have y*w, = (x} j,) - w, for a holo-
morphic function j, on A;. Therefore we have

(7.13) ’)/*f = Z ﬂT(];rl ' ’y*¢m)wf7'

Since f is I'-invariant, we have y*f = f. Comparing and (Z.13), we
obtain ¢,, = J - y"¢, for every m. This means that bn = G ® Wi" is
y-invariant. This proves Proposition[7. 12 m|

For the sake of completeness, for m = 0 with A # det, let us denote by
Juco(T(J)z) the space of T(J)-invariant sections of E/@ L, = n3 L3 ®
V(J), over A; which is holomorphic at every cusp of H,. By the result of
§6, the 0-th Fourier-Jacobi coefficient ¢y = f|s, of a modular form f €
M, (') belongs to this space (cuspidal when A4 # 1). Then, as a refinement
of Proposition for M,(I'), we see that the Fourier-Jacobi expansion
gives the embedding

M) = [ [Tun@D2), £ = ) @) = (60 ® W,

m>0 m

which is canonically determined by J.



7.4. CLASSICAL JACOBI FORMS 93

7.4. Classical Jacobi forms

In this section we introduce coordinates and translate Jacobi forms with
A = 0 in the sense of Definition[7.10/to classical scalar-valued Jacobi forms
ala [21]] and [44]. The result is stated in Proposition[7.18] Our purpose is to
deduce a vanishing theorem in the present setting (Proposition [Z.19) from
the one for classical Jacobi forms.

7.4.1. Coordinates. We begin by setting some notations. In U(J)g =
/\2JQ we have two natural lattices: A%J and U(J)z. The former depends
on L, and the latter depends on I'. Recall that the positive generator of
U(J)z is denoted by v, (§Z.1)), and the positive generator of A%J is denoted
by v; (§5.1.2). Then v; = Byv,r for some rational number By > 0. This
constant By depends only on L and I'. We choose an isotropic plane in Lg
whose pairing with Jg is nondegenerate, and denote it by J(é for the obvious
reason. This is fixed throughout §7.4] We identify V(J)q = (J*/J)q with
the subspace (Jo ® J9)* of Lq.

Next we choose a rank 1 primitive sublattice I of J. Let ey, fi, €2, f> be
the standard hyperbolic basis of 2U. We take an embedding 2Ug — Lg
which sends

Zey®Zey > J, Zey — I, Qfi®oQf, — J(é

isomorphically. Thus it is compatible with I C J in the sense of §5 We
identify ey, fi, s, f, with their image in Lg. Then v; = e, ® e;. We define
vectors Iy, ;- € U(l)g (as in §5.1.2land §7.1) by I, = o ®e; and I;r = Bol;.
We also put I’ = Zf;. The choice of these data has two effects: it introduces
coordinates on D and on the Jacobi group.

The coordinates on D are introduced following §5.1.21 The choice of
I’ = Zf; defines the tube domain realization D — 9; C U(I)c. According
to the decomposition

Ul)c=Uc®V(J))®Ic =Cl; x (V(J)®Cey) X Cyy,
we express a point of U(I)c as
Z=71l;+zQe +wv; = (1,2, W), wweClC, ze V(J)c.

These are the same coordinates as in (3.3]) except that z in (5.3)) is z ® ¢,
here. When Z € Dy, the corresponding point of D is Cw(Z) where
(7.14) wZ)=fi+t+th+z+we,—((2,2)/2 +TW)e; € Le.

Note that this vector is normalized so as to have pairing 1 with e;. In this
coordinates, the Siegel domain realization D — V, — H, with respect to
J is the restriction of the projection

Cl; x V(J)yxCv; - Cl; x V(J) — Cl, (z, W) ()P T
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to the tube domain 9);. The coordinates introduced on H; c P(L/J*)c and
V; c P(L/J)c are written as

(7.15) HSH), to 1l =C(fi +7h),

(7.16)  HxVU) >V, (21l +z0e =C(fi +1f+2).

Note that the isomorphism (Z.13) maps the cusps Pé = {icc}UQof H c P!
to the cusps PJé of H; c PJY, and especially maps the cusp ico to the I-cusp
Itn P.Ié of H].

Next we consider the Jacobi group I'(J)r, F = Q,R. Recall from (3.7)
that the splitting Ly = (Jr & J}) ® V(J)r defines an isomorphism

(7.17) L(N)r = SL(JF) < W(I)F,

which we fix below. (This splitting depends on J},, but not on 1.) We
identify
SL(Jr) = SL(J}) = SL(2, F)

by the basis f, fi of Jy, or equivalently, by the basis e, —e, of Jr. Thus an
element (Z Z) € SL(2, F) acts on Jp ® J}. by

e| —ae; —cey, ey —bey+de,, fi—dfi+bfr, forcfi+afs.
Finally, we have a splitting of the Heisenberg group W(J)r as a set:

(7.18) W()r UNr X (V(Nr ® Fe) X (V())r ® Fe)
EXV()r X V(J)F,

1

1

where we take v; as the basis of U(J)r. Accordingly, we write an element
of W(J)r as (a,vy,v,) where @« € F and v{,v, € V(J)r C Lg. In this
expression, (@,0,0) = av, corresponds t0 Eye,pne, € U(J)p, (0,v1,0) to
E, g, and (0,0,v,) to E, .,. Note that each V(J)r ® Fe; and V(J)r ® Fe,
are respectively subgroups of W(J)r, but they do not commute.

ProposiTioN 7.13. The action of I'(J)r on D is described as follows.
(1) (a,0,0) € UWJ)F acts by

(r,z,w) = (1,2, w+ ).
(2) (0,v1,0) € W(J)F acts by

(m,z, W) (1, 2+ Vv, w).
(3) (0,0,v,) € W(J)F acts by

(T, 2, W) > (T, 2+ V2, w— (2,2) — 27 (2, V2)7).
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(4) (‘C’ Z) e SL(2, F) acts by
@ 2 W) o ar+b Z " c(z,2)
» a+b cr+d | 2cr+d))

Proor. Let w(Z) € L¢ be as in (Z14). By direct calculation using the
definition (I.4) of Eichler transvections, we see that

Eoeype,(W(Z2)) = fitth+z+(W+a)e +Ae
w(Z + (0,0, a)),

E, g, (w(2)) i+ T+ (2 +Vv) +wer + Aey

w(Z +(0,v1,0)),

E o0, (w(2)) = fitTfa+t(@+Tv)+(W—(2,v2) — (T/2)(v2,2))es + Ae,
= CL)(Z + (0’ V), _(Z’ V2) - (T/Z)(VZ’ VZ)))’

d

Here the constant A in each equation is an unspecified constant determined
by the isotropicity condition. This proves (1) — (4). O

(Z b) (wW2) =(ct+d)fi+(at+b) L +z+ ((ct+d)w+(c/2)(z,2))er + Ae;.

Proposition agrees with the classical description of the action of
Jacobi group in [21] p.1185. (a, vy, v, correspond to r,y, x in [21] respec-
tively.) We note two consequences of the calculation in Proposition[7.13]

Z) be its image in SL(2,R). The

factor of automorphy of the y-action on L with respect to the I-trivialization
L=I®0pisct+d.

CoroLLARY 7.14. Lety € I'(J)r and (CCZ

Proor. In view of ([2.3)), this follows by looking at the coefficients of f;
in the equations in the proof of Proposition [7.13l m|

This gives a computational explanation of the I'(J)g-equivariant isomor-
phism £ ~ 7*L; in Lemma[5.9. We also provide a computational proof of
Lemmal(7.2

CororLArY 7.15 (cf. Lemmal[7.2)). Lety € T'(J)r and w; = e((l;r,Z)) be
as in §7.1) Then y*w; = j,(t, 2)w; for a function j,(t,z) of (1, z) which does
not depend on the w-component.

Proor. Since I;r = Bol,, if we express Z = (1, z, w), we have

wy = e((ljr,2)) = e((Boly, wvy)) = e(Bow).
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Therefore, if we denote by y*w the w-component of y(Z), we have

(7.19) (Y'wp)]w; = eBo(y'w —w)).
It remains to observe from Proposition [Z.13] that y*w — w depends only on
(7,2). O

The function j, (7, z) is the inverse of the factor of automorphy of the -
action (= pullback by y~!) on the conormal bundle ®; of A; with respect to
the w,-trivialization. Thus j, (7, z) is the multiplier in the slash operator by
¥ on ®; with respect to the w,-trivialization. By (7.19), j,(t, z) is explicitly
written as follows.

e(ﬁoa) Y = (a/’ O’ O)
1 Y = (0’ Vi, 0)
(7200 jy(1,2) = Je(~Bo(v2,2) = 27 Bo(va, v2)T) = (0,0,v2)
0C(Z,2 a b
o(Be2) [

If we divide I'(J)gr by U(J)g, these coincide with the multipliers in the slash
operator in [44] p.248 with k = 0 and the quadratic space V(J)q(—f). (We
identify the half-integral matrix F in [44] with the even lattice with Gram
matrix 2F, and this lattice tensored with Q corresponds to our V(J)q(—5o).)

7.4.2. Translation to classical Jacobi forms. Now, using the coordi-
nates prepared in §7.4.1] we describe Jacobi forms with 2 = 0 in a more
classical manner. We identify A; ~ H x V(J) by (Z16) and accord-
ingly use the coordinates (7,z) on A;. We put g; = e(1) = e((vy,Z)) and
q;r = e((vyr, 2)) (as in (Z9)) for Z = (1,z) € A;. Since v;r = 5;'vy, then
qir = e(B;'7) = (g, . We also write 8, = 85'81.

Let ¢ € Ji.,,(I'(J)z) be a Jacobi form of weight (0, k) and index m in the
sense of Definition Via the (I, wy)-trivialization and the basis e¢; of /,

-£®k ® @?m ~ (I(;:()@)k ® OAJ ~ OA],

we regard ¢ as a scalar-valued function on A;. Let V(J)(Bym) be the scaling
of the quadratic space V(J) by Bom.

Lemma 7.16. We identify V(J) = V(J)(Bom) as a C-linear space natu-
rally and regard ¢ as a function on A; =~ H X V(J)(Bom). Then ¢ has a
Fourier expansion of the form

o= >, anbddq;,  TeH ze V) (Bom),

nePLZ leK(Bom)Y
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Here q' = e((l, 2)) with (1, ) being the pairing in V(J)(Bom), and K; is some
full lattice in V(J)q such that K;(By) is an even lattice. The holomorphicity
condition at the I-cusp is 2n > |(I, ).

Proor. Recall from (7.9) that ¢ as a function on H x V(J) has a Fourier
expansion of the form

b= > Y anhddy,  TeH, ze V()

neBZ leK’

where K’ is some full lattice in V(J)q and g = e((l,2)). (The vectors [ in
([Z.9) are [ ® e; here.) The I-cusp condition is 2nm > |(I,[)|. We substitute
qur = (g,)%" and rewrite By'n as n. Then this expression is rewritten as

6= ) Yanhgdq),  TeH ze V),

nePrZ leK’

with the /-cusp condition being 2nBym > |(/,[)|. By enlarging K’, we may
assume that K’ = K for a lattice K; C V(J)q such that K;(By) is even.

Next we identify V(J) = V(J)(Bym) as a C-linear space, which mul-
tiplies the quadratic form by SBom. This identification maps the lattice
K/ c V(J) to the lattice BomK;(Bom)" C V(J)(Bom). Then, by multiply-
ing the index lattice K, by (Bym)~' and identifying it with K;(Bym)" by this
scaling, the Fourier expansion of ¢ as a function on Hx V(J)(mp,) is written
as

6= >, ambddq;,  TeH ze V() (Bom),

nePrZ leK;(Bom)V

where (1, 7) in ¢’ = e((l, 7)) is the pairing in V(J)(Bym). The I-cusp condition
is then rewritten as 2n > |(1,[)| for [ € K;(Bym)" . O

Here we passed from g, to g, because the latter does not depend on T,
and passed from V(J) to V(J)(Bym) in order to match our holomorphicity
condition at the /-cusp to the holomorphicity condition at ico of Skoruppa
[44] p.249.

Next we shrink the integral Jacobi group I'(J), to a subgroup of simpler
form. We let I'; ¢ SL(J) be the intersection of I'(J)z with the lifted group
SL(Jg) € I'(J)g. (This is different from the notation in §6.3]in general.)
Note that I'; does not depend on / (but on Jé C Lg). The splitting (7Z.17)
defines an isomorphism

['(J)o/U(J)g = SL(Jg) = (V(J)q ® Jo),

where SL(Jg) acts on V(J)g ® Jg by its natural action on Jg. We fix this
splitting of I'(J)q/U(J)q. The inclusion I'(J)z C I'(J)q defines a canonical
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injective map mz — I'(J)g/U(J)q. Its image is not necessarily a semi-
product. Elements in the intersection mz N (V(J)g ® Qe;) are images of
elements of I'(J) of the form Ey, re, © Evge,, V € V(J)g, but @e; Aey € U(J)g
is not necessarily contained in U(J)z in general. We remedy these two
subtle problems by passing to a subgroup of I'(J); as follows.

