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Abstract

We consider wave equations with a special type of log-fractional damping. We study the Cauchy
problem for this model in R"™, and we obtain an asymptotic profile and optimal estimates of solutions
as t — oo in L%-sense. A maximal discovery of this note is that under the effective damping, in case
of n = 1 L?-norm of the solution blows up in infinite time, and in case of n = 2 L?-norm of the
solution never decays and never blows up in infinite time. The latter phenomenon seems to be a rare

case in the community.

1 Introduction

We consider the following dissipative wave equation:

uge — Au+ pLuy =0, (t,x) € (0,00) x R™, (1.1)
u(0,2) = uo(z), w(0,2) =wu1(x), =e€R", (1.2)

where p > 0 is a constant, and the linear operator
L:=log(I + (—A)?): D(L) C L*(R") — L*(R"),
is defined by

n

feD(L):={ueL*R") : / (1 +log?(1 + [¢)|a(€)[*dé < +oo},

(L)) = F, (log(1 + 6D F(©)) (@).
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Here, one has just denoted the Fourier transform F,_.¢(f)(§) of f(x) by

Fase(D)(€) = 1(6) = / e f(x)dr, €€ R,

n

as usual with i := /—1, and ]—'gim expresses its inverse Fourier transform (for the logarithmic Laplacian
itself including applications to PDEs, see [I1 2], [9] and the references therein). Concerning the existence
of a unique solution to problem (LI)-([T2]), by a similar argument to |20, Proposition 2.1] (see also
[5]) based on the Lumer-Phillips Theorem one can find that the problem (1.1)-(1.2) with initial data

(ug,u1) € HY(R™) x L?(R™) has a unique mild solution
u € C([0,00); H'(R")) N C*([0, 00); L*(R™)).

Let us first mention the motivation of this work by restricting to the following linear equations
(mainly):
gy — Au + p(—A)uy =0, (1.3)

with ¢ > 0 and 0 € [0, 1]. It is very well-known from many research articles produced so far in the case
of § € [0,1/2) the solution to (L3) is diffusive (see e.g., [12], [I4], [15], [I9] ), while in the case when
0 € (1/2,1] the solution is oscillating (see e.g., [6], [I5], [18], [23]). However, it seems that there are few
papers treating the special case of # = 1/2 in detail. For example, in [I6l Theorem 5] or [21] they derives
(L' N L™)-L™ estimates with m € (1,2] such that

(s )l < C+ 6075 (g, u) [ 1z
If we choose m = 2 one can get
lu(t, )l < C1+6) % |[(uo, ur)l| 22

for all n > 1 and p > 0. This estimate is important to apply it to nonlinear problems, however, it
seems unknown to check the optimality of those estimates. Indeed, the estimates for n = 1 (infinite time
blowup) and n = 2 (no-decay and no-blowup) may be trivial only from the viewpoint of the upper bound
estimates. Optimality implies, in this research, both upper and lower bound estimates simultaneously.
This will be done by capturing the leading terms of solutions as time goes to infinity. In this connection,
in the paper [I3} page 17] they speak of the case § = 1/2 as parabolic-like. As will be seen below, this
fact depends on the value of > 0 (this may be pointed out in [I6l Theorem 5]). Anyway, from the
authors’ point of views once we check previously published papers, one will see that the case n = 1,2 may
be treated a little sloppy. It should be mentioned that our model (1.1) cannot be included as an example
recenly studied in [7], where several L2-deay properties of the solution itself have been investigated to
the wave equations with a more general damping.

The purpose of this paper is to consider (1.1)-(1.2) by capturing asymptotic profiles (as t — 00), and
is to study optimal rates of estimates for the solution itself in terms of L?-norm. In particular, we shall
deal with the low dimensional case n = 1,2 more politely. Furthermore, we are concentrating only on
analyzing the L2-norm itself of the solution, and this is because the higher order derivatives of solutions
with respect to time and spatial variables do not reflect a singularity of them. A study on a singularity
included in the solutions seems strongly attractive, so the analysis of the higher order derivatives is out
of scope in our research.

In this work one sets

Py ::/ up(x)dx.

The result below is about the case of small u satisfying p € (0,2). The solution has an oscillation

property in asymptotic sense as t — oco.



Theorem 1.1 Letn > 1 and p € (0,2). Let ug € (H*(R™) N L*(R™)) and u; € (L*(R™) N LY1(R™)).
Then, the solution u(t,z) to problem ([LI)-([C2)) satisfies

lutt, ) = Febo (e, €) Ol < € (Jha

11+ ||U0H1) te,

fort > 1, where C > 0 is a constant depending only on n and p € (0,2), and

_ 2
ry4 “t)Pl, E€R™, t>0.

sin
a4 — (ulog(1+r))2 2

tu 2
2

X&) = (1+r)"

Theorem 1.2 Under the same assumption as in Theorem [l the solution u(t,x) to problem (1.1)-(1.2)

satisfies

Cul P < fult, )| < CoJlurllnat ™ + Juoll it ™% + [P =% + | Pyfem),

fort > 1, where C; >0 (j =1,2) and o > 0 are generous constants depending on n and p € (0, 2).

The third result is dealing with the case of large p > 2. The oscillation property of the solution in the
zone of low frequency disappears and have a diffusive aspect asymptotically.

Let 0 > 0 be a unique solution satisfying
plog(l+46)—26 =0, (1.4)
plog(l+7)—2r >0, Vr<3$,

plog(l+7)—2r <0, Vr>34.

A unique existence of such real number § > 0 can be guaranteed by a simple fundamental differential

calculus. Furthermore, let

log(1 + 7 p2log? (1 + ) — 4r?
Ay =2 g(2 )i\/ > . Ee{r=|g <o

Then, one can get the following statement.

Theorem 1.3 Let n > 1, p > 2 and let 6 > 0 be a constant defined by (LA). Suppose [ug,u1] €
(HY®R™) N LY(R")) x (L2(R™) N LYY (R™)). Then, the solution u(t,z) to problem ([LI)-(LC2) satisfies

[ Famse(ult, ))(€) — v(t, M r2qe<s) < Clluoll + lluollr + [Jur ]| + Jutlli, )t ™2, ¢ 1,

and
[ Fase(ult, ) (E)ll2ez0) < Cllluolly + luall)e™, (> 1),

where
At At

eMt — et
\//ﬂ 10g2(1 +7r) — 4r?

where C' > 0 is a constant depending only on n and p > 2, and o > 0 is a generous constant.

l/(t,é-) = Pl

, VEe{l¢l <dt, (1.5)

Remark 1.1 In some sense, r = 4 is also a singular point in the frequency region r := [§| € [0, 00). This
is a peculiar phenomenon for the wave equation with log-damping satisfying p > 2. It seems that nobody

has ever pointed out this new observation in the community.

