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Abstract: An RD-space X is a space of homogeneous type in the sense of Coifman
and Weiss with the additional property that a reverse doubling property holds
in X. In this setting, the authors establish the boundedness of bilinear #-type
Calder6n-Zygmund operator Ty and its commutator [by,be,Ty| generated by the
function by,b; € BMO(u) and Ty on generalized weighted Morrey space MP®(w)
and generalized weighted weak Morrey space W MP¢(w) over RD-spaces.
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1 Introduction

The space of homogeneous type, first introduced by Coifman and Weiss [2, [3], is a
general framework for studying the Calderén-Zygmund operators and functions spaces.
Around 1970s, Coifman and Weiss began to investigate the some classical harmonic anal-
ysis problems on the metric space, which is called space of homogeneous type (X,d, 1),
equipped with a metric d and a regular Borel measure p satisfying the doubling condition,
if there exists a positive constant C), > 1 such that, for any ball B(z,r) := {y € & :
d(z,y) <r} withz e X and r > 0,

(1.1) p(B(z,2r)) < Cup(B(z, 7))

holds. Since then, many classical results were extended to the spaces of homogeneous type
in the sense of Coifman and Weiss. However, some results have so far obtained only on
the RD-spaces, which means that (X, d, ) is a space of homogeneous type if there exists
positive constants a,b > 1 such that,

(1.2) bu(B(z,r)) < p(B(z,ar));
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holds for all z € X and r € (0,diam(X)/a). On the development and research of the
operators over RD-spaces, we refer readers see, e.g., [I1], 13| 17, 28] 29].

In recent years, solving numerous important problems in harmonic analysis and PDEs
became possible due to the progress reached in the weighted theory, generally speaking, in
new function spaces; see, for instance, [I5] [I6]. Moreover, the A, weight theory, which was
first studied in [20], is one of the cores of the weighted theory. It should be pointed out
that Morrey space, which were introduced by Morrey in 1938 (see [19]) in order to study
regularity questions which appear in the calculus of variations, describe local regularity
more precisely than Lebesgue spaces and widely use not only harmonic analysis but also
partial differential equations (see [8, @]). In 2009, Komori and Shirai [14] introduced the
weighted Morrey spaces and study the several properties of classical operators on the
classical Euclidean space. The further research and development about the Morrey spaces
and weighted Morrey spaces over different settings, the readers can see [I, [5] [0, [7, 12,
211 22], 23] 24], 25] and the references therein. In 2020, Chou et al. [4] introduced the
generalized weighted Morrey spaces over RD-spaces, as applications, the boundedness of
the classical operator was established. Very recently, Li et al. [I8] established that the
boundedness of the commutators generalized by the §-Calderén-Zygmund operator and
the BMO functions in generalized weighted Morrey spaces over RD-spaces.

Motivated by the above research, in this article, we will mainly study the boundedness
of bilinear #-type Calderén-Zygmund operator Ty and its commutator [by, by, Ty] associ-
ated with function by, by € BMO(p) on generalized weighted Morrey space MP¢(w) and
generalized weighted weak Morrey space WMP?(w) over (X,d,p). Before present the
mainly results of this paper, we first recall some necessary definitions and notion.

The definition of the generalized weighted Morrey space introduced by Chou et al. [4].

Definition 1.1. Let p € [1,00), ¢ : (0,00) — (0,00) be an increasing functions and w be
a weight on X'. Then the generalized weighted Morrey space MP®(w), equipped with the
norm

17 laarocer 3= "5 {m /B |f($)|pW(x)du(x)}p < 0.

We also denote by W MP?(w) the generalized weighted weak Morrey space of all locally
integrable functions f satisfying
1 1
£l e = supsup ————to{a € B [f(z)] > 1))} < o0,
B >0 [p(w(B))]»

Remark 1.2. (i) When ¢(z) = 1, MP?(w) = LP(w) and WMP?(w) = WLP(w). Con-
sequently, the generalized weighted (weak) Morrey space is an extension of the weighted
(weak) Lebesgue space.

