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The Upper Bound for the Lebesgue Constant for Lagrange Interpolation in Equally
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An upper bound for the Lebesgue constant (the supremum norm) of the operator of interpolation of a
function in equally spaced points of a triangle by a polynomial of total degree less than or equal to n is obtained.
Earlier, the rate of increase of the Lebesgue constants with respect to n for an arbitrary d-dimensional simplex
was established by the author. The explicit upper bound proved in this article refines this result for d = 2.
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1. Introduction

Let A be a non-degenerate simplex in R? with vertices a1, ..., Gq+1. Any point © € A can be written as

d+1 d+1
u:ZArar, Z)‘T:L AN>0 for 1<r<d+1.

The elements of the tuple A = ()\1, ..., Aqq1) are called the barycentric coordinates of the point u.
Further we will identify u with A% ()\1, ...y Adt1) € A. Let’s denote

d+1
I = ’i:(’il,...,’id+1)i Uy eeeylgr1 € Ly, E . =n,p,

r=1

where Z, is the set of non-negative integers. Let P¢ = P4[f] = P¢[f](u) be a polynomial of total degree
less than or equal to n interpolating the values of the function f € C(A) at equidistant nodes a; of the

simplex A |, where
i Td+1 . ) )
ai:<—’“_,—>, 2:(21,...,2d+1)61.
n n

If we take the polynomials [; of total degree less than or equal to n defined by the conditions

L =g .
lj(ai)zéi,j:{ 0, Z;’éj, Z7j€[7

then
= 3" flas)iiw)
iel
The polynomials [; are called Lagrange’s fundamental interpolating polynomials.

Denote by £ = £4(u) = £4(\) the Lebesgue function of the Lagrange interpolation process at
equally spaced nodes of the simplex, i.e., the norm of a functional in the space C'(A) that assigns to
each continuous function f € C(A) the value of its interpolation polynomial at the point u € A. By
A4 we denote the Lebesgue constant of this interpolation process, i.e., the norm of an operator from
C(A) to C(A) which assigns to each continuous function its interpolation polynomial PZ[f]. Thus

Pd Pd
Cl) = £33 = sup AL pa 0 IPillewy
feC(A) ||f||c fEC(A) ||f||C


http://arxiv.org/abs/2209.10142v1

It is known that

d __ d _ d
Ay = max L5, (u) = max £5,(), (1)

Lo(A) = LA (2)

iel
For d = 1, in 1940 Turetskii [I] proved the following asymptotics of the Lebesgue constant:

Al B 2n+1

n

. nlnn<1 +¢e,), where lim &, = 0. (3)
This result was also published in his book of 1968 [2]. In 1961, (B]) was independently proved again by
Schonhage [3] (more precisely, the formulation of the result in [3] is similar to the formula (B]); however,
a slightly stronger result is proved in [3], where the first terms of the asymptotic expansion of the
Lebesgue constant Al for n — oo were given). A review of other results can be found in the article by
Trefethen and Weideman [4]. In 1992, Mills and Smith [5] obtained an asymptotic expansion for In A},
which refines the result from [3]. In 2004, Eisinberg, Fedele, Franz [6] got a new asymptotic formula
for AL and numerically demonstrated the advantage of the formula for 33 < n < 200 in terms of the
relative error.
In 1983, for arbitrary nonnegative integers d,n Bos [7] proved that

_ qn _
Aig(% 1)x—- Ad—><2” 1) it d— oo,

n n

In 1988, Bloom [§] established that

~ InA¢
lim % =1In2,
n—oo n
and in 2005, the author [9] proved that
2" 2"
C < AL < Cy(d 4
"nlnn =0 2 )nlnn’ )

where () is some positive constant, and Cy(d) may depend on d (but does not depend on n).

The purpose of this paper is to obtain an upper bound of A¢ for d = 2 with preservation of the
known rate of increase with respect to n, i.e. essentially to estimate the constant Cy(d) in () for d = 2.
Namely, for n > 4, we prove that

ntl 15 4en(Inn)®  en?lnn
A2 < (T+pu, 1 h n < .
n < ( +'u)en(lnn—ln2)( +n—3)’ where 1, < 2773 t—g =0 as no oo

The paper is organized as follows. In Sections 2 — 4, some auxiliary results are given. In Sections
5 — 7, the problem of estimating A? is reduced to the problem of estimating the function £2()) for the
case 0 < Ay, A3 < 1/n. In Section 8, the main theorem 2 is proved, which gives an upper bound for A2.

P p
Everywhere we assume that > ap =0and [[ ap=11if p <s.
k=s k=s

2. Lagrange’s Fundamental Interpolating Polynomials

It is known that

(A
L) = wil) e
wi(ai)
where
i1—1 51 ig—1 S5 igy1—1 gl
=T (o )T 2) T 229
s1=0 s20=0 54+1=0



n F(n)\l —i1 + 1) o F(n)\d+1 —tgr1 + 1) .
This explicit formula was given by Nicolaides [10]. Indeed, w;(a;) = 0 for ¢ # j since if 7,5 € I,

i1 , .
i # j, then there is ¢ € {1,...,d + 1} such than j, < i, and hence H (j_q _ ﬁ) = 0. Since w;(a;) =
non
5q=0

(1/n)"1"(21+1) e F(ld+1+1) = (1/n)" 21'12' .. .’id+1!, then

LX) = : .
Z( ) P(?’L)\l — ’il + 1) .. -P(n)\d-i-l — 'id+1 + 1) 21'22' .. .’id+1! (5)

When obtaining estimates, we will exclude from consideration those arguments of I'-functions that are
poles, since these cases correspond to the situation when the corresponding summands |/;(\)| from (2))
are equal to zero.

3. Properties of the Lebesgue Function
Further, let d = 2, A is a triangle, n > 4, £, = L,(\) = L2()\).

Lemma 1. The Lebesque function L, (A1, Ao, A3) is a symmetric function of its arguments.

Proof. Let’s prove, for example, that £, (A1, Ao, A3) = L,(Aa, A1, A3). This follows from (2) and (&),
because for any i = (iy,is,43) € I there is j = (J1,J2,43) = (i2,41,43) € I for which I;(A1, Ag, A3) =

[;(A2, A1, Ag). The other cases are proved in the same way. O
Lemma 2. A, = max  L,(A, Ao, A3).
A12A220
A1=>A3>0
0<A1+A2+A3<1
Proof. This equality follows from the fact that the function £, (A1, Ao, A3) is symmetric. U

Note that if a point u with barycentric coordinates (A1, A2, A3) belongs to A then there are numbers
r1,79,73 € Zy,r1+12+rs =n—1,0q € [—1,1], ag,a3 € [0,1], a1 + s+ a3 = 1, such that nA; = 5+ a,
s =1,2,3 (see, for example, Fig. 1).

a3/\ =2

rn=4 /\
AVAVAVAN

u®@

Aﬁ§§y —
WAVAV/IVAN @,

u®

Fig. 1. Equally spaced nodes in the case n = 8. Here ry =4, ro =2, r3 =1, 0 < a1, 9,3 < 1 for ne)
orr=4,ra=213=1—-1<a; <0,0<as,as <1 for u®.

