arXiv:2210.00887v2 [math.AP] 2 Nov 2022

Normalized solutions for a biharmonic Choquard equation with
exponential critical growth in R*
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Abstract
In this paper, we study the following biharmonic Choquard type problem

A%y — BAu=Au+ (I, x F(u))f(u), in R%

lul?de = ¢* >0, ue H*(R?Y),
R4

where 8 > 0, A € R, I, = with u € (0,4), F(u) is the primitive function of f(u), and f

RER
is a continuous function with exponential critical growth. We prove the existence of ground state
normalized solutions for the above problem when the nonlinearity f satisfies some conditions.
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1 Introduction and statement of main result

In this work, we are interested in the following biharmonic nonlinear Schrédinger equation (NLS) with
the mixed dispersion and a general Choquard nonlinear term

iOph — YA + BAY + (I, * FW)) f(¥) =0, (0,2) =o(z), ¥(t,z): RxRY »C,  (L1)

where NV > 1, i denotes the imaginary unit, v >0, 3 € R, I, = ﬁ with g € [0, N), A% := A(A) is the
biharmonic operator, and f satisfies:

(Hy) f(t) € R for t € R and f(e?2) = ¢ f(z) for any 0 € R, z € C;

2|
(Hy) F(2) = / f(t)dt for any z € C.
0

In physics, NLS is derived from the scalar nonlinear Helmhotz equation through the so-called paraxial
approximation, see [13]. Since its solutions may blow up at finite-time, it suggests that some terms
neglected in the paraxial approximation may prevent this phenomenon. In [13], see also [18,19], a small
biharmonic term arises as a part of the nonparaxial correction to NLS, hence it is natural to consider
this term as small but nonzero and study its effect on the blow up, which eventually gives rise to (1.1).
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If 1) is a stationary wave, which means solution for (1.1) of the form v (t,z) = e *u(x) with A € R
and u € H?(RY) is a time-independent real value function, then u satisfies

YA — BAu = M+ (I, * F(u))f(u), in RV, (1.2)

A possible choice is to consider that A € R is given, the existence and qualitative properties of
solutions for (1.2) have been studied for a few decades by variational methods, see [5,11,14,29-32,37].

From a physical point of view, it is interesting to find solutions of (1.2) with a prescribed L?-norm,
and A € R appearing as a Lagrange multiplier. Solutions of this type are often referred to as normalized
solutions. In fact, by (Hy) and (Hs), we deduce that F'(z) € R and f(z)z € R for any z € C. Multiplying
(1.1) by ¥, integrating over R and taking the imaginary part, we find that % (|[¢(¢,-)[2) = 0, this
yields that [[¢(t,-)||2 = ||(0,-)||2 for any ¢ € R.

For a given ¢ > 0, let
8() = {ue H*®Y) /

lu?dx = 02}.
RN

To obtain normalized solutions of (1.2), we find critical points of the functional
Fioy 2 B 2 L
J(u) == |Au|*dx + = |Vu|dx — - (I * F(u))F (u)dx
2 RN 2 RN 2 RN

on S (c). It is clear that any critical point u. of Jon S (c) corresponds to a Lagrange multiplier A. € R
such that (ue, Ac) solves (weakly) (1.2). We call that u is a ground state solution of (1.2) on S(c) if it
minimizes the functional 7 on § (c) among all the solutions.

When v =0, =1, and g = 0 in (1.2), the problem reduces to the following nonlinear Schrédinger
equation with normalization constraint

—Au=Au+ f(u), in RY,
1.3
/ lul?dx = 2. (13)
RN

If f(u) = |ulP~2u, then p :=2 + % is called the L2-critical exponent, which comes from the Gagliardo-
Nirenberg inequality [33]. For p € (2,2 4+ %) (L?-subcritical case), the associated energy functional J;
of problem (1.3) is bounded from below on S(c) := {u € H'(RY) : Jgn [u|?*dz = ¢*}. Thus, a ground
state solution of (1.3) can be found as a global minimizer of J; on S (¢). Stuart [41,42] first obtained the
existence of normalized solutions of (1.3) by the bifurcation theory. Other results for the L2-subcritical
problems can be found in [10,24,38] and references therein.

However, for p € [2+ %, 2*) (L*-critical or supercritical case), where 2* = oo if N < 2 and 2* = 1\2,—1172 if
N > 3, in this case, J; is unbounded from below on S (¢), and it seems impossible to search for a global
minimizer of J; on S (¢). Furthermore, it is also difficult to get the boundedness and compactness
of any (PS) sequence. Jeanjean [15] first studied the existence of normalized solutions for (1.3) in

the L?-supercritical case. Under the following conditions, Jeanjean considered an auxiliary functional
Ji: H'(RY) x R — R defined by

2s

~ 1 s
Fulurs) = /RN Vuldr — /RN Fe* u(z))da.

(W7) f: R — R is continuous and odd.



(W3) There exist «, 8 € R satisfying 2 + % < a < B < 2* such that
t
0<aF(t) < f(t)t <BF(t) for any t # 0, where F(t) = / f(s)ds.
0

(W3) Let F(t) := f(t)t — 2F(t), then F'(t) exists and

F(t)t > (2 + %)F(t) for any ¢ # 0.

Under the conditions (W) and (W2), Jeanjean proved that Ji on S(¢) x R has the same type of
mountain-pass geometrical structure as J; on S(c), and their mountain-pass levels m(c) are equal.
Then, using the Ekeland’s variational principle and pseudo-gradient flow, the author obtained a bounded
(PS)m(c) sequence {uy} for Ji on S(c). Next, by the Lagrange multiplier rule, the author proved that
the Lagrange multiplier {\,,} is bounded in R and its limit A. is strictly negative. Finally, it follows from
the compact immersion of H! (RY) < LP(RY) for any p € (2,2*) that the nonlinearity is convergent,
this fact together with A, < 0 yields the compactness of {u,}. In addition, it is worth mentioning that
the author also proved the normalized solution is a ground state solution of (1.3) if (Wy), (Ws) and
(W3) hold. The method of Jeanjean [15] has become a common method to deal with L?-supercritical
problems and has been developed by many researchers, see [1,3,4,6,12,16,20,27,39,40,43] for normalized
solutions in RY, [34,35] for normalized solutions in bounded domains, and [2,21,22,46,47] for normalized
solutions of Choquard equations. In particular, using the ideas of [15], Alves et al. [1] considered the
existence of normalized solutions for (1.3) in R?, where f has an exponential critical growth.