(i) When ¢(z) = ¥ with 0 < k < 1, then MP?(w) = MPF(w) and WM (w) =
W MY*(w). Hence, the generalized weighted (weak) Morrey space is an extension of the
weighted (weak) Morrey space.

In what follows, let V(x,y) := u(B(z,d(z,y))), now we state the definition of bilinear
f-type Calderén-Zygmund operator as follows.



Definition 1.3. Let 6 is be a non-negative nondecreasing functions on (0, co) satisfy the
following Dini condition:

(1.3) /01 @dt < 00.

A kernel K(-,-,-) € Llloc((X)g\{(a;,yl,yg) cx =1y = ya}) is called the bilinear 6-type
Calderon-Zygmund kernel if there exists a positive constant C', such that
(1) for all (x,y1,y2) € X% with x # y; for j € {1,2},

1

1.4 K@y, 42)l < € ;
(1.4) |K (2, y1,92)] 2, Vi)

(2) there exists a positive constants C, such that, for all z,2’,y1,y2 with d(z,2’) <
cmaxi<;<2 d(l‘, yj),

(1.5) K (2, y1,y2) — K (2, y1,y2)| < C6< d(z,z') ) [ 1

Z?:l d(l‘,yj) Z?:l V(:Evyj)]j

Remark 1.4. Let § € (0,1], 6(t) = t° with t > 0, then K (x, 1, y2) defined as in Definition
1.3 is just the standard Calderén-Zygmund kernel.

Let Lp°(p) be the space of all L>°(u) functions with bounded support. An operator Ty
is called a bilinear #-type Calderén-Zygmund operator with K satisfying (1.4) and (1.5)

if, for all fi, fo € Ly®(p) and = ¢ ﬂ?:l supp f;,

(1.6) Te(fl,fz)(x)=/X/XK(x,yl,yz)fl(y1)f2(y2)du(y1)du(yz)-

Given by,by € BMO(pu), the commutators [by, be, Tp| associated with the bilinear -type
Calderén-Zygmund operator Ty is respectively defined by

[b1, b2, Tp](f1, fo)(x) = bi(x)ba(2) T (f1, f2)(x) — bi(x)Ty(f1,baf2)(x)
—ba(2)Tp(b1 f1, f2)(x) + Ty(b1 f1, b2 f2)(x).

Also, [by,Ty] and [bo, Ty] are defined as follows,

(1.7) b1, Tp](f1, fo)(z) == bi(2)Ty(f1, f2)(x) — To(b1 f1, f2) (),

(1.8) [b2, Tp](f1, fo)(x) = b2(2)Ty(f1, f2)(x) — To(f1, baf2) ().

Now let’s recall the definition of BMO(u) space.
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Definition 1.5. A function b € Llloc(,u) is said to be in the space BMO(u), equipped with
the norm

Blasou = sup— / 1b(z) — bildu(z) < oo,

where the supremum is taken over all balls B C X and

1
—B) /B b(y)du(y)

Definition 1.6. A weight w is said to belong to the class A, for p > 1 if for any B C &,

sup (ﬁ/Bw(y)du(yO <ﬁ/BwH"’(fﬂ)du(y)Y_1 < o0,

and w belong to the class Ay, if there is a constant C' such that for any B C X,

1 .
@/Bw(y)du(y) =< C inf w(w).

We denote Ao class in the natural way by As = U,~; 4p

To get the boundedness of [b, Ty with b € BMO(u) on the generalized weighted Morrey
space MP?(w), Wang [27] also suppose that the function ¢ in Definition 1.1 need following
condition: there exist a positive constants k € [0,1) and C' such that

(1.9) or) o 2B)

< = orall 0<s<r<-+4oo.
T s

In addition, to obtain the boundedness of Ty with 6§ = t°, that is to say K(x,y) is
standard Calderén-Zygmund kernel, the following two conditions are used by Chou et al.
[]: there exist two positive constants C; and Co such that

(1.10) ¢i)<0¢() forall 0<s<r<4oo.
(1.11) /oo (bi) . <C’¢() for all t e (0,00).