Lemma 7.17. There exists a full lattice K} in V(J)q such that
(7.21) [y (K ©zJ) € T(J),

as subgroups of I'(J)q/U(J)q, and for each i = 1,2, the subgroup K; ®; Ze;
of this semi-product is contained in the image of W(J)z N (V(J)q ® Qe;) in
['(JN)o/U(J)q, where V(J)g ® Qe; is the component of W(J)q in [Z18).

Proor. The intersection of W(J)z with the component V(J)g ® Qe; in
([Z.198) is a full lattice in V(J)g ® Qe; and hence can be written as K; ®z Ze;
for some full lattice K; in V(J)g. We put K; = K; N K,. Then the second
property holds by construction. Since J = Ze| ® Ze,, it follows that

K;®zJ c TN (V(J)g® Jo).

Since we also have I'; c I'(J); N SL(Jg) by construction, the inclusion
is verified. O

The second property in Lemma means that Eg,,, E\ge, € W(J)z
for v € K, and their images in I'(J)g/U(J)q form the subgroups K; ®; Ze;,
K, ®; Ze; in respectively. Their factors of automorphy on ®, are
given by the second and the third line in (Z.20) respectively. This is why we
require the second property in Lemma[7.17

We can now state the translation of Jacobi forms in a precise form. For
an even negative-definite lattice K’, let J; x-(I';) be the space of Jacobi forms
of weight k and index lattice K’(—1) for the group I'y < SL(J) =~ SL(2,2)
in the sense of Skoruppa [44] p.249. (In the notation of [44], K'(—1) is
the positive-definite even lattice with Gram matrix 2F, and corresponds to
the Z" in the Heisenberg group in [44] p.248. The dual lattice of K'(—1)
corresponds to the index Z" in the Fourier expansion in [44] p.249.)

Proposition 7.18. There exists a full lattice K in V(J)g such that K(B)
is an even lattice and we have an embedding

Jim(T'(D)z) = Jik@emT's)
for everym > 0 and k € Z.

Proor. The correspondence is summarized as follows:
(1) Start from a section ¢ of L& ® OF" over A;.
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(2) Choose a rank 1 primitive sublattice / C J and identify ¢ with a
holomorphic function on A; by the (I, w,)-trivialization of L& ®
%",

3) Idiantify Ay = H x V(J)(Bym) by the coordinates in §7.4.1l and the
scaling V(J) ~ V(J)(Bom).

(4) In this way ¢ is identified with a holomorphic function on H X
V() (Bom).

We shall show that this defines a well-defined map from J;,,(I'(J)z) to
Jikgom)(I'y) for a suitable lattice K C V(J)q.

We replace K; in Lemmal7.16land K] in Lemma [7.17] by their intersec-
tion K; N K, and rewrite it as K;. Then Lemma says that our Jacobi
form ¢ viewed as a function on H X V(J)(Bym) by the above procedure has
the same shape of Fourier expansion as that of Jacobi forms of weight k
and index lattice K;(Bym) at ico in the sense of [44] p.249. Our I-cusp con-
dition 2n > |(/, )| agrees with the holomorphicity condition at ico in [44].
By Corollary and (Z.20), we see that the factor of automorphy for the
action of I'; < (K; ® J) on L% ® ®°}’m with respect to the (I, wy)-trivialization
agrees with the factor of automorphy for the slash operator [, v g,m) in [44]
p.248. Therefore the function ¢ satisfies the transformation rule of [44]
p-249 (Definition (1)) for the group I') < SL(J) with weight k and index lat-
tice K;(Bom). In particular, the function ¢ is also holomorphic (in the sense
of [44])) at the cusps equivalent to / under I';.

It remains to cover all cusps. The coincidence of the automorphy factors
on SL(Jr) implies that the function ¢l v g,my for y € SL(J) is identified
with the section y*¢ via the (I, w,)-trivialization. Then we have

the section ¢ is holomorphic at the y/-cusp in our sense
< the section y*¢ is holomorphic at the /-cusp in our sense

& the function @l v(),my 15 holomorphic at ico in the sense of [44].

The first equivalence follows from Lemma [7.11] and the second equiva-
lence follows by applying the argument so far to the Jacobi form y*¢ for
Yy ' T(N)zy C I'(J)g (with J = y(J) and U(J)z unchanged). Here the index
lattice for y*¢ is determined from the Fourier expansion of y*¢ at the /-cusp
with the group y~'I'(J)zy, by the procedure in Lemmal[7.16l We denote it by
K, (Bom), with K, a full lattice in V(J)g. This may be in general different
from Kj.

Then we take representatives I, = I, I, - - - , Iy of I'j-equivalence classes
of rank 1 primitive sublattices of J and put

K = ﬂ K, c V()
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As a function on HXx V(J)(Bym), ¢ satisfies the transformation rule of Jacobi
forms of weight k and index lattice K(Bym) for I'; < SL(J), and is holomor-
phic at the cusps I} = ico, I, - - -, Iy of H; ~ H in the sense of [44]. If y(I)),
vy € I'y, is an arbitrary cusp of Hj, the holomorphicity of ¢ = @l vgymY
at [; implies that of ¢ at y(I;). Thus ¢ is holomorphic at all cusps, namely
¢ € Jik@om ). o

Proposition[7. 18] implies the following.
Proposition 7.19. We have J;.,,(I'(J)z) = 0 when k < n/2 — 1.

Proor. This holds because J; x/(I'y) = 0 when k < rk(K")/2 = n/2 -1
(see [44] p.251). O



CHAPTER 8

Filtrations associated to 1-dimensional cusps

Let L, I, J be as in In this chapter we introduce filtrations on the
automorphic vector bundles canonically associated to the J-cusp, and study
its basic properties. These filtrations will play a fundamental role in the
study of the Fourier-Jacobi expansion. Our geometric approach will be ef-
fective here. In §8.1] we define the filtration on the second Hodge bundle &E.
This induces filtrations on general automorphic vector bundles &, (§8.2).
In §8.3] we study these filtrations from the viewpoint of representations of
a parabolic subgroup. In §8.4] as the first application of our filtration, we
prove that vector-valued Jacobi forms decompose, in a certain sense, into
scalar-valued Jacobi forms of various weights. The second application will
be given in §OL

8.1. J-filtration on &

In this section we define a filtration on & canonically associated to J.
For [w] € D we consider the filtration

(8.1 0 cw Nl CcwnJicuw
onw =w-NLc.

Lemma 8.1. Let p: w* — w*/Cw be the projection. Then p(w* N Jc)
has dimension 1 and p(w* N J3) = p(w™ N Jo)* in w*/Cow.

Proor. Since (w, J) # 0, we have dim(w* NJc) = 1. The fact that Cw ¢
Jc then implies that p(w* N Jc) has dimension 1. Next we prove the second
assertion. It is clear that p(w* NJ3) C p(w* NJe)*. Since p(w* NJg)* is of
codimension 1 in w*/Cw by the first assertion, it is sufficient to show that
p(w* N Jz) is of codimension 1 too. Since Cw ¢ Jc, we have (w, J*) # 0.
This implies that w*NJZ is of codimension 1 in Jz, and so of codimension 2
in w*. The fact that Cw ¢ Jz implies that the projection w™NJz — w*/Cw
is injective. Hence p(w* N J3) is of codimension 1 in w*/Cuw. O

Let &, be the sub line bundle of & whose fiber over [w] € D is the image
of w* N Je in w*/Cw. This is an isotropic sub line bundle of &. Taking the
image of (8.1)) in w*/Cw and varying [w] € D, we obtain the filtration

(8.2) 0cé& cé& cé&
101
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on & We call it the J-filtration on E. By construction, this is ['(J)g-
invariant.

We calculate the graded quotients of the J-filtration. Let 7: D — H; be
the projection to the J-cusp and £; be the Hodge bundle on H,. We write
V(J) = (J*/J)c as before.

ProposiTiON 8.2. We have I'(J)g-equivariant isomorphisms
(8.3) E =nLy, &5 E=VIH®Oy,  E/E =n' L.

Proor. We begin with &;. Let [w] € D. The fiber of &; over [w] is the
line w*- N Je C Je, while that of 7*L; is the image of Cw in (L/J*)c. In
order to compare these two lines, we consider the canonical isomorphisms

(8.4) (L/J e = J& « Je.

Here the first map is induced by the pairing on L, and the second map is
induced by the canonical symplectic form J x J — A?J ~ Z on J. The
second map sends a line in J¢ to its annihilator in J¢. In (8.4), the above
two lines are both sent to the line (Cw, -)|;. in Jé (the pairing of J- with
Cw). This gives the canonical isomorphism

(7" L) =ImCw —= (L) )e) = w™ N Je = (E)w)-

Varying [w], we obtain a I'(J)r-equivariant isomorphism 7* L; =~ &;.
Consequently, we obtain the description of the last graded quotient

EIEF =~ &) ~ n' Ly,

where the first map is induced by the quadratic form on &.
Finally, we consider the middle graded quotient &;/&,. The fiber of this
vector bundle over [w] € D is (w" N J3)/(w* N Jc). We have a natural map

(8.5) (W NJD/(w" NJc) > Jz/Je = V().

This is clearly injective. Since the source and the target have the same
dimension, this map is an isomorphism. Varying [w], we obtain a ['(J)g-
equivariant isomorphism &7 /&; — V(J) ® Oyp. O

Next we choose a rank 1 primitive sublattice I of J and describe the
J-filtration under the /-trivialization.

ProposiTioN 8.3. The I-trivialization & ~ V(I)®Oq sends the J-filtration
8.2) on & to the filtration

O c J/II c JYI c I'/De®O0yp
on V(1) ® Oyp.
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Proor. Since the I-trivialization V(I)® Oy — & preserves the quadratic
forms, it suffices to check that this sends (J/I)c ® Op to E;. Recall that the
[-trivialization at [w] € D is the composition map

(8.6) 5/l » v NIz - w'/Cw.

The inverse of the first map sends the line w* N J¢ in w* N I3 to the line
Je/lc in IS /I, and the second map sends w* N Je to (&), by definition.
Therefore (8.6) sends Jc/Ic to (E))(,)- This proves our assertion. O

The J-filtration descends to a filtration on the descent of & to X(J) =
D/UJ)z. We consider the canonical extension over the partial toroidal
compactification X(J).

ProrosiTION 8.4. The J-filtration on & over X(J) extends to a filtration

on the canonical extension of & over X(J) by I'(J)g-invariant sub vector
bundles. The isomorphisms (8.3) for the graded quotients on X(J) extend
to isomorphisms between the canonical extensions of both sides over X(J).

Proor. We choose a rank 1 primitive sublattice I of J. Recall that the
canonical extension of & is defined via the /-trivialization & — V(I)®Oy(,).
By Proposition[8.3] the /-trivialization sends the sub vector bundles &,, &7
of & to the sub vector bundles (J/I)c ® Oxs), (J*=/Dc ® Oxy) of V(I)®Ox( s
respectively. The latter clearly extend to the sub vector bundles (J/I)c ®
Oz, (U L/De® Ox5 of V(I) ® Ox; respectively. This means that &, E;
extend to sub vector bundles of the canonical extension of E. They are still
['(J)z-invariant by continuity.

We prove that the isomorphisms (8.3) extend over X(J). We begin with
&; =~ n* L. For each [w] € D we have the following commutative diagram
of isomorphisms between 1-dimensional linear spaces:

w' N Je 2~ (Cw, ),

’”l |

JC/IC T> I(é

Here p; is restriction of the second isomorphism Jo — J in (8.4), p; is the
map induced from this Jc — J¢, p3 is the natural projection, and py is the
restriction of the natural map J¢ — I to the line (Cw, -)|;. of J¥. Recall
from the proof of Proposition[8.2]that p; is identified with the isomorphism
&y — m* L, at [w] after the canonical isomorphism J¢ =~ (L/J*)c. Vary-
ing [w], we obtain the following commutative diagram of isomorphisms
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between line bundles on X(J):

P1

8] 7T*-£,J

| |

(J/Dc ®OX(J) o Ié ®OX(1).

Here p; is the isomorphism we want to extend, p, is the constant homo-
morphism, p; is the I-trivialization of &,, and p, is the pullback of the
[-trivialization of £; (cf. Remark [3.11)). By construction, the canonical ex-
tension of &; is given via p3. Similarly, by the proof of Proposition
the canonical extension of 7*L; is given via p4. Since p, is constant, it ex-
tends over X(J). Then this commutative diagram shows that p; extends to
an isomorphism between the canonical extensions of &, and 7* L.

