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The boundedness of commutators of sublinear operators on

Herz Triebel-Lizorkin spaces with variable exponent

CHENGLONG FANG, YINGYING WEI AND JING ZHANG∗

Abstract: In this paper, the authors first discuss the characterization of Herz Triebel-Lizorkin
spaces with variable exponent via two families of operators. By this characterization, the
authors prove that the Lipschitz commutators of sublinear operators is bounded from Herz
spaces with variable exponent to Herz Triebel-Lizorkin spaces with variable exponent. As
an application, the corresponding boundedness estimates for the commutators of maximal
operator, Riesz potential operator and Calderón-Zygmund operator are established.

Key words: commutator; sublinear operator; Lipschitz spaces; Herz Triebel-Lizorkin spaces;
variable exponent

1 Introduction and statement of main result

Given a locally integrable function b, the commutator [b, T ] is defined by

[b, T ]f = bTf − T (bf)

for suitable functions f . In 1995, Paluszynski [13] proved that b belongs to the Lipschitz
spaces if and only if the commutator [b, T ] is bounded from Lebesgue spaces to Triebel-Lizorkin
spaces, where T is a Calderón-Zygmund singular integral operator. As we know, the Herz
spaces is the Lebesgue spaces with power weights |x|α. In recent years, the Herz-type spaces
have been paid more and more attention; see, for example, ([4]-[10],[15]-[18]) and references
therein. More recently, replacing Triebel-Lizorkin spaces by Herz Triebel-Lizorkin spaces in
the results of Paluszynski, Fang and Zhou [4] obtained that [b, T ] is bounded from Herz spaces
to Herz Triebel-Lizorkin spaces, where b belongs to the Lipschitz spaces and T is a sublinear
operators. Inspired by [4] and [13], in this article, the authors show the boundedness of Lipschitz
commutators of sublinear operators on Herz Triebel-Lizorkin spaces with variable exponent.
To this ends, the authors discuss the characterizations of the Herz Triebel-Lizorkin spaces with
variable exponent.

To state our main results, we first recall some definitions and notations.

Definition 1.1. For 0 < β < 1, the Lipschitz spaces Λ̇β is the space of functions f such that

‖f‖Λ̇β
= sup

x,h∈Rn, h 6=0

|f(x+ h)− f(x)|

|h|β
< ∞.

∗Corresponding author
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Definition 1.2. Let Ω be a measurable set in R
n with |Ω| > 0. For a measurable function

p(·) : Ω → [1,∞), the variable exponent Lebesgue space Lp(·)(Ω) is defined by

Lp(·)(Ω) :=
{

f is measurable : ρp(·)(f/λ) < ∞ for some constant λ > 0
}

,

where

ρp(·)(f) :=

∫

Ω
|f(x)|p(x)dx.

The norm of f in the variable exponent Lebesgue space Lp(·)(Ω) is denoted by

‖f‖Lp(·)(Ω) := inf
{

λ > 0 : ρp(·)(f/λ) ≤ 1
}

.

Then Lp(·)(Ω) is a Banach space with the norm ‖ · ‖Lp(·)(Ω). Denote

p− := ess inf{p(x) : x ∈ R
n} and p+ := ess sup{p(x) : x ∈ R

n}.

Throughout the whole article, the set P(Rn) consists of all p(·) satisfying p− > 1 and p+ < ∞.

Given a locally integrable function f , the Hardy-Littlewood maximal operator M is defined
by

Mf(x) := sup
r>0

r−n

∫

B(x,r)
|f(y)|dy for all x ∈ R

n. (1.1)

Here and in the future,
B(x, r) := {y ∈ R

n : |x− y| < r}.