As an application one can have the optimal estimate.



Theorem 1.4 Under the same assumption as in Theorem[L3] the solution u(t,x) to problem (1.1)-(1.2)
satisfies
Col Pt % < lu(t, )l < Callluoll + [luolly + flua |l + [fuallr1)e" ™%

fort > 1, where C; > 0 (j = 1,2) are generous constants depending on n and p € (2,00).

Remark 1.2 In the case when n = 1 and P; # 0 one notices from Theorems and [[4 that the L2-
norm of the solution u(t, ) blows-up in infinite time with blowup rate v/¢, while in the two dimensional
case the solution u(t,x) never decays and never blows up. This phenomenon for n = 2 also seems quite
rare case in the community (see [8] for a recent result). This type of study for all © > 0 seems to be

unknown so far to the equation (1.1) with (at least) log-damping.

Remark 1.3 In particular, in the case when p > 2 from the profile point of view observed in Theorem
the so called double diffusion structure is captured explicitly (see (5] and Remark 4.1 below). This
structure has been first discovered in D’Abbicco-Ebert [12] to the fractionally damped waves uy — Au +
(—=A)%u; = 0 with 0 < 6 < 1/2, and developed in Piske-Charad-Tkehata [22] to the wave equation with a
log-type damping wus — Au + log(I + (—A)?)u; = 0 with 0 < # < 1/2. A double diffusion structure for
the case § = 1/2 and p > 2 does not seem to be clearly mentioned so far there.

Finally, let us study the critical case y = 2. One can explain a specialty of the critical case u = 2 by
comparing already studied equation case (cf., [I1] [I6]) such that

Ut — Au + u(—A)1/2ut =0. (16)
One observes that (LG can be written in the Fourier space as follows
ut + €20 + plé]i = 0. (L.7)

In the case when u = 2 its corresponding characteristic roots for (L) are Ay = _|§_|7 that is, a diffusive

aspect appears in the solution 4(t, ), while, the characteristic roots for (ILT]) with p = 2 are

re = BRI e 1o+ i),

and since r > log(1 4+ r) for all » > 0, one notices Ay € C, which implies an oscillation property of the
Fourier transformed solution @ (¢, &) of (II]). There is a big difference between (LG with = 2 and (1)
with g = 2. The following results express a peculiar property of the equation (L)) with p = 2.

Theorem 1.5 Letn > 1 and p=2. Let ug € (HY(R")NLY(R"™)) and u; € (L*(R™)NLYL(R™)). Then,
the solution u(t,x) to problem (LI)-([2) satisfies

Jutt, ) = Fe, (t.) Ol < C (i + uoll ) 7%,

fort > 1, where C > 0 is a constant depending only on n, and

v(t, &)= 1+r)"" 1 sin (tV r? —log®(1 + 7‘>> P, £€R", t>0.
(I+7)

r2 — log?

Theorem 1.6 Under the same assumption as in Theorem [l the solution u(t,x) to problem (1.1)-(1.2)
satisfies
CrlP e < fu(t, ) < CoJlu

11t 2 4 [JugllitTE Pt 4 |P1|€_at)a

fort > 1, where C; >0 (j =1,2) and o > 0 are generous constants depending on n.



Remark 1.4 As a result of a series of Theorems above, one can classify the asymptotic properties of the
solution to problem (1.1)-(1.2) as follows: 0 < p < 2 = oscillating, while 2 < p = diffusive. It seems
interesting to note that although the structure of the solution for such cases is different, they have the
same decay/nondecay rates for the L2-norm of the solution itself. Furthermore, in the case of n = 1,
a strong singularity appears in the L?-norm of the solution itself for all 4 > 0 which shows a growth
property with the rate v/t as t — co.

Notation. Throughout this paper, || - |4 stands for the usual LY(R")-norm. For simplicity of notation, in

particular, we use || - || instead of || - ||2. We also introduce the following weighted functional spaces.

DR = {£ € LR | b= [ 0 le)If@lde < oo

For two positive functions f(r) and g(r) defined on (0, c0), one denotes f(r) ~ g(r) as r — +0 (resp. r — oo) if
there exists constants C; > 0 (j = 1,2) such that

Cig(r) < f(r) < Cag(r),

for small 7 > 0 (resp. r — 00). For two quantities F'(t) and G(t) (¢t € [0,00)), we denote F(t) < G(t) if there
exists a constant C' > 0 such that F'(¢t) < CG(t) for some ¢ > to with top > 0. Finally, we denote the surface area

of the n-dimensional unit ball by w,, := dw.
|wl=1

The paper is organized as follows. In Section 2 we prove Theorems 1.1 and 1.5, and in Section 3 the
proof of Theorem 1.3 is developed. Theorem 1.4 is proved in Section 4, which is rather technical. In
Section 5 we finalize the proof of Theorem 1.2. A proof of Theorem [[L8] can be done in Section 6.

2 Asymptotic profile: the case 0 < u <2

In this section we deal with the case of p € (0, 2], which corresponding to the non-effective damping
case. Theorem [Tl with the case pu € (0,2) and Theorem 1.5 for the case p = 2 can be treated simulta-

neously divided into two subsection, recpectively.

We first prepare the next useful lemmas which can be obtained from similar lemmas in [3] and [4] by

a simple changing of variable.