Next we consider &;/&8; — V(J) ® Ox;). We observe that for each
[w] € D, the natural composition

(" NJ)/(w" N Je) = Uz /o) Uc/le) = Jz /e,

where the first isomorphism comes from w* N Iz — Iz /Ic, coincides with
the isomorphism (8.3)) defining &7 /&, — V(J)®Ox(y) at [w]. Therefore the
isomorphism &5 /&; — V(J) ® Oy, in (8.3) factorizes as

E7/E; = (JH/Dec ® Oxyy/(J/Dc ® Oxiy = V() ® Oxy,

where the first isomorphism is induced by the /-trivialization and hence
gives the canonical extension of &;/&;, and the second isomorphism is the
constant homomorphism. The constancy of the second isomorphism en-
sures that it extends over X(J). This shows that the isomorphism &;/&; —
V(J) ® Ox in (8.3) extends to an isomorphism between the canonical ex-
tensions.

Finally, the extendability of E/E+ ~ n* L' follows from the extendabil-
ity of &, =~ n* L, and the fact that the quadratic form on & extends over the
canonical extension (by construction). O

8.2. J-filtration on &,

In this section we use the J-filtration on & to define a filtration on a
general automorphic vector bundle &, .

We begin with a recollection from linear algebra. Let V be a C-linear
space of finite dimension endowed with a decreasing filtration of length 3:

0c F'v c F'v c F'lv =V,

We denote by Gr'V = F"V/F"*'V the r-th graded quotient. (By convention,
F?V =0.) Letd > 0. On the tensor product V® we have a decreasing
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filtration of length 2d + 1 defined by

87)  FV¥= ZF“V@F"ZVQa L@ FY, —d<r<d,
lil=r
where 7 = (i1, -+, iy) run over all multi-indices such that |?| =i +--+1iy

is equal to r. The graded quotient Gr'V® = Frv®!/Fr+1y®d i5 canonically
isomorphic to

(8.8) Grv¥ = (PGrveGVe-- @ Grv.
li=r
This construction of filtration is well-known in the case d = 2; the construc-
tion for general d is obtained inductively.
We apply this construction relatively to the J-filtration on the second

Hodge bundle & We write F'E = &, F'E = &, F7'E = &, and define a
decreasing filtration

0 c Fig¥ c F'&® c...c Fg® =¥
of length 2d + 1 on & by
Fg =Y F'E@FE@- -0 F'6,  -d<r<d.
li=r
This is a filtration by I'(J)g-invariant sub vector bundles.

LemmMma 8.5. We have a T'(J)g-equivariant isomorphism

(89) Grra@d ~ ﬂ*L?r ® @ V(J)®b(?)’
li=r

where b(?) > 0 is the number of components i, of?: (i1, -+ ,1iq) equal to Q.

Proor. By (8.8) we have
(8.10) Gre* = (HGrEe - g Gre.

li=r

By Proposition [8.2] each factor Gr"& is isomorphic to 7*.L;, V(J) ® Oy,
ﬂ*.[:;l according to i, = 1,0, —1 respectively. Let a(?), b(?), c(?) be the num-
ber of components i, of i = (iy,--- ,iy) equal to 1,0, —1 respectively. Then
(8.10) can be written more explicitly as

Gr&¥ ~ @ V( J)®b(?) o L?a(i)—c(i)_
li=r

We have a(?) - c(?) = I?I =r. O
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Since Gr'& =~ (Gr'&)Y, the expression (8.10) shows that we have the

duality
Gr—r8®d ~ (Gr’8®d)v,
by sending an index Q= (i1, -+, i) toits dual index (—iy, - - , —ig).

By Proposition the I-trivialization &% ~ V(I)®* ® Oy sends the
sub vector bundle F"E® of &% to the sub vector bundle F'V()® ® Oy
of V(I)®* ® Op, where F'V(I)® is the filtration (8.7) applied to V = V(I),
F'V = (J/I)c and F°V = (J*/I)c. This implies that the filtration F*E® on
&E® over X(J) extends to a filtration on the canonical extension of E%¢ over
m by sub vector bundles. (We use the same notation.)

Now we consider a general automorphic vector bundle &,; = &, ®
L% Let d = |A|. Recall from §3.2/that &, = c, - & is defined as an
O*(Lg)-invariant sub vector bundle of %, where c; = b,a, is the Young
symmetrizer for 4. We define a decreasing filtration on &, by taking the
intersection with F”&E% inside &

F'& =8 NF&¥, —d<r<d.
Then we take the twist by L:
Fr(g/hk = Fr(g) ® -£,®k.

This is a I'(J)g-invariant filtration on &, ;. We call it the J-filtration on &, .
This is a standard filtration on &, that can be induced from the J-filtration
on &. In Proposition[8.13] we will prove that the range of the level r reduces
to—-A; <r< A

Remark 8.6. We also have the following natural expressions of F’E;:
F'&) = ci(EW N FE™) = 8 N cy(FE™).
These equalities hold because we have c,(F'E®) c F'&® by the Sy-
invariance of F"E® and c, is an idempotent up to scalar multiplication.
Let
(8.11) F'V(D, =V, NFV{I)®, —-d<r<d,
be the similar filtration on V(I),. The I-trivialization &, ~ V(I), ® Op sends
the J-filtration F*&E; on &, to the filtration F*V(I),®0p on V(I);®04. This
implies that the J-filtration on &,, after descending to X(J), extends to a

filtration on the canonical extension of &, over X(J) by I'(J)g-invariant
sub vector bundles.

ProposiTion 8.7. At the boundary divisor Ay of X(J), we have a T'(J)g-
equivariant isomorphism

(8.12) Gr'(Eala,) = (1 L™,

where a(r) > 0 is the rank of Gr' &, and rt; is the projection A; — Hj.
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Proor. Since L], = 75.L; by Proposition it suffices to prove this

assertion in the case k = 0. By Lemma [8.5] we have a I'(J)g-equivariant
embedding

Gr'&; — Gr&™M = (n" L)
over X(J) for some b > 0. By Proposition[8.4] this embedding extends over
X(J). By restricting it to A;, we obtain a I'(J)-equivariant embedding

Gr'(Eala,) = (LT

The image of this embedding is a I'(J)g-invariant sub vector bundle of
(ﬂ;.ﬁ?r)@b . Since the Heisenberg group W(J)z C I'(J)r acts on each fiber
of my: A; — H; transitively, this image can be written as 7;% for some
SL(Jg)-invariant sub vector bundle ¥ of (L?’)eab . By the SL(Jr)-invariance,
F is isomorphic to a direct sum of copies of L. O

Before finishing this section, we look at two typical examples.

ExampLE 8.8. Let A = (19) with 0 < d < n, namely V, = AV, We have
NE; =0if i > 1 and (A'E7) A (AE) = AE if j > 0. This shows that the
J-filtration on A?E reduces to the following filtration of length 3:

0 c &EANTIED) c ANEF+E; A (NTIE) c A&,

These three subspaces have level 1, 0, —1 respectively. (Note that AIE =
(A972E+) A & in the second term and AYE = (A7'E7) A & in the last term.)
The three graded quotients are respectively isomorphic to

E; @ NTNEFIE) = ATV @ Ly,
N(EF1EN & NTAETIE)) = (NV(D) @ ATPV(]) ® Op,
EIEN O NTHESIE) =~ ATV @ L.
Here A“2V(J) =0 whend =1, and AYV(J) = 0whend =n — 1.

ExampLE 8.9. The J-filtration on SymdS has length 2d + 1, with sub-
spaces

F'Sym‘€ = Z Sym“E; - Sym’E7 - Sym“E, -d <r<d.
a+li+i=d
The graded quotient Gr"Sym“& is isomorphic to
7 L3 ® (Sym* V() & Sym M2V @ - - @ Sym” ' V())).

This shows that the J-filtration on the main irreducible component &, of
Sym“E has length 2d + 1 with graded quotient

(8.13) Gr'&yy =~ n° L3 ® Sym "MV(J)), —d<r<d.
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8.3. J-filtration and representations

In this section we study the J-filtration, in its /-trivialized form, from
the viewpoint of representations of a parabolic subgroup. As consequences,
we determine the range of possible levels, and also relate the Siegel operator
(§6)) to the J-filtration.

We choose a rank 1 primitive sublattice I c J. Let P(J/I)c be the
stabilizer of the isotropic line (J/I)c € V(I)in O(V(I)). As in (©.4), P(J/I)c
sits in the exact sequence

(8.14) 0—->U(J/Dc — P(J/I)c = GL((J/I)c) X O(V(J])) — 1,

where U(J/I)c ~ V(J)®(J/I)c is the unipotent radical of P(J/I)c consisting
of the Eichler transvections of V(I) with respect to (J/I)c. The filtration

(F'V)-1o<1 = (0 (J/Dec(J*/De cVI)

on V(I) is P(J/I)c-invariant. The unipotent radical U(J/I)c acts on the
graded quotients trivially, so they are representations of

GL((J/Dc) x O(V(J)) = C* xO(n-2,C).

Specifically,

e Gr'V(I) = (J/I)c is the weight 1 character of C*.
e Gr'V(I) = V(J) is the standard representation of O(V(J)).
e Grlv() =) I)(\é is the weight —1 character of C*.

Letd > 0. As in (8.7), let
FrV(D)™ = Z F'Vv(h® --@FV(), -d<r<d,

li=r
be the induced filtration on V(I)®¢. This is P(J/I)c-invariant. By (8.8), the
unipotent radical U(J/I)c acts on the graded quotients Gr"V(I1)®? trivially.

Hence Gr'V(I)®@ is a representation of C* x O(V(J)). Specifically, by the
same calculation as in Lemma[8.3] we have

(8.15) Grv(D® = y, ® @ V()P0

li=r
where y, is the weight r character of C*. If we take a lift of C* X O(V(J)) in
(814), we have a decomposition

d
(8.16) V(* = B Grvn™

r=—d
as a representation of C* x O(V(J)) because C* x O(V(J)) is reductive. By
(8.13), this is the weight decomposition with respect to C*.
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Now let 4 = (44 > --- > 4,) be a partition expressing an irreducible
representation of O(V(I)) =~ O(n, C). As in (8.11)), let

F'V(D), = V), NnF VM

be the filtration induced on V(I);. This is a P(J/I)c-invariant filtration, and
U(J/I)c acts on the graded quotients trivially. By the above argument, if
we take a lift of C* x O(V(J)) in (8.14), we have a decomposition

8.17) V), ~ @ Gr'v(I),

as a representation of C* x O(V(J)), and this agrees with the weight decom-
position for C* with Gr"V(I), being the weight r subspace.

ProrosiTioN 8.10. Let A # det. We have
(8.18) FAvn, =0, F™v(, = V).

Thus the filtration F*V(I), has length < 24, + 1, from level —A; to A;.
Moreover, we have

(8.19) FAV (D, = vV,

Proor. This is purely a representation-theoretic calculation. We write
V = V(I) and take a basis e;, - - - , e, of V such that (J/I)c = Cey, (e;,e;) = 1
ifi+ j=n+1,and (e;, e;) = 0 otherwise. We also write P = P(J/I)c and
U = U(J/I)c. (The same notation as in the proof of Proposition [6.3]) We
identify V(J) with V' = (e,, - - - , e,_1). This defines a lift C* x O(V") — P.
Then C* acts on Ce; by weight 1, on V' by weight 0, and on Ce, by weight
-1.

We first prove (8.18). Recall from (3.1)) that

(8.20) Vic AW -@ Ay,

Since the weights of C* on each space A’V are only —1,0, 1, the weights
of C* on the right hand side of (8.20) are contained in the range [—A4;, 4;].
Therefore the weights of C* on V), are contained in [—A4;, 4;]. Since Gr'V,
is the weight r subspace for the action of C*, this shows that Gr"V, # 0 only
when —A; < r < A;. This implies (8.18).

Next we prove (8.19). In Proposition[6.3] we proved that V¥ ~ y, & W
as a representation of C* x O(V”) where W is a representation of O(V’) ~
O(n — 2,C). (We do not use precise information on W.) In particular, C*
acts on V¥ by weight A;. This means that VY ¢ F41V,. On the other hand,
since U acts trivially on

Gr'v, = F'V,/F v, = Fhv,,

we also see that F1'V, c VY. Therefore FV, = VV. o
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We have the following duality between the graded quotients.

Lemma 8.11. We have Gr'V(I), =~ Gr'V(I), as representations of
o).

