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Abstract

For every local quantum field theory on a static, globally hyperbolic spacetime of
arbitrary dimension, assuming the Reeh-Schlieder property, local preparability of
states, and the existence of an energy density as operator-valued distribution, we
prove an approximate quantum energy inequality for a dense set of vector states.
The quantum field theory is given by a net of von Neumann algebras of observables,
and the energy density is assumed to fulfill polynomial energy bounds and to locally
generate the time translations. While being approximate in the sense that it is
controlled by a small parameter that depends on the respective state vector, the
derived lower bound on the expectation value of the spacetime averaged energy
density has a universal structure. In particular, the bound is directly related to the
Tomita-Takesaki modular operators associated to the local von Neumann algebras.

This reveals general, model-independent features of quantum energy inequalities for

arXiv:2210.01145v2 [math-ph] 13 Oct 2022

a large class of quantum field theories on static spacetimes.

1 Introduction

In classical (macroscopic) physics, and in particular in general relativity,
the energy density of matter is typically non-negative at any point in space-
time. At a more technical level, this is expressed through describing matter
by means of a stress-energy tensor field on spacetime (more commonly, by a

stress-energy tensor, for short) on which various types of energy conditions
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are imposed. Such energy conditions are important in order to ensure that
gravity, as formulated in Einstein’s equations, acts always as an attractive
force, i.e. leads to geodesic focussing. In turn, this is crucial for the validity
of singularity theorems in general relativity, and also for the ability to rule
out certain causal pathologies in solutions to Einstein’s equations of grav-
ity. We will not attempt any review or representative selection of the rich
amount of literature on the topic and instead just refer to the references
[19, [48, 50] for an overview and review on the subject.

On the other hand, it is known that in quantum field theory the energy
density at any given spacetime point is unbounded below as a functional
of physical quantum states, even if the total energy, i.e. the energy den-
sity integrated over a Cauchy surface, is non-negative for any quantum
field state. This property of the energy density in quantum field theory
has been established both in quantum field models as well as on general
grounds. However, it has been found that suitable spacetime averages of
the energy density in quantum field theory or, more technically, integration
of the energy density against smooth, non-negative test functions, leads to
quantities (expectation value functionals) which are bounded below, in
such a manner that the bound does not depend on the states (with respect
to which the expectation values are formed). We will next mention some
investigations and results to this effect, however again without attempting
a fair review of the literature; considerably more discussion to this end is

given in [28| 48] and references cited there.

The object of study is a quantum field theory with a stress-energy ob-
servable, which in general is a tensorial operator-valued distribution. Its
expectation value for a suitable class of states is, somewhat symbolically,
denoted by {(T),(x)), where o labels a state, and x is a spacetime point.
This sloppy notation for a distribution is common and justified since, un-

der general conditions, the expectation value is actually a smooth function



on spacetime for sufficiently regular states o. For many types of quan-
tum fields that are subject to a linear hyperbolic equation of motion, or a
Dirac-type equation, there are good candidates for the expectation value
of the stress-energy tensor, in flat as well in general curved spacetimes, for
a class of states o that fulfill the microlocal spectrum condition, which can
be seen as a generalization of the Hadamard condition on quantum field
states [55], 12, [57]. We won’t review the matter of definition of the quan-
tum stress-energy tensor on curved spacetime here and refer to [68], 52] for
further discussion. For linear quantum fields on curved spacetimes, it has
been shown that a quantum weak energy inequality (QWEI) holds, i.e. if v
is a smooth timelike curve, and if (o(t))s = (T, (V(t)))s¥"(t)¥"(t) denotes
the expected energy density along the curve in state o, then an estimate

of the type

inf f P20 oty dt > —C(, f) (1.1)

holds for real-valued, smooth, compactly supported test functions f along
v [25, 33, B0]. The crucial point is that the right hand side is potentially
negative, but finite for every f and every ~. This finding comes with a
caveat, though, in that it may depend on the type of field equation. For
instance, it has been found that the non-minimally coupled linear scalar
field in general does not admit a bound of this type. In fact, for such

quantum fields, a weaker statement, called a relative quantum weak energy
inequality (rQWEI) holds, of the type

j P20 o)) dt > Q. f) . (1.2)

where the functional Q,(v, f) = 0 provides a lower bound in the given
form, but not an upper bound on the integral on the left hand side as o

ranges over the set of all Hadamard states for fixed v and f [31]. Limiting



behaviour of the QWEI has also been investigated, for the case that the
function f approaches the constant value 1 all along the curve ~. If, in
this case, the lower bound on the resulting expression is 0 for all states
contemplated, one speaks of an averaged weak energy condition (AWEC)
if v is a complete timelike geodesic, and of an averaged null energy con-
dition (ANEC) if v is a complete null geodesic. For free quantized fields
on Minkowski spacetime, AWEC results can be obtained as limiting cases
of the QWEI [38]; however it has been pointed out that the AWEC may
fail in the presence of negative static Casimir energies as they occur near
domain walls, which may indirectly be taken as a failure of AWEC in in-
teracting quantum field theories possessing bound states which may serve
as domain walls [42]. Results on the ANEC have been obtained for free
fields in Minkowski spacetime [47,, 169, [36] and also for interacting quantum
fields in two-dimensional Minkowski spacetime [29, [66]. In higher dimen-
sional Minkowski spacetime, lower bounds on the null energy density of
the expected stress-energy tensor, including ANEC, have been connected
to bounds on entropy-like quantities for certain spacetime regions in gen-
eral quantum field theories [70, 9, 24, 51, 18, 53, 17]. From the perspective
of our present contribution, there is some potential link since methods from
the Tomita-Takesaki modular theory of von Neumann algebras [63] [10] are
used in the mentioned works. One of the prominent appearances of the
Tomita-Takesaki modular theory in general quantum field theory is via the
theorems of Bisognano-Wichmann and Borchers on the geometric action
of Tomita-Takesaki modular objects for operator algebras of observables
associated to certain (wedge) regions and the vacuum vector [2, (5], 6], [43].
Tomita-Takesaki modular objects of local observable algebras relative to a
vacuum state also make an appearance in the main result of the present
work, however without need for their geometric action.

While there are numerous results on QWEIs and also averaged energy



inequalities for linear quantum field theories, including such on general
spacetimes, there is apparently little on locally averaged lower bounds on
energy expectation values for general and interacting quantum field theo-
ries. The results in this direction so far have been relatively sparse [8,[7, [16],
reflecting the difficulty of obtaining local energy expressions permitting
useful bounds for interacting quantum fields. Moreover, it is unclear what
types of locally averaged energy inequalities one may hope to expect. Cer-
tainly one wouldn’t expect locally spatially averaged energy quantities to
hold as they fail already for linear quantum fields in physical spacetime
dimension [37]. One may even be skeptical about rQWEIs in the light of
the arguments of [42], even though it is not clear how relevant they are
at a formalized mathematical level. As pointed out in [32], lower bounds
on locally spacetime averaged energy expectation values have a potentially
larger domain of applicability. This is basically also the starting point we

adopt for the present work.