Remark 1.7. The condition (1.9) implies the conditions (1.10) and (1.11), see e.g.[4].
The following statements are our main results.

Theorem 1.8. Assume that Ty is a bilinear #-type Calderén-Zygmund operator with
kernel K satisfying (1.4) and (1.5). Let p1,p2 € [1,00) with % = pil + p%, w e Apy(p). Let
0 :[0,00) — [0,00) be a nondecreasing function satisfying (1.3) and ¢ : (0,00) — (0,00)
be an increasing, continuous function satisfying conditions (1.10) and (1.11), we have the
following:

(i) when all p; > 1, there exists a constant C' such that

1T F)llagwe ey < Ol agor ooy el aarno:

(ii) when some p; = 1, there exists a constant C' such that

1T (f1: f2)llw mtps @y < ClLFl pers @) | F2ll a6 () -



Theorem 1.9. Let p1,ps € [1,00) with % = pil—i—p%, we Ap(p) and by, by € BMO(p). Let
0 :[0,00) — [0,00) be a nondecreasing function satisfying (1.3) and ¢ : (0,00) — (0,00)
be an increasing, continuous function satisfying conditions (1.10) and (1.11), we have the
following:

(i) when all p; > 1, there exists a constant C' such that

2
11, b2, ol (1, Fo)ll oy < C LT 1051 Brr06n 1 £l e o
j=1

(ii) when some p; = 1, there exists a constant C' such that

2
1[b1, b2, Tl (f1, ) lwatro ) < C T 103 mr00) 1 £l s 6 -
j=1

Finally, we make some conventions on notation. Throughout the paper, C represents a
positive constant being independent of the main parameters involved, but may vary from
line to line. For a p-measurable set E, xg denotes its characteristic function. The symbol
f < g means that there exists a positive constant C' such that f < Cg. Given a ball
B C X and A > 0, AB denote the ball which has the same center of B and the radius is ¢
times of B. For any exponent p > 1, we denote by p’ its conjugate index, i.e., % + 1% =1.
2 Preliminaries

To prove the main theorems of this paper, in this section, we give some auxiliary lemmas.

Lemma 2.1. [20] Let p € (1,00) and w € Ap(p). There exist positive constants C; and
C5 such that for any ball B C X and each measurable set £ C B,

D) < [HD] g ) [N

Lemma 2.2. [4] Let (X, d, 1) be an RD-space, if w € A,(1), p € (1,00), then there exist
positive constants C3, Cy > 1 such that for any ball B C X,

(2.1) w(2B) > Csw(B),

(2.2) w(2B) < Cyw(B).

Lemma 2.3. [I8] Let p € (1,00), w € Ap(p) and ¢ : (0,00) — (0,00) be an increasing,
continuous function satisfying (1.10) and (1.11). Then there exists a positive constant C
such that for any ball B C X,
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Lemma 2.4. [I8] Let b € BMO(p) and w € A,(p) with p € [1,00), then

(1) there exists a positive constant C' such that, for any ball B C X and k € Z™,

‘b2k+1B — bB‘ < C(k + 1)HbHBMO(H);

(2) there exists a positive constant C' such that, for any ball B C X

B =

{ [ 1 —bB|pw<x>du<:c>}5 < OBl sarogn (B
B

Finally, we need to recall the following boundedness of the bilinear #-type Calderon-
Zygmund Ty and commutator [by, by, Ty| on the weighted Lebesgue space LP(w).
1 .
5y Wwith
2

Lemma 2.5. Let K(-,-,-) satisfy (1.4) and (1.5), w € Ap(p) and 1—1) = ll +
LP2(w) to

P
1 < p1,p2 < 00. Then Ty can be extended to a bounded operator from LP*(w) X
LP(w).

Proof. From [10], it is not hard to get that the Ty is bounded from weighted Lebesgue
space LP'(w) x LP?2(w) to LP(w). Hence, here we omit the proof.

