
ON EVOLUTION OF CORNER-LIKE GSQG PATCHES
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Abstract. We study the evolution of corner-like patch solutions to the generalized SQG equations.
Depending on the angle size and order of the velocity kernel, the corner instantaneously bents either
downward or upward. In particular, we obtain the existence of strictly convex and smooth patch
solutions which become immediately non-convex.

1. Introduction

1.1. Patch solutions. We consider patch solutions to the generalized surface quasi-geostrophic
(gSQG) equations, which are given by

(1.1)

{
∂tθ + u · ∇θ = 0,

u = −∇⊥(−∆)−1+α
2 θ,

where θ( · , t) : R2 → R and u( · , t) : R2 → R2. Here, 0 ≤ α < 2 is a parameter, and the special cases
α = 0, 1 correspond to the two-dimensional incompressible Euler and SQG equations, respectively.
In this paper, by a patch solution to (1.1) we mean the indicator function 1Ω(t) over a moving

bounded open set Ω(t) ⊆ R2, whose boundary is given by a simple closed curve γ( · , t) : T → R2

satisfying the following contour dynamics equation:

(1.2) ∂tγ(ξ, t) =


cα

∫
T
∂ξγ(η, t) ln |γ(ξ, t)− γ(η, t)| dη + λ(ξ, t)∂ξγ(ξ, t) if α = 0,

cα

∫
T

∂ξγ(ξ, t)− ∂ξγ(η, t)

|γ(ξ, t)− γ(η, t)|α
dη + λ(ξ, t)∂ξγ(ξ, t) otherwise,

where cα > 0 is a constant and λ is any scalar function that can depend on γ. It is shown in [13, 21]
that as long as the curve γ solves (1.2), remains to be a simple closed curve, and retains certain
regularity, then the function (x, t) 7→ 1Ω(t)(x) defines a weak solution to (1.1). (The mentioned
references only talk about the case 0 < α ≤ 1 but the argument extends to the whole range as
well.) Moreover, with a careful choice of the function λ, it is known that (1.2) admits a unique
solution locally in time if the initial patch boundary is sufficiently regular.

In the specific case of α = 0 (the Euler equations), taking λ ≡ 0 gives that (1.2) is nothing
but the characteristic equation restricted to the patch boundary, which is known to have a unique
solution by Yudovich theory ([27]). The resulting patch solution is also known to exists globally
in time and preserves its boundary regularity ([4, 1, 25]). When 0 < α < 1, the characteristic
equation does not necessarily admit a unique solution, but (1.2) still does with λ ≡ 0 ([13]). When
1 ≤ α < 2, the velocity field u may not be even defined on the boundary, but if we select

λ(ξ, t) = cα
ξ + π

2π

∫
T

∂ξγ(η, t)

|∂ξγ(η, t)|2
· ∂η

(∫
T

∂ξγ(η, t)− ∂ξγ(ζ, t)

|γ(η, t)− γ(ζ, t)|α
dζ

)
dη

− cα
∫ ξ

−π

∂ξγ(η, t)

|∂ξγ(η, t)|2
· ∂η

(∫
T

∂ξγ(η, t)− ∂ξγ(ζ, t)

|γ(η, t)− γ(ζ, t)|α
dζ

)
dη,

(1.3)
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Figure 1. An example of domain Ω0.

then (1.2) still admits a unique solution ([14, 3, 7, 13]). From now on, we implicitly assume that λ
is chosen to be identically zero when 0 ≤ α < 1, or as in (1.3) if 1 ≤ α < 2.

1.2. Main results. In the current work, we are interested in the evolution of patch solutions which
locally look like a corner at the initial time. To be more precise, we assume that the initial patch
Ω0 has two length scales 0 < δ �M such that

Ω0 ∩
{
x ∈ [−M,M ]2 : |x| > δ

}
=
{
x ∈ (0,∞)2 : βx2 < x1

}
∩
{
x ∈ [−M,M ]2 : |x| > δ

}
(1.4)

for some 0 ≤ β <∞, see Figure 1. For simplicity, we assume the following on the area |Ω0|:

|Ω0| ≤ 100M2.(1.5)

The case β = 0 corresponds to corners with the right angle. We call the intersections of ∂Ω0 with
the line segments

{
x ∈ (0,M)2 : |x| > δ, βx2 = x1

}
and (δ,M) × {0} as the upper edge and the

lower edge of Ω0, respectively.
It turns out that generically, during the evolution, parts of both of the edges of Ω0 sufficiently

close to the origin instantaneously “bents” either downward or upward. Our main result gives a
precise criterion on α and β that determines which one of the two is the case.