A first step, and difficulty to some extent, is to settle for definite as-
sumptions for a general quantum field theory with a stress-energy tensor,
or a bit more specifically, an energy density. To this end, we follow in this
work largely the approach of [66] and [34]. We consider a quantum field
theory in the operator algebraic setting on a static, globally hyperbolic
spacetime. Standard assumptions are made, such as commutativity of lo-
cal observables at causal separation, existence of a ground state for the
time translations, the Reeh-Schlieder property for local algebras, and local
preparability of states (which is related to the split property and the type
[T property of local algebras [71],[72}, 62, 27]). These assumptions have been
shown to be fulfilled for a large class of linear quantum field theories (see
Section [3] for a discussion). Furthermore, it will be assumed that there is
an operator-valued distribution o(F), F' € C{°(M), on a suitable common

dense domain, affiliated with the local observable algebras, fulling polyno-



mial “H-bounds”, where H denotes the Hamilton operator of the quantum
field theory, and generating the time translations locally. The latter means
that if G is a test function of a certain type, and A is a local observable
with a suitable localization relative to G, then [o(G), A] = [H, A]. (A
fully rigorous formulation of the property will be given in Section 2 As
usual, [ X, Y] = XY —Y X denotes the algebraic commutator.) Using these
assumptions, we reach at the following main result. Let €2 denote the unit
vector inducing the ground state, and let Of be a spacetime region which is
suitably larger than supp(G). Then for every unit vector ¢ in the common
dense domain of all energy density operators, it holds that for every ¢ > 0

there is some \g > 0 so that
(b, @(G)) = —€ — V2 [e" M2 A2 0(G) 0| (1.3)

for all 0 < A < A, where Ay = et denotes the Tomita-Takesaki modular
operator associated to the local observable algebra A(O*) and €); note that
Aﬂ_ Y2 _ o=K:/2. The round brackets are used for the scalar product of
the ambient Hilbert space (the ground state Hilbert space). The number
Ao > 0 depends on the state vector ) and on €. The dependence on )\
means that the bound (L3) is not a state-independent quantum inequality
as in the QWEIs for linear quantum fields. It has more the character
of a rQWEI, where the state dependence enters through the dependence
on \g. It should be noted that o(G)S2 cannot be expected to lie in the
domain of A, Y 2. a result to that effect will be provided in Appendix Bl
Thus, the expression on the right hand side of (L3) will diverge to —oo
for A — 0. What is of interest, however, is the “universal” appearance
of the expression, which not only is independent of the state vector v,
but actually of any details of the energy density, and the way it is tied to
the Tomita-Takesaki modular operators associated to local von Neumann

algebras of the quantum field theory and the ground state vector.



This work is organized as follows. In Section 2l we introduce our setup
of a quantum field theory on a static, globally hyperbolic spacetime in
operator algebraic language. In particular, we define the concept of an
energy density, subject to certain (physically motivated) conditions. Sec-
tion [3 comprises a discussion of the imposed assumptions with regard to
their generality and validity in quantum field theory models, as well as a
standard approximation result that will be important in the proof of the
main theorem in Section 4. In Theorem (4.1l we first present a preliminary;,
simple quantum energy inequality for the locally averaged energy density
with respect to non-dense bounded sets of unit vectors. The main result,
Theorem [4.3], constitutes a refined version of this inequality with a lower
bound for a dense set of state vectors, as sketched above. This result is
followed by a concluding discussion in Section[Bl. Two technical appendices

appear after the main body of the article.

2 Setting

We consider a quantum field theory on a (1+d)-dimensional static, globally
hyperbolic spacetime (M, g) with manifold M = R x X, where X is a d-
dimensional manifold. Points in M will generically be denoted by (¢,p)
with ¢ € R and p € . The metric g on the spacetime is given by

g=adt*®(-h), (2.4)

where A is a Riemannian metric on > and « is a smooth, strictly positive
function on . The level sets of the time function (¢,p) — ¢, i.e. the sets
¥ = {t} x X (t € R), are assumed to be Cauchy surfaces. There is a
Killing flow {7s}sr on M associated to the global timelike Killing vector
field ¢y, consisting of the time shift isometries 74(¢, p) = (t + s,p). We also

recall the following notation. For any subset T'< M, J*(T) are the causal



future (+) and causal past (—) sets of T, respectively. The domain of
dependence (also called Cauchy development) D(T') of T consists of those
points for which all future- or past-inextendible causal curves through them
intersect T'. Finally, we call T' causally convex if it agrees with its causal hull
JT(T) nJ(T), i.e. if every causal curve with endpoints in 7" is contained
in T. We refer to [54], 67] for further background on Lorentzian geometry

and discussion of these concepts.

The quantum field theory on a static spacetime (M, g) is described in
the model-independent, operator algebraic framework [1l 43| [34]. It is
assumed that there is a family of von Neumann algebras {A(O)}ocy on a
separable Hilbert space H, indexed by the open subsets O of M. We list
below the properties we will impose on our quantum field theory, while the
next section will contain a discussion as to how general these assumptions
are, and the extent to which they are proven, or can be expected to hold,
in specific quantum field theory models. We also present some further

consequences of the assumptions.
(a) Isotony: O1 < Oy = A(Oy) < A(Os)

(b) Locality: O; = O+ = A(O;) = A(O)’
Here, O+ = M\(J*(O)u J~(0)) denotes the causal complement of O,
i.e. the set of all spacetime points which cannot be connected to O by

any causal curve. Furthermore, for any N < B(H), the commutant of
N is denoted by N = {X € B(H) : XN = NX for all N e N }.

(c) Covariance: There is a strongly continuous one-parameter unitary
group {U;}er on H so that UA(O)U; ' = A(7(O)) holds for all t € R
and all open subsets O of M.

(d) Existence of a ground state: There is a unit vector {2 € H so that
U2 = () for all t € R. Moreover, denoting by H the “Hamiltonian”,

that is, the selfadjoint generator of {U;};cr given by U; = e it
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holds that spec(H) < [0, 00) (the spectrum of H contains no negative

values).

(e) Reeh-Schlieder property: If O is any non-empty open subset of M, then
Q2 is cyclic for A(O), meaning that the set A(O)Q = {AQ: Ae A(O)}
is dense in H. This implies that €2 is also separating for A(O) whenever
there is an non-empty open subset Oy of M with O; < OL; we recall
that €2 is called separating for A(O) if for every A € A(O) the equation
AQ) = 0 implies A = 0.