By an argument analogous to the proof of [27] with a slight modification, we obtain the
following results, for briefly, we omit the details here.

Lemma 2.6. Let by,by € BMO(p), w € Ay(p). Then commutators [by, be, Ty| is bounded

from the product of space LP'(w) X LP?(w) to space LP(w) with 1 < p1,p2 < oo and
1_1 41

p p1 P2’

3 Proof of the main theorems

In this section, We will mainly give out the proof of Theorem 1.8. and Theorem 1.9.
Proof of Theorem 1.8. We just point out that the estimate for the strong type is almost
the same as the weak type. Here we only present the proof of the strong type estimate.
For any fixed ball B = B(zg,rg) C X and 2B := B(xg,2rp). We decompose f; as

fi=1 4= fixe + fixaven i =1,2.

By the linearity of Ty and the Minkowski inequality, we have

1 [/B |T9(f1,f2)($)|pw(x)du(x)] p

$(w(B))¥

[t @ patan)|

<

1
T pw(B))

R O£V (2)|Pew(z )"
b | [, IO Pt



. [ [ matse Pt

[/mfl,fz DP(a)d ()]
—[1+[2+13+I4

For the term I;. By Lemma 2.2 and 2.5, we can deduce that

| [ mt P

I <

ou(B)
< : ’
< H 151l pges- o) p(w(B)

2
w(2B)
<Al e

| S
RSBl

2
H ||f.7||Mp] (W)’
j=1

To estimates Iy, we first consider |Ty(fY, £5°)(z)|, for any = € B and y; € 2B, ys € (2B)¢,
then d(x,y2) ~ d(xo,y2) and V(z,y2) ~ V(zo,y2). By applying (1.4) and (1.6) with
Holder inequality, we can get

To(f2, £5°) (@)
< / / K (z, yl,y2>||f?<y1>||f§°<y>|du<y1>du<y2>

/ /X A w)llaly du(yl)du(yz)

\2B ZJ Vi, y5)]
E_E - ‘f2(y2)‘
< [ oo A [ B |

> 1

x{ Z 2B /2k+1B ’fz(y2)\[w(y2)]p2_pzdu(yz)}

k=1

S ||f1||Mp1,¢(w)[¢(w(2B))]i </2B —ﬁi> T { kz - 2kB 2k+lB))$

<(somgy [, R (ya)du(yz)>5< [ et ,,Zdu(w))i}
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2
E 11 o ) [B(w(2))]

2 1
$(w(B))]*
E”JCJ”MI’J ?(w; )[ w(B) } :

Furthermore, we can deduce that

{ > qb 2k+1B )p2 ,u(QkHB) }
k
w(2B) o k=1 #(2"B)) (2k+1B)p2

[/B Ty(f7, £5°) (x) P (@) dp (w)} ;

I, <

$(w(B))?
2

S H HfjHij@(w)-
j=1

Since the estimates for and I and I3 are similar, hence
2
I3 < H HfjHMPj@(w)
j=1

For the term Iy, we first estimate Typ(f7°, f5°)(z) with € B. By (1.4) and Holder
inequality, Definition 1.1 and 1.6, we obtain

To(f1°, £5°) ()]
S/ / |K (91, y2) | f1(y) [ f2(y2) [dp(y1) dp(y2)
x\2B Jx\2B

Lf1(y) f2(y)]
5/){\219 /X\2B ZJ Vi )]2du( y1)dpu(ye)

TS Lo 78 )

2 00 1 a1
<11 {3 2B Ly 00V ol )
2 o0 L 1
H(w(2FT1B))Pi 1 »; 7
S ]1;[1 { Pt (2’“3) <¢(w(2k+13)) /2k+1B ‘fj(yj)‘ w(yj)dﬂyj>
([ bt du(%)) ’
2 2k+1B) (2k+1B)
< .
N E Villuessie { kz HEB) ey }
= w(B ’
ST o | 252

<
Il
-



Furthermore, together with Definition 1.1, implies that

ne—t [ [ e 550 Pla)dute)

$(w(B))
2
S H ||fjHMPjv¢(w)‘
j=1

Combining the estimate for Iy, Is, I3 and 14, the theorem 1.8 is proved.