So, let nA\y, = ro+ag, i + 1o +r3 = n—1, -1 < a3 < 1, 0 < ag,a3 < 1. Denote
,Sn(Tl,TQ,Tg,O{l,OZQ,O{:g) = £n<)\17)\27)\3)7 and

['(nAs +1) B [(rs +os+1)
i) T(nAs —is +1)| i |D(rs + g —is+1)]

ai,(\s) = s=1,2,3.
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Also, let us define the sums Sy = Sk(r1, 79, 73, 1, o, v3), 1 < k < 6, as follows:

T2 T3 T2 T1

51 = Z Z [Li(A)],  S3= Z Z LA,
i2=013=0 12=013=0
ro—1ln—ri—1—ig n—ri—1 n—ig n—rz—1 n—rz—1—ig
Se=>_ > LWL Ss= D D LML Se= > > L.
12=0 1i3=r3+1 io=r9+1 i3=0 io=ro+1 11=0

Sy = S21 + S22+ Sa3,

where
n—rs n—1o n n—1o n—ri—1 r1
Soa= > > LW Saa= D DLV Ses= > D L]
i9=n—r1 11=N—r3—12 io=n—r3+1 i;=0 io=ro+1i1=n—r3—iz
Then

3

3
I(ry+a,+1)
140y —81_[1%(%) —H¢S!|F(rs+as—is+1)| ’ "

Sn(ﬁ,’f’zﬂ“&al,%,%) = £n<)\17)\27)\3) =

Sp. (7)

M=

k=1

Taking into account (Il) and Lemma 2] we can state that in order to estimate A, it is sufficient to
estimate the maximum of the function £, (71,79, 73, a1, a9, a3) = L, (A1, A2, A) for Ay < Ay, A3 < Aq, so
we further assume that

rto 2retay, rtoa2r3tog (8)

and we will estimate £, = £,, under constraints (). Denote
5k:Sk(T1,7’2,T3,041,042,a3)—Sk('r’l—1,7’2,T3—|—1,a1,a2,a3), 1 S /{?§6 (9)

The purpose of Section 5 is to estimate the values of §;, under the constraints 1 — 1+ a1 > 19 + ano,
ri—14+a;>rs+1+ a3, —1 <ay <1. Since 1,79, 73 € Z, then

r>r3+22>2.

4. Some Auxiliary Results

['(a+1)
rb+1(a—b+1) "

We will use the notation < Z ) =

1 - 1 1
(50) et o(0)

Proof. The proof follows from the fact that

Lemma 3.

1 s L TOTe=b 1

(b+1)<b11) b(Z) Fla+1)




z+1 x
p+1 P V4 K
Lemma 4. Let D* =D*(p,m,z,y) = Z S m—r \

() Feeo (U
Koy<my—“)+y<m—5—1)' (10)

—~ m—m) o <m—/f) 0 (g4 1 <m—/{)'
y< y vl oy, W+ 1
Let’s change the variable Kk = v 4+ 1 in the second sum and use the lemma Bl fora=m —v —1,b=y.
Then
p+ P P
K v K
ol s 5>

=) B ) ()

and (I0) follows from this equality.

Lemma 5. Let

m—1—r

D™ =D"(m,q,r,2,y) = Y

m—k K > meR 1 )
=g (x+1)($+1)y<y) Hq+1:p< . )(y+1)<y+1)
EOIGREEOIO)

Proof. Using Lemma [3] with a = m — k, b = r + a we have

Then

D**:mzlr m—/{—ll K\ Z m—/@1 K
() =)
S !

R (5]




In the first sum, we make the change of variable kK = v — 1. Add terms with the same « from the second
and third sums, leaving the term with k = ¢ in the second sum and the term with k = m — r in the
third sum unchanged. Then

pe - S 7n_yl — 'fSir m— K 1 S
EN ) ()
() (e (05)
LT e D) )

P T i xr—1 +1
Lemma 6. Let D***:D***(p,q,m,x,y)ZZ(H)<my_ﬁ)— ( K )(r:;yz—/{)

K=q /@:q—l
Then
D = — .
P m—p qg—1 m—q+1
Proof. Notice that

=S () ) E ) ()G G5)

K=q

EEN)ECD ) (D)

K=q

The first sum in the first line and the first sum in the second line give 0, in the second sum of the first
line we make the change of variable k = s + 1. Then

o= ST )-S5 Gt )+ (5 G

D) (D (o) (2D (o)
) R ) (5 ()

q K=q—

_(E:i)(m—%+1):(x;1)(m{p)_<§:i)(m—%+1)



I'a+ «)
L'+ «)

then the function g(«) is nonincreasing.

Lemma 7. Let g(a) = . Ifa>b> a, then the function g(«) is nondecreasing. If b > a > a,

Proof. The assertion of the lemma follows from the fact that

Mo+ a)(a+a)l'(b+a)—T(a+ a)T'(b+ a)(b+ )

s = T+ o)
Fla+a)T'(b+ «)
= — (b
T (Wl o)~ pib+ a)).
where 1(t) is the digamma function. Since v (t) increases on (0,+00) then ¢'(a) > 0 for a > b and
g'(a) <0 fora<b. O

5. Estimations of d,, 1 <, <6

Recall that we exclude from consideration those A and i for which the argument of at least one of the
['—functions in the denominators is its pole, since these cases correspond to the situation [;(A) = 0, i.e.,
the corresponding term in (2)) is equal to zero. Also recall that we are considering the case 1 — 1+« >
ro+ag, 11 — 14+ a; > r3+ 14 as. In particular, r; > r3 + 2 > 2. Everywhere below we assume that
i = (i1, 19,13) € I, 1.e. i1 + iy + i3 = n.

Lemma 8. §, > —2m27s+2 4 oratl

Proof. Due to Lemma Ml with p =r3, m =n — iy, x =r3 + a3, y = r + a1 we have

5 = |sm7ra1| Z 0, (M) Z C(ri+ a1+ D006 — 1 — aq) L(rs+asz+1)

i2=0 i3=0 21! 13‘ P(T,?, + ag + 1-— 23)
_Mia ()\ )%F(T1+O{1)F(i1—rl—&1+l) F(r3+a3+2)
i2=0 e i5=0 01! i3! T(rs + az + 2 — i3)

T3+ 1+ Qa3 r3+ Q3
sin oy | Jass i3 Zm i3
T -EO 2( 2) EO: i —~ 21
== w=0 (r A+ ) B G T

T+ o
|s1n7ra1| ,
- E 22 )\2 T3, 22,T3+O[3,T1 +O[1)

i12=0
r3 + Qg r3 + Qg
sin o | = "3 2 i3 re+ 1
- T ZaiQ()\Q) Z n—’iQ—ig + n—iQ—T3—1
12=0 15=0 (ry + o) (r1 4 o)

M+ o ™+ Qq

Since 0 < ig <19, 0 < i3 < 713,44 =n—1y—1i3 >n—1ry—1r3 =11+ 1, then all the terms in the

IMNa+1
obtained sums are non-negative and all the gamma functions in fractions (a+1) = < “ )

T(b+ 1)(a—b+1) b

are non-negative. Then

T‘3+1
r r 2 .
|sin o | 2 < i3 ) 1
oz LIl S o |3 y

, , ry+1 r
i2=0 13=0 (Tl + O[l) ( T11+ o ) (7‘1 + Oél) < r _'_10{1 )



sin o | o7 (1 4+ o )T(2 — o rs + 1 I'i(r{ + a)T(1 — oy
el $ o (52t () L0

i2=0 i3=0

N 21— ) r3+1 =~ aiy (Mo) S R+l
> —;)am()@)igz:o (m + DT ()] ( s ) - Z T(ay) > - aiy(A2) Z < i )

- _ F(T2 + Qg + 1> 27“3+1 > _2T‘3+1 ZQ (T2 + 1>' > _27‘2+T‘3+2 + 2T‘3+1
i—0 ZQ' F<T2+042+1—’i2) - ’lg' (T2+1—22)' -

2=0

(we used Lemma [ in the last but one inequality). O

Lemma 9. §3 > —Tf;l.

