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High Probability Convergence for Accelerated Stochastic Mirror Descent

Alina Ene* Huy L. Nguyen'

Abstract

In this work, we describe a generic approach to show convergence with high probability for stochastic
convex optimization. In previous works, either the convergence is only in expectation or the bound
depends on the diameter of the domain. Instead, we show high probability convergence with bounds
depending on the initial distance to the optimal solution as opposed to the domain diameter. The
algorithms use step sizes analogous to the standard settings and are universal to Lipschitz functions,
smooth functions, and their linear combinations.

1 Introduction

Stochastic convex optimization is a well-studied area with numerous applications in algorithms, machine
learning, and beyond. Various algorithms have been shown to converge for many classes of functions
including Lipschitz functions, smooth functions, and their linear combinations. However, one curious gap
remains in the understanding of their convergence with high probability compared with convergence in
expectation. Classical results show that in expectation, the function value gap of the final solution is
proportional to the distance between the original solution and the optimal solution. On the other hand,
classical results for convergence with high probability could only show that the function value gap of
the final solution is proportional to the diameter of the domain, which could be much larger or even
unbounded. In this work, we bridge this gap and establish a generic approach to show convergence with
high probability where the final function value gap is proportional to the distance between the original
solution and the optimal solution. We instantiate our approach in two settings, stochastic mirror descent
and stochastic accelerated gradient descent. The results are analogous to known results for convergence
in expectation but now with high probability. The algorithms are universal for both Lipschitz functions
and smooth functions.

The proof technique is inspired by classical works in concentration inequalities, specifically a type of
martingale inequalities where the variance of the martingale difference is bounded by a linear function of
the previous value. This technique is first applied to showing high probability convergence by Harvey et
al. [2]. Our proof is inspired by the proof of Theorem 7.3 by Chung and Lu [I]. In each time step with
iterate xy, let & := Vf (x¢) — V.f (z;) be the error in our gradient estimate. Classical proofs of convergence
evolve around analyzing the sum of (£, x* — x;), which can be viewed as a martingale sequence. Assuming
a bounded domain, the concentration of the sum can be shown via classical martingale inequalities. The
key new insight is that instead of analyzing this sum, we analyze a related sum where the coefficients
decrease over time to account for the fact that we have a looser grip on the distance to the optimal
solution as time increases. Nonetheless, the coefficients are kept within a constant factor of each others
and the same asymptotic convergence is attained with high probability.

Related work Lan [5] establishes high probability bounds for the general setting of stochastic mirror
descent and accelerated stochastic mirror descent under the assumption that the stochastic noise is sub-
gaussian. The rates shown in [5] match the best rates known in expectation, but they depend on the
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Bregman diameter max, yex Dy (2,y) of the domain, which can be unbounded. Our work complements
the analysis of [5] with a novel concentration argument that allows us to establish convergence with respect
to the distance Dy, (*, 1) from the initial point. Our analysis applies to the general setting considered
in [5] and we use the same subgraussian assumption on the stochastic noise.

The algorithms and step sizes we consider capture the stochastic gradient descent algorithms with
the standard setting of the step sizes for both smooth and non-smooth problems. The high-probability
convergence of SGD is studied in the works [4] [6 3] 2]. These works either assume that the function
is strongly convex or the domain is compact. In contrast, our work applies to non-strongly convex
optimization with a general domain.

2 Preliminaries

We consider the problem mingey f(2) where f: R? — R is a convex function and X C R? is a convex
domain. We consider the general setting where f is potentially not strongly convex and the domain X is
not necessarily compact.

We assume we have access to a stochastic gradient oracle that returns a stochastic gradient v f(x)
that satisfies the following two assumptions for any prior history:

1. Unbiased estimator: E [%f (x) |x} =Vf(x).

2. Sub-Gaussian noise: H@ f(x)—=Vf (m)H is a o-subgaussian random variable (Definition 2.T]).

There are several equivalent definitions of subgaussian random variables up to an absolute constant scaling
(see, e.g., Proposition 2.5.2 in [7]). For convenience, we use the following property as the definition.

Definition 2.1. A random variable X is o-subgaussian if
1
E {exp ()\2X2)} < exp ()\202) for all A such that |\ < —
o

The above definition is equivalent to the following property, see Proposition 2.5.2 in [7].

Lemma 2.2. (Proposition 2.5.2 in [1]) Let X be a o-subgaussian random variables. Then

E lexp <)0(—22>] <exp (1)

We will also use the following helper lemma whose proof we defer to the Appendix.

