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We study properties of the central path underlying a nonlinear semidefinite optimization problem, called NSDP for short.
The latest radical work on this topic was contributed by Yamashita and Yabe (2012): they proved that the Jacobian
of a certain equation-system derived from the Karush-Kuhn-Tucker (KKT) conditions of the NSDP is nonsingular at
a KKT point under the second-order sufficient condition (SOSC), the strict complementarity condition (SC), and the
nondegeneracy condition (NC). This yields uniqueness and existence of the central path through the implicit function
theorem. In this paper, we consider the following three assumptions on a KKT point: the enhanced SOSC, the SC,
and the Mangasarian-Fromovitz constraint qualification. Under the absence of the NC, the Lagrange multiplier set is
not necessarily a singleton and the nonsingularity of the above-mentioned Jacobian is no longer valid. Nonetheless, we
establish that the central path exists uniquely, and moreover prove that the dual component of the path converges to the
so-called analytic center of the Lagrange multiplier set. As another notable result, we clarify a region around the central
path where Newton’s equations relevant to primal-dual interior point methods are uniquely solvable.
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1. Introduction We consider the following nonlinear semidefinite optimization problem:

Minimize f(x)
subjectto G(x) € S7, (1.1)
h(x) =0,

where f:R" - R, G:R" — §™, and & : R" — R’ are twice continuously differentiable functions. Moreover,
S™ denotes the set of real m X m symmetric matrices and S, (resp. S7) stands for the set of m X m real sym-
metric positive definite (resp. semidefinite) matrices. Throughout the paper, we often refer to problem (1.1)
as NSDP. NSDP (1.1) contains a wide class of optimization problems. Indeed, when all the functions are
affine with respect to x, it reduces to a linear semidefinite optimization problem (Vandenberghe and Boyd
[56], Wolkowicz et al. [57]). When the function G is of the diagonal matrix form, it is regarded as a conven-
tional nonlinear optimization problem (Mangasarian [37], Luenberger and Ye [35]). Moreover, it contains
nonlinear second-order cone optimization problems (Kato and Fukushima [26], Bonnans and Ramirez [6])
by restricting the form of G appropriately.

The recent advance of researches on the NSDP is remarkable. Abundant practical applications of the
NSDP can be found in a wide variety of fields, for example, structural optimization (Ko¢vara and Stingl


http://arxiv.org/abs/2210.00838v2
mailto:takayuki-okuno@st.seikei.ac.jp

Author: Article Short Title
2 Article submitted to Mathematics of Operations Research; manuscript no. (Please, provide the manuccript number!)

[28], Thore et al. [54], Takezawa et al. [52], Thore [53]), control (Scherer [46], KoCvara et al. [27], Hoi
et al. [18], Leibfritz and Volkwein [33]), statistics (Qi and Sun [45]), finance (Konno et al. [30], Leibfritz
and Maruhn [31]), positive semidefinite factorization (Vandaele et al. [55]), and so on. Elegant theoretical
results on optimality conditions for the NSDP have been also developed. For example, the Karush-Kuhn-
Tucker (KKT) conditions and the second-order conditions for the NSDP were studied in detail by Shapiro
[47] and Forsgren [10]. Further examples are: the strong second-order conditions by Sun [49], sequential
optimality conditions by Andreani et al. [2], the local duality by Qi [44], and the optimality conditions via
squared slack variables by Lourenco et al. [34]. Along with such theoretical results, various algorithms have
been proposed for solving the NSDP, for example, augmented Lagrangian methods (Ko¢vara and Stingl
[28], Sun et al. [51, 50], Andreani et al. [2, 1], Fukuda and Lourengo [12], Huang et al. [20], Wu et al. [59]),
sequential linear semidefinite optimization methods (Kanzow et al. [24]), sequential quadratic semidefinite
optimization methods (Correa and Ramirez C [8], Freund et al. [11], Zhao and Chen [67, 68], Yamakawa and
Okuno [60]), sequential quadratically constrained quadratic semidefinite optimization methods (Auslender
[4]), exact penalty methods (Auslender [5]), interior point-type methods (Arahata et al. [3], Jarre [21], Kato
et al. [25], Leibfritz and Mostafa [32], Okuno and Fukushima [43, 42], Okuno [41], Yamashita and Yabe
[63], Yamashita et al. [64, 65], Yamakawa and Yamashita [62, 61]), homotopy methods (Yang and Yu [66]),
and so forth.

In this paper, we study properties of the central path for the NSDP. The central path is a path formed by
stationary points of the log-barrier penalized problem, and is a key concept of interior-point methods, abbre-
viated as IPMs, in solving a wide class of optimization problems including the NSDP. Many IPMs share the
strategy of approaching a KKT point by following the central path approximately. Since the geometry of
the central path is related to the performance of IPMs, it has been well studied under various settings. For
example, Megiddo [38] presented an early work in this line for linear optimization or linear programming.
Kojima et al. [29] and Monteiro and Tsuchiya [39] studied the central path for monotone complementarity
problems under the absence of strict complementarity condition. Monteiro and Zou [40] worked with the
existence of the central path for convex optimization problems. Wright and Orban [58] considered non-
linear optimization problems and analyzed the properties of the central path under the absence of linear
independence constraint qualification.

We briefly review the history of the central path of semidefinite optimization problems (SDPs). Concern-
ing linear SDPs, Luo et al. [36] showed that the (primal-dual) central path converges to the analytic center
under the presence of the strict complementarity condition. Sturm and Zhang [48] further proved that the
derivative of the central path is convergent. Halick4 et al. [16] proved that the central path is convergent
regardless of the strict complementarity, by means of the curve selection lemma from algebraic geometry,
although it can fail to converge to the analytic center in the absence of the strict complementarity. Halickd
[15] established that the central path is analytic including the boundary. See also other works by Goldfarb
and Scheinberg [13], Halick4 et al. [17], Kakihara et al. [22, 23], da Cruz Neto et al. [9], and so forth. More
generally, Grafia Drummond and Peterzil [14] worked with the existence and convergence of the central
path of convex smooth SDP by assuming that the functions organizing the problem are analytic. While there
are many such studies concerning linear and convex SDPs, those for the general NSDP (1.1) are very scarce.

The latest radical work for NSDP (1.1) along this research-topic was presented by Yamashita and Yabe
[63]. The authors analyzed the local convergence property of the primal-dual IPM, called PDIPM for short,
that was proposed in another article of theirs (Yamashita et al. [64]). This PDIPM is explained briefly as
follows: in the algorithm, the barrier KKT (BKKT) conditions are derived by perturbing the KKT condi-
tions, and the degree of perturbation is controlled by the so-called barrier parameter. See Section 2.3 for the
precise definition of the BKKT conditions. The PDIPM approaches a KKT point by generating a sequence
of approximate BKKT points while driving the barrier parameter to zero. To compute a BKKT point, the
Newton method combined with scaling techniques is applied to an equation-system equivalent to the BKKT
conditions. In [63], Yamashita and Yabe proved that the Jacobian of this equation-system is nonsingular at
a KKT point under the following three conditions: the strict complementarity condition (SC), the second-
order sufficient condition (SOSC), and the nondegeneracy condition (NC). Along with the classical implicit
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function theorem, this fact yields that there exists a unique smooth path, i.e., a central path, passing through
the focused KKT point, and this path is formed by BKKT points.

Contribution The main contribution of this paper is summarized as follows:

1. We prove that there exists a smooth central path under the SC, the enhanced SOSC, and the
Mangasarian-Fromovitz constraint qualification (MFCQ) at a KKT point of the NSDP. We also prove that
the central path converges to the KKT point and the analytic center of the corresponding Lagrange multi-
plier set. Since the NC is not assumed therein, the Lagrange multiplier set is compact and convex, but not
necessarily a singleton, although the KKT point is a strict local optimum due to the enhanced SOSC. In
such a situation, it is difficult (or impossible) to prove existence of the central path straightforwardly by
means of the implicit function theorem.

2. Under the same conditions as above, we give a region around the central path where the Newton
equation is solvable uniquely when applying the PDIPM.

Many of the analyses in literature on SDPs exploit the fact that the functions are analytic and thus so is the
underlying central path. However, this methodology is no longer available in our setting since the functions
of the NSDP are not assumed to be analytic. The manner of our analysis conducted in this paper is motivated
from Wright and Orban [58] for nonlinear optimization, but ours is more complicated because the SOSC of
the NSDP involves difficulty arising from the so-called sigma term. Furthermore, we deal with the nonlinear
equality constraints together, whereas [58] does not.

Notations and terminologies Throughout the paper, we use the following notations as necessary: for
asetS, we denote by int S, clS, and bd S the topological interior, closure, and boundary of S, respectively.
We denote the identity matrix in R” by I, and for A € R™", we define Sym(A) := (A +A")/2 and ||A||g :=
Vtrace(ATA). For B € R™", we denote the kernel and image spaces of B by Ker B and Im B, respectively,
that is, Ker B:={x € R" | Bx=0} and Im B := {By|y € R"}. For X, Y € ", we define the inner product X ¢ Y
by X e Y :=trace(XY). We also define the linear operator Ly : S” — S™ by

Ly(Y):=XY + YX.

Denote the smallest eigenvalue of X € S” by A,;,(X). For X € S and r > 0, we denote by X * the unique
solution U € S of U" = X. For a function g : R" — R, we denote by Vg(x) or V,g(x) the gradient of g,

namely, Vg(x) := (657(1”, cees (ZgT(j))T € R" and, also denote by V> g(x) the hessian of g, namely, V2 g(x) =

(%)191]5" € R™". For {A;} in a normed vector space with norm || - || and {b;} C R, we write A; = O(b;) if
i0Xj

there exists some M > 0 such that ||A,|| < M|b,| for all k sufficiently large, and write A; = o(b,) if there exists

some nonnegative sequence {a;} C R such that lim;_., a; = 0 and ||A;]| < a|by| for all k sufficiently large.

We also say A, = O(b,) if there exist M|, M, > 0 such that M,|b,| < ||A;|| < M,|b,| for all k sufficiently large.

We also denote R, :={a€R|a>0}, W:=R"xS" xR,
W, =Y. e W|GR) €S, Y ST}, W, = {(x, ¥, e W|G(x) €SI, Y €S},

++2 +

For w:=(x,Y,z) € W, we define ||w]| := \/||X||§ +1Y1IZ + |lzll5, where || - ||, denotes the Euclidean norm.
Lastly, relevant to the function G in NSDP (1.1), we define the following notations. For i =1,2,...,n, we
write
0G(x)
axi

Giw) =

For any x,d € R" and Y € S", we write
AG(x;d) := Z diGi(x)€S", JGx)'Y :=[Gi(x) e YV, Gr(x) 0 Y,...,G,(x) e Y]" €R".
i=1

Some more notations and symbols will be introduced for the main analysis. See the paragraph Additional
notations and symbols used hereafter at the end of subsection 3.1.
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Organization of the paper The rest of the paper is organized as follows. In section 2, we review some
important concepts related to the NSDP such as the KKT conditions. In section 3, the main analysis is
presented. In section 4, we conclude this paper with some remarks.

2. Preliminaries

2.1. KKT conditions for NSDP We introduce the KKT conditions for NSDP (1.1).
DeriniTion 1. We say that the the Karush-Kuhn-Tucker (KKT) conditions for NSDP (1.1) hold at x e R”
if there exist a Lagrange multiplier matrix ¥ € S and vector z € R* such that

V.L(w) = VF(x) - TG(x)'Y + Vh(x)z =0, 2.1)
G(x)eY =0, G(x)eS™, Y €S™, (2.2)
h(x) =0, (2.3)

where w :=(x, Y,z) € W and L : ‘W — R denotes the Lagrange function for the NSDP, that is,
Lw):= f(x)—G(x)e Y +h(x)"z

for any w € W. Particularly, we call a triplet w = (x, ¥, 7) satisfying the KKT conditions a KKT triplet of
NSDP (1.1), and also call x a KKT point of the NSDP. Moreover, given a KKT point x, we denote by A(x)
the set of Lagrange multiplier pairs (Y, z) satisfying the KKT conditions at x, namely,

A(x) :={(Y, 2) satisfying (2.1)-(2.3)}.

As can be checked easily, A(x) is convex. Below, we define the Mangasarian-Fromovitz constraint qualifi-
cation (MFCQ), under which the KKT conditions are ensured to be necessary optimality conditions for the
NSDP.

DermntTion 2. ([7, Definition 2.8.6]) Let x € R” be a feasible point of NSDP (1.1). We say that the
Mangasarian-Fromovitz constraint qualification (MFCQ) holds at x if VA(x) is of full column rank and there
exists a vector d € R” such that G(x) + AG(x;d) € S, and Vh(x)"d =0.

Remark 1. The MFCQ is equivalent to the following Robinson’s constraint qualification at a feasible
point x € R" [7, Corollary 2.101]:

o loe=}-[])

Remark 2. Let x € R” be a local optimum of NSDP (1.1). Under the MFCQ, the KKT conditions hold
at x, thus A(x) # 0. In particular, the MFCQ implies that A(x) is compact. Conversely, when f is convex, &
is affine, and G is matrix-convex in the sense of Bonnans and Shapiro [7, Section 5.3.2], a KKT point is a
global optimum of (1.1).