Proof. Due to Lemmalwith p—ry — 1, m —n —1is, =11 +a; — 1, y = r3 + ag + 1 we obtain

T1

i = r DI (i3 — r3 — r 1
5, = Smmas Z%(h)z (rs + az + 1)T(i3 — r3 — az) (r14+ a1 +1)

™ i—0 =0 23' le P(Tl + o + 1-— 21)
sin o f‘: O ”Z_l D(rs+as+2)0(ig —rs — 1 —a3) L(r + o)
- s . Oam( 2) — Zg' Z1' P(T1+Oz1 —Zl)
io= i1=

sin

2
TQ .
> Z%@(M)D*(ﬁ —1l,n—idg,r+a1—1,r3+a3+1)

/s
T1—1—|—Oél
(&
+

=0 1=0 (r3 +az + 1) < 72123_+le ) (r3 + as + 1) < Z;Z;?’_in )

Let ¢y > 0. Since 0 <43 <11 —1,0< 143 <r9,i3=mn—14, —iy >n—1; +1—1ry = r3, then
then all terms in the bracketed sum are non-negative, because all the gamma functions in fractions
F(a+1)

L+ Dl'(a—b+1)

i2=0

T — 1 -+ (07]
Sin oy > iy 2( i1 )
=——> ()| )

= ( Z ) are non-negative, i.e., 63 > 0. If a; < 0, then

| ra r r DL(n— iy — 1 — 13 —
sin o3 Z%()\Q) (r1 + o) (rs+as+1)(n—iy —r; —rs — as)

§a > —
3 T(r + 1)[D(ay)] T(n—is—1m +1)

™ ‘
i2=0

> 1 i . F(T‘2+Oz2 +1) (T‘3+1)'(T‘2—22)' Z B 1 7”22 7’2>—|—1 Z _27"2*1'
3rry 0! l(rg + g —ig + 1) (rg+7r3+1—1is)! 3rry 19 i

i2=0 o=

Lemma 10. §, > —2:?1_1.

Proof. Due to Lemma [l with m =n —iy, g =713+ 1, r =1, 2 =1 +aq, y = r3+az+ 1 we obtain

. . ro—1 n—ri—1—is . .
_|sinmoy|sinmag § C(ri+oq + D06 —rp —ag) D(rg + ag + 1) (i3 — r3 — a3)
= L ma | D il i)
i12=0 i3=r3+1
_ n_rzl_lé F(T‘l + &1)F(i1 — T + ]_ — Ozl) P(Tg + Qa3 + Q)F(Zg — T3 — ]_ — Ozg)
A 17! 13!
i3=r3+2



. . ro—1
SIN 7TQvq | SIN Ty

= 5 ZCLZ'Q()\Q)D**('N,—iz,Tg"‘l,Tl,Tl—|—()41,7’3—|—Oé3—|—1)

& i2=0
sin 7oy | sin warg 2= 1
1 3
= a; )\
m izZO 2 (ry + ay) " (rs +as+1) I
! ! r1+ o K s r3+az+1
1
n—1iy—1r3—1 rz+1
(r1+a1)( r12+oi )(T3+a3+1)<r3+3a3+1)
-1
ai2(>‘2)

| sin ay | sin o TQZ

= 2 n—1iyg—1r3—1 rs + 1
ZQ:O(T1+Q1>< r12+oi )(T3+a3+1)(7“3+3a3+1)

™

| sin oy | sin o mz_l () Firi+a))l(n—ig—r3—r —aq) D(rs+as+ HI(1 — az) (1)
2 = 2\ ['(n —iy —13) [(r3 +2)
Note that
sinmaz I'(rs+as+ D1 —a3)  T(rs+asz+1)
= <TI'(rs +2)'(rs+2)I'(1) < 1. 12
T L(rs +2) D(rs + 2)T(ag) = 3 T AT 2T < 12

Consider p defined by

def | sin 7041‘ F(7’1 + Ozl)F(n — g —T3—T] — 041)

™ F(H—ZQ —7’3)
and make transformations
. . . ri—1 ro—i9
_sinway| T(ri4+a)l(ra+1—is —aq)  [sinmay| T(a)T(1—o1) 1
B T ['(n—iy —13) B T (n—lg—rg—I'SHS+a1 ,-;1_[1/{ o)
ri—1 ro—iso ri—1 ro—i2
(1"‘0[1)‘0&”(1—0[1) . 1
— - < —
|y 1 (e | (SN 1 (Co
If i9 =79 — 1, then
(7’1+Oél—1)...(2+041)§T1<7’1—1)...3§i. (13)
2(7’1—|—T2—7’2+1)! 2(T1—|—1)' 47’1
If i < ry— 2, then
MS3...(T1+T2—.22—2)§%<L (14>
2(T1 + 1o — Zz)! 2r (8 4
It follows from (), (I2), (I3), (I4) that
1 & r 1 1 & or2—1
54>——ZamA2 L] tnrat]) ——Z(”.“)z— .
7’1 =0 4T1 =0 9. F(TQ + a9 + 1— ’lg) 4T1 120 19 T1
O

n—r3—1 r—14+a re + o
Lemma 11. 65 > Z aig()\z)(n_lrg_h_ll)< 7?3+13)'

io=ro+1



Proof. Using Lemmalllwithp=n—r3—2—iy, m=n—is, x=r+a;—1,y=r3+as+1 we

obtain
n—rz—1 n—rz—1—ig

C(ry+a;+1) [(rs + a3 +1)
0 = i
o= D, a() Y R T T on — i 11
ig=ro+1 i1=0 ’ ’ ’ ’
io=r2+1 w 11=0 Zl' ‘F<T1 +a; — Zl)| 23' ‘F<T3 + Qs — i3 T 2)|

_ sinmag n_rz?’_Q 00 () (n_m’z_:l_m F(ri+or+1) T(rs+az+1)I(i5 —rs — )

— . ' _ . . '
L5 iW!T(r + a1 —ip + 1) is!

n—rz—2—ig

_ Z P(T1+Oz1) T(r3+a3+2)f‘(i3—r3—a3—1)
2.1!1—‘(7“1 + o —Zl) 23'

11=0

sin mag

a (>\ ) F(’T’l—'—()él—'—l) F(T3+(X3+1)F(1—OJ3)
r TEROIT (4 aq + 1) (rs +1)!