(f) Local preparability of states: If O and O; are causally convex open
subsets of M with O; < O, then for every unit vector v € J there is
some Y € A(O) with |Y|| = 1 such that

(0, AY) = (YQ,AYQ) (AeA(Oy)). (2.5)

It will be helpful to introduce further notation. For f e #(R) (the

Schwartz functions) we write
Q0
up(A) = f fOUAU dt (2.6)
-0

whenever A € B(H). We then write A, (O) for the =-subalgebra of A(O)
formed by finite polynomials of elements of the form u¢(B) (required to be
in A(O)) for f e #(R) and B € A(O). Note that

d
—Uyuy(B)U; ™

dt = i[H, ug(B)] = u;(B) (2.7)

t=0

where f = df/dt. Therefore, if A € A,(O), then H"AQ lies in H for every
n € N. Put differently, A is in the C*-domain of H whenever A € A, (O).

The further important assumption we make is that there is an energy



density given by a quantum field which generates the derivation of the

Hamiltonian H locally, satisfies a polynomial H-bound and is affiliated

with the local von Neumann algebras A(O). In more detail:

(A)

(B)

We assume that for any F' € C°(M), there is a linear operator o(F),
depending linearly on F', defined on a common dense domain D < H,
and that o(F') is essentially selfadjoint on D if F is real-valued. The
domain D is assumed to be invariant under the action of the o(F)

and the U;, and to contain ). Moreover, covariance will be assumed:
Uwo(F)U = o(Fory) (FeCy(M), teR). (2.8)
Operator-valued distribution: For every m € N and v € D, the map

R®- @ Fn— (), 0(F)---o(Fn)y) (FjeCy(M))  (2.9)

extends linearly to a distribution on M™.

Furthermore, it will be assumed that there is an integer ¢ so that
(14 H)“o(F)(1+ H)~* extends, for any F € C°(M), to a bounded
operator on H. This is referred to by saying that “the o(F") fulfill
a polynomial H-bound”. It implies that o(F)(1 + H)?* extends to a
bounded operator for all F' € C°(M) [40]. Therefore, all vectors in
dom((1 + H)?), the (graph norm closed) domain of definition of (1 +
H)% are in the (graph norm closed) domain of definition dom(o(F'))
of the selfadjoint extension of g(F") for real-valued F.

It is also assumed that the o(F) are affiliated with the local von
Neumann algebras in the following sense: For real-valued F' such that
supp(F') < O, it holds that every bounded function b(g(F")) of o(F)
in the sense of the spectral calculus (for b : R — R continuous and
bounded) is contained in A(O).

'We notationally identify o(F) and its selfadjoint extension as no ambiguity is likely to arise.
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Figure 1: Illustration of the relative localization of supp(G) (shaded in blue), the inter-
section D(Sy,—9) N D(St,+0) (shaded and hatched in grey), and O according to assumption
(E). The time coordinate ¢ runs vertically upwards. The causally convex open spacetime
regions O*, O" and O appear in Theorem 3.

(E) The property giving g the significance of an energy density is the fol-
lowing (see Figure [l for a depiction of the geometric setup). Suppose
that g € C°(¥) is non-negative, fulfilling g(p) = 1 for all p € S with
S an open subset of ¥, and let gy € C°(R) be non-negative, with
supp(go) = [to — 0,to + 0] for some ty; € R and some # > 0, and
§ go(t)dt = 1. Then for G defined by G(t,p) = go(t)g(p) and any
O < D(Sy,—0) N D(St,+9) N supp(G), it is assumed that

[0(G),AlQY=[H,AlQ=HAQ (AeA,0)). (2.10)

Here we have used the notation S; = {t} x S, and also HQ = 0
(assumption (d)) in the rightmost equality of (2.10). Note furthermore
that the condition O < D(Sy,-9) N D(S,+¢) implicitly requires a small

enough # and a large enough S.
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3 Discussion of the assumptions

In the present section, we will provide some more comments on the as-
sumptions made, as well as some additional results which will be used

later.

The assumptions (a)—(d) are quite standard for algebraic quantum field
theory. They are generalizations of the Haag-Kastler axioms for an opera-
tor-algebraic setting of a quantum field theory in a vacuum representation
on Minkowski spacetime [43], 44] to a theory in the GNS representation
of a ground state on a static, globally hyperbolic spacetime, where they
are typical properties in the example case of linear quantum field theories
[22, 68, 59] (see also [35] for a more general context).

Assumption (e), the Reeh-Schlieder property, was first shown to be ful-
filled for the quantized free scalar field on Minkowski spacetime [56, [60].
It expresses the existence of correlations in the vacuum state, enabling the
approximation of any state with arbitrary accuracy by means of operations
on the vacuum that are localized in any open region. This property is also
known to hold, among other cases, for ground states of certain linear quan-
tum fields on static, globally hyperbolic spacetimes [61], and in a weaker
form for locally covariant quantum field theories on globally hyperbolic
spacetimes, including Klein-Gordon, Dirac and Proca fields [58] 21].

Assumption (f) on the local preparability of states is typically inferred
from the split property and the type III property of the local von Neu-
mann algebras; we refer to the reviews [72] [73] 62] and also [14, [71]. The
split property, which implies statistical independence of local algebras as-
sociated to spacelike separated regions, has been established in the GNS
representation of quasifree Hadamard states of some linear quantum fields
on globally hyperbolic spacetimes [64], 65, 20], and under certain condi-

tions also for general locally covariant quantum field theories [26] (see also
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[27]). The type III property (in the classification of von Neumann factors,
see [43, Sec. V.2.4] for a brief outline) is a common property of local von
Neumann algebras in quantum field theory that has been shown to be ful-
filled, e.g., in the GNS representation of quasifree Hadamard states of the
Klein-Gordon and Dirac field on curved spacetimes [65] 20]; further general

results, sufficient conditions and references can be found in [23] 39, [15] [72].

Concerning the assumptions (A)—(E) on the energy density, they are
largely the assumptions one would make for a local quantum field in an
operator-algebraic context, where assumption (D) expresses the locality
condition in a strong form. The “H-bound” of assumption (C) has been
widely discussed in the said context, and it holds under general conditions
for quantum field theories on Minkowski spacetime; see Chs. 12 to 14 in
[1] as well as [40] and references cited there for further discussion.

One of the consequences is that, for the case of (say, (1+3)-dimensional)
Minkowski spacetime, the domain D can be chosen such that for any
Y, € D there is a smooth function z — (¥, g[x]y’) of spacetime points
z so that (¢, 0(F)¢') = §p F(z) (¢, o[z]¢") d*z holds for all smooth, com-
pactly supported test functions ' on Minkowski spacetime. Note that
(1, olx]y') is a slightly improper notation for a quadratic form on D de-
fined for every x. In a similar manner, one can assume that every coordi-
nate component of a stress-energy tensor observable of the quantum field
theory is given by an H-bounded quantum field F' — T',,,(F'), and that for
any ¢, 9" € D the map x — (¢, T [x]Y)’) is a smooth function on space-
time satisfying (¢, T, (F)Y') = §pu F(2) (¢, Tywl2z]¢’) d'z. Actually, the
expectation values of the (renormalized) stress-energy tensor in Hadamard
states of linear quantum fields on generic spacetimes are given by smooth
tensor fields [52], 68].

