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Abstract

We study the extended Frobenius problem for sequences of the form
{fa + fn}nen, where {fn}nen is the Fibonacci sequence and f, is a Fi-
bonacci number. As a consequence, we show that the family of numerical
semigroups associated to these sequences satisfies the Wilf’s conjecture.
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1 Introduction

Let S C N be the set generated by the sequence of positive integers (a1, ..., a.),
that is, S = (a1,...,a.) = 1N+ --- + a.N. If ged(ay,...,a.) = 1, then it is
well known that S has a finite complement in N. This fact leads to the classical
problem in additive number theory called the Frobenius problem: what is the
greatest integer F(S) which is not an element of S? Although this problem is
solved for e = 2 (see [13]), we have that it is not possible to find a polynomial
formula to compute F(S) if e > 3 (see [2]). Therefore, many efforts have been
made to obtain partial results or to develop algorithms to get the answer to this
question (see [10]).

Another interesting question is to compute the cardinality g(S) of the set
N\ S. In fact, sometimes finding formulas for F(S) and g(S) is known as the
extended Frobenius problem.

Let us recall that the Fibonacci sequence is given by the recurrence relation
fnt2 = fot1 + fn for n > 0 and the initial conditions fo = 0, f; = 1. This
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sequence has been widely studied and is present in many real phenomena (for
a popular paper, see [5]).

Among others, the main goal of this work is to solve the extended Frobenius
problem for S generated by Fibonacci sequences incremented by a Fibonacci
number. That is, if {fo, f1,..., fn,...} is a Fibonacci sequence and f, is a
Fibonacci number, then we will consider S(a) = (fo+ fo, fat f1s- -+ fat fn, - )
Thus, our work can be considered along the lines of [4, 8, [@]. By the way, observe
that these authors always consider sequences of three numbers and we do not.

In order to achieve our purpose, we will use the theory of numerical semi-
groups (see Section 2] for several results of this theory), which is closely related
with the Frobenius problem. Indeed, the sets S(a) defined above are numeri-
cal semigroups. In Section Bl we will determine the minimal finite subsequence
of {fa + fo,fa + f1,--s fa + fn,...} which generates S(a); in Section M we
will explicitly give the Apéry sets related to our numerical semigroups; and in
Sections [l and [6] we will give the formulas for solving the extended Frobenius
problem. Finally, as a result derived from our study, in Section [6l we will check
that our family of numerical semigroups satisfies the Wilf’s conjecture (see [14]).

2 Preliminaries (on numerical semigroups)

Let Z be the set of integers and N = {z € Z | z > 0}. A submonoid of (N, +) is a
subset M of N such that is closed under addition and contains de zero element. A
numerical semigroup is a submonoid of (N, +) such that N\S ={n e N|n ¢ S}
is finite.

Let S be a numerical semigroup. From the finiteness of N\ .S, we can define
two invariants of S. Namely, the Frobenius number of S is the greatest integer
that does not belong to S, denoted by F(S), and the genus of S is the cardinality
of N\ S, denoted by g(5).

If X is a non-empty subset of N, then we denote by (X) the submonoid of
(N, +) generated by X, that is,

<X>={)\1x1+---+)\nxn|n€N\{O}, T1,...,Tn € X, Al,...,)\neN}.

It is well known (see Lemma 2.1 of [I1]) that (X) is a numerical semigroup if
and only if ged(X) = 1.

If S is a numerical semigroup and S = (X), then we say that X is a system of
generators of S. Moreover, if S # (Y') for any subset Y C X, then we say that
X is a minimal system of generators of S. In Theorem 2.7 of [11] it is shown
that each numerical semigroup admits a unique minimal system of generators
and that such a system is finite. We denote by msg(S) the minimal system of
generators of S. The cardinality of msg(S), denoted by e(S), is the embedding
dimension of S.

The (extended) Frobenius problem for a numerical semigroup S consists of
finding formulas that allow us to compute F(S) and g(5) in terms of msg(S).
As in the case of the Frobenius problem for sequences, such formulas are well



known for e(S) = 2 (see [13]), but it is not possible to find polynomial formulas
when e(S) > 3 (see [2]), except for particular families of numerical semigroups.

