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CONFORMALLY RELATED INVARIANT («,3)-METRICS ON
HOMOGENEOUS SPACES

AZAR FATAHI, MASOUMEH HOSSEINI, AND HAMID REZA SALIMI MOGHADDAM

ABSTRACT. In this paper, we give the flag curvature formula of general (a, 3)-metrics of
Berwald type. We study conformally related (o, 3)-metrics, especially general («, 3)-metrics
that are conformally related to invariant (o, 5)-metrics. Also, a necessary and sufficient con-
dition for a Finsler metric conformally related to an (o, 3)-metric is given and conformally
related Douglas Randers metrics are studied. Finally, we present some examples of conformally
related (o, 3)-metrics.

1. Introduction

In the last two decades, many mathematicians worked on invariant Finsler metrics on ho-
mogeneous spaces (see [1] and [5]). Among different types of Finsler metrics, (a, §)-metrics
have been paid more attention to because of their simplicity and applications in physics (see
[1], [2] and [3]). These Finsler metrics were introduced in [8], by Matsumoto. In fact, the
Randers metric, the first (a, §)-metric defined by G. Randers in 1941, was introduced because
of its application in general relativity (see [10]). Other examples of such (o, 3)-metrics defined
because of their applications in physics are the Matsumoto metric and the Kropina metric (see
[1], [2] and [11]).

Suppose that g is a Riemannian metric and § is a 1-form on a differentiable manifold M. For
a O function ¢ : (—bg, by) — RT satisfying

(L.1) 3(s) — 50 (s) + (1 = s7)0 () >0, |s| <b< b,

and [|S]la < bo (see [3]), the Finsler metric F' = a(ﬁ(g) is called an («, 3)-metric, where

a(z,y) = \/9(y,y). To define the above-mentioned (a, #)-metrics, Randers, Matsumoto, and

Kropina metrics, it is sufficient to consider the function ¢ as ¢(s) = 1+ s, ¢(s) = 1718, and

o(s) = %, respectively.

In the year 2011, Yu and Zhu generalized the concept of the («, 3)-metric to a more general
case which was called the general («, 3)-metric (see [12]). A Finsler metric F' on a differentiable
manifold M is called a general (o, 3)-metric if there exists a C* function ¢, a Riemannian
metric g, and a 1-form £, such that

(1.2) F = ag¢(x, g),
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where x € M and o(z,y) = \/9(y,y).

A special class of general («,)-metrics is of the form F = a¢p(b?, g), where b% = ||3|?,
ls] < b < by, for some 0 < by < +o0o0. This family of general (a,)-metrics is important
because it includes some Bryant Finsler metrics (see [12]). It is shown that for |||l < by the
function F' = a¢p(b?, g) is a Finsler metric if and only if ¢ is a positive C*> function such that

o p—503 >0, ¢(s)— spa(s) + (b2 — 52)daa(s) > 0, (if dim M > 3)

o $(s) — spa(s) + (b? — %) gaa(s) > 0, (if dim M = 2),
where |s| < b < by (see [12]).
It seems that the study of geometric properties of invariant general («, 5)-metrics on homoge-
neous spaces is interesting. But, we see this is not a good idea, because every invariant general
(c, B)-metric, which is defined by an invariant Riemannian metric and an invariant vector field
(1-form), is an invariant (o, )-metric (see proposition 3.1 below). So we study a family of
general (a, §)-metrics which are very close to invariant (a, §)-metrics. In this work, we study
general (o, 3)-metrics that are conformally related to invariant (a, §)-metrics defined by an
invariant Riemannian metric and an invariant vector field. Also we give the flag curvature
formula of general (o, 8)-metrics of Berwald type. A necessary and sufficient condition for a
Finsler metric conformally related to an («, 5)-metric is given. Conformally related Douglas
Randers metrics are investigated. Finally, some examples of conformally related (c, 8)-metrics
are given.

2. Conformally related («, §)-metrics

In this section, firstly we consider the general («, 3)-metrics of Berwald type. Easily, similar
to the («, 8)-metrics, we compute the flag curvature formula of the general (o, 3)-metrics of
Berwald type. Next, we turn our attention to the Finsler metrics that are conformally related
to the («, 8)-metrics. We give a necessary and sufficient condition for such metrics to be of
Berwald type. Also, we study such Randers metrics that are of Douglas type.

Remark 2.1. Let F(z,y) = ap(b?, g) be a general (o, 3)-metric on a differentiable manifold
M. If B is parallel with respect to «, then F' is of Berwald type.

