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ON EMV-ALGEBRAS WITH SQUARE ROOTS

ANATOLIJ DVURECENSKIJ"'*®, OMID ZAHIRI"”

ABSTRACT. A square root is a unary operation with some special properties. In the paper, we introduce
and study square roots on EMV-algebras. First, the known properties of square roots defined on MV-
algebras will be generalized for EMV-algebras, and we also find some new ones for MV-algebras. We
use square roots to characterize EMV-algebras. Then, we find a relation between the square root of an
EMV-algebra and the square root on its representing EMV-algebra with top element. We show that each
strict EMV-algebra has a top element and we investigate the relation between divisible EMV-algebras
and EMV-algebras with a special square root. Finally, we present square roots on tribes, EMV-tribes,
and we present a complete characterization of any square root on an MV-algebra and on an EMV-algebra
by group addition in the corresponding unital £-group.

1. INTRODUCTION

MV-algebras were introduced by C.C. Chang in [Chall [Cha2] as basic algebraic tools for many-valued
evaluation to provide an algebraic proof of the completeness of the Lukasiewicz infinite-valued proposition
calculus. Another fundamental study on MV-algebras was done in [Mun], which provides a one-to-one
characterization of MV-algebras as intervals in unital Abelian ¢-groups. Nowadays, MV-algebras are
applied in many areas of mathematics, logic, computing, etc. with very deep results. Therefore, this
structure has also many generalizations, like BL-algebras, hoops, BCK-algebras, quasi MV-algebras,
etc. In [Gelo], a non-commutative generalization of MV-algebras, pseudo MV-algebras, was introduced.
These algebras are also known as generalized MV-algebras, see [Rac]. Nowadays, there are studied also
non-commutative versions of BL-algebras or hoops.

Recently, we introduced EMV-algebras as a common generalization of MV-algebras and gen-
eralized Boolean algebras. A top element for EMV-algebras is not necessarily assumed. In a special
case, if it admits a top element, then it is equivalent to an MV-algebra. Conjunction, disjunction, and
@ are defined but a complement is defined only locally, i.e. if a is a Boolean element, then [0, a] is an
MV-algebra and a complement of any element in [0, a] is defined. Each EMV-algebra can be covered by
{[0,a]: a is a Boolean element}. We have to note that the class of EMV-algebras is not a variety because
it is not closed under forming subalgebras with respect to the original operations. Some results known
for MV-algebras were extended for EMV-algebras and some new results were obtained for MV-algebras.

In [DvZal, it was proved a basic representation result that each EMV-algebra M either has a top
element or there exists an EMV-algebra N with top element such that M can be embedded into N as
a maximal ideal of N. States as analogs of finitely additive measures were investigated in and
morphisms and free EMV-algebras were described in [DvZa2]. The Loomis-Sikorski theorem for these
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algebras was established in [DvZa3]. We showed also that every EMV-algebra M is a homomorphic image
of B(M), the generalized Boolean algebra R-generated by M, where a homomorphism is a homomorphism
of generalized effect algebras (see [DvZa6]). Since the class of all EMV-algebras, EMV, is not a variety,
in [DvZabl, we found the least variety containing EMV.

Square roots have been studied in many algebraic structures. In the case of non-idempotent semi-
group operations, square roots can carry an important part of information. For example, further binary
operations can be easily built from square roots and the given semigroup operations. If the underlying
lattice is given by the real unit interval, then the arithmetic, respectively geometric, mean arises in this
way. U. Hohle in [H6]| studied square roots on the class of residuated lattices and its subclasses such
as MV-algebras. He characterized MV-algebras with square roots in a general case. He proved every
MV-algebra with square root belongs to only one of three classes of MV-algebras. He also introduced and
investigated strict MV-algebras and found relations between strict MV-algebras, injective MV-algebras,
and divisible MV-algebras in the class of complete MV-algebras. It was proved that every complete MV-
algebra with square roots is either a complete Boolean algebra or a Boolean valued model of the real unit
interval viewed as an MV-algebra or a product of both. R. Ambrosio in [Amb] continued to investigate
strict MV-algebras. She classified strict MV-algebras by using the concept of 2-atomless. She showed
that each strict MV-algebra contains a cyclic element of order 2"*! for each integer n > 0. Some new
results on square roots on GL-monoids can be found in [HG6I1], and also in [NPM], there are interesting
ones on square roots. In [BeR], it was proved that the class of residuated lattices with square roots is a
variety. It is clear that every BL-algebra corresponding to a continuous t-norm has square roots.

We note that the notion of the square root is also used in [GLP] for quasi MV-algebras and in [ChDul
for quasi-pseudo MV-algebras but in a completely different sense as in our contribution.

Our main goal in this article is to introduce and study square roots of EMV-algebras:

(1) Find a relation between square roots on an EMV-algebra and its representing EMV-algebra with
top element.

) Characterize strict EMV-algebras.

) Classify EMV-algebras with square roots.

) Study divisible EMV-algebras and characterize them by square roots.

) Give a complete characterization of any square root on any MV-algebra and on any EMV-algebra.
The paper is organized as follows: Section 2 contains basic notions and facts about MV-algebras,

square roots, and EMV-algebras which will be used in the next sections. In Section 3, known properties

of square roots defined on MV-algebras are generalized for EMV-algebras, and we also find some new

properties. We use square roots to characterize EMV-algebras and we find a relation between the square

root of an EMV-algebra and the square root on its representing EMV-algebra with top element. In

Section 4, we introduce strict EMV-algebras, and we show that each strict EMV-algebra has a top

element. Moreover, we present a classification of EMV-algebras with square roots. In Section 5, relations

between strict EMV-algebras with some other subclasses of EMV-algebras such as divisible and locally

complete EMV-algebras are investigated. Moreover, we present square roots on tribes, EMV-tribes, and

a complete characterization of any square root on every MV-algebra and every EMV-algebra by group

addition in the corresponding unital ¢-group.

(2
(3
(4
(5

2. PRELIMINARIES

In this section, we gather some preliminary results about generalized Boolean algebras and EMV-
algebras, which will be needed in the following sections. Some of the results of this section (Lemma [Z.2]
Proposition 2.3 and Lemma 2.7)) are new, and they are related to MV-algebras, so we state them in this
section with short proofs.
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Recall that a generalized Boolean algebra is a relatively complemented distributive lattice with a
bottom element. By the proof of [CoDal Thm 2.2}, each generalized Boolean algebra is either a Boolean
algebra or can be embedded into the Boolean algebra of subsets of MaxI(B) as its maximal ideal.

We note that an MV-algebra is an algebra (M;®,,0,1) of type (2,1,0,0), where (M;®,0) is a com-
mutative monoid with the neutral element 0 and for all z,y € M, we have:

(1) 2" = a3

(i) z®1=1;
(i) 2@ (z@y) =yo (yoa');
(iv) 0’ = 1.

In any MV-algebra (M;®,",0,1), we can also define the following operations:
roy:= (oY), roy:=@@ ®y).

MV-algebras are intimately connected with Abelian unital /-groups: Let G be an Abelian lattice-ordered
group (¢-group) written additively, an element u > 0 of G is said to be a strong unit if, given g € G, there
is an integer n > 1 such that g < nu. The couple (G, u), where G is an ¢-group and w is a fixed strong unit
of G, is said to be a unital £-group. On the interval [0, u], we define x ®y = (z + y) Au and 2’ = u — z,
2,y € M. Then I'(G,u) = ([0,u]; ®,’,0,u) is an MV-algebra. Due to the famous result by Mundici,
[Mun], every MV-algebra is isomorphic to T'(G,u) for some unital ¢-group (G, u). Moreover, there is a
categorical equivalence between the category of MV-algebras and the category of unital ¢-groups. For
more information on MV-algebras and their relationship with unital /-groups, we recommend consulting
with [CDM].

For any integer n € N and any = € M, we can define 0.2 =0, and n.x = (n —1).xa ®x, n > 1. An
MV-algebra (M;,’,0,1) is called strongly atomless if, for each x € M \ {0}, there exists 2 € M such
that 0 < z <z and x ® 2’ < z (see [Bel, [Amb]).

Definition 2.1. [Ho6l| Let M be an MV-algebra. A mapping s : M — M is called a square root if it
satisfies the following conditions:
(i) for all x € M, s(z) @ s(x) = z;
(i) for all z,y € M, y ® y < z implies that y < s(z).
We note that sometimes ones write s(x) = x2, x € M, see [HGI, BeR]. We note that due to [BeR} Cor
3], the class of MV-algebras with square roots is a variety.
An MV-algebra with a square root s is called strict if and only if s(0) = s(0)’. We say also that the
square root s is strict.

Lemma 2.2. Let M be an MV-algebra with a square root s. Then for each x € M :
(i) s(z') @ s(2') =z, consequently s(z') <z < s(z).
(i) If x = s(z') or x = s(z), then x is a Boolean element.
(ii) If = is not a Boolean element, then s(z') < x < s(z).

Proof. (i) By definition for each z € M we have s(z') ® s(z’) = 2/ which implies that s(2’) ® s(z') = =.
(ii) If x = s(z), then by definition z ©®x = s(z) ©® s(x) = z. If z = s(z’)’, then 2’ = s(2’) which implies
that 2’ © 2/ = s(2’) ® s(z’) = 2’. So, by [CDM| Thm 1.5.3], z is a Boolean element of M.
(iii) Tt follows from (i) and (ii). O

Proposition 2.3. Let s be a square root on an MV-algebra (M;®,’,0,1). For each x € M, we have

(s(z') © s(2")) = s(x) © s(x).

Proof. Let x € M. From s(z')®s(2’) = 2/ and s(x) @ s(x) = = we get that s(z) ©@s(z) = (s(z')©s(z’)) =

s(@') @ s(2’). Also, x < s(z) and 2’ < s(2’), so s(x) <z’ < s(a'). O
Recently, in [DvZa] an extension of generalized Boolean algebras and MV-algebras, called EMV-

algebras, was introduced.
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An algebra (M;V,A,®,0) of type (2,2,2,0) is called an extended MV-algebra, an EMV-algebra in
short, if it satisfies the following conditions:

(E1) (M;V,A,0) is a distributive lattice with the least element 0;

(E2) (M;®,0) is a commutative ordered monoid with the neutral element 0;

(E3) for eacha € Z(M) :={x € M | z®x = x}, the element \,(x) = min{z € [0,a] | z® z = a} exists

in M for all z € [0, a], and the algebra ([0, a]; B, A4, 0,b) is an MV-algebra,;

(E4) Z(M) is a full subset of M, that is for each © € M, there is a € Z(M) such that z < a.

The elements of Z(M) are said to be idempotents.