Lemma 2.1 Let p > —1, 0 > 0 and p > 0. Then, it holds that
s
/ (1 +7) " Pdr ~ =D (£ 1).
0
Lemma 2.2 Letp e R, d > 0 and p > 0. Then, there exists a constant o > 0 such that
/ (14 7)) HoPdr ~ e (> 1).
s

In each one of above two lemmas the constants of equivalence may depend on n, i, p and §.
We need to consider the equivalent problem to (LI)-(T2) in the Fourier space which is

wee(t,€) + [€[w(t, €) + plog(1 + [€))w(t,€) =0, (t,€) € (0,00) x R", (2.1)
w(0,€) = wo(§), wi(0,€) =wi(), £€€R, (2.2)

where

w(tag) = ﬂ(t,f), wj(g) = ﬂ](g) (.] =0, 1)



The characteristic roots associated to (21]) are given by

—plog(1 + [€]) + 1/ log(1 + |¢]) — 4l¢]?
)\:I: = )

2
Now, we note that the function f(r) := plog(l + r) — 2r satisfies f(0) = 0 and f(r) <0 for all » > 0

because f'(r) = {45 —2 <0 for all r > 0 due to the assumption that p < 2. Therefore, the characteristic
roots are all complex-valued for all £ € R", £ # 0, and are expressed by

¢ ER™. (2.3)

wlog(l+r) T 4 - (7#1%(1”) 2

Ay = 5 + 5 i, r=|[¢, £€R". (2.4)

Here, note that in the case when u € (0, 2] one has

plog(l4+7r) —2r <0, Vr>0.
Then, it is easy to check that the solution in the Fourier space can be explicitly expressed as

_ (ulog(1+r))2

_tplog(l+41) T 4 r
w(t, ) = e~ cos( - t)wo(g)

log(1+47)\2
tplog(l4r 1 1 ry/4— (%)

_wmiosain  pulog(l+7) sin(

2

+e N (,ulog(lJrr)) 5 t) wo(§)

T

. [4 _ (#log(1t7)yo
e 2 log(147) 2 sin (r ( r )
2

T (ulog(l-i—r)) 5 t)wl )

. a4 — (ulog(1+r))2
= (1 7) % cos 1) wol§)
y plog(l ry/4 - ()
+(1+7’)*TH plog(l +7) sin( t)wo(f)
rald — (ulog(lJrT))z 2

T

4— (wy

_tn 2 T
+(1+r)"> T (Mlog(1+r))2 sin ( 5 t)wl (€). (2.5)

T

By applying the decomposition of initial data wi(§) (see [17]) such that

w1 (&) = u1(§) = P1 + A1(§) — iB1(§), (2.6)

where

P = /Rn uy(x)de,
Aq1(8) ::/n(cos(:zrf) — Dug(x)dx, Bi(&) ::/n sin(x&)uq (v)dx,



one can get the meaningful identity for r = |¢| > 0, with £ € R", as follows

log(1+7) \2
t 2 ry/4— (# r )
w(t,€) — (1+7)"% sin( t)Pl
rald — (ulog(lJrT))z 2

4 (u log(1+7) )2

S T)JTM /4 — (7“'2log(1+7“))2 sin (T 2 - t) (A1(8) = iB1(9))

) 4 (ulog(lJrT) )2

i wlog(l+r) s =
(1) o sm( 5 t)wo(g) (2.7)

I=

4 (u log(1+7) )2

T

—|—(1+7’)_% oS (T t)wo(ﬁ).

2

As a candidate of the leading term of the solution w(t,€) as t — oo, at this stage we can present the
following function, defined for £ € R™\ {0} and ¢ > 0,

t [4_ (1oa(itr) 12
v(t, &) = (14 7“)_7“ 2 sin (7“ ( - ) t) P (2.8)
2

4 — (ulog(l-l—r)) 2

r

2.1 The case 0 < u < 2: Proof of Theorem 1.1

In this case it is possible to have the leading term in a slightly simpler form, applying the mean value

theorem, and in fact, the profile v(¢, &) can be divided into the following form:

pt 2 t 4. — 12
v(t, &) = (1+7r)" "% in (T a )Pl + PLR(t,€), (2.9)
a4 — (ulog(1+T) )2 2
where 2 (14)
” 1— log“(1+r
R(t, &) =pt(1+7r)" 2 cos(n(t:£)) = (2.10)

/4_(ulog(1+7‘))2 /4_M2+ /4_(Mlog(1+T))2’

/4 — (ulog(lJrT) 2 )

n(t,€) =0 5 r t+(1—0)r4%t

with some 6 € (0,1). Here, to simplify the notation one set

4 — p?

> 0.
2

=

Then, in case of p € (0,2) one can introduce a new simplified form of the leading term of the solution

w(t,§), as t — oo, by
2

4 (u log(1+7) )2

™

XtE) =1 +7)"%F sin (”ytr) P (2.11)

Now, substituting the new expression ([29)) for v(¢,&) in the identity (2.7) and using the expression



2I1) for the simplified leading term, one obtains the following identity:
2

w(t, &) — x(t, &) =w(t, &) — (1 + T)_%t sin (ytr) Py

4 (ulog(l-i-T) )2

r T
y 2 ry/4 - (e
= PIR(t,6) + (1+7)" % — e sin ( 5 ) (A1) = iB1(©))
ro 4 — (Alositn)
. 4 — (#log(1+7)y2
g plesdr) (T (2 ) t)wo(€) (2.12)

4 (M log(1+47) )2

T

r

ulog(1+r))2
ks

. ry/4—(
(

+(147)" % cos t)wo(ﬁ),

2
with the function R(t,§) given by 2I0).

We have to estimate all terms in the right hand side of ([ZI2]) including R(t, §).

In the following, let us make sure the validity of the fact that in the case when p € (0,2) the
function given by (2I1) is really a leading term, by estimating the remainder terms given by functions
Ji(t,€),i=1,2,3, and R(t,£) in terms of L?-norm, where J;(t,£) are three functions on the right hand
side of (ZI2) defined as

4— (wp

tp 2 r
Ji(t,8) = (1+r)"=2 sin(
/4 — (ulog(l-l-r))g

o plog(l+7) T4 - (MP
sin(

Jo(t, &)= (1+r) 2
) = ;

5 ) (A1(6) = iB1(8)).

f)w0(§),

4 (ulog(1+T) )2

Jg(t,g):(l'i"f')_% cos (T t)w0(§).

2

It is important to get upper bound estimates of the L?-norm of each functions J;(¢,&), i = 1,2,3 and

R(t,€).

For these estimates one uses two inequalities such as

¥ <K, foral 6€cR,
with some K > 1, and
A1 (§) —iB1(§)] < Mluall1alé], € €RY, (2.13)

where M > 0 is a constant (see [18]). Then, by similar arguments as in [I§] (see also [5]), by using (Z13)

one can estimate the L2-norm of Ji(t,¢) as follows:

/ 'Jl(t’5>|2d5SK?M?IIulllilf/ (1+7) "r2dg

n

< K2M?|uq |7 182 (/ (1+7)"Hr2de +/
lel<1

(14 r) Hr2de (2.14)
le>1
1 [e’e)
— K2M2||u1||ilt2wn (/ (1 4 )~ Htpn iy +/ 1+ r)“tr"Jrldr)
0 1
S W KM |Jun |7 2 ("2 4 €7 ) S w KM s |7 4677, > 1,

where one has just used Lemmas [Z1] and in the last line.