Proof of Theorem 1.9. We just point out that the estimate for the strong type is almost
the same as the weak type. Here we omit the proof details of weak type estimate. For any
fixed ball B = B(xg,rg) C X and 2B := B(xq,2rg). We decompose f; as

fi= fgo + f7° = fixeB + fixa\en,j = 1,2.
Then, write
1[b1, b2, To] (f1, f2)ll pmeo ()
< H[blvb2’T9](f107f§))HMP,¢>(w) + H[blvb2yT0](f107f§o)”Mpv¢(w)
HI[b1, b2, To) (f1°5 £2°) | pwo () + 111015 b2, Tol (f7°5 £2°) | mro ()
=J1+ Jo+ J3+ Jy.

The estimates for J; goes as follows. By applying Definition 1.1 and Lemma 2.5, we
obtain that

1

Jy = sup—— { / |[b1,bz,TQKf?,f§><x>|pw<x>du<w>}”

B ¢(w(B))r
< sup b1 b Tl ) 2o

B ¢(w(B))
1 Pl
B W</23|f1(y1)| (yl)dﬂ(ylo

P1
S b1l Barog b2l Baro () Sup

1

) </B ‘f2<y2>\p2w<y2>dﬂ<y2>> i

¢
S HblHBMO(u) ||b2HBMO(,u) HleMm,é(w) HfQHMPZ,d’(w) Slép (W
2 1
w(2B P
ST Wsllvrow 5l (g
j=1
2
< TT Ibsllzasoq 151l ueso -
j=1
For any = € B, write

b1, b2, To] (7, £5°) ()]
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S/ / b1 () — bi(ya)|[b2(x) — b2(y2) || K (2, y1, y2)ll f1 ()| f2(y) [dp(y1 ) dp(y2)
X\2B

|b1(z) — b1(y1)|[b2(x) — ba(y2)|
/ /X\zB X2, Vi, yy)2 | Frly)l fa(y2)du(yr ) dp(y2)
|b2(z) — b2(y2)

S /213 b1 (z) — bl(yl)’\fl(yl)\du(yl)(/X\ZB [V(T)]”fz(m)’dﬂ(m))

S [b1(x) — (b1)28] /23 ’fl(yl)’d,u(yl)</x\2B W\h(m)\@(m))
+/23 b1(y1) — (51)2BHfl(y1)’dM(y1)</X\2B W\b(m)’@(%))

= Jo1 + Joo.
By virtue of Hélder’s inequality and lemma 2.2-2.4, it follows that

= ha(a) = ()l [ Ifl(yl)ldu(y1)< / » Wm(yz)ww))

< Jbu() — (by) m( | i y1>r%<y1>du<y1>) LBw(yl)_Hdu(y1)> 1
~ [ba(x) — (b2)ap + (b2)2p — ba(y2)|
: <; [ [V, 2) ot
< [ba2) — (b1l (2B))F | frl pgonro) -2
w(2B)r
| f2(y2)]
<!bz — (b2) 2B‘Z/k+1B\2kB TERSIE !du(y2)>
b () — (b1)as (0 (2B)) 7 |l ygon oy 22
w(2B)r
& |(52)25 — ba(u2)
X<kzzl/2k+1B\2kB [V (z,y2)]? Hfz(yz)!du(yz)>
< [ba(2) — (b)25I6@EB)) Pl ygos o) 22
w(2B)r
. % ,u(2k+1B)
{\52 = (b 2B’Z QkB </zk+13‘f2(y2)’ w(yz)du(yz)> w}
ba () — (5121 S@EB)YE | il ygos oy D
w(2B)r1

(b2)2 — (b2)gk+1
{Z\ 2)28 2kB2)]2 ] 2k+1B|f2(yz)|dM(y2)
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20 BT fon, 202) - (bz)szHfz(yz)!du(yz)}