There are several equivalent reformulations for the semidefinite complementarity condition (2.2), among
which the simplest one is

Gx)Y =0, G(x)eST, YeST, 2.4)

and two other formulations are
Sym(G(x)Y)=0, G(x)eS", YeST, (2.5)
G(x)?YG(x)? =0, G(x)€S", Y S (2.6)

Based on the above two formulations, primal-dual interior point methods (PDIPMs) have been developed
for solving NSDPs so far. For example, see Yamashita et al. [64] and Yamashita and Yabe [63] for PDIPM
with (2.5) and also see Okuno [41] for that with (2.6).
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Other fundamental properties of the complementarity condition Let x* € R" be a KKT point for the
NSDP. With an appropriate orthogonal matrix P, € R"™, the matrix G(x*) and an arbitrary dual matrix
Y € S such that G..Y = O holds can be factorized as

. oo, . [YE0],;
G(x)=P. [0 GSF]P*’ Y—P*[ 0 O]P*’ (2.7)

where G'F € S7, is a diagonal matrix with r, := rankG(x*), the positive real eigenvalues of G(x*) are aligned
on the diagonal line, and YEE € S77™. YEE € §7."* does not necessarily hold. Without loss of generality, we
may assume that the eigenvalues are placed in the ascending order on the diagonal. Needless to say, P. is a
matrix whose columns are eigenvectors of G(x*). Partition the matrix P, as

P.=[E. F.],

where E, € R™ ") and F, € R™"+. Note that each column of E, represents an eigenvector of G, := G(x*)
which corresponds to the zero-eigenvalue of G(x*), while that of F, does to a positive eigenvalue of G.. In
terms of E, and F\, the two equations in (2.7) are transformed as

0 0| [ETYE, ETYF,] [V 0 2.8)
O G| |FTYE. FTYF.|™| 0 o] '

E'G.E, ETG.F,
F'G.E, F'G,F,

We will often make use of formulation (2.8). For later use, we define the following notations: for the above
P,=[E.,F.] and given x,d € R" and Y, € S", we write

[YEE YEF] _ [E;j Y.E, ETY.F,| [G® GEF] _ [Ej G(x)E, ET G(x)F*] 2.9)
Y YRV FTYE, FTY.F.| |G™ G| |FIG(x)E, F]G(x)F.|’ ’
AG*™(x;d) AG™ (x;d)| ™ |FTAG(x;d)E, FTAG(x;d)F. | :

2.2. Second-order optimality conditions and relevant properties In this subsection, we review the
second-order necessary/sufficient conditions for the NSDP. Subsequently, we will describe the relevant
properties briefly. For more detailed explanations, we refer readers to, e.g., [63, 47] or [7].

Dermntrion 3. Let x* be a KKT point for the NSDP and consider the corresponding Lagrange multi-
plier set A(x"). Then, the nondegeneracy condition, strict complementarity conditions, and second-order
condition are defined as follows:

Nondegeneracy condition Let r, :=rank G(x*) and let {e,, e, ..., e,_.,} be an orthonormal basis of the null
space of G(x*). Moreover, denote

viji=(e] Gi(x)ej, -+, el G, (xNe))T eR" (1 <i<j<m—r.).

We say that the nondegeneracy condition holds at x* if the vectors v;; e R" (1 <i< j<m—r,)and VA, (x") (i =
1,2,...,0) are linearly independent.

Strict complementarity condition Let ¥ € S be a Lagrange multiplier matrix at x*, which means that
G(x") and Y satisfies the complementarity condition (2.2). We say that the strict complementarity condition
holds at (x*, Y) if G(x*) + Y € S”',, which is equivalent to rank G(x*) + rank ¥ = m under (2.2).

Second-order conditions We say that the second-order necessary (resp., sufficient) condition holds at x* if

sup d"(V2,L(x", ¥,2) + Qx",Y))d > (resp., >)0, Yd € C(x")\ {0}, 2.11)

(Y.2)eA(x¥)

where C(x*) is the critical cone at x* and specifically represented as

C(x')={deR" | Vf(x')Td=0,Vh(x') d =0, AG(x":d) € Teop(G(x"))). (2.12)
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Here, Tsn(G(x")) denotes the tangent cone of S at G(x*) and is represented specifically as
Ton(G(x") = {X €S" | ETXE.(=X"") e §™}.
Moreover, for any x e R” and Y € S™, Q(x, Y) denotes the matrix in S” whose (i, j)-th entry is given as

(Q(x,Y));; :=2Y ¢ G(0)G()'G,(x)
fori,j=1,2,...,n, where G(x)" denotes the Moore-Penrose inverse matrix of G(x).

Remark 3. The nondegeneracy condition at x* is a constraint qualification for the NSDP and yields the
MEFCQ. It reduces to the linear independence constraint qualification (LICQ) when nonlinear optimization
is considered. As with the LICQ, the Lagrange multiplier set A(x*) is a singleton under the nondegeneracy
condition.

The term d"Q(x*, Y)d in (2.11) is called the sigma term for the semi-definite constraint G(x) € S”'. We
refer readers to [7] for a precise description of its background and properties. In the following lemma, the
sigma term is expressed more specifically, thereby being ensured to be nonnegative.

Lemma 1. For Y € S” such that G.Y = O and a direction d € R", it holds that
=2 ||(YEE)% AG™(x*; d)(G™) 2

2
b
F

where YEE and G'F are defined in (2.8), and moreover AG™® and AG®F in (2.10).
Proof. By straightforward calculation. See Appendix A.1 for details. O

When we consider the standard nonlinear optimization where the nonnegative cone is set in the NSDP
in place of the semidefinite cone, the sigma term always vanishes because AG™(x*;d) = O holds for any
d in the above lemma, and thus it never appears in the second-order conditions. In contrast, in the NSDP,
the sigma term reflects curvature of S and is nonnegative for any d # 0 and Y € S7 as shown in Lemma 1.
With the help of this term, the second-order condition is more likely to hold even when V2 L is not positive
semidefinite over the critical cone. However, this term makes the analysis for the NSDP more complicated
than in nonlinear optimization.

Lastly, we mention useful facts associated with the second-order conditions in the following two neces-
sary and sufficient optimality conditions.

Second-order necessary optimality for the NSDP [7, Theorem 3.45,5.88] Let x* € R" be a local opti-
mum of NSDP (1.1) and suppose that the MFCQ holds there. Then, the second-order necessary condition
holds at x*.

Second-order sufficient optimality for the NSDP [7, Theorem 5.89] Suppose that x* is a KKT point of
NSDP (1.1) and, furthermore, the second-order sufficient condition holds. Then, x* is a strict local optimum
of NSDP (1.1). In particular, the quadratic growth condition holds, that is, there exists some ¢ > 0 and
vicinity N(x*) of x* such that f(x)— f(x*) > gllx— x*||* for all xe N(x*) N F.

2.3. BKKT conditions and central path In this section, we introduce the barrier KKT (BKKT) con-
ditions for the NSDP. The BKKT conditions are composed of (2.1), (2.3), and the following perturbed
conditions for (2.4): for u > 0,

Gx)Y =ul, G(x)eS},, YeST,. (2.13)
The parameter u is often referred to as barrier parameter, and x and (x, Y, z) satisfying the BKKT conditions
are called a BKKT point and BKKT triplet, respectively. It is worth mentioning that condition (2.13) is
equivalent to the condition obtained by replacing O with ul in (2.5) or (2.6). As u gets closer to 0, BKKT
points are expected to approach the set of KKT points for the NSDP. A basic algorithmic policy of primal-
dual interior point methods is to track BKKT triplets while driving i to 0, so as to reach a KKT triplet. In
this paper, we will refer to a path formed by BKKT triplets as a central path.
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3. Main analysis

3.1. Assumptions and outline of analysis Throughout Section 3, x* denotes a KKT point of the NSDP,
and is assumed to satisfy the following:

AssumpTioN 1. The KKT point x* satisfies the following three conditions:

1. There exists a Lagrange multiplier matrix Y € ' satisfying the strict complementarity condition.

2. The enhanced second-order sufficient condition (ESOSC) holds: for all (Y,z) € A(x"), it holds that
d™ (V2 L(x",Y,2) + Q(x",Y))d >0, Yd € C(x*) \ {0}.

3. The MFCQ holds at x*.

The above ESOSC is indeed stronger than the second-order sufficient condition (SOSC) defined in
(2.11), because, with arbitrarily chosen (Y,7) € A(x*), we have SUP(yenceny @ (V2 L(x*,Y,2) + Q(x*,Y))d >
d’ (ViXL(x*,I_/, 7))+ Q(x*,l_/))d > 0 for any d € C(x*) \ {0}, where the last inequality is due to the ESOSC.
Under the ESOSC, x* is a strict local optimum of the NSDP since the SOSC follows from the ESOSC as
shown above. See also Second-order sufficient optimality for the NSDP at the end of subsection2.2. The
ESOSC holds, for example, when f is strongly convex and G and / are affine. It can be seen as a straightfor-
ward generalization of the strong second-order condition (SSOSC) considered by Wright and Orban [58]
for nonlinear optimization. Though one may think it natural to refer to the condition as SSOSC, we call
it ESOSC so as to distinguish it from the SSOSC for the NSDP studied by Sun [49]. Under the presence
of the MFCQ, we ensure compactness and convexity of the Lagrange multiplier set A(x"), but A(x") is not
necessarily a singleton(cf. Remark 3). Note that V2 L is continuous, and so is Q(x*, Y) with respect to ¥ € S
such that G(x*)Y = O from Lemma 1. This fact, the compactness of A(x*), and the ESOSC guarantee that
there exists some « > 0 such that

inf d"(V2L(x".Y,2)+ Q(x".Y))d> klld|’, ¥d e C(x")\{0}. (3.1)

(Y2)eA(x*)

Goal and outline of the analysis: The goal of the whole analysis we will conduct is to prove that under
the above assumptions, there exists a unique and smooth central path converging to the KKT triplet

whi= (", Y,, 29, (3.2)

where (Y,,z") € A(x") is called an analytic center at x*, defined formally in the next subsection. In order to
achieve this goal, we will prove the following claims in order:

Claim (i) There exists a sequence of BKKT triplets {w* = (x*, ¥}, ")} converging to the KKT triplet w* (cf.
Theorem 1 in subsection 3.3).

Claim (ii) Any sequence of BKKT points {x*} approaches the KKT point x* asymptotically along a certain

* *

nonzero direction £* € R” in the sense that lim;_,, Hx_—jckku = = (cf. Theorem 2 and Corollary 1 in subsec-
tion 3.4). This & is a unique x-component solution of a certain linear equation system related to the BKKT
conditions.
Claim (iii) For any sufficiently small barrier parameter , a corresponding BKKT point x(u) exists uniquely
in the open ball {x € R" | ||x — x* — u&*|| < pull€*||}, where p > 0 is a certain small constant. Moreover, the
Hessian of a certain barrier function is nonsingular at x(u). (cf. Theorem 3 in subsection 3.6).

With the help of the above claims and the classical implicit function theorem, we will prove our main
claim of the goal (cf. Theorem 4 in subsection 3.7 and Theorem 5 in subsection 3.8). Mind that henceforth,

several proofs are deferred to the Appendix for the sake of readability.
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Additional notations and symbols used hereafter In the remaining of Section 3 and the Appendix, we
will use the symbols and the notations defined in (2.7)-(2.10) in addition to those introduced at the end of
Section 1. In particular, P, = [E,, F.] is an arbitrarily chosen orthogonal matrix defined for G(x*) so that
(2.7) holds. For the sake of simplicity, we often write

G. =G, Gy :=G(x).

Besides, we will make use of G and G (ind € {EE, FE, EF, FF}) defined by replacing G and Y in (2.9)
with G.and Gy, respectively. Furthermore, Y, ,i”d and Y;”d (ind € {EE, FE, EF, FF}) are defined in the same way
using Y} and Y,.

3.2. Existence of analytic center for NSDP  The analytic center for the NSDP at x* is formally defined
as follows:

DEerFmNtTION 4 (ANALYTIC CENTER FOR NSDP (1.1)).  We say that (Y,,z%) € A(x") is an analytic center of
NSDP (1.1) at x* if it is an optimum of

min —logdet Y** s.t. (¥,z) € A(x"). (3.3)

Here, we define log 0 := —co by convention.
In the next proposition, we ensure existence and uniqueness of the analytic center at x*. In other words,
the KKT triplet w* defined in (3.2) is well-defined.

ProposiTioN 1. Suppose that Assumption I holds. Then, an analytic center of NSDP (1.1) at x* exists
uniquely. In particular, (Y,,7") € S" X R® is the analytic center at x* if and only if (Y,,z*) € A(x*) and there
exists some vector v € R" such that

AG™(x*;v) = (Y™, VA(x)Tv=0. (3.4)

Proof. See Appendix A.2. O

3.3. Proof of Claim (i): convergence of BKKT triplets to KKT triplet with analytic center In this
subsection, we will prove that there exists a sequence of BKKT points which converges to the KKT point
x*. Moreover, we will show that the corresponding dual sequence converges to the analytic center (Y,, z%).