Let B(Rn) be the set of p(·) ∈ P(Rn) satisfying the condition that M is bounded on Lp(·)(Rn).
It is well known that if p(·) ∈ P(Rn), then p(·) ∈ B(Rn) is equivalent to p′(·) ∈ B(Rn), where
1/p′(·) = 1 − 1/p(·). When p(·) ∈ B(Rn), Izuki [6] proved that there exist δ1, δ2 ∈ (0, 1)
depending only on p(·) and n such that for ball B in R

n and all measurable subsets S ⊂ B,

‖χS‖Lp(·)(Rn)

‖χB‖Lp(·)(Rn)

≤ C

(

|S|

|B|

)δ1

,
‖χS‖Lp′(·)(Rn)

‖χB‖Lp′(·)(Rn)

≤ C

(

|S|

|B|

)δ2

. (1.2)

Now we recall the definitions of Herz spaces with variable exponents and Herz Triebel-
Lizorkin spaces with variable exponents. Set Bk = B(0, 2k) = {x ∈ R

n : |x| < 2k}, Ek =
Bk\Bk−1 and χk = χEk

for k ∈ Z. For m ∈ N0 = N ∪ {0}, define

χ̃m =

{

χEm , m ≥ 1,

χB0 , m = 0.

Definition 1.3. Let α ∈ R, 0 < q ≤ ∞ and p(·) ∈ P(Rn).

(i) The homogeneous Herz spaces with variable exponents K̇α,p
p(·)(R

n) is defined by

K̇α,q
p(·)(R

n) =

{

f ∈ L
p(·)
loc (R

n\{0}) : ‖f‖K̇α,q

p(·)
(Rn) < ∞

}

,

where

‖f‖K̇α,q

p(·)
(Rn) =

{

∞
∑

l=−∞

(2αl‖fχl‖Lp(·)(Rn))
q

}1/q

.
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(ii) The non-homogeneous Herz spaces with variable exponents Kα,p
p(·)(R

n) is defined by

Kα,q
p(·)(R

n) =
{

f ∈ L
p(·)
loc (R

n) : ‖f‖Kα,q

p(·)
(Rn) < ∞

}

,

where

‖f‖Kα,q

p(·)
(Rn) =

{

∞
∑

m=0

(2αm‖fχ̃m‖Lp(·)(Rn))
q

}1/q

.

Let S (Rn) be the Schwartz space on R
n and S ′(Rn) be the dual space of S (Rn). The

Fourier transform of a tempered distribution f is denoted by f̂ , while its inverse transform is
denoted by f̌ . Assume that ϕ0, ϕ ∈ S (Rn) with ϕ0 ≥ 0 satisfying the following conditions:

ϕ0(x) =

{

1, |x| ≤ 1,

0, |x| ≥ 2.

For x ∈ R
n, let ϕ(x) = ϕ0(x)−ϕ0(2x) and ϕj(x) = ϕ(2−jx) with j ∈ Z. Then we call {ϕj}j∈Z

a resolution of unity. The following definition comes from [15].

Definition 1.4. Let α, β ∈ R, 0 < r, q ≤ ∞, p(·) ∈ P(Rn) and {ϕj}j∈Z be resolution of unity.

(i) The homogeneous Herz Triebel-Lizorkin spaces with variable exponent K̇α,q
p(·)Ḟ

β
r (Rn) is

defined by
{

f ∈ S (Rn) : ‖f‖
K̇α,q

p(·)
Ḟβ
r (Rn)

< ∞

}

,

where

‖f‖
K̇α,q

p(·)
Ḟβ
r (Rn)

=

∥

∥

∥

∥

∥

∥

∥





∞
∑

j=−∞

∣

∣

∣
2βjϕj

∨ ∗ f
∣

∣

∣

r





1/r
∥

∥

∥

∥

∥

∥

∥

K̇α,q

p(·)

.

(ii) The non-homogeneous Herz Triebel-Lizorkin spaces with variable exponent Kα,q
p(·)Ḟ

β
r (Rn)

is defined by
{

f ∈ S (Rn) : ‖f‖
Kα,q

p(·)
Ḟβ
r (Rn)

< ∞

}

,

where

‖f‖
Kα,q

p(·)
Ḟβ
r (Rn)

=

∥

∥

∥

∥

∥

∥

∥





∞
∑

j=−∞

∣

∣

∣
2βjϕj

∨ ∗ f
∣

∣

∣

r





1/r
∥

∥

∥

∥

∥

∥

∥

Kα,q

p(·)

.