While, one can get the estimate for J3(t, &) as follows,

/ | Ta(t, ) 2de < / (14 1) o (€) [2de
R R

<luol( [ @en g [ e a)
[§1<1 [§[>1
< O||u0||§(f" + e*at) < OlluolPt™™, > 1, (2.15)

with C a positive constant depending on p and n. In the same way, using the fact plog(l + r) < pr for
all r > 0, and Lemmas 2Tl and [2.2], we may get the following estimate for Ja(t, &),

/ IJz(t,f)IQdﬁﬁf (14 ) 7 u?r2 2 o (€) |2 d€
n Rn
<@ uli (e ) < OpPluollf T > 1 (2.16)

with C a positive constant.
Finally, one can estimate the part of the remainder terms given by the function R(¢, &) that is defined
in ([ZI0). To do that we need the following trivial facts:

) r2 —log*(1+7)
im 5
=0 4r2 — 2 log*(1 + 1)
r2 —log®(1+7)
im 5
r—o0 412 — 2 log*(1 + )

=1/4, (2.17)

=1/4. (2.18)

Moreover, one should note that for 0 < p < 2 it holds that

wlog(l +r)
r

4—( )2 >0

for all » > 0. To simplify the notation as always one writes r in place of [¢], thus one can estimate R(t,§):

/ IR(t,€) 2de
[€1<1

t + 1— log? (1+r)
[ cos(i(t,€)) i
1€1<1

/ ,ulog(lJrr m+ /4 ,ulog 1+T)

1— log? (1+r)

S/ P21+ )" (
|€1<1 /4 #log 1+T) m+ [4 _ ,ulog(lJrT))

)i

. (1 log? (1+7‘))2
< —HtAN o rt 7
/§|<1 ") 4 — (“1"g(1+r))2d€
1 log? (1+7‘))2
2 —pt (

2
/ 214 ) (r —1og (l—l—r))
g<1 4 # 4r? — p2log*(1 4 1)

2 _log*(1 +
t21+ rymt 8 (2 r) (r2 = log>(1 + 1)) d¢
lél< 4r? — p?log™ (1 + 1)
/ t2 |4+ r) r2—log2(1+r) g
lel<1 4 4 2 _ p2log?(1 4 7)

At this point, from (m and (ZI8) one can note that the function

r? — 10g2(1 +7)
4r2 — 12 10g2(1 +7)




is bounded on £ € R", £ # 0. Hence, from the last estimate for f\E\<1 |R(t,&)|?d¢ given by ([2I0) one
obtains,

4

/ [PLR(t,€)Pdg < PPO T E— / (1 +7) " rde
l€1<1 4—pu le]<1

4 1
= P, 0L 2/ (1 4 r) e
4—p* Jo

< PEC, "2 < PEC, T, >, (2.19)

with Cp, ;, > 0 a constant depending only on 4 and n, where one has just used Lemma 211
However, one can employ the same estimates as the low frequency zone to get the following estimates
for R(t,€) on the high frequency zone by relying on Lemma [2Z2] that is,

4
[ nReoPa < pe [ e
[g]>1 [g1>1

4 — p?

= P?w,C

H > 2 —put,.n+1
4—u2/1 t2(1 4 r) "Mty tlge
< PEC,  tPe o = PIC, 0”2t > 1. (2.20)

The identity (271) and estimates (Z14), (Z15), I6), (ZI9) and (Z20) prove the next lemma.

Lemma 2.3 Let p € (0,2), and let x(t,€) be the function defined by ZII)), and let ug € L*(R™) and
uy € LYY (R™). Then it is true that

[ w6 = (e 0Pds < (P2 4wl + ) £+ CPR 1 (221)

with some constants C' = C'(u,n) > 0 and o > 0.
This implies the desired statement of Theorem [[LT] which is polynomial decay.

2.2 The case = 2: Proof of Theorem 1.5

In this case instead of using the simplified expression (211]) for the asymptotic profile we use the
leading term calculated by (Z8) with p = 2, that is ,

v(t,€) = (1+ 7")JTH ! - sin (r\/l - (M)Qt)ﬂ

ra/1— (log(71‘+r)) r

defined for ¢ > 0 and £ € R™, € # 0.
According to the estimates in Subsection 2.1, via (7)) the estimate for the L?-norm of the difference

w(t, &) — v(t,€) depends only on the estimates for the functions J;(¢,€),i = 1,2, 3 already obtained in
I4), @I3) and [ZI6). Thus, such fact proves Theorem 1.5.

3 Asymptotic profile: the case y > 2

In this section we deal with the case p > 2, which corresponding to the effective damping.
For the case u > 2 we note that the function f(r) := plog(l + r) — 27 is such that f(0) = 0 and
: 1% p—2
=——-2>0for0
f(r) T >0for0<r<—

and f has a positive global maximum value in r = M% Then,

one can conclude that there exists a unique number § > . such that the characteristic roots given

by ([Z3) satisfy
Atare real for 0 <r <6,

Arare complex-valued for r > 0. (3.1)

10



3.1 The case of real characteristic roots

The characteristic roots are real in the case p > 2 and r = |¢| < §. Here we note that on the zone of

low frequency {& € R™ : || < 0} one has the following equivalence
C1l¢] < plog(1+[€]) < Cofg], [€] <0 (3.2)

with Cy and C5 positive constants depending only on §.
In this case, the characteristic roots are real-valued given in ([B1]), and using the above equivalence,

they can be expressed as

plog(l +17) n \//L2 log?(1 + 1) — 4r2
2 2 ’

Then, it is easy to check that the solution of (ZI)-([22) can be explicitly represented as

At = §efr=[¢ <0} (3.3)

Apt _ At A At _ A Agt
w(t, €) = %wl(@ + +eA+ - A76 wo(€)
- o R mBot, < (3.0

where r := |£|, w(t,§) = a(t, &) and w;(§) := G;(§) for j = 0,1 again.
In the following, for simplicity of notation we set

h(r) := p*log®(1 4 r) — 412,

L :=log(1+r), and r := |¢] < J. Then, basing on the explicit representation ([B4) we use the Chill-Haraux
idea [10] to have the relation:

(r24+22)
e *r 2 _ w2 A w
w(tug)_ )\+—A7 wl(é-)—i—e uLwO(é')_i_e “L%O(iz
_m2 A_(1—e wE w2 Ar —w 2
+ e w ()\+_)\_ )w0(€)+e L 0(5})\++_ )\_1(5)6 o (3.5)

Let us apply the decomposition (24) of the initial data wi(§) to () to get the following equality on
the zone of low frequency [£] < ¢ and ¢ > 0. We use the fact

M4+ = —pLhy = —plog(l +7r)As.