Proor. We keep the notation as in the proof of Proposition and
take the C* x O(V’)-decomposition 8.17) of V,. Let ¢ be the involution of
V which exchanges e¢; and e, and acts on V' = (e,, - , e,_) trivially. Thus
t and C* = SO({ey, e,)) generate O({ey, e,)). The involution ¢ normalizes
C* x O(V’). Its adjoint action acts on C* by @ — «a~', and acts on O(V")
trivially. Therefore the action of ¢ on V, maps the weight r subspace Gr'V,
to the weight —r subspace Gr™'V,, and this map is O(V’)-equivariant. O

It will be useful to know that the graded quotients in level —4; and 4,
are indeed nontrivial.

LemMma 8.12. Let A # det. We have Gr'V(I), # 0 and Gr'V(I), # 0.

Proor. We keep the notation as in the proof of Proposition[8.10l Recall
from (3.2)) that V; contains the vector

(61/\"'/\€t/ll)®(€1/\"'/\€t/12)®“‘®(€1/\“‘/\Er/ul).

Since ‘A; < n by A # det, this vector is contained in the weight A; subspace
for the C*-action. Therefore Gr*'V, # 0. The nontriviality of Gr 41V, then
follows from Lemma [8.111 O

Since (8.17) is the weight decomposition for C*, we can write
Gr'V(Da=x, 8 V(D

as a representation of C* x O(V(J)), where V(J),( is some (in general
reducible) representation of O(V(J)) =~ O(n — 2,C). The representation
V(J) ¢ can be understood through the restriction rule of V, for SO(2, C) x
O(n—-2,C) c O(n,C). See [31] and [33] for a description of this restriction
rule in terms of the Littlewood-Richardson numbers.

By translating the conclusions of Proposition [8.10] and Lemmas [8.11]

and [8.12] by the I-trivialization, we obtain the following consequence for
the J-filtration on &,.

ProposiTioN 8.13. Let A # det. The J-filtration F*E, on &, satisfies
Fi*'g, =0, Fh§ =&,
and
Fh&,=Gr'"&, # 0, Grg, #0.
Thus F*&E, has length < 21, + 1, from level —A, to A,. The graded quotients

Gr'E, and Gr"E, have the same rank. Moreover, FY &, coincides with the
sub vector bundle &' of &, defined in §6.2)
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RemARK 8.14. (1) By this description of &, some of the results of §6.2]
also follow from the results of §8.2
(2) The isomorphism (8.12)) can be written better as

Gr' (Eala,) = LI @ V(D) wn)-

8.4. Decomposition of Jacobi forms

In this section we use the J-filtration on &, to show that vector-valued
Jacobi forms decompose, in a sense, into some tuples of scalar-valued Ja-
cobi forms.

ProposiTION 8.15. Let A # det. There exists an injective map

4
(8.21) JuanT2) = @D i@ (D2)™,

r=-214
where a(r) is the rank of Gr'&,.
Proor. We use the notation in §71 Let F"J, ;. ,,(I'(J)z) be the subspace of
Jrxm(T'(J)z) consisting of Jacobi forms which take values in the sub vector

bundle F'E, ® OF" of &, ® OF". This defines a filtration on Jy ., (I'(J)z)
from level r = —4, to 4;. By the exact sequence

0 F'E @0 - F'E1, 05" - Gr'E, @ 05" — 0
and Proposition 8.7, we obtain an embedding

G (Jum@T(N)z) = HO(A;,GrE,; ® OV
~ HO(AJ, (ﬂ_;L?rHC)@a(r) ® @?m)l"(l)z'

The image of this embedding is contained in J,,,,(I'(J)z)®*", namely holo-
morphic at the cusps of Hj;. Indeed, if we take the (/, w,)-trivialization at
I C J, the quotient homomorphism F'E,; ® ®?’" - Gr'E . ® ®°}’m is iden-
tified with the quotient homomorphism

F'V(),® (I ®0, — Gr'V(), ® (I ® O,

Since this is constant over Ay, its effect on the Fourier expansion of a Ja-
cobi form is just reducing each Fourier coefficient from F"V(I), ® (1! )% to
Gr'v(),® (Ié )®*, so the Fourier coefficients still satisfy the holomorphicity
condition at the /-cusp.

Therefore we obtain a canonical embedding

(822) Grr(-]/l,k,m(r(J)Z)) — Jr+k,m(F(J)Z)$a(r)'
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Finally, if we choose a splitting of the filtration F*J; ,,,(I'(J)z), we obtain a
(non-canonical) isomorphism

A
Jean(T)z) = ) G Uian@()2).

r=-1;

This defines an embedding as claimed. O

As the proof shows, the embedding (8.21)) is not canonical: it requires
a choice of a splitting of the filtration F*J,;,,(I'(/)z). But at least the last
subspace is canonically determined:

CoRroLLARY 8.16. Let A # det. We have a canonical embedding
Jeray T (N2) @ V(D) y = JsemT'(J)z)
where A’ = (A, = - > A,_).
Proor. The last (= level 4;) subspace F"'J,,(I'(J)z) is the space of
Jacobi forms with values in F1 & 1k®0%". By Proposition[8.13land Theorem
this sub vector bundle is isomorphic to nZLQJDkMI ®V(J)y ® 07" O

ExampLE 8.17. Let n = 3 and A = (d). In this case, in view of (8.13)), the
embedding (8.21) takes the form

d
Jaxn@DNz) = ) JermTU)2).

r=—d
In the context of Siegel modular forms of genus 2, Ibukiyama-Kyomura [28]
found an isomorphism of the same shape for a certain type of integral Jacobi
groups. (In our notation, L = 2U & (-2), K = (=2), J € 2U the standard
one, U(J)z = A%J, and WZ =I';x(K®J).) The method of Ibukiyama and
Kyomura is different, based on differential operators. It might be plausible
that their decomposition essentially agrees with that of us.

Proposition and Proposition enable us to deduce some basic
results for vector-valued Jacobi forms from those for scalar-valued Jacobi
forms. We present two such consequences.

CoroLLARY 8.18. Let A # det. We have J;,,(I'(J)z) = 0 when k + A; <
n/2-1.

Proor. In this case, all weights k + r in 8.21)) satisfy k + r < k+ A; <
n/2 — 1. Then we have Ji,,,,(I'(J)z) = 0 by Proposition[7.19 O

CoroLLARY 8.19. Jy i m(I'(J)z) has finite dimension. Moreover, we have
the following asymptotic estimates:

dim Jyem(T'(N)z) = OCk) (k= ),
dim Jym(T(N)z) = Om" ) (m — o).
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Proor. By Proposition and Proposition [Z18] we have
A

dim JnTWz) < > a(r) - dim Jym(T(J)2)

r=-1;

A
< Z a(r) - dim Ji kgoms),
r=—A1
where K, By, 'y do not depend on 4, k, m. By the dimension formula of Sko-
ruppa ([44] Theorem 6), we see that each Ji.,. xg,m(I'y) is finite-dimensional
and
dim Jk+r,K(ﬁ0m)(rJ) = O(k) (k - OO),

dim Js . k(gm (L) = O(det K(Bom)) = O(m" ) (m — o).
These imply the asymptotic estimates for dim J,x,,(I'(J)z). O

Remark 8.20. From Proposition[8.10 we have imposed the assumption
A # det. This was necessary in our representation-theoretic calculation.
Indeed, (8.19) and Lemma(8.12]do not hold for A = det. On the other hand,
since I'(J); c SO*(L), Jacobi forms with A = det are the same as those
with 4 = 1 (scalar-valued Jacobi forms) as far as I'(J)z is concerned. The
difference arises when we consider the action by the full stabilizer I'(J),
which may contain an element of determinant —1.






CHAPTER 9

Vanishing theorem I

Let L be a lattice of signature (2, n) with n > 3. We assume that L has
Witt index 2, i.e., has a rank 2 isotropic sublattice. This is always satisfied
when n > 5. Let I" be a finite-index subgroup of O*(L). Let 1 = (1; >
-+ > A,) be a partition with ‘A; + ‘A, < n which expresses an irreducible
representation of O(n, C). We assume A # 1,det. In this chapter, as an
application of the J-filtration, we prove the following vanishing theorem.

THEOREM O.1. Let A # 1,det. If k < Ay + n/2 -1, then M,;(I') = 0. In
particular, we have M, (I') = 0 whenever k < n/2.

This generalizes the well-known vanishing theorem M;(I') = 0 for 0 <
k < n/2-1 in the scalar-valued case. This classical fact can be deduced from
the vanishing of scalar-valued Jacobi forms (Fourier-Jacobi coefficients) of
weight < n/2 — 1. Our proof of Theorem is a natural generalization of
this approach. The outline is as follows.

The first step is to take the projection &,; — Gr "' &, to the first graded
quotient of the J-filtration for each 1-dimensional cusp J. Then we apply
the classical vanishing theorem of scalar-valued Jacobi forms (Proposition
to Gr'&,,. This tells us that when k — A; < n/2 — 1, the Fourier
coefficients of a modular form at a O-dimensional cusp I C J are contained
in a proper subspace of V(). Finally, running J over all 1-dimensional
cusps containing /, we find that the Fourier coefficients are zero.

The second step of this argument (and hence the bound in Theorem [9.1])
could be improved for some specific (I', L) if a stronger vanishing theorem
of classical Jacobi forms is available (cf. Remark [0.4). Theorem 9.1l would
be a prototype in this direction.

Let us look at Theorem [9.1] in the cases n = 3,4 under the accidental
isomorphisms.

ExampLe 9.2. Let n = 3. Recall from Example [3.4] that the orthogonal
weight (4, k) = ((d), k) corresponds to the GL(2, C)-weight (o, 02) = (k +
d,k — d) for Siegel modular forms of genus 2. In this case, the bound in
Theorem[Q.1]is k < d + 1/2, namely k < d. This is rewritten as p, < 0. This
is the same bound as the vanishing theorem of Freitag [15] and Weissauer
[47]] for Siegel modular forms of genus 2.

115



116 9. VANISHING THEOREM I

In the case of Siegel modular forms of genus 2, the idea to use Jacobi
forms to derive a vanishing theorem of vector-valued modular forms seems
to go back to Ibukiyama. See [26] Section 6 (and also [27] p.54). Our
proof of Theorem can be regarded as a generalization of the argument
of Ibukiyama.

ExampLE 9.3. Let n = 4. Recall from Example that the orthogonal
weight (4, k) = ((d), k) corresponds to the weight (r, pRp) with r = k—d and
p = Sym¢ for Hermitian modular forms of degree 2. In this case, the bound
in Theorem[9.1lis k < d + 1, i.e., k < d. Thus Theorem[9.1]says that there is
no nonzero Hermitian modular form of degree 2 and weight (7, p ® p) with
p = Sym? # 1 when r < 0. Furthermore, our second vanishing theorem
(Theorem [T1.1] (1)) says that there is no nonzero cusp form when r < 1.

The rest of this chapter is as follows. In §0.1] we prove Theorem[0.1l In
§9.2|we give an application of Theorem[9.1]to the vanishing of holomorphic
tensors of small degree on the modular variety 7 (I).

9.1. Proof of Theorem

In this section we prove Theorem 0.1l Let A # 1, det and assume that
k—A; < n/2-1. For arank 2 primitive isotropic sublattice J of L, we denote
by F;E,0 = F ;A‘“SM the level —A; + 1 (= the first) sub vector bundle of
&, 1n the J-filtration. Here we add J in the notation in order to indicate the
cusp.

Step 1. Every Jacobi form in J, ,(I'(J)z) takes values in the sub vector
bundle F,;E,, ® OF" of &, ® OF".

Proor. Recall from (8.22)) that we have an embedding
Gr " (LT (N)2) = T m@T()2) W,

Since k — A, < n/2 — 1, we have J;_,, »(I'(J)z) = 0 by Proposition
Therefore Gr(J. 1km(T(J)z)) = 0, which means that every Jacobi form in
Jaixm(T(J)z) takes values in F,E,; ® OF". O

Now let f € M, (I'). We want to prove that f = 0. We fix a rank 1 prim-
itive isotropic sublattice I of L and let f = 3, a(l)q’ be the Fourier expansion
of f at the I-cusp, where a(l) € V(I),. For arank 2 primitive isotropic sub-
lattice J of L containing I, we denote by F,V(I), = F ;MHV(I) 1 the level
—A; + 1 subspace in the J-filtration 8.11) on V(I), and write

FyV(Dax = F,VID, ®© UD€ V(I

Step 2. Every Fourier coefficient a(l) is contained in the subspace
FiV(Day of V(D
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Proor. Let o, be the isotropic ray in U(I)g corresponding to J. If [ €
o, then a(l) appears as a Fourier coeflicient of the restriction fl, of f to
A;. By Lemma and Proposition we see that a(/) is contained in
F'V(Dx € FiV(Dax.

