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Phase transition threshold and stability of magnetic skyrmions

Slim Ibrahim, Ikkei Shimizu

Abstract

We examine the stability of vortex-like configuration of magnetization in magnetic ma-
terials, so-called the magnetic skyrmion. These correspond to critical points of the Landau-
Lifshitz energy with the Dzyaloshinskii-Moriya (DM) interactions. In an earlier work of
Doring and Melcher, it is known that the skyrmion is a ground state when the coefficient of
the DM term is small. In this paper, we prove that there is an explicit critical value of the
coefficient above which the skyrmion is unstable, while stable below this threshold. More-
over, we show that in the unstable regime, the infimum of energy is not bounded below, by
giving an explicit counterexample with a sort of helical configuration. This mathematically
explains the occurrence of phase transition observed in some experiments.

Keywords: skyrmion, Landau-Lifshitz energy, Dzyaroshinskii-Moriya interaction, phase
transition

1 Introduction

We consider the Landau-Lifshitz energy functional of the form
E,[n] = D[n] + rH[n] + Vp[n], n:R? > §? (1.1)

where r > 0, p > 2 are constants, and

1
Din] := 5 /]12{2 |Vn|?dz; Dirichlet energy,

H[n] := /R2(n —e3) -V x ndx; helicity,

1 1
Vpn] := py=Y /]R2 In — esPdx = 2721 /R2(1 — n3)?%dx; potential energy.

First we point out that V x n can be defined as

o
Vxn=|0y]| Xn,
0

which is the there-dimensional curl acting on maps depending only on z1 and x2. The Landau-
Lifshitz energy arises in micromagnetics, where n represents magnetization vector in a magnetic
material. The equilibrium state of magnetization is characterized by the stable critical points of
E, (see [11] for the general theory). In the energy E,,, D represents the exchange interaction, while
V), arises from the external field and crystalline structure which produces the easy-axis anisotropy
perpendicular to the planar material. H[n| stands for the Dzyaloshinskii-Moriya interaction of
magnetization, which emerges in some particular crystalline structure [4, 5]. When this kind
of magnetic material is analyzed under the effect of strong external field, then localized vortex-
like configuration of magnetization, called magnetic skyrmion, appears. This has actually been


http://arxiv.org/abs/2210.00892v1

observed in experiments [20] [15], and theoretically justified in [14] 6, 13} @9]. On the other hand,
when the effect of the external field is weak, then some helical shape different from skyrmion
state are observed [20] [I5]. This suggests the occurrence of a phase transition of the equilibrium
state. There is, however, no result on the rigorous study justifying the above phenomena so
far. The purpose of this paper is to establish the rigorous proof of phase transition through the
analysis of the Landau-Lifshitz energy.

In E,, the parameter r measures the strength of external fields; larger values of r correspond
to weaker field strength. Before going any further, let us explain that putting different weights
on H and V, the energy can be formulated through two parameters as follows:

Din] + rH[n] + uV;[n]

However, one can always normalize the coefficient of V}, using the rescaling n(z) — n(,/ux),
which reduces the problem to (1) with r = rkp~1/2.

In the present paper, we are especially interested in the case p = 4, where the energy has some
special structure of a nice factorization, discussed later in details. Define the function space of
maps n by

My :={n:R* = S? : Dln]+ Vyn] < oo}
endowed with the metric d(n, m) := ||n — ml| 42y + [[V(n — m)|| 22y for n,m € My. Recall
that the energy functional Ej is well-defined on My (see [0, Page 7| for the proof). In addition,
thanks to the well-known inequality of Wente [19], the topological degree

1

" 4r

Q[n] : / n-on x dondz
R2

is also a well-defined, integer-valued functional on My. @[n] represents the total number of
skyrmions, and its sign gives an idea about their directions of rotation. In this paper, we will
restrict ourselves to the case ) = —1 corresponding to a single skyrmion, which is known to be
the most stable homotopy class (see [14]). Moreover, solutions in this class are known to enjoy
additional properties.

