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THE ANSWER TO BAGGETT’S PROBLEM IS AFFIRMATIVE

Xingde Dai
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Abstract
Let 9 be a Parceval wavelet in L*(R) with the space of negative dilates V(). The
intersection of the dilates V(1) is the zero space. In other words, we have

m D"span{D " T | m > 0,m, ¢ € Z} = {0}.

nez

1. Introduction

Denote L?(R) as H. Let B(H) denote the space of bounded linear operators
acting on H. Let T', D and F be the translation, dilation and Fourier transform
operators defined as follows. For f € H,

(THE) = fE=1).
(D) = V2f2).

Iy 1 —its
FNE = o= o= / ¢~ f(t)dt

The operators T', D and F are unitary operators. We have (FYH() = f(s
\/—fR st f(t)dt. For A in B(H), let A = FAF~!. We have FA = FAF

AF. The operator T is the multiplication operator M,—is which maps f(s
e~ f(s),f € H. Also D" = D", n € Z. sec [4]
A set {Z, |n €J} in H is a normalized tight fmme for H if for each & € H

12° =D (7, @)

nel

)
]:
) to

Here the index set J is countable infinite. An orthonormal basis for H is a normalized
tight frame for H, and not vice versa.

A function ) € L%(R) is called a Parseval wavelet if the set {D™T%) | (m, ) €
7%} forms a normalized tight frame for L2(R). In addition, if the set {D"T*) |
(n,f) € Z?} is orthogonal, then ¢ must be a unit vector and it is an orthonormal
wavelet. For # € L?(R), we will use notation V() as

V(%) = span{D ™" T 'z | m € Z,m > 0, € Z}.
Some authors called V(&) the space of negative dilates. [3]
In 1999 Larry Baggett asked the following question.

QUESTION 1.1. (Baggett, 1999) Let ¢ € L*(R) be a Parseval wavelet. Is the
following Equation (1) holds?

(1.1) (D" (V(y)) = {0}.
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An affirmative answer to the Question [T implies that every Parseval wavelet
is associated with the general multiresolution analysis (GMRA). The concept of
GMRA is introduced by Baggett, Medina and Merril [I] as a natural generalization
to the concept multiresolution analysis (MRA). The question [l is posted as an
open question in [2].

In this paper we prove that the answer to Baggett’s question is “Yes”. Our
reasoning is for L?(R) case. However, the idea for the proof works for the general
case L2(R?).

2. Proof

A sequence {Z, | n € J} in a (separable) Hilbert space (Banach space) X is
called a Schauder basis of X if for every & € X there is a unique sequence of scalars

{an | n € J} so that
F= aniy,.

nel

The convergence is in the norm of X. We will call the set of numbers {a, | n € J}
the basis coefficients associated with Z. In addition, if for an arbitrary permutation

m of J we have
T = Zaﬂ(n)fﬂ'(n)a
nej

we will call the above Schauder basis an wunconditional basis. An orthonormal
basis of a Hilbert space is an unconditional basis. Let ¢ be a isomorphism (hence
continuous, by the Open mapping theorem) from a Hilbert space X onto a Hilbert
space Y and let {Z,, | n € J} be an orthonormal basis of X. Since the isomorphism ¢
maps a cauchy sequence in X to a cauchy sequence in Y, the sequence {¢, = (%) |
n € J} is an unconditional basis in Y. Let {#, | n € J} be a Schauder basis of a
Hilbert space X. Then there exist corresponding linear functionals Z},n € J in X*
so that

zy (Zm) = Onm,n,m € J.

The notation § is the Kronecker delta. Let H = L?(R) with an orthonormal wavelet
7. We will view the orthonormal basis {D'T*n | (j,¢) € Z*}, since it is an uncon-
ditional basis as {€, | n € J} for J = Z? in one stream. For the basis, we refer [7]
to the reader.

We will need the followsing Lemma 2.1l by Han and Larson.

LEMMA 2.1. (Han,Larson [6]) Let {Z,, | n € J} be a normalized tight frame for
H. Then there exists a Hilbert space Ml with a normalized tight frame {m,, | n € J}
for M such that the set {my, @ &, | n € J} forms an orthonormal basis for M & H.

In above Lemma 2] if the set {#, | n € J} is an orthonormal basis for H, then
M is a 0 space and {m,, | n € J} is the set of zero vectors.