Let us define the following log-barrier function for the NSDP: for each > 0

Y (x) := f(x) — ulogdetG(x). (3.5)

The following proposition states that there exists a sequence of local optima of barrier penalized NSDPs
converging to x". Such local optima are BKKT points of the NSDP locally around x".

ProposiTion 2. Let Assumption 1 hold and {u} SR, be an arbitrary decreasing sequence converging
to 0. Then, there exists a sequence {x*} CR" such that lim;_,., x* = x* and, for any k > K with K sufficiently
large, x* is a local optimum of

++

min ¢, (x) s.t. h(x)=0, G(x) € ST,. (3.6)

Proof. The proof is analogous to those of classical results as to penalty methods[35], although it is
different in dealing with the log determinant function and the semidefinite constraint. Nonetheless, the
precise proof is given in Appendix A for completeness. O
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In Proposition 2, as VA(x*) is of full column rank, so is Vi(x*) for any k > K with K large enough, and
thus the KKT conditions for (3.6) holds at x*. From the KKT conditions together with Vi, (x) =V f(x) -
uJG(x)*G(x)™", there exists z* € R* such that

VO = TGO Gy + V(M) =0, h(x*) =0, G, eS”,,

which together with ¥, := ;,G;' € S7, implies that x* and w* := (x*, ¥}, z*) € W, are BKKT point and
BKKT triplet for each k > K, respectively.

In summary, as a consequence of Proposition 2, given a decreasing sequence {u;} C R, converging to 0,
there exists an integer K > 0 and {w*} C ‘W, with w* = (x*, ¥}, z%) such that

lim ¥ =x, V=G, €S, (3.7)

and, for each k > K,
Vh(x*): full column rank, w* : BKKT triplet with barrier parameter y.

In what follows, for the sake of brevity, we assume K = 0. Moreover, we suppose that x* # x* for all k
without loss of generality and define

db = xF - x". (3.8)
Hereafter, we focus on those sequences {w*} and {d*}.

Remark 4. In a quite similar manner to the proof of Yamashita et al. [64, Theorem 1], we ensure that,
under the MFCQ at x*, the sequence {(Y;, z*)} is bounded, and its accumulation point together with x* fulfills
the KKT conditions of NSDP (1.1).

In fact, the whole sequence {(Y}, zX)} converges to the analytic center (Y,,z%). To prove this claim, we first
present the following proposition, which claims that the convergence speeds of {u,} and {||d*||} towards zero
are equivalent.

PropostTioN 3. Suppose that Assumption 1 holds. Then, we have

i = Ol |I).
Proof. See Appendix A.4. O
Using this proposition, the convergence to the analytic center can be established.
TueOREM 1. Suppose that Assumption 1 holds. Then, the whole sequence {(Y,z")} converges to the ana-
Iytic center (Y,,z%) of NSDP (1.1) at x*, that is, limy_,., w* = w?.

Proof. Note that lim_,, d“ =0 from (3.7) and (3.8). Also, note that {(Y},z*)} is bounded as was explained

in Remark 4, and let (Y., z") be an arbitrary accumulation point of {(Y;, z*)}. For each k > 0, define dt = HZZII

Since {d*} is bounded, it has at least one accumulation point, say d*. Choose an arbitrary subsequence
{d* }rexe Which converges to d*. From Proposition 3, { 1s bounded and any accumulation point, say

Heh and (Y, e to @> 0 and (Y,.,2°),

il &

a@ € R, is positive. Without loss of generality, we assume that

respectively, by taking a subsequence further if necessary.
Recalling that P, = [E*, F *] is orthogonal, we have

IdeI

il  PIG Y, P,
Il Nl
PT (G(x")+ AG(x*; d*) + O(||d¥|? )) P.P]Y,P.
[lc|]
o o % T k
L_GFFyFF +P;AG(x";d")P. (P YP,)+O(||d"|)). (3.9

GFFyEF
Hdkll ko ak
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EE
Taking into account that limyex o, P) Y P, = [ (*) 0 with YEE = ETY,E, and driving k € K — oo in the
(1, 1)-block component of (3.9), we obtain AGFE(x*; d*)YEE = al,,, implying
(YEEY ' = AGPE(x*;a7'd"). (3.10)

Moreover, for each k € K, it holds that
_h(xY  h(x*)+ Vh(x*)"d" + O(|d"||*)
lla*l llal
which along with driving k(€ K) — oo and multiplying @' implies Vh(x")T(@"'d") = 0. Comparing this
fact and (3.10) to condition (3.4) with v := @d*, we ensure that (Y,,z") is an analytic center of the NSDP at
x*, leading to (Y,,z%) = (¥.,z") due to the uniqueness of analytic center by Proposition 1. Finally, recalling

that (Y,,z") is an arbitrary accumulation point of {(Y;,z*)}, we conclude that the whole sequence {(Y},z*)}
converges to (Y,,z*). The proof is complete. O

= Vh(x")"d* + O(|d"|)),

Before moving on to the next subsection, we show that [|Y;||r and ||Y"||r are bounded by O(x).

ProrosiTioN 4. Suppose that Assumption 1 holds. Then, we have

1Y e = OGa), 1Y Nl = Oluse).-

Proof. Note that ‘{(Yk,z")} is convergent by Theorem 1 and thus ¥, = O(1) and z* = O(1). Moreover,
AG(x*dY =YL, df% = O(||ld*|). Applying Taylor’s expansion to G, around x* and using G,Y; = u;I and
G.Y.=G.Y, =0 give

i = (G + AG(x;d) + O(Id"P)) i
=G.(Yi— Y) +G.Y, + AG(x";d)Y, + O(ld"II*)
=G.(Y, - Y)+O(ld"|l)
o 0

=P] [GFFYIFE GFFYIFF P, +0(ld"N),
where the third equality holds from G.Y, = O, AG(x*;d*)Y; = O(|d"|)), and O(||d*||*) = O(||d*||). Recall that
P. is an orthogonal matrix. Divide both the sides of the above by y, and drive k — co. From Proposition 3,
we obtain

GI:FyFE GI:FyFF
I i ~0(1). I i e _ o),
Hi Hk
which together with Gt € S"7"* implies the desired assertions. i

3.4. Proof of Claim (ii): convergence of BKKT points along a specific direction Let {wf =
(xt, Y, 25} € W, be a sequence of BKKT triplets as described right after Proposition 2. From Theorem 1,
{w*} converges to the KKT triplet w* = (x*,Y,,z*) with the analytic center (Y,,z%). In this subsection, we
study how d*/u, behaves asymptotically, wherein d is defined in (3.8).

We begin by considering the following equation-system that comes from the BKKT conditions of the
symmetric form:

V.Lw)=0, G(x)Y + YG(x) =2ul, h(x) =0, (3.11)

where w = (x,Y,z) € W,.. Suppose at this moment' that there exists a smooth function w(-) : (0, 1] —» W,
with some fi > 0 such that w(u) is a BKKT triplet for each u € (0, ii] and we stand at w = w(u). Differentiating
equations (3.11) with respect to u results in

V2 L(w)x — JG(x)'Y +Vh(x)z=0, (3.12)
LG(x)Y + LyAG(x; x) =21, (3.13)
Vh(x)"x=0. (3.14)

!'In Theorem 4, this assumption will be verified.
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As for the definition of .L,(-), refer to the section of notations. For later use, in terms of the matrix function

ViLw) ~JGX)" Vh(x)
Aw) = LyG1(X) - LyGa(x) L 0 1, (3.15)
Vh(x)" 0 0
we express the above equation-system (3.12)-(3.14) as
0
Aww =|21|. (3.16)
0
RemMark 5. The Newton equation to the BKKT system (3.11) is expressed as
-V.L(w)
AWAw = | 2ul — LY. (3.17)
—h(x)

This is often solved in the primal-dual interior point method for the NSDP [64, 65, 62, 61].
Now, relevant to equation (3.16), we consider the following equations defined at the KKT triplet w* =
(x", Yy, 2%:

UL (V2 LWHAx— JG(x*)*'AY) =0, (3.18)
L, AY + Ly AG(x"; Ax) =21, (3.19)
Vh(x*)"Ax =0, (3.20)

where U,- denotes an arbitrary matrix whose columns form an orthonormal basis of the subspace
U.:={deR"|AG™(x";d) = 0,Vh(x")"d = 0} (3.21)

and we can write U~ € R™7* by letting p. be the dimension of U.. Notice that the above equations (3.18)-
(3.20) are derived by changing the variables in (3.12)-(3.14), pre-multiplying (3.12) by the matrix U, and
using the relation VA(x*)"U,- = 0. The following proposition holds as to the solution set of equations (3.18)-
(3.20):

ProposiTiON 5. Suppose that Assumption I holds. Let
S :={(Ax,AY) e R" x §": solution to (3.18)-(3.20) }.

If S # 0, then the following properties hold:
1. Ax-componentin S is unique, written as & e R";
2. AYFF — (GI:F)—l, AGEE(X*,f*) — (YEE)—l, AYEF — —YEEAGEF(X*;f*)(GEF)_I.

Proof. See Appendix A.5. O

The following theorem shows that the limit of d*/u, is actually equal to the direction &*, which is defined
in the above proposition.

THEOREM 2.  Suppose that Assumption 1 holds. Let d* be the vector defined in (3.8) and & be the one

defined in Proposition 5. Then, we have
dk
lim — =¢&".
k—o0 M

In particular, £ # 0 and Vh(x*)"¢* = 0.
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Proof. First, recall lim,_. d* = 0. From Proposition 3, {d*/u;} is bounded. Let £ € R" be an arbitrary
accumulation point of {d*/u,}. In order to prove the assertion, it suffices to show that £ is a Ax-component
of the solution set of equations (3.18)-(3.20) because of item 1 of Proposition 5. Altering Y; as

EE yEF
YEE ¥

for each k, we obtain

— YEE _ YEE YEF _ YEF
”Yk_Ya”F: Y%:E_YZ%E Y]%F—Y%F]
k a k a F
O Y&
= YFE yFF
k k
= OV Il + 1Y llg)
= O,

where the last equality follows from Proposition 4, and thus { #ik(?k - Ya)} is bounded and has at least one
accumulation point, say AY.. Without loss of generality, we assume that

1 -
lim —(Y; - Y,) = AY.. (3.22)
kﬁm#k

Note that

V. L) = VL, Yy, 2) = TGO (Vi = Vo) + VRO -2
= (VL") + V2, Low")d"* + O(Id" 1)) = TG(HY (Vi = Yo) + VA - %)
=V Lw)d' = TGO (Y = Y)) + VA =)+ O(Ild"[IP)
= Vo Lw)d' = TG(') (Y = Yo) + VAN = 2) + o(lld|), (3.23)

where the second equality follows from applying Taylor’s expansion to V,L(x*, Y,, z%) around x* with respect
to x and the third one from V,L(w?*) = 0. Moreover, the last one holds because o(||d*||) + O(||d*||*) = o(||d*||)
and

~T GO (Vi = Yy) + VAN =2 = =T G(x) (Y = Yo) + VA(x" )&~ 2*) + o(lld"]))

follows from Taylor’s expansion of J G(x*) and VA(x*) around x* again and lim;_,..(Y, — Y,, ¥ —z%) = (0, 0).
Then, it holds that

1
0=—ULV.L(w"

M
1 1
= — UL (V2Lw)d = TG (Y = Y) + —olldl)
Hk ) - Hi
d Y.-7Y, 1
=U, (VixL(Wa)— —JG(x*)*M] +—o(lld"]),
Hi M Hi

where the first equality follows from V,L(w*) = 0, the second one does from (3.23) and ULVh(x*) =0, and
the third one does from UL JG(x*)'Y, =ULJ G(x")'Y,. Driving k — oo above and using Proposition 3 and
(3.22) imply

UL (V2LO0v)E - TG(x') AY.) =0,

which is nothing but (3.18) with (Ax, AY) = (&, AY,).
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Next, by G, Y; = u; from the BKKT conditions and also by noting G*?k =G. Y, together with G..Y, = O,
there holds that

1
I=—(GY—G.Y,)

Hk
1
= (6. + GG + 0P i~ G.1.)
k
1 —~
= (6.0 Y+ AGG ) + O,
k

wherein by driving k — co, symmetrizing, and using limy_,., ¥; = ¥,, we gain (3.19) with (Ax, AY) = (:fv, AY)).
Finally, we can prove (3.20) with (Ax, AY) = (£, AY.) by driving & to oo in the relation

k
0= i(h(xk) —h(x") = Vh(x*)Td— +0(ld"D. (3.24)
Hi Hi

Consequently, (E, AY,) solves (3.18)-(3.20). Hence, E: &, namely, lim;_,, d*/u; = € is ensured by using
item 1 of Proposition 5. The remaining assertions &* # 0 and VAi(x*)"¢* = 0 follow immediately since ||d*|| =
O(w;) from Proposition 3 and (3.24) holds. The proof is complete. O

It is worth noting that we have multiple choices for {(d*,u;)}, while & is the constant vector that is
uniquely determined as a Ax-component of the solution set to the equation-system (3.18)-(3.20). Neverthe-
less, according to Theorem 2, any {d* /u;} converges to £*.

Theorem 2 yields the following corollary, a clear picture about how x* approaches x*.