Next let [ ¢ o,. Then a(l) appears as a Fourier coefficient of the m-
th Fourier-Jacobi coefficient ¢,, of f for some m > 0 along the J-cusp
(see §7.1). By Proposition [Z.12] ¢,, is a Jacobi form of weight (4, k) and
index m. By Step (Il ¢,, as a section of &, ® ®F" takes values in the sub

vector bundle F’ 18),,{@@?’”. Since the /-trivialization over m sends F;E,«
to F;V(Dax ® OW’ this implies that the Jacobi form ¢,,, regarded as a
V(I),x-valued function on A, via the (I, w,)-trivialization, takes values in
the subspace F,; V(1) of V(I),. It follows that its Fourier coefficients a(/)

are contained in F; V(1) 1x. O
Step 3. Every Fourier coefficient a(l) is zero.

Proor. Let W = (,5; F,V(I),. By applying Step[2lto all J > I, we find
that a(l) is contained in W® (I))*. We shall prove that W = 0. Since (J/I)q
runs over all isotropic lines in V(/)q in the definition of W and

Eyy VD, =y(E,VI),)

fory € O(V(I)q), we see that W is an O(V(I)g)-invariant subspace of V(I),.
Since O(V(I)g) is Zariski dense in O(V (1)), we find that W is O(V(1))-
invariant. But V(I), is irreducible as a representation of O(V([)), so we
have either W = 0 or W = V(I),. Since F,;V(I), # V(I), by Lemma [8.12]
we have W # V(I),. Therefore W = 0. This finishes the proof of Theorem
0.1 O

Remark 9.4. At least when V,; remains irreducible as a representation
of SO(n,C), it is also possible to replace the argument in Step 3 by an
argument using the symmetry of the Fourier coefficients in Proposition [3.6]
and the Zariski density of ['(I); as in the proof of Proposition This
approach allows improvement of Theorem when a stronger vanishing
theorem of scalar-valued Jacobi forms holds for I'(J)z.

9.2. Vanishing of holomorphic tensors

In this section, as an application of Theorem [9.1] we deduce vanishing
of holomorphic tensors of small degree on the modular variety #(I') =
NPD. To be more precise, let X be the regular locus of F(I'). Sections
of (Q)® are called holomorphic tensors on X. Among them, those which
extend holomorphically over a smooth projective compactification of X are
a birational invariant of ¥ (I').
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THEOREM 9.5. When 0 < k < n/2 — 1, we have H*(X, (Q})®) = 0. In
particular, H*(X, (Q}{)@k) = 0 for any smooth projective model X of F (T).

Proor. Let r: D — F(I') be the projection. We can pullback sections
of (Q;)®* to I-invariant sections of (Q! (X))®k. They extend holomorphi-
cally over D because the complement of 77!(X) in D is of codimension

> 2. Hence we have an embedding
.1 H(X, (Q)%) — HY(D, (Qp)™)".

Recall from (Z3) that Q) ~ &® L. If we denote by St* = (P_ V) the
irreducible decomposition of St®, we thus obtain an embedding

9.2) H(X, (Q)%) = €D Maaa(D).

When A(a) # 1,det, we have M) (I') = O for k < n/2 by Theorem
The determinant character does not appear in the irreducible decomposition
of St® if k < n ([39] Theorem 8.21). Finally, when A(@) = 1, we have
M) = 0for 0 < k < n/2 — 1 as it is classically known. Therefore
H(X,(Q})®*) =0when 0 < k <n/2—1. O

We can also classify possible types of holomorphic tensors on X in the
next few degrees n/2 — 1 < k < n/2.

PropoSITION 9.6. We write N(k) = k!/2K?(k/2)! when k is even.
(1) Let k = [(n— 1)/2]). Then we have an embedding

0 n=0,3 mod4
HO(X, (QL)%) < ’ ’
X, ( X) ) {Mk(l—*)GBN(k) n=1,2 mod 4.

(2) Let k = n/2 with n even. Then we have an embedding

M i (') n=2 mod4,

HO X, Ql ®k
((Q)L{MM®@M®W“n50mM4

The component M\« (I') in (2) gives the holomorphic differential forms
of degree k = n/2. The component M(I')®¥® in both (1) and (2) corre-
sponds to the trivial summands in St®. In both (1) and (2), the embedding
is an isomorphism when (I', —id) contains no reflection.

Proor. We keep the same notation as in the proof of Theorem

(1) When A(e) # 1, det, we still have M x(I') = 0 for k < n/2 by The-
orem[9.1l The determinant character does not appear too. By [39]] Exercise
12.2, St® does not contain the trivial representation when k is odd, while it
occurs with multiplicity N(k) when k is even.
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(2) When A(a) # A with 0 < d < n, we have 4, > 2 and so
My n2(T) = 0 by Theorem 0.1l By [39] Theorem 8.21, the representa-
tions A? with d > n/2 or d # n/2 mod 2 do not appear in St®/2, and A"/?
occurs with multiplicity 1. The multiplicity of the trivial summand is as
before. It remains to consider A? with 0 < d < n/2 and d = n/2 mod 2.
We apply our second vanishing theorem (Theorem [I1.11(2)). This says that
Mya,p(I) =0whenn/2 <n-d-2,namelyd <n/2-2.

Finally, when (I", —id) contains no reflection, the projection D — ¥ (I')
is unramified in codimension 1 by [22]. Then (©.1) and (9.2) are isomor-
phisms, and so the above embeddings are isomorphisms. m|

ReMArk 9.7. (1) The weight k = [(n— 1)/2] in Proposition[9.6 (1) is the
so-called singular weight when n is even, and the critical weight when n is
odd, for scalar-valued modular forms. Since M;(I') # 0 in general for these
weights, the bound in Theorem [0.3]is optimal as a general bound.

(2) Theorem and Proposition imply in particular vanishing of
holomorphic differential forms of degree < n/2 on X. Via the extension
theorem of Pommerening [41], this can also be deduced from the vanishing
of the corresponding Hodge components in the L?-cohomology (cf. [4]).






CHAPTER 10
Square integrability

Let L be a lattice of signature (2,n) with n > 3 and I" be a finite-index
subgroup of O*(L). In this chapter we study convergence of the Petersson
inner product

(f, &axvolp
F(I)

for f,g € M, 4(I'), where (, ), is the Petersson metric on the vector bundle
&, and voly, is the invariant volume form on D.

For A = (/11 > 2 /ln) let /_1 = (/11 - /ln, ce ,/1[,1/2] - /1n+1—[n/2]) be the
associated highest weight for SO(n, C) (see §3.6.1). We denote by || the
sum of all components of A. Our results are summarized as follows.

THeOREM 10.1. Let f,g € M, (I') with A # 1, det.
(1) If f is a cusp form, then fT(r)(f’ g)axvoly < oo.
(2) When k > n+|A|-1, f is a cusp form if and only iffﬂl_)(f, Faxvolp <

(0]

(3) When k < n — || — 2, we always have fT(F)(f’ 8)xVolp < oo.

See Remark [I0.13| for the scalar-valued case. The assertion (1) should
be more or less standard. The assertions (2) and (3) give a characterization
of square integrability except in the range

(10.1) n—1-1<k <n+la-2.

The assertion (3) is in fact an intermediate step in the proof of our sec-
ond vanishing theorem (Theorem [I1.I), where we eventually prove that
M, () =0whenk <n—|1 —2.

This chapter starts with defining the Petersson metrics on the Hodge
bundles explicitly (§10.I) and calculating them over the tube domain
(§10.2). In §10.3/ we give some asymptotic estimates needed in the proof of
Theorem[10.1l In §10.4] we prove Theorem [10.1l

10.1. Petersson metrics

In this section we explicitly define the Petersson metrics on the Hodge
bundles £ and &, and hence on the automorphic vector bundles &, .
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We begin with L. By the definition of O, the Hermitian form (-,~) on
L¢ is positive on the lines parametrized by ©. Thus restriction of this Her-
mitian form defines a Hermitian metric on each fiber of £, and hence an
O*(Lg)-invariant Hermitian metric on .£. We call it the Petersson metric on
L and denote it by (, ).

Next we consider & We first define the real part of & We write Ly for
the product real vector bundle Ly x D, which we regard as a sub real vector
bundle of Lc ® Op in the natural way. Then we define a sub real vector
bundle of Ly by

=L Ny =(LoL)" NLg.

This is a real vector bundle of rank n. By the second expression, the fiber
of &g over [w] € D is the negative-definite subspace

(10.2) (Re(w), Im(w))* N L

of Lg (cf. §2.1). The O*(Lg)-action on L preserves the sub vector bundle
&Eg. The natural homomorphism

Ex@rC—o L= &

gives an O*(Lg)-equivariant C*-isomorphism between Ez ®x C and E. This
defines a real structure of &.

By the description (10.2)) of the fibers, the real vector bundle &g is nat-
urally endowed with an O"(Lg)-invariant negative-definite quadratic form.
We take the (—1)-scaling to turn it to positive-definite. This is a Riemannian
metric on Eg. It extends to a Hermitian metric on Eg ®x C in the usual way.
(Explicitly, the Hermitian pairing between two vectors v, w is the quadratic
pairing between v and w.) Via the C*-isomorphism &z ®z C — &, we obtain
an O"(Lg)-invariant Hermitian metric on & We call it the Petersson metric
on & and denote it by (, )g.

The Petersson metric on & induces an O*(Ly)-invariant Hermitian met-
ric on &%, and hence by restriction an O*(Lg)-invariant Hermitian metric
on &, with |1| = d. Taking the tensor product with the Petersson metric on
L% we obtain an O*(Lg )-invariant Hermitian metric on &, . We call it the
Petersson metric on &, and denote it by (, ).

RemMark 10.2. When L is the primitive integral cohomology of a lattice-
polarized K3 surface X with period [w] € D, we have the identifications
Liw) = H*(X), Egju) = Hyy (X R), and Eg ) @2 C = &y is identified
with H . (X,C) — H>*(X)*/H>*(X). On H>*(X) and H;; (X, C) we have
the Hodge metrics defined by [, & A and — [, @ A B respectively (see [46]
§6.3.2). Thus the Petersson metrics on £ and & are essentially the Hodge

metrics in this geometric setting.
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Let I be a rank 1 primitive isotropic sublattice of L. For a vector v of
V() = (I / D)z, let s, be the section of & which corresponds to the constant
section v of V(I) ® Op by the I-trivialization V(I) ® Op ~ E. We compute
the Hermitian pairing between these distinguished sections. We choose and
fix a lift V(I)rx < Iy of V(I)z and regard vectors of V(I)g as vectors of
I; C Ly in this way.

Lemma 10.3. Let vy, v, € V(I)g. The pairing of the sections s,,, s,, of &
with respect to the Petersson metric (, )g is given by
2- (v, Im(w)) - (v, Im(w))

(Im(w), Im(w))

for [w] € D. In the right hand side, ( , ) is the quadratic form on Lg, and w

is normalized so as to have real pairing with Iy. In particular, (s,,, s,,)s IS
R-valued.

(sy, ([w]), s, ([w]))e = =(vi,12) +

Proor. Let [w] € D. We choose a nonzero vector [ € I. We may
normalize w so that (/, w) = 1. For v € V(I)r C Iy we write

) = v, Imw))  (v,Im(w))
V) = Ime). Im@) . Re(@).Re(@))
and define a vector of L¢ by

(10.3) s(w]) = v - (v, w) + V=Ta()w.

Cram 10.4. s is a section of & ® C and is the image of s, under the
C>-isomorphism & — &Eg Qg C.

We prove Claim [10.4l The conditions to be checked are
(Re(sy([wD), w) =0, (Im(sy([w)),w) =0, s, ([w]) € s,([w]) + Cw.

Since s,([w]) = v — (v, w)] + Cw by Lemma [2.6] the last condition follows
from the definition of s/. We check the first equality. Since

Re(s;([w]) = v — (v,Re(w))] — a(v) - Im(w),
we see that

Re(si([w)), w)

(v, w) — (v, Re(w)) — V=Ta(v)(Im(w), Im(w))

= (v,w) - (,Re(w)) — V=1(v, Im(w))

= 0.
In the first equality we used (Re(w),Im(w)) = 0. The equality
(Im(s’([w])), w) = O can be verified similarly. This proves Claim 0.4l

We return to the proof of Lemma [[0.3l We take two vectors v, v, €
V(Dg. By definition, (s, ([w]), sy,(w]))s is the pairing of s, ([w]) and
sy, ([w]) with respect to the Hermitian form on &g ®g C. This in turn is the
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pairing of the vectors s, ([w]) and s, ([w]) of Lc with respect to the (—1)-
scaling of the quadratic form on Lc. By the expression (I0.3) of s ([w]), we
can calculate

=(sy, ([w)), 51, ([w]))e
v — (v, w)l + V—_la(vl)w, Vo — (v, W) — \/—_loz(vz)d))

Vi, v2) + a(vp)a(v2)(w, @) — 2a(v))Im(w), v2) — 2a(v,)(Im(w), vy).