Then, it follows that

NG P )
wnL L tr2 _ﬁ
wlt,€) = S Pt S () — 1B1(©) + ¢ () + e )
tA2
w2 A_(1— e~ 7t A — o2
+e” hT (/\+ —e)\, )wo(§) +e Wl wo(f/\)++_ )\iul (©) T
P P e Aswo(€)
_ 1 tAy 1 [ € h A _iB 77—2 7% +Wo
a2
w2 A_(1—e #) Av e (A1(§) —iB1(§)) -
+e V. wo(§) + P ¢ wo(€) N e

11



Py o Py

= - ﬁe”" + B (t,8) + Ey(t,6) + Fs(t, &) + By(t,€) + Fs(t, &) + Es(t,€).  (3.6)

Since 72 + A2 = —uLA; and A, — A_ = \/h(r), one has a meaningful equality such that

t>\+_e

w(t, &) — E;(t 3.7
(t,§) = Pr—ee—e— \/r——— ;E; , ). (3.7)

Now, let us introduce the leading term as ¢ — oo of the solution w(t, ) in the low frequency region
= [§| <4 as follows:

Ay A

€ €

v(t, &) == Py - P
\/H2 log?(1 +r) — 4r2 \/uz log?(1 + 1) — 472

, fe{EeR™: € <4}, t>0. (3.8)

One prepares the following lemma to estimate such remainder terms (B1).

Lemma 3.1 Let p > 2, and let § > 0 be a number defined in [BIl). Then, there exist real numbers
01 € (0,0], ¢ >0 and d > 0 such that

(Dclog(l+7) <Ay — A = /h(r) <dlog(l+r) for 0 <r <4,

(2) —er < Ay < —dr for 0 <r <dy,

(3) —clog(4+r) < A_ < —dlog(l+7r) for 0 <r < 4.

Proof of Lemmal3 1. We first prepare basic concept to prove results (1)-(3), and for later use.

Since loa(1
TG Y
r—+0 r

there is a small number 6* < § such that

| W

1
5r§10g(1+7°)§ r, rel0,0%].

One hand, the continuity of the function g(r) := r~!log(1 + ) on [§*, §] guarantees the existence of two
numbrs M > m > 0 satisfying
m<g(r) <M, rel6d)

Thus, one has the estimate
1 3
cr = mln{g,m}r <log(l+r) < max{i, M}r=:dir, r€]0,4]. (3.9)

Under these preparations we shall prove the statements.
Proof of (1). Let pu > 2, an let 61 € (0, 4] be a small number such that

—4(1461)* > 0. (3.10)
In fact, because of p > 2 one can choose as
M
0 € (O,mln{§ —1,0}].

Then,

VAE) = A = Ao 2\ Togh(1+7) — 4(1 +61)2 log*(1 +7)

= /1?2 =41+ 01)%log(1 + ), (3.11)

where one has just used the fact that

r < (1401)log(l+r), Vrel0,0q]. (3.12)

12



A check of [BI2]) is an easy exercise of calculus. Also, it is trivial:
h(r) <plog(l+7r), rel0,d]. (3.13)

Therefore, from I and BI3) one can get the desired result (1) by choosing ¢ := /2 — 4(1 + 61)?
and d := u:
dlog(1+7) > +/h(r) > clog(1+7r), re€][0,d].

Proof of (2). Indeed, from [33) it follows that

4r? 4r2 1 4
—2A 7<—T, r € [0,9].
T wlog(l+7r) +\/h Mlogl—l—r)_clu 0,9]

While, because of (1), BI3) and (3) one has

4r? 42 272
—2) > =:dgr, 1 €]|0,01].
t T log(L4 ) + VAO) - 2ulog( 1) = udir 2 0.0
These prove the statement of (2) in [0, d1].
Proof of (3). Indeed, from [BI3]) one has

20_ = —plog(1+7r) — \/h(r) > —2ulog(l + 7).

While, 2A_ < —plog(1 + r) is trivial. These mean the statement of (3) in [0, d].

It should be remarked, in fact, one can choose the same coefficients ¢ > 0 and d > 0 through all
results (1)-(3) by a standard argument. O

Based on Lemma [B.] let us check that each terms E;(t,§) (j = 1,2,3,4,5) are remainders in the
decomposition ([B7).

(1) Low frequency estimate for w(t, ) on [0,d1] when p > 2.

Let 01 > 0 be the number defined in Lemma Bl In this part we estimate each remainder terms of
@) on r € [0,41] becaue we use Lmma B.1] to check them.
At first one can estimate E(t,€) as follows by using (1) and (2) of Lemma [B1] the decomposition

[25) of the initial data and ZI3):
2ty
[_imwopes [ i - i
|€1<d1

el<sy A+ — A=[?

r2e—ctr 01
) de sl [ e
gl<s, log?(1+7) 0

< Cllu|f ™™, t>0 (3.14)

with some equivalence constant ¢ > 0.
Next, let us check Eo(t,£), however, this is easy to have the estimate:

/W |Ex(t,€)P€ < Clluol3t™, >0 (3.15)

because of ([B3).
For Es5(t,£), by using (1) and (2) of Lemma Bl and (B3] one has the following:

2

r2 )\
[ mores [ oo Mg
l€l<an HE A = A4
2t72 r2 01
= Huon/ e Hhos(tEn) —— € < HUOHf/ e—ctr,n—1g,.
l€1<6 log=(1+47) 0

13



< Cluolft™, t>0 (3.16)

with some equivalence constant ¢ > 0.
E,(t,£) can be estimated by using (1) and (3) of Lemma Bl and B9):

2M“2 )\2 t/\i
/ |E4(t, §)|2§ < / e wlog(1Fm) 7*2|1 — e Wles(i¥m) |2|w0(§)|2d§
GEH l€]<51 Ay — -]
= Jluoll? / e g
[€1<é1
< Cllugllft™, t>0 (3.17)

with some equivalence constant ¢ > 0.
We treat Fs(t, &) by using can be estimated by Lemma Bl and Lemma 2.1 :

A 2
[ imweris [ en P orae
€< l¢l<6n A=A

=< HUOH%/ e_CtIOg(1+T)d§
|€]<81

<Clluol3t™, t>0 (3.18)

with some equivalence constant ¢ > 0.
We treat Fs(t, &) can be checked by (2.6]), (213), Lemma Bl and Lemma 2.1 :

2 Q2 |A1(&) —iB1(9)?
/Wl |Bot,€) e < /Wl OBl

2

.
< M2 [ualf? / e g
B je1<s, At —A-[?