Lemma 2.3. For anya >0,0<b< % and a nonnegative o-subgaussian random variable X,

E < exp (3 (a2 + b2) 02)

9v2 = | 2 v2\°
1+ 62X +§ﬂ(aX+bX)

3 Analysis of Stochastic Mirror Descent

In this section, we analyze the Stochastic Mirror Descent algorithm (Algorithm [T]). For simplicity, here we
consider the non-smooth setting, and assume that f is G-Lipschitz continuous, i.e., we have |V f(z)|| < G
for all z € X. The analysis for the smooth setting follows via a simple modification to the analysis
presented here as well as the analysis for the accelerated setting given in the next section.

We define

§t = @f (z1) = V f (z4)



Algorithm 1 Stochastic Mirror Descent Algorithm. : R¢ — R is a strongly convex mirror map.
Dy (z,y) = ¢ (x) =¥ (y) — (V¥ (y),x — y) is the Bregman divergence of .

Parameters: initial point z1, step sizes {n;}
fort=1to T

Tyl = argmingex {7715 <§f (1) a$> + Dy, (=, ZUt)}
return ST

We let Fy =0 (&1,...,&—1) denote the natural filtration. Note that z; is Fi-measurable.
The starting point of our analysis is the following inequality that follows from the standard stochastic
mirror descent analysis (see, e.g., [5]). We include the proof in the Appendix for completeness.

Lemma 3.1. ([3])For every iteration t, we have

e (f (m) — f (&%) = 0} G® + Dy (2%, 2411) — Dy (&%, 24) < e (&, 2" — 20) + 777 || &)

We now turn our attention to our main concentration argument. Towards our goal of obtaining a
high-probability convergence rate, we analyze the moment generating function for a random variable that
is closely related to the left-hand side of the inequality above. We let wi > wy > -+ > wp > wry1 > 0
be a non-increasing sequence where w; € R for all t. We define

Zi = weer (me (f (20) = £ (7)) = 17G”) + wrsy (Dy (¢, w111) = Dy (a7, 21)) VISt<T
T

Si=> 7 VI<t<T+1
1=t

Before proceeding with the analysis, we provide intuition for our approach. If we consider Si, we see
that it combines the gains in function value gaps with weights given by the non-increasing sequence {w}.
The intuition here is that we want to leverage the progress in function value to absorb the error from the
stochastic error terms on the RHS of Lemma Bl For the divergence terms, we use the same coefficient
to allow for the terms to telescope. In Theorem B.2] we upper bound the moment generating function of
Sp and derive a set of conditions for the weights {w;} that allow us to absorb the stochastic errors. In
Corollary B3 we show how to choose the weights {w;} and obtain a convergence rate that matches the
standard rates that hold in expectation.

We now give our main concentration argument that bounds the moment generating function of Sj.
The proof of the following theorem is nspired by the proof of Theorem 7.3 in [1].

Theorem 3.2. Suppose that wy > w1 + 60’277t2w§+1 and wi 1n? < ﬁ for every 1 <t <T. For every
1<t<T+1, we have

T
E exp (5¢) | Fi] < exp <(wt — wri1) Dy (2%, 2) + 30 Zwi+1m~2>

1=t

Proof. We proceed by induction on t. Consider the base case t = T 4+ 1. We have S; = 0 and
(we — wp41) Dy (2%, 24) = 0, and the inequality follows. Next, we consider 1 <¢ < T. We have

E exp () |Fi] = E[exp (Z; + Siq1) [Fi] = E[E [exp (Z; + Siy1) [Fea] | Fi] (1)

We now analyze the inner expectation. Conditioned on F;11, Z; is fixed. Using the inductive hypothesis
, we obtain

T
E [exp (Z; + Se1) |[Fer1] < exp (Z;) exp ((wt+1 — wry1) Dy (2%, 2441) + 30 > wi+177i2) (2)
i=t+1



Let Xy = ny (&, 2% — x). By Lemma Bl we have
e (f (@) = f (%) = nfG? < Xy — (Dy (¢%,2011) — Dy (27, 2)) + 17 1]
and thus
Zi = weer (me (f (@) = £ (@) = G?) + wrsey (Dy (¢, w141) — Dy (a7, 21))
< wipr (Xo = (Dy (%, m011) = Dy (2%, 20)) + 12 [&]°) + wrin (Dys (2%, 211) = Dy (2%, 2))
= w1 Xy — (w1 — wra1) (Dy (2%, 2041) — Dy (&%, 21)) + wian 1€

Plugging into (2]), we obtain

T
Elexp (Z¢ + St+1) [Fis1] < exp (wt+1Xt + (i1 — wrin) Dy (27, 20) + wean; 167 + 307 wi+1m2)
i=t+1