The critical points of Ej satisfy the Euler-Lagrange equation
—An+2rV xn—(1—n3)es— A(n)n =20 (1.2)

where
A(n) := |Vn|? +2rn- (V x n) — (1 — n3)ns.
Then (2] has an explicit solution:

b”()=h(2).  h) ::< —2e2 201 _1_’”5‘2). (1.3)

2 T+ z|2 1+ 2|27 14 |xf?

Note that h?" is a harmonic map, with h?” € My and Q[h?"] = —1. In the work of Déring and
Melcher [6], it is shown that when 0 < 7 < 1, h?" is a global minimizer of the energy;
min  Ey[n| = F;[h%] = 4x(1 — 2r%).
neMy
Qn]=-1
In particular, their result explains the formation of skyrmion since the h?" has the desired
configuration. The essence of this result is that E4 can be factorized as

7”2

Ey[n] — 47r%Q[n] = 5 /}R2 |Din 4+ n x Din|*dz + (1 — r?)D[n] (1.4)
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where the helical derivatives D} are defined by

1
D; = 6j — ;ej X -
When 7 < 1, then the minimality immediately follows from (4] because h?" is a minimizer of
D with Q = —1, and satisfies DTh?" + n x D5h?" = 0. However, this argument clearly breaks
down when 7 > 1, where even the stability of h?" has not been understood so far.

Our main result is the instability of E4 around h?" when r > 1.

Theorem 1. Ifr > 1, then the critical point h®" of the energy E4 is unstable, in the sense that
for any neighborhood of h*" there exists n € My such that Ey[n] — E4[h?"] < 0.

Theorem [ rigorously explains why the phase transition occurs; the stability of skyrmions ceases
to hold when the external field is weak. Moreover, Theorem [I together with Doring-Melcher’s
results, explicitly quantifies the threshold of phase transition at r = 1.

For the proof of Theorem [ we follow the framework of [13]; We rewrite the quadratic form
of Hessian in terms of the coordinates of moving frame, and then decompose it with respect to
Fourier modes of argument variable. To unveil unstable factors, we apply a rescaling argument
by following the strategy of [I2]. Then we can find negative directions of Hessian in the Fourier
modes higher than or equal to 2. It is quite worth to note that as long as this strategy, the
criticality of » = 1 is shown through the third Fourier mode; namely the unstable mode can
only be observed via Hessian at third Fourier mode when r is close to 1+. We also observe
that the Hessian at O-th and first Fourier modes is always positive definite, regardless of r. This
mechanism has already been observed in that of the Ginzburg-Landau energy [12].

Next, it is natural to ask about the existence of minimizer of 4 in the unstable regime. We
show that if r > 1, then the energy is unbounded from below.

Theorem 2. Ifr > 1, then
min  F4[n] = —oo.
neMy
Qn]=-1

This theorem suggests that (LI on My is not well-suited to characterize equilibrium states in
the regime of weak field. Nevertheless, it is worth mentioning that our example of the unbounded
sequence has the same helical structure as observed in experiments of [20]. Moreover, our con-
struction is by stretching a skyrmion in one direction, which roughly gives us the information
of how the instability of skyrmions occurs. Note that this cannot happen when the domain is
bounded, as minimizers may exist as expected by experiments. This is beyond the scope of this
paper.

We conclude this introduction by mentioning some known related studies. The minimizing
problem of E, is first addressed by [I4] when p = 2, and the analysis is extended to various
settings in [0, 13, @]. Recently, the geometric interpretation of the integrand of the first term
in the left hand side of (I4) is given in [I8, [I], which yields a family of formal solutions to the
corresponding Bogomol’nyi-type equation. The dynamical equation corresponding to the energy
related to (L)) is also investigated with the Gilbert damping by [6], or without damping by the
second author [I7]. It is worth noting that in the latter case, the equation is closely related to
the nonlinear Schrodinger equation, and in fact, when the energy only consists of D[n], then a
sort of dispersive properties are observed [7, [8 2 [3].