When v =1, § € R, p = 0 in (1.2) , the problem is related to the following mixed dispersion
biharmonic NLS with prescribed L?-norm constraint

A%y — BAu = du+ f(u), in RN,

1.4
/ lu*dz = ¢, ue H*RY). (14)
RN

This kind of problem gives a new L?-critical exponent § := 2+ %. If f(u) = |u/?2uand ¢ € (2,2+ %),
Bonheure et al. [7] studied (1.4) with 8 > 0 and established the existence, qualitative properties of
minimizers. Using the profile decomposition of bounded sequences in H2(R™), Luo et al. [28] considered
(1.4) with 8 € R and obtained the existence, nonexistence, orbital stability of minimizers. Moreover,
Boussaid et al. [9] improved the results of [28] by relaxing the extra restrictions on § < 0 and ¢, which
is totally new for ¢ > 0 small.

Ifge 2+ %, 4*), it is impossible to search for a global minimizer to obtain a solution of (1.4), where
4* =00 if N <4 and 4* = ]\2,—1174 if N > 5. By using a minimax principle based on the homotopy stable
family, Bonheure et al. [8] obtained the existence of ground state solutions, radial positive solutions, and
the multiplicity of radial solutions for (1.4) when 5 > 0. Luo and Yang [25] investigated the existence
of at least two normalized solutions for (1.4) with NV > 5, 8 < 0, where one is the local minimizer, the
other one is the mountain-pass type solution.

Noting that all the aforementioned papers for (1.4) have only considered the homogeneous nonlinear-
ity. With regard to this point, Luo and Zhang [26] first studied normalized solutions of (1.4) on S(c)
with a general nonlinear term f and obtained the existence and orbital stability of minimizers, where
B € R and f satisfies the suitable L?-subcritical assumptions.



Motivated by the results mentioned above, the aim of this paper is to study the existence of normalized
solutions to the following biharmonic Choquard type equation

A%y — BAu = Au+ (I, F(u))f(u), in R%

(1.5)
/ lul?de = >0, wue H*(RY),
R4

where 8 >0, A€ R, I, = # with u € (0,4), and f has exponential critical growth in the sense of the

Adams inequality [36]. We assume that f satisfies:
£ ()]

. . . . — _ E'
(f1) f: R — R is continuous and odd, P—I}é G 0 for some v > 2 — &;

(f2) f has exponential critical growth at infinity. Precisely, it holds

SN 1CO) By I for o > 3272,
[t|—to0 eot®

+o00, for 0 < < 3272

(f3) There exists a constant # > 3 — 4 such that
0<OF(t) <tf(t), for all t € R\{0};

(f1) There exist constants p > 3 — & and 7 > 0 such that
F(t) > %ytyp, for all t € R;
(f5) For any t € R\{0}, let F(t) := f(t)t — (2 — £)F(t), f'(t) exists, and

(3-— %)F(S)F(t) < F(S)F/(t)t + F(s)(F(t) — F(t)), for any s,t € R\{0};

(f6) ‘;(f)% is non-increasing in (—o0,0) and non-decreasing in (0, +00).

Our main result is as follows:

Theorem 1.1. Assume that ¢ € (0, 47T“) and f satisfies (f1) — (f1), (f5) or (fs), then there exists
7 > 0 such that for any T > 7, problem (1.5) possesses a non-negative radial ground state solution.

Remark 1.1. A typical example satisfying (f1) — (f) is
F(t) =t et

for any p > max{3,v + 1,0}. If f'(t) exists, the condition (fg) implies (f5). Indeed, since

d ; F(t) F(t)t —
E(mi’j%)

and thus by (fs), we have F (t)t — (3 — EYF(t) > 0 for any ¢ € R\{0}. From (f3), we know F(t) > 0,
F(t) >0, and F(t) — F(t) > 0 for any t € R\{0}, hence the condition (f;) follows.



Let us define the energy functional 7 : H?(R*) — R by

1 1
J(u) = 3 /R4 |Au|2dx + g /R4 |Vu|2dx ~3 /R4(1u « F(u))F (u)dx,

where H2(RY) = {u € L2(RY) : Vu € L2(RY), Au e L2(R4)}.
By (f1) and (f2), fix ¢ > 0, for any € > 0 and a > 3272, there exists a constant C¢ > 0 such that

IF(B)] < €t + Celt|?(e®” —1) for all t € R,
and using (f3), we have
IF ()] < €L+ + Celt| (e —1) for all t € R. (1.6)

By (1.6), using the Hardy-Littlewood-Sobolev inequality [23] and the Adams inequality [36,45], we
obtain 7 is well defined in H%(R*) and J € C'(H?(R*),R) with

(T (u),v) = /R4 AulAvdzr + B | Vu-Vudr — /[R4(Iu x F'(u)) f(u)vdx

R4
:/ vA*udz — B | vAudz — / (I * F(u)) f(u)vde,
R4 R4 R4

for any u,v € H?(RY).

For any ¢ € (0, A‘TT”), set

S(e) == {u € H*(RY) : / lu>dx = 62}.
R4
Define
E(C) . uEl%f(‘c) j('d),

where P(c) is the Pohozaev manifold defined by P(c) = {u € S(c): P(u) = 0} with

P(u) =2 /R4 ]AU\Q dx + ﬂ/Rz; ]Vu\2da: + S_TM /Rz;(l” « F(u))F(u)dx — 2 /Rz;([” « F(u))f(u)udx.