If n € S\ {0}, then a very useful tool to describe a numerical semigroup S
is the set Ap(S,n) ={s€ S|s—n &S}, called the Apéry set of n in S (after
[1]). The following result is Lemma 2.4 of [I1].

Proposition 2.1. Let S be a numerical semigroup and n € S\ {0}. Then the
cardinality of Ap(S,n) is n. Moreover,

Ap(Sa n) = {’LU(O) = Oa w(l)a s aw(n - 1)}5
where w(i) is the least element of S congruent with i modulo n.

The knowledge of Ap(S,n) allows us to solve the problem of membership of
an integer to the numerical semigroup S. In fact, if x € Z, then z € S if and
only if > w(x mod n). Moreover, we have the following result from [12].

Proposition 2.2. Let S be a numerical semigroup and let n € S\ {0}. Then
1. F(S) = max(Ap(S,n)) —n,

2. g(S) = %(ZwEAp(S,n) U)) B nT_l

From this proposition, it is clear that, if we have an explicit description of
Ap(S,n), then we have the solution of the Frobenius problem for S.

3 The minimal system of generators of S(a)

From the definition of S(a), it is clear that, if a € {0,1,2}, then S(a) = N.
Therefore, in what follows, and unless otherwise indicated, we will assume that
a € N\ {0,1,2}.

In this section our main objective will be to determine the minimal system

of generators of S(a) = (fo + fo, fa + f1,-- s fa+ fn-- o).

First of all, let us observe that ged{ fo + fo, fo + f1} = ged{fa, fa +1} =1
and, therefore, S(a) is a numerical semigroup.

Let us see several results that are necessary to achieve our purpose.

Lemma 3.1. [0, p. 107] If i € N, then foiri = fix1fa + fifa—1-
Lemma 3.2. ]fl € N7 then fa + fa-i-i € <fa + fOufa + fa—1>'

Proof. By Lemma [B1] we have that fo, + foyi = (fix1 + 1)fa + fifa—1. Now,
since fo = 0, then fo + foti = (fi—1 +1)(fa+ fo) + fi(fa+ fa—1). Consequently,
fa+fa+i€<fa+f0afa+fa—l>- O

The following result is Lemma 2.3 of [11].

Lemma 3.3. If S is a numerical semigroup and S* = S\ {0}, then msg(S) =
S*\ (S5* 4+ 5%).



If S is a numerical semigroup, then the multiplicity of S is the least positive
integer belonging ot S, denoted by m(S).
The next lemma is an immediate consequence of Lemma

Lemma 3.4. If X is a system of generators of a numerical semigroup S and
X C{m(S),m(S)+1,...,2m(S) — 1}, then X = msg(S).

We are now ready to show the announced result on the minimal system of
generators of S(a).

Proposition 3.5. We have that msg(S(a)) = {fo + fo, fa+ f2,- s fa+ fa-1}-

Proof. By Lemma B2] we deduce that {f, + fo,fa + fo,- -, fa + fa—1} is &
system of generators of S(a). Since m(S(a)) = fo + fo = fo and fo = fo + fo <
faot+ fo < ... < fat fau1 < 2fq, by applying Lemma [B.4] we conclude the
proof. O

As an immediate consequence of the previous proposition, we have the fol-
lowing result.

Corollary 3.6. The embedding dimension of S(a) is e(S(a)) =a — 1.

Example 3.7. By definition, S(7) = (13+0,13+1,13+2,13+ 3,13+ 5,13+
8,13+ 13,134 21,13+ 34, ...). By Proposition B, we know that msg(S(7)) =
{13,14,15,16, 18,21} and, therefore, e(S(7)) = 6.

It is clear that {f, | n > a} C (fa, fat1) and that {fs, far1} C S(a).
Therefore, we have the next result.

Proposition 3.8. We have that {f, | n > a} C S(a).