Proof. Assume that 3 is parallel with respect to a i.e. b;; = 0, where b;.; is the covariant
derivative of b; with respect to the Riemannian metric g. Suppose that G* and G?, denote the
spray coefficients of F' and «, respectively. Now, Proposition 3.4 of [12] shows that G* = G,
and so F' is of Berwald type. O

Proposition 2.2. Let M be a Finsler manifold equipped with a general (e, B)-metric F(x,y) =
ap(b?, g) If B is parallel with respect to «, then the flag curvature K (y, P) of I is given by

F _ QPR —glyw)?
(2.1) KT (0 P) = ot oy LRI (P)
where P = span{y,u}, p = ¢(¢—sp2), and KI(P) is the sectional curvature of the Riemannian
metric g.
In a particular case, if {y,u} is an orthonormal set with respect to the Riemannian metric g,
then
P 1
22 b = i aD)

K9(P),
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where

P22
¢ —sp2’
and X 1is the vector field corresponding to the 1-form B with respect to the Riemannian metric
g.

D =

Proof. For a local coordinate system (x%) let s = g, where a(z,y) = \/m and B(z,y) =
b;y'. Using Proposition 3.2 of [12] for the Hessian matrix gf; of F' we have:
gf;' = pgij + pobibj + p1(bicvy; + bjayi) — sprayicy;.
where
p=0" —sppy = ¢(d — 5¢2), po =P+ dad2, p1= (P — sh2)h2 — sPh2a.

Suppose that (3 is parallel with respect to o i.e. b;;; = 0. According to Remark (2.1), we have
G’ = G . The Riemannian curvature of F' is given by

IG" - 02G0 el 0G'OGI
— ) — +2G7 — — . .
Oxk OxJ OyF oyioyk  Oyioyk

The formula of Riemannian curvature (2.3) implies that

(2.3) Ri =2

R: = “Rj.

where R; and ¢ R;- are the Riemannian curvatures of F' and «, respectively. Now, let
Rij = giI;nR;ny “Rij = gim “RY" .
Using the fact
1 - 1 .
aym Ry = Egz'mymR;n = E?Jz “Rij =0,
and by a direct computation we have

(2.4) Rij = g5 “R}'

= (gim + pobibm + p1(biceym + bmoyi) — sprayioym) * Y

= p“Rij -
Now, since b;;; = 0, the Ricci identity implies that

b QRT = bm QRZ‘Lk = bisjik — bisk;; = 0.
So
bm O‘Rgn = b, O‘Rg»bk vy = 0.

By the definition, for P = span{u,y} and u = u’ 621-, the flag curvature K% of F and the

sectional curvature K9 are given by

gf(Ry (u)v ’LL) Rijuiuj

F = —
2 h= gF (y, v)gk (u,u) — (gF (y,w)? — F2gL (u,u) — (gf (u, y))?’
and
(2.6) K9(y,p) = 9(“Ry(u),u) B o Ris utd)

9w y)g(u,u) — g*(y,u) — 2g(u,u) — g*(y,u)’
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The relations (2.4),(2.5) and (2.6), imply that (2.1) holds.
It can be shown that, if {y,u} is an orthonormal basis of P with respect to the Riemannian
metric g, then

g} (u,u) = ghu'v? = (pgij + pobibj + p1(bicrys + b)) — spraia Ju'v!
= p+ pog” (X, w),

and

95 (y,u) = ghy'n? = (pgij + pobibj + p1(bicrys + bjovys — spraicy, )y'u!
= pofg(X, u) + prag(X,u) = (spo + p1)ag(X, u)
= ¢pp2g(X, u).
On the other hand, we have

i, g i i1
(2.7) giju'! = g(u,u) =1, bu'=g(X,u), au'= ag(y,u) =

It follows that

(2.8) F2g¥ (u,u) = (g (y,1))* = ¢°(p + pog® (X, 1)) — (d2g(X, u))?
= ¢°p+ > (X, u)(¢°po — (¢92)%)

= ¢"p+ 9" (X, u)¢° d.
Finally, using (2.7), (2.8) and the relation D = qﬁf@, we have
P 1

= ot X uden s O aareman s )

K"(y,P)

0

Proposition 2.3. If F is a Finsler metric conformally equivalent to an (a, B)-metric F then
F is an («, B)-metric.