As will be shown in Lemma 3.9, P(c¢) is nonempty, and from Lemma 2.7, we can see that any critical
point of J on S(c) stays in P(c), thus any critical point u of J on S(c¢) with J(u) = E(c¢) is a ground
state solution of (1.5).

For any s € R and u € H?(R*), we define

H(u,s)(z) = e*u(e’s), for ae. xR
For simplicity, we always write H(u, s). One can easily check that |H(u, s)||2 = ||u||2 for any s € R.

Remark 1.2. (i) Assumption (f3) is the classical Ambrosetti-Rabinowitz condition, which is used to
guarantee the boundedness of (PS),, () sequence. Moreover, we need (f3) to establish the relationship
between the mountain-pass level m,(c) and the ground state energy E(c).

(74) (fs) is crucial in our approach to obtain the mountain-pass geometrical structure and an upper
bound of m,(c) when 7 > 0 large enough.

(74i) Under the condition (f5) or (fs), we can prove the uniqueness of s, € R such that H(u,s,) €
P(c), for any u € S(c), this together with (f3) yields m.(c) = E(c).



Remark 1.3. To prove Theorem 1.1, we use the ideas developed in [15] to construct a bounded
(PS)m. (c) Sequence, then proving the compactness of the (PS) . (¢) sequence, we obtain the existence
of normalized solutions of problem (1.5). The main difficulty in the proof is the lack of compactness
for (PS),, () sequence due to the whole space and exponential critical growth. In order to overcome
this difficulty, we work directly in the space of radially symmetric functions in H?(R*) and use (/f1),
the Adams inequality. It is worth pointing out that the key step to use the Adams inequality is to give
a suitable uniformly upper bound on the H? -norm for the (PS),, () sequence. Finally, by (f3), (f5)
or (f3), (fs), we can prove that the normalized solution is a ground state solution of (1.5).

Remark 1.4. Compared with [1] and [15], the appearance of the nonlocal convolution term brings
new difficulties when we prove the convergence of the nonlinearity, see Lemmas 2.5 and 2.6. Using the
Hardy-Littlewood-Sobolev inequality and the Adams inequality, we prove that the nonlocal convolution
term is bounded a.e. in R*. This fact transforms nonlocal problem into a local one, then using a variant
of the Lebesgue dominated convergence theorem, we overcome this difficulty. For this reason, we shall

restrict ¢ € (0, A‘TT”).

We will often make use of the following interpolation inequality

/R4 ’Vu\Qda: < (/R4 ]Au\2da:>% (/R4 ]u\zda:>%, (1.7)

and the well-known Gagliardo-Nirenberg inequality [33], namely, for v € H?(R*) and p > 2,

p=2 2
[ullp < BpllAully™ flullz, (1.8)

where B, is a constant depending on p.
In this paper, C' denotes positive constant possibly different from line to line. LP(R?) is the usual
1
Lebesgue space endowed with the norm ||ul|, = ([pa [u[Pdz)? when 1 < p < o0, [Juls = inf{C >
0,|u(z)] < C ae. in R*}. H? (R?) is the space of radially symmetric functions in H*(R?) and its
corresponding norm is defined by

1
lull = (1Aul + 2[Vull3 + [[ull3)?.

From (1.7), we can see that | - || is equivalent to the norm [|ul| 24y := (|[Aul)3 + HUH%)%

The paper is organized as follows. Section 2 contains some useful lemmas. In Section 3, we use the
mountain-pass argument to construct a bounded (PS),, () sequence. Section 4 is devoted to the proof
of Theorem 1.1.

2 Preliminaries

In this section, we give some preliminaries. For the nonlocal type problems with Riesz potential, an
important inequality due to the Hardy-Littlewood-Sobolev inequality will be used in the following.

Proposition 2.1. [23, Theorem 4.3] Assume that 1 <r, t < oo, 0 < pu <4 and % + &+ % = 2. Then
there exists C(u,r,t) > 0 such that

| [ Gux st@nhioyds| < Gl o] (2.1)

6



for all g € L"(R*) and h € L'(R*). Ifr =t = %, equality holds in (2.1) if and only if h = cg for a

constant ¢ and .
—u

1 o B
9(x) = A<m2 + ]a:—aP)
for some Ac C,0#m R and a € R*.

From Proposition 2.1, we have the following result.
4s
Corollary 2.1. Let € (0,4) and s € (1, ﬁ). If o € L5(RY), then I, x ¢ € L*=0-ms (RY) and

s <
1ol s < Cl5)lels,

where the constant C(u,s) > 0 depends on p,s.

Proof. Denote Ty := I, x p and t := o= fjs 1, then % + 4_(2:“)3 =1 and

1T

= sup [(T'p,h)| = sup ‘/ (I * o(z))h(x)dzx|.
o ||h||t=1 [alle=1" /R

Since ¢ € L*(R?), h € L'(R*) and 1 + £ + 1 = 2, by (2.1), we deduce that

1Tl <O s)lells-

i— @
O

Lemma 2.1. [17, Lemma 4.8] Let Q C R* be any open set. For 1 < s < oo, let {u,} be bounded in
L*(Q) and up(z) = u(x) a.e. in Q. Then uy(x) — u(z) in L5(Q).

We recall the following Adams type inequality.
Lemma 2.2. [36,45] (i) If « > 0 and u € H*(R?), then

/ (eo‘“2 —1)dz < 4o0;
R4

(ii) There exists a constant C > 0 such that

sup / (eo‘“2 —ldx < C
u€H?(RY), [[uf <1 JR*

for all o« < 3272, This inequality is sharp, in the sense that if o > 3212, then the supremum is infinite.

Lemma 2.3. Suppose that ¢ € (0,/ 4TT“), let {un} C S(c) be a sequence satisfying limsup ||Auy,|l2 <
n—o0

1/4TT” —¢. Then up to a subsequence, there exist o > 3212 close to 322, t > 1 close to 1 and C > 0
such that
sup / (eau% — 1)tz < C.