4 The Apéry set of S(a)

Our main objective in this section is to prove Theorem H.6, which describes
Ap(S(a), fa)-

It is a well known fact that every non-negative integer can be uniquely

represented as a sum of non-consecutive Fibonacci numbers (see [15]), the so-
called Zeckendorf decomposition. Moreover, this decomposition is minimal in
the sense that no other decomposition has fewer summands (see [3]). Both facts
are summarised in the following lemma.
Lemma 4.1. If x € N\ {0}, then there exists a unique k € N\ {0,1} such
that © = Y% bifi with (ba, ..., bg) € {0,132 b = 1, and bibiyy = 0 for all
i€42,....,k —1}. Moreover, if x = 25;2 cifi with (ca,...,cp) € N1 and
K eN, then S5 b <9 e

If x € N, then we denote by

!
B(x) = min {Zbl
=2

1
x:Zbifi, with (ba,...,b) € N71 1> 2}.
1=2



Remark 4.2. By Lemma 1] it is clear that, if x = 2522 b; fi is the Zeckendorf
decomposition of x € N'\ {0}, then B(x) = Zf:z b;. Moreover, 3(0) = 0.

To prove Theorem we need the following result.
Lemma 4.3. Ifa € N\ {0,1,2}, (da,...,da_1) € N°"2, and 32 difi > fa,
then there exists (ca,...,cqa_1) € N2 such that Z;:; difi = fa+ Zf;; cifi
and Zf;zl ¢ < E::; d;.

We will show the proof of the above lemma in two steps. In the first (Lem-

ma[44) we obtain the result directly for some cases. In the second (Lemma [4.5])
we prove it by mathematical induction for the rest of the cases.

Lemma 4.4. Let a € N\ {0,1,2,3} and 307, bif; > fa, with (ba,...,ba_1) €
N2, If (by—2 > 1 andby_1 > 1) or (ba—o =0 and by_1 > 2), then we have that
S bifi—fa = 05 cifi, with (ca, ... ca1) € N2 and Y0 e < S0 by

Proof. Let us observe that

a—1 a—1 a—1
S obifi—fa=> bifi—fa2—fa1 =Y bifi+ fos—2fa1.
=2 =2 1=2

Now, if by_o > 1 and bo_1 > 1, then Y07 bifi — fa = S0, ¢ifi, with
c=bjfor2<i<a—3,c4_9=0bs_9—1,and ¢,_1 = by_1 — 1. Thus, the result
is proven in this case.

Similarly, if by_o = 0 and b,y > 2, then 2070 b; fi — fo = Y07, cify, with
C; = bz for 2 < ) < a—4, Cq—3 = ba,3—|—1, Cq—2 = ba,Q = O, and Cq—1 = ba,1—2.
So, this case is also proven. O

Lemma 4.5. Let a € N\ {0,1,2} and Y07, bifi > fa, with (ba,...,ba1) €

N¢~=2. Then we have that Z;:; bifi — fa = Z;:; cifi, with (ca,...,ca—1) €
N2 and Y277, ¢ < 3025 bie

Proof. We are going to prove the lemma using induction on a.

(Basis.) We first analyse the cases a = 3 and a = 4.

Let us take a = 3. Then Y%7 b; f; = by fo = by. Thus, having in mind that
f2 = 1, if b2f2 Z fg, then b2 Z fg. Therefore, b2f2 —fg = CQfQ with Coy = b2 —fg.

Now, if a = 4, then 2?2_21 bifi = bafa + bzfs. Since fo = 1, f3 = 2 and
f1 = 3, we have that, if by fo 4+ b3fs > f4, then b + 2b3 > 3. Consequently,
(b2,b3) € B = N2\ {(0,0),(1,0),(0,1),(2,0)}. Let us see two particular cases
of elements in B.

1. If (bg, bg) = (k, 0), k Z 3, then b2f2+b3f3—f4 = 02f2+03f3 with Coy = b2—3
and c3 = 0.

2. In any other case we apply Lemma [£.4]



(Induction hypothesis.) We now suppose that a > 5, Zf:_; bifi > fa, and
that the statement is true for all k € {3,4,...,a — 1}.
(Induction step.) In the light of Lemma 4] we need only consider three

cases. Moreover, we recall that E?:_; bifi — fo= Z;:; bifi — fa—o — fa—1.