. . . k_* * [ .
CoroLLARY 1. Under Assumption I, we obtain lim;_,, ﬁ = ﬁ This indicates that x* approaches x*
along the direction —&* asymptotically. '
Proof. From Theorem 2, we have
k * k % *
.o X=X . X=X
fim 5 i T
koo [l —of|| ke gy X =]l
The proof is complete. O

For pe(0,1) and u > 0, define
Po() = {x e R"[[|x" + p&™ = xl| < pull&" I}

3.5. Some properties on #,(u) In this subsection, we will present some propositions about properties
relevant to ,(u). The following proposition concerns the existence of a BKKT point in #,(u).

PropostTioN 6. Choose p € (0, 1) arbitrarily.

1. There exists some i, > 0 such that, for any 0 < u < f1,, a BKKT point x,, with barrier parameter u
exists in P,(u), but never on the boundary bd P, (u) := {x e R" [ ||x" + u& — x|l = pullE7(1}.

2. Let {i} SR, and {x(u;)} be arbitrary sequences of barrier parameters converging to 0 and corre-
sponding BKKT points converging to the KKT point x*, respectively. Then, x(u) € P,(u) for any k large
enough.

Proof. See Appendix A.6. O
The next proposition shows existence and properties of uG(x)™" for x € P,(u).

ProposiTioN 7. Choose p, € (0, 1] and ji, > O sufficiently small. Then, the following properties hold:
1. G(x) € S, holds for any p € (0,f1,] and x € c1P; (u), and {/1G(x)‘1 eSt, | xeclP; (u),ue0,i] } is
bounded.
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2. For any (u,p) € (0,f1,]1 X (0,p,] and x € c1P,(u), there exists some K, > 0 such that |uG(x)™ = Y,|lr <
Ki(p+p)

Proof. See Appendix A.7. O

As Vh(x") is of full column rank since the MFCQ holds at x* and VA is continuous, there exists some
closed ball 8 CR” centered at x* such that

X" € BC{xeR"| Vh(x) is of full-column rank }. (3.25)

With sufficiently small ¢ and p, c1®,(u) € 8 holds, which together with the first-half assertion of item 1 of
Proposition 7 yields that, by re-taking smaller f; and p; if necessary,

clP,(u) C { xR

G(x) €S7, YN B, Y(u.p) € (0. 1] x (0.5 ]. (3.26)

Next, we consider the following conditions:

recl P, (), (3.27)
1Y = Gl < yap, (3.28)
lz + (Vh()VAG) ™ VAT (V£(x) = TG V) || < yap. (3.29)

As discussed in subsection 3.8, the set of (x, ¥, z) which satisfies the above conditions is a neighborhood of
the central path leading to the KKT triplet w*. The following two propositions give crucial properties on
this set. They will play important roles in proving Proposition 10 and Theorem 3 in subsection 3.6.

ProposiTiON 8. Let yy,y, > 0 and choose (i1, p,) € (0, f11] X (0, p1] sufficiently small. There exists some
K, > 0 such that

llx = x| < Kopr, max (||Y = Yallg, llz = 211, IV.LW)I) < Kx(o + p) (3.30)
for all (u,p) € (0, 12] X(0,p,] and (x,Y,z) e R" X S"™ X R* satisfying (3.27), (3.28), and (3.29).
Proof. See Appendix A.8. O

ProposiTION 9. Suppose that Assumption 1 holds. Let y,,y, > 0. Choose (fiz,p3) € (0, fi;] X (0, p,] suffi-
ciently small. For any (u,p) € (0, i3] X (0,p5] and w = (x,Y,z) e R" X S™ X R® satisfying (3.27), (3.28), and
(3.29), we have

d"V2 Lw)d + AG(x;d) L5} Ly (AG(x;d)) > §||d||2, Yd € R"\ {0} : Vh(x)"d =0, 3.31)

where k > 0 is the constant defined in (3.1).

Proof. See Appendix A.9. O

3.6. Proof of Claim (iii): uniqueness of BKKT point for each barrier parameter In this section,
in order to derive the smoothness of the central path by means of the classical implicit function theorem,
we first transform NSDP (1.1) into an equivalent problem without equality constraints locally. Let M :=
{xeR"|h(x) =0}. Under the presence of the full column rank of VA(x*) and twice continuous differentia-
bility of A, there exists an open set U C R""* together with a C*-diffeomorphism ® : U — ®(U)(C R") such
that x* € ®(U) € M.? Then, we can take an open ball V such that c1V C U, x* € ®(V), and VA(D(v)) is of
full column rank for all v € c1 V. Thus, there exists (VA(x)" Vh(x))™! with x=®(v) forallveclV.

2M_0re strictly speaking, there exists a C*> mapping ® : U — R” such that ®(U) and U are diffeomorphic and furthermore
h(®(»)T,v")T) =0 (ve U) holds by re-ordering the variables in x if necessary. Then, we let ®(v) := (®(v)",v")T.
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Let us give some relevant properties of ® for later use. Since V is bounded and @ is smooth on the open
set U(2 cl V), there exists a Lipshitz constant M; > 0 such that

|P(m) — PW)|| < My|lu—v|l, Yu,veclV. (3.32)
Moreover, by noting that @ is a diffeomorphism, there exists M, > 0 such that
107! () = D' Wl < Mallx=yll, Vx,y€D(clV).
Since A(®(v)) =0 (v € V), by differentiation with respect to v, we have

VOW)V. hi(D(v)) =0, (3.33)
o, BLOG2H (v) + VD1V A(D(V)VOW)T = O (3.34)

J=1 Ox;

for eachi=1,2,...,s, where ®,(v) stands for the i-th element of ®(v) € R". Note that VO(v)T is of full
column rank for any v € U because ® is a diffeomorphism on U and clV is bounded by definition. From
this fact, there exist some M5, M, > 0 such that

M5 <|IVOW) "yl < My, Y(v,y) €clV XR" :|lyl| = 1. (3.35)
Since clV is bounded and V?® is continuous on cl V, there exists some Ms > 0 such that

_max IV2O,(W)|le < Ms, Vv eclV. (3.36)

Let dist (x, M) := min,e||x — yl| for x € R". The following lemma holds.

Lemma 2. It holds that
dist (¥(u), M) = O(i?), (3.37)

where X(u) 1= x* +ué&* (u=0).
Proof. See Appendix A.10. O

In terms of @, NSDP (1.1) is reformulated as the following problem without equality constraints locally
around v, := O~ '(x*) € V:
mi‘gl f(@W)) s.t. G(D(Wv))eST.
Ve

Accordingly, we obtain the following barrier penalized problem for each u > 0:

mei‘;l Y,(v) =y (D)) s.t. G(D(V))eST (3.38)

++2

where i, (x) = f(x) — ulog det G(x) as defined in (3.5). The gradient and Hessian of ¥, are expressed as

V¥,(v) = VOOV, (D(v)), (3.39)
VY, (v) = 2 a‘/j‘g—iwvzcbj(v) + VOW)V2 4 (D(M)VO()T, (3.40)

respectively. From (3.33) and the fact that Vi,(x), Vh,(x), - -, Vhy(x) are linearly independent at x = ®(v)
and the dimension of Ker VO(v) is s, VA (x),..., VA (x) form a basis of KerV®(v). From this fact and
equation (3.39), we see that V¥, (v) = 0 if and only if V4, (®(v)) = VF(@(V)) — uTG(@W)G(DP()) ' €
ImVh(x). Namely,

V¥,(v) =0 & ®(v) is a BKKT point with barrier parameter y. (341
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ProposiTion 10.  Suppose that Assumption I holds. Choose (P4, fis) € (0,p3] X (0, i13] sufficiently small,
where py and [i; are the constants defined in Proposition 9. Then, for any (o, 1) € (0, 04] X (0, fis] and y e R*™*

with ||y|| =1, we have ,

T2 KM -1
y V¥, (v)y > = Yve Vo (clP,(w), (3.42)
where k and M; are defined in (3.1) and (3.35), respectively.
Proof. See Appendix A.11. |

THEOREM 3. Suppose that Assumption I holds. Choose p € (0,p,] arbitrarily, where p4 is the constant
defined in Proposition 10. Then, there exists some fi, € (0, f14] such that, for any p € (0, f1,] a unique BKKT
point x(u) with barrier parameter p exists in ®(V) NP, (). In particular, O~'(x(u)) is a unique solution of
the equation V¥ ,(v) = 0 in the open set V N O~ (P, (). Moreover, V¥ (O~ (x(w))) is positive definite, thus
O~ '(x(w)) is a strict local optimum of problem (3.38).

Proof. For a fixed p € (0,p4], according to item 1 of Proposition 6, x(u) € ,(u) holds for any suffi-
ciently small g > 0. Since h(x(u)) = 0 holds as x(u) is a BKKT point, we have x(u) € ®(V). Then, noting
lim,,_,o x(u) = x* € ®(V), we ensure x(u) € (V) NP,(u) for any u small enough.

Next, by deriving a contradiction, we prove that such x(u) is unique in ®(V) N P,(u) for any sufficiently
small u. Assume to the contrary that there exists an infinite sequence {u,} € (0, iz4] which converges to 0 and
moreover accompanies two sequences {x'}, {y’} € ®(V) N P,(u,) such that for each ¢, x* # y’, but x* and y*
are both BKKT points with barrier parameter .. Hence,

V=o', 6= 0700
existin V, and in addition (3.41) yields
V¥, 05 =VY,,6) =0, (3.43)
where ¥, is defined in (3.38). Moreover, we have
xy e d(V)NP, (1)

for sufficiently large €. Let Xy (u,) € argmin || X(i¢) — yll, where X(-) is defined in Lemma 2, and let

Vo 1= O o)), Vei= {v eV |lIv=v,l < 5}’“; } (3.44)
1
for each ¢. Then, by (3.37) in Lemma 2,
dist (i(ue), M) = [1Em(ue) = X(uoll = Ou7). (3.45)

ForanyveV,,

IOW) — Xl < |PW) — Xp(ue)ll + [ Xaelpte) — Xl
<[|OW) — D, )l + O(u7)
< Myllv = v, Il + O(u7)

< % +OGd),

where the second inequality follows from (3.44) and (3.45), the third from (3.32), and the fourth from (3.44)
and v € V,. Hence, it holds that [|®(v) — X(w)|| < pu,, Vv € V, for sufficiently large £, which yields that

DO(Vy) S P, (1e). (3.46)
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Furthermore, since both x’ and y* converge to x* as ¢ tends to oo because of x’,y’ € P,(u,), Theorem 2
implies

xt—x*

15(Ge) = X1 = 1" + ™ = 2Nl = pee|é” ~ = 0(t4e), (3.47)

and also |[X(u,) — y’|| = o(u,) in a similar way. These relations along with the triangle inequality and (3.45)
yield
max ([E(ue) = X1l [1Epte) = YNl) = ole),

which implies that for sufficiently large £ > 0, max (|| X(te) — X°|I, [|¥m(ee) — ¥¥||) < %, thus

“ley - v PH
[V, =Vl = 107 Gepe(e)) = @7 (X < Mol Zpele) = x°II < ﬁ-
1
Therefore, we gain v € V, for ¢ large enough. In a similar way, we can show ¢’ € V. In short, from the
above arguments we obtain that

phLeycv, (3.48)

for sufficiently large ¢.

From (3.46) together with V, CV, V,C VN d)"(Pp(ug)) holds. Then, according to Proposition 10, when
p < ps and ¢ is so large that u, < 1y, V*¥,,(v) is positive definite for all v e V, €V N O (P,(i,)). Thus,
problem (3.38) with V replaced by V, can be viewed as a strongly convex problem for any large £. Therefore,
a point v € V, which fulfills V¥,,(v) = 0 must be unique, which together with (3.43) and (3.48) implies
6° =’ This gives x’ = y’, a contradiction. With this, we ensure that by setting u to be small enough, a
BKKT point x(u) exists uniquely in ®(V)NP,(u). Moreover, we also see ®(x(u)) is a unique local optimum
of (3.38) in VN®~'(P,(w)). The positive definiteness of V>, (D' (x(u))) is clear from Proposition 10 along
with @~'(x(u)) € VN O~ (P, (). We thus obtain the desired assertion. O

3.7. Main claim I: existence and uniqueness of central path By Theorem 3, we have ensured the
uniqueness and existence of BKKT points around the KKT point x*. In the following theorem, we prove
that these BKKT points together with the corresponding Lagrange multiplier vectors and matrices form a
smooth central path leading to the KKT triplet w* = (x*, ¥, z*), and moreover show such a path is uniquely
determined.