R4

neN+



Proof. By limsup ||Auy,|2 < /=5 —¢, up to a subsequence, we assume that sup [[Au,|2 < Tﬂ —c.

n—00 neN+

From (1.7) and {u,} C S(c), we have
4—
sup |Jun|* < sup ||Au, |3 + 2¢ sup | Ay lg + 2 < T <1,
neNt neN+t neN

thus there exists m € (0,1) such that

sup |lun||* <m < 1.
neNt

Fix a > 3272 close to 3272 and ¢ > 1 close to 1 such that atm < 3272, it yields that

Un 2
sup / (eo‘“%—l)tdazg sup/ (eatm(\\“n“) — 1)dz.
neNt JRY neNt JR*

Hence, by Lemma 2.2, there exists C' > 0 such that

sup / (eo‘“% — 1)ldx < C.
R4

neN+

O

Lemma 2.4. Suppose that ¢ € (0,\/4_—”) let {u,} C Sy(c) == S(c) N H2 4(RY) be a sequence and
satisfy lim sup ||Auy,ll2 < \/ —c¢. Up to a subsequence, if u, — wu in H?

rad
n—xm

a > 3272 close to 3272 such that for all ¢ > 0,

(RY), then there exists

/R4 ]unlqﬂ(ea“% —1)dz — » \u!‘“’l(ea“z —1)dz, as n — co.

Proof. By Lemma 2.3, there exist o > 3272 close to 3272, t > 1 close to 1 such that (eau% —1)is

uniformly bounded in LY(R*). Since u, — w in H? ;(R%), then u, — u a.e. in R?. By Lemma 2.1,

we obtain (e®“n — 1) — (e*** — 1) in LY(R%). Moreover, for t = L+, using the compact embedding
]{2

md(}R‘l) s LD (RY), we derive that u, — u in LOTDY (RY) as n — oo, and so |u,[97" — [u[9! in

LY (R*) as n — oo, i.e.,
</ ‘|un|q+1 |u|q+1
R4

Thus, by the definition of weak convergence, using the Holder inequality, we infer that

| / |1 (2 — 1)y — / [l (e — 1)
R4 R4

< / 741 — (%% — 1)+ / [l (e 1) — (e — D)]da
R4 R4

t! L 1
(e f et avae)
R4 R4

+ |u|q+1\(ea“% 1) (e 1)‘dm -0,
R4

1
/
) — 0, as n — oo.

as n — oo. O



Lemma 2.5. Assume that (f1), (f2) hold and ¢ € (0, 47T“). Let {u,} C Sy(c) be a sequence and
satisfy limsup ||Auy||2 < \/LLTT“ —c. Up to a subsequence, if u, — u in H2 4(RY), then
n—oo

/ (I * Fun)) f(up)upde — | (I, * F(u)) f(u)udz, as n — oo.
R4 R4

Proof. By Corollary 2.1, let s — ﬁ, then — 00, thus we have

4s
4—(4—p)s

11 % F(up)|loo < C’HF(un)H% for all n € NT.
K

and by (1.6), fix ¢ > 0, for any & > 0 and a > 3272 close to 3272, there exists a constant C¢ > 0 such
that ,
|F(un)| < Eun|"T + Celug |7 (e — 1) for all n € NT.

By Lemma 2.3, up to a subsequence, there exists m € (0, A‘TT“) such that sup [u,|* < m. Fix t > 1
neNt

close to 1 such that %f‘TTZt < 3272, for t' = %, using the Holder inequality, the Sobolev inequality and
Lemma 2.2, we have

||F(un)||ﬁ < </R <£|u "L 4 O luy, |77 (e4n _1))de>4

2 d—p

4(v+1) 4(g+1) dauy 4
: / <C|“n| =i+ Clup| 4w (edn —1))dx
R4
4—p

< vl dat1) 4fu% B 1
> C‘|un‘|4(u+1) +C |Un| —w (et —1)dz

4(q+1)t" +1ﬂ damt (_up el
< CHUHHZZL) + C / ‘Un’ q ) (/ (6 A—p (I|UnH)2 o 1)d$) 4t
R4

1
< CHunHZZL) + COllunl iy < Cllunll”™ + Cllug [T < C.
4—p A4—p

Hence
(L, * F(up)) f (un)un — (I, * F(w)) f(u)u a.e. in R*,

(L, % F(un)) f (un)un| < CIf (up)un| < Clup | + C’|un|q+1(e°‘“% —1) forallneNT,

and
un |1+ Jun 1T (@0 — 1) = [u]" T 4 Jul?TH (e — 1) ace. in R

By Lemma 2.4, we obtain
/ ‘Un\qﬂ(ea“% — 1)dx — ]u\qﬂ(ea“z —1)dz, as n — oo.
R4 R4

By the compact embedding H? (R?*) < L**1(R*), one has

rad

/ |Un|V+1dx—>/ lu[Ttdz, as n — oco.
R4 R4



Applying a variant of the Lebesgue dominated convergence theorem, we get

/ Ly * F(un)) f(up)upde — | (I, * F(u)) f(u)udz, as n — oo.
R4 R4

U
Lemma 2.6. Assume that (f1), (f2) hold and ¢ € (0, 4/ 47T”). Let {un} C S(c) be a sequence satisfying

lim sup [|Auy,|l2 < \/477“ — c. Then up to a subsequence, if u, — u in H*(R*), for any ¢ € C§°(R?),

n— oo

we have
/ Au, Apdr — AuAodz, as n — oo, (2.2)
R4 R4
Vuy, - Vodr — Vu-Veodr, as n — oo, (2.3)
R4 R4
/ uppdr — uddr, as nm — oo, (2.4)
R4 R4
and
/ (I * F(un)) f(up)pde = [ (I, * F(u))f(u)pdz, as n — oo. (2.5)
R4 R4
Proof. For any fixed v € H?(R*), define
fo(u) == AulAvdz,  gy(u) == / Vu - Vodzr, hy(u) = / wvdz  for every u € H?(RY).
R4 R4 R4

By the Holder inequality, we have

o)l 9o ()], [P ()] < o]l [Jul]

This yields that f,, g,, and h, are continuous linear functionals on H?(R*). Thus, by u, — v in H?(R*)
and C§°(RY) is dense in H?(R?*), we obtain that (2.2)-(2.4) hold.