2
T
< M2||u1||2 / efctlog(lJrr) ¢
V<, log®(1 +7)

< Cllua|lf 7™, t>0 (3.19)

with some equivalence constant ¢ > 0.

Summarizing computations above one can arrive at the following low frequency estimate.

Lemma 3.2 Letn > 1 and p > 2. Then, it holds that
/ w6 v(t,)7de < Cp(lluoll? + lwallf ) 77, t>1,
£[<61

where C = Cy, ;. 1s a positive constant and B > 0 is a constant.

Next we deal with th remainder terms of (B7) in the middle frequency region [d1, d]

(2) Midle frequency estimate for w(t, &) on [d1,d] when pu > 2.

To prove the middle frequency estimate for the solution w(¢,£) we rely on the energy estimate in the

Fourier space due to [, Proposition 2.1]:

€ [w(t, €)% < Cem PN (g2 |wo(€)]* + [wi(€)*), € € R™\ {0},

where
pr?log(1+ 1)

r) = )
o(r) r2 4+ 12 10g2(1 +7)
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Note that Proposition 2.1 of [7] itself can be applied to our case with the weight function p(r) just defined.
This implies
w(t, €)1? < Cem WD (Jug (&) + €2 |wr (§)F), € € R\ {0}

Thus, for r € [1,0] one has
w(t, £)]* < Ce™ U (Jug (&) + 67 2 [wi(§)I?) < C(1 + 67 %)e™ U (Jug (€)1 + w1 (&) 7).

This implies

[ wepds caes) [ e uy©P + fun(©)P)de,
51<[¢]<8

61<[€[<8

In the case when r € [d1, §] one has
eenlléht < —Act

where
po3log(1 4+ 81)

TRt 2 log?(140)

Therefore, it follows that
[ et ode < 0+ 5292 ol + ), (3:20)
51 <[¢]<é
which implies the exponential decay result of the solution w(t,€) in [d1,d].

Next, let us derive exponential decay for the leading term v(¢,£) itself in [d7, d].
For this aim set

52
1 .
plog(l+49) + \/u2 log®(1 + 8) — 467

Note that since d; < 4, one has plog(1+¢) > 26; which implies the well-definedness of A*. Furthermore,
it should be noted that since

A" =

. 1—e™"
lim
r—+0 r

=1

3

as in the argument of Lemma 3.1l one can assume that there exists constants 79 > 0 and J2 > 0 such that

1 _ -
o< — S Ve (0,6 (3.21)
r
In particular, since
. 1—e™"
lim =0,
r—00 r

and the continuity of the function r — 1=¢—

€— on (0,00), there exists a number xg > 0 such that

-

0< < kg, Vr>0. (3.22)

r

Then, it follows from the general above result (8:22), one has

1 _ e—(>\+—>\7)t 2
| |/\+—)\|2t2| <KE, t>0, r€[d,d)

Thus, one can estimate as follows:

K, (t) / | (t §)|2d§ P2t2/ 2>\+t|1 —e—(A+—)\7)t|2
0 = vit, = e
s1<[gl<s b Jsisiees A — A [

15




0 74”“2
< /@%Pftz/ eMlde = n%Pfthn/ e nloa(i+n)+VuZ log2(1+n —ar? =1 ;.
a1 <[gl<o 01

5
< li%Pfthn/ e A=l < A%want26_4‘4 tmn=1(5 — 6y),
01

which implies
Ko(t) < CPEe ™ (t>1). (3.23)

Now, let us prove the first estimate of Theorem 1.3. It follows from Lemma 32 B20) and (323) that
lw(t, ) —v(t, rzei<s) = llwlt, ) — vt )l 2e<s) + lwt, ) — vt )Lz, <je1<o)

< C(Jluollr + fluzl

L)t 2 A+ Jwlt, ) 2, <je1<o) + V()2 <ler<s)
< C(Jluollx + [|ua]

L)t % 4+ Ce™* (lugl| + [Jual]) + |Prle™*,

which implies the desired first estimate of Theorem 1.3.

Let us make sure the high frequency estimates for w(t, ) directly. This seems easier because the

characteristic roots are complex-valued on this zone.

(3) High frequency estimate for w(t,§) when p > 2.

On the zone of high frequency the characteristic roots are complex-valued according to (ZI]). Then the
solution in the Fourier space given by ([B) can be rewritten for || > ¢ as

9 rald — (u10g£1+r))2

wt, &) =(1+r)" =z T sin ( 5 t) wi ()

. /4 — (ulog(1+r))2
+(14r)"% cos ( .

5 t) wo (&) (3.24)

1 T
plog(l+r) ARG OggH_ )2
sin (

Y 3 t) wo(8),

where we have used that exp(—% log(1+7)) = (1 +7)"%.

wfE

+(1+7r)"

Now, it is necessary to estimate the three terms in the right hand side of ([B.24]).
The first estimate is to

4 (ulog(lﬂ“) )2 ’2

t r K
/ ’(14—7‘)_7” 2 sin ( t) wi(§)| d¢
r=|¢|>6 rald — (,ulog(lJrr))Q 2

s#/ (14 7)t [wn (€)2de
[&]>6

o0
< WnleHgot2/6 (1 —|—r)7t“r"71dr
< Cllug||32e P < Cllug PP, t>1, (3.25)

where C' and f is positive constants depending on n and p and f; is some positive constant given by
Lemma [Z2] We have just used the estimate |sinf| < |6] for all 6 € R.
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Similarly, to get the second estimate, using the fact | cosf| < 1 for all €, one has