THEOREM 4. Suppose that Assumption 1 holds. For a sufficiently small i > O, there exists a unique central
path w: (0,1) —» W, such that
1. it is smooth and, for each u € (0, 1), w(u) is a BKKT triplet of the NSDP with barrier parameter (.
Moreover,
2. limw(u) =w.
u—0

Proof. We first show that there exists a unique smooth path v(-) such that V¥,(v(u)) = 0 and v(u) €
VN (P,(w) for each u € (0, 1) with some fi. Choose p € (0, p,] arbitrarily and consider f, > 0 defined
as in Theorem 3. From Theorem 3, for each u € (0, f1, ], there exists a unique v, € VN d)’l(SDp(p)) such that
V¥,(¥,) = 0. Moreover, V2¥,(v,) is positive definite, thus nonsingular. By applying the implicit function
theorem to the equation V¥,(v) = 0, there exist some /, € (0,u) and u, € (u, min (2, f1,)) together with a
smooth path v, : (I,,u,) = V N @' (P,(w)) satisfying v,(u) =V, and V¥,(v,(1)) = 0 for each 7 € (I,,u,). In
fact, ®(v,(1)) € P,(1) holds for each ¢ € (I,,u,) by re-taking smaller 1, if necessary. For the proof, see the
footnote’. Thus, due to Theorem 3 again, for each z € (,,uy), v,(¢) is the unique solution to V'¥,(v) = 0 in the

3 Suppose to the contrary that there exists a sequence {u,} converging to 0 along with {t,} such that ¢, € (Ly»ue) and O(v,, (1) €
Po(te) \ Py(te). By noting 1, <t <uy,, <2u,, (3.41), and the fact of @ (v, (t,)) € P,(ue), it follows that lim,_,., t, = 0, D(v,,(#,)) is a
BKKT point with barrier parameter f, and lim,_,., ®(v,,(,)) = x*. However, according to item 2 of Proposition 6, ®(v,,(t,)) € P,(t)
must hold for any ¢ large enough, a contradiction to the assumption of ® (v, (#,)) € P, (ue) \ Po(te).



Author: Article Short Title
18 Article submitted to Mathematics of Operations Research; manuscript no. (Please, provide the manuccript number!)

openset VN d)‘l(Pp(t)) and VZ‘I’,(vy(t)) is positive definite. Taking this fact into account and connecting the
paths v,(-) constructed in the above way for each u € (0, 1) with 1 := f1,, we can ensure there exists a unique
smooth path v : (0, 1) — V such that V¥,(v(u)) =0 and v(u) € V N d)’l(SDp(p)) for each u € (0, f1).

By letting x(u) := ®(v(u)) for each u € (0, 1), x(-) is smooth on (0, i1) as v(-) is smoothand ®: V — Misa
diffeomorphism. Furthermore, x(u) is a BKKT point with barrier parameter u because of V¥, (®(v(u))) =0
and (3.41). Since x(u) = ®(v(u)) € P,(u), it is clear from the definition of $,(u) that

lim x(u) = x". (3.49)
u—0

From (3.25) and (3.26), G(x()) € S™, and Vh(x(u)) is of full column rank, and therefore G(x(u))™" and
(Vh(x(u))"Vh(x()))™! exist. Since x(u) is a BKKT point as shown above, there exists 7, € R¥ such that

V. L(x(), kGx() ™", 2) = Vf(x(w) = kT G(x(u)) G(x(w)) ™ + Vh(x(u))z, = 0.

Therefore, by premultiplying this equation with (VA(x(u))"VA(x(u))) 'VA(x(u))", we obtain Ty =
—(VA(x() " Vh(x(u))) ' Vh(x(u) " (f (x(1)) — T G(x(u))* Y (u)) for each u € (0, f1). Thus, we can define w(-) :
0,) > W, by Y(u) := uG(x(u))™" and z(u) := z,. Since x(-) is smooth, so is w(-), and w(u) is a BKKT
triplet with (3.49). Recall that Theorem 1 implies any sequence of BKKT triplets {w* = (x*, Y}, z")} such that
lim_,, x* = x* converges to w*. Therefore, lim,_,ow(u) = w* follows. Finally, since x(-) is uniquely deter-
mined as shown above and Y(-) and z(-) are uniquely constructed from x(-), we can conclude the uniqueness
of w(-). The proof is complete. O

3.8. Main claim II: unique solvability of the Newton equation in the primal-dual interior point
method As remarked in remark 5, A(w) is the coefficient matrix of the Newton equation to the BKKT
system (3.11). In the following theorem, A(w) is shown to be nonsingular near the central path.

THEOREM 5. Let the same assumptions as in Proposition 9 hold. For any w = (x,Y,z) € W satisfying
(3.27), (3.28), and (3.29), the matrix A(w) defined in (3.15) is nonsingular.

Proof. We have only to show that A(w)dw = 0 when x € cl1P,(u) for dw := (dx,dY,dz)" € ‘W implies
dw = 0. From A(w)dw = 0, it holds that

V2 L(w)dx — JG(x)'dY + Vh(x)dz =0, (3.50)
LowdY + LyAG(x;dx) = O, (3.51)
Vh(x)Tdx = 0. (3.52)

Note that (G(x),Y) € 87, x S7, and Vh(x) is of full column rank due to x € clP,(u), (3.25), and (3.26).
Pre-multiplying (3.50) with dx™ and substituting (3.52) and dY = —L&%X)LyAG(X; dx) from (3.51) into it,
we have dx"V2 L(w)dx + AG(x;dx) e L&%X)LY (AG(x;dx)) = 0. Then, because of Proposition 9, dx = 0 must
hold, which together with (3.51) implies dY = O. Moreover, (3.50) and the full column rank of VA(x) give

dz =0. Hence, we obtain dw = 0 and thus the second assertion is obtained. |

The set of w = (x, Y, z) € W, which fulfills (3.27)-(3.29), write N C ‘W, ,, contains any BKKT triplets
with sufficiently small barrier parameters. Indeed, from item 2 of Proposition 6, (3.27) holds at any BKKT
points x(u) with sufficiently small barrier parameter u, and (Vh(x(u))Vh(x(ﬂ))T)’1 exists from (3.25) and
(3.26). Moreover, the expressions on the left-hand sides of (3.28) and (3.29) are both equal to 0 because
V.L(w) =0 and G(x)Y = ul hold on the central path, and hence (3.28) and (3.29) hold true. Therefore, N
contains the central path. Thus, Theorem 5 indicates that the Newton equation (3.17) is uniquely solvable
when w is close to the central path. This fact would be useful particularly when applying the Newton method
in the primal-dual interior point method.
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4. Concluding remarks and future work In this paper, we have studied properties of a central path
for nonlinear semidefinite optimization problems (NSDPs). Specifically, we have proven that, under the
strict complementarity condition, strong second-order sufficient condition, and Mangasarian-Fromovitz
constraint qualification, there exists a smooth central path which converges to a KKT triplet with an ana-
Iytic center. In particular, given a KKT triplet, a central path leading to that KKT triplet is uniquely deter-
mined. Unlike the past results concerning the central path for the NSDP, the nondegeneracy condition is not
assumed. The author believes that the results obtained in this paper will play a substantial role for further
development of the primal-dual interior point method for the NSDP.

There exist two directions for future works. The first one is concerned with limiting behavior of the
tangential direction x(u) in the x-space as u — 0. We have the following conjecture:

lim &(u) = £,
u—0

where & was defined in Proposition 5. For nonlinear optimization, the corresponding result was proven
by Wright and Orban [58, Theorem 12]. The second direction of future works is to mitigate the strict
complementarity (SC) condition from our assumptions. The SC actually plays a key role in our analysis,
particularly when establishing Proposition 3, a base for proving the subsequent theorems. Indeed, the fol-
lowing example, which is obtained from [58, Section 4] with slight modification, shows that Proposition 3
does not hold when the SC condition fails:

x1—1 x3
1 X3 X
. 3 2
min = (x] +x; +x3) S.t.
X1.X%2.X3 2 X1 — 1 X3
X3 X2

es?.

Its optimum x* is only (1,0,0)7, and the set of corresponding dual matrices is

/110

00
/120
00

/11+/12:1,/11 20,/1220

It is easy to find that neither the SC nor the nondegeneracy condition holds, while both the MFCQ and
ESOSC hold at x*. For barrier parameter y > 0, the BKKT point is x() = (=, \/21,0)", which con-

verges to the optimum x* as u — 0. However, |[x(u) — x*|| = \/ % Vo] < 2+/u # O(u), and therefore
Proposition 3 cannot hold without the SC.

Acknowledgments: The author thanks Professor Yoshiko Ikebe for much advice. He is also grateful to
anonymous referees for many valuable comments and suggestions.

A. Omitted Proofs In this appendix, we give the proofs which are not shown in the main part of this
paper.

A.l. Proof of Lemma 1 The second equality follows from the direct calculation along with the fact of
AGEF = (AGF®)T, and the first one is derived from the following transformation:

n

4O Y)d zzTr[Z Z dideQ,’.‘G;[gj]

j=1 =1

=2Tr [(P;r YP.) (Z d,»P*ng.‘P*) (PIGIP.)
i=1

|

=
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T YEE O||AGEE(x*;d) AGE¥(x*;d)||O O AGFE(x*; d) AGE¥(x*;d)
r O O||AG™E(x*;d) AGFF(x*;d)|| 0 (GFH) | AGTE(x*;d) AGTF(x*;d)
=2Tr (Y AG™ (x": d)(GI) ' AG™ (x*; d)) .

The proof is complete. O

A.2. Proof of Proposition 1 We first show the first assertion: the unique existence of the analytic center
at x*. Note that because of relation (2.7) for (¥,z) € A(x*), (3.3) is equivalent to the following problem with
respect to only Y:

min —log det YEE
s.t. Vi(xY)— J’GEE(x ) YHE eIth(x*% (A1)
YEE S:" .

where G (x*)"Z .= [(E] Gi(x")E.)® Z]_, e R" for Z € S""~.

We establish existence of optima of (3.3). By the strict complementarity condition as for the NSDP, there
exists (¥,z) € A(x*) such that Y + G, € S”,, which implies Y € S7,™. This means that a finite objective
value of (A.1) is attained at such a matrix Y. Moreover, as A(x") is convex and bounded from the MFCQ at
x* for the NSDP, so is the feasible region of (A.1). By combining these facts, (A.1) is ensured to have an
optimum, say Y, € S7. From the full column rankness of VAi(x"), we see that the linear equation V f(x") —
JG"E(x*)*YEE + Vh(x*)z = 0 has a unique solution z € R?, written z*. This (¥,,z*) is nothing but an optimum
of (3.3).

Next, consider the following problem:

mZin —logdetZ
s.t. Vf(x*) = JG*(x*)*Z e ImVh(x*), (A.2)
ZeSy™".

For a feasible point Y of (A.1), YE is clearly feasible to (A.2), and hence so is YEF to (A.2). Furthermore,
we can ensure that YF is optimal to (A.2). Indeed, if not, there exists Z such that Z is feasible to (A.2)
and —logdetZ < —logdet Y*E. Since Y := E,ZE] € S™ is feasible to (A.1) and logdet Y** = logdetZ, we
gain —logdet Y*F < —log det Y, a contradiction to the optimality of Y2* for (A.1). Lastly, since (A.2) is a
strictly convex problem, we see that Y= is a unique optimum of (A.2).

In turn, we establish the uniqueness of (Y,,z*) € S” x R’ as optimum of (3.3). To derive a contradiction,

assume that there exist two distinct optima (Y,, z*) and (Yd,za) at x*, Wthh yields that Y, and Y are both
—~EE
optima of (A.1) by the preceding argument. Thus, so are Y** and Y " to (A.2), in particular YEE =Y,

according to the preceding argument again. Hence, we have

- EE _ v EF
P:(Ya_Ya)P*: Ya RO =0.
O o

Since P, is nonsingular, we obtain Y, = f/;, which together with the full column rankness of VAi(x*) implies
7* = 2. Hence we ensure (Y,,z%) = (z, Z%), which is a contradiction. Consequently, (3.3) has a unique opti-
mum, and thus we obtain the first claim.

There remains to verify the second claim as for (3.4). If (Y,, z%) is the analytic center at x*, (¥,, z*) € A(x¥)
holds by definition, and from the above proof, Y- is the unique optimum of (A.2). Hence, by the KKT
conditions of (A.2), there exists v € R* such that (3.4) holds. Conversely, if such v exists and (¥,,z?) € A(x"),
YEE solves (A.2), and hence E,YPEET = Y, does (A.1). This means that (Y,,z*) is the analytic center. The
whole proof is complete. O
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A.3. Proof of Proposition 2 Since x" is a strict local optimum because of the ESOSC, we can take a
compact set B C R" with nonempty interior such that x* € int B and it is a unique optimum of the problem

min f(x) s.t. A(x) =0, G(x) €S, x€B. (A.3)

+

Consider the sequence of the relevant barrier problems parameterized with g as in the following:

min f(x)— ;. logdetG(x) s.t. i(x) =0, G(x)eS",, x€B, (A4

++2

and let x* be an optimum of problem (A.4) for each k.

We will prove the theorem by showing that the above-defined sequence {x*} is nothing but the desired
one. To this end, it suffices to prove that {x*} converges to x*. Indeed, because x* € int B, the constraint x € B
for problem (A.4) is inactive at x* for sufficiently large k, and thus x* eventually becomes a local optimum
of (3.6).