Let 9 be a given Parseval wavelet for H = L?(R). By Lemma 2] there exists a
separable Hilbert space M with a normalozed tight frame {17, ¢ | (n,f) € Z*} such
that the set

{ne ® DT | (n,0) € 7%}
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forms an orthonormal basis for M & H. Denote €, ¢ = i, ¢ ® D"T%). Let & € H.
We have
0BE= > (0@ F 0 ®D"TY)E,
n,leZ
= Y (& D"T") (0@ D"T*y)

n,lEZ

0@ | Y (& D"T)D"T"y
nleZ
So, we have the well known equation,
(2.1) F= ) (% D"T'y)D"T",vF € H.
n,lEZ

This is equivalent to the definition of the Parceval wavelet.

Let n be the function defined as
. 1
n= EX[—zm—w]u[mzﬂ’
where y is the characteristic function. It is well known that the set {D"T*n |
(n,f) € Z*} is an orthonormal basis of L?(R). The function 7 is the Littlewood-
Paley wavelet. An element & € L*(R) is in the form & = Y ,.,(7, D"Tn) D"T*n.
Define a mapping U : H — M & H as

UZ=U (Y (& D'T'nD"T'y | = Y (& D"T'n)é, .
n,lEZ n,lEZ
= > (& D"Ty) (1m0 ® D"T*Y).
n,l€Z

The operator U maps the orthonormal basis {D"T%y | (n,f) € Z*} of H to the
orthonormal basis {€, ¢ | (n,£) € Z2} = {1y ® D"T%) | (n,f) € Z2} of M @ H.
This is a unitary operator. Let P be the orthogonal projection from M & H to the
subspace 0 H. Let Iy denote the mapping sending 04 f in 0@ H to f in H. Define
the operator = as

(2.2) =E=1PU.
The operator = is a bounded linear operator, i.e = € B(H). We have

@) =2 > (& D'T')D T’y
nleZ

=I,P UZ ,D"T'n\D" Ty
nleL

=Ty (P Y (&D"T*) (i ® D"T"P)
[RAA



=Io ) (@D"T'n) (0® D"T*))

nleZ
= > (& D"T'n)D"T*y.
nleZ
We obtain
(2.3) = > @D T')D Ty | = Y (& D"T'n) D"T*.

nLEL n €L
By Equation ([Z3) when Z = 7, we have Z(n) = ¢. When & = D"T*n, we have
(2.4) 2(D"T*y) = D"T*) = D"T*E(n),¥(n, () € Z°.

The operator = commute with the unitary system { D"T* | (n,{) € Z?} at the point
7. The collection of all operator with this properties is called the point commutant
at 1, which is denoted as C,(D,T) in [4]. = € C,(D,T). Also (ED)D"T*n =
ED"HT ) = D"HTYEn = (DZ)D™T*y. Since {D"T'n} is an orthonormal basis,
so we have

(2.5) D=E=ZD and D"'E=2D"".

Let ¢ be an arbitrarily given element in H. Let & = Z*y. Then

E(F) = Y (& D"T'n)D"T"y
n,lEZ
n,lEZ
= > (G.ED"T)D T
n,lEZ
n,lEZ
=Y,
by Equation ([ZI)). So Z is surjective.
(2.6) =Z(H) = H.

By the Open mapping theorem the operator = is an open mapping.

Denote the kernel of = as N and denote the orthogonal projection to N as Q.
Denote the orthogonal complement of N as K = N* and denote the projection
to K as Q*. It is clear that Q?> = Q and (Q+)? = Q. We have K = Nt =
Q+H = Q+L?(R). By the Open mapping theorem, the operator E|k is a continuous
isomorphism from K onto H. We denote Z|x as ¢ and denote its inverse as k.

K= Q" H.
H=N&K=NaQ'H.
L=k :K—H.

k=11 H—K
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For n € Z, we denote the closed linear span of the orthonormal set {D"T*n |
¢ € Z} as W,,. Notice that D is a unitary operator, we have
W, =span{D"T*y | { € Z} = D"W,.

Since 7 is an orthogonal wavelet, the subspaces {W,, | n € Z} are mutually orthog-
onal to each other. Let

V,, =span{D’T'n | j € Z,j < n;l € L}.

We have
J<0,5€Z
V.=D"Vo= P W
J<n,jEZ
and

-cVoaicWVycecWiCc---

N,K are subspaces of H. In Lemma we will discuss relations of D with
N,Nt Q,. and k.

LEMMA 2.2. (1) DN = N.
(2) DN+ = N+ or DK =K.