< In(e) — (r)anlite) = ol | “E | WALy I oo

$(w(B))] 7

o) = el | 22D Al
e ¢ ok+1 pi
< St Dibslnon | gy | Wil |
b1 () = (b2l B |1y oy~
w(2B)r1
2 2</2k+1 |fz(y2)|p2‘*‘f(l/2)du(y2)>E
x </2k+1B 102(y2) — (b2)as1 plP2 [ (y2)]_zgdﬂ(y2)>pl2

< [baz) — (b1)25lba() — (b2)os] [%g”] i lagon ool foll e

by() — (b1)as [‘ﬁﬁj"(g”} ST

(w)
G 2k+1B))] 92
| Stk Dibslnon | * gy | Wl |
1 B
ba () — (5121 S@EB))Y | il ygos.o oy D
w(2B)r1
N . ” p(2M1B)
X; QkB </2k+1B [ f2(y2)[? w(yg)du(y2)> ”b2”BMo(u)m

¢<w<B>>] z
w(B)

S [01(x) = (br)2l[b2(2) = (b2)2BI | fill ppr-o ) | 2l papz-o )[

B)#
Hb1(@) = bz lballzaroq | foll aarr oo Hf2||Mp2¢(w)[¢S}((B)))].

As for the term Jao, by applying Holder’s inequality and lemma 2.3, we have

Jo2 :/2B |b1(y1) — (bl)zBHfl(yl)\dM(yl)</X\zB %’f (yg)!du(y2)>

1

P

<( [ 1hwptmam) g ([ )~ @)t [w<y1>1‘53du<y1>>
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B | f2(y2)]
X{‘b2(x) (b5 xes [V(z, yz)]Qd

|b2(y2) — (b2)2B]
[ o )!du(yz)}
1(2B)

<11l a0 Ll a0 oy [ (2B))] 71 -
w(2B)]7

{\b2 = (bs 23\2/ ‘fQ )l 5du(y2)

k+1B\2kB (z,y2)]?

1(y2)

[e.e]

ba(y2) — (b2)28]
3

b1 Y 2Ft1B\2k B [V (z,y2)]?

Ifz(yz)ldu(yz)}

1 2B
< 101100 1t | o [ (2B)) ] 77 —EB)
wB)]7
| ate) - 02 zB|Z T o, )

3 B fyny 120~ st ) |

n(2B)

w(2B)]mr
- % u(2k+1B)
{ate) - eosl - i ([, ettt ey

|b2 2B— bo)ors | - " _p(21B)
+Z e ([, et ) EECE

1
S o1l Barog 11l per o ) [@(w(2B))] 7

1

+Z el ( [ P etimdatn) )

) </2k+13 [ba(2) = (b2) s I [w(yz)]_%du(yz)> b }

< 1011l 53100 |11l ygor o (B (2B))] ’“‘(2BL
w(@B))

k-l—lB
| Ul oo lae) -~ 0 2B’2[¢&21+1B))}

p(w(2"1B))] 72
w( 2k+1B) }

b2l a0 | 2l oo Zkﬂ[
k=1
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B)) 17
< (1b2(2) — (b2)2] + Iall 510 [B1 5310 i lpgor o uf2||Mp2¢<w>[%],

which, together with the estimates of Jo; and lemma 2.4, we can deduce that
”[b17b2aT€](f{)7f§O)HMP¢ ()

( [ 1o T £57) @ Peta)in() )

= Sup T
B ¢( 5
B) 1% B))1»
< Wonll st el 5t i lyges o ol ygme oo | ] [‘f’f(;)))}

B
021l Baro 11l mpro @) 12l pgpzs ) [%

|
|
s ( [ @) = Goaspoterinte) )
|
)

X sup

B $(w(B))r

B))]»
g ol {%}

T =

( [ (@)~ @)l loate) - GalasPla)dn(o))