The organization of this paper is as follows. In Section 2] we first derive the Hessian of Fy,
then reduce the problem to its analysis. The main part is Section [3] where we construct an



unstable direction of the Hessian, which concludes Theorem [l In Section [ we prove Theorem
by constructing a sequence which gives infinitely negative energy. In Section Bl we prove the
technical lemmas used in the main argument.

2 Hessian

First of all, we observe that the difference of energy from h?” can be written as a quadratic form.

Lemma 1. Let n € My and &€ := n —h?". Then,
1
Ey[n] — E4h*] = §<£§,E>L2 (2.1)

where

LE:= —A&+2rV x € + £3e3 — A(h?)E.
Proof. By the criticality of h?" for E,, we have
B - Bib) = [Aw 65 [aggrr [Vxeess [&
The constraint |n| = [h?"| = 1 yields

26 -h” +[¢]* = 0.

Thus 1
2r\1. 27 _ - 2r 2
[ e =~ [amep,

which completes the proof. U

Let us focus on the quadratic form defined by the right hand side of ([2I]). Now we claim that
the perturbation ¢ may be linearized into the tangent space.

Proposition 1 (Reduction of the theorem). Suppose that there is ¢ € H'(R?) with ¢ - h?" =
0 such that (Lp,p) < 0, then for any neighborhood of h®", there exists n € My such that
Ey[n] — E4[h?] < 0.

Proof. For t > 0, let n; := ﬁ%ﬁ; Since |h%" + tgp| = /1 + 12|¢|?, n; is well-defined. By

calculation, we have

2r to t2|¢|*h*"

n; — h*" = — ,
t V1t 1+ 2[p]2 (1—1—\/1—1—752\(;’)\2)

_ toi9 t*|p|*9;h*" (P 0i9)¢
VIHE[OP T 2[pP (1 +1+ t2|¢|2> (1 +2|p|2)%/2”

which implies n; — h?" in My as t — 0+. Moreover, ([Z.]) yields

3] (nt — h2r)

Ey[n] — E4[0”] = (L(ny — h?"),ny — b)) = *(L, ¢) + o(t?),

which is negative if ¢ is sufficiently small. This completes the proof. O



3 Proof of Theorem [l

In this section, we show Theorem [l By Proposition [I it suffices to find ¢ € H'(R?) with
¢-h* =0, and (Lo, ) < 0.

Following [13], one can rewrite the Hessian via several steps, using moving frame, Fourier expan-

sion, and the Hardy decomposition.

3.1 Rescaling

For ¢ € H'(R?), we consider the H'(R?) rescaling ¢ (-) := ¢ (5-). Then a simple calculation
shows that the rescaled Hessian H,.(¢) := (L¢*", ¢>") can be written as

He(¢) = [Vll72 +4r*(V x ¢, ) 12 + 477 [|¢5]] 72 — /R2 Ar(h)|@]*dx (3.1)

with
Ar(h) := |[Vh|* + 47?h - V x h — 47(1 — h3)hs.

Note that the coefficients become balanced, and the dependence of the Hessian on r gets more
explicit. Our goal is now to find ¢ € H'(R?) with

¢-h=0, and  H,(¢) <O0. (3.2)

3.2 Moving frame
Let (p,1)) be the polar coordinates in R%. Then by (3], we can write

—sinysiné(p)
h=| cos¢sinf(p) (3.3)
cos 6(p)

where 0 : [0,00) — R is the non-decreasing function defined using

2 )

sinf(p) = ——,
(p) P

In particular, 0 satisfies the following relations:

p>—1
cosf) = ——-, sinf — p(1 —cos ) =0,
prrl (3.4)
;- 2  sinf 9,,+9_’ sinfcosf
p?+1 P’ p P

Based on (3.3]), we introduce the moving frame in the tangent space at h?" as

cos 1 —sin1) cos 0(p)
Ji:= | sinv |, Jo:= | costcosb(p)
0 —sinf(p)

For ¢ € T,S?, one can write

¢ = u1Jy + uxJds, and then define u = *(uy, us).