PROOF. (1). Let # € N. Then Z(DZ) = D(Z%) = 0, and E(D~'7) =
(27) =0. So D¥ € N and D~'# € N. We have DN = N.
(2) Let y e KC H. Then ¢ € K iff ¥ L N. Consider Dy and Z € N,
(D) = (7, D°%) = (7, D"'7) =0,

since ¥ € K by assumption and D~'% € N by (1). So Dy L N, or Dy € K,
DK C K. When we replace Dy by D~1ij(= D*{), the above reasoning will show
that D7'K C K, which equivalent to K C DK. So we have DK = K.

(3) Let Z € H. Then # = f + g for f = Q¥ and g = Q+%. So Qg =0,Qf = f.
So
DQZ = Df.

Notice that Df € DN = N and Dg € DN+ = N+ = K. We have QDg = 0 and
QDf = Df.
QDI =Q(Df+Dg) =QDf = Df = DQT.

So, DQ = @D.

(4) Similar as (3).

(5) By (4)

Du= D=EQt ==DQt ==2Q+D = 'D.

(6) By (5) we have D¢ = ¢D. This is true iff (D)~ = («D)~ ! iff ,71D7! =

D=1, 1iff Dk = kD.
d



Consider the subspace Wy of H. It is infinite dimensional. We have
Wo = QWo @ Q+W.

LEMMA 2.3.
(2.7) QW # {0}.

PROOF. We prove by contradiction. Assume Q-Wj = {0}. This implies that

Wy C QWy C N.
So, for n € Z,
Wy, =D"Wy C D"QWy C QD"Wy = QW,, C N.
This implies that H C N, or
E(H) = {0}.

A contradiction to Equation (2.6)).

Let
{CﬁL‘O’i | 7€ Jl} and {gO,i | = JQ}

be orthonormal base for QW and Q+Wy, respectively. Here J; and Jy are subset
of N, the counting numbers. By Lemma 2.3 Jo # (). Consider the disjoint union
{Gos |i €T} U {5071- | i € Jo}. This is a countably infinite set since Wy is infinite
dimensional. Also, this is an orthonormal set. We reorder it and write it as

(il i €N} ={do: |i€Ti}U{bos|iels).
For a point & € Wy,
T=Qr+ Q7
=>7(Q7 do.i)doi + Y _(QFF,bo.i)bo.s

i€y i€J2
= Z(f, do,i)Go,; + Z(f, 50,i>50,i-
i€l i€J2

Thus

So the set {Xo,; | i € N} is an orthonormal basis for Wy. This follows that the set
D7{Xo,; | i € N} is an orthonormal basis for W; = DiW;. Define

i =Ddg s, €Z,i €.
i = Djb07i,j e Z,i € Js.
i=DI X jeLieN.

S QL
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Define
A={b;;|jeiecls}.
®={X;;|jeZieN}.



It is clear that
aj; € QW55 € Z,i € J1.
bii € Q W, j € Z,i€ Jy.
Nji €W;,jeZieN,

Since D7 is a unitary operator, and the spaces W; are mutually orthogonal and
sum to H, the set ® is an orthonormal basis for H. For a point & € H, we have

(2.8) F= Y (@Eaa)da+ Yy, (@babi= Y (@ XN
JEZ,i€lh JEL,i€]2 JEZ,ieN
Let Z € K, we have (%, d; ;) = 0. By the above Equation (Z.8)), we have
= Z <f, gj7i>gj7i,Vf e K.
JEZ, i€
The set A = {b;; | j € Z,i € Jo} is an orthonormal basis for K.
It is also clear that

LEMMA 2.4. Let ¥ € V,,. Then
(2.9) F= > @XNaNa= Y. @dada+ Y (@b
ji<n,ieN ji<n,iely j<n,i€ls
Define
0ji=u(bji),j € Z,i €l
©={0j:ilj€icly}.
It is clear that
(2.10) E(bj.i) = Z(bsi) = (bj.i) = 04,5 € Z,i € Ja.
Notice that ¢ is an continuous isomorphism from K to H, the set © = ¢(A), and A is

an orthonormal basis of K. The set © is an unconditional basis for H. An element
7 € H has the form

y= Z B;,i03i-
JEZL,iET2
LEMMA 2.5. Let § € 2(V,,) Then ¢ has the form
(2.11) = > Biioj
7<n,i€ls
Other words, for the dual basis o5 ;, we have

g;7i(y”) =0,Vj >n andi € Js.