Plugging into (I), we obtain

T
E [exp (S1) ] < exp (<wt+l —wri1) Dy (2%, 20) + 307 Y wmn?) E [exp (wi1 X; +wean? &) 17]

i=t+1
(3)
Next, we analyze the the expectation on the RHS of the above inequality. We have

E [exp (w1 X + wepan? &)1 17

[e.9]

1 i
—E|Y" = (wea X+ wean? &) |7
Li=0 "

=B |1+ wen} 6+ 3 5 (wer X + wean? 6°) !B]
=2

<E |1+ 1612+ 5 (wenm o — w6l + wesn? 60°) m]
L =2

< exp (30” (wf 1] la* = 2|* + weean?))
< exp (307 (2071 Dy (2", 2) + wesrn? ) ) (4)

On the first line we used the Taylor expansion of e”, and on the second line we used that E [X;|F;] = 0.
On the third line, we used Cauchy-Schwartz and obtained

Xi = e (&, " — we) < e (|6 27 — 4]

On the fourth line, we applied Lemma 23] with X = ||&]], a = w1 |[2* — 24|, and b? = wi1n? < ﬁ.
On the fifth line, we used that Dy, (z*,2;) > 3 ||2* — ||, which follows from the strong convexity of 1.
Plugging () into @) and using that w; > w1 + 602n?w? 1, We obtain

T
E [exp (St) | Fi] < exp ((wt+1 + Gaznfwt%rl — wT+1> Dy (2", z) + 302 Zwiﬂng)
i=t

T
< exp ((wt — wr41) Dy (2%, 24) + 302 Z w,qrml-z)

1=t

as needed. O



Theorem and Markov’s inequality gives us the following convergence guarantee.

Corollary 3.3. Suppose the sequence {w;} satisfies the conditions of Theorem[FZ. For any § > 0, the
following event holds with probability at least 1 — §:

T
Y wepane (f (w) — f (2%)) + wraDy (%, 2711)
=1

T
1
< wlDw (:E*,:El) + (G2 + 30‘2) Z'[Ut+177? + In <5>
t=1

Proof. Let

T
* 1
K = (wl — ’LUT+1)D¢ (l‘ ,:El) + 30'2 E wt+177t2 +In (S)
t=1
By Theorem and Markov’s inequality, we have

Pr[S1 > K] < Prlexp (S1) > exp (K)]
< exp (—K) E [exp (51)]

T
<exp (—K)exp <(w1 —wry1) Dy (2%, 21) + 302 Zwtﬂnf)
=1

=9

Note that

T

T T
S1=Zr=>> wean (f (m) = f (z%) = G* Y wipani + wria (Dy (¢, 37) — Dy (2%, 21))
t=1 t=1 t=1

Therefore, with probability at least 1 — d, we have

T T

1
E wipne (f (xe) — f(2%)) +wrpDy (2%, 2741) < wDy (2%, 21) + (G2 + 302) E wip1n? + In (5)
=1 =1

0

With the above result in hand, we complete the convergence analysis by showing how to define the
sequence {w;} with the desired properties.

Corollary 3.4. Suppose we run the Stochastic Mirror Descent algorithm with fived step sizes ny = 1.

Let wpy1 = m and wy = w1 + 602772wt2+1 for all1 <t <T. The sequence {w} satisfies the
conditions required by Corollary [3.3. By Corollary [3.3, for any 6 > 0, the following events hold with

probability at least 1 — J:

%i(f(mt)—f(az*)) <O (W—i— (G2+02 (1+ln (%)))n)

and

Dy (2", 2741) < O (D¢ (x*, 1) + (G2 +o? (1 +1In (%))) nzT)

Setting n = \/( Dw(x*’xl)%)))T to balance the two terms in the first inequality gives

G2 402 (1+In(
RS . Dy (!E*,w1)(G2+a2 (1+1n (1)))
T;(f(xt)—f(l’))éO $ i >



and
Dy (2%, 2741) < O (Dy (27, 21))

Proof. Recall from Corollary B3] that the sequence {w;} needs to satisfy the following conditions for all
1<t < T

2.2 9
wit1 + 60 Nfw < wy
1

2
wip1M; < yy)

Let C = 60%n? (T +1). We set wry, = WQ%QW = % For 1 <t < T, we set w; so that the first
condition holds with equality

2,2 2 2,2, 2
wy = wy1 + 607w 1Ny = w1 + 607N Wi,

We can show by induction that, for every 1 <t¢ < T + 1, we have

1
w < —————
"= O+ 6022t

The base case t =T + 1 follows from the definition of wpy1. Consider 1 <t < T. Using the definition of
w; and the inductive hypothesis, we obtain