. n—rz—2
_ sinmag Z ai,(M)D*(n—r3 —2—idg,n—ig,r1 +0ag — 1,r3+az+ 1)
™

1o=ro+1

sin T Ap—ry—1(N2)

T3 + 1
(rs +1+a3) < rs+ 1+ as )
—1
n—rg—2 n—rs—ig—2 2 < & . + a )

:sin:ag Z 0, (\a) Z (31

_ _ n—1iy —1
i9=ro+1 11=0
o 1 (T3+1+a3)<r3+1+a3)

r — 1 —+ o
n—ryg—is—1 sin o Ap—ry—1(A2)

(r3+1+a3)< ra ¥l ) " (r3+1+a3)< rs ¥l )

r3 4+ 1+ a3 rs+1+a;

r—1+a«
n—rz—2 n—rz—iag—2 2< ! . ! )

:Sin:O{g Z a1, (o) Z 1

in=ra+1 =0 (r3+1+ az) ( ;«11212;;1 )
3 3

n—rz—1
- 7’1—1+O&1 T3+043
+'Z al2(>\2)(n—7“3—i2—1)(7”3+1)'

Since all the terms in the first sum are non-negative, we obtain the assertion of the lemma. O

+

n—ri—1 n—ri—1—ig n—ri
r3 + 1 r3 + Qg3 F(T’l + Oél)
L 12. 65 > — O\ . - O\ . .
emma 12. 502 = 30w X (01 ) - X w0 (000 )

io=ro+1 i3=0 io=ro+1
Proof. Using Lemmaldlwith p=n—1r; —is — 1, m =n — iy, x =13+ a3, y = r; + a1 we obtain

n—ri—1 n—ri—1—ig

T(ri+a; + 1) C(rs+as+1)
05 = i (A
5 Z iy (A2) Z i T(r1+ a1 —ip + 1)] i3 T(rs + ag — i3 + 1)

1o=ro+1 i3=0

10



n—rq n—ri—1io

- 3w X e e e
L U L G+ — )] sl [D(rs + 0 — i + 2)]

|sinmay| n_zr:rl 0, (M) (n_rzl:_m L(ry + al)I’(h’ —r+1—a) [(rs + as + 2)

| o —7
T WS = 7! is! D(rs + a3 — i3+ 2)

n—r1—1—iz

B Z I'(ry4+o01+ D —r1 —aq) I(rs +as+1) )

Z1! Zg' F(T3+Oég—i3+1)

i3=0
B |sin7roz1|a 0\ )1"(7“1+0z1)1"(1—oz1) [(rs + az + 2)
T o 7! 0! T(rs + as + 2)
| sin oy | ot . . .
Si—— Z ai,(X2)D*(n — 11 — iy — 1,n — i, 73 + 3,71 + Q1)
io=r9+1
| sinTay a'n—rl()\Q)F<T1 +a)l'(1— o)
™ T1!
T3+ Qg
sin 7TO[1| n—ri—1 n—ri—io—1 2 ig
O TTITIS e
ia=ra+1 i3=0

n—ri

< r3 + a3 )

i n—ry—1

[ sinToy] Z a1, () 1= 12 .
T e (7))

T+ oy

Now we can estimate |J5| as follows:

) 9 T3 + Q3
| SiIl 7TO[1| n—ri—1 n—ri—1—is 2.3
05| < —m— a;, (A
| 5| B & igg-f—l 2< 2) 1320 (T T ) T1 +1
! ! T1 + (e5]
| sin oy | — r3 + s L(ri + o) (1 — ay)
+T Z @iy (o) n—ry—1 71!
1o=ro+1
. n—ri—1 n—ri—1—iz
|sinay| " ( rs + s ) C(ry +a)l(2 — ay)
= a;, (A 2 .
T Zé;ﬂ 2(A2) Z_SZO 13 L(r1 +2)

+‘T§ %()\2)< 3+ Qg ) L(r + aq)

n—ry—iz ) I'(ry +1)|0(ay)]

n—ri—1 | n-r1—1-t r3 + Q3 2(1 — a)l(ry + )
< | Z @i, (A2) Z < ' ) (11 + D)I(ry + 1)|T ()|

+Z %(Az)( rstay )F(F(““”)

io=ro+1 n—=Try =i T+ 1)|F(a1)|
n—ri—1 n—ri—1—is n—ri
T3+1 T3 + Q3 F<T1+041)
S ‘ Z a22<)‘2> Z < ig ) + ' Z a22<)‘2) ( n—r _Z'Q ) F('f’l 4+ 1)‘F(C¥1)|
io=ro+1 i3=0 io=ro+1
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Lemma 13.

n—rz—1 n—rq
_ rita;—1 r3 + a3 ' rita;—1 r3 + Qs
52__ Z aiQ()\2)(n—T3—1—’i2)( T‘3+]_ )_'_ Z CL@2<)\2)< ™ )(’I’L—T‘l—ig).

1o=ro+1
Proof. Denote
52,14: = 527]?(7’1,7’2, T3, (1, g, 043) — 527]?(7“1 — 1, T9,T3 + 1, aq, 09, 043), 1 S k S 3.

Using Lemma [6] we obtain

n—rs n—is + 4
e Y ay) Y <r1 Z.10z1 ) (rg Fas )

i3
i2=n—"r1 i11=n—r3—ig
n—rz—1 n—1io
Z Z r+aop—1 r3+az+1
— a;, ()\2) . .
A 21 3
io=n—r1+1 i1=n—r3—1—1io

n—rz—1 n—ig n—ig
o r + op 7“3+0z3 7“1+0z1—1 T3+&3+1
s %w( > o(rr) (i) X (rreh) (e ))

io=n—r1+1 i11=n—r3—iz i1=n—r3—1—ig
71 T3
™+ « T3 + Q3 ™ + oy T3 + Q3
Fan(n) Y < )( )+anr3()\2)z< )( | )

i3
11=T1—"3 11=0

n—rs—1

Hokok . . ) r4ap — 1
-y ai2(>\2)<D (7“1+0z1,7“3+a3,n—12,n_r3_ZZ’H_ZQ)_(1 1 ))

n — iz
io=n—r1+1

T1 T3
+ +
fanOe) 3 <7’1—;o¢1 ) (7“32;043 ) Fan ()Y < 1 ilou ) (7“3 | a3)

3
11=r1—"3 i1=0

_ nil i, (\2) o -1\ ri+o—1 rstaz \ [ rita—1
- i2\ 2 n_iQ n—Tg—iQ—l T3+1 n_iQ

to=n—ri1+1

T1 T3
r 4+ o rs + « r + o T3+«
tanna) D ( i 1)( 3@'3 B)M"""MQ)Z( i 1)( 3@'3 3)

11=T1—"T3 11=0

n—rz—1
. - 7’1-'-0(1—1 7’3-'-0(3
== 2w (20 ) (L)

io=n—r1+1

= + rs + « = r + « r3 + «
tann () 3 <T1’51a1)( 3i3 3)+anr3()‘2)z< 12'1 1)( 3i3 3)'

11=T1—"3 11=0

Now we estumate s and ds 3:

n n—ig + n n—is i 1 N +1
092 = Z aiQ(A2)2<T1:&1)(T3'a3)_ Z ai2(>\2)2(r1 ;)il )(T:s {343 )

1 13
io=n—r3+1 i1=0 3 i2=n—r3 11=0

- = rita; —1 r3 + ag = ri+ap—1 r3+ ag
-3 ww (S () () S () ()

3
io=n—r3+1 i1=0 i1=1

12



n—i n—ig—1
_i('f’l—l—al—l ) (7’3—'—043 ) _ ZQ <T1—|—Oél—1 ) (T3—|—043 ))
=0 21 13 20 A 13 — ]_
73 T3
rit+a;—1 rg+az+1Y\ rit+a;—1 r3+az+1
Y (T () a0 ()
11=0 11=0
! & ™+ « r3 + «
. 1 1 3 3
= 32 w00 3 () (75
io=ro+1 i1=n—r3—iz
n—ri ri—1
rt+aoa —1 rg+as+1
ig=ro+1 i1=n—rz—iz—1 “ '3
—n—rzl—la- ()\) rzl 1+ oq T3 + Q3 _ 7"12_1 7’1-'-0(1—1 7’3"‘0&3—'—1
o A A i1 i3 _ A i1 i3
io=ro+1 i11=n—r3—iz i1=n—r3—iz—1
ri—1
r 4o —1 r3+ag+1
— Gy (A . .
n—ri—1
= Z aiQ()\g)D***(Tl -+ a1,73 —+ 3,71, N — T3 — ig, n — 22)
1o=ro+1
ri—1
i +oap—1 7“3+0é3+1)
— Ay (A ) )
n—ri—1
- rm+oa —1 r3 + Q3 ri+a —1 r3 + o3
= Z aiQ()\g) - o — . e
A Et n—ry—iy n—1r3—1iy—1 rg 41
io=ro+1
ri—1
r 4o —1 r3+as+1
~ann (b)) < i ) ( is '
i1=r1—r3—1
Finally we have
n—rz—1