We write f; := f(x*) for each k and f, := f(x*) for the sake of simplicity. Recall G; = G(x*) and G, = G(x*).
We first consider the case (i) where G, € 7'\ ST, i.e., G, is on the boundary of S” and thus det G. =0. The
proof for the other case (ii) where G, € S”, will be given later. Letting ¢y := f; — 1, log det G, for each k, the
first goal is to prove

lim ¢, = f.. (A.5)

Without loss of generality, by re-taking a smaller B with intB > x* if necessary, we can suppose that
detG(x) < 1 for all x € B because of detG, =0, yielding

—logdetG(x) >0, VxeB, (A.6)
which together with the feasibility of x* for (A.3) implies

—ylogdetGy > 0> f, — fi. (A.7)
Using the two inequalities in (A.7) yields

Je<Ji
< fi — i logdet Gy (= @)
< fie1 — i logdet Gy
< fio1 — i1 logdet Gy (= ¢r1), (A.8)

where the third inequality follows from the optimality of x* for problem (A.4) and the fourth one is due to
i < ey and —logdet G,_; > 0 from (A.6) and x*! € B. From the above inequalities, we find that {¢;} is
a nonincreasing sequence such that it is bounded by f, from below. Therefore, we ensure the existence of
lim;_, ., ¢; and moreover obtain

i< %im Dr- (A9)

To verify (A.5), there remains to prove the converse inequality. Related to {x*}, under the MFCQ at x*, we
can construct another sequence {x/®} feasible to problem (A.3) such that it converges to x* and also satisfies
det Gy = . for each k > K with sufficiently large K > 0.* We then obtain lim;_,, ¢; < f. since aloga — 0
as a — 0+ and ¢; < fiw) — i log det Gy, holds by the definition of x*. Together with (A.9), it derives the
target equation (A.5).

4 This fact is verified as follows: From the MFCQ at x*, there exists d € R" such that G. + AG(x;d) € S”, and Vh(x*)"d = 0.
By the full column rankness of VAi(x*), we can ensure existence of a smooth curve x(-) : [0,7] — R* with some 7> 0 such that
x(0) = x*, %(0) = d, and x(7) is feasible to (A.4), Yt € (0, 7]. Particularly, G(x(¢)) € S, holds for all 7 € (0, 7]. Therefore, as det G(x())
is continuous w.r.t. # > 0 and takes O at # = 0 by the assumption G, € S7 \ S7,, we conclude that for any sufficiently small & > 0,
det G(x(#)) = e is attained by some ¢ € (0, 7]. The proof is complete.
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The convergence of {x*} to x* is not difficult to derive from (A.5). Letting X be an arbitrary accumulation
point of {x*} and taking into consideration —; logdetG, > 0 in ¢, we get limsup,_,_ ¢, > f(¥), which
combined with (A.5) implies f, > f(X). By the feasibility of X and the unique optimality of x* for (A.3), we
gain x* = X. Finally, since X was an arbitrary accumulation point of {x*}, we conclude that lim_,., x* = x*.

We next consider case (ii) where G, € S7,. Note that logdetG., is finite in this case. Without loss of
generality, we may assume that detG(x) > 0 for all x € B, by taking a smaller B(> x*) if necessary. Let X be
an arbitrary accumulation point of {x*} and note that log det G(X) is also finite since det G(¥) > 0 by virtue
of x € B. By the optimality of x* and feasibility of x* to (A.4), it follows that

Ji — i logdet Gy < f. — ;i logdetG.,

where driving kK — oo and taking a subsequence if necessary imply f(%) < f.. Then, in virtue of feasibility
of x and unique optimality of x* for (A.3), we have x* = x. We hence conclude that lim;_,., x* = x* as for
case(ii). Consequently, the desired result is obtained and the proof is complete. O

A.4. Proof of Proposition 3 We use the notations described before Proposition 3. In particular, recall
(2.9) and (2.10).

Proof of Proposition 3: To begin with, for each k >0, let

S
I

Since {217‘} is bounded, it has at least one accumulation point, say d*. Choose an arbitrary subsequence {217‘},(67(
which converges to d*. From remark 4, {w*};cx has an accumulation point, say w* := (x*, Y,,z"). Without
loss of generality, we assume limgcs; o wk = w*.

We prove the assertion by two steps. As the first step, we prove

liminf £

> 0. (A.10)
o

i }
k11 f kexc

that it converges to 0. We may assume limyes)—co ﬁ =0 by retaking K if necessary. Since limycg) 00 d* =
d*, d* satisfies

In order to derive a contradiction, suppose to the contrary that there exists a subsequence of { such

(EIAG(x":d")E. =) AG™(x":d") € STr, VA(x")'d" =0, (A.11)

where these relations are derived from dividing the following equations by ||d*|| and passing to the limit:

S}, 3 E[GE, = E[ (Gy— G,) E. = AG™(x*;d") + O(ld"|),
0= h(x*) = h(x*) + Vh(x")"d* + O(|d*|[>).

As wk = (XK, Yy, 7°) satisfies the BKKT conditions and P, = [E,, F,] is an orthogonal matrix, we obtain,
for each ke K,
wl,.  E]GY(E.
lld ]| lld ]|
ET (G, +AG(x";d") + O(lld"|I»)) [E* F*] [

ET
FT] Y(E.

[l ’

which together with driving k(€ K) — oo yields

AG®E(x*;d")YEE = 0, (A.12)
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where we have used the relations GEF = O and Y& = O from (2.8).
As w* = (x",Y.,,7") and (x%, Y,, z%) satisfy the KKT conditions, it follows that

Vix")=9Gx")Y., - Vh(x")Z, (A.13)
=9G(x")'Y, = Vh(x")Z". (A.14)

Pre-multiplying both (A.13) and (A.14) by (Zl:‘ )" and noting (A.12) lead to
V() d" = Tr(AG™(x";d")Y) = Tr (AG™(x";d")YF) = 0. (A.15)
From (A.15) and (A.11), we ensure .

d e C(x"), (A.16)
where C(x*) is defined in (2.12). As Y;* is positive definite by definition and AG*"(x*; d) e S™ follows from
(A.11) again, Tr(AG™(x":d")Y™E) = 0 in (A.15) yields

AG®E(x*;d") = O. (A.17)
Next, we transform (;f* YT ITG(x) (Y, —7Y) as
(d) TG (Y- Y.) = AG(x";d") o (Y, — Y.)
ET . = ET
- Tr([F*T] AG(x';d")[E. F.| [Fi;] (Y- Y.)[E. F])
AG™E(x'sd') AG™ (x3d)| [V - VT i
AG™E(x*;d*) AG™ (x*;d*) Y,fE YEF
_ [ 0 AGEF(x*;d*)] . [Y}jﬁ -y Y,EF]

AG™(x";d") AG™ (x*;d") Yy
=2Tr (AG™ (x";d")Y[¥) + Tr (AG™ (x": YY), (A.18)

where the second equality follows from the fact that [E., F.](= P.) is an orthogonal matrix and the fourth
one is due to (A.17).

Since w* and w* satisfy the BKKT and KKT conditions, respectively, we have V,L(w*) = V,L(w*) = 0 for
each k € K, yielding

T (VxL(Wk) - VXL(W* ))

0=(d")

1]
— VixL(W*)(di) — TGV = Y.) + Vh(x") (2 = 2) + O(lld"])
=) ]
@)V L)) — AG(x;d") e (Y, — Y,) + O(Id]P)
- 1] ~ _
_ k 2T AGEF *;d* YFE T AGFF *;d* YFF
=@ VL - D ku)d:u AT o, (A19)

where the last equality follows from (A.18). Notice that the off-diagonal elements of P} G,Y,P.(= wI) are
zeros for all k. Hence, for each k(€ K) > 0, we have

0= F:GkYkE*
ET
=F[G|E..F.| [ F’fr] Y,E,
=F!G.E.Y" + F] G\F.Y}*
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for each k € K. Substituting Taylor’s expansion G, = G, + AG(x*; d*) + O(||d*||*) into the last equation yields
(G + AG™(x" 1 d)YE + (G + AG™ (x:d) YiF = O(ld*|P),
where ||Y;|lr = O(1) was used for the last equality. Noting G'* = O and dividing both the sides of the above
by lla“|| give
AG™E(x*;d") yEE ( Vs AGT(x;db)
lla |l ¢ " llaHl lla |l

Y fE) =0(la") (A.20)

for k € K. Note that lim;_,, Y} = O holds, which implies lim;_., AGF:;;‘H By +F = 0. Moreover, together with
letting k(€ K) — oo, equation (A.20) implies

FE
m dk” —(G™Y ' AG™E(x; YR, (A.21)
On the other hand, the (2, 2)-block matrix of PTG, Y, P./||d"||(= w1 /||d"|) is calculated as
1 O(l|d"|1*)
FI (G, +AG(* ;dY)) E.YFF + FT (G, + AG (X', d")) F.Y{F) +
”dk”( ( ) k ( k ) k ) llaX|
T k EF FF T k. gk FF k
=7 (FTAGUHYEY + (G + FIAG(':d)F.) Y[T) + Ol (A22)
where we have used
G*=0,G"=0 (A.23)

from (2.8). In particular, from lim_,., AG(x*; d)/||d"|| = AG(x"; d*) and limy_,.(YEF, ") =(0,0), we see
FIAG(xX*;d")E.YFF + FTAG(x*; d“)F, YFF
e I
Since the limit of (A.22) is zero by the assumption limy_,., t/||d*|| = O again and recalling that (A.22) is

the (2,2)-block of wl/||d"|l, the above equation yields limy_,., GE*YF¥ /||d*|| = O, which combined with the
nonsingularity of G'F induces

FF
lim —
i
By taking (A.21) and (A.24) into consideration and driving kK — oo in the equation in (A.19), it holds that
(d) V2 Lwd" = =2Tr (YFEAG™ (x*; d')(GET) ' AGT (x"; ).

=0. (A.24)

Combined with Lemma 1, this equation further implies
(d) V2 LW +(d) Qx", Y.)d" =0.
However, in view of d e C(x*) by (A.16) and d* # 0 and by noting (Y.,z*) € A(x*), the above equation

contradicts the ESOSC. Therefore, we conclude (A. 10)
In turn, we show £ = O(1) as the second step. As w* satisfies the BKKT conditions, we obtain, for each

[
k,
T k k|2 E]
E] (G, +JG(x*)(d)+0O(||d E, F.|| 5| YE.

s~ Nl 2l ’
which together with (A.23) yields
/’lklr
lim —=
ko |||
This means that the sequence {H dk||} is bounded, and we thus obtain the desired consequence. By combining
(A.10) and this fact, the proof is complete. O

= AG®E(x"; d")YFE,
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A.5. Proof of Proposition 5 To start with, decompose a vector Ax € R” into orthogonal component
vectors as follows:
Ax=Uxn' +V.1%, (A.25)

where (7',17°) € RP* x R"P+ and V, € R™®P*) is a matrix whose columns form an orthonormal basis of the
orthogonal complement subspace of U,, where U, is defined in (3.21).
Let Ufc* be the i-th column of U« foreachi=1,2,..., p.. From (3.19), we have
YEEAGEE(x*; Ax) YEEAGH (x5 Ax)
Sym ([ GFFAYFE GFFAYFF =1,

of which the block components together with GIF € S7,™ and Y*F € S, yield

AYFF = (GFF)!, (A.26)
AGFE(x"; Ax) = (YEF) !, (A.27)
YEEAGEF (x*; Ax) + AYEEGFF = 0. (A.28)
By (3.18), we obtain
0 AGFF(x* UL) P

ULV: L(w")Ax — ([ ] . PIAYP*) =0,

AG™(x*;UL) AG™ (x*; UL) o
leading to
ULV LOw")Ax - (AG™(x"; UL) e AY™ + AG™ (x'; UL.) 0 AY™ + AG™ (' UL) « AY™)” =0,
which is moreover rephrased as
ULV Lw")Ax = (20G™(x'; UL ) @ AY™ + AG™ (x"; UL)  AY™T)” =0,
Combined with (A.26) and (A.28), this equation yields
ULV2L0v)Ax + 2 (Tr (AG™(x; UL YEEAG™ (x'; A0)(GI) ™))" = (AGT (x; UL) o (GT) ') .
Decomposing Ax as in (A.25), we obtain from the above equation that
\ P
ULV2 Lw)U,n' +2 i N Tr(AG™(x'; UL)YEFAG™ (", UZ)(GT) ™)
j=1
=—ULVLLW)V.af -2 fTr (AG™(x'; UL YEEAG (s VPG ))
+(-AGT (s ULy o (V) + (AGT (s UL) = AG™ (s UL) ) o (G ') (A.29)

where ' := (9}, m3,...,1,,)"
Next, we prove that n' and n* are uniquely determined. To this end, note that V.5 € U+ by definition,
and AGEE(x*; V.1?) = (YEE)™! follows from (A.27) and AG®E(x*; U,«n") = O. From this, V,n* turns out to be
unique,’ which together with the full column rank of V, yields the uniqueness of 7%. In view of this fact and

(A.29), i, is also uniquely determined, because the matrix
ULVLLOW)U, +2(Tr(AGT(x"; UL YEEAG™ (x; UL )G )

1<i<j<ps
is actually positive definite by virtue of the ESOSC.