2.2 2
wy = wy1 + 607N Wy 4

1 602n?
= 2,2 T 2
C+60°n(t+1)  (C+602n2(t+1))
< 1 (C+60* % (t+1)) — (C + 602n*t)
T C+60%2(t+1) (C+602n?(t+1)) (C + 602n%t)
1
O+ 6022t

as needed.
Using this fact, we now show that {w;} satisfies the second condition. For every 1 <t < T, we have

1 1

2
Ui
WA = W S G S ) S GoF

as needed.
Thus, by Corollary B3] with probability > 1 — §, we have

T T

1
Zwt+177t (f (z¢) = f (7)) + wraDy (2%, 2711) < wi1Dy (2%, 21) + (G2 + 302) Zwt+177? +In (5)
t=1 t=1

Note that wry = % and % <y < % forall 1 <t < T+ 1. Thus we obtain

T
WY (f (@) = £ (2)) + Dy (o, o) £ 2Dy (a*,m1) + 2 (G2 4 302) T+ 2C1n )
t=1
1
5

= 2Dy (2%, 21) +2 (G +30%) ’T + 1202111( >n2 (T +1)
* 2 2 1 2
<2Dy (x ,x1)+<2G + 60 <1+4ln<5>)>nT



Thus we have

TXT:(J" () = [ (27)) < % + (202 +60° (1 i (%))) !

and
1
Dy (27, 2741) < 2Dy (27, 21) + <2G2 +6o° <1 i <5>)> T
[l

The analysis readily extends to the setting where the time horizon T' is not known and we set time-

varying step sizes. We include below the analysis for well-studied steps n; = %

Corollary 3.5. Suppose we run the Stochastic Mirror Descent algorithm with time-varying step sizes

_ _ 1 _ 2,2, 2
N = % Let wryq = m and wy = w1 + 60" wyy for all 1 <t < T. The sequence {w;}

satisfies the conditions required by Corollary [3.3. By Corollary [3.3, for any § > 0, the following events
hold with probability at least 1 — 6:

T (f(z¢) — f(2") <O <L (M +1n <G2+o—2 <1+ln (%))) lnT))

and

Dy (", 2741) <O (Dw (z*,21) + n? (G2 +o? (1 +1In (%))) lnT>

Proof. Recall from Corollary B3] that the sequence {w;} needs to satisfy the following conditions for all
1<t <T:

2 9 9
w1 + 60wy < wy

2
wip1M; < yps)

Let B; = 602 Zf;% n? and C = Br,1 = 60%n? (Zle %) We set wry1 = 04_3%”1. For 1 <t < T, we set
wy so that the first condition holds with equality

2,2 2
wy = we1 + 60 N w4

We can show by induction that, for every 1 <t¢ < T + 1, we have

<
Y=o TB,

The base case t = T + 1 follows from the definition of wr,q. Consider 1 <t < T. Using the definition of
w; and the inductive hypothesis, we obtain

2,2 2
w = Wey1 + 607 NF Wi

- 1 60%n?

“C+Bi1 (C+ By

o1 (C+ Biy1) — (C + By)

“ C+Bi1 (C+ Biy) (C+ By)
1

- C+ B

as needed.



Algorithm 2 Accelerated Stochastic Mirror Descent Algorithm [5]. %: RY — R is a strongly convex
mirror map. Dy, (z,y) =9 (x) — ¥ (y) — (V¥ (y) ,x — y) is the Bregman divergence of .

Parameters: initial point xg = yg = zg, step size n
Set ay = t%, N =1tn
fort=1toT:
vy = (1 — ) ys—1 + oz
Zt = argminge y (TIt <Vf(95t)a 95> + Dw (95, Zt—l))
yr = (1 — ) ye—1 + 2y
return yr

Using this fact, we now show that {w;} satisfies the second condition. For every 1 <t < T, we have

2
WMy S & =

n 1 1
N
C t(60’2 Zle %) = 602

as needed.
Thus, by Corollary B3l with probability > 1 — §, we have

T T

* * * 1
> “wipane (f (m) — f (%)) + wrp Dy (2%, 2741) < wiDy (2%, 21) + (G2 + 302) > wir1mf +In (5)
=1 =1

Note that wry = % and % <y < % for all 1 <¢ < T + 1. Thus we obtain

1 & 1 & 1
%UT; (f (z) = f(2)) + %Dw (", 2741) < ED¢ (x*,z1) + (G2 + 302) c ;nf +In (5)

Plugging in 7y = % and simplifying, we obtain

T
75 2 (@) = £ @) + Dy (o) 2Dy (@) + (267 + 60%) o (; ;) +20 5)

and

Dy (2%, a141) < 2Dy (27, 21) + <2G2 + 60 <1 +2In <%)>) Ua (ZT: %)

t=1

4 Analysis of Accelerated Stochastic Mirror Descent

In this section, we analyze the Accelerated Stochastic Mirror Descent Algorithm (Algorithm (2)). We
assume that f satisfies the following condition:



F) < @)+ (V5 @)y =) + Glly —all + 5 Iy — 2P Vay € X

B-smooth functions, G-Lipschitz functions, and their sums all satisfy the above conditions.
As before, we define R
§ =V f(v) =V (2y)

We let F; = o (&1,...,&—1) denote the natural filtration. Note that x; is Fi-measurable and z; and y, are
Fir1-measurable.