Since we have
a(vp)a(n)(w,®) = 2a(v))(Im(w),v2) = 2a(v)Im(w), vi)
2 (vi, Im(w)) (v2, Im(w))
(Im(w), Im(w))
this proves Lemma m|

Remark 10.5. By the expression (I0.3), the imaginary part of s ([w]) is
nonzero for general [w]. This shows that the real structure on & = V(I) ®
Op given by &g is different from that given by V(I)z. Nevertheless, the
Petersson metric on the real part given by V(I)r is R-valued by Lemma
10.3!

Let volyp be the invariant volume form on 9. The Petersson metric
(s )aet.n of weight (4, k) = (det, n) gives an invariant metric on the canonical
bundle Ky ~ L% ® det, where det stands for the determinant character
(cf. Example [2.2)). This can be used to express voly as follows. If Q is an
arbitrary nonzero vector of (Kyp)j,; over a point [w] of D, the volume form
volp at [w] 1s written as

QAQ
(Q, Q)det,n
up to a constant independent of [w]. Indeed, the right hand side does not
depend on the choice of Q, and the differential form of degree (n,n) on

P defined by the right hand side is clearly O*(Lg)-invariant, so it should
coincide with voly, up to constant.

(10.4) volp([w]) =

10.2. Petersson metrics on the tube domain

Let I be a rank 1 primitive isotropic sublattice of L. We calculate the
Petersson metrics on .£, & over the tube domain 9; ¢ U(Il)c. We choose a
rank 1 isotropic sublattice I’ C L with (/,1") # 0. Recall that the choice of
I’ determines a tube domain realization D — 9;. We take a generator / of
I and identify U(I)g = V(I)g accordingly.

LemMma 10.6. On the tube domain D; we have
(10.5) (s12), s/(2)) ¢ = 2(Im(Z), Im(Z)),
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2-(v,Im(2)) - (v, Im(Z))
(Im(Z), Im(Z))
for Z € D,. Here s is the section of L corresponding to the dual vector of

[, vi,v, are vectors of V(I)r, and (, ) in the right hand sides are the natural
quadratic form on V(I)g ~ U(I)g.

(10.6) (5,(2), 51,(D))g = =(v1,v2) +

b

Proor. We begin with (, ),. We can view the section s; over D, as a
function 9; — L which lifts the inverse D; — D of the tube domain
realization and satisfies (s;,/) = 1. Let I’ be the vector of I@ with ([,1") =1,
and we identify V(I)q with (I ® I(’Q)l. Then we can explicitly write s; as

si2)=1'+7Z-2"Y2Z,2) €Lc
for Z € O; c V(I). Thus we have
(s/(2), 51(2)) (5/2), 51(2)) = (2.2) = (Z,2)]2 - (Z,2)/2
2(Im(Z), Im(2)).
Next we calculate (, )s. By Lemmall0.3] we have
2 - (vi, Im(s/(2))) - (v, Im(5/(Z)))
(Im(s/(2)), Im(s,(2)))

(8,(2), 51,(D))g = =(v1,v2) +

Since
Im(s;(2)) = Im(Z) - 27'Im((Z, Z))I,
we see that
(Im(s;(2)), Im(5:(2))) = (Im(Z), Im(Z)),  (v;, Im(s,(Z2))) = (v;, Im(2Z)).
This proves (10.6). O

At each point Z € D, the Petersson metric on & can be understood as
follows. We take an R-basis vy, --- ,v, of V(I)r such that v; € RIm(Z) and
(vi,Im(Z)) = 0 for i > 1. Then, by (10.6)), we have

vi,v))  i=j=1
(SV,'(Z)’ SVj(Z))S = _(Vi, vj) l’] > 1
0 i=1,j>1

The right hand side can be seen as the positive-definite modification of the
hyperbolic quadratic form on V(I)r given by taking the (—1)-scaling of the
negative-definite subspace Im(Z)*. The Petersson metric on &, ~ V(I) is
the Hermitian extension of this modified real metric on V(I)z to V(I).

Finally, we recall the expression of voly, over D;. Let vol; be a flat
volume form on D; € U(I)c. Then, as it is well-known, we have

(10.7) volp = (Im(Z), Im(Z)) "vol,.
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This can be seen by substituting Q = 57" ® vy in (I0.4) and using (10.5),
where vy is a nonzero vector of det. The section s‘lg’" ® vy of L% ® det
corresponds to a flat canonical form on D; C U(I)¢ by its U(I)c-invariance.

10.3. Asymptotic estimates on the tube domain

In this section we prepare some estimates of the Petersson metrics on
&, over the tube domain O;. This will be a main ingredient in the proof of
Theorem [10.1l We keep the setting of §10.2

We choose an R-basis {v;}; of the real part (V(I)r), of V(I),. Then {v;};
is also a C-basis of V(I),. Let s’ be the section of &, corresponding to v;
via the [-trivialization &, = V(I); ® Op and let 5; = 5. ® s?k. Then {s;};
is a frame of &, corresponding to a basis of V(I),, by the [-trivialization.
Accordingly, we express a section f of &, over D =~ D;as f = ), fis; with
/i a scalar-valued holomorphic function on D).

Lemma 10.7. There exist real homogeneous polynomials { P;;}; j on U(I)g
of degree < 2|A| determined by the basis {v;}; of (V(I)r), such that

(10.8) (£ @uwvolp = Y fi &+ PyAm(Z)) - (Im(Z), Im(Z)) "M vol,
Lj

for all sections f = 3 fisi, § = 2i8iSi of Eyx over Dy The matrix

(P;;(Im(2))); j is symmetric and positive-definite for Z € D.

Proor. The section s; is an R-linear combination of |1|-fold tensor prod-

ucts of the distinguished sections s, of & associated to v € V(I)z. (Recall
that V, ¢ V®1.) The equation (I0.6) can be written as

—(vi, »)IM(Z), Im(2)) + 2(v1, Im(Z))(v,, Im(Z))
(54 (2), 5,(2))g = —— 1 : :
(Im(Z), Im(Z))
The numerator is a real homogeneous polynomial of Im(Z) of degree < 2.
Therefore the Petersson paring between s; and s, can be written as

(10.9) (5/(2), ${(2)a = Pi;(Am(Z)) - (Im(Z), Im(Z)) ™
for a real homogeneous polynomial P;; of Im(Z) of degree < 2|4|. Together
with (10.3)) and (10.7]), we obtain

(542), s{(Z)) 4 v0lp = Pi;(Im(2)) - (Im(Z), Im(Z))* " vol,.
This proves (10.8)). Since the matrix ((s7(Z), 5'(Z))a)i; is real symmetric and
positive-definite, so is (P;;(Im(Z))); ; by (10.9). O

Let I be a finite-index subgroup of O*(L) and let X(I) = D,;/U(I)z. We
take a regular I'(/)z-admissible cone decomposition X; of C; C U(/)g in the
sense of §3.5.11 Let X(I)* be the associated partial toroidal compactifica-
tion of X(/). Let o be a cone in X; of dimension c¢. By the regularity of



10.3. ASYMPTOTIC ESTIMATES ON THE TUBE DOMAIN 127

Y, we can write o = Ryovy + - -+ + Ry, such that vy, -+ ,v. is a part of a
Z-basis of U(I)z, say vy, -+ ,v,. Letly,---,1I, € U(I); be the dual basis of
Vi,--+ , V. Then z; = (I;;Z), 1 < i < n, are flat coordinates on U(I)c. We
have

vol; =dzy A+~ ANdz, NdZy A --- ANdZ,
up to constant. We write ¢; = e(z;) for 1 < i < c. Let A, be the boundary
stratum of X(1)*' corresponding to the cone o, and A; = A,, be the boundary
divisor corresponding to the ray Rsgv;. Then gy, -, qc, Zes1, -+ 520 gIVE
local coordinates around A,. The divisor A; is defined by ¢; = 0, and A,

is defined by ¢; = --- = g, = 0. We write g; = r;e(6;) with r; = |g;| and
0<6; <1. Then
d dg dg. dg.
vol; = ﬂ/\ﬂ/\---/\ 4 A _q ANdze N ANdZ,

qi1 q1 qc qc
(ri---r)'dry AdOy A - Adr. AdO. Adzes A+ A dZ,

(10.10)

up to constant.

We want to give an asymptotic estimate of the right hand side of (10.8))
as qi, -+ ,q. — 0. We take an arbitrary base point Z, € 9; and consider a
flow of points of the form

(10.11) Z=Z(t1,- -+ ,t.) = Zo+ N=1(t;vi+- - -+1.v0), t, 1, — oo.

This flow converges to a point of A, as t1,--- ,f. — oo, and every point of
A, can be obtained in this way. Let vy = Im(Z;). This is a vector in the
positive cone C;.

LemMma 10.8. The following asymptotic estimates hold as t,--- ,t. —
00,
(10.12) P;;(Im(2)) = O((t; + - - - + t.)*),
(10.13) (Im(2), Im(2)) = O((t; + - - - + 1.)%),
(10.14) (ImZ),Im2Z2)" = O((t; + --- + t.)7 V).

Proor. We have Im(Z) = vy + >; t;v;. Since P;; is a real homogeneous
polynomial of degree < 2|4 on U()r, we see that P;j(vo + >;t;v;) 1s a
real inhomogeneous polynomial of ¢, - - - , ¢, of degree < 2|4|. This implies

({10.12). Next we have
(IM(Z), Im(Z)) = (v9, Vo) +2 > (o, Vi)t + 2 > (v, v)iity + Y (vis v

i*) i
The estimate (I0.13) is obvious from this expression. Since v, € C; and
Vi, -+, V. € Cy, all coefficients in the right hand side are nonnegative; pos-
sibly except for (v;,v;) with i > 1, they are furthermore positive. Therefore
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we have
(Im(Z),Im(2)) > 2 3 (0.9t > C - )t
for some constant C > 0. This implies (10.14). O

LemMma 10.9. In a small neighborhood of an arbitrary point of A, we
have

(10.15) P;;(Im(2)) = O((—log ry - - - o)™,
(10.16) (Im(Z),Im(Z)) = O((=log ry - - - r.)*),
(10.17) (Im(2Z),Im(Z2))™" = O((=logr ---r.)™"),

asqi, - ,q. — 0.

Proor. We consider the flow (I0.11) with Z, varying over the range
Re(Zy) € U(r/U(I)z and vy = Im(Zy) in a small neighborhood of an
arbitrary point of C;. Since

ri = lqil = exp(=2n(l;, Im(Z))) = exp(-2n(l;, vo) — 271;),
we have
(10.18) t; = —n) ogr; — (I, vo).

The constant term —(/;, vo) depends on vy = Im(Z;) continuously. Therefore
our assertions follow by substituting #; ~ —(27)~! log ; in the estimates in
Lemma[I0.8 and using logr; + - -- + logr. = logr - - - r.. i

Summing up the calculations so far, we obtain the following asymptotic
estimate of (f, g)xVolp.

Proposition 10.10. Let f = Y, fis; and g = 3, gis; be as in Lemmal[l0.7]
In a small neighborhood of an arbitrary point of A, we have

(FOuvolp = > fig;- O((=logry--r)") - (ry 7o)
bj
X dri AN ANdre NdOy A -+ ANdO. Ndzeeq A+ ANdZ,

asqi, - ,q. — 0, where

2k —2n k>n+|A
o =
k—-n+|1 k<n+]|A.
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Proor. By substituting (10.15) and (I0.I0) in the right hand side of
(10:8)), we obtain

(f> axvolp
= Z fl gj . 0((_ ]Og rycee rc)lell) . (Im(z)’ Im(Z))k—n—w
i,j

X (ry-oor)  edry Ao Adre ANdOy A - ANdBe Adzeiy A A dZ.

Then, according to whether the power degree kK — n — || of (Im(Z), Im(Z))
is nonnegative or negative, we use (10.16) and (10.17) respectively. O

Before going to §10.4 we recall the following exercise in calculus.

LemMma 10.11. Let m € Z. The integral
1/2 1
lim T
-0 ), (logry™®-r
converges if m > 2, and diverges if m < 1.

Proor. This can be seen from

1 ’ _I-m
(logr)y»1) — (logry"-r
when m # 1, and (log(—1logr)) = ((logr) - r)~! whenm = 1. O

10.4. Proof of Theorem 10.1

Now we prove Theorem [I0.1l We begin with some reductions. For the
proof of Theorem [L0.1] there is no loss of generality even if we replace the
given group I by a subgroup of finite index. Thus we may assume that I"
is neat. In particular, I' is contained in SO*(L). By Proposition 3.12] (1),
when ‘A, > n/2, we have &, ~ &; as SO*(Lg)-equivariant vector bundles.
This isomorphism preserves the Petersson metrics up to constant by their
uniqueness as SO*(Lg)-invariant Hermitian metrics. Thus we have a nat-
ural isomorphism M, ;(I') = M3,(I') which preserves the Petersson inner
product up to constant. Since the highest weight for the partition A is A it-
self, the assertions of Theorem [10.1] for weight (4, k) follow from those for
weight (4, k). Thus we may assume that ‘A; < n/2.