0y = 021 + 029 + 023 = —

t g (Xa) >

n—ri—1

-+ ZCLZ'Q

io=ro+1

7"3+O(3
T3+1

7“1+0z1—1
TL—T‘g—l—’ig

) ()

D

to=n—r1+1

@iy (A2) (

71 T3
T+ o r3 4+ a3 T+ o r3 4+ Qs
() e (M) (1)
i1=r1—7r3 11=0
r3
rita; —1 r3+az+1
—aen (T ()
i1=0
(A2) r+oap—1 T3+ g B rt+o—1 T3+ g
2 1 n—17ry— iy n—1r3—iy—1 r3+1
ri—1
r 4o —1 r3+aoag+1
caat) X (R

i1=r1—r3—1

13
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_ ‘ o —1 r3 + o3
- > a22<)\2><n—r3—1—i2><7’3+1)

io=n—r1+1

1 ri—1
™ + Qq T3—|—Oé3 7’1+041—1 7’3"‘0&3—'—1
+a"—7"1(>‘2)< Z < 1 ) < T — 1 )__ Z < i1 ) < T — 1 ))

11=r1—7T3 i1=r1—r3—1

73 T3
r+ o r3 + a3 ri+ap—1 rzg+az+1
Fnon () (Z( i ) ( rs =iy )_Z( i ) ( rs— i) ))

i1=0 11=0
n—ri—1
ri+a;—1 r3 + g ri+oa—1 r3 + g
+ Z alQ(}Q)(( T1 )(n—'r’l—i2> <H—T3—i2—1>< T3+1 ))

1o=ro+1
! r+ o 1 s + «
== > an(h) P S
, n—r3—1—19 rg+ 1
ig=ro+1

igFn—ry

+ Ap—rq ()\2>D***<T1 =+ Q1,73 + Q3,711,717 — T3, Tl)

—1
+ ey (N2) (( ra s ) — ( nEe ) + D (ry + ay,rs + 03,73, 1#‘3))

T3 T3
T A rt+op—1 T3+ a3
+ Z aiQ( 2> T 7’L—T1—i2
i2=ro+1
n—rz—1
_ ZS: as,(\s) r+oap—1 T3+ o3
o ] 12\ 12 n—7’3—1—i2 T3+1
ig=ro+1
ig#n—ry

T1+a1—1 r3 + Qg rita;—1 r3 + ag
a9 ( e ) - (hn ) (i)
s (A) ((rg—l—ozg) <r1+a1—1)+(7’1—|—a1—1>_<r3+a3 ))
3 3 3

n—ri—1
rit+ap—1 3+ Qg
+ Z a22(>\2)< r1 )(n—rl—i2>

i2=ro+1

n—rz—1 n—ri
L ‘ ri+a; —1 r3 + Q3 ‘ ri+a;—1 3+ ag
s aZQ()\Q)(”—T:s—l—iz)(T:erl >+ 2 %()@( ™ )(”_Tl_@).

i2=ra+1 io=ro+1

6. Reducing to the case ri=n—1—19, r3=10

Lemma 14. Let rys € Z., 1 < s < 3, ri+r+r3 =n—1, -1 < a1 < 1, 0 < ag,a3 < 1,
m—14+a1>ro+ay, 11 —14+ay>r3+14+as. Then

rotr " 273 if ro>1,
L.(r1— 1,9, 3+ 1, a1, a0, a3) < £,,(r1, 72,73, 1, g, vz) + 272 3+2+Z—1+{ ors+lin z; 7,2:0_
(15)
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Proof. Recall that r; > r3 4+ 2, n > 4. Consider the difference

d,
W(T17T2ur3> éf £n<T1,T’2,7’3,0417042,063) - 'Qn(Tl - 17T27T3 + 170{170427&3)'

Due to (@), (@) and Lemmas [8] @] 10, 01l I2] I3, we obtain

_ ° 5 > 2r2+r3+2 2r3+1 27’271 27’271 o A T — 1 + aq T3 + (0%
w(ry,ra,7s) = )0y > = e D DA CEY PR | R
s=1 io=ro+1
n—ri—1 n—ri—1—ig n—ri
T3‘|—1 T3+ Q3 F<T1 ‘|—051>
— a; ()\2) ( . ) - a; ()\2) ( . )
iQ;H ? iggo i3 Z.Q;H ? n—ry—iz ) I'(ry +1)|T ()]
n—rz3—1 n—r
_ ZS a5, (\2) r+ap—1 T3+ g i Zl as,(\a) rta;—1 T3+ Qs
) 2172 TL—T‘g—l—ig T3+1 ) i2\ 2 T 7’L—T1—i2
io=ro+1 io=r9+1
27"2 n—ri—1 n—ri—1—is ry + 1
_ _ora+r3+2 rs+l1 _ & .
e D DO ( i )
io=r9+1 i3=0
. 71—27"1 w ()\2)( T3 + Q3 )F(Tl‘i‘al)( 1 _ 1 )
i2=r2+1 ? == F<T1 + 1) ‘F(al)‘ F<&1)
1 1 1 1
If 0 <a; <1, then — =0. If -1 < a; <0, then — < 1. Thus
1 [T(e1)]  T(en) ' [T(e)[  T(on)
n—ri—1 n—ri—1—ig - + 1 n—ri ” + o
rotra+2 | ora+l_ 3 3T Es
w(ry,ra,rg) 2 =272 - Z @iy (A2) Z ( is )_ Z @iy (A2) ( n—ry— iy )
to=ro+1 i3=0 i2=ro+1

ora n—ri n—ri—1i2
Z _27’2+7’3+2 + 2T‘3+1 o T_ . Z a/Z‘Q()\Q) Z < T3 _'_ 1 )
1

2
to=ro+1 13=0 3

A sinTay ~— D(ry + g+ 1) (i — 79 — )
__ora+r3+2 rs+1 _ (or3+1 __ 2 2 2 2 2 2
> 9 +2 @ == — .