Proof. Suppose that M is an arbitrary differentiable manifold equipped with an (¢, §)-metric
F, defined by a Riemannian metric g and a vector field X. Let F = e/ F be a Finsler metric
conformally equivalent to F'. Suppose that F' is defined by F = aqﬁ(g) where ¢ : (bg,by) — R
is a C' function. Now, we define a vector field X and a Riemannian metric § as follows:

(2.9) X=e¢'X g=é/yg
Let ¢ = ¢, so we have

5

o2f(@) o= 1) X 5
& ¢(a q( Yy

Y) _ dOF(z,y)=F
2@ g(y,y)

Also we have | X||a < bo. O

)(x,y) = \/e2T@g(y,y)o(

In the next proposition, we give a necessary and sufficient condition for a Finsler metric F
conformally equivalent to an («, 8)-metric F', to be of Berwald type.
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Proposition 2.4. Let M be an arbitrary differentiable manifold. Suppose that F, F, g, §,
X and X are as the previous proposition. Let ¥V and V be the Levi-Civita connections of the
Riemannian metrics g and §, respectively. Then, the Finsler metric F is of Berwald type if
and only if for any vector field Y on M we have

(2.10) VyX = g(X,Y)Vf— XfY

Proof. We know that the Finsler metric F is of Berwald type if and only if the vector field X
is parallel with respect to §, that is, for any vector field Y on M VyX = 0. On the other
hand, by Lemma 1 of [(], we have

(2.11) VyX =VyX + (Y )X +(Xf)Y — g(X,Y)VS.
So I is a Berwald metric if and only if
(2.12) VyX + (Y )X+ (Xf)Y —g(X,Y)Vf=0.
Now, suppose that X = e~/ X, then we have,
(2.13) Ye NX +e/(Vy X+ (VX + (XY —g(X,Y)Vf)=0.
A direct computation shows that equation (2.13) is equivalent to
(2.14) VyX =g(X,Y)Vf - XfY.
O
In [13], Zhu studied general (a, 5)-metrics with vanishing Douglas curvature. Also in [9],

the authors studied two-dimensional conformally related Douglas metrics and showed that
such metrics are Randers. In the following proposition, we study conformally related Douglas
Randers metrics in arbitrary dimension.

Proposition 2.5. Let F = a + 8 be a Randers metric and F be conformally related to F.
Then, F is of Douglas type if and only if

(2.15) AB(Y,Z)+ Y fg(X,Z) — Zfg(X,Y) =0  VY,Z € X(M).

Proof. Let F = &+ be a Randers metric that is &(x,y) = \/3.(y, y) and 5(z,y) = §(X (z), y).
We know that the Finsler metric F' is of Douglas type if and only if the 1-form § is closed i.e.
dB = 0. On the other hand, according to Proposition 14.29 of [7] we have

(2.16) dB(Y,Z2)=YpB(Z) - ZB(Y) - BY,Z] VY, Z

It shows that F is a Douglas metric if and only if

(2.17) Y§(X,Z)—Z§(X,Y) - §(X,[Y,Z]) = 0.

We replace X and § with e~/ X and €2/ ¢ respectively in the above equality obtaining
(2.18) Y(elg(X,2)) — Z(e! g(X,Y)) — el g(X,[Y, Z]) = 0.

By direct computation, (3.4) is equivalent to

(2.19) dB(Y,Z) + Y fg(X,Z) — Zfg(X,Y) = 0.
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O

Corollary 2.6. Let F = a + 8 be a Randers metric of Douglas type and F be conformally
related to F', F = el F', then, F is of Douglas type if and only if fi(zx) = %(m) proportional to
bi(z) i.e. fibj — fibi =0, where B = b;(z)y".

Proof. Since F' is a Randers metric of Douglas type hence, df = 0. Suppose Y = 6%1_ and

Z = 8%3-‘ According to Proposition (2.5) we have g—ibj - ngjbi =0. O

3. Conformally related invariant («, 3)-metrics

In this short section, we study conformally related invariant (o, 5)-metrics on homogeneous
spaces. In the following proposition, easily we see that there is no nontrivial G-invariant general
(o, B)-metric on a homogeneous space G/H.

Proposition 3.1. Let F = a¢(x, g) be an (a, f)-metric which is defined by a G-invariant
vector field X and a G-invariant Riemannian metric g on M = G/H. Then, F is a G-
invariant general (o, B)-metric if and only if F is a G-invariant («, 3)-metric. In the special
case any left-invariant general (o, B)-metric defined by a left-invariant vector field and a left-
invariant Riemannian metric is a left-invariant (o, 5)-metric.