Theorem 1.1. Assume that we are given a patch Ω0 with smooth boundary satisfying (1.4)–(1.5).
Then, the boundary of the corresponding unique patch solution Ω(t) becomes instantaneously

convex downward (upward, resp.) in the region A ∩ Ω(t) if

F (α, β) :=
β

β2 + 1
− α

(β2 + 1)1−α/2

∫ π/2

− tan−1 β
cosα θ dθ > 0 (resp. < 0),(1.6)

where the annular region A is defined as

A :=
{
x ∈ R2 : C−1

α |F (α, β)|−
1
2 δ < |x| < Cα|F (α, β)|

1
1+αM

}
(1.7)

with some Cα > 0 depending only on α.

Remark 1.2. As one can see from Figure 2, F (α, β) takes both positive and negative signs. Indeed,
one can compute that

∂

∂β

(
(β2 + 1)1−α/2F (α, β)

)
= − α− 1

(β2 + 1)α/2

holds. Based on this formula, we have the following:

• In the Euler case α = 0, we have F (0, β) > 0 for all β > 0, which means that for any angle
of the corner in the range

(
0, π2

)
, the patch boundary near the corner always bents downward.

This is consistent with the numerical simulations from [2] (their sign convention for the velocity
is the opposite from ours).
• In the SQG case α = 1 and the more singular case α > 1, we have F (α, β) < 0 for all β ≥ 0,

which means that for any angle of the corner in the range
(
0, π2

]
, the patch boundary near the

corner always bents upward.
2
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Figure 2. Plot of F (α, ·) in the region 0 ≤ β ≤ 4 with α = 0, 0.5, 1, 1.5 (from top
to bottom).

• When 0 < α < 1 (corresponding to the equations interpolating Euler and SQG), F (α, 0) < 0 and

limβ→∞(β2 +1)1−α/2F (α, β) =∞, so (β2 +1)1−α/2F (α, β) strictly monotonically increases from
some negative value to∞. In particular, there is a unique zero β∗(α) of F (α, · ). Consequently,
the patch boundary near the corner bents upward for large corner angle (β < β∗(α)) while it
bents downward for small corner angle (β > β∗(α)). This is consistent with our own numerical
simulations shown in Figure 3.

As a consequence of the above, we obtain the existence of initially convex and smooth patches
which become non-convex at a later time. To the best of our knowledge, such a result has not been
proved even in the case of Euler.

Corollary 1.3. For any 0 ≤ α < 2, there exists a strictly convex patch Ω0 with smooth boundary
such that the corresponding unique patch solution becomes non-convex immediately after the initial
time.

1.3. Background. To put the above results into context, let us review relevant works which have
inspired our investigation. To begin with, it is a natural question to ask what happens to patches
with a corner for the gSQG equations, since in contrast to the local well-posedness results in the
smooth patch regime, not much is known without the smoothness assumption.

In the exceptional case of the Euler equations where α = 0, there is an existence and uniqueness
result for patch solutions without a smoothness assumption ([27]). When the initial patch has
a corner, numerical computations of [2] and formal asymptotic analysis of [11] suggest that it
instantaneously evolves into a cusp, although rigorously proving it seems to be an open problem.
Our main theorem can be applied without the local smoothing parameter δ in the Euler case, and
it shows that the corner patch immediately bents downward for any corner angle strictly between
0 and π/2, confirming the results of [2]. In particular, we deduce that the patch is not convex for
any small enough t.