For the (1 + d)-dimensional static, globally hyperbolic spacetime M =

R x Y that we consider, we envisage the energy density as arising from a
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stress-energy tensor in the sense that

(¥, elz]y) = (¥, Tywlz]g)egeg (v = (t,p) € R x X) (3.11)

where e = a~'/20/' is the normalized timelike Killing vector field of the
static spacetime.

This brings us to giving a motivation of assumption (E) which we have
highlighted as the property characteristic of an “energy density”. One
would generally expect that the energy density, integrated over a Cauchy
surface of the static foliation we have at hand, yields the total energy. That

means,

Lw, olt, plt) dvolu(p) = (1, HY) (3.12)

for all 1,1’ € D such that the integral exists. Note that the right hand side
is t-independent. Provided that (1, o[t, p]t') and its derivatives vanish fast
enough as “p approaches c0”, one can use the divergence-freeness of the
stress-energy tensor together with Gauss’ law to conclude that the integral
on the left hand side of the previous equation is independent of ¢, so that
the equation is indeed consistent.

Assuming now that (B.12]) holds also for (suitable) vectors 1,1’ con-
tained in A, (M)S, and that G(t, p) = go(t)g(p) and O are chosen as stated

in assumption (E), one obtains for ¢ € [ty — 0, ¢y + 0] (cf. assumption (E)),
and A e A,(O),

(0. [H. A1) = | (0 [elt. ], 419 dvoly(p) (3.13)
- | (@ Telt. 11, 419 g(p) dvob ) (3.14)
= Jt:Oj: L(@/A lelt, ], Al2) g(p) dvoln(p) go(t) dt  (3.15)
~ (4. [e(G), AI9) (3.16)
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where we could pass from (3.13) to (B.14) since g is chosen such that
it is equal to 1 on the support of p — (¢, |0|t,p], AI?) for t € [ty —
0,ty + 6]. On the other hand, using that the stress-energy tensor has
vanishing divergence, the integral in (8.13) is ¢-independent (which is now
a rigorous argument since the integrand is compactly supported in p € 3 for
every t) which permits passage from (B.14) to (3.15) by the specifics of gy.
This serves to motivate how generally expected characteristic properties
of an energy density in quantum field theory that are related to obvious
“classical” counterparts, such as (B.11]) and (B.12)), lead to the properties
we have imposed on the energy-density quantum field in our assumption
(E). While we expect that the line of our steps of motivation could be made
rigorous — certainly for linear quantized fields — by a careful choice of
state vectors ¢ and ¢/, our conditions set forth in (E) avoid the potential
difficulties that may occur therein (like existence of the quadratic forms
(1, o[t, p]Y'), or of the integral in (B.12)) and therefore are a more general
way of capturing the essential properties of a stress-energy observable in

the present, model-independent setting.

For completeness and later use, we put on record a standard result, of
which similar variants can be found in [I] and in [40]. The notation is
as follows. We choose h € C(R), h = 0 with supp(h) = [—1,1] and
§° h(t)dt = 1, and define the d-family h,(t) = k 'h(t/k) (k > 0, t € R).

Lemma 3.1. Let £ € H, with & # 0, be contained in the domain of (1+ H )"
for some v € Ny, and let O < M be a non-empty open subset such that the

open interior of OF is non-empty. Then there is a sequence Ay € Ax(O)
(N € N) so that

[T+ H)" (€= AmQ)| =0 (N — ). (3.17)

Moreover, the sequence can be chosen such that | A = [£].

15



Proof. We will show first that for any given n > 0 there is some A = A, so
that

|1+ H) (- AQ)| <. (3.18)

By the Reeh-Schlieder property (e), given any non-empty open subset O;
of M with O; < O, the vacuum vector Q) is cyclic and separating for
A(Oq). With any such choice of Oy, and with the §-family h, (k > 0) a
defined previously, there is some xg > 0 so that (cf. (2.6]) uy_ (A1) € Ax(O)
whenever A; € A(O;) and 0 < k < Ky.

One can pick 0 < k < kg with the property that

I(1+ H)" (¢ = h(sH)E)| < 2 (3.19)
|(1+ H)"(€ — h(kH)E)| (3.20)
HJ 1—@X1+HY&%H (3.21)

(U ( >d’f> sup (1= UL+ H)E 0 (k= 0),
(3.22)

Moreover, making use of the Reeh-Schlieder property, one can choose A; €

A(Ol) with

— A0 7 3.23
A = T b +1 (3:23)

where the denominator on the right hand side displays the operator norm of
(1+ H)"h(xH) for some (fixed) 0 < k < kg that has been picked to achieve
the estimate (3.19). This is a bounded operator since h is a Schwartz-type

16



function. Hence, we obtain with A = A, = w;, (A1),

(1 + H)"(§ — AQ)| (3.24)
< (1 + H)" (€ = h(kH)E)| + (1 + H)"h(xH) (£ — A19)|
< g + g =1.

This shows that there is a sequence Ap,; € A(O) (n € N) such that
(L + H)"(§ = Apf)[ = 0 (n— ). (3.25)

On redefining Ay = (|€]/] A 2))Arny (IV € N), we have |An)Q2| = [I€].
Moreover, (3.25)) implies |Ap,;)Q2| — ||| as n — co. Thus, we obtain

|1+ H)"(§ — AmQ)| (3.26)

€]
[ A

< [(T+ H)"(€ = AmQ)| + ‘1— ‘-H(HH)”A[N]QH

where both terms on the right hand side converge to 0 as N — o on
account of (3.25). This proves the lemma. ]

4 Locally averaged quantum energy inequalities

In the following, we consider a quantum field theory with an energy den-
sity on a static, globally hyperbolic spacetime, subject to the conditions
described in Section [2

The first result we present is a simple variant of a quantum energy
inequality for a local averaging of the energy density. It doesn’t need all of
the assumptions we have made; local preparability of states is not required.
First, we introduce some notation. We assume that G € C{°(M,R) has

been chosen as in assumption (E), and an open spacetime region O so that
the property (2I0) holds for all A € A,(O). Then we introduce, for any
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given r > 1, the subset V,.(O) given by
Ve(0) = {AQ: Ae A(0), [A] <7, [AQ =1} (4.27)

Theorem 4.1. Let G and O be as described above. Then for any r > 1
and every unit vector 1 € V,.(O), the following estimate holds:

(¥, 0(G)y) = —re(G)Q] (4.28)

Proof. Since ¢ = AQ with A € A,(O), and the property (2.I0) of the

energy density, we have

(¥, 0(G)Y) = (AQ, 0(G)AQ) (4.29)
= (AQ, [0(G), A]Q) + (AQ, Ap(G)Q?)
= (AQ, HAQ) + (AQ, Ap(G)Q)
> —[AQ[ - [|A] - [o(G)Q] = —rlle(G)Q|

proving the claim. Note that we have used (2.10) and the fact that H has

non-negative spectrum. [

Despite the state-dependence of the lower bound on the energy density
owing to the appearance of r as a factor on the right-hand side in the
previous theorem, it is worth remarking that the bound is non-trivial in
the sense of not being an upper bound. In fact, we have the following

statement:

Theorem 4.2. For the quantized free scalar field on the given static, glob-
ally hyperbolic spacetime, there is for any choice of G and O as in assump-
tion (E) and every € > 0 a sequence of operators B, € A,(O) (m € N)
such that | Bl < 1+¢€, |BnQ| =1 and

(B, 0(G)BpS)) — 0 (m — ). (4.30)
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The proof of this theorem will be given in Appendix [Al Note that, by
the Reeh-Schlieder property,  J,~; V,(O) is dense in the set unit vectors
in H; however, this is not true for V,(O) for any fixed » > 1 under the
assumptions we have made. Therefore, the lower bound on the energy
density of Theorem [4.1] is of limited use since, in order to apply to a set of
unit vectors that is dense in the set of all unit vectors, formally r diverges

to 00. Such divergent behaviour is also supported by the results of [37].