An EMV-algebra M is called proper if it does not have a top element. Clearly, if in a generalized
Boolean algebra we put @ = V, for each z € [0,al], A,(x) is a relative complement of x in [0,a], then
every generalized Boolean algebra can be viewed as an EMV-algebra where top element is not necessarily
assumed. If 1 is a top element of an EMV-algebra M, by (E3), ([0,1];6,A1,0,1) = (M;®,,0,1) is an
MV-algebra. Conversely, if (M;®,’,0,1) is an MV-algebra, then (M;V, A, ®,0) is an EMV-algebra with
top element 1. In addition, every EMV-algebra (M;V, A, ®,0) with top element 1 is termwise equivalent
to an MV-algebra (M;®,,0,1).

Let (M;V,A,®,0) be an EMV-algebra. The lattice structure of M yields a partial order relation on
M, denoted by <, that isz <y iff e vVy =y iff t Ay = z. Also, if a is a fixed idempotent element
of M, there is a partial order relation <, on the MV-algebra ([0, al; ®, A4, 0, a) defined by = <, y iff
Aa(z) ® y = a. By [DvZa2], we know that for each z,y € [0,a], we have z < y & = <, y. Also, if
z,y<beI(M),thenz g,y 2 <ysSx =<y

Proposition 2.4. [DvZal Prop 3.9] Let (M;V,A,®,0) be an EMV-algebra and a,b € T(M) such that
a <b. Then, for each x € [0, a], we have
(i) Aa(z) = Mp(2) Aa.
(i) Ap(x) = Aa(2) ® Np(a).
(iii) Ap(a) is an idempotent, and Aq(a) = 0.

Lemma 2.5. [DvZa, Lem 5.1] Let (M;V,A,®,0) be an EMV-algebra. For all x,y € M, we define
rTOyY = )‘a()‘a(x) @ /\a(y))v

where a € Z(M) and z,y < a. Then ® : M x M — M is an order preserving, associative, and well-defined
binary operation on M which does not depend on a € Z(M) with x,y < a. In addition, if x,y € M,
x <y, then y ® \g(x) =y © \p(x) for all idempotents a,b of M with x,y < a,b. So, we denote x Sy by
O N (y) for alla >y, x.

On every EMV-algebra, we can define a partial operation + as follows: The element x+y is defined in an
EMV-algebra M iff x,y € M are such that x®y = 0, then we set x4y := x@y. It is possible to show that
+ is commutative, associative, and cancellative. If M = I'(G, u), then z+y is in fact the group addition of
zandyin G. Ifa,b € Z(M), aAb =0, then a+b = aVb, and zA(a+b) = (xAa)+ (xAb) = (xAa)V (zAD).

For any integer n > 1 and any = of an EMV-algebra M, we can define 2! =z, 2" = 2" ' ® 2, n > 2,
and 20 = 1 if 1 is defined in M.

Let (My;V, A, @,0) and (Ma; V, A, ®,0) be EMV-algebras. A map f : M; — M is called an EMV-
homomorphism if f preserves the operations V, A, @ and 0, and for each b € Z(M;) and for each x € [0, ],
F(Xo(x)) = Apey(f(x)). An EMV-homomorphism f : My — My is said to be strong if, for each b € Z(M>),
there exists a € Z(M) such that b < f(a). Easy calculations show that each EMV-morphism preserves
the operation ®, too (see [DvZa2l [DvZad]).

The following important result on representing EMV-algebras was established in [DvZal, Thm 5.21].

Theorem 2.6. [Basic Representation Theorem| Fvery EMV-algebra M either has a top element or M
can be embedded into an EMV-algebra N with top element as a maximal ideal of N such that every
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element x € N s either the image of some element from M or x is the complement of the image of some
element from M.

The EMV-algebra N with top element in the latter theorem is unique up to isomorphism and it is
said to be representing the EMV-algebra M. For more details, we refer to [DvZal.

Lemma 2.7. Let (M;V,A,®,0) be an EMV-algebra. For each idempotent element a € Z(M), consider
the MV-algebra ([0,a]; ®, Aa,0,a). Define a binary relation —, on [0,a] by x =4 y = Ao(z) @ y. Then
(i) If a < b are elements of Z(M), then for each x,y < a, x =,y = (x = y) A a.
(i) 20y < (zOz)V(yOy)

Proof. (i) & =a y = Aa(z) Yy = (Mp(2) Aa) Dy = (M(2) DY) A(a®y) = (2 = y) Aa.
(ii) Let x,y € M. Choose b € Z(M) such that « Vy < b. Then

10y = @0y ob=(@oyoe (VY-

(Conee-y)o(@onoura)<@onVyoy.
O

Definition 2.8. [DvZa6l Def 3.1] An EMV-algebra (M;V, A, ®,0) is called locally complete if, for each
x € M, there exists a € Z(M) such that x < a and the MV-algebra ([0, al; ®, \s,0,a) is a complete
MV-algebra.

3. SQUARE ROOTS OF EMV-ALGEBRAS

In this section, we will study square roots on EMV-algebras which are unary operations with some
special properties. We show that if an EMV-algebra has a square root, then it is unique. We present
the main properties of MV-algebras with square roots. We show that if M is an EMV-algebra and N
is its representing EMV-algebra with top element such that N has a square root, then M has a square
root, too. Also, we find some representations of EMV-algebras with square roots using the properties of
square roots.

Definition 3.1. Let (M;V, A, ®,0) be an EMV-algebra. A mapping r : M — M is called a square root
if it satisfies the following conditions:

(Sql) for all z € M, r(x) © r(z) = z;

(Sq2) for each z,y € M, y ® y < x implies y < r(z).
An EMV-algebra (M;V, A, ®,0) has square roots if there exists a square root r on M.

Before we give some properties of a square root on an EMV-algebra M, we note that any square root
s: M — M is a one-to-one map: If s(z) = s(y), then 2 = s(z) © s(z) = s(y) © s(y) = y. Moreover, if
r1 and 7o are two square roots on an EMV-algebra M, then r; = r2. Indeed, by (Sq2), for each x € M
ri(x) ©® r1(z) < z implies that 71 (z) < ro(z). In a similar way, r2(z) < ri(x). That is 1 = ra.

Proposition 3.2. Let r be a square root on an EMV-algebra (M;V,A,®,0). Then for each x,y € M
and each a,b € (M), we have:
(i) z <zVvr0) <r(x).

) x <y implies that r(z) < r(y).

) r(z) Or(y) <r(zOy).
v) x Ay <r(x)Or(y).

) r(@) Oor(y) <axVy and if ¢ < a, then z A A (x) < 7(0).

) r(x) € Z(M) if and only if r(x) = x.

) 1(z) Ar(y) = r(z Ay).
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(viii) 7 : [0,b] — [0,b] defined by rp(x) = r(x) Ab is a square root on the MV-algebra [0,b] with
ro(b) = b.
(ix) ]fy <r(z) ©r(y), theny < z.
x) If r(z),r(y) < b, then r(x) —p r(y) —r(:b—>by)/\b.
(xi) If M is a generalized Boolean algebra (that is, & = V), then r is the identity map on M.
Y r(zVy) = r@)Vr(y) and r(x ©y) = (r(x) @ r(y)) V r(0). Consequently, if r(0) < x, then
(e © 1) =
(xiil) For each a € Z(M) with r(r(0)) < a, the element (r(0) —4 0) © (r(0) —, 0) is an idempotent
element of M.
xiv) z<r(z@z) and r(z ©z) O r(x @ x) =r(z) ©r(z) O r(z) @ r(z).

Proof. (i) z < r(x) follows from (Sql). Also, (x Vr(0)) ® (zVr(0)) = (z0z) V (r(0) ©@x) V (x ©r(0)) V
(r0)or0)=(xcz)V(r0)ozr) =206 (x VvV r(0)) <z and (Sq2) imply that « V r(0) < r(x).

(ii) By (Sq2) and 7(z) @ r(z) = z < y, we have r(x) < r(y).

(iii) From (r(z) © r(y)) © (r(z) © r(y)) = (r(z) © r(z)) © (r(y) ©r(y)) = z ©y and (Sq2) it follows
that 7(z) @ r(y) < r(z O y).

(xii

(iv) By (i), z Ay =r(z Ay) Or(x Ay) <r(z) ©r(y).
(v) By Lemma 27 we know that z ©y < (z ©z)V (y®y). S
r(z) ©r(y) < (r(z) o r() Vv (rly) o r(y)) =z Vy.
Now, let 7 < a. (A Aa(2)) ® (2 Ao (m . ) ((x/\)\a(x))Q)\a(x)) < Dal(2) @2) A

(x © Ag(z)) =0, so by (Sq2), :E/\)\ (x) < r(

(vi) If r(z) € Z(M), then by (Sql), x = r( ) r(z) =r(x) € Z(M). Conversely, if r(z) = z, then
z=r(z) ©r(xz) <r(r) =z and so r(z) € Z(M).

(vii) From (ii) and 2 Ay < z,y, we have that r(zAy) < r(x)Ar(y). Also, (r(x)/\r(y)) ) (r(x)/\r(y)) =

<
)© . () z)) /\((T(w) )G () A (r(y) © (@) A(r(y) ©r(y)) = = A (r(z) ©r(y)) Ay <z Ay, so by (Sq2),
<r(xA
iii) Clearly, rby: [0,0] — [0,b] is well-defined. For each z,y € [0,b], we have ry(z) © mp(x) =

(r(z
()
(@) AD)© (r(x) Ab) = (r(z) ©r(x) Alr(z) ©b) Ab = r(z) ©®r(z) = x. Moreover, if y ©@ y < z, then
(i
V-

r(z

(r
y < r(x) consequently y < r(x) Ab=r(x).
x) Let b € Z(M) with r(z V y) § b. Consider the binary operation — defined in Lemma 27 In the

MV-algebra [0, b] containing r(x) and r(y) we have

y = YAEE) ) =r(y) O rE) A1) O 1) = r(y) © (@) Ar(y)
= 1) © (rk) © () =6 1(@)) =y © (ry) = 1)) < 7(@) ©7(y) © (1Y) =5 7(2))
< r(z) Or(x) =r(x).