Note that a operator T is called a sublinear operator if, for any integrable functions f, g and
constant λ ∈ R, T stisfying

T (f + g) ≤ Tf + Tg and λTf≤ T (λf). (1.3)

Based on the above definition, we now give the main results of this paper as follows.
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Theorem 1.5. Let α ∈ R, 0 < q ≤ ∞ and p(·) ∈ B(Rn). Suppose that δ1, δ2 ∈ (0, 1) satisfy
(1.2) and −nδ1 < α < nδ2. Assume further that b ∈ Λ̇β with 0 < β < 1. If a sublinear operator
T satisfies the size condition

|Tf(x)| ≤ C

∫

Rn

|f(y)|

|x− y|n
dy, x 6∈ supp f, (1.4)

for any integrable function f with compact support and T is bounded on Lp(·)(Rn), then

(i) [b, T ] is a bounded from K̇α,q
p(·)(R

n) to K̇α,q
p(·)Ḟ

β
∞(Rn);

(ii) [b, T ] is a bounded from Kα,q
p(·)(R

n) to Kα,q
p(·)Ḟ

β
∞(Rn).

Theorem 1.6. Let α ∈ R, 0 < λ < n, 0 < q1, q2 < ∞, p1(·), p2(·) ∈ B(Rn) with 1/p2(·) =
1/p1(·) − λ/n. Assume that δ1, δ2 ∈ (0, 1) satisfy (1.2) and −nδ1 < α < nδ2. If a sublinear
operator Tλ satisfies the condition

|Tλ(f)(x)| ≤ C

∫

Rn

|f(y)|

|x− y|n−λ
dy, x 6∈ supp f, (1.5)

for any integrable function f with compact support and Tλ is a bounded operator from Lp1(·)(Rn)
to Lp2(·)(Rn), then for b ∈ Λ̇β with 0 < β < 1,

(i) [b, Tλ] is a bounded from K̇α,q1
p1(·)

(Rn) to K̇α,q2
p2(·)

Ḟ β
∞(Rn);

(ii) [b, Tλ] is a bounded from Kα,q1
p1(·)

(Rn) to Kα,q2
p2(·)

Ḟ β
∞(Rn).

This paper is organized as follows. In Section 2, by the properties of Peetre maximal operator
on the homogeneous spaces K̇α,q

p(·)Ḟ
β
r (Rn) and Hardy-Littlewood maximal operator on the ho-

mogeneous spaces K̇α,q
p(·)(R

n) (see Lemma 2.2 and Lemma 2.3), we characterize the homogeneous

spaces K̇α,q
p(·)Ḟ

β
r (Rn) via two families of operators in Theorem 2.5. Using a characterization of

the homogeneous spaces K̇α,q
p(·)Ḟ

β
∞(Rn), we give the proofs of Theorem 1.5 and Theorem 1.6

in Section 3 and Section 4, respectively. Finally, as an application, some classical sublinear
operators suitable for Theorem 1.5 and Theorem 1.6 are introduced in Section 5.

Throughout this paper, we will adopt the folowing notations. Let N = {1, 2, . . . } and
Z = {. . . ,−1, 0, 1, . . . }. For set E, let |E| be the Lebesgue measure and χE be the characteristic
function. We denote by C positive constants, which are independent of the main parameters,
but they may vary from line to line. If f ≤ Cg, we then write f . g and g & f ; and if
f . g . f , we write f ∼ g.

2 Characterizations of the homogeneous spaces K̇
α,q
p(·)Ḟ

β
r (R

n)

It is worth that Wei and Zhang [17, p.6] characterized the non-homogeneous spacesKα,q
p(·)Ḟ

β
r (Rn),

which implies the following fact:

‖f‖
Kα,q

p(·)
Ḟβ
∞(Rn)

∼

∥

∥

∥

∥

∥

sup
Q

1

|Q|1+β/n

∫

Q
| f − fQ |

∥

∥

∥

∥

∥

Kα,q

p(·)
(Rn)

, (2.1)
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where α ∈ R, 0 < β < 1, 0 < q ≤ ∞ and p(·) ∈ B(Rn). Correspondingly, we want to show

the characterizations of the homogeneous spaces K̇α,q
p(·)Ḟ

β
r (Rn) in this section. To this ends, we

first recall some definitions and lemmas.
Let ε > 0, integer S ≥ −1 and Ψ0,Ψ ∈ S (Rn) satisfying

|Ψ̂0(ξ)| > 0 on {|ξ| < 2ε}, (2.2)

|Ψ̂(ξ)| > 0 on {
ε

2
< |ξ| < 2ε}, (2.3)

Dτ Ψ̂(0) = 0, ∀|τ | ≤ S. (2.4)

Here,(2.2) and (2.3) are Tauberian conditions, (2.4) expresses moment condition of Ψ.