We follow a similar analysis to the previous section. As before, we start with the inequalities shown in
the standard analysis of the algorithm, and we combine them using coefficients {w;},.,.,. The following
lemma follows from the analysis given in [5] and we include the proof in the Appendix for completeness.

Lemma 4.1. ([J]) For every iteration t, we have

2
o ) = F @) = ZH 0= @) (f () = (7)) = TGP 4 Dy (a7, 20) = Dy (27, 201)
< {6t — ) + 7 7;@ e

We now turn our attention to our main concentration argument. Towards our goal of obtaining a
high-probability convergence rate, we analyze the moment generating function for a random variable that
is closely related to the left-hand side of the inequality above. We let wg > w1 > wo > --- > wp > 0 be a
non-increasing sequence where w; € R for all ¢. We define

ne(l— o) _ i G* )

Zy = wy (ﬁ(f (ye) = f (7)) — (f (ye—1) = f (7))

o o 1 — Boun
+ wr (Dy (2%, 2¢) — Dy (2%, 20-1)) V1<t<T
T
=Y % Vi<t<T+1

w1
1—Batn; — 402

Theorem 4.2. Suppose that wy_1 > w; + 602n?w? for every 1 <t < T and for every

0<t<T. Foreveryl <t<T+41, we have
T ?’]-2
E [exp (S¢) | Fi] < exp | (w1 — wr) Dy (2%, 20-1) + 302 Z wiliz
= 1= Pan;

Proof. We proceed by induction on ¢t. Consider the base case t = T+1. We have Sy = 0 and wy_1—wp = 0,
and the inequality follows. Next, we consider ¢ <T. We have

E exp (S¢) |Fi] = E[exp (Z; + Siq1) [Fi] = E[E [exp (Z; + Siy1) [Fea] | Fi] (5)

We now analyze the inner expectation. Conditioned on Fiy1, Z; is fixed. Using the inductive hypothesis,
we obtain

T 2
Elexp (Zy + Sp+1) [Fi41] < exp (Z) exp ((wt —wr) Dy (2%, 2) + 307 Y wi%) (6)
i=t+1 v

Let Xy = ny (&, 2% — z;—1). By Lemma 1] we have

>
Z_i (f (ye) — f(:n*)) - Z_i (T —ou) (f (1) — f(27)) — %Cﬁ

< X+ €117 — (Dy (2%, 2) — Dy (2%, 2-1))

(1 ﬁt)



and thus

n?
Zy S w Xy — (wy — wr) (Dy (27, 2) — Dy (27, 20-1)) R T y— T ||€t\|

— Bay
Plugging into (@), we obtain
Elexp (Z; + St41) | Fi41]
o 2
<exp | we Xy + (wy — wr) Dy (2%, 2-1) + wtﬁ 1€]|* + 302 Z Wi g ﬂa ”
i=t+1 (L

Plugging into (Bl), we obtain
E [exp (S¢) [F]

T 2 2
<exp | (wy — wr) Dy (%, 2-1) + 307 > w,lnil E [exp (tht R y— 77 H&H ) ]]—}] (7)
i=t+1 — Bain;

Next, we analyze the the expectation on the RHS of the above inequality. We have

2 o (1w e ) 4

[ oo 1 2 ‘
_s|y! (wct ) 17

i=0

. i
=E 1+wt Hft” +Z <tht+wt1 ||5tH ) |~7:t]

- 772 i
<E |1+ Wi H&H + Z <wt77t lz* — ze—al 1€l + th ||§t‘|2> |~7:t]
m 2

<exp|3|w T —z +wp——Fr—— | o
( ( t77t 2" t— 1” tl—ﬁoqm) )
<exp | 3| 2win?Dy (a:*,zt_l)—kwtni’% o? (8)
1 — Bouny

On the first line we used the Taylor expansion of e*, and on the second line we used that E [X;|F;] =0
On the third line, we used Cauchy-Schwartz and obtained

Xe=m (&2 — ze—1) <o ||| l2™ — 2|

On the fourth line, we applied LemmaZ3lwith X = ||&]|, a = wn ||2* — 2,_1]|, and b? = w, T gflmt < 4(172

On the fifth line, we used that Dy, (2%, z-1) > 5 [|2* — 21 |2, which follows from the strong convexity of

.
Plugging in (§) into (7)) and using that w;_1 > w; + 602win?, we obtain

4 2
E [exp (S;) | Fi] < exp <(wt + 602w§nt2 — wT) Dy (v*, z-1) + 302 Zq@%)
i=t 'l

as needed. O

Theorem and Markov’s inequality gives us the following convergence guarantee.