(x) In the MV-algebra [0, ],
r(y) © (r(z) = r(y) <r(y) Or(y) =y. It follows that (r(
so by (Sql), r(x) = r(y) < r(x = y). That is r(z) =4 r(y
(i), 7(z) © r(z > ) < 7z ® (& = ) < r(y), 50 7(2) © (rz s 9)
r(z —p y) Ab < r(x) = r(y). Therefore, r(z) —=p r(y) =7 b.
(xi) For each x € M, we have r(z) = r(z) © r(z) = x.
(xii) Let x,y € M and a € Z(M) be such that r(xVy) < a. By (viii), r4 : [0,a] — [0, a] is a square root
on the MV-algebra [0, al], so from [H6l, Cor 2.13 (xv)] it follows that 7, (x V y) = r4(x) V r.(y). Hence,

x) Or(z) ® (r(x) —p
» T(y)) < a —p y and
onversely, by (ii) and
y) which implies that

—~~

E
< =
0l =

r@Vy)=rxVy)Aa=(r(x)ANa)V(r(y) Na) = (r(x) Vr(y)) Na=r(z) Vr(y). Also, by [HGL Prop 2.17
(xxviil)], we get that r,(z©y) = (re(z) ©74(y)) Vre(0). Now, r(z),r(y),r(0) < T(x\/y) = a implies that
ro(x@y) =r(x0y), ro(z) = (), ro(y) = r(y) and r,(0) = r(0). That is, r(zOy) = (r(x) @r(y)) Vr(0).
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(xiii) Let @ € Z(M) be such that 7(r(0)) < a. Then by (x), r(r(0) =, 0) = r(r(0)) —4 r(0) =
r(r(0)) = (r(r(0)) @ 1(r(0))) = (+((0)) 4 0) Vr(r(0)) < ((0) 4 0) v r(r(0)). So,

(r(0) =4 0) © (r(0) =4 0) = (r(r(0) =4 0)* < ((r(0) =4 0) Vr(r(0)))". (3.1)

)
On the other hand, by Lemma 2.7)(ii), we can easily show that
((r(0) 4 0) Vr(r(0)))2 < (((0) =4 02V (r(r(0)) @ 1(r(0))) = (r(0) =4 0)* Vr(0)  (32)

4
and similarly, ((T(O) —q 0) V r(r(O))) = (r(0) —, 0)* Vv (r(0) ® r(0)) = (r(0) —, 0)*. Therefore,
(r(0) =4 0) ® (r(0) =, 0) is an idempotent element of M.

(xiv) z ©@ z < 2 ® x and (Sq2) imply that < r(x ® x). The second part follows from (Sql): Indeed,
rfzezr)or(zoz) =20z =r) 0r(z) or(x) ©r(z). O

The next remark helps us to find some upper and lower bounds for r(z), where r is a square root on
an EMV-algebra M.

Remark 3.3. Let r be a square root on an EMV-algebra (M;V, A, ®,0).

(i) In Proposition B2 (i) and (xiv), we saw that z < 2V r(0) < r(z) and < r(x ® x). Now, by part
(xii), we have r(z @ z) = (r(z) ©® r(z)) Vr(0) = 2 V r(0). Therefore, for each non-idempotent element
x € M xzVr(0) < r(z), otherwise, r(z) = r(z ® x) which implies that x =  ® = (contradicts with the
assumption).

(ii) Choose x € M. By definition, r(x) is the max{z € M | z ® z < z}. We claim that = @ r(0) is an
upper bound for r(z) and {z € M | 2 ® z < z}.

Indeed, first, in each EMV-algebra, for all z,y, z the following inequality holds:

(z02)0yoz) = (30X(R)O(YO(2), zy,2<acI(M)
= (@090 M) 0X(z) = (@OY) O Xa(z®2)
oy o(ze2) <(z0y) Oz
Second, if z € M such that z ® z < z, then (2 ® 2) © x = 0 which means (z©z) ® (z© ) = 0,
consequently z © z < r(0) and so z < z @ r(0). Therefore, from (i) and (i) we get x < x V r(0) =
r(zoz) <r(z) <zer0).
(iii) If € M is idempotent, then by (ii) and Proposition B2 (i) and (xiv), we have z V r(0) < r(z)
x @ r(0) =z Vr(0) which means r(z) =z V r(0).

IN

Example 3.4. (i) If (M;V, A, ®,0) is a generalized Boolean algebra, then the identity map Idy; : M — M
is a square root. Indeed, for each x € M we have Idp/(x) © Idp(2) = ¢ ©® ¢ = . Similarly, (Sq2) holds.
Also, Id s is the only square root on M.

(ii) Consider the real unit interval [0, 1] with the standard operation z®y = (z4+y)Al and 2’ =1 -z,
which is a complete MV-algebra. The map r : [0,1] — [0, 1] sending = to r(z) = \/{z € M | 20 2z < z}
is a square root on [0,1]. Easy calculations show that (a) r(z) = (1 + x)/2, z € [0,1], (b) 7(0) = 1/2,
r(1) =1, (c) r(z) < r(0) &z for x € [0,1).

The example is a particular case of Proposition [£.8

(iii) Let M; be a generalized Boolean algebra that has no top element and let My be the MV-algebra
of the real interval [0,1]. Then M = M; x M, is a proper EMV-algebra which has a square root
r(z1,22) = (21, (x2 +1)/2), (x1,22) € M. This is a particular case of a general situation of an EMV-
algebra described in Corollary .15 below.

(iv) Let {M; | i € I} be a family of MV-algebras and r; : M; — M, be a square root on M; for each
i € I. Then the direct product [[;.; M; has a square root, namely r((z;):) = (ri(2:))i, * = (2:):-

Consider the EMV-algebra > .., M; = {z = (2)icr | H{i € I|z; # 0} < oo} (see [DvZal Exm

3.2(6)]). Then not necessarily >, ; M has square roots. Indeed, let r;(0;) > 0 for all but finitely many
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indices ¢ € I. Then ), ; M; has no square root. Suppose the converse, let s be a square root on ), ; M;.
Define s; : M; — M; by s;(y;) = mi(...,0,...,9:,...,0,...) for each i. Then s; is a square root on M; so
that S; = Ty. But S(O) = (81(01))1 = (Tz(oz))z ¢ Ziel Mi, where 0 = (Oz)z

In other words, a subalgebra of an EMV-algebra with square root does not necessary have a square
root.

(v) The Chang MV-algebra C' = F(Z?Z, (1,0)) has no square root; the set {z € C |z 2 < (0,n)}
has no maximum for each integer n > 0.

(vi) Let B be the set of all finite subsets of N. Then B is a generalized Boolean algebra which is
an EMV-algebra. Consider the EMV-algebra M = B x C, where C is the Chang MV-algebra. Then,
M is a proper EMV-algebra with no square root. Indeed, if r : M — M is a square root, then the
set {(z,y) € M: (z,y) ® (z,y) = (0,0)} must have a greatest element (u,v). Clearly, v = 0 and so
v =max{y € C: y ®y = 0} which is absurd, since, in the Chang MV-algebra, this set does not have a
maximum.

(vii) An example of a locally complete EMV-algebra without square root is in Remark[f.9land examples
of finite (locally complete) EMV-algebras without square roots are given in Remark

(viii) Let M = {i/2" | i =0,...,2™, n > 1} be the MV-algebra of dyadic numbers in the real interval
[0,1]. It is not locally complete, but it has a square root s(z) = (x 4+ 1)/2, + € M (the restriction of the
square root (ii) on [0, 1], see [HOL INPM]. Similarly, the MV-algebra of rational numbers in [0, 1] has the
square root, the restriction of (ii).

(ix) There are uncountably many MV-subalgebras of [0, 1] having no square roots, see Example L.T5(1).

(x) There are countably many MV-subalgebras of [0, 1] with square roots, see Example .15)(3).

Proposition 3.5. Let r be a square root on an EMV-algebra (M;V,A,®,0). If a € Z(M) is such that
r(r(0)) < a, then

(i) r(x =4 0) =r(x) —4 r(0);

(ii) r(z @ y) = (r(z) ® Aa(r(0))) @ r(y).
Consequently, if M has a top element, then r(z @ y) = (r(z) @ r(0)) & r(y).

Proof. (i) Let x € M, a € Z(M) and r(r(0)),z < a. Then by RemarkB3] r(z —, 0) < r(a) <r(0)Pa=
a, so r(x) =4 7(0) =r(x =4, 0) Aa=r(x —,0).
(ii) Let z,y € M, a € Z(M) and r(r(0)),z,y < a. It follows that

)
r@oy) = (A (a@) © X)) = (@) © Aa) =0 7(0), by ()
(@) @ r(a(®))) Vr(0)) =4 7(0), by (xii)
(r(a(@)) @ r(Xa(y))) —a r(0)
- ((r( mo) (ry) ))ﬂmox by (i)

((y —=a 0 0)), by (i)

I
—~
—~
~—
S|
—~
o
~—
~—
S|
—~
<
~—
|
/N
=3
—~
~
©
>
—
—~
~—
~—
N—
3]
=3
—~
<
~—

The proof of the rest is straightforward. O

Proposition B.5l(ii) implies, for each square root r on an EMV-algebra M, r(z @ y) < r(x) & r(y),
z,y € M.

Theorem 3.6. Let r be a square oot on an EMV-algebra (M;V,A,®,0). Then M is a generalized
Boolean algebra if and only if r(0) = 0.
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In addition, the restriction of r onto the generalized Boolean algebra Z(M) is a square root on Z(M)
if and only if r(0) = 0.

Proof. Let r(0) = 0 and uw € Z(M). We will show that [0, u] is a Boolean algebra. Since it is an MV-
algebra, it suffices to prove that zA(z —,, 0) = 0 for all z € [0, u] (see [CDM}, Thm 1.5.3]). By Proposition
B2(viii), 7y, : [0,u] — [0, u] is a square root on the MV-algebra [0, u]. It follows from [HGl, Prop 2.11(xxi)]
that z A (x =4 0) = 174 (2) @ ry(z =4, 0) = ry(z) © (ry(x) =4 r4(0)) <74 (0) = 7(0) Au = 0.

The proof of the converse follows from Proposition B.2|(xi).

The second statement is a direct corollary of the first one. O

Proposition 3.7. Let f : M — E be a homomorphism of EMV-algebras and r be a square root on M.
Then t : Im(f) — Im(f) defined by t(f(x)) = f(r(x)) for all x € M is a square root on Im(f).

Proof. (i) For each z € M, f(r(z)) © f(r(z)) = f(r(z) ©r(z)) = f(x).

(ii) Let z,y € M be such that f(y)® f(y) < f(z). Choose a € Z(M) such that z,y,r(0) < a. We note
that in any MV-algebra v < v iff v’ @ v = 1. Consider the MV-algebra [0,a]. Then f(y) ® f(y) < f(x)
implies that f(Aa(y ©y) ® ) = Apa)(f(y ©y)) @ f(x) = f(a) because f(a) is the top element in the
MV-algebra [0, f(a)]. Since r, is a square root on [0, a] (see Proposition B:2{(viii)), we have

MNyoy)dr < rs(Myoy)@z)=r.y0y) =)
= 71.(y ®y) =4 ra(z), by Proposition B.2{(x)
Nalra(y © ) © ra(@) = A ((ra(y) © 7a(y)) V 1a(0)) @ 7a(w)
= Ay Vr(0) ®ro(r) < Aa(y) ®ralx).

It follows that f(a) = f(Aa(y ©y) B z) < f(Aa(y) B ro(z)) < f(a) which means that f(y) < f(rq.(z)) <
f(r(z)). That is, f(y) © f(y) < f(z) implies f(y) < f(r(x)).

(iii) We show that f(x) = f(y) entails f(r(z)) = f(r(y)). We have that f(r(z)) ® f(r(z)) = f(r(z) ©
r(z)) = f(x) = f(y) and so by (i), f(r(z)) < f(r(y)). In a similar way, f(r(y)) < f(r(z)). Whence,

F(x) = f(y) implies f(r(x)) = F(r(y)).
Thus, 7 : Im(f) — Im(f) sending f(z) to f(r(x)) is a square root on Im(f). O

Theorem 3.8. Let (M;V, A, ®,0) be an EMV-algebra and (N;V, A, @, 0) be its representing EMV-algebra
with top element. If R : N — N is a square root on N, then r:= R| is a square root on M.
M

Proof. Tt suffices to show that R(M) C M. Indeed, let € N.