We take a smooth toroidal compactification F(I)* of #(I') where the
fans Z; are regular. We take a subdivision of X; as follows.

LemMma 10.12. There exists a I'(I)z-admissible and regular subdivision
2 of X such that every cone in X contains at most one isotropic ray.
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Proor. We take representatives 7y, - - - , Ty of [ (I),-equivalence classes
of 2-dimensional cones spanned by two isotropic rays. For each 7,, we
choose a rational vector from the interior of 7,. This vector has positive
norm, and the ray it generates divides 7,. Letting I'(I),, act, we obtain a
division of every 2-dimensional cone 7 spanned by two isotropic rays. This
is well-defined because I'(I); is torsion-free and so acts on the set of such
cones freely. The collection of these divisions is [(I),-invariant.

The division of 7 uniquely induces a division of every cone o having 7
as a face, because o is simplicial. Explicitly, if o = Rygvy + -+ + Rygve,
T = Ryov1 + Rygv; and vy € 7 is the division vector, we add the wall R.qvy +
Ryovs + - -+ + Ryov.. The collection of these new walls defines a I'(1);-
invariant subdivision of the fan X; such that every cone contains at most
one isotropic ray. Taking its regular subdivision ([2] p.186), we obtain a
desired subdivision. O

Thus our reduced situation is: I is neat, ‘A; < n/2 so that A = A, and
every cone in ; contains at most one isotropic ray. (The last property will
be used only in the proof of the assertion (3).)

The integral f?"(l")( f>&)axvoly converges if for every boundary point x
of F(I')* there exists a neighborhood U = U, of x such that fU( /> &axvolp
converges. Thus, for the proof of (1) and (3) of Theorem [I0.Il it suf-
fices to verify the convergence of the integral over U. Conversely, when
f =g if fU( f> Flaxvoly diverges around some boundary point x, then
f?(r)( f> Faxvolp diverges because (f, f).x 1S nonnegative, real-valued.
Therefore, for the proof of (2) of Theorem [I0.1l it suffices to show that
the integral fU( f> Flaxvolp diverges at some U when f is not a cusp form.

Recall that we have étale maps X(I)* — F(I)* and X(J) — F()*
which give local charts around the boundary points of 7 (I')*. Moreover,
we have an étale gluing map X(J) — X(I)* for I c J. Thus the problem
is reduced to estimating fU( f> &) axvoly for a small neighborhood U of a
boundary point of X(I)* over a O-dimensional cusp I. We are thus in the
situation of §10.3] In what follows, we use the notation in §10.3]

(1) We first prove the assertion (1) of Theorem [10.1l By Proposition
the local integral fU( /> &)axvoly can be bounded from above by

aj d. 1 1
&1, ,8.—0 £ & 0 0 ’

> figi O(=logr 1)) (ry oo re)
ij

Xdri AN ANdro NdOy A -+ ANdB. ANdzeq N ANdZ,
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for some integer N > 0, where a;, - - - ,a. > 0 are small constants and U’ is
a small open set in A, with coordinates z.,1,--- ,z,. If f is a cusp form, its
components f; vanish at the boundary divisors Ay, ---,A. by Lemma
Therefore we have f; = q---q. - O(1). Similarly we have g; = O(1). We
also have —logr;---r. < []j.,(—logr). Then the above integral can be
bounded from above by

al A ﬁ N
lim f f O((=logr)™)dry A --- ANdr..
&1, ,8—0 &1 P

This integral converges because fs “(log r)Ndr converges in € — 0. Hence

fU( /> @)axvoly converges if f is a cusp form. This proves the assertion (1)
of Theorem [10.1]

(3) Next we prove the assertion (3) of Theorem [10.1l Let k < n — |4 —
2. When o has no isotropic ray, f and g vanish at the boundary divisors
Ay,---,A. by Lemma (Recall our assumption A # 1,det.) Therefore
we can give a similar (actually stronger) estimate as in the case (1) above,
which implies that fU( f> &) axvoly converges. We consider the case when o
has an isotropic ray, say R.ov;. Since other rays R, gv,, -+, RV, are not
isotropic by our assumption, we see from Lemma[3.9that f and g vanish at
Ay, -+, A.. Therefore we have f = ¢>---q.-O(l)and g = g, ---q. - O(1).
By substituting these estimates in the second case of Proposition [10.10} we
see that

(f,@auxvolp = (ra---1)-O(1) - O((=logry - - )1y !
Xdri AN ANdr, ANdOy A -+ ANdO. ANdzeq N ANdZ,.

We have (—logr;---r.)"' < (=logr))~!. Therefore fU(f, 8)axvoly can be
bounded from above by

al

lim | O((=logr )™M . ritydr,.

10 £

Since k —n + |1| < —2 by the assumption, this integral converges by Lemma
10.111

(2) Finally, we prove the assertion (2) of Theorem [I0.DJl When L has
Witt index < 1, we have S, (') = M,4(') by Proposition[3.7l Thus we may
assume that L has Witt index 2. Let k > n + |4] — 1 and assume that f is
not a cusp form. Then f does not vanish identically at a boundary divisor
A = A, corresponding to an isotropic ray o = Rv for some 0-dimensional
cusp 1. We shall show that fU( £, Daxvoly diverges for a general point x of
A. Thus we consider the case ¢ = 1. We rewrite g; = rje(6,) as g = re(6),
and also denote Z’ = (z, - - - , z.) which give local charts on A.
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We go back to the flow Z = Z, + V—1tv in §I0.3l Then P,;(Im(Z))
is a real polynomial of ¢ whose coefficients depend continuously on vy =
Im(Zy). Therefore, by substituting (10.18]), we see that in a neighborhood
of x,

P;j(Im(2)) = Q;;(logr)
for a real polynomial Q;; of one variable whose coeflicients depend contin-
uously on Z’. Moreover, as in the proof of Lemma[I0.8] we have

(Im(Z2),Im(Z)) = (vo,vo) +2(vo,v)t ~ —Clogr

for some constant C = C(Z’) > 0 depending continuously on Z’. Therefore,
by the same calculation as in §10.3] we see that

(fs haxvolp = " £if; Qiylogr) (=log * "Mt dr ndg A -
iJ

asr — 0.

We take the base change of the frame (s;); by a GLy(C)-valued holo-
morphic function A = A(Z’) of Z’ around x so that f{ — 1 and f; — O for
i > 1 asr — 0. This is possible because f # 0 € V(1) around x. Then
the real symmetric matrix Q = (Q;;); ; is replaced by the Hermitian matrix
'AQA, which we denote by Q' = (0} )i,j- Bach O is a C-polynomial of log r
whose coefficients depend continuously on Z’. Since the Hermitian matrix
Q' is positive-definite when r is small, we have in particular Q' # 0. Then

(f, Haxvolp = Q) (logr)(=log )™ MW rtdrndon--

as r — 0. Since @}, is a nonzero real polynomial and k —n — |4] > -1 by
our assumption, we obtain

(f, Haxvolp = (=logr) ' ridrAdon---

as r —» 0. By Lemma [I0.11] this implies that the integral fU( fs Daxvolp
diverges. This completes the proof of Theorem [10.11 O

ReMark 10.13. As the proof shows, the assertion (1) of Theorem [10.1]
holds even when A4 = 1,det. Similarly, the assertion (2) holds also for
A = 1,det at least when L has Witt index 2. On the other hand, the proof of
(3) makes use of Proposition[3.7] which requires A # 1, det.



CHAPTER 11

Vanishing theorem II

Let L be a lattice of signature (2,n) with n > 3 and I" be a finite-index
subgroup of O*(L). Let 4 = (4; > --- > A,) be a partition expressing an
irreducible representation of O(n,C). We assume A # 1,det. Therefore
A1 > 0 and 4, = 0. In this chapter we prove our second type of vanishing
theorem. We define the corank of A, denoted by corank(1), as the maximal
index 1 <i < [n/2] such that

A=A =--=4 and A, =4,y == A1- =0.
Let
A=A, Apa) = A = Ay Ao = Aty Agz) = Ansi—ng2)
be the highest weight for SO(n,_ C) associated to A. Then corank(A) is the

maximal index i such that 4; = A, = --- = A;. Let || = X; A; be as in {101
Our second vanishing theorem is the following.

THeoreM 11.1. Let A # 1,det. If k < n+ A; — corank(A) — 1, there is no
nonzero square integrable modular form of weight (A, k). In particular,

(1) Syx(I') = 0 when k < n + Ay — corank(1) — 1.

(2) My (D) = 0 whenk <n—|4| - 1.

We compare Theorem [11.1] and Theorem The bound n/2 + A; —
1 in Theorem is smaller than the main bound n + A; — corank(1) —
1 in Theorem [I1.1] because corank(1) < [n/2]. However, Theorem [I11.1]
is about square integrable modular forms, while Theorem is about the
whole M, ('), so Theorem [I1.1] does not supersede Theorem The
comparison of Theorem [IT.1](1) and Theorem 0.1 raises the question if we
have convergent Eisenstein series in the range

n/2+4, -1 < k < n+ A; —corank(1) — 1.

As for the comparison of Theorem [11.1](2) and Theorem[9.1], it depends on
A which n —|A] = 1 or n/2 — 1 + A, is larger. Roughly speaking, Theorem
[IT.11(2) is stronger when || is small, while Theorem is stronger when
Ay is large. Thus Theorem[I1.1land Theorem[9.1] are rather complementary.

The proof of Theorem [I1.1] follows the same strategy as Weissauer’s
vanishing theorem for vector-valued Siegel modular forms ([47]). If we

133
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have a square integrable modular form f # 0, we can construct a unitary
highest weight module for the Lie algebra of SO (L) by a standard pro-
cedure (cf. [24], [47] for the Siegel case). By computing its weight and
comparing it with the classification of unitarizable highest weight modules
([13]], [12], [29]), we obtain the bound k > n+ A; — corank(A) — 1. The more
specific assertions (1), (2) in Theorem [I1.1] are derived from combination
with Theorem [10.11

The rest of this chapter is devoted to the proof of Theorem [[1.1l The
construction of highest weight module occupies §I11.1l and §11.2] and the
concluding step is done in §11.31

11.1. Lifting to the Lie group

In this section we work with G = SO*(Lz). We lift a square integrable
modular form on D to a square integrable function on G in a standard way.
We choose a base point [wy] € D. Let K ~ SO(2,R) X SO(n,R) be the
stabilizer of [wp] in G. We denote by g, T the Lie algebras of G, K respec-
tively. Let g = @ p be the Cartan decomposition of g with respect to
f, and pc = p, ® p_ be the eigendecomposition for the adjoint action of
s0(2,R) C ton p. Then p is identified with the real tangent space T},, )z D
of D at [wy], and the decomposition pc = p, @ p_ corresponds to the de-
composition T, gD ®r C = T[t)?)]Z)EB T[?Jj) 1. For each point [w] = g([wo])
of D, the g-action gives an isomorphism p_ — T[%Z). This isomorphism is
unique up to the adjoint action of K.

The Lie group P_ = exp(p-) is abelian and is the unipotent radical of
the stabilizer of [wy] in SO(Lc) (see, e.g., [2] pp.107-108). Therefore, in
view of (I.3)), P_ coincides with the group of Eichler transvections of L
with respect to the isotropic line Cwy. In particular, P_ acts trivially on
Cwy = Lyiwy and wy /Cwy = Ey,). We will use this property in the proof of
Claim[11.3](3) below.

Now let A be a partition for O(n, C) and A be the associated highest
weight for SO(n, C). To start with O(n, C) is somewhat roundabout here,
but this is for consistency with the formulation of Theorem [[1.1l and even-
tually with other chapters. We first consider the case when V, remains irre-
ducible as a representation of SO(n, C) (cf. §3.6.1). Let Wy, be the finite-
dimensional irreducible C-representation of K ~ SO(n,R) x SO(2, R) with
highest weight (4, k).

LemmMma 11.2. Assume that either n is odd or n = 2m is even with'A; # m.
Let f # 0 be a square integrable modular form of weight (A, k) for a finite-
index subgroup T of SO*(L). Then there exists a smooth function ¢y # 0 on
G with the following properties.

(1) ¢y € L*(T\G).
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(2) p- - ¢y = 0. (Here g acts on ¢s as the derivative of the right G-
translations.)

(3) The linear subspace of L>(T'\G) spanned by the right K-translations
of ¢y is finite-dimensional and is isomorphic to W{ , as a K-representation.