Definition 2.1. Let a > 0, f ∈ S ′(Rn) and {Ψj}j∈Z ⊂ S (Rn). The Peetre’s maximal
functions are defined by

(Ψ∗
j )a(x) = sup

y∈Rn

|Ψj ∗ f(y)|

(1 + |2j(x− y)|)a
for all x ∈ R

n.

Lemma 2.2 ([15]). Let a ∈ R, β < S + 1, 0 < r, q ≤ ∞, p(·) ∈ P(Rn) and p(·)/p0 ∈ B(Rn)
with p0 < min(p−, 1). Suppose that δ1, δ2 ∈ (0, 1) satisfy (1.2) for p(·)/p0 and −nδ1 < αp0 <
nδ2. Assume further that Φ0 and Φ belong to S (Rn) be given by (2.2) and (2.3), repectively.
If a > n/p0 and p0 < β, then

‖f‖
K̇α,q

p(·)
Ḟβ
r (Rn)

∼

∥

∥

∥

∥

∥

∥

(

∞
∑

k=−∞

[2kβr(Φ∗
k)af ]

r

)1/r
∥

∥

∥

∥

∥

∥

K̇α,q

p(·)
(Rn)

∼

∥

∥

∥

∥

∥

∥

(

∞
∑

k=−∞

2kβr|Φk ∗ f |
r

)1/r
∥

∥

∥

∥

∥

∥

K̇α,q

p(·)
(Rn)

.

Lemma 2.3 ([15]). Let p(·) ∈ B(Rn), 0 < q < ∞ and 1 < r < ∞. Assume that δ1, δ2 ∈ (0, 1)
satisfy (1.2) and −nδ1 < α < nδ2. Then there exists a constant C such that for all sequences
{fj}

∞
j=−∞ of locally functions on R

n,

∥

∥

∥

∥

∥

∥

(

∞
∑

k=−∞

|Mfk|
r

)1/r
∥

∥

∥

∥

∥

∥

K̇α,q

p(·)
(Rn)

≤ C

∥

∥

∥

∥

∥

∥

(

∞
∑

k=−∞

|fk|
r

)1/r
∥

∥

∥

∥

∥

∥

K̇α,q

p(·)
(Rn)

.

The following two families of operators are introduced by [14].

Definition 2.4. Let Qz(t) = Q(z, t) be a cube centered at z ∈ R
n, with side length t and sides

parallel to the axes. For m ∈ N, β ∈ R and 0 < γ ≤ ∞.
(i)The family of operators Sβ

r,γ,m are defined by

Sβ
r,γ,mf(x) =





∫ ∞

0

(

1

|Q0(t)|

∫

Q0(t)
|∆m

h f(x)|γdh

)r/γ
dt

t1+βr





1/r

for all x ∈ R
n,

where ∆m
h is the difference operator, that is,

∆1
hf(x) = ∆hf(x) = f(x+ h)− f(x),

∆m+1
h f(x) = ∆m

h f(x+ h)−∆m
h f(x), m ≥ 1.
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(ii)For a fixed ball Q = Qx(t) with x ∈ R
n and t > 0, we define the oscillation

oscmγ (f,Q) = oscmγ (f, x, t) = inf
P∈Pm

(

1

|Q|

∫

Q
|f(y)− P (y)|γdy

)1/γ

,

where the infimum is taken over all polynomials of degree not exceeding m. Further, we define
the family of operators

D
β
r,γ,mf(x) =

(∫ ∞

0
(oscm−1

γ (f, x, t))r
dt

t1+βr

)1/r

.

For q = ∞ or r = ∞, we have the usual modifications and replace integrations by sup-norms.

Using Lemma 2.2 and Lemma 2.3, we repeat the process of [17, pp.5-6] and obtain the
following theorem. The details being omitted.