" 1g=ro2+1 t2:
If i9 =179+ 1, then
sinay I'(ro +ag + 1)I(ia =72 —ap)  T'(ra+az +1) < [(ry +2) <1
T is! (ro+ D! T'(ag) = (rp+ 1) =

Let rg # 0. If i5 > ro+ 2, then taking into account the fact that (14 ag)as(1—as) < 0.5 for 0 < ay <1,
we obtain

. . ig—ra—1
sin o sin o
T DI'(ig — 719 — T I'(l1-— —
(ro+as+ 1)(ia — 1y —ag) = - (a2)I( Ozz)H) S+ ) 1;[ K — Q)
T2 120—ro—1 2 9 i2—ro—1 ro+1 ig9—ro—1 i2—2
:(1+a2)a2(1—a2)H(s+a2) H (FL—O@)§§ (s+a2) H (k—ag) < Hs H k< H/i.
s=2 k=2 s=2 k=3 s=3 k=3 k=3
Then
. n—ri . i9—2 n—ri
sin vy [(ro+ as + DI (i — 19 — )
T . Z 19! Z H Z 22 _ 1
io=ro+1 o= 7’2+1 k=3 io=ro+1
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and o2 s
w(rl, 7‘2,7“3) > _27’2+7’3+2 + 27’3+1 = (27’3+1 _ 1)§ > _27’2+7‘3+2 SN L S

If ro = 0, then

sin o nzn [(ro+ag +1)(ip — 12 —az)  sinmay i (14 a9)I'(ip — )
T

is! is!
tg=r2+1 2 12=1 2

sin e — OéQF(O[Q)F(l — &2)(1 — 042) Ce (’lQ —1- 042)
LD D N

o2 19!
n—ri . n—ri
(6] 1—0[2) (22—1—042)
<1 <1 — <1 1 — <l
+Z222 N + - Z +4 n(n—ry) <lnn,
and
27"72 27"72
w(ry,0,73) > —2r2trst2 4 grstl - (27311 —1)In2 > —2r2trst2 — - 273t In 2 + 1.
1 1
Finally we have
2" 2" if ro>1
rot+ra+2 7 _ 2= 4
w(ry,ra,rs) 2 =2 o { 23t lnn if 1y =0,

and it follows from this that (I35]) holds. O

Lemma 15. Letrs € Z,, 1 <s <3, r+r+rs=n—1, -1 <a; <1,0< as,a3 < 1, ri+a; > rotas,
ri+ oy > 1r3+as. Then

2" if ro>1
2 2 =
’gn(rhTQa r3, a1, O, Oég) S En(rl + T3, T2, 07 aq, (2, Oég) + 2T2+T3+ + 27"2 — T3 + { 27‘3+1 lnn Zf ry = O’

Proof. Let ro > 1. Applying r3 times lemma [14], we obtain

rg—1 r3— 1 ro rz3—1 r3—1
§ 2 § E E
’8 (T17r27r37a17a27a3) < 2 (Tl +T3,T2,0 Oél,OéQ,Oég + 2T2+S+ + + 28 1
1
s=0

< £,(r1 4 73,79,0, 01, (g, () + 2722 4 22 4 98 gy

The case ry = 0 is treated similarly.

7. Reducing to the case ri=n—1,ro=r3=>0

Lemma 16. Letrs € Z,, 1 < s <3, r3 =0, mm+rm=n—1, -1 <o <1, 0 < ag,a3 < 1,
r1+ oy > 1y + as. Then

L,(r1,72,0, 01, a9, 3) < £,,(r1 +72,0,0, 001, ap, 03) + 2272 41— 1y + 27 Inn.

Proof. We treat this case similarly to Section 5, where the parameter ry plays the role of the

parameter rs.
O]
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Theorem 1. Letr, € Z,,1 < s <3, ri+rt+r3=n—1,-1<a; <1,0< ag,a3 <1, ri+a; > rytas,
r1+ oy > r3+as. Then

L,(r1, 79,73, 01, a, a3) < £,(n — 1,0,0, a1, ag, ) + 227/3(10 + 21nn).
Proof. We apply Lemmas 15 and [16 If ro # 0, then
L.(r1,m9, 73, 1, gy 3)— L, (11 +79+73, 0,0, @y, (g, vg) < 272F73H24. 9724 98 L 9224 1 9T Iy (g )

< 4-2mF7 921 444 2Inn) + 27 < 42727 492 F (6 4 21nn) < 227/3(10 4 21nn).
If ro = 0, then

L.(r1, 9,13, 00, gy a3) — £, (1 + 19 +73,0,0, 1, ap, 3) < 27312 4 1427 Inp < 22n/3(10 +21nn).

O

8. The upper bound of A,

8.1. Statement of the main result. The purpose of this section is to prove the following main
theorem of this article.

Theorem 2. Let n > 4. Then

Ay =Npa < (7T+ pn) 2 1+ 15 (16)
nomd = fin en(Inn —In2) n—3)"

where
3en(Inn)®  en?lnn

M < /3 + on —0 as n— oo.

Let k,m,p € Z. If k,p are odd, we assume that

> - E: ad 3= ol

s=k/2 =(k+1)/ s=m

Proof. Lemma 2] and Theorem [l show that

A, < max £.(n—1,0,0, a1, as, as) + 227310 4+ 21Inn). (17)
0;@%41321
O0<ajtaz+agz<l
To estimate £,(n — 1,0,0, aq, ao, arg) let’s estimate each term in () for 1y = n — 1, ro = r3 = 0.

Denote S = Si(n — 1,0,0, a1, s, a3), 1 < k < 6. Then
Lu(n—1,0,0,a1,09,03) = ¥ _ S (18)

Everywhere we assume that ¢ = (iy,49,43) € I, i1,42,i3 € Zy, i1 +ia+iz=n, \y = (n— 14+ ay)/n,
Ao = ag/n, Az = az/n, A= (A, A2, A3), -1 <1 < 1,0 < ag,a3 < 1, a1 + as + a3 = 1. Now we will
deal with the sums Sj.

8.2. The upper bound of S = Ss(n — 1,0,0, a1, a, a3). Denote

i =e={ 0 N

1, if 224 ¢ N.

2
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n—i n—=1
2 72

If % € Z, then the polynomial [;(\) such that i = (il, 1) denote p(iy), i.e.,

p(in) = L(A)|

Consider S¢ and represent it as a sum of terms

4
- E Os,
s=1

where

n— 21 1 n—iyp—1

n=3 [ 3 = i ) = [ e+ 2y ).

=0 \ i2=l i1=0 \ iz=1

3

o3 = |li(A)] + [L(A)]

i=(n—3,1,2)
Before estimating the summands of o, we prove several auxiliary lemmas. The following auxiliary
lemma is similar to the lemma from [I], the proof is given here for the convenience of the reader.

oy = [Li(N)]

i=(n—-32,1) i=(n—2,1,1)

Lemma 17. Let
sinra I'(1 + a)['(m — «)

T m!

O(a,m) =

where 0 < a < 1, m s an integer, m > 2. Then

If m =1, then ®(a,m) = ®(a, 1) = a.

Proof [2]. For m = 1,2 the inequality can be checked directly by substituting m. Let m > 3. First,
we estimate the value
; H (s — )

lngo(oz,m):Zln(s—a Zlns—Zlns—lns—a)) —1'—Zln(1+ )
s—a
s=2 s=2 s=2
1 a 1 T ds
<1 —1)!— =1 —1)!— - <l —1)!— — =1 —1)!—al In 2.
< In(m—1) 1T = 5-a n(m—1) aZQS_n(m ) a/s n(m—1)!—alnm+aln
s= 5= s=2
— 1l2e
So, p(a,m) < (m = 1) Then
ma
al'(m — a) a T a(l —a) a(l —a)(m—112% o1l —«a)2”
®(a,m) = m! I'(1 — «a) m! 81_[1(8 —e) = m! plasm) < m! me mlte
U
1
Lemma 18. Let o> 1, m > 1, ¢(a,m) = —. Then ¢(a,m) <
elnm



Proof. Consider the function ¢(a,m) as a function of a on (0,400). Since ¢/, = m~*(1 — alnm),
the point @ = 1/Inm is the maximum point of the function ¢. Then

¢<a,m)§¢(1 ,m)— e

Inm Inm mt/mm  elnm
O]
Lemma 19. Letn > 4. Then
n 2 ) on+1 . on+1 | 19)
; s T mn (n —3)2

Proof. For n = 4,8 the inequality (I9) is verified by direct calculations. Let n > 9. We proceed by
induction. Suppose the inequality (I9) to be true for n =t — 1, i.e.,

1
s 2t 2t def
SZe s
Now prove that (I9) holds for n = t. This is equivalent to the inequality

9s 2t 2t+1 def
e 'y _ 2 = 902(t)
—~ s Tt (t=3)

Thus, it suffices for us to prove that ¢;(t) < po(t). Consider the difference

2433 — 4062 + 145t — 144) 2tg(t)

P2l =) = ST s a0 = (=3 (=)

where g(t) = 3t3 — 40t? + 145t — 144. Since ¢/(t) > 0 for t > 7 and ¢(9) > 0, then g(t) > 0 for all t > 9,
which implies that ¢;(t) < @o(t) for all £ > 9. O
Denote
oy if s=1,
p(s) = { ap(l —ap)2% if s> 2,

where p = 2, 3.