X sup

S Hbl”BMO(u ”b2”BMO(u [ full ppr oo () 1 21 pppzo )

bw(B)]_ 1
+Hf1|yMp1,¢(w>Hfz|!Mm»¢<w>S‘;P[ w(B) ] $(w(B))

([ Inta) = st ) ([ 1a60) = Gpanle@rante)) ™

S bl Barow 102l Barow) ||f1\|Mm o (@) 121l pp2oo () -

Similarly, we get
I3 S 101l Barou 1021l Baro @ | il mer o @ | f2ll ppzoo ) -

For any = € B, we write

b17b27T9 fl 7f2

— b1(y1)|[b2(z) — ba(y2)|
/X\2B /X\2B ZJ V(w g |f1(yo)|| f2(y2) |dp(yr)dp(yo2)
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S 1b1(2) ~ (0)anll(e) ~ (bo)an] | . / " 'Zf: yllv”";z )t
oy (@) — (b)as /X S ’bzzjyiv QB’!f( DIl fa (w2l dis(on) ()
o) = sl [ 'bzlj“lv o 2B'| Fulon)l1 () () dia(ys)

/X\QB /X\w [(ba)op _Zblj y111|/|((22;j§] bz(yz)'\f (Ol f2(y2)|dp(yr)dp(y2)

= Jy + Jag + Jaz + Jua.

By applying Holder’s inequality and Lemma 2.3, we deduce that
Ju =] | bi( i)28 { / fi(y)]
L Py
= fa(y2
Z/ 72(v2)l sdp(ys) | dp(yn)

sitipeiB V(2 y1) + V(2 y2)]

Zﬁ\bz 23\{502/2 | fi(yn)l

1l D S
: g/w\w IS L0
) O:+1/2j+13\2j3 emEate y2>]2d”<y2)>d”(y”}

5@ 23|{ > /2 R (fjl Ly o))
+§/k+13\2k3|f1 y1) ( ;1/2’“3\213 2))|] du(y2)>du(y1)}

’Sﬁ' {32 [ T ( [, 02 )

+]Z/J+1B\2]B ‘fic yy22 <Z/2k+13\2k3‘f1 o \du(yﬁ)du(yg)}
TTI6 - 0ousl] 3 ot [ ol [ itmiante )antu

i=1 k= 1

) ﬁ J] ( it Jautoe) |

J=1
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= 1
<H\b 23\{;WLkHB\fi(%)!du(%)}
0 w 1
< bi( (i) |Prw(yi ) dp(ys S
H| 23|{k§j:1</2kﬂB|f<y>| () ) - (2k+1B)]p}
> w(2FH1BY) ] 5
<H\b asllilesio] 3 | gy |
=1
<1_[|b bi)2B || fill papi-o o )[q&&(BB)))rj

For any « € B, by Definition 1.1 , Holder’s inequality and Lemma 2.3, we can get
Jaz = [b1(z) — (b1) 2B|{ / | f1(y1)]
Z 2k+1B\2k B
X(
\fl 1)|
<|bi(w) — (b1)28 { / dp(y1
| | Z ook [V, y1)]? (w1)
k
<Z/ |b2(y2) — (52)2B!\f2(y2)\d/~6(y2)>}
— J2irip\2iB

+b1(2) — (b1) 231{2/2“13\2@\]“1 y1)|dp(yr)

o i Lo e Bl o) |

jokr1/2HIB\2 B [V (2, y2)]

|f1(y1)]
< E d
‘bl bl 23’{ Lk+1B\2kB II: yl)]2 lu(yl)

X </2k b2 (1y2) — (bz)zBHfz(yz)!dM(m))}

/ b2(y2) — (b2)28]
sitipeip [V (2, y1) + V(x,y2)

e

B \fg(yg)!du(y2)>du(y1)

b2(y2) — (b2)25]
+]b1(x) — (b1) 2B|{;/2J+1B\2JB V(@) | f2(y2)|dp(y2)
(Z [ aut) }
< " i u(2FB)
<tite) = euel{ 3 g ( L, 0P et )" LI
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S

x(Lkuawwm@gwwgy;(AﬂBmwg—wwawwﬁrﬁw@gyé}

S 1 P2 P2
+[b1(z) — (bl)zB!{ ; T B)E </2j+13 | f2(y2)] w(y2)du(y2)>

1

’ </2j+1B b2 (y2) = (b2)25"> [W(y2)]_z§du(y2)> A

x(LBmwnwmmmmmﬁéiﬁigg}
¢mmf,

S In(0) = (0)llOal a0l s o elaem s | 2

Similarty, we also get

www?