1. I by 5 >1and b,y =0, then S0 bifi — fo = 3022V, fi — fa_1, with

b =b; for 2 <i<a—3and b, 5 =0b,_2—1. Now, by the induction
hypothesis for £ = a — 1, the result is proven in this case.

2. Ifbyo=0and b,y =1, then Y07, bifi — fa = 32022 bi fi — fa_2. Then,
by the induction hypothesis for k = a — 2, the case is proven.

3. If byz = baoy = 0, then 07 bifi — fo = 078 bifi — fa—z — fao1.
Now, by the induction hypothesis for & = a — 2 (having in mind that
Z;:Q?’ bifi — fa—2 > fa—1 > 0) and k = a — 1, it follows that Ef;;’ bifi —
famz = fam1 = Y03 Vi fi = faor = Yi5, cifi, with By = o1 = 0
and 300y ¢ = Mg e < Y b = YiL b < X b = X, bi
Therefore, the case is proven.

O

Theorem 4.6. Let a € N\{0,1,2}. Ifx € {0,1,..., fo—1} and Ap(S(a), fu) =
{w(0) =0,w(1),...,w(fo — 1)}, then w(z) = B(z)fo + .

Proof. The result is trivial for z = 0. So let us suppose that z € {1,..., fo —1}.

If x = Ef:z b;fi is the Zeckendorf decomposition of z, then k¥ < a and
Bx)fo + 2 = Zf:2 bi(fa + fi) € S(a). Moreover, 8(z)f, + = = z (mod f,).
Therefore, w(x) < B(x) f, + .

We now suppose that w(z) = 3075 b,(fa + fi), with (by,...,0,_;) € N*=2,
Obviously, Ef:_; bifi =+ af, with @« € N. If @ > 1, then we can apply
Lemma and get that there exists (ca,...,cq_1) € N®2 such that w(z) =
S i(fat fi) + fa (1 + 0T — ci)), with 27 (b, — ¢;) > 0. Therefore,
w(z)— fq € S(a), in contradiction with the fact that w(x) € Ap(S(a), f,). Thus,
we have E;:; b;fi = x and, in consequence, w(x) = E;:; b;) fa -+ x. Finally,
from the definition of 3(z), we can easily conclude that w(z) > 8(z)f, +x. O

Example 4.7. By Example B77 we have that S(7) = (13,14,15,16,18,21).
Furthermore, from Theorem and the corresponding Zeckendorf decomposi-
tions, we deduce that

e l=/fy2=Ff3;3=f1;5=f5;8=fs = B(1) =52 =p3)=p(5)=
B8) =1 = w(l) = 14; w(2) = 15; w(3) = 16; w(5) = 18; w(8) = 21;

o d=fo+fo56= [+ fos 7= [fs+ f3;9 = fo+ f2;10 = fo + f3; 11 =
fo+ fa = B(4) = B(6) = B(7) = B(9) = B(10) = B(11) =2 = w(4) =
30; w(6) = 32; w(7) = 33; w(9) = 35; w(10) = 36; w(11) = 37;

o 12=fo+ fi+ fo = B(12) =3 = w(12) = 51.



5 The Frobenius number of S(a)

The main aim in this section is to prove Theorem [5.6] which provides us a
formula for the Frobenius number of S(a) as a function of a and f,. For this
we need some previous results.

If € N, then we denote by v(z) = max{l e N| f; < z}.

Remark 5.1. By Lemma[4.]] it is clear that, if z = 2522 b; f; is the Zeckendorf
decomposition of z € N\ {0}, then (z) = k. Moreover, v(0) = 0.

The following result is an immediate consequence of Remarks and .1
and the definitions of 8(z) and ~(z).

Lemma 5.2. If z € N\ {0}, then 8(z) = B (z — fy(x)) + 1.