10



Corollary 4.3. Suppose the sequence {w;} satisfies the conditions of Theorem [{.3. For any § > 0, the
following event holds with probability at least 1 — §:

T
> (2 ) - 5 ) = =2 (5 () = £ ) + wrDy (5%, 27)
t=1 t

Qi

T 2
1
< w0D¢ (x*7 ZO) + (G2 + 30’2) Zwt% + In (5)
t=1

Proof. Let

T 2
* Un 1
K = - D 2§ Y S— N
(wo — wr) Dy (2%, 20) + 30 t:1wt1_/8amt + n(5)

By Theorem and Markov’s inequality, we have

Pr[S; > K] < Prlexp (S1) > exp (K)]
< exp (—K)E [exp (51)]

T 2
< exp (—K) exp ((wo _ wT) DTZ’ (QU*7 ZQ) + 302 ; 2&%)

Note that

t=1
T ~ o

=S (L) -7 @) - 22 () - £ )
=1 t t

T 2
nt * *
— G w—— 4 wp (Dy (2%, 27) — Dy (2%, 2
; T Bagy, T W7 Py (@7 27) = Dy (27, 20))

Therefore, with probability at least 1 — d, we have

T
> (2 (£ ) - 5 @) = = (1) - 5 ) + wrDy (%, 21)

=1 Qi Qi

T 2
1
< w0D¢ (x*7 ZO) + (G2 + 30’2) Zwt% +In (5)
t=1

0

With the above result in hand, we complete the convergence analysis by showing how to define the
sequence {w;} with the desired properties.

Corollary 4.4. Suppose we run the Accelerated Stochastic Mirror Descent algorithm with the standard
choices oy = Hll and n; = nt with n < ﬁ. Let wr = 302n2T(Til)(2T+1) and wi—1 = wy + 60277?10152 for all
1 <t <T. The sequence {wi}ypcp satisfies the conditions required by Corollary [{-3. By Corollary [.3,
for any § > 0, the following events hold with probability at least 1 — §:

flr)—f(x") <0 (W + (G2 + (1 +In (%)) 02) nT)

11



and
Dy (z*,2r) <O (Dw (z*,20) + (G2 + (1 +In (%)) a2> 772T3>

1 Dd,(w*,Zo)
45” \/G2+02 (1+ln(%))T3/2

BDy, (z*, 20) . \/D¢ (2%, 20) (G2 + (1 +1n (%)) gz)
T2 JT

Setting n = min{ } to balance the two terms in the first inequality gives

flyr) = f(z") <0

and
Ddf (‘7:*7 ZT) <0 (Dw (x*7 ZO))

Proof. Recall from Corollary 3] that the sequence {w;} needs to satisfy the following conditions for all
1<t<T:

wy + 60?nPwl <wi_y V1I<t<T (9)

2
WMy 1
— = < — YOLtLT 10
1 — Baymy — 4o? - (10)

We will set {w;} so that it satisfies the following additional condition, which will allow us to telescope
the sum on the RHS of Corollary .3t

_ 1-
w5 A0y (11)

Q-1 o

Given wr, we set wy_ for every 1 <t < T so that the first condition (@) holds with equality:

Wi_1 = Wt + 60277t2wt2 = wy + 602772t2w§

Let C = o?n?T (T + 1) (2T + 1). We set

1 1 1
T O+ 6022 2 C+oPT(T+1)(2T +1)  2022T (T +1) (2T + 1)

wr

Given this choice for wp, we now verify that, for all 0 <t < T, we have

1 1

wy < =
LS00 2 CH ot (t+1) (2t +1)

We proceed by induction on ¢t. The base case t = T follows from the definition of wp. Consider ¢t < T
Using the definition of w;_1 and the inductive hypothesis, we obtain

Wi_1 = Wt + 602n2t2w§

1 602n?t?
S CreePy 2 /
o 2ui=1" (C’ + 60223, i2)
) 1 N (C + 6022 S, z‘2) - (C + 6022 ! 1‘2)
T C 46022y, i (C’ + 602023t i2) (C’ + 6022 Y001 i2)
1

~C+ 6o Y 2
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as needed.
Let us now verify that the second condition (I0) also holds. Using that ; +1 <2, 0n< < ,and T > 2,
we obtain

wp  wt? < Qw2 < 2> t? < 1 < 1
_ T 1 _ g2 =AWt = =2 =3 )
1= Bogmy 1 - By C o (T+1)(2T+1) ~ 02(2T+1) ~ 4o
as needed.
Let us now verify that the third condition (II]) also holds. Since n; = nt and oy = H—Ll’ we have
et nt(latat) nt(t Y Since wy < wy_1, it follows that condition (I holds.