Next, we prove (2.5). By Lemma 2.4, we know that there exist o > 3272 close to 3272, t > 1 close
to 1 such that (e®» — 1) is uniformly bounded in L(R%), and (e®*n — 1) — (e**” — 1) in L!(R%). By
Lemma 2.5, there exists a constant C' > 0 such that ||, * F(uy,)|/cc < C for all n € NT. Hence, for any
¢ € C§°(RY), we have

(I * Fup)) f(un)p = Iy * F(u)) f(u)¢ ae. in R*,

(L F ) fun)8] < CLf (un)l|6] < Clunl”|6] + Clun|| ] (2" = 1) for all n € N¥,

and
2 2 .
|un]” @] + |un|?|d|(e*n — 1) = [ul”|@] + u|?|¢|(e™ —1) a.e. in R™.

Denote 2 = suppe. In the following, we prove that

/yunyV\¢ydx—>/ lul’|$ldz, as n— oo (2.6)
Q Q

and
/ 9]/ (e755 — 1) / [uf?|6| (€2 — 1)da, as n — oc. (2.7)
Q Q

10



Since v > 2 — £ > 1, we have u, — u in L?(Q), thus |u,[” — |u|” in L?(2). By the definition of weak
convergence, we obtain (2.6). Furthermore, for fixed ¢ > 0, since ¢’ = ﬁ large enough, we obtain
Uy, — w in L9 (Q), thus |u,|? — |u|? in LY (Q), and

| [ luntrloltet ~ s — [ putiolien — s
= 191l /Q = ful| (€% = 1) + 9] /Q ufef(ee — 1) — (e~ 1)|d

< ol (] [l o] ae) ([ (e~ 1ya)’

+ ||¢Hoo/ |U|q‘(€aui —-1)— (eo‘“2 - 1)‘d:17 — 0, as n — oo.
Q

Applying a variant of the Lebesgue dominated convergence theorem, we conclude the result. O
Lemma 2.7. If u € H2(R%) is a critical point of J(u) on S(c), then u € P(c).

Proof. Consider a cut-off function ¢ € C§°(R%, [0, 1]) such that ¢(z) = 1if |z| < 1, p(z) = 0 if || > 2.
For any fixed p > 0, set u,(x) = p(px)x - Vu(z) as a test function of (1.2) to obtain

/ Ault,dx + ﬂ/ Vu - Vu,dr = )\/ i, dx +/ (I * F(u)) f(u)u,de.
R4 R4 R4 R4

By [31], we know

lim Vu - Vu,dr = — \Vu|?dz, lim/ w,dr = —2 lu|?dz,
p—0 Jpa R4 p—0 Jpa R4
and g
: . —
;1_% R4(IN * F(u)) f(u)u,de = 5 R4(IM « F(u))F(u)dx.

Integrating by parts, we find that

AuAu,dr = 2/ o(pz)|Aul?dzx —I—/ o(pr)Au(x - V(Au))dx
R4 R4

U 2
2 [ peolauPar+ [ eln)(e V(IS

R4

Aul? Aul?
=2 [ plpnisufac— [ or-Voten/ B - [ gt/ S
R4 R4 2 R4 2

The Lebesgue dominated convergence theorem implies that

lim AuAu,dx = 0.
p—0 Jpa

Thus
2. _ 2, 8—p
—B/R4 |Vu|*dz = =2\ /R4 |ul“dx 5 /R4(1u * F'(u))F(u)dx. (2.8)

11



If u € H%(R*) is a critical point of J(u) on S(c), testing (1.2) with u, we have

/R4 |Au|? dz + 5/]1%4 \Vu|?dz = )\/R4 lu|?dx + /R4(I“ * F(u)) f(u)udz.

This together with (2.8) yields that

/ A2 dx+6/ vl dx+—/ VP (u )da;—2/R4(IM*F(u))f(u)udx 0.

Thus u € P(c). O
To prove Theorem 1.1, we consider the functional H?(R*) x R — R by

e(:u'_8)s

e4s 5 5623 )
J(u,s) =T (H(u,s)) = 7/ |Au|“dx + T/ |Vu|*dx —
R4 R4

/ (I, * F(e*u))F(e*u)dx
R4
Following by [44], we recall that for any ¢ € (0, 4/ 4TT“), the tangent space of S(c) at u is defined by

T, = {v e H*(R?Y) : /R4uvd:17 :0},

and the tangent space of S(c) x R at (u, s) is defined by

Tos = {(v,t) € H*RY) xR : /

uvdxr = 0} .
R4

3 The minimax approach

In this section, we prove that J on S (c) x R possesses mountain-pass geometrical structure.

Lemma 3.1. Assume that (f1), (f2) and (f4) hold. If ¢ € (0, \/ZLTT“), then for any fixed u € S(c), we
have

(i) [|AH(u,s)|l2 = 0" and J(H(u,s)) = 0T as s = —o0;

(i) ||AH(u,s)|l2 = +o0 and J(H(u,s)) - —oo0 as s — +o0.

Proof. A straightforward calculation shows that for any ¢ > 2,

2(q—2)

IH(u,s)ll2 = ¢, [|AH(u,s)ll2 = e[| Aullz, [VH(u,5)ll2 = e*[[Vullz, [H(us)lo=e < [ull.

From the above equalities, we get ||[AH(u, s)|]2 — 0 as s — —o0, and ||AH(u, s)||2 = +o0 as s — +oo.
Furthermore, since ¢ € (0, 1/ 24 <), there exist s; << 0 and m € (0,2 =) such that

4 —
1M (u, 5)||* = e[| Aull3 + || Vull3 +  <m < T'u, for all s < sy.