Lemma 20. Let iz > 1, ’i3 > 1, iz +23 > 3. Then

(1-a3) TDn+1) vo(ia) , ,
) = e(lnn —1n2) 4! T(n —41) iy *ig(i5 — 1) iz 2 1,4 2 2), (20)
Loy < 4= T+l wlis) 595> ), (21)

~e(lnn—In2)iy! T(n—i1) iy 6y(iy — 1)
Proof. We will prove (20). Let iy,i3 > 1. Due to (@) and Lemmas [7], [I7 we have

3 . . : :
L) = H 0 (M) = sinTagsinTas; I'(n+a1) T+ 042).1“'(12 —a) (1 + Oé3>.I;<Z3 — a3)

2 le F(TL+O(1 —’Ll) 19 13:
s=1

_sintaz I'(n+1—ay—a3)  sinma I'(1+ a)l(iy — ag) I'(1 + a3)T'(i3 — )

s ’ll' F(n+1—i1—a2—a3) s ’lg' 23'
sin T3 F(n +1-— 043) Vz(ig) F(l + ()ég)F(ig — 043)
T il Dn+1—i —a3) iit™ 3!
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_sinmaz (1 + az)l'(n + 1 —as) (n+1)! nuo(iz) (i3 — as)
o7 (n 4+ 1)! i1l idter Bl Tn+1—i; — ag)
043(1 — 043)2a3 (77, —+ 1)' U2<i2) F(Zg — 1)
(’I’L + 1)1+a3 ’Ll' Z';FQQ 23' F(’I’L + 1-— ’il — 1) )

By Lemma [I8, we have

a3z
32 :¢(a3,n+1)§ 1 < 1

(n+4 1) 2 e(ln(n+1)—In2) = e(lnn —1n2)
which implies
1-— (0% F(n + 1) Vz(ig) F(’l3 — 043)
(A < " Trar T — (22)
e(Inn —1In2) ! is is! T(n+1—1i; — ag)

If i3 > 2, i3 > 1, then due to (22)) and Lemma [7] we obtain

l()\) < 1— (0% F(TI, + 1) U2<i2) F(’lg — 1) . 1-— (0% F(TI, + 1) V2<’i2)

T e(lnn—In2)  dy! idto2 il Dn—dy)  e(lnm—1In2)iy! D(n —idy) id*o2i4(i5 — 1)
The case of (2])) is similar. O
Lemma 21. Let (n —iy) be even, iy <n —4. Then

. 1 F(n + 1) 40(2(1 — 042)
< . 23
plin) = e(lnn —1)iy! D(n —iy) (n— i) (n —i; — 1) (23)
Proof. Consider p(i;) and apply Lemma 20l We also take into account that i; < n — 4. Then
, 1 Fn+1) a(l—0a9)2%(1 — a3)
p(ll) S ) ( ) ( 1+a22) . .. n—i
e(Inn —1)iy! T(n —iy) is(is — 1) ip=iz="7"1
1 Fin+1) 8ag(l —ag)(l — ag)d*?
e(Inn —1)4! T'(n —41) (n —iy)%t2(n — iy — 2)
1 T(n +1) 1 8as(l — as)(1 — ag)de2
e(Inn —1)iy! T'(n — 1) (n — )2 422
1 (n+1) dos(1 — an)
e(lnn—1)4! T(n—i1) (n—i)(n—ip — 1)
UJ

Lemma 22. The following inequality holds:

—4
1
s E N :1727 24
7 lnn—l (n—ll)n—il—l 5 (24)

where
(In2)? +12In2 + 28

O —
0 41n2 + 12

< 2.5.

Proof. We will prove (24) for s = 1. Let p(i;) be a function such that

1 n!
e(lnn—1)4! (n —1—14y)!

plin) = p(i1).
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Using Lemma 20/ we have
n—4

1 n! (6%}
<
1= Cnn - 1) Zoill (n—1—1ip) ((n—il —1)(n—i; —2)

1=

(n—i1—1)/2 .
042(1 — Oég)2a2 1— 5(21) -~ .
+ S ET— + p(i1)
; iy %0515 — 1) 2

Now we estimate the terms in brackets as follows:

e 1 2
h(in) < = = ( + )

m—ig—1)(n—-i1—2) (m—i)\n—i1—1 (n—i—1)(n—1i3—2)

< Q9 1 + 2 . 20[2
“h—i)\n—i1—1 2mn—i1—1)) (n—i)(n—1i—1)
(n—i1—1)/2 as(l — an)202 (n—i1—-1)/2

.\ def Z Z
h — =
() iy g (i — 1) iy

io=2 i9=2

042(1 — 042)2a2

n—ll—lg)(n—’Ll—’LQ—l)

_““Z’f)/? as(1 — az)2 (1+(n—2’1 —i3) = (n— iy — i) ! )
i2=2 n—ip i52(n—iy —ig)(n—iy —ip — 1) iy (n — iy —iy — 1)
(n—ip—1)/2
1 1 1
< 1 — ap)2%? -
< axfl —as) Z <n—i1 (2‘12(71—2’1—1’2—1) 2a2(n_i1_i2))
io=2
+ ! 1 b
(n—i)(n—ir—1) \i*(n—iy —in —1) 3"
(n—i1+e)/2
— Qa2
o 0l —ap)2™ / 1 b dt
n—1 20‘2(n—21—t—1) 20‘2(n—21—t)
2
(n—i1+e)/2 (n—i1—2+¢)/2
042(1 — 042)2a2 dt dt
+ . : : -
(n—zl)(n—h _ 1) 2042(77,_@1 —t— 1) tltaz
4 1

n—i1—€

_ OQ(].—OQ)QQQ <_ lnn—'l.l -2 ;

—€
1 — 1 — 1
202 (n — 1)) 5 +1In(n—i, —3)+1n

—In(n — i, — 2))

1-— 292 -1 —2— 292 292 1
(1 — ap) )(_lnLg+]n<n_il_3>_ )

202(n —iq)(n—ip — 1 2 as(n —iy —2+4¢)* +oz_2
1—
<2l m0) o) bt — i — 3) + In(n— iy — &) — In(n— iy — 2))
n—1u
ag(l—ag) ( 1)
+ : : In2+—.
(n—i)(n—1ip—1) Qg
If e =0, then

—In(n—iy—2—¢)+In(n—14; —3)+In(n —i; —¢) —In(n —i; — 2)

=—In(n—i; —2)>+In(n —i; —3) +In(n — i)
<—Inn—iy—1)(n—4—-=3)+In(n -4, —3)+In(n—4;) = —In(n —i; — 1) + In(n — i)
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In{1+ ! < !
= 1n .
TL—Zl—]_ _TL—’Ll—l

—In(n—iy—2—¢)+In(n—14; —3)+In(n —i; —e) —In(n —i; — 2)

If e =1, then

1
——ln(n—i1—3)+ln(n—i1—3)+ln(n—i1—1)—ln(n—i1—2):1n<1+,72)
n—1m—

1 1 3
< ; = ; 1+ ; < , .
n—u1 -2 n—i —1 n—i—2) " 2(n—i —1)

ha(t1) < (X,Q(l — a?) ) (1 <2 ) ;2) (27)

(n—iy)(n—ip —1

Thus

Further, taking into account (23), we have

1 —5(’i1) 40[2(1 —042)

w1 g <

It follows from (23]), (26]), [27), [28) that

hs(i1)

—4
1
o1 % e(lnn —1) Z ! n—l—zl)'(n—il)(n—il—l)

2 2

1 ) 1
" ———— 200+ an(l —ag) [ 3+ In2— 3(in) + —
n—1 Jn—i —1 2 Qi

1 "i( n )2a2+(1—a2)((3+1n2)a2+1).