We now turn our attentlon to the convergence. By Corollary 4.3 with probability > 1 — §, we have

T
S (25 ) - 5 ) = =2 (5 () = £ ) + wrDy (o, 27)
t=1 t

(77

T 2
. 1
< woDy (2%, 2) + (G2+3O' ) E_ 1_/8%% +1In <5)

Grouping terms on the LHS and using that oy = 1, we obtain

3 (2 2000 (1) 07 L (5 o) £ )+ Dy (5 21)
2 tat t+1 ot Yt TaT yr Ty y 2T

1
< woDy, (2%, 20) + (G2 + 30 )Zwtl _TZ - + In (5>

Since {w;} satisfies condition (III), the coefficient of f (y;) — f (*) is non-negative and thus we can drop
the above sum. We obtain

T 2
wr L (f (ur) = f(a")) + wrDy 0" 1) < wiDy (a” 20) + (G + 30) 3wy +1n 5

t=1 1_/8at77t 5
Using that wr = —C and w; < for all 0 <t <T —1, we obtain
1 nr *
—Ca—(f(yT)—f(l’ ) + CDw(l’ 2r)
1 1 o2 1
< =Dy (z* — (G? + 302 1 1(—)
<5 w(JE’Zo)JrC( + J)gl_ﬁathrn 5
Thus
T, * *
= (f (yr) = f (=")) + Dy (2", 21)
ar
2 2 d 77t2 1
< 2D * 2(G 3 — +2CIn| =
< 2Dy (a7, 20) + 2 ( +a);1_ﬁatm+ n<5>
n? 1
=2D 2(G? 2 7221(—)2TT12T1
p (@ 20)+2(G +3U)Zl—ﬁatm+ ofIn (<) 0" T(T+1) (2T + 1)
Using that fn < 4 7 and t-2|:1 < 2, we obtain
XT: n; XT: n*t? i 2,0 19
| 2 — < Mt =T (T+1)(2T + 1)
t:ll_ﬁatm t:ll_ﬁnt-zk_tl t=1 3



Plugging in and using that ny = T and ar = %, we obtain

PO (yr) — (@) + Dy (", 21)

§2D¢(x*,zo)+<§G2+2<l+ln( )) ) T(T+1)(2T +1)
§2D¢(x*,zo)—|—2<G2—|—<1+ln< >) > 27 (T 4 1) (2T + 1)

We can further simplify the bound by lower bounding 7' (T + 1) > T and upper bounding T (T + 1) (2T + 1) <
673. We obtain

nT? (f (yr) — f (z%)) + Dy (2*, 27) < 4Dy (2%, 20) + 24 (G2 + (1 +1In (%)) 02) T3

Thus we obtain

fyr) — f(z%) < 74%77(;:’ 20) 4 o4 <G2 + (1 +1In <%)) 02) nT

and

Dy (o, 21) < 2Dy (o, 20) + 12 (6% 4 (141 (5 ) ) o) 2T
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A Omitted Proofs

Proof. (Lemma [2.3]) Consider two cases either a > 1/(20) or a < 1/(20). First suppose a > 1/(20). We
use the inequality uv < % + 02,

E

9v2 a1 2 v2\"
1+ 02X +i§ﬂ(ax+bx)

<E 1+b2X2+Z ( X2+a202+b2X2)1

1 1
=E l)2X2 + exp <(—4 5 —|—b2) X2 —|—a202> — <—4 5 —|—b2) X? —azaﬂ
L o o

[ 1 1
=E |exp (<4—2 + b2> X2 4 a202) @X2 a2a2]

1
< exp ((@ + b2> o° + a202>

< exp (b202 + 2a202)

Next, let ¢ = max(a,b) < 1/(20). We have

E[1+6°X%+ i 2—1' (ax + b2X2)i] = E [exp (aX +52X?) — aX|
=2 )

IN

E :(aX T exp (a2X2)) exp (b2X2) - aX]

= E [exp (a2 + b2) X2) T aX (exp (b2X2) - 1)]
(a® +0%) X2) + X (exp (2x?) — 1)]
_ (a + b2) X2) +exp (2(:2X2) }

<E [exp ((a + b2+ 2 ) X2)}

< exp ((a +b2+ 262) 02)

e (
gE_exp(
(

<E —exp

In the first inequality, we use the inequality e*—xz < ¢*Vz. In the third inequality, we use x (er — 1) <

¢2®® — 1 Vz. This inequality can be proved with the Taylor expansion.