(i) If x € M’, then from x < R(z) it follows that R(x) ¢ M, that is R(z) € M.

(ii) If © € M, then R(z) € M, otherwise, R(z) = ¢ for some y € M,soz = R(z) O R(z) =y 0y =
(y ®y) € M’ which is a contradiction. Note that M is closed under the operation .

Therefore, R(M) C M, which means that r : M — M is a square root. O

Theorem 3.9. Let (B;V,A,0) be a generalized Boolean algebra and a € B\ {0}. Then B = By x By,
where By = [0,a] and By = [_|aSb[O7 Mp(a)] (for notation, see [DvZa6l Page 886]).

Proof. We know that [0,a] and [0, \p(a)] are generalized Boolean algebras. Also,
{([Oa Ab(&)], D, )\)\b(a) ,0, Ab(a‘)) | b> a}

is a family of nested MV-algebras. By [DvZa6l Page 886], | |,.,[0, As(a)] is an EMV-algebra such that
its elements are idempotent, that is Ms := | |,-,[0, \s(a)] is a generalized Boolean algebra.

Define ¢ : B — M; x My by ¢(x) = (a Az, \p(a) A x), where b is an arbitrary element of B such that
a,r < b. First, we show that ¢ is well-defined.
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(i) Let b1,bs € B such that x,a < by,be. Set b := by V ba. By Proposition Z4(i), Ap(a) Az =
Ap(a) A (b Ax) = (b A dp(a)) Ax = A, (a) A z. In a similar way, A\p(a) Az = Ap,(a) A . That is, ¢ is
well-defined. Now, we prove that ¢ preserves the operations V, A, and 0.

(ii) By definition, ¢ preserves 0. Let x,y € B. Choose b € B such that z,y,a < b. Then by (i), we
have

plxVy) = (aA(zVy),(a) A(zVy))=((arz)V(any),(Xe(a) Az)V (Xp(a) Ay))
= ((@aAz),(Mp(a) Az)) Vv ((any), (Ap(a) Ay)).
On the other hand, since z,y,a < b, by (i) we get
o) = (aNz,(a)Ax),
oly) = (any,e(a) Ay).
Hence, p(z Vy) = ¢(z) V ¢(y). In a similar way, we can show that ¢ preserves A.
(iil) The mapping ¢ is a homomorphism of EMV-algebras. By (ii) and [DvZal, Rem 3.10], it suffices to
show that, for each x € B, there exists u € B such that ¢ 0. : [0,u] — [0, p(u)] is a homomorphism of
0,u
Boolean algebras. That is, for each z < u, p(Ay(2)) = Ap(u) (#(2)). Let @ < u € B and b be an element of
B such that u,a < b. Then p(u) = (aAu, \p(a)Au). By definition, p(u) = (aAu, \p(a)Au) = (aAu, Ay (a)).
Thus, for each z € [0, u],
Ao (0(2)) = Apqu(a Nz, Ap(a) Ax) = (Aanula A x), Ay, (o) (As(@) A z)).
Since a Az < a Au < a < u, by Proposition [2Z4]i), )\uAa(a ANzx)=A(aANz)ANa=(Ay(a) V() Aa =
Au(z) A a. Moreover, Ay, (q)(Ap(a) Ax) = Mp(Xp(a) Az) AXy(a) = (aV Ap(x)) A Xu(a) = Xp(x) A Ay(a) =
Mo(2) A (Mp(a) Au) = (Ap(2) Au) Adp(a) = Au(z) A Np(a). So,

pAu(@)) = (@A Xu(2), Mp(a) A Au(2)) = Apu) (p(2)-

From (i)—(iii), it follows that ¢ is a homomorphism of EMV-algebras. Clearly, ¢ is one-to-one: Indeed,
for each x,y € B, ¢(x) = ¢(y) implies that (assume that zVy <b € B)

(@ Nz, Ao(a) Ax) = p(z) = (y) = (a Ay, Ao(a) Ay),
consequently, z =z Ab=xA(aV(a)) =(aAz)V (M (a)Az) = (aNy)V (Xp(a) Ay) =yAlaV p(a)) =
yAb=1y. Now, let y = (y1,y2) € B1 X Ba. There exists b € B such that a < b, y; < a and y2 < Ap(a). Set
2 :=y1 Vya. We can easily show that p(z) = (aAx, \p(a) Az) = (y1,y2) = y. Therefore, ¢ : B — By x By
is an isomorphism and B = B; X Bs. O

(3.3)

Similarly to the proof of Theorem B9 we can generalize this result for EMV-algebras instead of
generalized Boolean algebras.

Corollary 3.10. Let (M;V,A,®,0) be an EMV-algebra and a € Z(M)\ {0}. Then My :=[0,a], M3 :=
Ua<bezanl0: Ao(a)] are EMV-algebras, and ¢ : M — My x M sending x to o(z) = (x A a,x A Xp(a))
where © < b and a < b € I(M), is an isomorphism of EMV-algebras.

We note that, in Theorem and Corollary 310, the homomorphism ¢ is indeed a strong homomor-
phism (see [DvZal Page 122]).

4. CLASSIFICATION OF EMV-ALGEBRAS WITH SQUARE ROOTS

We introduce strict EMV-algebras and we show that if an EMV-algebra is strict, then it has a top
element. Strict EMV-algebras will serve for a classification of EMV-algebras with square roots. We show
that each EMV-algebra with square root is a generalized Boolean algebra or a strict EMV-algebra or a
direct product of a generalized Boolean algebra and a strict EMV-algebra.
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Definition 4.1. An EMV-algebra (M;V, A, ®,0) with the square root s : M — M is called strict if,
for each b > s(0), the MV-algebra ([0,b]; ®, \y,0,b) with the square root s, is strict, or, equivalently,
s6(0) = Ap(s5(0)).

In the sequel, we will propose a representation for EMV-algebras using square roots.
Theorem 4.2. Fach strict EMV-algebra has a top element.

Proof. Let s be a strict square root on EMV-algebra (M;V, A, ®,0). Let a € Z(M) be such that s(0) < a
Then s4(0) = s(0) Aa = s(0) = A\g(s(0)). We claim that a is a top element of M. Choose a < b € Z(M)
By the assumption, s,(0) = s(0) A b = s(0) = Ap(s(0)), hence Proposition [24] implies s(0) = Ap(s(0)) =
Aa(8(0)) V Xp(a) = s(0) V Ap(a). That is, Ap(a) < s(0). Also b =aV A(a) <aVs0) <aVa=a
Therefore, a is the top element of M. O

Corollary 4.3. (i) Let s be a square root on an EMV-algebra (M;V,A,®,0). If s(0) < b € Z(M) and
sp is strict, then for each a € Z(M) such that s(0) < a < b, the square root sq on the MV-algebra [0, a]
cannot be strict. Specially, if M has a top element 1 and s is a strict square root on the MV-algebra
(M;®,A1,0,1), then the only idempotent element a of M with s(0) < a is 1.

(ii) Fach strict EMV-algebra is a strict MV-algebra.

(iil) Let M be an EMV-algebra with a square root v and let N be its representing EMV-algebra with
top element. If N is strict, then M 1is strict, too.

(iv) The homomorphic image of a strict EMV-algebra is also a strict EMV-algebra.

Proof. For (i), we prove only its second part. Let M have a top element 1 and let s be a strict square root
on the MV-algebra (M;®, A\1,0,1) (we use 2’ instead of A;(z) for all x € M). Let a be an idempotent
element of M such that s(0) < a < 1. By Proposition B2(viii), s, : [0,a] — [0, a] sending = to s(x) Aa is
strict. Then we have s(0) = 5,(0) = Aq(54(0)) = Aa(s(0)). By the assumption, s(0)" = s(0) which implies
that s(0) = s(0) = Ay (s(0))va' = s(0)Vd', so that a’ < s(0). On the other hand, 1 = aVa' < aVs(0) <a
which is a contradiction.

(ii) The proof of the second part is clear by (i).

(iii) Let N be strict. Then there is a square root s : N — N such that s(0)" = s(0). Since s ' M—=M

is a square root on M, by the note just before, Proposition B2 r = 3‘ . If N = M, then the proof is

complete. Suppose that N # M. Since N=M UM’ and M N M’ = () ](\;I)therwise, 1 € M which implies
that N = M), s(0) can not belong to M UM’ = N, that is a contradiction. Therefore, M = N and M
is strict.

(iv) By Proposition B77 the homomorphic image of an EMV-algebra M with square roots is again an
EMV-algebra with square roots. By (ii), M is with top element so it is equivalent to an MV-algebra with
square roots. We get the statement by applying [Ambl Thm 3.2]. O

Theorem 4.4. Let s : M — M be a square root on an EMV-algebra (M;V,A\,®,0). Then only one of
the following statements holds:
(i) The EMV-algebra M is a generalized Boolean algebra.
(ii) The EMV-algebra M is a strict EMV-algebra.
(ili) The EMV-algebra M is isomorphic to the direct product My x Ms, where M is a generalized
Boolean algebra and Ms is a strict EMV-algebra.

Proof. If s(0) = 0, then by Theorem B.6] M is a generalized Boolean algebra. So, let s(0) # 0.

Case 1. For each b € Z(M) with s(0) < b, we have A\y(s(0)) = s(0), then M is strict.

Case 2. There exists an idempotent element a € Z(M) such that s(0) < a and A,(s(0)) # s(0), which
means that ([0, al; ®, A, 0,a) with the square root s, is not strict. By, [Hol, Thm 2.21 and its proof],
there is t* € Z(M) such that t* < a, [0,a] = [0,t%] x [0, A\o(t%)], where [0,¢%] is a Boolean algebra and
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[0, Ao (t?)] is a strict MV-algebra with the square root sy, a). In the proof of [H6l, Thm 2.21], it was
proved that t* := A, (s(0)) ® Ay (s(0)).

For each a < b € Z(M), the MV-algebra [0, b] with the square root s; is neither a Boolean algebra nor a
strict MV-algebra. Indeed, if it is a Boolean algebra, then s,(0) = 0 implies that s;(0) = $(0) = s(0)Aa =
$4(0) = 0 which is a contradiction. Otherwise, if it is a strict MV-algebra, then A, (s4(0)) = Ap(s5(0))Aa =
$(0) A a = 5,(0) which is also a contradiction, (note that s(0) < a < b, so $,(0) = s,(0) = s(0)). So,
there exists t* < b such that [0,b] 2 [0,°] x [0, A\y(*)], where [0,b] is a Boolean algebra and [0, \y(2)] is

strict. Note that a < b implies that t* < t*. Moreover, A\, (%) = A, ()\a(s(O)) ©) )\a(s(O))) = 5(0) @ s(0)

and Ay (%) = \p ()\b(s(O)) ®© )\b(s(O))) = 5(0) ® s(0) (since s(0) < a < b).