The main step in our proof is to compute the precise asymptotic behavior of the normal velocity
field associated with the corner-type patch. Then, the change in convexity of the patch boundary
can be derived from the curvature evolution equation in the very recent work of Kiselev–Luo [18].
A particularly interesting feature revealed by our computation is that in the case of 0 ≤ α < 1,
there is a special value of β∗ = β∗(α) such that the corner evolution is the “opposite” for β < β∗

and β > β∗. In fact, it turns out that in the regime M →∞ and δ → 0 (that is, when the corner is
3



(a) β = 0 (b) β = 2.7

Figure 3. Evolution of corner-like patches for α = 0.3 at t = 0, 0.2, and 0.4.
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infinitely long and perfectly sharp), the normal velocity on both of the edges becomes a constant if
the corner angle is equal to β∗; see Remark 2.2. This shows that, formally, infinitely long corners
with angle β∗ are steady solutions for the gSQG equations relative to the frame moving together
with the corner. In particular, we have β∗(0) = 0, which is consistent with the (conjectured)
existence of relative equilibria of Euler patches containing 90◦ corners ([22, 16, 8, 28, 26]).

In general, numerical simulations on patch solutions have revealed very complicated dynamics of
the boundary, involving repeated filamentation and fast curvature growth ([2, 10, 9, 24, 23]). Most
notably, a recent work of Scott and Dritschel ([23]) shows the possibility of locally self-similar finite
time singularity formation for gSQG patches. Very recently, the existence of self-similar solutions
which exhibit similar behavior was proved by Garćıa–Gómez-Serrano [15]. When the domain is the
upper half-plane, rapid small scale creation for the patch boundary including finite time blow-up
for patch solutions have been established ([17, 21, 20, 14]), thanks to the stability of the instability
provided by the boundary. To the best of our knowledge, such a dramatic growth for sufficiently
regular patches has not been proved to exist for domains without boundary like R2 or T2, but see
[5, 6, 12] for some results in this direction. On the other hand, in the aforementioned work [18], the
authors observe a remarkable structure in the curvature equation, and in particular applied it to
prove strong ill-posedness of the patch problem with the boundary regularity of C2 for 2D Euler.
Namely, it is possible for a patch with a C2 boundary (which in particular implies finite curvature)
to instantaneously have infinite curvature for t 6= 0.

2. Proofs

2.1. Curvature evolution equation. We denote the unit tangent and normal vectors as T and
N = −T⊥, respectively, defined on the patch boundary. Then, we define the (signed) curvature by

κ = −∂sT ·N = T · ∂sN,(2.1)

where ∂s is the differentiation with respect to the arc-length parameter s. Given a simple closed
smooth curve γ in R2, it is well-known that the domain enclosed by γ is convex if and only if either
κ is non-positive or non-negative everywhere on the curve, depending on the orientation of the
parametrization. We will always assume counterclockwise orientation, and in that case the domain
is convex if and only if κ ≥ 0 everywhere.

Now, consider a parametrized simple closed curve γ( · , t) : T → R2 evolving over time, whose
evolution is governed by a velocity field v( · , t) : T→ R2 along the curve in the sense that

∂tγ(ξ, t) = v(ξ, t)(2.2)

holds. Assuming that v is at least twice continuously differentiable with respect to the curve
parameter ξ, Kiselev and Luo [19] have derived the evolution equation

∂tκ = −2κ∂sv ·T− ∂2
sv ·N(2.3)

for the curvature κ of the curve γ evaluated at a fixed ξ ∈ T, where ∂s can be computed using the
formula ∂s = 1

|∂ξγ(ξ,t)|∂ξ. Substituting the right-hand side of (1.2) to v, we obtain the evolution

equation for the curvature in the contour dynamics equation.

2.2. The main estimate and the proof of Theorem 1.1. We now state our main estimate,
which implies Theorem 1.1.

Proposition 2.1. Consider the gSQG patch solution Ω(·) with the initial data Ω0 having smooth
boundary and satisfying (1.4)–(1.5). Then, the corresponding velocity at t = 0 satisfies the estimate∣∣∣∣∂2

sv2((a, 0), 0)− cαF (α, β)

a1+α

∣∣∣∣ ≤ Cα( 1

M1+α
+

δ2

a3+α

)
(2.4)

5



for 2δ ≤ a ≤M/2, where Cα > 0 is a constant depending only on α.