The next result, which is the main theorem of our work, is designed to
overcome this shortcoming and gain some more control on a lower bound
on the energy density for a dense set of vector states. To this end, we need
to introduce some notation.

Again, we consider a test function G € C7°(M,R) and a non-empty open
region O so that the energy density fulfills (2.10) from assumption (E). We
also consider an arbitrary, causally convex open spacetime region O™ which
contains supp(G), together with another causally convex open spacetime
region Of, so that O* < OF and O! admits a non-empty open causal
complement. By the Reeh-Schlieder property (e), the vacuum vector 2 is
cyclic and separating for A(O%). Therefore, there are the Tomita-Takesaki
modular conjugation Jy and modular operator Ay associated to the pair
(A(O%), Q) [63, 10, 6], uniquely determined by the defining property

LA PAQ = A (A e A(0)). (4.31)
The corresponding modular group {Aés} ser 1s commonly denoted as
AP = e, (4.32)

where K} = log(Ay) is occasionally called the associated modular Hamilto-

nian.
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For A > 0 we denote by f) the scaled Gaussian,
1 2
fi(s) = Xe_(s//\) 2 (seR), (4.33)

and f\ denotes its Fourier transform, given by fi(k) = Siooc e*F fr(s) ds =
V2me=MR2 (| e R).

Theorem 4.3. Let the test function G and spacetime regions O, O* and
O* be chosen with the properties described above. Then for any unit vector
WV in the dense domain D and arbitrary € > 0, there is some Ay > 0
(depending on 1 and €) such that

(¢, @(G)) = —€ — |A; A\ (K e(G)9)| (4.34)
holds for all 0 < XA < Ag.

Proof. There is a causally convex open spacetime region O such that O* <
O’ and O’ = OF (see Figure[ll). By the assumption (f) of local preparability
of states there is some operator Y € A(O”) with |V = 1 such that

(0, AY) = (YQ, AYQ) (A e A(O¥)). (4.35)

As a consequence, on writing G; = G o 13, we obtain for sufficiently small
t" >0,

(¥, 0(GY) = (Y, 0(G)YQ)  and (4.36)
(¥, 0(Gr)e(Gr)Y) = (YQ, 0(Gr)o(Gr)Y Q) (4.37)

whenever |t|,|t'| < t”. This follows from the fact that, if ||, |t/| < ¢, the
operators o(G;) and o(Gy) are affiliated with A(O*) and can be approxi-
mated by suitable bounded operators; e.g. writing Ry 5 = (1 + 6|0(Gy)]) !
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for 6 > 0 yields
};if(l) (Y€, Ri50(Gr)o(Gy) Ry sY Q) (4.38)
= (151_{% (¥, 0(Gt) Ry s Ry 50(Gy))
= (¥, 0(Gy)o(Gy)Y)

This also shows that o(G;)R; ;Y2 as well as R, 5Y (2 converge as § — 0

since

|o(Gi)(Res — Rig)Y QI = | @(Gi)(Ris — Reg)¥|* — 0 (5,8" — 0)
(4.39)

and obviously |(R;s —1)Y Q| — 0 as § — 0. Thus, Y lies in the domain
of definition of (the selfadjoint extension of) @(G;) — which is closed in
the graph norm of @(G};) — and similarly for ¢’ instead of ¢. Note that, for
It| < ¢,

le(G)Y Q| = U7 o(G)UY Q| = [o(G)UY Q| (4.40)

by (2.8), so that U;Y is also in the domain of definition of o(G) for

|t| < t”. Consequently, one obtains
le(G) (U = 1)YQ| -0 (t—0) (4.41)
since

lo(G) (U = 1)YQ| = ||U]o(G) (U — 1)YQ (4.42)
= |lo(G)YQ — Ui o(G)Y Q|
< [(e(Gr) — o(G)Y Q| + (U —1)e(G)Y Q]
H

0 (t—0).
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In what follows, we use a -family h, (k > 0) as introduced prior to Lemma
B.1. The property (4.41]) then allows to conclude

lo(G)(un, (Y) =Y)Q =0 (x—0). (4.43)

To see this, we note that (assuming small enough x > 0)

Q0

0@, (V) — Y9 = H o) [ o - yvoa H (4.44)

—0

< <F h(t) dt) sup |@(G) (U, — 1)YQ| -0 (x — 0)

—0 [t|<k

by the properties of the h,. To simplify notation, we will from now on use

the abbreviation
Yio =un (YY) (k>0). (4.45)

We observe that [|Y{,)| < 1. Furthermore, by (4.43) there is for any given

e > 0 some k. > 0 so that, for all 0 < kK < K, one has

€

[ (.0(G)) — (Y2 (G2 | < &
and Y, € A, (O?) (4.47)

(4.46)

We recall that, since (1 + H) ‘o(G)(1 + H)~* is bounded, it follows that
o(G)(1 + H) " is bounded. Since Y2 is in the C*-domain of H, by
Lemma [3.T] that there is an A € A, (O), with [AQ| = |Y{,)€|, fulfilling

€

1+ H)*(Y,, — AQ| < . 4.48
Consequently, one obtains
€
‘ (Y(K)Qa Q<G>Y(f€)ﬂ> - (Y(K)Qa Q<G>AQ) ‘ < g : (4'49)
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In the next step we write, by virtue of (2.10),

= (Vi HAQ) + (V)2 Ag(G)).  (450)

On the other hand, on account of (£48),
| (Yo HAQ) = (AQ, HAQ)| = | (H(Yiy - A, AQ) | < o (451)

having used [AQ| = Y, Q| < [YQ[ = 1.
Since the A = ¢’** (s € R) form a continuous unitary group, there is

some Ag > 0 such that for 0 < A < )\

€

o2 4000 ~ [ 136 (0 AMR@ s < 5 (452

with the scaled Gaussian f from ({.33). On the other hand, since both Y,
and A are contained in A(O%), and .J; and A;/ ? are the Tomita-Takesaki

modular objects associated to the pair (A(O?), ), we now obtain

f_oo Fr(s) (Y, AAZ0(G)Q) ds = (A"Y), [1(K:)e(G)Q)