Clearly, {([0,t%]; ®, M\a,0,t%) | @ < b € IZ(M)} is a family of nested MV-algebras. Set M; :=
Ua<ezan [0,°]. By [DvZa6l, Sec. 3], it is an EMV-algebra which is a generalized Boolean algebra
(since each element of M is idempotent). Now, set My := [0, A, (¢t*)], which is strict.

Define ¢ : M — M; x My by p(z) = (z At’,x A A\ (t?)) where z,a < b € I(M). Let x € M
and b,c € Z(M) such that a,z < b,c. By the first part of the proof, \y(t?) = A.(t¢) = A\, (t?). Since
AV ANEL) =2 AtV A(t)) =2 =2 A2V X(t°)) and N, (t°) are disjoint with t© and t°, we get
x At¢ = x A t® which means ¢ is well-defined. Similarly to the proof of Theorem B9, we can show that
 is an isomorphism. O

In Proposition f.6] we show that in the case (iii) of the latter theorem, we have uniqueness of the
decomposition M = My x Ms.
Now, we prove that if M is an EMV-algebra with a square root r and IV is its representing EMV-algebra
with top element, then N has a square root R such that R| =r.
M

Theorem 4.5. Let (M;V, A, ®,0) be an EMV-algebra and (N;V, A, &, 0) be its representing EMV-algebra

with top element. If r : M — M is a square root on N, there exists a square root R : N — N such that

ri= R‘ .
M

Proof. If M has a top element, the statement is trivial. So let M have no top element. Without loss

of generality, we can assume that M C N. Since M has a square root, by Theorem 4] there are three

cases.

(1) M is a generalized Boolean algebra. Then N is a Boolean algebra. By Theorem B.6] r(0) = 0,
so for each x € M, we have r(z) = x Vr(0) = = (by Remark B3). On the other hand, since N is a
Boolean algebra, the identity map R : N — N is a square root. Hence, N has a square root R and clearly
R‘ () =z =r(z) for all z € M.

M

(2) M is a strict EMV-algebra. By Corollary 43l M has a top element and N = M. So, the proof for
this case is clear.

(3) M is isomorphic to the direct product M7 x Mas, where M; is a generalized Boolean algebra and
M is a strict EMV-algebra. By Theorem [£.2] we know M has a top element, so we can easily show that
N is isomorphic to B x Ms, where B is a Boolean algebra, and M; is a maximal ideal of the Boolean
algebra B. Since B is a Boolean algebra, the identity map s; : B — B is a square root. Let sy be the
square root on the strict EMV-algebra Ms. Easy calculations show that R : B X Ms — B x M5 defined
by R(x,y) = (s1(x), s2(x)) is a square root. Proposition B.7 implies that N has a square root T : N — N

too. Now, by Theorem B.8 the map T’ M — M is a square root on M. It follows from the note after
M

Definition B.1] that T} =r.

M
From (1)—(3), we conclude that if M has a square root, so does its representing EMV-algebra with top
element N. O
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We strengthen (iii) of Theorem A4t

Proposition 4.6. Let an EMV-algebra M with square root be isomorphic to the direct product My X Ms,
where M7 is a generalized Boolean algebra, and My is a strict EMV-algebra. In such a case, M1 and Mas
are uniquely determined by M = My x My up to isomorphism.

Proof. Let M = My x My =2 M{ x M}, where M, M{ are generalized Boolean algebras and M, M} are
strict EMV-algebras and therefore with top elements, see Theorem [ 4 If M is with top element, M is
equivalent to an MV-algebra, and the uniqueness follows from [Hol, Thm 2.21].

Assume that M has no top element and let r be a square root on M. From Theorem [2.6] M can be
embedded into an EMV-algebra N with top element as a maximal ideal of IV, and every element y € N
either is in the image of M or is a complement of some element from M. Theorem asserts that the
square root r can be uniquely extended to a square root R on N. The generalized Boolean algebras
M, and M] are without top elements and they can be by Theorem embedded into Boolean algebras
B; and B, with top elements, respectively, see also [CoDa, Thm 2.2]. We claim that B; x Ms and
By x M are EMV-algebras with top element representing My x My and M] x M), respectively, because
My x M is a maximal ideal of By x M> and every element of By x Ms either belongs to the image of
My x Ms or is a complement of some element from the image of M; x M,. Similar reasonings also hold
for By x MJ. In other words, By x My and Bz x M} are EMV-algebras with top element representing M
and N = By x My & By x M), The uniqueness of the decomposition for N, see [Hol, Thm 2.21], entails
that Bl = BQ, M2 = Mé We have M1 = (Ml X Mg)/Mg = (M{ X Mé)/Mé = M{ O

From Theorem it can be easily obtained the following corollary.

Corollary 4.7. If (M;V,A,®,0) is an EMV-algebra with a square root and (N;V, A, ®,0) is its repre-
senting EMV-algebra with top element, then N satisfies only one of the statements of Theorem [{.4]

Finally, the following proposition helps us to provide some examples of EMV-algebras with square
roots.

Proposition 4.8. Let (M;V,A,®,0) be a locally complete EMV-algebra. Then M has a square root if
and only if the following statements hold:

(i) The set {y € M: y ®y =0} has an upper bound in M

(ii) The mapping A : M — M defined by A(z) := 22, x € M, is onto.

Proof. Let M be a locally complete EMV-algebra. Assume (i) and (ii), and let « be an upper bound for
the set {y € M |y ®y =0}. Due to (i), t :== V{y € M |y ©y = 0} exists in M. By Lemma [2Z7|ii),

tot=(\ wo(\ 2= \V Yoz < \ <(y2)\/(22))—0. (4.1)

{yeM: y2=0} {zeM: 22=0} {y,z€M: y2=22=0} {y,zEM: y2=22=0}
That is ¢ = max{y € M |y ©y = 0}. Set r(0) :=¢.

Given x € M, consider the complete MV-algebra [0, a], where u,z < a € Z(M). If y € M is such that
yOy <z, then (yoz)o(yor) <(yoy) ©x =0 (see Remark B3|ii)) and so y © x < t < u which
means y < x @t < a. Hence

{fyeM:yoy<azt={yel0,a:yoy <z} (4.2)

Since M is locally complete, the element \/{y € [0,a] | y ©®y < z} exists in [0,a] and in M as well, and
it is the same in both cases. Set

r(@):=\{yelo,a|yoy<az}=\{ye M:yoy<a}, by @D).

In particular, this yields (Sq2).
Analogously to [@.1), we can show that r(z) © r(z) < z: Using Lemma [27](ii), we have
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r(z) Or(x) = \/ yoz < \/ ((y2) v (22)> <z
{y,z€M: y2,22<z} {y,ze€M: y2,22<z}
This gives r(z) =max{y € M |y Oy < x}.
According to (ii), there is z € M such that z ® z = z, which entails t = 2 ©@ z < r(z) ®@ r(z) < z and
it gives (Sql). Consequently, r is a square root on M.
Conversely, let r be a square root on M. Then (i) is straightforward, and for (ii), we have given x € M,
there is y = r(x) such that y © y = x. O

Let us comment Proposition with two remarks.

Remark 4.9. We show that not every locally complete EMV-algebra has a square root. In other words,
there is a locally complete EMV-algebra such that the set {y € M | y ® y = 0} has no upper bound:

Given any integer i > 1, let M; be the MV-algebra of the real interval [0, 1] that is a complete one.
Define M = )", M;. According to [DvZa6l Ex 3.2(iii)], M is a locally complete EMV-algebra without
any top element. Define a countable family {y, = (y})i}n of elements of M such that y7 =01if i > n
and y!' = 1/2if i <n. Then y, ©®y, = 0 := (0;); for each n, but the set {y, | n > 1} has no upper bound
in M. Consequently, M has no square root, see also Example B.4l(iv).

Remark 4.10. Tt can happen that in a locally complete EMV-algebra M, the set {y € M |y®y =0}
has an upper bound, but M has no square roots.

For example, given an integer n > 1, let us define finite MV-algebras M,, = {0,1/n,2/n,...,n/n}.
Since every M, is trivially a complete MV-algebra, the set {y € M | y ® y = 0} has an upper bound.
We assert that M,, has square roots if and only if n = 1. If n = 1, then M; is a Boolean algebra, so the
identity function on M is a square root function. Thus let n > 2.

If 7, is a square root on M, then it is injective, and the range of r, is finite and linearly ordered, that
is, 7, = Id,, the identity on M,,. Consequently, r,,(0) = 0 and by Theorem B.6] M,, is a Boolean algebra,
a contradiction.

We note that in M, the condition (ii) of Proposition {8 is not satisfied: 000 =0= 1 ® 1.

In addition, if M is a finite EMV-algebra, it has a top element, and if M is not a Boolean algebra, it
does not have any square root.

Let M and E be two EMV-algebras and r : M — M and s : E — E be square roots. If f: M — F
is a homomorphism of EMV-algebras, then for each x € M, f(r(x)) ® f(r(x)) = f(z), and so by (Sq2),
f(r(z)) < s(f(x)). We say f preserves square roots if f(r(z)) = s(f(z)) for all z € M. For example,
every homomorphism between generalized Boolean algebras preserves square roots. In the next theorem,
we show a necessary and sufficient condition that a homomorphism of EMV-algebras preserves square
roots.

Theorem 4.11. Let M and E be two EMV-algebras with square rootsr: M — M and s : E — E, and
f: M — E be a homomorphism of EMV-algebras. Then f preserves square roots if and only if Im(f) is
closed under s.

Consequently, every surjective homomorphism of EMV-algebras preserves square roots. On the other
side, if M = {0} (M = {0,1}), then the embedding f of M into any EMV-algebra (any EMV-algebra
with top element, f(1) = 1) that is not a generalized Boolean algebra is not preserving square roots.

Proof. First, we assume that Im(f) is closed under s. Then 5|, s : Im(f) — Im(f) is a square root on the
EMV-algebra Im(f). Since by Proposition B the map ¢ : Im(f) — Im(f) defined by t(f(x)) = f(r(z))

is a square root, then ¢t = s which implies that s(f(z)) = t(f(z)) = f(r(z)) for all z € M.
Conversely, let f preserve square roots. For each y = f(z) € Im(f), we have s(y) = f(r(x)) € Im(f).
Therefore, Im(f) is closed under s. O

A
-
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Corollary 4.12. Let f : My — My be a homomorphism of EMV-algebras and N1 and N2 be the
representing EMV-algebras with top element of My and Ms, respectively. Consider the homomorphism
f: N1 — Ny which is induced from f (see [DvZa, Prop 6.1]). If Ry : Ny — Ny and Ry : N2 — Ny are
square roots, then f preserves square roots if and only if f has this property.