15



Proof. (Lemma (3I])) By the optimality condition, we have

<77ﬁf(:17t) + VeDy (zt41,2¢) , 2" — :L"t+1> >0

and thus R
<77tvf($t)a$t+1 - ZL"*> <(VaDy (@41, 20) , 2" — 241)

Note that

(VaDy (xeg1,24) s 2" — 2p41) = (VY (0141) — VU (21) , 2" — 2441)

=Dy (2", 2¢) — Dy (211, 7¢) — Dy (2%, 7441)
and thus
ul <@f($t), Tip1 — SE*> Dy (2%, 2¢) — Dy (2%, 2441) — Dy (2441, 7¢)
* * 1
<Dy (2%, 2) — Dy (2, 2441) — 3 ze1 — 2|

where we have used that Dy, (2441, ¢) > 5 [|z411 — 2¢||* by the strong convexity of .
By convexity,

fla) = @) <(Vf(@), 2 —2") = (& 2" —z) + <@f (4) ¢ — :L"*>
Combining the two inequalities, we obtain
ne (f (z) = f (@) + Dy (2%, 2441) — Dy (27, 2)

* — 1
<€yt — ) + e <Vf($t) Ty — $t+1> 5 (e
2
<me (Gt — ) + - va T H
Using the triangle inequality and the bounded gradient assumption |V f(z)|| < G , we obtain

[9£@)| =l + Vi@I? <20&l? + 20V ol <2 (&) +62)

Thus
m (f (@) = f (")) + Dy (a7, 2001) = Dy (2", 0) < e (&,0” — ) + 7 (&]” + G?)

as needed.

Proof. (Lemma [4.7]) Starting with smoothness, we obtain

fye) < fwe) +(Vf (1), yt—xt>+GHyt—ﬂftH+ lye — @¢||” Yo € X

= f(x) H(Vf (@) -1 — 2) + (Vf (@0) sy — ye1) + Gllye — o] + g lye — xtH2
= (1= au) (f (we) +(Vf (1) ,yt-1 — 1)) +au (f (21) +(Vf (21) , y1—1 — 1))

convexity convexity

(Y @)z =)+ Gl w4 5y — )

< (U —ay) f(ye—1) +ouf (@) + V()20 — o) + G |lye — 2| +é e —
—_—— —_———

=ou||ze—ze—1|| =a?||z—ze—1]?

= (1 =) f(ye—1) +aef (2e) + s (Vf (1), 20 — 24) + Gy |20 — 21| + gof e — 2zl
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By the optimality condition for z,
i <§f(mt), 2 — m*> <(VaDy (2, 20-1) s 2" — 2) = Dy (™, 2—1) — Dy (21, 20-1) — Dy (27, %)
Rearranging, we obtain
Dy (2%, 2t) — Dy (2%, 2—1) + Dy (2, 20-1) < m¢ <@f (z4), 2" — Zt> = (Vf (@) + &, " — 2)
By combining the two inequalities, we obtain
)+ 2 (Dy (", 2) = Dy (", 1) + Dy (2 21))

S (=) f(ye—1) +ar (f (o) + (Vf (2) 2% —24))

convexity

B .
+ Gaoy ||zt — 21| + Ea? ||zt — zt_1||2 + ay (&, 2" — zp)

S =ay) f(ye-1) +ouf (%) + Goy ||ze — 21| + gaf 2t — 2e1] + au (€, 2™ — 2)

Subtracting f (z*) from both sides, rearranging, and using that Dy (2, ze-1) > & |2 — z—1]|?, we obtain

f@»—f@ﬂ+%ﬁD¢uﬂa»—Dwuﬁa4»

< (1= ) (f (gms) — £ (&) + 0 (€02 — 2) + G |21 — 21 ]| — D oy )2

2m
1- b«
= (1 =) (f (e—1) = f (@) + e (& 2™ — 2m1) + oy (€t 26 — 20-1) + G |20 — 21| — @t# (B
1- b
< (=) (f (1) = f (@) + (&, 2™ — ze—1) + o ||ze — 21 || (| &l + G) — @t# (B

< (1= 00) (f (1) = T (@) 0 Go” = 21 + 5= s (6] + 6)F

Finally, we divide by %, and obtain

Z_i (f () = f (7)) + Dy (2%, 2) — Dy (2", 21-1)
2
< B (10 (o) = £ @) 4 = 1) + s (el + G
2
< Z_i (1 =) (f (1) = f (@) +m (&, 0" — 2-1) + % (H&Hz + Gz)

17