Proof. Let 7, : G/H — G/H be a diffeomorphism that 7,(xH) = axH Va,x € G. The
Riemannian metric g and the vector field X are G-invariant that is

(3.1) e (dr,Y,d 7)) = gen (Y, Z)
(3.2) dr, X = X.
By (3.1) and (3.2) F' is an («, §)-metric. O

Remark 3.2. Let g be a G-invariant Riemannian metric and X be a G-invariant vector field
on the homogeneous space M = G/H. Suppose that f : M — R is a smooth function such
that f(H) = 0 and the vector field X and the Riemannian metric g are defined as follows

(3.3) X=e¢7'Xg=¢y.

Clearly X and § are not necessarily G-invariant but the two Riemannian metrics g and g on
M are conformally related. Suppose that F' = ag(b?, g) is a general («, )-metric on G/H,
where @& is the norm of the metric §, 3 is the 1-form defined by X, and b2 = Q(X,X). Now,
we assume ¢ : (—bg, by) — R such that ¢(s) := ¢(b*(H), s). Easily, ¢ is a C* function. It can
be shown that F' = aQS(g) is a G-invariant («, 8)-metric on M = G/H, where X = X(H) and

B(y) = g(X,y). Furthermore F is conformally related to F.
We now turn to the left-invariant metrics on the Lie groups.

Proposition 3.3. Suppose that F = « + B is a left-invariant Randers metric defined by a
left-invariant vector field X and a left-invariant Riemannian metric g on a Lie group G. Let
F=elF. If F is of Douglas type then for all left-invariant vector fields Y, Z we have

(34) 9(X,[2,Y]) +Y f9(X,Z) = Zfg(X,Y) = 0.
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Proof. According to Proposition 14.29 of [7] we have
(3.5) dp(Y,Z2) =Yg(X,Z) - Zg(X,Y) — g([Y, Z], X).

Since g is a left-invariant Riemannian metric so

(3.6) dp(Y, Z) = g(X,[Y, Z])
Due to (2.15) and (3.6) we conclude that (3.4) holds and it completes the proof. O
4. Examples

In this section, using the results obtained in the previous sections, we give some examples
of (a, f)-metrics that are conformally related to Randers metric under which conditions they
are of Douglas type. Also for a certain X and f, we show that F', which is the conformally
related to an (o, 3)-metric, is of Berwald type.

4.1. The Heisenberg group Hs. The Heisenberg group Hs can be considered as the Eu-
clidean space R? with the following multiplication

1 1
(4.1) (', 2) (2, y,2) = (@ + 2,y +y, 2 + 2+ Qy:v’ - §y’w)-

Let g be the left-invariant Riemannian metric on Hs such that the left-invariant basis

0o yo 0 x0 0

— &}7

(42) {€1=%—§&=€2=@+§&763—

is an orthonormal basis. Easily, we can see

(4.3) [61, 62] = €3, [61, 63] = [62, 63] =0.

Proposition 4.1. Suppose that G = Hs is the Heisenberg Lie group, and F = o+ (8 is a
Randers metric defined by the left-invariant Riemannian metric g (which is defined above) and
a left-invariant vector field on Hs. Let F = e/ F be conformally related to F. Then F is a
Douglas metric if and only if

(4.4) X = aej + beg, a,beR
of

(4.5) o 0,
of of _

Proof. It X = aey + bey and f satisfy the conditions (4.5) and (4.6), easily it can be seen the
relation (2.15) holds, and it shows that £ is of Douglas type.

Conversely, if X = aej + bey + ceg and F' is a Douglas metric, based on Proposition (2.5), we
have

dp(y,2) +Y f9(X,Z) = Zfg(X,Y) =0,
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which is satisfied for all left-invariant vector fields Y and Z.
In the special case where Y =¢; and Z =¢; (i < j,4,7 € {1,2,3}), we have

(4.7) bg—i - ag—ch — (by + ag)% =,

(4.8) Cg_i — (ey + a)% =0,

(4.9) cg—z + (c% - b)% =0.

Then, by (4.7), (4.8) and (4.9), we have ¢ = 0, £ = 0 and bFL — aL = 0. O
Corollary 4.2. a: If X = bey then, F is of Douglas type if and only if f = f(y).

b: If X = aey then,F is of Douglas type if and only if f = f(z).