Proof. Due to Theorem B.8 we know that M; and Ms have square roots, say r; and ry. Recall that,
f(x) = f(z),if x € My and f(x) = f(2')', if # € N1\ My, where 2’ = \;(z) and ¥ = A\;(y) for all x € Ny
and y € No. Note that N7 and N» have top elements (denoted by the same 1). Let f preserve square
roots. Choose x € Nj.

(1) If z € My, then by Theorem B8 Ri(z) = ri(z) € M; and clearly f(Ri(z)) = f(ri(z)) =
r2(f(x)) = Ra(f (). _

(2) If x € N1 \ My, then o’ € My and f(R1(z')) = Ra(f(2)) (by (1)). Then

Ry(f(z)) = Ra2(f(2")) = Ra(f(2') = 0) = Ra(f(2')) — R2(0), by Proposition B.2(x)
= J(Ri(2) = R2(0) = f(R1(2")) = Ra(f(0)) = f(Ri(2")) = f(R1(0))
T(Rl (') = Ry (O)) = f(Ri(2’ — 0)), by Proposition B.2(x)

= [(Ra(x)).
Hence, f preserves square roots. The proof of the converse is clear, since for each = € My, f(x) = f(z) €
Ms, Ri(z) = ri(z) and Ra(f(x)) = ra(f(2)). O

Proposition 4.13. Let M be an infinite MV-subalgebra of the MV-algebra of the real interval [0,1].
Then M has square roots if and only if, v € M implies (x +1)/2 € M.

If M has a square root, r, the square root is the restriction of the square oot on [0,1], i.e. r(x) =
(x+1)/2, z € M, so that M is strict, and the MV-embedding of M into [0, 1] preserves square roots.

Proof. We recall that every subgroup of [0, 1] containing 1 is either of the form %Z, or is dense in R, see
e.g. [God, Lem 4.21], in our case, M is dense in [0, 1].

Assume that r is a square root on M. Due to Example B4Yii), the MV-algebra [0, 1] has the square
root s(z) = (x +1)/2, x € [0,1]. Then for each z € M, r(z) < s(x). Let y € [0,1] be such y © y < z.
Since M is dense in [0, 1], there is a sequence (yn)n of elements of M such that (yn)n 7 ¥ ((Yn)n is
non-decreasing and converges to y). Then y = lim,, y, < r(z) for each y € [0,1] with y ® y < z, which
yields s(z) < r(z), i.e. r is the restriction of s and (x +1)/2 € M for each x € M. Moreover, the
embedding M into [0, 1] preserves square roots.

The converse statement is evident. O

Remark 4.14. (1) Due to Example B.4] the MV-algebra of rational numbers and the MV-algebra of
dyadic numbers satisfy the condition of the latter proposition, and they are strict.

(2) According to Remark .10} the MV-algebra {0,1/n,2/n,...,n/n}, n > 1, has square roots if and
only if n = 1.

(3) An arbitrary MV-subalgebra of [0,1] (not only infinite) has square roots iff for each x € M,
(x+1)/2€ M.

(4) If M is an MV-algebra with a square root r and f : M — [0,1] is an MV-homomorphism, then f
preserves square roots iff f(r(z)) = (f(x) +1)/2, z € M.

Example 4.15. (1) For each irrational o, 0 < o < 1/2, let M () = {m+na | m,n € Z,0 < m+na < 1}.
Due to an example just after [CDM| Cor 7.2.6], M («) is an MV-subalgebra of [0, 1] generated by a. If 3
is an irrational in [0,1/2], M(a) =2 M(B) iff M(a) = M(B) iff a = .

We assert that M («) has no square root. Indeed, otherwise, if r is its square root, r(a) = («+1)/2 €
M () which implies (a+1)/2 = m+na for some m,n € Z, giving « is rational, contradiction. Therefore,
M has no square roots, see Proposition [£.13}
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Consequently, there are uncountably many MV-subalgebras of [0, 1] having no square roots.

(2) For any integer p, let M(p) = {i/p™ | i = 0,1,...,p",n > 1}, the set of p-adic numbers in
[0,1]. If p is a prime number, p > 3, then M (p) is an MV-algebra with no square roots. Indeed, test
the criterion from Proposition Let x = 2/p and assume (2/p +1)/2 = (2+p)/2p = i/p"*! for
some i = 0,1,...,p"" and n > 0. It entails (2 + p)p™ = 2i, which is a contradiction while on the
left-hand side, we have an odd number, whereas, on the right-hand side, it is an even number. Therefore,
(2 +1)/2 ¢ M(p).

The same trick shows that M (p) has no square root if p is an odd number.

We note that if p =1, M (1) = {0, 1}, so it has a square root, and if p = 2, M (p) are dyadic numbers
in [0,1] and it also has a square root, see Example B4{viii).

(3) On the other hand, if p > 3 is an even number, then M (p) has a strict square root. Put z = j/p*,
where j = 0,1,...,p". We search for integers m and i = 0,1, ...,p™ such that (z+1)/2 = (j/pF+1)/2 =
(5 + p*)/2p* = i/p™. Without loss of generality, we can assume m > k, i.e. e.g. m = k+n, where n > 0.
Then

(7 +p")/2p" = i/p"tn (4.3)
for i = 0,1,...,p*"", which gives (j + p*)p"/2 = i. Since 2 divides p, i is an integer. Moreover,
i=(j+p")p"/2 < (pF + pF)p"/2 = p"*F, so that the right-hand side of ({@3) has a solution for i, i.e.
(x+1)/2 € M(p). If s is a square root on M (p), then s(z) = (x+1)/2, z € M(p), so that M (p) is strict,
see Proposition

We show that there is countably many mutually different unital subalgebras (M (p), 1) with the square
root. Let 2 =p; <3 =ps < --- < p, be the first n prime numbers and let P, be its product. We assert
for each n > 1, the number 1/p, 11 € M(Pp+1)\M(P,). We have 1/p,41 = (p1 -+ pn)/Put1 € M(Pry1).
On the other side, if 1/p,1 = i/P¥, then P* = ip,,1 and this equation has no solution 4 in integers, so
1/pn+1 ¢ M(Pn)

5. D1vISIBLE EMV-ALGEBRAS AND COMPLETE DESCRIPTION OF SQUARE ROOTS ON MV-ALGEBRAS

In the sequel, we find relations between strict EMV-algebras and some other subclasses of EMV-
algebras such as divisible and locally complete EMV-algebras and present some examples of divisible
EMV-algebras with square roots. Moreover, we present square roots on tribes, EMV-tribes, and we
present a complete characterization of any square root on an MV-algebra by group addition in the
corresponding unital /-group.

Definition 5.1. An EMV-algebra (M;V, A, ®,0) is called divisible if, for each x € M and each n € N,
there exists y € M such that n.y =z and (n — 1).y @ y = 0.

For example, the MV-algebra [0, 1] and the MV-algebra of rational numbers in [0, 1] are divisible EM V-
algebras whereas the MV-algebra of dyadic numbers not. We note that an ¢-group is divisible if for each
z € G and each integer n > 1, there is y € G such that ny = z. It is easy to show that if M =T'(G,u),
then M is divisible iff G is divisible, see e.g. [DiSel Lem 2.3].

Proposition 5.2. Every MV-algebra can be embedded into a divisible MV-algebra with a strict square
T00%.

Proof. 1t is well-known that every Abelian ¢-group can be embedded into a divisible Abelian ¢-group, see
e.g. [Glal, Page 4]. Therefore, every MV-algebra M = I'(G, u) can be embedded into an MV-algebra with
square root. Indeed, take a divisible hull G% of G, u is also a strong unit of G¢, M can be embedded into
(G4 u), and s(x) = (z +u)/2, © € T(G¢,u), is a strict square root on I'(G<, u). O

Remark 5.3. (i) Clearly, by [LaLel], any divisible MV-algebra is a divisible EMV-algebra with top
element.
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(ii) If (M;V, A, ®,0) is a divisible EMV-algebra, then by Lemma [Z5] for each idempotent element
a € Z(M), the MV-algebra ([0, a]; B, g, 0, a) is a divisible MV-algebra. Easy calculations show that the
converse also holds.

(iii) Consider a non-finite family {(M;; Vi, Ai, ®4,0;) | ¢ € I} of divisible MV-algebras. Let M :=
> icr M (see [DvZal) which is a proper EMV-algebra. Then M is a divisible EMV-algebra. Indeed, let
v €Y ,c; M;and n € N. Then x € [[,.; M; is with finite support. Let Supp(z) = {i1,...,4,}. Without
loss of generality, we can assume that © = (x;);er, where x; = 0; for each ¢ € I\ Supp(f). By the
assumption, for each j € Supp(x), there is y; € M; such that z; = n.y; and (n — 1).y; ®; y; = 0;. Set
z:= (2;)icr Where z; = 0; for i € I'\ Supp(z) and z; = y; for all i € Supp(z). Then clearly z € >, M;,
nz=zand (n—1).z0z=0.

Recall that if (M;®,”,0,1) is a divisible MV-algebra, then for each x € M and n € N, there exists
y € M such that 2’ = n.y and (n—1).y ®y = 0 which imply that z = (n.y)’ = (y')" and (y')" 1y = 1.
This note will be used in the next proposition.
Proposition 5.4. Let (M;V,A,®,0) be an EMV-algebra and (N;V, A, ®,0) be its representing EMV-
algebra with top element. If M is divisible, then so is N.

Proof. Let M be divisible. It suffices to show that, for each © € N\ M and each n € N, there exists y € N
such that = n.y and (n — 1).y @y = 0. Choose v € N\ M and n € N. Then 2’ € M. Choose a € Z(M)
such that © < a. Consider the MV-algebra ([0, al; ®, A4, 0, a) which is divisible by Remark E3(ii). By
the note just before the proposition, there is y € [0,a] with 2/ = y™ and (A\.(y))" ' @ Aa(y) = a. It

follows that x = (y™) = n.y’ and 0 = A, (a) = A, (()\a(y))nfl @ /\a(y)) = (n—1).y ©y. Therefore, N is
divisible. O

Recall that an MV-algebra M is said to be injective if it is an injective object in the category of MV-
algebras which means that given MV-algebras X and Y, for each one-to-one homomorphism f: X — Y
and each homomorphism g : X — M, there is a homomorphism A : Y — M such that ho f = g. By
[DiSel, page 17], we know that M is injective if and only if it is complete and divisible.

Analogously we also define an injective EMV-algebra.

Let (M;V,A,&®,0) be a locally complete and divisible EMV-algebra. For each a € Z(M), the MV-
algebra ([0, al; ®, Aa, 0, a) is complete and divisible, and Remark [B.3(ii) entails that [0,a] is an injective
MV-algebra (see [DiSel page 17]).

Definition 5.5. An EMV-algebra (M;V, A, &, 0) is said to be strongly atomless if, for each x € M, there
exists a € Z(M) such that = < a and [0, a] is a strongly atomless MV-algebra.