= (LAY AQ, I e(G)Q)
= (A, Y AQ, [i(K)e(G)9)
= (BY(AQ AP (K e(G)Q)

(4.53)
where the general property JﬁA;/ ? = Aﬁ_ Y 2Jﬂ for the Tomita-Takesaki mod-

ular objects has been used. Observing [J;Y 7, AQY| < 1, we conclude that

the modulus of the last term of the previous series of equations can be
estimated by |A, 2 fA(Ky)e(G)Q.
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Finally, combining (4.40), (£.49), (451)) and (4.52), we find

| (¥, 0(G)Y) — [ (AQ, HAQ) + (LY AQ, AP (K2 e(G)Q)] |

€ € € €
i i S . 4.54
<gtgtgtg<e (4.54)

Since (AQ, HAQ) = 0, and by the previous estimate on the final expression
(Y AQ, A f (K @(G)Q)] in (AE3), we arrive at

(¢, @(G)) = —€ — |A; 2 F\ (K e(G)Q| (4.55)

for all 0 < A\ < \g, as stated. Il

5 Concluding discussion

We have seen that in quantum field theory on any static, globally hy-
perbolic spacetime, relative lower bounds for certain types of spacetime
averaged energy density can be established under very general, model-

independent assumptions.

Some comments about the role of the parameters € and Ay in Theorem
4.3 are in order. As can be observed in the proof, any smaller choice of
¢ will result in a smaller )y in order for the statement of Theorem to
be fulfilled. However, how small Ay must be made also depends on v, or
rather, the choice of A € A, (O) with (4.48)). As a matter of fact, similar to
Theorem [4.1], its operator norm |A| again is a controlling factor of a lower

bound, since for any given ¢ > 0 it holds that

12420 - [ )08 @R ds| < (556)
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as soon as A is small enough so that

6l

1Al

[(1 = /A(K)e(G)9 < (5.57)

However, we think that controlling the lower bound on the spacetime av-
eraged energy density o(G) by the operator norm || Al as in Theorem E.1]
is very likely a rather crude estimate. In view of the fact that the operator
norm of an operator A € A, (O) fulfilling (4.48) is very hard to control, the
result of Theorem [4.3] offers a better controllable a priori lower bound on
o(G), in particular if the modular group {Aés}seR acts geometrically like
in the Bisognano-Wichmann theorem [2]. Nevertheless, the result of Ap-
pendix Bl shows that one cannot expect a state-independent lower bound,
i.e. A\g in the statement of Theorem is manifestly dependent on v (or,

more precisely, on the choices made for Y{,) and A in the proof).

Still, the universal form of the lower bound on the spacetime averaged
density obtained in Theorem is remarkable. In the case that Aés acts
geometrically, the analogy of the result of Theorem with a (relative)
QWEI is even more palpable. Consider 9(G) = T'(Gey ® eg) for stress-
energy tensor T" and normalized timelike Killing vector field ey (cf. (B.11)).
Assume that there exists a timelike Killing flow @4 (s € R) on the region

O* of the underlying static spacetime so that

A§5T<G€0 X 60>Aﬂii8 = T((CI)S>*(G€() X eO))
= T((Go®_)(Ds):(e0®e0)) (5.58)

where (@), denotes the pushforward of the diffeomorphism ®, on con-
travariant tensor fields of rank 2 (see e.g. Appendix C of [67]). In such a

case, one can choose, given any ¢; > 0, a A\g > 0 such that

(10, @(G)Y) = (¥, 07, (G)Y)| <& (0 <A< N) (5.59)
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for f\ from (433)), where we have used the notation

en@ =T ([ peGor)@@eats), G

with the integral to be interpreted in a suitable test function space, such
as Z(R) ® C°(X). Then the result of Theorem together with (5.59)

implies that, for given unit vector ¢ € D and € > 0, there is Ay > 0 so that

(1, 01, (G)¥) = —e — | A, 0, (G)Q) (5.61)

for all 0 < A < \g. This bears a striking similarity to a QWEI in which the
expected energy density averaged along the trajectories of a congruence of
timelike curves is bounded below by a quantity which becomes negatively
divergent if the averaging function (here: f)) becomes d-peaked (here: the
limit A — 0). However, it actually resembles a relative QWEI bound since
Ao depends on 1, as discussed. Observe also that there is no lower bound
on the overall extension of the support of G.

We also mention that the lower bounds established in Theorems (4.1l and
4.3 apply, in principle, to other local generators of the time translations
in place of 9(G), like those obtained from the split property [14] ; there
may be some domain issues which would have to be clarified for asserting

a rigorous result in such a case.

The lower bounds on the spacetime averaged energy established in the
Theorems [4.1] and 4.3] use minimal, model-independent assumptions and
have, as mentioned, a universal form. Thus their generality has the draw-
back of not being as specific as bounds that use model-dependent prop-
erties. In particular, they do not, for example, reveal the much stronger,
state-independent QWEIs for the minimally coupled quantized Klein-Gor-
don field, or the Dirac field. The approach of splitting (¢, o(G)v) =

2We thank Roberto Longo for pointing that out to us.
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(AQ, HAQ) + (AQ, Ap(G)Q2), as in (£29) in the proof of Theorem A.T]
into a positive part and a remainder is an obvious step in view of the as-
sumptions made, but in the free field models it seems to take away too
much of a positive contribution from the remainder term.

One may hope that progress on a more detailed control of lower bounds
on spacetime averaged energy densities in general quantum field theory may
be made by combining operator product expansion techniques [8] and, e.g.,

conditions of modular nuclearity [49, [13].
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Appendix

A  Proof of Theorem 4.2

The quantization of the free scalar field on a static, globally hyperbolic
spacetime is very much established lore and we will be brief in our pre-
sentation. Standard references include [45], [46], 68, 41]. For the sake of
notational simplicity we will restrict our attention to an ultrastatic space-
time, i.e. M with metric g given by (2.4]) for a = 1, however the argu-
ments for the general case of a static, globally hyperbolic spacetime are
analogous up to a slightly more elaborate notation. The Klein-Gordon
operator, viewed as mapping C*(M,R) into itself, is in the ultrastatic
case given by K = 02 — A + p where A denotes the Laplace operator

of the d-dimensional Riemannian manifold (X,h) and g > 0 is a con-
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stant. We assume that Q = —A + p is invertible on C°(3,R) (“ab-
sence of zero modes”) which may require p > 0 depending on (3, h). The
operator K admits unique advanced and retarded fundamental solutions
EV/ C°(M,R) — C*(M,R), and their difference is E = E* — E**. Then
the factor space L= C’SO(M R) /ker(E) is a symplectic space with symplec-
tic form (| = §,; F(2)(EF")(z) dvoly(z) for any F, F" € C(M,R),
having denoted the canonical surJectlon CP(M,R) - L by F — [F] and
the metric-induced volume form on M by dvol,. There is also, for every
t € R, the symplectic space D) = CX(Z;, R) @ CF (%, R) with symplectic
form dY(u@v,v@y) = Szt uy — vw) dvol, with the metric-induced volume
form of (X, h) as integration measure. For every ¢t € R, there is a canonical
symplectomorphism P, from (L, <) to (D®,d®).