Proof. Assume that we have chosen a parametrization γ( · , 0) of ∂Ω(0) such that γ(π, 0) = (a, 0)
for some 2δ ≤ a ≤M/2. We will derive a sharp condition on α and β which determines the sign of
the right-hand side of (2.3) evaluated at ((a, 0), 0), when δ � a�M .

Note that the vertical velocity at ((a, 0), 0) is given as

v2(π, 0) = cα

∫
T

(∂ξγ(π, 0)− ∂ξγ(η, 0)) · (0, 1)

|(a, 0)− γ(η, 0)|α
dη = cαp.v.

∫
Ωδ0

a− y1(
(a− y1)2 + y2

2

)1+α/2
dy1 dy2.

We shall obtain an asymptotic formula for the second derivative of the above with respect to a.
Define

A(a) := p.v.

∫
Ω0∩[−M,M ]2

a− y1(
(a− y1)2 + y2

2

)1+α/2
dy1 dy2,

B(a) :=

∫
Ω0\[−M,M ]2

a− y1(
(a− y1)2 + y2

2

)1+α/2
dy1 dy2, and

C(a) :=

∫
Ω0\Ωδ0

y1 − a(
(a− y1)2 + y2

2

)1+α/2
dy1 dy2,

so that v2(π, 0) = cα(A(a) +B(a) + C(a)).
We estimate B′′(a) first. From the expression

B′(a) =

∫
Ω0\[−M,M ]2

1(
(a− y1)2 + y2

2

)1+α/2
− (α+ 2)(a− y1)2(

(a− y1)2 + y2
2

)2+α/2
dy1 dy2,

we easily derive

|B′(a)| ≤
∫

Ω0\[−M,M ]2

Cα
(a− y1)2+α

dy1 dy2 ≤
Cα

(M −M/2)2+α
|Ω0| ≤

Cα
M2+α

|Ω0|

for some constant Cα that may change from side to side. In a similar manner, one can show

(2.5) |B′′(a)| ≤ Cα
M3+α

|Ω0| .

In the same way, we obtain

(2.6) |C ′′(a)| ≤
∫
B0(δ)

Cα

|a− y1|3+α dy1 dy2 ≤
Cα
a3+α

δ2.

Next, we rewrite A(a) as

A(a) =

∫ M/max(β,1)

0

∫ M

βy2

a− y1(
(a− y1)2 + y2

2

)1+α/2
dy1 dy2 =

∫ M/max(β,1)

0
f(M,y2)− f(βy2, y2) dy2

where we define

f(t, y2) :=


−1

2
ln
(
(a− t)2 + y2

2

)
if α = 0,

1

α

1(
(a− t)2 + y2

2

)α/2 otherwise.

Differentiating twice by a, we obtain

A′′(a) =

∫ M/max(β,1)

0

(α+ 1)(a−M)2 − y2
2(

(a−M)2 + y2
2

)2+α/2
+
y2

2 − (α+ 1)(a− βy2)2(
(a− βy2)2 + y2

2

)2+α/2
dy2 =: A1(a) +A2(a).
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Since a ≤ M
2 , we have ∣∣∣∣∣ (α+ 1)(a−M)2 − y2

2(
(a−M)2 + y2

2

)2+α/2

∣∣∣∣∣ ≤ (α+ 1)M2

(M/2)4+α
,

thus |A′′(a)−A2(a)| ≤ CαM−1−α. We further divide A2(a) into the sum of

A3(a) :=

∫ ∞
0

y2
2 − (α+ 1)(a− βy2)2(
(a− βy2)2 + y2

2

)2+α/2
dy2 and

A4(a) :=

∫ ∞
M/max(β,1)

(α+ 1)(a− βy2)2 − y2
2(

(a− βy2)2 + y2
2

)2+α/2
dy2.