As aresult, Ax=U,.n' + V.7 is the unique Ax-component of solutions to equations (3.18)-(3.20). There-
fore, we ensure Item 1. Item 2 follows immediately from (A.26)-(A.28) with Ax = &*. O

5 More precisely speaking, to derive the uniqueness of V.n?, we have made use of the following fundamental result from linear
algebra: given A € R71*%2 and b € R?!, assume that the linear equation A6 = b has a nonempty solution set. Pick a solution u arbitrarily
and decompose it as u = u' + u> with u' € KerA and u?> € (Ker A)*, where Ker A denotes the kernel or null space of the matrix A.
Then, »? is uniquely determined regardless of choice for u, whereas u' is free in Ker A. In the proof, there exist correspondences
between Au = b and AGEE(x"; Upnp' + V.p?) = (YEE)™L, u! and U,.n', u? and V7%, and Ker A and U.,, respectively.
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A.6. Proof of Proposition 6 We show item 1. We first consider the first-half claim. For contradiction,
assume that there exists an infinite sequence {¢;} € R, converging to 0 such that #,(u) does not contain a
BKKT point with barrier parameter y, for each k. According to Proposition 2, {1} accompanies a sequence
of BKKT points {x(u)} which converges to the KKT point x*. By the above assumption, x(u) ¢ P, (u) for
each k, implying ||x(up) — x* — &/ 1 = plI€F|| > 0. However, Theorem 2 implies

[l Guai) = %7 = g™l = o). (A.30)

This is a contradiction. Hence, the first-claim claim is obtained. The second-half one can be also established
by deriving a contradiction. Suppose to the contrary that there exist BKKT points {x(u;)} with x(uy) €
bd P, (u). By the definition of bd P, (), we see limy_,o x(1;) = x*, thus (A.30) holds again. However, this
contradicts (x(u) — x*)/ i = p, Yk from x(uy) € bd P, (uy). Item 2 also follows readily since the same relation
as (A.30) is obtained from Theorem 2 again. O

A.7. Proof of Proposition 7 We prove the first assertion in item 1. Write X:= PIXP, for any X € S"
by convension. In particular, we set G(-) and AG(x*;-) to X. Denote

R(x, 1) = G(x) - G(x") — pAG(x"; £7).

We next consider to bound the magnitude of R(x,u) when (x, u) is varied. Recall GEF = 0, GFF = G'F = 0,
and G'F € S’,. It follows that

ic?(x) - L&)+ 860 + éR(x,m
VLR o) AGHE) + IR )

~AGTE (i) + tRat ) AGT (18 + 16 + Ro(r )| (A-3D

where R;(x,u) (i = 1,2,3) represent block submatrices of R(x,u) with appropriate sizes and the second
equality follows from AGFE(x*; &%) = (YE)™! by item-2 of Proposition 5. Taylor’s expansion of G at x* gives

R(x, 1) = AG (X", x — x* = &) + O(llx — x|
= O(upllé* || + Ilx = x'|I%)
= O(up +11%) (A32)

for x € clP,(u), where the last equality follows since [|x — x*|| < u(p + D|IE*|| by x € clP,(u). By (A.32),
the fact that (YF®)™ € S7."™, and taking u; > 0 and p; > 0 so small, l%llR(x, w)|| can be so small that the

(1, 1)-block matrix of i(?(x) is symmetric positive definite for any (o, u) € (0, 0,] X (0, 1], that is to say,

Ox,p) = (,5)" + iRl(x,/J) e SL Yo, ) €0,p11 %0, i1, x € clP(p), (A.33)
which along with (A.32) implies
Qo) =Y EU+ O+ (A.34)
Meanwhile, the Schur complement of ig(x) is expressed as
S0 = AG™ () + TG 4 LR (867 + LT 0 (6T ) + 1Rs).

where we have dropped the arguments (x,u) from the functions R;, R,, R;, and Q for simplicity. From
(A.32), by re-taking (u,, 0;) sufficiently small if necessary, we find that the above S is symmetric positive



Author: Article Short Title
Article submitted to Mathematics of Operations Research; manuscript no. (Please, provide the manuccript number!) 27

definite for any u € (0,u;] because LG € S’ is eventually dominant therein as p > 0 gets smaller and
. H
x € clP, () holds by assumption. Hence,

S(u) " =0 (xeclP,(w). (A.35)

Moreover, in view of (A.31), from (A.33) and S, € S', shown above, we conclude 15()() e 87, for any

(o, 1) € (0,01 x (0, u;] and x € c1P,(u), implying G(x) € S, . Setting (f1,,p1) := (11, p1), we ensure the first
assertion.

We next prove the second assertion in item 1. Taking the inverse of p‘IG(x) by applying the formula of
the inverse of a partitioned matrix (e.g., Horn and Johnson [19, Section 0.7.3]) to (A.31), we obtain

M, Mlz]

~
uG(x)" = [ M7, My, (A.36)

where each block component is defined as
- -1 -1 EF, %, ¢&* l -1 EF, s, &% l ' 1
My =00, + Q0 ) [AGT (x7367) + #Rz(x,,u) Sc(xw) (AGT (X587 + #Rz(x,/vt) O(x, ),

1
M12 = _Q(xa ﬂ)71 (AGEF(x*ag*) + ;RZ(xa #))Sc(xJJ)la
My =S (x, 1)

Moreover, we have iR,-(x,,u) =0(p+u) (i=1,2,3) from (A.32). These facts together with (A.34), (A.35),
and (A.36) yield

My = Y+ 0 (o + )™ + (), My = O(u), Mo = O(u), (A37)

which together with uG(x)™' = uPTG(x)" P. implies that { uG(x)™" | x € c1P; (), 1 € (0, 111 | is bounded.
In turn, we prove item 2. First, in view of (A.37), we obtain

My -YP=YPU+0@+w) ' I-UI+0(p+p))+ 0w
=O0(p + ). (A.38)

We drive (x,u) — (x*,0) along with satisfying x € cl®,(u). From (A.37) and (A.38), it follows that
_ _ _ yEE
,uG(x)_l—Ya:[M“ Y, Mlz]_[o(.o"‘,u) O(IJ)],

M), My Ow) O
where Y, = PTY,P,. Thus, we have |[uG(x)™" = Y,/ = [[uG(x)™" = Y,|lr = O(p + y). This means that there
exists some K| > 0 such that ||uG(x)™! — Y,|lr < K (o + u) as claimed. o

A.8. Proof of Proposition 8 First, from x € clP,(u), it follows that |[x — x*|| < [[x — x* — u&|| + pll€™|| <
(o + D|E||u. Second, it follows that ||Y — Y,|lr < ||Y — uG(x)" g + ||Ya — uG(x)!|g < (y1 + K))u + K, p from
(3.28) and item 2 of Proposition 7. Moreover, since these inequalities yield

llz* + (VA(x)"Vh(x))"'Vh(x)T (Vf(x) - TG(x)'Y) ||
=[(VA(x)"VA(x)) "' Vh(x)T (Vf(x) = TG(x)'Y + Vh(x)Z") |
=[[(VA(x)"VR(x))"'VA(x)" (V.LW*) + O(IY = Yollr + lx — x*)) |
=0(p + ),

where the second and third equalities are derived from applying Taylor’s expansion to V,L(x, Y,z*) at w*
and the facts that V,.L(w*) = 0 and ||(VA(x)"VA(x)) ' Vh(x)T||lr = O(1) for x € B, where B is the ball defined
in (3.25), we obtain

llz = 24l < llz + (VA(X)TVA(x) "' VA(x) " (Vf(x) = TG V) |1+
llz* + (VA(x)"VA(x)"'VA(X)" (Vf(x) = TGx)'Y) ||
=0(p +p),
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where we have used the assumption ||z + (VA(x)"VA(x))"'VA(x)T (Vf(x) = TG(x)*Y) || < y,u. Finally, using
the above facts together with V. L(w*) =0, we have

V.Lw) = V.LW*) + O (llx = x| + 1Y = Yallp + llz — 2*1) = OG0 + )

where the first equality follows from Taylor’s expansion of V,L at w®. As a consequence, by taking K, > 0
sufficiently small, we ensure the desired inequalities. O

A.9. Proof of Proposition 9 To start with, choose p < p, and consider an arbitrary sequence {w’ =
(x4, Yy, 25} and {u,} € (0, ji,] such that g, — 0 as £ — oo and (3.27), (3.28), and (3.29) are fulfilled for each £.
Write G, := G(x%) for each ¢. From Proposition 8, we see that {w’} is bounded and lim,_,., x’ = x*. Note that
G, ' exists by virtue of x’ € c1 P, (1) and (3.26) along with fi, < fi; and p, < py, and also note that {u,G,"'} are
bounded from item 1 of Proposition 7. Moreover, (3.28) implies that {Y,} and {mG;‘} accumulate at identical
points in $”. Denote an arbitrary accumulation point of {(¥,,z")} by (Y.,z"). From the above argument and
the fact that |G, Y, — uel|lr =[G (Ye — G, e < NGellellYe = peG7 Ik < yiptel|Gell, we obtain

G.Y. =0, Y, S} (A.39)

Moreover, from Proposition 8, for any ¢, we have max (||Y; — Y,llg, Iz = 2%]|) < K»(o + ), where K, > 0 is
the constant defined in Proposition 8. Then by driving £ — oo, we obtain

max (Y. = Yallg, llz" — 2*I) < K>p. (A.40)

For X € §™, define A,,;,(X) as the least eigenvalue of X. From G. + Y, € S, and (A.40), it follows that
/lmin(G* + Y*) = /lmin(G* + Ya) +/lmin(Y* - Ya) > Amin (G* + Ya) - ”Y* - Ya”F = /lmin (G* + Ya) - KZ,O’ which together
with Ay, (G, +Y,) >0 from G, + Y, € §7, implies

G.+Y. €S}, when0<p< ), (A.41)

P 5 y PG - y
Next, let K := 3., IV2h:(x)le + @maxlsi,jy‘ SO 4 nll(GEH) ™ lr max; g, ||1E.Gi(x )F*HIZ: > 0 and

Ox;0x;

recall that C(x") is a critical cone defined in (2.12). For any d € C(x"), we have

d" (V2 L(x", Y..2) + Q(x", ¥.))d

PG(x -
=d" | V2 L(w") + =, (Y. -Y,) + Z Vhi(x)z; =) |d
0x,0x; I<ij<n =1
+d"Q(x", Y,)d + 2T (Y - YEF) AG™(x": d)(GT) ' AG™ (x'; d))
X . . > . n(n+1) PG(xY)
2d" (Vi,LOw) + Q" Y))d =l = 2P Y IV (x)lle = =—— Y. ~ Y.llelld]F max
— 1<i,j<n axi Xillg

= nlldIPNYEE = Yl (GE) e max IE.G/(x)F.II;

>d" (VL") + Q(x", Y,))d — pK Ko d]*
2(k - pKK)|ld|I%,

where the first equality follows from Lemma 1 and (A.39), and the third inequality follows from (A.40)
and ||YEE — YEE||p < ||Y, — Y,|Ir and the last inequality from ESOSC (3.1) with (Y, z) = (¥,,z%). Thus, the last
inequality implies

when 0 <p < —— (A.42)
2KK,

T 2 * * s K“d”2
d7 (V2L Y., 2) 4 Q. Y)) d 2 =
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2K, ’ 2KK,’
p is independent from the sequence {w'}.
To prove the desired claim, we derive a contradiction by assuming to the contrary, that is, there exists
infinite sequences®

Hereafter, we set 0 < p < min (M - ,E)Z) so that (A.41) and (A.42) hold. Notice that this choice of

{ued SRy, W= (XY ) S W, DI CR?
such that lim,_,., g, = 0 and, for each ¢, it holds that |[v'|| = 1, VA(x")™v! =0, (3.27), (3.28), and (3.29) are
fulfilled with (u, w) := (up, w%), and
H, = () V2L + AG(' V") o L) Ly, (AG(x":v) < g (A.43)
By calculation, we have
Hy = () VLW +AGG V) 0 L) L1 (AGGV)) + AG( V) 0 Lo Ly, (AGGE5V))
= () VLLOWY +puAG( V) 0 G AG(E V)G + AG(x V) @ L Ly, 60 (AG(x‘; v‘))
_1 _1
G,?AG(x";V)G,?

2
= ()TV2 LW W + +AGG V) @ Lo Ly 61 (AGG)). (A.44)
F

As will be verified later on, we actually have the following relationships:
lim AG(x'sv') @ L) Ly,_,,.6:1 (AG('1v)) =0, (A45)

-1 -1
G,’AG(x";V)G,?

2
lign inf ((vf)TVfCXL(wf)v‘ + Uy ) > g (A.46)
—00 F
From these results and (A.44), liminf,_., H, > 5 holds. However, this contradicts hypothesis (A.43). There-
fore, we have reached the first assertion. |

Proofs of (A.45) and (A.46) For making the above proof complete, it remains to prove (A.45) and
(A.46). We also suppose the same assumptions as those made for contradiction at the beginning of the above
proof. In particular, we will use the same notations and symbols, such as {w’}, {v'}, and {u,}.