Since Zeckendorf decompositions do not admit consecutive Fibonacci num-
bers as addends, we easily have the following result.

Lemma 5.3. If x € N\ {0}, then v (z — fy(x)) < y(z) — 2.

We can give 3(x) very easily in some cases. For example, if a € N\ {0}, then
B(fa) = 1. Let us see another case. As usual, |z] = max{z € Z | z < z}.

Lemma 5.4. If a € N\ {0}, then B(f. —1) = |45 ].

Proof. We will argue by mathematical induction on a. First, it is trivial that
the result is true for a € {1, 2}.

Now, by Lemma 5.2 if @ > 3, then 8(f, — 1) = B(fa — 1 — fa_1) +1 =
B(fa—2 — 1) + 1. Therefore, by the induction hypothesis on a — 2, we have that
Blfa—1) =[] +1=[45H]. 8

In the general case, we can show an upper bound.

Lemma 5.5. If z € N, then B(x) < {@J

Proof. We will use mathematical induction on z. First, the result is trivially
true for z € {0, 1,2}.

Now, let us suppose that = > 3 and that G(y) < L@J for all y < x. Then,
by Lemmas and [5.3] we have that

Bx) =B (z = fyw) +1< {MJHS {WJJA: {MJ

We are ready to show the announced theorem.
Theorem 5.6. If a € N\ {0,1,2}, then F(5(a)) = |45 | fo — 1.

Proof. Itz € {0,1,..., fo — 1}, then y(x) < a — 1. Thus, from Theorem 6] and
Lemmas 5.4 and B35, we deduce that max (Ap(S(a), fa)) = | %52 | fa + fa — L.
Now, by Proposition 22, we conclude that F(S(a)) = |45 | fo — 1. O



Example 5.7. By Example B77 we have that S(7) = (13,14,15,16,18,21).
From Theorem 5.6 we get that F(S(7)) = | 55| fr — 1 = 38.

Since e(S(a)) = a — 1 and m(S(a)) = f,., we can reformulate Theorem
as follows.

Corollary 5.8. Ifa € N\ {0,1,2}, then F(S(a)) = [@J m(S(a)) — 1.

Remark 5.9. Tt is easy to check that Theorem and Corollary are also
true for a = 2.

6 The genus of S(a)

In this section we will give a formula for the genus of S(a). As usual, if A is a
set, then we denote by #(A) the cardinality of A. Moreover, if m,n € N with
m < n — 2, then we denote by F,,(m) the set

{X C{2,...,n—1} | #(X) = m and no two consecutive integers belong to X }.

It is clear that #(F,(m)) = 0 for all m > "T_l In other case, we have a classical
result on counting subsets.

Lemma 6.1. [7, Lemma 1] If m,n € N\ {0} and m < 251, then #(F,(m)) =
(")

Remark 6.2. The Zeckendorf decomposition gives us a bijection between the sets
{1,..., fa—1}and F(a) = Fo(1)U---UF, (| %52 |)- Indeed, if w € {1,..., fa—1}
has the Zeckendorf decomposition Zf:z bifi (k < a, (ba,...,br) € {0,1}F1
b = 1, and bjb;jy1 = 0 for all i € {2,...,k — 1}), then we can associate x
with the set B(z) € F,(B(x)) consisting of all subscripts j such that b; = 1.

a1 ,
Now, from the well known equality f, = > JL:S J (“_;_J ) and the uniqueness of

the Zeckendorf decomposition, the correspondence associating x to B(x) is the
sought bijection.

As a consequence of Theorem [£.0] Lemma [6.] and Remark[6.2] we have the
following result.

Proposition 6.3. If a € N\ {0,1,2}, then
Ap (S(a), fa) \ {0} = {(#(B)) fot+ Y fol BEF(a)\ {9}} :
beB

Moreover, if { By, Bo} C F(a)\{0}, then (#(B1)) fa+Yvep, o = #(B2)) fa+
Eb632 fo if and only if By = Bs.