Proposition 5.6. Let (M;V,A\,®,0) be an EMV-algebra and N be its representing EMV-algebra with
top element.
(i) The EMV-algebra M is strongly atomless if and only if, for each a € Z(M), the MV-algebra [0, a]
18 a strongly atomless MV-algebra.
(i1) If M is locally complete, then M is strongly atomless if and only if it is divisible.
(iii) If N s strongly atomless, then N = M. Moreover, if M is strongly atomless, then N is not
necessarily strongly atomless.

Proof. (i) Let a € Z(M) and 0 < = < a. By the assumptions, there exists b € Z(M) such that z < b and
[0,b] is a strongly atomless MV-algebra. Hence, there is z € [0,b] with 0 < z < x and © ® \(2) < z.
Then z € [0, a] and by Proposition 28] we get 2 @ Aq(2) =2 © (Mp(2) Aa) = (2 @ Xp(2)) A (z @ a) < 2.

(ii) Let M be locally complete and divisible. For each a € Z(M), the MV-algebra [0, a] is complete
and divisible. So, [H6l, Thm 6.17] implies that [0, a] is strongly atomless. By (i), M is strongly atomless.

(iii) First, let N be strongly atomless. From [Hol, Thm 6.17] it follows that N is strict. Take an
idempotent element a € Z(M) such that s(0) < a. By Corollary 3] 1 € M (since Z(M) is a full subset
of M), which means M = N (note that M is an ideal of N).
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Now, consider a non-finite family {M; | ¢ € I} of complete and divisible MV-algebras. Clearly,
M = Zie ; M; is a locally complete and divisible EMV-algebra that does not have a top element. By
(ii), M is strongly atomless, and its representing EMV-algebra with top element is not strongly atomless
(by the first part). O

Theorem 5.7. Let r be a square root on a locally complete EMV-algebra (M;V, A, &®,0).
(i) M is divisible if and only if it has a strict square root on M.
(i1) Any locally complete divisible EMV-algebra with a square oot has a top element.

Proof. (i) Assume that M is locally complete and divisible. For each a € Z(M), the MV-algebra [0, a
is complete and divisible. By [H6l, Thm 6.17], for each a € Z(M), the square root r, : [0,a] — [0,a]
is strict. So, by definition, r is a strict square root. Conversely, let M be a locally complete and strict
EMV-algebra. For each a € Z(M), the MV-algebra [0, a] is complete and strict, which implies that it is
divisible [HGl, Thm 6.17]. It follows from Remark B.3[(ii) that M is divisible.

(ii) The proof follows from (i) and Theorem [1.2] O

Theorem 5.8. Fvery injective EMV-algebra is locally complete, divisible, and with top element.

Proof. Let @ be an injective EMV-algebra. Put a € Z(Q). First, we show that [0,a] is an injective
MV-algebra. Let X and Y be MV-algebras, f : X — Y be a one-to-one MV-homomorphism and
g : X — [0,a] be an MV-homomorphism (see Figure[Il). Consider the inclusion map ¢ : [0,a] — @ which

X

Y

[0,a]

FIGURE 1. Injective object

is an EMV-homomorphism. By the assumption, there exists i : Y — @ such that h o f = g. Denote the
top elements of X and Y by the same notation, 1. Since a = ¢g(1) = h(f(1)) = h(1) and h(y) < h(1)
for all z € Y, then we have Im(h) C [0,a]. Moreover, by the definition of an EMV-homomorphism,
h:[0,1] = [0,h(1)] = [0,a] is an MV-homomorphism. That is, [0, a] is an injective MV-algebra. Now, by
[DiSel, Thm 2.14], [0, a] is a complete and divisible MV-algebra. Then clearly, @ is a divisible and locally
complete EMV-algebra.

Theorem [5.7(ii) entails that any injective EMV-algebra with square root has a top element. O

Now, we present some EMV-algebras of fuzzy sets and we show when they have square roots. As it
was said, every EMV-algebra with top element is equivalent to an MV-algebra, and in the rest of the
paper, we will concentrate mainly on square roots on MV-algebras.

A tribe is a system F of fuzzy sets of a non-empty set Q such that (i) 0q € F, (ii) f € F implies
1—f e F,and (i) if f, € F, n > 1, then @, fn := min{d> >, fn,1} € F. It is a o-complete
MV-algebra where all MV-algebraic operations are defined by points. Any tribe is a generalization of a
o-algebra S of subsets: Indeed, if A, € S, n > 1, then x|y 4, = ., xa,.- Due to [Dvu, Mun|, every
o-complete MV-algebra is a o-homomorphic image of some tribe. Clearly, every {0,1/n,...,n/n} is a
finite tribe.

Given a tribe F, let S = S(F) = {A C Q| xa € F}. Due to |[RiNe, Thm 8.1.4], S is a o-algebra of
subsets of €.

Proposition 5.9. Let F be a tribe of fuzzy sets of a set Q # (). The following statements are equivalent:
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i) Given f € F, (f +1)/2 belongs to F.
(il) The MV-algebra of dyadic numbers can be embedded into F.

(ili) The tribe F contains all constant functions on §Q.

(iv) The tribe F contains all S-measurable functions on .

(v) The tribe F is divisible.

In either case, F has a square oot s(f) = (f +1)/2, f € F, and F is strict.

Proof. (i) = (ii). Set s(f) = (f +1)/2 for each f € F. If f =0, then 1/2 € F. Assume by induction
that 1/2" € F, then i/2" € F for each i = 0,1,...,2". Moreover, (i/2" + 1)/2 = (i + 2")/2"T! € F, so
that s(2/2") — s(1/2") = 1/2""! € F and j/2"*! € F for each j = 0,1,...,2""1. That is, F contains
all dyadic constants in F.

(ii) < (iil). Since F is o-complete, F contains all constant functions on €2. The converse implication
is clear.

(iil) < (iv). It follows from [RiNe, Thm 8.1.4]. It is easy to see (i) implies s defined by s(f) = (f+1)/2,
f € F, is a square root on F.

It is clear that (v) is equivalent with (i)—(iv).

In either case, s(0) = 1/2 = (1/2)’, so that F is strict. O

We note that if a tribe F has a square root s, then not necessarily s(f) = (f +1)/2, f € F. Indeed,
let F be the system of characteristic functions of a o-algebra S. Then S is a Boolean algebra and the
identity function Id is a unique square root on F. Of course, 0 # (0 +1)/2.

A Riesz MV-algebra is an algebra (M;®,",0,1,{a}qe0,1)), where (M;®,",0,1) is an MV-algebra and
« is a unary operation on M such that a(z & y) = (az) & (ay) and (a(B(z)) = (af)(z) for all z,y € M
and «, 8 € [0,1].

Corollary 5.10. Let M be a o-complete MV-algebra that is a o-homomorphic image of a tribe F with a
square root s(f) = (f +1)/2, f € F. Then M has a square root, M is divisible and a Riesz MV-algebra.
Moreover, M 1is strict.

Proof. Let M be a o-homomorphic image of a tribe F with a square root s(f) = (f+1)/2, f € F, and let
¢ : F — M be a surjective o-homomorphism. Then sy(z) = s(¢(f)), x € M, where f € F with ¢(f) =z,
is a square root on M, see e.g. Proposition[3.7 By Proposition[5.9] F consists of all S-measurable fuzzy
sets on Q, where S = S(F). Therefore, F is divisible, and given x € M and n > 1, there is an element
f € F with ¢(f) =z and L f € F and giving 2z = 1¢(f) = f(Lf). Moreover, 1z is a unique element
y of M such that n.y = x and (n — 1).2 © x = 0. This yields, ™2z € M for each m =0,1,...,n, n > 1.
Since F and M are o-complete, for each a € [0, 1], there is a sequence (aw,),, of rational numbers in [0, 1]
such that «,, / «. Whence ax is defined in M. Since F is a Riesz MV-algebra, so is M.

Clearly, s4 is a strict square root on M. O

An MV-algebra M satisfies the two-divisible property or M is two-divisible, if given x € M, there is
y € M such that 2.y = and y © y = 0. For example, the MV-algebra of dyadic numbers has the two-
divisibility property but not the divisibility property. If M = I'(G,u), then M has the two-divisibility
property iff G is two-divisible. We note that a group G is two-divisible if given g € G, there is h € G
such that y +y = ¢. Since G is an Abelian ¢-group, y is unique. For example every Riesz MV-algebra is
two-divisible.

Proposition 5.11. If M is a two-divisible MV-algebra, then M is with square Toot.

Proof. Define s : M — M by s(z) = (z+u)/2, z € M. Here + denotes the group addition in (G, u) with
M =T(G,u). The element s(x) belongs to M. We have s(z) ® s(z) = (2((z +u)/2) —u) VO = z. On
the other hand, if y © y < x, then (2y — u) V 0 < 2 which gives y <y V (u/2) = ((2y —u) V0) +u)/2 <
(x+u)/2 = s(z). O
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An EMV-generalization of a tribe is an EMV-tribe introduced in [DvZa3]. A system T C [0, 1] of
fuzzy sets of a set Q # () is said to be an EMV-tribe if

(i) 0q € T where Og(w) = 0 for each w € Q;
(ii) if @ € T is a characteristic function, then (a) if f € 7 and f(w) < a(w) for each w € Q,
then a — f € T (b) if {f,} is a sequence of functions from T with f,(w) < a(w) for each
w € Q and each n > 1, where a € T is a characteristic function, then &, f, € 7T, where
D, fulw) = min{S, fu(@),aw)}, w €
(iii) for each f,g € T, there is a characteristic function a € T such that f(w), g(w) < a(w) for each
w E Q;
(iv) given w € Q, there is f € T such that f(w) = 1.
Then the expression €, f, does not depend on a characteristic function a > f,, n > 1, and every
EMV-tribe of fuzzy sets is a Dedekind o-complete EMV-algebra where points define all EMV-operations.
Due to [DvZa3d|, every Dedekind o-complete EMV-algebra is a o-surjective image of some EMV-tribe.

Proposition 5.12. Let T be an EMV-tribe such that (f+1)/2 € T for each f € T. Then s(f) = (f+1)/2,
f €T, is a square root on T . Moreover, T is in fact a divisible and strict tribe.

Proof. Let f,g € T be such that f ® f < g. There is a characteristic function a € 7 such that f < a, so
that f © f = (2f —a) V0 < g which gives f < (g +a)/2 < (g + 1)/2. If the condition holds on 7, then
it is simply to verify that s is a square root on 7.

Then s(0) = 1/2 € 7. As in implication (i) = (ii) of Proposition 5.9, we can show that 1/2" € T
for each n > 1. The representing EMV-algebra N(7) = T U{l1— f | f € T}. In particular, we have
1=1/2®1/2 € T, so that T is a strict tribe. By Proposition 59 it is clear that T is divisible. O

Now, we present a general form of square roots on MV-algebras.

We note that if M = I'(G,u), then M is totally ordered iff so is the group G. We remind that an
{-group G enjoys unique extraction of roots if for all integers n > 1 and g, h € G, ng = nh implies g = h.
Due to [Glal, Lem 2.1.4], every totally ordered group enjoys unique extraction of roots, and every equation
ny = x, z,y € G, has a unique solution y denoted as y = %:1: Consequently, every Abelian ¢-group enjoys
unique extraction of roots.