For the integrand in A4(a), if β ≥ 1, then for y2 in the domain of integration, we have βy2 ≥M ≥ 2a,

so βy2 − a ≥ β
2 y2 ≥ y2

2 , which implies

|A4(a)| ≤
∫ ∞
M/β

4

(βy2 − a)2+α
dy2 ≤

Cα
M1+α

.

On the other hand, if β < 1, then for y2 in the domain of integration, we have max(a, βy2) ≤ y2,
which implies

|A4(a)| ≤
∫ ∞
M

α+ 1

y2+α
2

dy2 ≤
Cα

M1+α
.

To evaluate A3(a), note that the denominator of the integrand of A3(a) is equal to(
(β2 + 1)

(
y2 −

βa

β2 + 1

)2

+
a2

β2 + 1

)2+α/2

,

so by applying the change of variable y2 = a(β+tan θ)
β2+1

and the identity a− βy2 = a(1−β tan θ)
β2+1

, we can

rewrite A3(a) as

A3(a) =
1

(β2 + 1)1−α/2
1

a1+α

∫ π/2

− tan−1 β

(
(β + tan θ)2 − (α+ 1)(1− β tan θ)2

)
cos2+α θ dθ.

The integrand can be rewritten as the product of cosα θ and(
(β + tan θ)2 − (α+ 1)(1− β tan θ)2

)
cos2 θ

=
(
1− (α+ 1)β2

)
sin2 θ + 2β(α+ 2) sin θ cos θ + (β2 − (α+ 1)) cos2 θ

= (α+ 2)

(
β2 − 1

2
cos 2θ + β sin 2θ

)
− α(β2 + 1)

2
.

By integration by parts, one can obtain the formulae

(α+ 2)

∫ t

s
cos 2θ cosα θ dθ − α

∫ t

s
cosα θ dθ = 2 sin θ cosα+1 θ

∣∣t
θ=s

=
2 tan θ

(1 + tan2 θ)1+α/2

∣∣∣∣t
θ=s

and ∫ t

s
sin 2θ cosα θ dθ = 2

∫ cos s

cos t
uα+1 du =

2uα+2

α+ 2

∣∣∣∣cos s

u=cos t

=
2

α+ 2

1

(1 + tan2 θ)1+α/2

∣∣∣∣s
θ=t

,

7



so applying these we get

A3(a) =
1

(β2 + 1)1−α/2
1

a1+α

(
(β2 − 1)u

(1 + u2)1+α/2

∣∣∣∣∞
u=−β

− α
∫ π/2

− tan−1 β
cosα θ dθ +

2β

(1 + u2)1+α/2

∣∣∣∣∞
u=−β

)

=

(
β

β2 + 1
− α

(β2 + 1)1−α/2

∫ π/2

− tan−1 β
cosα θ dθ

)
1

a1+α
.

Consequently, we arrive at the estimate (2.4). �

Proof of Theorem 1.1. We assume the case F (α, β) > 0; the other case is almost identical. From
(2.3), we have

∂

∂t

(
e2

∫ t
0 ∂sv·Tκ

)
= −e2

∫ t
0 ∂sv·T∂2

sv ·N.

Note that the estimate (2.4) provides a uniform positive lower bound b ≤ ∂2
sv2((a, 0), 0) for all

(a, 0) ∈ A, where A is defined as in (1.7) with an appropriately modified Cα. At t = 0 and
x = (a, 0) ∈ A, we see that ∂2

sv · N = −∂2
sv0,2 = −∂2

av0,2 ≤ −b. In particular, it follows that
κ(t, (a, 0)) is bounded below by a positive constant for all (a, 0) ∈ A and for all sufficiently small t,
using the Taylor expansion of κ in time. By symmetry, ∂2

sv ·N must admit a uniform positive lower
bound at t = 0 on the intersection of A and the upper edge, thus κ is bounded above by a negative
constant there for all sufficiently small t. Therefore, both of the edges must bent downward. �

Proof of Corollary 1.3. We only need to ensure the existence of a single point where κ becomes
negative; the idea is to simply regularize Ω0 in a way that its boundary is C∞-smooth everywhere
and has strictly positive curvature except at a single point. To this end, we consider the following
one-parameter family of modifications of Ω0, denoted as Ωε

0; we require that

• the curvature of ∂Ωε
0 is uniformly bounded in ε, and is strictly positive except at a single fixed

point (a, 0) ∈ ∂Ωε
0 ∩A where the curvature is zero,

• ∂Ωε
0 is tangent to ∂Ω0 at (a, 0), and

• |Ωε
04Ω0| < ε.