The quantization proceeds by assigning to the symplectic space (L,<)
the C* Weyl algebra 2 which is generated by a unit 1 and a family of
elements w([F]) for [F] € L, required to fulfill the relations

w(lF)w(lF]) =1, w(F])"=w(=[F]), (A.62)
w([Fw([F']) = e D2 w([F] + [F]). (A.63)

Local algebras are then obtained by defining 2((O) as the C*-subalgebra of
2 generated by the w([F']) where supp(F') < O, for any open subset O of
M.

There is a quasifree ground state wy which is given by a complex scalar
product Ag over L. It is best described in terms of the symplectic space

D) i.e. we have chosen ¢t = 0 for simplicity. The definition is

Audv,w®y) = QY +iQ Vv, QY% + iQ V) (A.64)

28



where

fo f = L ff dvoly, (f,f € L*(%,dvoly)) (A.65)

is the scalar product of the (complex) Hilbert space L*(X, dvoly,). One can
check that Im Ay = d(©, and therefor

wo(W(u@ v)) = e Ao(advudv)/2 (A.66)

defines a quasifree state wy on 2A. Its GNS representation (H,m, Q) is a
Fock representation [46]; thus, H equals the symmetric Fock space over the
one-particle Hilbert space H; = L?(X2, dvoly), and € is the Fock vacuum
vector. We denote the represented Weyl algebra generators by

Wudv) =r(wludv)). (A.67)

We write Yugy = @Y u+4iQ Vv, and a* (xugy) for the creation operator of
the vector yugyv € J{1. The notation for the annihilation operator is similar,

without superscript ‘+’. Using this notation, one finds
Wu@v) = el e taluen)) (A.63)

Furthermore, one can define the one-particle Hamilton operator H; = Q/2
and H = dI'(H;), the second quantization of H; (in the notation of [L1]).
The time evolution is on D) given by T, Py[F] = Py[F o 7_], and it holds
that

UWuev)U =W (Ti{(udv)) (A.69)

with Uy = €. Clearly, U;Q) = Q holds, as well as H > 0.

3At this point as well as in what follows, we identify [F] € L and u@® v = Py([F]) mostly without
explicitly writing the map Py between L and D(®) in order to simplify the notation. We trust that doing
so won'’t lead to ambiguities.

29



Given any open subset S of ¥, one defines A(O) as the von Neumann
subalgebra of B(H) generated by the W(u@® v) with supp(u) and supp(v)
contained in S for O = D(S). This means A(O) = 7(2A(0))".

The state wy is a quasifree Hadamard state, and also the coherent states
Waav) () = W (dv)Q, (- )W (udv)?) are Hadamard states. Here, we use
(U, ¥’ to denote the scalar product of vectors W, W' € H. For Hadamard
states, the expectation value of the quantized stress-energy tensor, and
more specifically, of the energy density, can be defined by a ‘point-splitting’
procedure which agrees with the ‘normal ordering’ prescription in the Fock
space representation of the quasifree ground state we have at hand here.
We will not discuss this at this point and instead refer to the references

[68, 34] where the matter is presented in detail.

Proof of Theorem [].3. We can to a large amount rely on results of [34] (see,
in particular, Appendix A of that work). It was shown in this reference
that the energy density o(G), defined according to the ‘point-splitting’

procedure, exists as a quadratic form on Hadamard states, and fulfills

(W(EDS, o(G)W([F])Q)
= (W(FDQ, HW([F)Q) + (W(F)Q W([F])e(G)Q) (A.70)

and

(un(W([F])S2, o(G)un(W([F]))Q2)
= (un(W([F])Q, Hup(W([F1]))2) + (wn(W([F])Q, un(W([F])) e(G)S2)
(A.71)

provided that W ([F]) and u,(W ([F])) with h € CF(R) and F € C§*(M,R)
are contained in A(O), and with localization properties of O relative to
supp(G) as assumed for Theorem L2l Here, one uses the divergence-

freeness of the expected stress-energy tensor, as mentioned in Section [3l
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Furthermore, one can use (A.6) and (A.16) in [34] to conclude that
1
(W@ v)Q HW (@ v)) = 5 (o, Qu) + v, v)) , (A.72)

a well-known result. This means that we can choose, e.g., an open region
O; with O; < O, and a sequence of unitaries A,, = W (mu® mv) (m € N)
in A(Oq) so that

(A€, 0(G)An) = (A, HALQ) + (A0S, Apo(G)Q)

3

((u, Quy + (v, v)) + (A A,Q, 0(G)2) > 0 (m — ©).
(A.73)

ol

Using a variation of the arguments in Lemma [3.1, one can find a sequence
of positive numbers x(m) converging to 0 for m — oo so that ||(1+H)(A,,—
Up, y (Am))S2| — 0 as m — oo. Then the sequence of operators uy, ,, (An)
(m starting at high enough value) is contained in A,(O) and is norm
bounded by 1. Invoking again the arguments of Lemma [3.1l the sequence
of operators By, = up,,, (Am)/|un,,,, (Am)| is contained in A, (O), and it
fulfills | B, = 1 and | B,,|| < 1 + € for sufficiently large m. It also fulfills

(B, 0(G)BnQ) = (B, HBQ) + (BB, 0(G)Q) — 0 (m — )
(A.74)

in which the second term remains bounded in m. This proves the theorem.
]

B o(G)Q is not in dom(Aﬂ*l/z)

We give an argument illustrating that in general one cannot expect Q@G>Q

to be in the domain of A, Y2 inder the assumptions of Theorem [4.3]

4The 3rd named author wishes to thank Daniele Guido for having pointed out that fact, and outlined
an argument to that effect, a long time ago.
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To this end, we consider a quantum field theory on (1 + d)-dimensional
Minkowski spacetime, M = R*? in a vacuum representation with Hilbert
space H, which carries a continuous unitary representation of the proper,
orthochronous Poincaré group that acts covariantly on the family of local
von Neumann algebras A(O) < B(H) (O < M), leaves the vacuum vec-
tor 2 € H invariant, and fulfills the relativistic spectrum condition. Let
WE={(2%2,..., 2% e M :0 < |2°| < 2'} denote the right wedge region,
and denote by {U,}.r, for U, = U(A), the one-parameter unitary sub-
group of the representation of the proper, orthochronous Poincaré group

implementing the Lorentz boosts

AR 2t 2?2 ?) (B.75)

— (cosh(s)z” — sinh(s)z!, —sinh(s)z® 4 cosh(s)z!, 2%, ... 29

which leave W1 invariant.
The vacuum vector (2 is cyclic and separating for A(W¥%). The Tomita-
Takesaki modular group associated to the pair (A(WF), Q) will be denoted

by {A%}er with A% = K7 and we assume that it acts geometrically as
B = Uy (seR). (B.76)

In other words, the result of the Bisognano-Wichmann theorem [2] is as-
sumed. It holds whenever the local algebras are generated by bounded
functions of a (scalar) quantum field. If that is the case, also the timelike
tube theorem holds, which in our context means that if O; is any open
subset of M with O; < W, then the von Neumann algebra generated by
all A(AZ(Oy)), as s ranges over R, coincides with A(W#) [3]. Furthermore,
if the A% act geometrically as in (B.76), and if the vacuum representation
of the quantum field theory is irreducible, meaning that A(M) = B(H),
then A(W£%) is a factor, i.e. A(WT) n A(WE) = C1 [6]. Irreducibility of
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the vacuum representation is in fact a natural assumption, equivalent to
uniqueness of the vacuum vector up to phase. As mentioned, so are the
other assumptions entering the following proposition.