Let us rewrite #H,(¢) in terms of u; and ug following [I3]. First note that
6ph == 9/.]2, awh == —(Sin H)Jl, 8,,J1 == 0,
Oyd1 = (cos0)J + (sinf)h, d,Jo = —0'h, Opdo = —(cos 6)J;.
Hence, each component of the integrand in (B.1]) can be reexpressed as

1 2cos 0 u? cos? 6
IV|* = 0,6 + ?yaw\? = |Vu* + 2 X Oyt + p—; + ((9/)2 + 7 > u3,

¢ Vxop=q¢- [Jl X 0,¢ + % ((cos)Jg + (sinf)h) x 8¢¢]
_sinf sin@cos@) 9

u X Oy + (9' — Uy,
p

inZ 6 sin 6 cos 6
¢% = udsin? 0, A,.(h) = (#)* + 5122 + 4r? (9/ + %) — 47r%(1 — cos ) cos 6.

Hence by (B.4]), we have

2 .
H,[¢] = Vul? + <2(:0289 A sm@) wx yu
' p(:082 6 4r’sinf (3:5)
+ <—(0’)2 + =+ ) (u? + u3)dx
p p
3.3 Fourier splitting
Next we apply Fourier expansion of u; with respect to 1:
ui(p, ) = ol () + 3 (el (p) cos(ku) + B () sin(ky)) G =1,2.
k=1
Then H,[¢] can be split in the following way:
Hr[p] = 2nH| ozl ,a2 —{—ﬂ'z (’Hk , 2 ] +Hk[5( ) —agk)]) (3.6)
where
. Rl IR O k2 no . cos20  4r?sing 9 9
Hilo, 8] = @)+ @)+ |z -)+—+ (a” +57)
0 P P 5 22ung (3.7)
(- E0) ]

In order to find ¢ € H'(R?) satisfying [3.2), it suffices to show that one of H}, can take negative
value. In fact, it can be shown that H{, H} are always non-negative definite for all » > 0. (See
Appendix for the proof.) Thus we need to focus only on Hj with k& > 2.



3.4 Instability at higher mode

We show the following:

Proposition 2 (Instability at higher mode). For k > 2, there exists ry. > 1 such that the
following holds: If r > vy, ., then there exist a, § € C5°(0,00) such that Hj [«, B] < 0. Moreover,
if k =3, then we can take 13, = 1.

For the proof, we change variables in the Hessian following the idea of [I3]. We use the following
lemma:

Lemma 2. Let A : (0,00) — R be nonnegative C' function, let V € Li ((0,00) : R), and let

L = —dilpA(p)dip + V. Let f,g € C§°(0,00) be functions satisfying f = g with some positive
smooth function ¢ : (0,00) — (0,00). Then,

> _ > 2 N2 > 2
/0 (Lf)fdp—/0 VA9 +/O (Lap)g*dp.

Lemma [2] plays a role of simplification of quadratic forms fooo (Lf)fdp, especially when L has
a kernel as the ground state. Indeed, this is the case when k = 1, and applying Lemma
immediately concludes that ] is positive definite (see the proof of Proposition Blin Appendix).
Although Hj for k > 2 does not have such kernel, we will apply Lemma [2] with ¢ being the
kernel of H}, which enables us to find the unstable factors.

Proof of Proposition[4 First, let us set « = 3. Then we have
o0 2
Hy o, a :2/ [p(o/)2 + (M — p(0")? + 4%(1 — k) sin 9> az} dp
0 P

_ /OOO [(Lloc)a + <k2 —1 AR Deosh e gy sin@)] dp

p p
where L := —dippdip + @ + 4r%(1 — k)sin§. Noting that L, (#) = 0, we transform
a= %f Applying Lemma 2 with A = p, ¢ = %, V= M — p(0")?, we have

sin@  sin6 © 2sin%0 , 9 2}
’Hk[ p £, . é] /O [ P (&) + fe(p)&™| dp

where ) ) 5
in” 6 in” 6 cos 0 in” ¢
F(0) = 20 = )™= 4k = )T 81— k) g
p p p
Since
2
sinf = ;—i—o(p_l), cosf=14+o(p ")

as p — 0o, we have

filp) = =8(k = 1)(8r* =k —3)p™ > + o(p™").