4.2. The Lie group R x R*. Let G be the two-dimensional solvable Lie group R x R™ and
g be the left-invariant Riemannian metric on G = R x R™ such that the left-invariant basis

0 0
4.10 — Y ey — U —
(4.10) {e1 Yy Yg-h
is an orthonormal basis. Easily, we can see
(4.11) [61, 62] = €9.

Suppose that F' = « + § is a Randers metric defined by the above left-invariant Riemannian
metric g and a left-invariant vector field X = ae; + bea(a,b € R).

Proposition 4.3. Suppose that G is the Lie R x RT, and F = o + 3 is a Randers metric as
above. Let F = el F be conformally related to F, then F is a Douglas metric if and only if
byg — ayg =
dy ox
Proof. If X = aej + bey is a left-invariant vector field, and f satisfies the conditions (4.12),
easily it can be seen the relation (2.15) holds and it is shown that F is of Douglas type.

(4.12) b.

Conversely, if Fisa Douglas metric and X = ae; + beg, based on Proposition (2.5), we have

which is satisfied for all left-invariant vector fields Y and Z.
In the special case where Y = €1 and Z = ey we have

of of
4.1 by=— —ay— =b.
(4.13) Yoy~ You
]
Corollary 4.4. a: If X = bey then, F is of Douglas type if and only if f = Iny + g(x).

b: If X = aey then,F is of Douglas type if and only if f = f(y).

Example 4.5. Let G = R x RT and F be an (a, 3)-metric defined by the above left-invariant
Riemannian metric g and a left-invariant vector field X. For the Levi-Civita connection of
g, we can see that Ve,e; = —eg and Veep = 0. Let X = aei(a € R), f(z,y) = Iny and
Y = yie1 + yaea(y1,y2 € C°°(G)). Easily we have Vy X = —aygya%, g X, Y)=ay;, Xf=a
and Vf = ya%. Therefore, according to the proposition(2.4), F is of Berwald type.
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4.3. The Lie group R? x R*. Let G = R? x RT and g be the left-invariant Riemannian
metric on G such that the left-invariant basis

(414) {61 :Z%762 :z%763:'z§y}7
is an orthonormal basis. Clearly, we can see
(4.15) e1, ea] = €3, [e1, e3] = e3, [e2, e3] = 0.

Suppose that F' = « + 3 is a Randers metric defined by ¢ and a left-invariant vector field
X = aey + beg + cesz(a,b,c € R) on G = R? x RT.

Proposition 4.6. Let G = RZxRT and F = a+ f be a Randers metric as above. If F = el F
is conformally related to F, then F is a Douglas metric if and only if

of of _
(416) bZ@ — aza—x = b,

of of _
(417) CZ% — bza—y = 0,

of  of
(4.18) Cig- = aza—y =c.

Proof. It X = aey + bey + ceg and f satisfy the conditions (4.16), (4.17) and (4.18), easily it
can be seen the relation (2.15) holds, and it shows that F is of Douglas type.
Conversely, if F' is a Douglas metric and X = ae; + beg + ces, based on Proposition (2.5), we
have

dB(Y,Z) + Y [9(X,Z) — Zfg(X,Y) =0
which is satisfied for all Y and Z in the Lie algebra of G.
In the special case where Y =e; and Z =¢; (i < j,4,j € {1,2,3}) we have

of of _
(4.19) bza —arg - = b,
of of
(4.20) Cig- = aza—y =c,
of of _
(4.21) Cag = bza—y = 0.
O
Corollary 4.7. a: If X = bey + ces then, F is of Douglas type if and only if f =

Inz+ g(xz,y) and czg—ic - bzg—g =
b: If X = aey + ces then,F is of Douglas type if and only if f = In|z| + ¢ (¢ € R).
c: If X = aei+bey then,F is of Douglas type if and only if f = f(z,2) and bz%—az% =
b.
Example 4.8. Let G = R2xR* and F be an (o, 3)-metric defined by the above left-invariant
Riemannian metric ¢ and a left-invariant vector field X. We see that V¢ ,e3 = Ve,e3 = 0
and Ve,es = e;. Suppose that X = aeg(a € R), f(z,y,2) = Inz and Y = yie; + yoea +
yses(y1,y2,y3 € C(G)). Easily Vy X = ay3~2%7 g(X,Y) = ays, Xf =0 and Vf = z2.
Therefore, according to the Proposition(2.4), F' is a Berwald metric.
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