PROOF. Assume § = Z(F) for some & € V,,. By Equation (2.9,

o Eaadii+ Y, (@00bj
i<n,iely

j<n,i€ls

z

Notice that the elements @;;,j € Z,i € J; are in the kernel of =,

Moo (@aad+ Y (@b)b

i<n,iely ji<n,i€ls

[1]

g:



Since {oj;} is a unconditional basis for H, the coefficients f;; for § are unique.
ﬁj,i = <f, bj,i>7j <n. Also ﬂj,i =0 whenj >n.
O

Next we have

LEMMA 2.6.

(2.12) () E(Vn) = {0}.
neL
PROOF. Let i € ),z E(Vy). Then y € E(V,,) for each n € Z. Notice that
{0,.:} is a Schauder basis for H,

Y= E B4,i03j,i5

JEZ,i€ls

the coefficients {3;,} are unique for §. Let 3;; be one of the coefficient for some
j€ZielJy Let n=j—1. Since § € =(V,,), and j > n, by Lemma 25 5;,; = 0.
This implies that ¢ = 0.

O

‘We have

LEMMA 2.7.

(2.13) E(Wo) = (Vo).

PrROOF. Let 7y € H\Z(Vp). We will show that ¢ is an exterior point of Z(Vj).
It suffices to show that the distance from o to =(Vp) is positive. Notice that {o;;}
is a Schauder basis for H. Let {07} be the associated dual basis. We have

Yo = E V4,i03,i5

JEZL,iET2

for some coeflicients ;. Since gy in H but not in =(Vb), 7jy,i # 0 for some
jo > 0,i9 € Jo. Let o be element in the dual basis with index jg,ig. Let ¥

Jo,%o
be an element in =(Vy). By Lemma 23 o% , (¢) = 0 for each ¥ € Z(Vp) but

x T Jo,%o
o5 50 (70) = Vjo.io 7 0.

— —

Wiosiol = 1075540 o = D) <1165, - 150 — 7.



This implies

o — gl > Lol 0 vz e 5(wp).
”Ujo,io”

So the open ball B(jo,r) with r = ‘”7‘” must be disjoint with 7 € Z(V;). So

2”‘7]'0,1'0
E(Vp) is closed.
O

Now we will prove our conclusion in this paper. Since Z is linear, and by
Equation (Z4]), we have

span{ DTy | m € Z,m > 0,0 € Z}

= span{ DTSy | m € Z,m > 0,( € Z}

== (span{D'ngn |meZm>0,(¢€ Z}) .
This implies

V(¢) = span{D-"T) | m € Z,m > 0,( € L}
(span{D"T*n | m € Z,m > 0,{ € Z})

|
[1]

CE (Span{D‘mTén |meZ,m>0,0¢e Z})
=Z(W).

Thus

(2.14) V(y) € E(Vo).

By Equation (2.13) we have

(2.15) V() € E(Vo) = E(Vo).

Therefore, by Equation [2.12)
() D"V(¥) € [ E(Va) = {0}.

ne neZ
So, Equation (L)) has been established.

References

(1] Baggett, L.W., Medina, H.A. and Merrill, K.D. Generalized multi-resolution analyses and
a construction procedure for all wavelet sets in R™. The Journal of Fourier Analysis and
Applications 5, 563 - 573 (1999).

Bownik, M., Rzeszotnik, Z. Open Problems in Wavelet Theory. In: Curto, R.E., Helton, W.,

Lin, H., Tang, X., Yang, R., Yu, G. (eds) Operator Theory, Operator Algebras and Their

Interactions with Geometry and Topology. Operator Theory: Advances and Applications, vol

278. Birkhauser (2020).

(3] Bownik M. Baggett’s Problem for Frame Wavelets. In: Jorgensen P.E.T., Merrill K.D., Packer
J.A. (eds) Representations, Wavelets, and Frames. Applied and Numerical Harmonic Analy-
sis. Birkhduser Boston (2008)

[4] Dai, X., Larson, D. R. Wandering vectors for unitary systems and orthogonal wavelets (Vol.
640). American Mathematical Soc.. (1998)

[2



10

[5] Dai, X., Larson, D. R., and Speegle, D. M. Wavelet sets in R™. Journal of Fourier Analysis
and Applications, 3(4), 451-456. (1997)

[6] Han, D. and Larson, D.R., Frames, bases and group representations, Memoirs of American
Mathematical Soc (Vol. 697). (2000)

[7] Heil, C, A Basis Theory Primer, Expanded Edition, Birkhduser, Boston, (2010)
Email address: xdai@uncc.edu

THE UNIVERSITY OF NORTH CAROLINA AT CHARLOTTE



	1. Introduction
	2. Proof
	References