) a4 — (ulog(lJrT))z 9
/ ’(14—7“)*'7” cos ( - t) wo(f)’ dg
r=|¢]>6 2
< [ @ (o
€l>5
< Cllug2e ™t t> 1. (3.26)

To estimate the third integral in the right hand side of ([3.:24]) we proceed similarly as in the estimate
to the first integral. Then one has

log(1+7) \2
. log(1 ry/4 - (5 2
/ ’(1 + r)*TM plog(l + 1) sin( t) wo(f)’ dg
l¢|>5 ry/4 — (Lloeddn)ys 2
t? .
< (Tt log® (14 7) fwo(&)[dg
|€]>6
t2 -
<[ T ()P
|€]>6
t2 2 2 > —tp,n+1
S oM wp||uo|11 ; (L+r)" " dr
< Ct?uo2e P2t < Clugl?ePt, t>1, (3.27)

for some (B and 3 positive constants.
By combining estimates (320, (8:26) and [B.27) we arrive at the exponential estimate in the high
frequency zone. Note that one can replace the integral region || < ¢ with |{] < § in the result below since

all derived final estimates are independent from § > 0. In fact, > 0 is a fixed constant that depends
only on p > 0 (see (ILA4)).

Lemma 3.3 Let u > 2, and let ugp € L*(R") and u; € L*(R™). Then, it holds that
[, e O < ool + sl e, 1, (3.25)
§[=0
where C = Cy,,, 1s a positive constant and 3 > 0 is a constant.

Finally, the second inequality of Theorem is a direct consequence of Lemma 3.3.

4 Optimal L*-estimates of solutions: the case ; > 2

In this section we shall try to get the optimal estimates of the solutions to problem (1.1)-(1.2) in
terms of the L2-norm. We treat the effective damping case p > 2.

In order to get such estimates of the quantity ||u(¢,-)|| = Cllw(t, §)|| with some C > 0, we first note
the following inequalities.

lw(t, )II* > /£<6 w(t,€) — v(t,€) + v(t,€)|*d¢

1 . ) ;
2 2 ‘/|£|§51 |I/(t,§)| dg /5S51 |w(t7§) V(t7§)| d§7 (41)
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because of |a + b[* > £[a? — |b]? (a,b € C), and

et I = </5S51 +/51§|€|§5+/5§|€|> it

— UV 2 1% 2
§2/5<51'“’“’@ (t.6)| ds+2/ (e, )P

|€]<61
2d 24 .
+/51§|£|§6Iw(t,§)| 5+/5Sg lw(t, €)[2de, .

where § > 0 and 6; > 0 are constants defined in ([BI]) and Lemma[31] respectively. So, because of Lemma
B2 B20) and (328]), in order to prove Theorem 1.4 it suffices to consider only one factors

By = [ eoPd
|€1<oy
We will get upper and lower bound estimates for Iy(t) as t — oo.

We first get upper bound estimate.
Upper bound estimate.

Ayt 6A7t|2 |1 _ 67(A+7)\,)t|2
Io(t) = P2 / [ = e — pag2 / 2 et de.
ot) = Py <o 1A+ — A= ? " Jig<s, (A4 = A)t2

Then, from ([B.22) one has

01
I(t) < PftQAg/ e Mtde = PftQAgwn/ A tpn =1y
[§]<d1 0

01
< Pft2ligwn/ e 2drtyn=lg, < CPftQngnf”,
0
which implies the desired upper bound estimate
Ih(t) < OPH*™™, t>1, (4.3)

where one has just used (2) of Lemma Bl
Lower bound estimate.

Next, we get the lower bound estimate for Io(¢). Let d; > 0 and d2 > 0 be constants defined in Lemma
B and (B21]), respectively, and choose ¢t > 0 sufficiently large to satisfy

ed —1 < 4.
If we consider r € [0, et — 1], then r € [0, 1] and
dlog(1 +r)t < 62,
where d > 0 is a constant defined in Lemma Bl This implies, because (1) of Lemma [B.1]
A = At <dlog(l +r)t <dg, t>1.

Thus, one can apply [B.21]) of Section 3 to get

1 _ e—(>\+—)\7)t

m, re (076% —1], t> 1. (44)

Yo <
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Based on ([L4) and (2) of Lemma Bl one can estimate Iy(t) as follows:

2

dg

1 _ e—(>\+—)\7)t

In(t :P2t2/ 2t
O( ) 1 e (A+ . Af)t

|€]1<61

o e PR Yl
ll<edt -1 ll<ed —1
%2

edt —1
> Pft2”y§wn/ e 2rpnTlgr > 1,
0

where ¢ is a positive constant defined in (2) of Lemma B.11

Since e* — 1 > x for x > 0 one can get the estimate

3y %2

dt 5 dt
Ip(t) > Pft27§wn/ e 2etrpn=ldr > P12t27§wne_20t(d% / "y
0 0
—2cé2/d s
_ p2,2.2 ¢ 2 ,—n
= Plt ”yowan—nt y

which implies the desired lower bound estimate:
Io(t) > CP*™™, t>>1. (4.5)

The proof of Theorem 1.4 is a direct consequence of (1)), [@2)), (@3), (@A) as is already mentioned.

e/\+t

Remark 4.1 From the proof above one may realize that one can not treat two factors Py ———-——
12 log? (1+4r)—4r2

A

and P———<-—— of the leading term v(t, {) separately. In this sense, one can observe an effective
2 log?(1+4r)—4r2

role of the ”double diffusion” structure of the solution itself as is pointed out in [12] and [22].

5 Optimal L?-estimates of solutions: case 0 < y < 2

In this section we shall prove Theorem 1.2. To do that we treat the non-effective damping case
w € (0,2) where the characteristic roots associated with the problem [2I)-(22) are complex-valued for
all £ € R™.