It can be shown that, in the limit ε→ 0,

∂2
av
ε
0,2(a, 0)→ ∂2

av0,2(a, 0).

In particular, for all ε > 0 sufficiently small, we can arrange that

∂2
av
ε
0,2(a, 0) < 0,

where vε0,2 is the vertical component of the velocity associated with the patch Ωε
0. Then, we have

that for all sufficiently small t > 0, the curvature of ∂Ωε(t) is negative somewhere. This finishes
the proof. �

Remark 2.2. By performing a computation similar to what is shown in the proof of Proposition 2.1,
one can show that ∣∣∣∣∂sv((a, 0), 0) +

cαF (α, β)

αaα

∣∣∣∣ ≤ Cα( 1

Mα
+

δ2

a2+α

)
holds for all 2δ ≤ a ≤ M/2 (with a possibly different Cα > 0). Therefore, when 0 < α < 1 and
β = β∗(α) so that F (α, β) = 0, we obtain that ∂sv(( · , 0), 0)→ 0 locally uniformly on (0,∞) when
M →∞ and δ → 0. This means that when the corner becomes infinitely long and perfectly sharp,
then the normal velocity on both of the edges of Ω0 must become a constant, which formally shows
that the infinitely long and perfectly sharp corner with the angle β∗(α) is a steady solution to the
gSQG equations with the parameter α, relative to the frame moving together with the corner.
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21. Alexander Kiselev, Yao Yao, and Andrej Zlatoš, Local regularity for the modified SQG patch equation, Comm.

Pure Appl. Math. 70 (2017), no. 7, 1253–1315. MR 3666567
22. Edward A. Overman, II, Steady-state solutions of the Euler equations in two dimensions. II. Local analysis of

limiting V -states, SIAM J. Appl. Math. 46 (1986), no. 5, 765–800. MR 858995
23. R. K. Scott and D. G. Dritschel, Scale-invariant singularity of the surface quasigeostrophic patch, J. Fluid Mech.

863 (2019), R2, 12. MR 3903908
24. Richard K. Scott, A scenario for finite-time singularity in the quasigeostrophic model, Journal of Fluid Mechanics

687 (2011), 492–502.
25. Philippe Serfati, Une preuve directe d’existence globale des vortex patches 2D, C. R. Acad. Sci. Paris Sér. I Math.

318 (1994), no. 6, 515–518. MR 1270072
26. H. M. Wu, E. A. Overman, II, and N. J. Zabusky, Steady-state solutions of the Euler equations in two dimensions:

rotating and translating V -states with limiting cases. I. Numerical algorithms and results, J. Comput. Phys. 53
(1984), no. 1, 42–71. MR 734586

27. V. I. Yudovich, Non-stationary flows of an ideal incompressible fluid, Z. Vycisl. Mat. i Mat. Fiz. 3 (1963),
1032–1066. MR 0158189

9

http://arxiv.org/abs/1903.00833
http://arxiv.org/abs/2207.12363
http://arxiv.org/abs/2204.06416
http://arxiv.org/abs/2111.13794


28. Q. Zou, E. A. Overman, H. M. Wu, and N. J. Zabusky, Contour dynamics for the Euler equations: Curvature
controlled initial node placement and accuracy, J. Comp. Phys. 78 (1988), 350–368.

Department of Mathematics, UC San Diego.
Email address: j6jeon@ucsd.edu

Department of Mathematics and RIM, Seoul National University.
Email address: injee j@snu.ac.kr

10


	1. Introduction
	1.1. Patch solutions
	1.2. Main results
	1.3. Background

	2. Proofs
	2.1. Curvature evolution equation
	2.2. The main estimate and the proof of Theorem 1.1
	Acknowledgment

	References