Now we consider the rescaling

6(p) = 33E0), A= 0.
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Then for £ € C§°(0,00), we have

. . o0 _ 2 _ L _
. [smﬁg)\, sin 95)\] _ / [%(5/)2 ~ 8(k 1)(87; k—3) 52] dp + o(N).
p N p 0

as A — 0+. Thus we obtain

) c[sing. sinf, ] [*[8, ,, 8k-1)0B?—k-3),
Jim Hy, [7§A7 P §A] —/0 [;(5) - = §]dp7

which we denote Z7[¢]. Hence for Lemma [ it suffices to show that Z7[¢] < 0 for some £ €
C5°(0,00). This problem is concerned with the optimization of the constant of the Hardy-type
inequality:

00 ¢2 00 (¢/\2
Cp :=inf {C’ ‘ /0 %d,o < C/o (ig dp for all £ € C5°(0,00). } . (3.8)

In fact, it is known that Cy = 1, and thus for any e > 0, there exists & € C§°(0,00) \ {0} such

o & €y
o 1 o0
2 dp > / =7 _dp.
0o P P <4+5> o P P

This fact is shown in [I0] (see also [16]), while in Appendix we will reproduce the proof for
reader’s convenience. Using &., we have

% c _ r2 —k—
I};[&sk/o [8(4; )53_8(14 1)(8/)5 k—3)
> ]
:8[4+s—(k—1)(8r2—k:—3)]/0 E@fd,o.

53] dp

If £ > 2, then the right hand side is negative for sufficiently large r. Especially when k£ = 3, it
holds that

r 2, € 1,
T3[&] < 128 (1—7“ +1_6>/0 E@dp

which is negative when r > 1 if ¢ is sufficiently small. Thus the proof of Lemma Pl is complete.

Proof of Theorem I According to Lemma ] if » > 1, then there exist a, 5 € C§°(0,00) such
that Hjla, 5] < 0. Now define

ur(p, ) == alp) cos(3¢),  u(p,®) = —B(p) sin(3¢). (3.9)

Then by BX) and B4, ¢ := u1J; + uaJy satisfies H,[¢p] < 0, which completes the proof by
Proposition [T

Remark 1. Note that «, 8 is taken such that o« = 8 = #5 for a specific £ € C§°(0,00). Thus
¢ in the proof can be written in the form

sin 0 (p)
p

¢ =

£(p) cos(3¢) Iy — Slnif)?(p)g(p) sin(3¢)J2 = £(p) <_COS;3¢)

Oyh + sin(31,b)6ph> .

4 Proof of Theorem

Let 7 > 1. In this section we construct a sequence {n, }52; with

n, € My, Qn,] = -1, and lim Ey[n,] = —oc. (4.1)

n—oo



The key ingredient is the specific map defined as

o 2rxy r?(x1)? — 1
b(z) := <0’ r2(z1)2 + 17 72(21)2 + 1> '

Note that b(z) = h'/7(z1,0) where h is as in (3], and b satisfies an equation similar to the
Beltrami field:

If we calculate the integrand of Ej4, then

2(1 —r?)

1 1
~|Vb[2 4+ 7(b—e5) Vx bt (b —1)? = —— )
I VPl Hr(b =es) Vx4 5(bs = 17 = T )

(4.2)

Thus the energy of b is —oo if 7 > 1. Our construction of {n, } with (@I is based on the cut-off
of b.

Define

ny(z) = WY (xy, 29— L) ifay > L,
hl/r(l'l,l'Q +L) if zo < —L.

Then n;, € M4NC(R?), and we have Q[ny] = —1 since ny, is homotopic to h” by the homotopy
with L shrinking to 0. Moreover, ([£2)) gives

1 1
Eyng] :/ <—|Vb|2+r(b—e3)-v x b+ = (b3 —1)2> dz
{loal<L} \2 2
+ / [1|Vhl/r|2 + (/" —e3)  V xh'/" 4 l(hé/r — 1)2} (21,20 — L)dx
{z2>L0) L2 2

- / [1|Vh1/r|2 +r(h'" —e3) -V x W'/ + 1(hzls/r - 1)2] (21,22 + L)dx
{$2<—L} 2 2

_/ 2021 e BB = (1 )G L+ B
{lmal<ry (P2} +1)% '

where C). is positive constant independent of L. Hence we have

lim E4[IIL] = —00
L—o0

which concludes the proof of Theorem

5 Appendix

5.1 Positivity of the Hessian at lower modes

We show that #;, defined as ([B.1) is positive definite.