Jia % Iola) = ol masogn L ills ool s | i

For the last term Jy4, by Holder’s inequality and Lemma 2.3, it follows that

m_z/ (025 = bi ()£ (1)

k+1 B\2kB

<Z /23+1B\2JB ;nyer Xi?;yzy)‘m ‘f2(y2)‘d/~‘(yz)> dp(y)

= [(b1)25 — bi(y) | f1(y1)]
= P /2k+1B\2kB [V (z,y1)]?

2/2”18\2”5 (b2)2p — bz(m)”fz(yz)\du(yz))du(yl)

Z/ [(B)2s — b )11 ()]
e 2k+1 B\2k B

( |(b2)2B — ba(y2) | f2(y2)|
=kt 2J+1B\2JB [V (z,y2)]?

D25 — byl (1)
<Z/ V)P

k+1 B\2kB

du(y2)> dp(y1)

X (/ZIMB |(b2)2p — b2(y2)"fz(yg)‘du(y2)>du(yl)

|(b2)2B — ba(y2)|] f2(y2)]
*Z/ V(w, y2))2

2i+1B\2i B
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« ( /2 o [ = b1(y1)Hf1(y1)\du(y1)>du(yQ)

S o P2 (w |(b1)2 — b d
S Iedsroull el - gy [, 002 = 000t ton)
6(w(2*1B)) ) 7
( w(@TB) )

[e.e]

+CIor | o il e o) D —me
]:1
L (OW@TB))\ 5
w(29t1B)

k
Soalmvronl e Sz ([ TGP mdntn) )

k=1

g </2k+13 [(B1)2 = br () [w(yl)]_%> ; (%) ;

[e.e]

] P2
+C||b1HBMO(,u)||f1||MP1v‘7>(w Z ZJB </ B|f2(yz)|p2W(y2)du(y2)>
]:1

g (/sz |(B2)25 — ba(y2) |72 [w(yz)]_%> : <%> o

¢<w<B>>] 3

S 01l Barou 1021 Baro g | fill v o oy 1 f2ll ppz 0 () [ w(B)

2JB i |(b2)2B — b2(y2)|| f2(y2)|du(y2)

p1

which, combing the estimates of Jy1, J42 and Jy3, Lemma 2.4, implies that

||[b17b27T9](f1007f200)”M7’¢(w

“owp ( [ b il 5 )I”w(w)du(l‘)>
< Ionllssrog bl at00) |11 s | F2llymesco) ¢;§5g»] ' [‘f’ﬁf(g))} ’

B
—|—Hb2||BMO(u ||f1HMP1¢ Hf2||Mp2 " (w) [%

|
:| 1

(/B by () — (b1)2B’pw(:c)du(w)>”
|

X sup

B $(w(B))7

il il o el oo | 242
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><sup % (/ |ba(x) — (b2)2p[Pw(x )dﬂ(iﬂ))p

ool ol s [W

T =

xsup (/ b1(z) — (b1)2BP|b2(x) — (52)2B|pw($)dﬂ($)>

S Hbl”BMO(u ”b2”BMO(u 11l pmr o ) | f2ll pppa-o (o)

¢<w<B>>]i 1
W(B) 1 gy

</ b1(2) — (b1)2B [ w( >p1 (/ b2 (z) — (b2 2B!p2w(9€)d/~6(33)>p12

S bl Barog) ||b2||BMO(u ||f1HMp1 o (@) 1121l pp2o0 () -

1l ol s 500 [

Hence, the proof of the Theorem 1.9 is completed.
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