By Proposition 2.1, fix ¢ > 0, for any & > 0, o > 3272 close to 3272 and t > 1 close to 1 with
8;_’? < 3272, there exists a constant C¢ > 0 such that

[ i POt ) P0G, ) o < CIF ()2
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_8 8—n

§C</ <§!H(u, §)[7H ¢ Ce|H(u, 3),q+1(eam(u,s) B 1)> n da;) 1
R4

8—p

(v+1) (a+1) | 8aH?(u,s
<o [ (1S + S5 () ao)
R4

8—p

8(g+1) SaH? (u,s)

<CH(, s)\\ggif)w( [ ) 5 —1>dx)4
8—p

8( +1)¢/ 8=p 8amt ; H(u,s) \2
<CO||H(u, )HS(ZLI) +C’ / H (u, 5)| 5 d:z:) a </ (e 51 (TG _1)d$> it
R4

<C|[H(u, s)HSJL% +C|[H(u, s>||2<q“

8(g+1)t/
8—p
=Cevrr=s||y, ”2851:111) + Celtati= H HB(ZLl))t,, for all s < s;. (3.1)
K 8—p
Since $>0,v>2—4 ¢>0,and t = tl large enough, it follows from (3.1) that
4s
e 2(v+1) dg+4— (g+1
J(H(u,s)) = THAUH2 Celttna)s H HBEZJrl) Celtat HUHS(ZJrl))t’ =07, ass— —o0.

8—pu 8—pu

By (f4),

-2
J(H(u,s)) < %/W |AH (u, s)|*dz + é/ \VH (u,s)|dz — —/ (I |H(u, s)[P)|H(u, s)|Pdz

ols 28 e(4p+u 8)s
= | Au|?dz + / |Vu|*dz / (L * [ul?)ulPde.
2 R4 R4
Since p > 3 — &, the above inequality yields that J(H(u,s)) — —oo as s — 4-00. O

Lemma 3.2. Assume that (f1) — (f3) hold. Then for any c € (0, \/A‘TT”), there exist 0 < k1 < kg such
that
0< inaj(u) < sup J(u) < inf J(u)
ue

ue A ueB
with
A= {u € S(c) : | Aulls < k:l}, B= {u € S(c) : |Aulls = k:2}.

Proof. For any u € S(c) with |[Aulls < 1(4/ A‘TT“ —¢), by (1.8) and (3.1), fix ¢ > 0, for any ¢ > 1 close
to 1,

2(v+1) 1) y 244 2(q+1)—
[ (@ )P < O + Cluierh, < oot s jau ™5 4 o au)
= o
By (f3), F(u) > 0 for any u € H*(R?*). Since 8 >0, v > 2— 4, ¢ >0, and ¢’ = 5 large enough, it

follows that there exist 0 < kg < %(\ / 477“ — ¢) small enough and p > 0 such that

1 v =
T(0) 2 5l1A0] — Ce =% | Av P52 oS AT 2 50, forall v e B.
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On the other hand, by (1.7), we have

21/—1———2

1 pe 2(q+1)—
T (w) < Sl Aul3 + [ Aull2 + O3 || Aully '

+Cc na | Aull, ,

which implies that sup J(u) < p for any k; € (0, k2) small enough. And there exists o > 0 such that
ucA

2v+5— 2(g+1)—

J(u) > %HAuHQ Cct 7| Au I ok s | Aull, £l >0 >0, forallue A

Lemma 3.3. Let k1, ko be defined in Lemma 3.2. Then there exist G,u € S(c) such that
(1) [|Adllz < ki
(i) [|Ally > ko;
(113) J(a) > 0> J(a).
Moreover, setting .
m-(c) = inf max J(h(t))

heT. t€[0,1]
with B _ _
= {h € C(10,1],8(c) x R) : h(0) = (2,0),h(1) = (&,0) },
and
)= e )
with

= {nec(o.1,5) : h) = a,h(1) =},

then we have

mr(c) = m.(¢) > max{J(a),T(a)} > 0.

Proof. For any fixed ug € S(c), by Lemmas 3.1 and 3.2, there exist two numbers s; << —1 and s >> 1
such @ = H(up, s1) and @ = H(up, s2) satisfy (i) — (m) For any h € I, we write it into

h(t) = (hn(t), ha(t)) € S(c) x R
Setting h(t) = H(h1(t), ha(t)), then h(t) € T, and

e J(h(t)) = e J(h(t)) = mz(c).

By the arbitrariness of h € L., we get 7, (c) > mz(c).

On the other hand, for any h € I, if we set h(t) = (h(t),0), then h(t) € I', and

mr(c) < max J(h(t)) = e T (h(t)).

By the arbitrariness of h € I';, we get m,(c) < m.(c). Hence, we have m,(c) = m,(c), and m.(c) >
max{J (), J (@)} follows from the definition of m.(c). O
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Learning from [15, Proposition 2.2], by a standard Ekeland’s variational principle and pseudo-gradient
flow, we have the following proposition, which gives the existence of the (PS)z_ () sequence for J (u, s)

on S(c) xR
Proposition 3.1. Let ﬁn C fc be such that

=01 1
(1)) < s (c) + ~.
e (1) < e (0) +
Then tﬁer@ exists a sequence {(vp, sn)} C S(c) x R such that as n — oo,
(4) T (vn, 8n) — mz(c);
(”) j/‘S(c)xR(Uny Sn) — 0, i.e.,

835(11”, Sn) — 0 and <8Uj(vn7 sn)7 (75> —0

for all

Fet, = {F= (@5 e @) <k |

Upp1 dr = 0}.
R4

Lemma 3.4. For the sequence {(v,, sn)} C S(c)xR obtained in Proposition 3.1, setting u, = H(vn, sn),
then as n — oo, we have

(1) T (un) = mz(c);

(1) P(uy) — 0;

(ZZZ) j/’S(c)(un) — 0, e,

(T (un), @) — 0 forall veT,, = {90 e H*(RY) : / Upp da = 0}.