Before starting the proofs of (A.45) and (A.46), we shall give some preliminary results. First, note that
{w’} is bounded as described at the beginning of this section. Let w* denote an accumulation point of {w’}.
Then, notice that the x-component of w* is the KKT point x* and denote the (Y, z)-component of w* by
(Y., 7). Moreover, let v* be an accumulation point of {v/}. Choose an orthogonal matrix P, for each ¢ so that
G, is diagonalized with P, and the eigenvalues of the resultant diagonal matrix is aligned in the ascending
order. By re-choosing P, and taking a subsequence of {(x’,V, P,)} if necessary, we can suppose, w.1.0.g’,

}lelo(w", Vi, P = (W', V', P,). (A47)
Note that, as VA(x")™v! = 0, ||v{|| = 1 for each ¢, it follows that
vl =1, VA(x")Tv" =0. (A.48)
Next, so as to match P, = [E., F.], we partition P, as
Py =E;, Fl,

6 To abuse notation, we use w’ and yu, again to denote a sequence.

7 Recall that P, was an arbitrary orthogonal matrix such that (2.7) holds. Even if P, is reset as the limit of {P,} here, it satisfies (2.7)
again, and thus never affects the theoretical results established so far.
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which along with (A.47) implies lim,_,..(E,, F¢) = (E., F.). Let the resultant diagonal matrix obtained from
G, €S, using P, be Dg,, and also let D%[ and Dg; be the block diagonal matrices of Dg, that converge to
the (m — r,) X (m — r.) zero matrix and the positive diagonal matrix G'¥, respectively. Moreover, we often
write simply

5[ = P[GgP;;r
for each £. In summary, it holds that
~ D). O )
6i=rirl =[] ot =0.0
(4

Accordingly, we denote _ .
Y[ = P[Y[P;;r, AG( = P[AGgP;;r

with AG, := AG(x’; v’). Furthermore, so as to match the partition pattern of [3 G(I;ZF ], partition a given matrix
ZeS™"as

Z Z _ -
/= [Zir; ZZ], 7y e S§” f»«, Zi ER(m r*)xr*, 7 e S

Now, we start proving (A.45) and (A.46).

Proof of (A.45) First, recall that LyY = XY + YX for X,Y € S". If X € S7, the linear operator Ly is

++2

invertible, namely, L;(‘ exists. Next, note that, given W € S§”, a solution Z € S to L@‘[Z = W satisfies

Zy = L;C); Wi, Zy = L;F W, (A.49)
(4 (4

Zp(i, j) = ~Wi(i,j) (I1<i<m—-r,1<j<r), (A.50)

DY, (i,) + D (. ))
which are verified by representing L5, Z =W as

Dg[ZU +ZUDOG/ - W“ Dg[Zn +leDE;r - le _

DEZITZ + ZII—ZD%[ - W;rz DE?ZZZ + ZzzDE;r - W22 =0.

We have that ||Y, — nggl |le < yiue from (3.28) and {P,} is bounded since P, is an orthogonal matrix. These
facts yield

Yo -Gy = Oluy). (A51)
In view of (A.49) and (A.50) with W := L3, 51 AG,, the solution Z satisfies

Z11 = O(IAG ), Zo2 = OAIAG ), ZinGis ) = OllAG ) (1<i<m—r,1<j<r),  (AS52)
where the first equation in (A.52) is derived from the fact
Z =Ly Ly 5,6,DCe = OUAGHle),

which is ensured by (A.51) and the boundedness of ,ung. (For the proof of the boundedness of mL&l,
4 (4
see the footnote ®.) Moreover, the second and third equations in (A.52) are implied by (A.50) and the right

equation in (A.49). Using (A.52) again and noting that {AG,} is bounded, we obtain
AGg L] L&iLYg—wG;l AG( :AG€ ° LéiLYI IAG[

Gy

8 Note that, for any X € S having m eigenvalues a; < ap < -+ ,< @, the linear operator Ly is symmetﬂg and has m(m +
1)/2 eigenvalues aj,@,...,an,{(@; + @;)/2};z;. Letting (0 <)/1(1[) < /lg) < - A9 be the eigenvalues of G, € S7, for each
¢, the eigenvalues of the symmetric linear operator ,u/L% are /1///1(1[),/1///1(2[),... ,u///l(,,f), and {(p[//lgf)+ p[//li.f))/Z}#j. Since

{,uG(x)‘1 |x eclPp (), 1€ (0,f1] } is bounded from item 1 of Proposition 7, so are {,ugG;l} and {/1[571 }. Hence, {IU[//IE[)} is also

bounded for each i, which together with ||,ug.£él llr := , @ml?z)lil l||y[£é.:z lp < e/ /l(l[) yields the boundedness of {m[é‘}.
(4 eS| Z|lg= 4
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:AG( o/
=Tr((AG)uZii +2(AG)1Z}; + (AG )0 )
=0 (IIAG )l + ) - (A.53)

In order to prove the desired equation (A.45), it suffice to verify
AG"H(x";v) =0, (A.54)
because (A.45) is verified by using (A.53) together with the fact that limgém(’A‘(i}g)H = AG®E(x";v) = 0

_1 _1)?
following from (A.54). To this end, we evaluate u, ||G,*AG,G,* || in (A.44) as follows:
F

2
=1/ Tr (G;'AG/G;'AG,)
F

:WTr( {[ D)t o H('A;ég)n @fnz]}z)
0 (D) '|[(AG)a (AGo)n
(DY) (AGo), <D2,>*(’A‘ég>nr

(D' (AGo)u (D5 (AG )

=/ Tr (D) (AG )1 (DY) (AGn ) + 2 Tr (D) (AG) (DG (MG, )

(ap) (be)
+1Te (DF) " (AG)n(DEN " (AG)),

_1 _1
e Gf ZAGng 2

=pTr

(ce)
and herein we obtain
}im(cf) =0 (A.55)

because lim,_,., i, = 0 and the matrices in the trace-part of (c,) are convergent. It holds that lim,_,, ,ugGgl =
Y, since ,ugGgl and Y, accumulate at identical points due to (3.28), thus which together with (A.41) yields

lim p(Dg, )™ = ETY.E. = (Y.)n €87, (A.56)
which yields
lim(b) = 2Tr ((GE) ' AG™ (V)Y AGT (x:v)) = (") TQW", Yo', (A.57)

where the last equality follows from Lemma 1. Therefore, in view of (A.43), the lasg equality in (A.44),
1 1
and (A.53), by noting that (v/)" Vi L(w‘)v' is bounded, we find that y, |G, *AG,G,?|| is bounded, which

together with (A.55) and (A.57) implies that {(a,)} is also bounded. From this fact togel'zher with (A.56), we
ensure AGEE(x*;v*) = lim/_,.(AG,);, = O thus (A.54). The proof of (A.45) is complete.

Proof of (A.46) From (A.54) and (A.48), v € C(x*) holds, where C(x") is the critical cone and
expressed as in (2.12). Let

2

_1 _1
B = 0)TVILLWY + 1, (|G, 2AG(50)G,

F

for each ¢. Since (a,) > 0 for each € and {(a,)} is bounded as shown in the proof of (A.45), any accumulation
point of {(a,)} is nonnegative. Combining this fact with (A.55), (A.57), and (A.42) with d :=v* yields

s s em T (T2 T (¢ * T Ki«p_K
liminf == (v") (V2.LOw") +Q(x", Y.))v +liminf(a)2 ZIv'IF =3,

which implies (A.46). The proof is complete.
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A.10. Proof of Lemma 2 First, we show that
dist (x(u), M) = O(|[A())II) (A.58)

for X(u) € B. Note that (3.25) holds as for 8. To prove (A.58), assume to the contrary: there exists a sequence
{u¢} converging to 0 such that

. . e .
dist (X(up), M) #0, V¢, {l’lﬁlg m =0. (A.59)

For each [, let y’ € arg min (g [IX(tt7) — yll. Then, we have that, for any ¢ large enough,
dist (X(ue), M) = [15(ue) = ¥l (A.60)

since lim,_,, X(uy) = x* € int B, lim,_,, ¥(u;) — y* = 0, and thus y’ € int B. In what follows, we consider only
¢ large enough and assume y’ € intB. Since y* solves min,e 3/1%(u) — y|I* and the LICQ holds at y* from
(3.25), the KKT conditions holds, namely there exists n‘ such that

(o) =y = VhO)n'.

From (A.59) and (A.60), X(u,) — y* = Vh(y"n' # 0. Letting v be an accumulation point of
{(X(ue) = YO /NIX(ue) — y'II}, we may assume that

G =y) _ VhoO
10—yl VRGO

-V (> o00) (A.61)

without loss of generality. It follows that ||V]| = 1. As

RGO _ &) = hGOI _ VA" (X(ue) = ¥ + O o) — YIP)II
dist (X(uc), M) [1%(ue) = [1%(ue) =yl ’

driving £ — oo herein yields
Vh(x*)"v=0. (A.62)

Since VA(x*) is of full column rank, V# is continuous, and lim,_,., y* = x*, (A.62) actually implies that there
exists {v'} such that it converges to v and, for each ¢,

Vh(y")™V' =0. (A.63)

Meanwhile, with (A.61) and lim,_,,, v/ = ¥, we gain

0)'VROO o
im =<2 i,
(oo [[VAG 'l
which combined with (A.63) gives ||7]|> = 0. However, this contradicts ||7]| = 1. We thus obtain (A.58).
We next prove the desired relation (3.37). Note that h(¥(u)) = h(x* + ué*) = O(u?) holds by Taylor’s
expansion together with 2(x*) = 0 = VA(x*)"&*, where the last equality follows from Theorem 2. With this
fact along with (A.58), (3.37) is ensured. The proof is complete. O
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A.11. Proof of Proposition 10 In order to prove Proposition 10, we start by showing the following
lemma:

Lemmva A.1. ForveVandyeR"™, let (x,Y,d) := (OW), uG(®(v))™, VO y) and suppose G(x) € S™,
Moreover, let z € R* and yu> 0. Then, we have

OL(x,Y,z2)

VIV, )y = d V2, L(x, Y,2)d + Z ( YTV j(v)y) +AG(x;d) e Lo} Ly (AG(x;d)).  (A.64)

J

Proof. By calculation, as regards the function ¢, defined in (3.5), we have
Vi, (x) =V f(x) — ,uJG(x)*G(x)*1 =V,.L(x, ,uG(x)*l,z) —Vh(x)z, (A.65)
0*G
A"V, (x)d =d"V*f(x)d — [Z Z didj—=== (x)

=l j=1

¢ G(x)" +ullG(x) 2 AG(x; d)G(x) |12

=d"V? L(x,uG(x)"",2)d —d" (Z z,»Vzh,»(x)] d+ |G IAG(; d)G(x) 2|2 (A.66)

i=1

Moreover, it follows from (3.34) that

Z(Z ,ah ((;D(v)))vzq) (V) + VO(v) (Z aV2 b (CD(v))) Vo) = (A.67)
j=1 \i=1 Y

Then, with (x, Y,d) = (®(v), uG(®(v))~!, VO(v)Ty), equation (3.40) yields

51//,1( )

Xj

YV, (v)y =d V2 L(x, Y, 2)d + Z YV2O,(v)y—d (Z z,-Vzh,-(x)] d + pl|G(x)" T AG(x; d)G(x) 2|2

i=1

ox

=d"V2 L(x,Y,2)d + Z (awﬂ(x) £y ziM) Y V20,(0)y + pllG(x) 2 AG(x; d)G(x) |2
; j
ATV L(x, Y, 2)d + Z(aL("—x“) Vo (v)y)+AG(x d)e L5t Ly (AG(x:d))

j=1 J

where the ﬁrst equality follows from (3.34) and (A.66), the second from (A.67), the third from (A.65)
and ul|G(x) 2 AG(x; d)G(x)~ 2||F PAG(x;d) @ G(x) ' AG(x; )G(x)™' = AG(x;d) @ L, Lyt (AG(x;d)) =
AG(x;d) e LG(X)LY (AG(x;d)). O

Proof of Proposition 10 First, let K,, M3, M, > 0 be the constants defined in Proposition 8 and (3.35),
and (P4, fis) € (0,p3] X (0, i3] be such that max(py, fis) < kM3 /(8nK,M;Ms). Choose (o, 1) € (0, p4] X (0, fis]
and ve Vol P,(u)) arbitrarily. Let x := ®(v) € clP,(u) and recall ji, < ji; and ps < p;. Then, from
(3.26), it holds that G(x) € S™, and (VA(x)Vh(x)")™" exists. Thus, we can define ¥ := uG(x)™" and z :=
~(VA(x)VA(x)")'Vh(x)T(Vf(x) — TG(x)'Y), and these (x,Y,z) fulfills the conditions (3.27), (3.28), and
(3.29). Letting d := VO(v) "y, we obtain VA(x)"d = };_, Vh;(x)"VO(v)"y = 0 from (3.33). It holds that

OL(x,Y,z2)

YV, (v)y =d V2 L(x, Y,2)d + AG(x; d) » L5}, LyAG(x; d) + Z( 4V (v )d)

J

>d" V3 L(x, Y, 2)d + AG(x; d) ® L, LyAG(x; d) - Z IV.L(x, Y, DIIV2D ()l elld]

J=1
2

K. 5 ) KM
2§M3 —nK2M4M5(;1 +p) > T,

where the first equality follows from Lemma A.1, the third inequality from Proposition 8, Proposition 9,
and (3.35) with d = VO(v) "y, and the last inequality from the above-mentioned definitions of ji4 and p4. The
proof is complete. O
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