Proposition 3. For all v > 0, we have H{a, 5] > 0, Hl[a, 5] > 0 for all o, B € C§°(0, 00).
Proof. Our proof essentially follows [I3]. We first see the case k = 0:

42 sin ¢

& cos?
i) = [ @ @2 (002 + ) 0 )+ P 0 )

9



Clearly it suffices to show the case r = 0. Now we can write
Ml 5] = [ [(Lo)a + (Lad)3) dp
with Lg := —dippdip —p(0")? + #. Noting that Lo(sinf) = 0, we transform
a=(smb),  B=(sinbn  (61€CEF(0,00)).
Applying Lemma Pl with A = p, ¢ =sinf, V = —p(#')> + #, we obtain
Hl(sin0)¢. sn)a) = [~ sin 012 + (o Plpdp > 0.

Next we consider the case £k = 1. We can write

> 1 cos2 0 4cos 0
il = [ @7+ @2+ (- 02+ 50 @ )+ 25 g
0 p p p
4r2sin @
(a— 5)2] pdp.
P
Thus it also suffices to show the case r = 0. Then we can write
0 2cos
Hila,0) = [ (Lol + (119)5 - 222 a - 52y
0
with L1 := dppdp + @ p(0")2. Noting that Lﬂ%) = 0, we transform
sin ¢ sin 6 .
o = 5’ /8: 77’ (5577600 (O’OO))
p p
Applying Lemma ] with A = p, ¢ = #, V= M — p(#")?, and using ([34), we have
sinf _ sinf * g¢in? ¢ 2sin @ cos (6’
R A R R
p 7 o P p

:/0w81r;9(£,2+ /2)+(Sln 0) (€ —n)2d

:/ SHIIO 9(5’24—77'2 — sin? 6
0

(-
[ G e )

Hence the proof is complete. O

5—77) (5/)—377) >dp

5.2 The optimality of the Hardy-type inequality

In this section we give a proof of the optimality C'y = i. (For the proof of Cy > %, see [10].)
More precisely, we show the following;:

Lemma 3. For any € > 0 there exists & € C§°(0,00) \ {0} such that

L) [ 2 e
<4+6>/o P dp</o p5dp'

10




Proof. As given in [10], Cy is formally optimized by & = p?. To seek the compactness of support,
we take a cut-off of this function. Given A > 1, let x = x4 € C§°(0,00) be a function with
x(p) = 1if p € [1,A], x(p) = 0if p & [5,24], [X'(p)| < % for p € [A,24], and 0 < x(p) < 1 for
all p € (0,00). Then define

a(p) = p*xalp)

for € > 0. Then calculation gives

/Oo idp:/oo L (p)dp
o P o P ’

o] 5/ 2 0 1 o] [e%¢)
/ ( Ag) dp=4 | —xXhdp+4 [ xaxado+ | p(xXa)’dp
0 P o P 0 0
o0 1 (o]
= 4/ ~Xadp +/ p(X's)?dp.
o P 0

Thus it suffices to show that given € > 0, there exists A > 0 such that

o0 o0 1
/ p(x'a)*dp < 6/ ~Xadp- (5.1)
0 0o P

For (5.0), we can estimate as

0 1 ) A 1
—Xadp > | — =logA,
0o P 1 P

00 1 2A
/ p(X'a)*dp < C/ pdp + —2/ pdp < C
0 1 A% Ja

where C is independent of A. Thus we have

1 2 —bopee 7 \2 A—o0
—Xadp p(Xa) dp —— 0
o P 0
which implies (B.1]) for sufficiently large A. O
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