The next result is an easy consequence of Proposition



Lemma 6.4. If S is a numerical semigroup, n € S\{0}, {k1,kz2,...,kn—1} CN,
and Ap(S,n) = {0,kin+ 1, kan+2,..., ky_1n+n— 1}, then g(S) = k1 + k2 +
e knfl-

By Theorem and Lemma [64] we can deduce the following result.
Lemma 6.5. If a € N\ {0,1,2}, then g(S(a)) = Y1 " B(x).

Let B(z) be the set associated to z € {1,..., f,—1} in Remark[6:2l Then it is
clear that #(B(z)) = S(x). This fact, together Proposition[6.3 and Lemma [6.5]
leads to the next result.

Proposition 6.6. If a € N\ {0,1,2}, then g(S(a)) = ZL = i(“TI ).
In fact, we can explicitly compute the summation of the above proposition.
Theorem 6.7. If a € N\ {0,1,2}, then g(S(a)) = %22 fo + £ fa—a.
Proof. Let us first see that, if a > 5, then
g(S(a)) = g(S(a—1)) +g(S(a—2)) + fao

Let us take a = 2k + 3 for k € N\ {0}. Then, by Proposition [6.6] we have
that g(S(a)) = g(S(2k+ 3)) = Efill i(%?*i) and, hereafter,

sereo) =304 () 7) () s ()

<2k +¢1 - z> N éz(% :—11_ z) e41) <Z>

k+1
2k +1—14
2k + 2))
= g(S(2k + —I—Zz( A )

S(2k +2)) + §i<2k; Z) + zk: (Qki_ Z>

=0

Il
-
i Ma— \
I

= g(S(2k +2)) + g(S(2k + 1)) + fart1.

If a = 2k 4+ 4, with k € N\ {0}, the equality check is similar, so we omit it.

To conclude that g(S(a)) = 22 f, + £ f4—2, we use mathematical induction.
In fact, we easily have the equality for a = 3 and a = 4. Now, if ¢ > 5 and we
assume that the equality is true for all k € {3,4,...,a — 1}, then

g(S(a)) = g(S(a—1)) + g(S(a —-2)+ fa 2

a—3
= 5 fa—1+ fa 3+ fa 2+ fa 4+fa2

— a ; 2 (fa—l + fa—2) + g (fa—?; + fa—4) - fa_ 3fa_2 —g fa_3 ha 2fa_4

a—2 a
=5 Jot pfa2,
Considering that fa,1 _3fa72+fa73+2fa74 = _2fa72+2fa73+2fa74 =0. O



Example 6.8. By Example B7, we know that S(7) = (13,14,15,16,18,21).
From Theorem 6.7} we have that g(S(7)) = fr + Zf5 = 13+ 7 = 20.
Remark 6.9. Tt is easy to check that Theorem [6.7]is also true for a = 2.

Since we know explicitly expressions for the embedding dimension, the Frobe-
nius number, and the genus of S(a), we can check that this family of numerical
semigroups satisfies the Wilf’s conjecture (see [14]). If S is a numerical semi-
group, then we denote by n(S) the cardinality of the set {s € S| s < F(S5)}.

Corollary 6.10. Ifa € N, then F(S(a)) +1 < e(S(a))n(S(a)).

Proof. If a € {0,1,2}, then S(a) = N and, therefore, the result is obvious.
If a > 3, we use an equivalent inequality. Indeed, since g(S)+n(S) = F(S)+1
for any numerical semigroup S, then

F(S) +1 < e(9)n(S) < e(5)g(S) < (e(5) — 1) (F(S) +1).
Now, by Corollary B.68, Theorem [5.6] and Theorem [6.7] we have that
e(S(a))g(S(a)) < (e(S(a)) —1) (F(S(a)) +1) &

(a_ 1)(a_2)fa5+ afu,—2 < (a_2) {aglJ fa'

By direct verification, the last inequality is true for a € {3,...,10}. If a > 11,
since f, o < fa, it is enough to see that 2(a—1)% < g(a—2)2, which is equivalent
t0 20 < (a — 6)2. O
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