R4

Proof. For (i), since J (up) = J (v, sn) and m(c) = m,(c), we get the conclusion.
For (ii), first, we have

_ 4sn 2sn (h—8)sn
05T (vn, 5n) =0y e—/ |Avp2da + 2 / Vo, |2da — < / (I, * F(e2m0,)) F (€2 v,)dax
2 R4 2 R4 2 R4
_2648"/ |Avn|2d$+5625"/ |an|2d$+8__ue(u—8)5n/ (I *F( 2sny, ))F(e25"vn)dﬂf
R4 4 2 R4
=2 [ (0 B0 S )P v = Plun),
R4

Thus P(u,) — 0 as n — oc.
For (iii), for any ¢ = (41, $2) € Ty,

<avj(vny3n)795> :e4sn /]R4 ¢1A2vnd$ - 562% /]R4 SZIAUnd$ - e(u—S)sn /]R4(I * F( 28" ))f(e28n ) 28”901d$

On the other hand,

(T (un), ¢) :/ ©A unda:—ﬁ/ @Aunda:—/ (I, % F(uy)) f (un)pda

:ezs”/ wle” A%, dx — ﬂ/ x)Avydz
R4
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— eu=8)sn /Rz;(l” * F(e25"vn))f(ezs”vn))gp(e_s"x)dx.

Taking ¢(e~*"x) = e**n @, then (T (uy), p) — 0 as n — oo, and p(z) = €7@y (e*"x). If we can prove
p €T,,, we get (i7). In fact, it follows from the following equality:

/ungpdx:/ 625"21”(65"1})628"(,51(65"33)(13}:/ vpprdr = 0.
R4 R4 R4

U
Lemma 3.5. Assume that (f1) — (fa) hold, then li_)ln mq(c) = 0.
Proof. For any fixed uy € H?(R*), as the proof of Lemma 3.3, for any ¢ € [0,1], ho(t) = H(ug, (1 —
t)s1 + tsg) is a path in I'.. Hence, by (f4),
P ﬁ’f2 ,7_2,{(4p+u—8)
me(e) < s 7 (o(®) < mae {1801 + G- Vuolly = 5 [ (Tx ol uoPde
/{4 7-2/4/(417"'/1_8)
<mac { 18wl - = [ (s oo
5/{2 7-2/4/(417"'/1_8)
+ Iilg(}]i {THVUQH% B R4(IH * |u0|p)|u0|pdx}
Ap+p—12 Ap+p—
=0() +0() :
This together with p > 3 — & yields li_)m m,(c) = 0. O

Lemma 3.6. Assume that (f1) — (f1) hold and ¢ € (0, 47T“). For the sequence {u,} obtained in

Lemma 3.4, there exists 71 > 0 such that for any 7 > 11,

4—
lim sup ||Awuy, |2 < S
n—o0 4

Proof. By J(un) — ms(c), P(up) — 0 as n — oo and (f3), we get
w—12

T (un) — 1P(un) = g/w |V, |*dz +

: /R 0, *F(un))F(un)d$+% / (L F(un))f () unda

R4

> é/ |Vun|2d$+w/ (I * F(un))F (un)dz.
4 R4 8 R4

Since > 0, by § > 3 — &, we have

8m(c)

lim sup /]R‘*([u * B (un) ) F (up)dz < 40 + p — 12

n—oo
And immediately, we obtain
1 1 40 -8
liglsol(l)p 3 ) |Auy, [2d < li7131_)sol<1>p 5 /R4(1M * F'(up))F (up)dz + m-(c) < 49—1——27’”—12”%(0)’

Combining this with Lemma 3.5, we derive the conclusion. ]
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For the sequence {u,} obtained in Lemma 3.4, by Lemma 3.6, {u,} is bounded in H?(R*), up to
a subsequence, we assume that u, — u. in H*(R*). Furthermore, by J'[g(c)(un) — 0 as n — oo and
Lagrange multiplier rule, there exists {\,} C R such that

2 — BAU, = Nyt + (I, * Fup)) f(un) + 0,(1). (3.2)
Lemma 3.7. Assume that (f1) — (f1) hold and c € (0, 4TT“). Up to a subsequence and up to transla-
tions in R, u, — ue # 0 in HX(R?) for any 7 > 7.
Proof. If 7 > 71, by Lemma 3.6, up to a subsequence, we assume that sup ||u,||* < m < &£ Since

neN
{u,} is bounded in H2(R%), for any r > 0, let

0 := limsup ( sup / \un\Qdaz>.
n—oo  ‘yeR4*J B(y,r)

If o > 0, then there exists {y,} C R?* such that fB(yml) lup|?dz > £, ie., fB(O,l) [un(z — yn)Pdz > §.
Up to a subsequence and up to translations in R*, u, — u, # 0 in H3(R?).

If o =0, by [44, Lemma 1.21], u,, — 0 in LP(R*) for any p > 2. As a consequence, arguing as (3.1),
by v >2—k ¢>0and ¢ = /45 large enough, we have

8(g+1)t
= S h

/R (s # F(n) fun)unde < Cllun [31) + Cllenlfiie 0, 2 m— oo,

From the above equality and P(u,) — 0, we deduce that |[Au,|2 — 0 as n — oo, hence (f3) implies
lim J(uy) <0, which is an absurd, since m,(c) > 0. O
n—o0

Lemma 3.8. Assume that (f1) — (f1) hold and c € (0, 47T”). Then {\,} is bounded and

limsup A, = lim SUp o |Vun| dx — hm 1nf 12
n—00 n—00 4c

/ (L, * Fun))F(un)dz.
R4

Proof. Testing (3.2) with u,, we have

/ \Aun\2daz+5/ (Vi 2de = )\n/ \un\2daz+/ (L  F () f (tnunda + on(1).
R4 R4 R4 R4

Combing this with P(u,) — 0 as n — oo lead to

. @/ \Vun\2dx—8_—u/ (L % F(un)) F(un)dz + op(1).
2 R4 4 R4

Thus,
limsup A\, = hm 1SUp 5 5 ]Vun] dx — hm mf 62 / (I * Fun))F (up)da.
R4

n—00 —00
From (1.7), we find

1

lim sup |A,| < hmsup / | Auy, |? dm gt (IM*F(un))F(un)daz>

n—o00 R4
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This together with Lemma 3.6 yields that

B |2(46 4+ pu—8) 2(8 — p)
im sup [A] < 2c\/(49 1) G s

O

Since u. # 0, by Lemmas 3.5, 3.6, 3.8, and Fatou lemma, we find that there exists 7o > 0 such that
for any 7 > 19,

. A (40 + 1 — 8)
lliﬂ_}Solcl)p / Vo, |2dx \/(40 o1 m.(c)

L 8-n /R L+ F () F(ue)do

4c?
< liminf >V / (I * Fun))F (upn)de,
R4

n—oo C2

which implies that limsup A\, < 0 for any 7 > 75. Since {\,} is bounded, up to a subsequence, we
n—oo

assume that A, — A. < 0 as n — oo for any 7 > 7.