In that proposition, G — o(G) (G € C(R'*)) is an operator-valued
distribution fulfilling the previously given assumptions (A)—(D) for the
case that M = R!*9 (Assumption (E) is not required.) The Hamilton
operator H is the selfadjoint generator of the unitary representation of the

0

time shifts with respect to the inertial time coordinate z°. (The unitary

operators implementing the inertial, or “static time direction” shifts have
previously been denoted by U; = e which amounts to a slight abuse
of notation given that the unitary operators implementing the Lorentz
boosts are now denoted by U, = e*5#/27 We trust that the reader won’t

be confused by this shift in notation.)

Proposition B.1. Suppose that (i) the A% act geometrically as in (B.T0),
(ii) the timelike tube theorem holds, and (iii) A(W?E) is a factor.

If o(G)Y is contained in the domain of A;f for some § > 0, where G €
C(RY 4 R) with supp(G) < WE, then o(G) = r1 for some r € R.

Proof. As o(G)R2 lies naturally in the domain of A%z, and also lies in the
domain of A;{S by assumption, it therefore lies in the domain of all A},
—§ < 7y < 1/2 by an interpolation argument. Consequently, the H-valued
function ( — AEKQ(G)Q is analytic in the open strip I's = {{ = s + 7 :
seR, —§ < < 1/2}. Since supp(G) = W, there is an open subset
O1 € W% 5o that, for some ¢ > 0, AZ(O;) < supp(G)* whenever |s| < e.
Thus, for any finite choice of Ay,..., Ay in Ax(Oy), B € A,(W%) and
sl <e(j=1,...,N, NeN), one has

(BQ, Ai(s1) - An(sy)@(G)Q) — (@(G)BQ, Ai(s)) - - An(siy)Q) =0,
where A;(s}) = Uy A;U_ . (B.77)
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Using the notation s; = s}, syy1 = —sly, s; = s; =5, (j = 2,...,N),

the previous equation can be rewritten as

(BQ, Uy, A Uy, Ay - - - Uy AnUs,, ., 0(G)Q) (B.78)
— (o(G)BQ, Uy, A1U, Ay - - U, yANQ) = 0,

which holds for all A; € A,(O;), B € A,(W¥), and all s; in a sufficiently
small open interval around 0. Now we argue that this equation extends
from sj;-values in a small open interval around 0 to all s; € R. To see this,

pick any j between 1 and N + 1. Then, for any s; € R,
Y= (Us A1 Uy, Aj1)"BQ (B.79)

can be written as 1 = QQ with a Q € A(W¥%). Hence 1 lies in the domain
of A;{/z. We therefore have

(BQ, U51A1U52A2 T UsjAj T USNANUSN+1Q(G>Q)
= (w? USjAj T USNANUSN+1 Q(G)Q)
= (L + AP, (1 + AP ULA; - Uy AnUsy,,0(@)Q), (B.8O)

and we observe that
s;— (1+ A0, (B.81)

is the strong boundary value, for negative imaginary part tending to 0, of

the operator-valued function
C'_) (1 + eKR/2>7lei<KR/27T, (B82)

which is strongly analytic in the open strip {—1/2 < Im(({) < 0} < C. The
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same conclusion applies when replacing ¢ by

Y =Q0 = (U,A--- Uy, Aj_1)"0(G) BN (B.83)
where Q is a closable operator defined on A, (R*%)Q that is affiliated
with A(WT). Moreover, ( A;CQ(G)Q is analytic in the open strip
['s around the real axis as argued before. Therefore, we can conclude
iteratively, starting with 7 = 1 and continuing up to 5§ = N + 1, that
equation extends from s; taken from an open interval around 0 to

all s;eR (j =1,..., N+1). This implies that (B.77) extends to all s € R
(j =1,...,N) so that, employing the timelike tube theorem, we obtain

(A, o(G)]Q = 0 (B.84)

for all A € A, (WZ%). Using the arguments of [40], one can check that
if o(G) is an operator of an H-bounded quantum field, then also every

monomial o(G)4, ¢ € N, is H-bounded, i.e. there is for every ¢ € N some
¢(q) € N with the property that o(G)?(1 + H) %9 is bounded. Therefore,

(B.84) implies that
[A,0(G)]Q2=0 (qeN) (B.85)

for all A € A,(WT). This is shown by induction on ¢, noting that
[A, o(G)1]Q2 = 0 implies 0 = B[A, o(G)?|Q2 = [A, o(G)!] B2 for all B €
A, (WE), where WE = {(2% ..., 29) : 2! <0, |2° < |2t} = int(WF)L is
the left wedge region, and using that @(G)4€2 is in the C*-domain of H
together with Lemma [3.Il Then the previous equation implies for every

vector x € dom(o(G)9),
(x, Ap(G)1)) — (0(G)1x, AQ) =0 (¢e N, Ae A, (WH). (B.86)
For every finite interval spectral projector E of o(G) and A € A(WT) we
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can find a sequence in A, (W) converging strongly to EAE and thus we

obtain from the last equation
EAFE9(G)!— o(G)!EAE =0 (geN, Aec AW?H)), (B.87)

where we have used that the vector 2 is separating for A(W%). Assume
that £ = F), is the spectral projector corresponding to the spectral interval
[—n,n] of o(G) for n € N and let, for given a > 0, P, , (v € N) be a sequence
of polynomials approaching A — (1 + a|A]?)"*\ uniformly for A € [—n, n].
Then we conclude from that for every A € A(WH),

o(G) ]
1+alo(G)?] "

0 = lim [E,AE,, P, (0(G))] = [EHAEH, (B.88)

V—00

This holds for arbitrary n € N and @ > 0. Taking the limit n — oo, we find
that for any a > 0,

o(G)
1+ alo(G)|

S e AWH) n A(WH) =C1. (B.89)

Since

. o(G)
i <1 oG

)= elGy (B.90)
holds for all v € dom(g(G)), the statement of the Proposition is hence
proved. ]
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