For the estimates needed in this section, one uses the following facts that

L :=sup
070

%‘ < +00, (5.1)

and there exists a real number dy € (0, 1) such that for all 6 € (0, do]

sin @

0

%. (5.2)

E

As in the same concept discussed in Section 4, for our purpose it suffices to get upper and lower bound
estimates for the quantity

I 2
Ko (t) = /@ (1, O,

where

th 2
X&) =0+r)"= sin(ytr) Py, (5.3)
/4 — (ulog(1+r))2
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V4= p?

and vy = ~———— > 0. Note that a contribution from the high frequency estimates in {|¢| > 1} is
exponentially small, and in fact, the following exponential decay estimate is true:

/ Ix(t,€)2de < Pft2L2/ (1+7)"Md¢ < G, PH2e ™, >0, (5.4)
[€1>1 [€1>1

because of Lemma 2.2, where the constants C,, > 0 and « > 0 depend on n, and p € (0,2).
We first get the lower bound estimate for K, (t). For this purpose, we prepare one facts that since

i 1 R
o 4 — (Blog(4r)yy — 42’

there exists a constant pg € (0, 1) such that for all » < pg, one has

1 1

1

1 0

Now, take ¢t > 0 sufficiently large such that —(; < po. This implies vtr < dg and r < pg if r < —Z, which
v Y

brings to the useful inequalities (53] and

sin(ytr) | % (5.6)

ytr

where one has just used (52). Then, from (&) and (5:6) one has a series of inequalities:

. 2 t)
K, (t) > 4P2 / 14 r)Ht sin”(yr
=40 |€|§po( ) r2 (4—(M)2) ¢

T

.2
99 9 e 8in (vyrt) 1
- /|£|<po(1 T e (4 — (tloallir)yo *

2
2p2,.2 —put S Wﬁ) !
> 4t°Pry /|£|<50 (1+7) 2922\ (4 - (my d

2 p2 2o
> t2—1/ (14 7)) Hd¢ = t2—1wn/ (14 7)~Htpn=Lar
3 %0 8
1€1<5% 0
P? 0 1.9
> t2—1wn(1 + _0)—Mt_(_0)"t—”
8 ~t n oy
wnPf 60 __ HSo 9 9
— e A T = CpttT", > 1, 5.7
16m (Fy )he > (5.7)
where one has just relied on the fact that
50 _ Kdo
. C0N—pt _
tlggo(l + ’yt) °c o

While, one can get the upper bound estimates for K, (t). Indeed, one has

_ 2 .
K1) = ( /m n / ZQW) (6 O)2dE = Kna(£) + K a(t).

K, 1(t) can be estimated as follows from (E1J), (55]) and Lemma 2.1:

1
212,272 —pt _
Kn,l(t) <4y Plt L /E<po(1 + T) 4 (Hlog(l—i-r))g d§
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< 2Pft2L2/ (1+7r)"#d¢ < D, P> (5.8)
‘E‘SPO

for large ¢ > 1 and some constant D,, > 0. Furthermore, for the estimate of K, 2(t) one can proceed the

same computation as in ([4]) to get
Kno(t) < / Ix(t,€)2d¢ < C, P2, t>0. (5.9)
[€1=po

By using (57), (59) and (5.8)) one can obtain the following lemma:

Lemma 5.1 Let n > 1 and p € (0,2). Than it holds that

C2PH " < /E<1|x<t,§>|2d§SDint“ (t> 1),

where Cy, > 0 and D,, > 0 are generous constants depending on n and p € (0,2).

To end this section, based on the inequalities
/ IX(t,€)17dE — | |w(t, &) — x(t.)[PdE < / |w(t, &)|?d¢
|€1<1 R" R"

w(t, &) — JO)Pd
< [ o —xwora s [

because of Theorem 1.1, estimates (5.4 and Lemma [Tl combined with the Plancherel Theorem, one can
prove Theorem

x(t ©)[2de + / X (t,€) e, (5.10)

|€1=1

6 Optimal L?-estimates of solutions: case ;1 = 2

In this section, we prove Theorem [[.6] based on Theorem 1.5. For this purpose, one shall consider the

critical case of = 2. In this case, from Theorem 1.5 one can see that the leading term is

)_tsin (t r2 —log?(1 + r)>

v(t, &) =1+t P or>0.
r2 —log®(1+r)
It suffices to estimate the quantity: for P; # 0;
1 2
GRS (6.1)
1 J¢l<n
for small > 0.
Now, note that since
2 _ 1 2 1
i B AT
r——+0 T
= logl(itr) 3
lim ————— =,
r—+0 T 2
one can assume that
r?2 —log*(1+7r) ~ 7% r— +0, (6.2)
log(1
r— 70g( +7) ~7r? = 40. (6.3)

1+7r
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One uses ([62), [G3) and a polar coordinate transform to estimate the essential part of (6.1)):

— ! . —2trn—ISin2(t\/ f(r) .
I,(t) ._/0 (1+7) 7( )2 d

where f(r) := r? —log?(1 +r) for small > 0. One applies the change of variable as w = /f(r). Then,
it is true that

)

r— log(1+7)
dw = —=2E"_dr,
f(r)
It should be noticed that w ~ V13 = T%, so that r ~ w3 when r — +0. Then, one has a series of
inequalities: for small > 0 it holds that

7] n— i 2 t 77 n— i 2 t =

Lower bound estimate for I, (t) ~ I,,(t):
Pl

By a change of variable by ¢ = w3 one has

7 7% " -2t _n—4 2/, 2
I,(t) = (14 0) 0" *sin*(to?)do.
0

Since log(1 + o) ~ o as 0 — 0, one finds that (1 + )~ 2" ~ e7% for small o > 0. Thus, one can asume

2
. ns
I,(t) ~ / e Hogn—4 sin2(ta%)da (6.4)

0
2
5 . 3
:t2/ OethUO,nfl s1n(t22) do
0 toz2

for small 69 > 0 defined in ([B2]). Thus, by a change of variable to = r one has

B t2 (50%t7%
I,(t) > CZ e 27" do
0

t2—n At% t?—n At%
=C / e~ Tldr > C / e 2T Lar
0 4 0

t27’n, 1
>C / e~ Ly,
4 Jo

2
for large t > 1 satisfying Ats > 1, where A = 0§ and C' > 0 is a constant brought by equivalence (G.4)).

This implies that there exists a generous constant C,, > 0 such that
Lo(t) ~ L, (t) > Cot?>™™, t>1. (6.5)

Upper bound estimate I, () ~ I,,(t):

Because of (B.]) one can estimate

2n—3

~ n
I,(t) §L2t2/ (1+w3) 2w 5 dw
0

2/3

= L2t2/ (1+0) 2" tdw
0

< L%~ (=) — op2 (6.6)
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with some constant C' > 0 because of Lemma 2.1 with p :=n — 1.

A rest part of proof of Theorem [T can be done as in Section 5 based on the inequality (EI0) with

x(t, &) replaced by v(t,£) above.
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