Proposition 5.13. Let (G,u) be a totally ordered unital £-group. If r is a square root on M = T'(G,u),
then either r = Idps if r(0) =0 or each element (z +u)/2, x € M, exists in M, and

r@) = (e +u)/2, weM,
if 7(0) > 0, where + is the group addition in the group G. In the second case, 1 is strict.

Proof. If r(0) = 0, then M is a two-element Boolean algebra {0, 1}, and r = Id,y, see [HSl, Prop 2.19] or
Proposition B2|(xi).

Assume 7(0) > 0. For any « € M, we have two cases.

(1) Let > 0. Then z = r(z) ©@r(xz) = (r(z) +r(z) —u) V0. Since M is totally ordered, z = 2r(z) —u
and so « +u = 2r(x). The unique extraction of roots implies that the element (x + u)/2 exists in G and
r(z) = (z + u)/2 belongs to M.

(2) Let = 0. Then 0 = r(0) ® r(0) = (2r(0) — u) V 0 entails that 2r(0) — u < 0, that is 27(0) < u.
On the other hand, let y € M. We have y ® y < 0 if and only if 2y < u, so by (Sq2), 2y < w implies that
y < r(0). That is, 7(0) = max{z € M | 2z < u}. Now, if g € G be such that 29 < u, then g € G~ implies
that g < r(0) and from g € G we get g < 2g < u, that is g € [0,u] = M which means g < r(0). Hence,
r(0) = max{z € G | 2z < u}. On the other hand, due to Proposition B.2(xiii), the element (0)~ ® r(0)~
is an idempotent element of M, so 7(0)~ @ r(0)~ =0 or r(0)~ ©@r(0)~ =1 (since M is totally ordered).
If r(0)~ ©@r(0)~ =1, then 7(0)~ =1 entails that 7(0) = 0 which is excluded. If »(0)~ ® 7(0)~ = 0, then
r(0)®7r(0) = u entails 7(0) +r(0) > u. Thus, 2r(0) = v and 7(0) = (0+u)/2 which implies r is strict. O
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We note, that if (G,u) is a totally ordered unital group such that r(z) := (z + u)/2, * € M, exists in
G, then it exists in M =T'(G,u) and r is a strict square root on M as it is straightforward to verify.
The latter result can be generalized as follows.

Theorem 5.14. Let (G, u) be a unital £-group and let M = T'(G,u) have a strict square oot r. For each
x € M, the element (x + u)/2 is defined in G, and

r(z) = (x4+uw)/2, zeM, (5.1)
where + denotes the group addition in the group G.

Proof. Set X := Spec(M). Consider the embedding ¢ : M — My := [[pcx M/P defined by o(z) =
(x/P)pex, ® € M, and let My = I'(Go, up), where ug = @(u) and M; := (M) = I'(G1,u1), where
G1 g GO and U = uQ.

(1) For each P € X, we have r(0) ¢ P (otherwise 1 = uw = r(0)®r(0) € P) consequently, 7(0)/P # 0/P.

(2) By [Amb, Thm 3.1], the surjective homomorphism 7p o ¢ : M — M/P induces a square root
tp : M/P — M/P defined by tp(x/P) = r(z)/P, (x € M). Since M/P is totally ordered, there is a
totally ordered unital ¢-group (Gp,up) such that I'(Gp,up) = M/P. Part (1) implies that M /P is not
a Boolean algebra and so by Proposition 513} r(z)/P = tp(x/P) = (/P +p u/P)/2 (x € M), where
+p is the group addition in the unital ¢-group Gp.

(3) On the MV-algebra My, we can define a square root ¢ : My — My by t((yp)pex) = (tp(yp))pPex
for each y = (yp)pex € My. We have

p(r(z)) = (r(@)/P)pex = (tp(z/P))pex = ((x/P +pu/P)[2)pex = t(p(x)), =€ M.

Due to the categorical equivalence between the category of unital Abelian ¢-groups and the category of
MV-algebras, [Munl [CDM], the MV-injection ¢ : M — My can be uniquely extended to an injective
homomorphism of unital ¢-groups ¢ : (G,u) — (G, up), see e.g. [CDM| Lem 7.2.1].

Therefore, ((z/P +p u/P)/2)pex + ((x/P +p u/P)/2)pex = (z/P +p u/P)pex, so ((x/P +p
u/P)pex)/2 exists in G; C G and is equal to ((z/P +p u/P)/2)pecx.

(4) Given P € X, let P be the f-ideal of G generated by P. Then /P = x/P for each 2 € M. By
(3), 9(r(@)) +a, 9(r(x)) = (&/P +pu/P)pex = (/P +p u/P)pex = (& +u)/P)pex € Gy, 50

r(@) +r(z) = ¢7He(r(2)) +a, o(r(x) = ¢ (A(r(x)) +6, $r(@))
= ¢ ((@/P+pu/P)[2pex +a, (/P +p u/P)/2)pex)
= ¢ Y(z/P+pu/P)pex) =z +u.
Therefore, the equation 2r(z) = (x + ) has a unique solution r(z) = (x + u)/2. O

In addition, if (G,u) is a unital ¢-group and for each x € M = I'(G, u), the element (z + u)/2 exists
in M, then r(z) = (z +u)/2, x € M, is a strict square root on M.

If r is a strict square root on an MV-algebra M, due to the latter theorem, r(0) = (0 + u)/2 = 1/2,
and as in the proof of Proposition [£.9(ii), the MV-algebra of dyadic numbers in the real interval [0, 1] can
be embedded into M which gives a new proof of [H6l, Thm 6.9] that was reproved in [Ambl Thm 2.4].

Let M be an EMV-algebra with a square root r. If #(0) = 0, M is a generalized Boolean algebra, and
r = Ids. If ris strict, M is with top element, and it is equivalent to a strict MV-algebra, so that Theorem
E.I4 describes r. The following result shows that the latter theorem allows us to describe all square roots
on EMV-algebras. It is enough to consider only proper EMV-algebras that are not generalized Boolean
algebras.
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Theorem 5.15. Let r be a square root on a proper EMV-algebra algebra M, r(0) > 0. Then there are a
generalized Boolean algebra My and a strict EMV-algebra My = T'(Ga,us) such that M = My X Ms, and

r(z1,x2) = (21, (X2 + u2)/2) =21 V (w2 + u2)/2), x = (x1,22) € M. (5.2)

Proof. By Theorem 4] M can be expressed as M = M; x Ms,, where M; is a generalized Boolean
algebra and My = T'(Ga, u2) is a strict EMV-algebra. For simplicity, we assume that M = My x Ms. If
r; =mor, i =1,2 then r; = Idy;, and by TheoremB.T4l ro(x2) = (22 +u2)/2, 2 € Ma which concludes
2. O

Finally, we completely characterize square roots on any MV-algebra in a general case, not only on
Boolean and strict ones.

Theorem 5.16. Let (M;®,’,0,1) be an MV-algebra with a square root v : M — M, (G,u) be its
corresponding unital £-group, and set w = r(0) © r(0)'. Then, for each x € M, the element (z A w) V
((x Aw') +w')/2 exists in M, and

r(z) = (x Aw)V ((x Aw') +w')/2, (5.3)
where + is the addition in the group G.

Proof. Set w :=r(0)’ ® r(0)’. Due to Proposition B2(xiii), w is a Boolean element of M. If w = 1, then
r(0) = 0 and M is a Boolean algebra. Moreover, r = Idy; and (z Aw) V ((z Aw') +w')/2 = 2 = r(z) for
all z € M.

If w =0, then v’ =1 = r(0) @ r(0), so that r is strict, and by Corollary B3} r(z) = (z + 1)/2 =
(z Aw)V ((x Aw') +w')/2.

Let w ¢ {0,1}. By [Hol, Thm 2.21], M = M; x Ms, where M; is a Boolean algebra ([0, w]; ®, Ay, 0, w)
and Ms is a strict MV-algebra ([0, w']; &, Ay, 0,w"). Consider the homomorphisms f; : M — M; and
f2: M — Mj define by fi(z) = z Aw and fa(y) = y Aw’. Clearly, f1 and f2 are surjective maps. By
[Ambl Thm 3.1}, t1(f1(z)) = fi(r(z)) = r(z) Aw and t2(f(z)) = fo(r(z)) = r(z) Aw' (for all z € M)
are square roots on My and My, respectively. Moreover, r(x) A w = t1(f1(z)) = fi(x) = A w. For each
x € M, we have

ri)Aw = filr(z)) = t(f1(2))
r@@)Anw' = for(z)) = ta(f2(x))
Therefore, for all x € M,

fi(x) = 2 Aw, by Corollary 5.3
(fo(z) +w')/2 = ((x Aw') +w')/2, by Theorem .14

r@) = @) A V)= () Aw) V(1 @) Aw') = (@ Aw) V ((33 Aw') + w’)/2.

Theorem [5.16] entails the following characterization of square roots on EMV-algebras.

Corollary 5.17. Let r be a square root on an EMV-algebra M and x be an arbitrary element of M.
Take any idempotent a € M such that r(r((0)),z < a and define w, = Ao (1(0)) © Ao(1(0)). Then

r(z) = (x Awg) V ((x A AXa(we)) + )\a(wa)> /2. (5.4)

Proof. Let © € M be given and a € Z(M) be such that r(r((0)),z < a. Clearly 7(0) < a. Take the
MV-algebra M, = ([0, al; ®, Aa, 0, a) and M}, = ([0, b]; B, \p, 0,b). Define r, = r A a; it is a square root on
M,. Then r4(r,(0)) = ro(r(0) A a) = r4(r(0)) = r(r(0)).

By Proposition B:2(xiii), the element w, belongs to Z(M). Since r(x) = rq(z), using (E3), we have
6. .
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6. CONCLUSION

In the paper, we generalized the notion of a square root from MV-algebras to EMV-algebras that are
a generalization of MV-algebras where top element is not assumed, but each element is dominated by
some idempotent element. On the other hand, every EMV-algebra without top element can be embedded
into an EMV-algebra with top element (characterizing EMV-algebra) as its maximal ideal. Square roots
were used to characterize EMV-algebras, e.g. every strict EMV-algebra is with top element, Theorem
We found a relation between square roots on EMV-algebras and their representing EMV-algebras,
see Theorems [B.8 Corollary [£.3] and Theorem We showed that each EMV-algebra with square root
is either a generalized Boolean algebra, a strict EMV-algebra, or is a direct product of a generalized
Boolean algebra and a strict EMV-algebra, Theorem [£41

Finally, we presented square roots on tribes, and EMV-tribes. We gave a complete characterization of
any square root on an MV-algebra by group addition in the corresponding unital /-group, see Theorems
(T4l The application of Theorem describes all square roots on every EMV-algebra, not only on
MV-algebras, Theorem

In the future, we hope to study square roots on pseudo MV-algebras.
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