< — . ;
“e(lnn—1) - n—1i n—i —1

X (2a2 + (1l —az) (1 NECH SN O%) + day(1 — QQ)LW)

B 1
~e(lnn —1)

M1

11=0

(29)

Consider the function

n(az) =20z + (1 —az) ((3+1In2)ag +1).
4+1n2
6+2In2

4+1n2 (In2)? +12In2 + 28
n(az) <7 =
6+ 2In2 4In2+ 12

The point ay = is the maximum point of this function, which implies that

< 2.5. (30)

From (29) and (B0) we obtain (24)) for s = 1. The case s = 2 is proved in the same way. O

3 n 1
. < — —.
Lemma 23 Ug_e(lnn—1)<n—3)2

Proof. Consider o3 and make estimates using Lemma

1— a3 Fn+1) ay 1— o Fn+1) a3
e(lnn—1)(n—=3)!T'3)2-1 e(lnn—-1)(n-3)!T(3)2-1

03 <

1 T(n+1) 3
= — 1-— 1— . 31
elinn —1) (n 31 T() 2 (@2~ Fosll e (31)
The maximum of the function (g, a3) = as(l — az) + az(l — as), 0 < as, a3 < 1, equals 1. Then
from (BI) we obtain the assertion of the lemma. O
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2 n
. < —— .
Lemma 24 04_e(lnn—1)<n—2)

Proof. Due to the estimate (22]) found in the proof of the lemma 20 we obtain

l—as T'(n+1) as (1 — ag)
i=m-211) — e(lnn—1) (n—=2)! 1% U T(n+1—(n—2)— a3

oy = [li(N)]

(I —az) nl 2 2 n
e(Inn—1) (n — 2)! §§ e(lnn—l)(n—Z)'

OJ
To estimate the sum Sg we prove the following lemma. A similar result was proved in [2]. The
proposed proof is given for the convenience of the reader.

Lemma 25. Letn > 4. Then

2 ! 1 n 1 gn+1 15
Y o — =Y (" < 1+ . (32)
i (n—u)! n—ip—1 —\ S s—1 n n—3

i1=0

Proof [2]. First note that

. 1 - 1 ~
de - " = ") 241
n—zl'n—zl—l s ) s—1 S
2 2

S=

1

1 n—1 n—1
1+)" —nt—1 —
:/(+)ﬁ” ﬁ:/EOwwW+®“ﬁ:§f:S
s=1 s=1

0

(1+1¢)°

n s n n n

0
:in;SQ ZH_S—nZ%—ZQS—nZ +n—nZ—s—g—nZ +n.

s=1

This equality and (I9) imply that

" gn+l on+1 1 "1 ontly
(n)§n< - +(n—3)2)_2 —|—2—n§8—( —|—2—nz_
on+1 n2 on+1 15
= n (n—3)ZS n <1+n—3>'

Now we can estimate Sg.

- 5. 2ntl 15
L 26. < 1 .
cmma = en(lnn — 1) ( +n—3)

Proof. Since S¢ = 0y + ... + 04, then from Lemmas 22] 23], 24 we obtain

n—4

= Co+ Cy n 1 3 n 1 2 n
< - - _ - -
S6_e(lnn—1)z<n—i1)n—i1—1+e(lnn—1)(n—3)2+e(lnn—1)(n—2)

5 n—2 n 1
< — . S —
_e(lnn—l)i;J(n—h)n—il—l

This estimate and (B2)) imply the assertion of the lemma. O
8.3. The upper bounds for other sums.

23



Lemma 27. The following inequalities hold:

n+1 _
5,48, L8 < 2 <1+ 153) (1+e(lnn l)n(nJrl))7

en(lnn —In2) AR

- 4 PR 15 e(lnn — 1)n?
< 1 1+ ——.
83+S4_en(lnn—ln2) < +n—3> < * 2n+l )

Proof. Recall that r3 = 0. Then

Si+8+8=> |l

i=(n—1iz,i2,0) .

i2=0
Consider [;(\) for io =0, 1:
'n+ay)  T(n+1)
Li(A = < <1, 33
1M i=(n,0,0) n! T(ay) — n! T(ay) — (33)
I'(n+ o) [(1+ ay) F(n+1)

ey

1) DI T(+a) Tla) —m—ITA+1)

(we used Lemma [7 to obtain the inequality (34))).
Now we have to estimate the sum

o0 = 3 1

i0=2

as <n (34)

B i sin oy ['(n+ o) [(1+ ao)l(ie — an)
B ™ 77,—22)' F<Z2 +Oél) ZQ'

i=(n—iz,i2,0)

B i sin oy I(n+1-ay—as) I'(1+ ap)l'(i2 — an)
—_ 7T ( *

io=2 n— Z2)' F<Z2 + 1 — Qg — (){3) 12!

Lemma [7 provides the estimate

i sinmay T(n+1—a)l(1+0a2)  (n+1)! T(iz — ay)

og <

i0=2

Using Lemmas [I7], I8 25 we obtain

n

as(1 — ay)2%? (n+ 1) T'(is — a9) 1—a n! 1
0o < Z 1+a2 4,1 — 75! — Z — — o) o —
— (n+1) gl (n—19)! T(ig +1—ay) ~ - — (Inn —1n2)iy! (n— i) ig — g
1 — o "/ n 1 1 on+l 15

< — . < 1 . 35
_e(lnn—ln2)izzz(lg)i2—l_e(lnn—ln2) n ( +n—3) (35)
So, the first inequality of the lemma follows from (B3], (84]), (B5). The second inequality is proved in a
similar way. O

8.4. Completion of the proof of Theorem [2l It follows from (I7), (I8) and Lemmas 20]
that

on+l 15
Ap < (7+ g + fiz) (1 + ) (36)

en(lnn — In 2) n—3
where
e(lnn —nn+1) e(lnn—1)n?> en@2nlnn+Inn—2n—-1) en’lnn

2n+1 2n+1 = 2n+1 S on ) (37)

=I
|
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ontl 15 \\ '
M2§2%Ba0+2mn)( (1+ ))

en(lnn —In2) n—3

- Inn)? (5 —In2 In2
<ﬂ(5+lnn)(lnn—ln2)n k <en(nn) (5 1 1 L)

- on/3 n+12 — 2n/3 Inn (Inn)?
10In2 5—1In2 5In2
The point t* = : Il 5 is the only maximum point of the function x(t) = tn +1-— t—I;, t >0,
—1In
and x(t*) < 3. Then
_ 3en(lnn)?
Ho < o3 (38)

The estimates (36), (37), (38) imply (I6). The proof of Theorem [2]is complete.
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