Lemma 3.9. Assume that f satisfies (f1) — (fa) and ¢ € (0, 47T”). If (fs) or (fs) holds, then for
any fized u € S(c), the function J(H(u,s)) achieves its maximum with positive level at a unique point
su € R such that H(u, s,) € P(c).

Proof. By Lemma 3.1, we have

. . + . _
im J(H(u,s)) =07 and SEI}_]OO J(H(u,s)) = —o0.
Therefore, there exists s, € R such that P(H(u,s,)) = £ (H(u,s))|s=s, = 0, and J(H(u,s,)) > 0.
In the following, we prove the uniqueness of s, for any u € S(c).
Case 1: If (f1) — (f5) hold. Taking into account that %j(?—l(u, $))|s=s, = 0, using 8 > 0 and (f5),
we deduce that

2
L T (1, )]s, =86 / |Aul2de + 28¢2 / Vul2da
dS R4 R4

_ 2
—(STM)E(”_&S“/ (I « F(e 25y, ))F(e28“u)dﬂj
Rzl
+ (28 _4M)e(ﬂ—8)3u/ (I *F( 254 ))f(ezs“u)e%“ud:z:
R4

— 4eH=8)su / (I, * f(emu)e?suu) f (e u)e* udx
R4
— 4eH=8)su / (I, *F(e Zsuy)) f(e®5vu) et uulda
R4
= _ 25/ |VH (u, Su)|2d$ — (8= pu)(6 — g) / (L * F(H(u,54)))F(H(u, sy))dx
R4

R4

+ (36 —4u) /R4(1M « F(H(u, s4)))f(H(u, sy))H(u, sy )dx
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= [ Tx £t ) 50) (52 )
— [ T PO 50)) () e 5,)
=—20 |V’Husu|d:E+4/R4/R4|$_y|“d:Edy<0

where

- F(H(u(y)v Su(y)))(F(H(’LL(l‘), su(w))) - F(”H(u(m), su(w)))) <0,

this prove the uniqueness of s,.
Case 2: If (f1) — (f4) and (fs) hold. Since

P(H(u,s)) =e* [2 /R4 |Auf?dz + g /R4 Vu|?dz — 2/R4 (IM * F(etf)) F(e*u) }dx

()78 (@)t

Denote

W(s) = /R4 <IM . F(e235f2> F(e*u) o

()8 ()%

For any ¢t € R\{0}, from (f3) and (fs), we see that (8%) is increasing in s € (0,+o00) and ,(St%) is
S S

non-decreasing in s € (0,4+00). This fact implies 1(s) is increasing in s € R and there is at most one
sy € R such that H(u,s,) € P(c). This ends the proof. O

Remark 3.1. By Lemma 3.9, we claim that m,(c) = E(c). In fact, by Lemma 3.9, we know P(c) # 0.
For any fixed ug € P(c), as in Lemma 3.5, we define a path ho(t) = H(ug, (1 —t)s1 + ts2) in [, for any
t € [0,1]. Then by Lemma 3.9, m[amlc} J(ho(t)) = J (ug), which implies that

telo,

E(c) > hlélIf:c tlél[g)li} J(h(t)) = m.(c).

On the other hand, since S(c)\P(c) has two components given by R* := {u € S(c) : P(u) > 0} and
R~ :={u € S(c) : P(u) < 0}. Since ||Adlls < k1 and k; > 0 small enough, with a similar proof of
Lemma 3.2, we deduce that & € R*. By J(u) < 0 and (f3), we see that

~ M - - - o\~
P(u) < (6 — 5) /Rz;(l” * F(u)F(u)dx — 2/R4(Iu x F'(u) f(a)udx
<(6- g — 26) /R4(1“ « F(@)F(@)dz < 0,

which shows that & € R™. Hence, any path in I'. must intersect P(c), and we have

E(e) < hlélIf:c tlél[g)li} J(h(t)) = m.(c).
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4 Proof of the main result

Proof of Theorem 1.1: Since f is odd in R, it’s easy to find that [p,(I, * F(u))F(u)dr and [p(I, *

F(u))f(u)udr are even in H?(R*). Then we can see that all the above conclusions can be repeated

word by word in H fa d(R4), and without loss of generality, we assume that u, > 0 for all n € N*.
From (3.2), A\, = A as n — 0o, we know

/ |Aun|2d$+5/ |Vun|2dx:/\c/ |un|2daz—l—/ (I * F(un)) f (un)updz + 0,(1).
R R4 R R4

By Lemma 2.6, we can see that u. is a weak solution of (1.5), i.e.,
A%u. — BAu. = Aeue + (L * F(ue)) f(ue),
thus

/ |Au|2dx + B/ \Vue|*dr = )\c/ |ue|*dx + / (I % F(uc)) f(ue)ucde.
R4 R* R4

R4

Choosing 7 > 7* = max{ry, 72}, the above equalities together with Lemma 2.5 and A\, < 0 gives

lim |Aun|2d3::/ |Auc|*dz, lim/ |un|2d$:/ luc|*dx
n—00 Jp4 R4 n—o0 [p4 R4

which implies u,, — . in Hfad(R4). Therefore, u. is a non-negative radial ground state solution of
(1.5).
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