Proor. We choose a rank 1 primitive isotropic sublattice I of L and let
Jj(g, [w]) be the factor of automorphy associated to the /-trivialization &, ; =~
V()1 ® Op. The homomorphism

(11.1) K — End(V(D)z), k- j(k, [wo]),

defines a representation of K on V(I),x = (Eix)w,- This is irreducible
of highest weight (1,k) by our assumption on A. The Petersson metric
on (E,4)w,) 18 K-invariant. Via the I-trivialization at [wy], this defines a
K-invariant Hermitian metric on V(I),x. The induced constant Hermitian
metric on the product vector bundle G X V(I), over G corresponds to the
Petersson metric on &, through the isomorphism

(11.2) Sar = G Xk (Ear)iwe = G Xk VU vk

Via the I-trivialization we regard the modular form f as a V(1) ,Lk—valueq
holomorphic function on D. We define a V(I),-valued smooth function f
on G by

f(®) = j(g. [wo) ™" - fg(lwoD)),  g€G.

This is the V(I),-valued function on G that corresponds to the section f of
&« via the G-equivariant isomorphism (11.2)).

Cram 11.3. The V(1),-valued function f satisfies the following.

(D) f(yg) = f(g) fory eT.

(2) f(gh) = k~'(f(g)) for k € K, where k™! acts on V(I),; by (IT.I).

3 p--f=0.

(4) f is square integrable over I'\G with respect to the Haar measure on
G and the Hermitian metric on V(1) x.

All these properties should be standard. We supply an argument for the
sake of completeness (cf. [24] for the Siegel modular case). The property
(1) follows from the I'-invariance of f, and the property (2) is just the in-
variance of f under the K-action on G X V(I),,. Both (1) and (2) can also
be checked directly by using the cocycle condition for j(g, [w]).

The property (4) holds because we have

f volo f (F(9). F()) du
o K

(fs Hak volp
no

(f(g), f() duc
NG
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up to constant, where dug, dug are the Haar measures on G, K respectively,
and (, ) in the first line is the Hermitian metric on V(1) 4.
Finally, we check the property (3). We have

X- f(g) = (X jlg [wo])™) flglwol)) + jg: [wo])™" (X - flg([wo]))

for X € p_. Then X - f(g([wy])) = O by the holomorphicity of f. As for
the first term, since P_ fixes [wo] and acts trivially on (&, )w, as noticed
before, we have

J(g exp(tX), [wo]) = j(g, exp(tX)([wo])) o j(exp(tX), [wo]) = j(g, [wo])-
This shows that X - j(g, [wp]) = 0 and so

X - j(g [wo)™ = —j(g, wo)" o (X - j(g, [wo])) © j(g, [wo])™" = 0.
Therefore X - f = 0. Claim[IT1.3lis thus verified.

We go back to the proof of Lemmal[lL.2l The property (2) in Claim[I1.3]
means that f as a vector of the K-representation

LXT\G, V(D)) = LX(T\G) @ V(i = L*(T\G) ® Wiy

is K-invariant. Therefore it corresponds to a nonzero K-homomorphism
Dy : W{ . — L*(T\G), which must be injective by the irreducibility of W{ e
The image of @, consists of the scalar-valued functions Lo fforLe V(I )X’k.
By the irreducibility, the K-orbit of any such nonzero vector generates the
image of ®;. Then we put ¢ = L o f for an arbitrary L # 0. The property
(3) in Claim [I1.3]implies the property (2) in Lemmal[I1.2] This finishes the
proof of Lemma[IT.21 O

11.2. Highest weight modules

In this section we construct from ¢ a unitary highest weight module of
g. The result is summarized in Propositions [[T.4] and

First we recall the theory of highest weight modules following [13],
[12], [25]] and specialized to G = SO*(Ly). Let f; = s0(2,R) and t; =
so(n,R). Then t = {, @ f;, I is the center of , and ¥; = [f, f] is the semi-
simple part of f. We take a maximal abelian subalgebra §) of f. Then b
is a Cartan subalgebra of gc. We have ) = {, @ h; with [); = h N {; being
a maximal abelian subalgebra of f;. We may take a Borel subalgebra b of
gc constructed from the root data in h which is the direct sum of a Borel
subalgebra of fc and p_ (rather than p,).

Let p € b be a weight which is dominant and integral with respect to f¢
(rather than g¢). According to the decomposition f) = f, @ b;, we can write

[7 = (p’ a’)’ pE (bl)(\é’ a € (fO)((\g = C,



11.2. HIGHEST WEIGHT MODULES 137

with p a dominant and integral weight for (f;)c = so(n, C). Here we identify
(fo)s = C by the pairing with the unique maximal non-compact positive
root. (In the notation of [13] §4, p = (my,---,m,) and @ = my; in the
notation of [12] §10 - 8§11, p = (4, , 4,) and @ = A; + z.) We denote by
C,.» the 1-dimensional module of hc of weight (o, @). We can regard C, ,
as a module of b naturally. We also denote by W, , the finite-dimensional
irreducible module of f- of highest weight (o, @). This is compatible with
the notation in §11.11

Let U(gc) and U(b) be the universal enveloping algebras of gc and b
respectively. Let

M(p, @) = W(gc) ®uwy Cpa

be the Verma module of gc with highest weight (o, @). The module M(p, @)
has a unique irreducible quotient L(p, @) (see [25] §1.3). This is called the
irreducible highest weight module of gc with highest weight (o, ). The
module L(p, @) is also a unique irreducible quotient of the generalized (or
parabolic) Verma module

N(p, @) = W(ac) Buiep) Woas

because N(p, ) is also a quotient of M(p, @) (see [25] §9.4). The highest
weight module L(p, @) is said to be unitarizable if it is isomorphic as a gc-
module to the K-finite part of a unitary representation of G.

Now we go back to modular forms on D.

ProposiTioN 11.4. Assume that either n is odd or n = 2m is even with
'Ay # m. If we have a square integrable modular form f # 0 € M, (D),
then the irreducible highest weight module L(A", —k) is unitarizable.

Proor. Let V; be the minimal Hilbert subspace of L*(I'\G) which con-
tains the right G-translations of the function ¢ in Lemma 1.2l This is a
sub unitary representation of L>(I'\G). The K-finite part (Vp)k of Vyisa
(g, K)-module. Let V| be the subspace of (V;)x generated by the right K-
translations of ¢;. By Lemma[I1.2](3), V; is isomorphic to Wy, = Wy
as a K-representation. By Lemmal[l1.2](2), V, is annihilated by p_. Indeed,
for X € p_ and k € K, we have

K (X - (k- ¢p) = Adir (X) - ¢4 = 0

because the adjoint action of K preserves p_. Therefore the natural homo-
morphism U(gc) ®: Vo - (Vy)x descends to a surjective homomorphism

N, —k) =~ W(ac) ®ucieon ) Vo > (Vi)

from the generalized Verma module N(1", —k). By the minimality of the
quotient L(1¥, —k), this in turn implies that there exists a surjective homo-
morphism

(Vpk » LAY, —k).
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Since (V) is unitarizable, so is L(1", —k). o

So far we have considered the case when V) remains irreducible as an
SO(n, C)-representation. It remains to consider the exceptional case n =
2m, 'A; = m where V, gets reducible. In that case, Proposition [[1.4] is
modified as follows. For a highest weight p = (o1, -, p,,) for SO(2m, C),
we write PT = (pl’ s Pm-1s _pm) as in m

ProposiTiON 11.5. Let n = 2m be even and 'Ay = m. Suppose that
we have a square integrable modular form f # 0 € M, (I'). Then either
L(AY, =k) or L((A")V, =k) is unitarizable.

Proor. According to the decomposition of &, in Proposition 3.12] (2),
we can write f = (f,, f-) with f, of weight (4,k) and f_ of weight (17, k)
with respect to SO(n, R) x SO(2,R). We have either f, # 0 or f~ # 0. Then
we can do the same construction for the nonzero component f. as before,
by using the component-wise I-trivialization (3.23). O

Finally, we recall the classification of unitarizable irreducible highest
weight modules ([12], [29], [13]). For our purpose, we restrict ourselves to
those weights (o, @) such that @ € Z and p is a highest weight for SO(n, C)
(rather than so(n, C)). In this situation, the version in [13]] is convenient to
use. For such a weight p = (p1,---, pp/21), We denote by corank(p) the
maximal index i such that p; = p, = -+ = pi_1 = |pil-

Tueorem 11.6 ([13], [12], [29]). Let p = (o1, -, P/2)) be a highest
weight for SO(n, C). Assume that p; # 0, i.e., p nontrivial. Let o € Z. Then
the irreducible highest weight module L(p, @) is unitarizable if and only if
—a > n + p; — corank(p) — 1.

Here we follow [[13] Theorem 4.2 and Theorem 4.3, with @ = m;,
p = (my,---,m,) and corank(p) = i — 1 in the notation there. A com-
plete classification of unitary irreducible highest weight modules for gen-
eral (o, @) (and also for other Lie groups) is given in [12] and [29]. For the
proof of Theorem [IT.1] we just use the “only if”” part of Theorem [11.6]

Remark 11.7. In fact, the result of [12]] tells us more than unitarizabil-
ity. Let p; > 0. By the calculation of “the first reduction point” in [12]
Lemma 10.3 and Lemma 11.3, we see that the generalized Verma module
N(p, @) is already irreducible when —a@ > n + p; — corank(p) — 1. Thus
L(p, @) = N(p, @) in that case. Furthermore, according to [12] Theorem 2.4
(b), L(p, @) belongs to the holomorphic discrete series when —a > n+p;—1,
and to the limit of holomorphic discrete series when —a@ = n + p; — 1. Note
that @ = A; + z in the notation of [12] §10 — §11, and this 4, corresponds to
—p; —n + 1 in our notation, so z in [12]] is @ + n + p; — 1 here.
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11.3. Proof of Theorem 11.1

With the preliminaries in §11.11 and §11.21 we can now complete the
proof of Theorem [I1.1l Letn > 3 and A # 1,det. We first consider the
case when either n is odd or n = 2m is even with ‘A, # m. Suppose that we
have a square integrable modular form f # 0 € M,(I'). Then the highest
weight module L(1", —k) is unitarizable by Proposition [I1.4l By applying
Theorem [IT.6 to (p, @) = (1", —k), we see that (1, k) must satisfy

k>n+ (1Y), — corank(1") — 1.

Recall from §3.6.1lthat 1V = A in the case n £ 2 mod 4 and 1Y = A" in the
case n = 2 mod 4. Since n > 3, we have 4, = (17); and so

(113) (/_lv)l = /_11 = /11
in both cases. Since corank(1") = corank(1), we also have
(11.4) corank(1") = corank(1) = corank(1)

by the definition of corank(1). (Note that all components of A are nonnega-
tive.) Hence (4, k) satisfies the bound

(11.5) k > n+ Ay — corank(A1) — 1.

This proves the main assertion of Theorem [IT.Il The assertion (1) for
S1x(I) is then a consequence of Theorem [I0.1] (1). As for the assertion
(2), we note that the inequality

n—1]A—1<n+ A; — corank(1) — 1

holds, because corank(1) < |A| and A; > 0. Therefore, when k < n —|1| - 1,
any modular form of weight (4, k) is square integrable by Theorem[10.1](3),
but at the same time its weight violates the bound (IL.3). This implies that
M, (I') = 0 1n this case.

Next we consider the exceptional case when n = 2m is even and ‘A, = m.
Note that 4 = A in this case. If we have a square integrable modular form
f # 0 € M), then either L(A1", —k) or L((A")Y, —k) is unitarizable by
Proposition Since 1V = A or A", this means that either L(1, —k) or
L(A", k) is unitarizable. By Theorem[I1.6] we obtain the bound

k > min(n + A, — corank(1) — 1, n + (A7), — corank(1") — 1).

Since (17); = A, and corank(1") = corank(1) as before, this reduces to
the same bound as . The rest of the argument is similar to the non-
exceptional case. This completes the proof of Theorem [11.11 m|

Remark 11.8. Since Theorem [I11.1] (2) is derived from Theorem [10.1]
(3), this part could be improved if we could improve the characterization of
square integrability in the remaining range (10.1).
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Remark 11.9. Let V; ¢ L*(T'\G) be the unitary representation attached
to a square integrable modular form f € M, ('), say in the non-exceptional
case. Recall from the proof of Proposition [11.4] that

NQY,=k) » (Vp)x » L(A", =k).
If we apply Remark [TT.7]to (o, @) = (1", —k) and use (IL.3) and (I1.4), we
find that
(Vpk = LAY, —k) =~ N(1", —k)
when k > n + A; — corank(1). The unitary representation V; belongs to the

holomorphic discrete series when k > n+4;, and to the limit of holomorphic
discrete series when k =n+ A; — 1.
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