Theorem 2.5. Let a ∈ R, 0 < r < ∞ and p(·) ∈ B(Rn). Assume that δ1, δ2 ∈ (0, 1) satisfy
(1.2) and −nδ1 < α < nδ2. If 1 < γ ≤ ∞, m > β

a0
,

β > σp,r,γ = max

{

0, ν

(

1

p−
−

1

γ

)

, ν

(

1

r
−

1

γ

)}

and ν is the trace of a matrix (see[14, pp. 391]), then

‖f‖
K̇α,q

p(·)
Ḟβ
r (Rn)

∼ ‖Sβ
r,γ,mf‖K̇α,q

p(·)
(Rn) ∼ ‖Dβ

r,γ,mf‖K̇α,q

p(·)
(Rn).

Remark 2.6. Obviously, if we take r = ∞ in Theorem 2.5, then

‖f‖
K̇α,q

p(·)
Ḟβ
∞(Rn)

∼

∥

∥

∥

∥

∥

sup
Q

1

|Q|1+β/n

∫

Q
| f − fQ |

∥

∥

∥

∥

∥

K̇α,q

p(·)
(Rn)

. (2.5)

3 The proof of Theorem 1.5

This section is devote to the proof of Theorem 1.5. Now, we recall two lemmas. Note that
the following lemma may be found in [2, p14, p38] and [9].

Lemma 3.1. Let 0 < β < 1 and 1 < q ≤ ∞. Then

‖f‖Λ̇β
∼ sup

Q

1

|Q|1+β/n

∫

Q
|f − fQ| ∼ sup

Q

1

|Q|β/n
(
1

|Q|

∫

Q
|f − fQ|

q)1/q,

for q = ∞ the formula should be interpreted appropriately.

Lemma 3.2 ([6]). Let a ∈ R, 0 < q < ∞ and p(·) ∈ B(Rn). Suppose that δ1, δ2 ∈ (0, 1) satisfy
(1.2) and −nδ1 < α < nδ2. Assume that T is a sublinear operator satisfying the size condition
(1.4). If T is bounded operator on Lp(·)(Rn), then T is bounded on K̇α,q

p(·)(R
n) and Kα,q

p(·)(R
n).

Proof of Theorem 1.5. Fix a cube Q = Q(cQ, t) with cQ ∈ R
n and t > 0. For f ∈ Lp(·)(Rn),

define f1 = fχQ(cQ,3t) and f2 = f − f1. Let 3
kQ = Q(cQ, 3

kt) and z ∈ 3kQ\(3k−1Q) for k ≥ 2.
Then there exists xQ ∈ Q such that

|xQ − z| > t/2 + 3k−1t > 3 · 3k−2t = inf
y∈3Q

|y − z| for k ≥ 2. (3.1)

6



Define

Cb,f,Q(xQ) := 3

∫

Rn\(3Q)

|b(z) − b3Q||f(z)|

|xQ − z|n
dz.

Then

1

|Q|1+β/n

∫

Q
|[b, T ]f(y)− ([b, T ]f)Q|dy

≤
2

|Q|1+β/n

∫

Q
|[b, T ]f(y)− Cb,f,Q(xQ)|dy

=
2

|Q|1+β/n

∫

Q
|b(y)Tf(y)− b3QTf(y) + b3QTf(y)− T (bf)(y)− Cb,f,Q(xQ)|dy

.
1

|Q|1+β/n

(∫

3Q
|(b(y)− b3Q)Tf(y)|dy +

∫

3Q
|b3QTf(y)− T (bf)(y)− Cb,f,Q(xQ)|dy

)

=:
1

|Q|1+β/n
(F1 + F2). (3.2)

Firstly, we consider F1. From Lemma 3.1, it follows that

F1 . sup
y∈3Q

|b(y)− b3Q|

∫

3Q
|Tf(y)|dy . ‖b‖Λ̇β

|3Q|1+β/nM(Tf)(x) for all x ∈ 3Q.

To estimate F2, we consider the following two cases: b3QTf(y)− T (bf)(y)−Cb,f,Q ≥ 0 and
b3QTf(y)− T (bf)(y)− Cb,f,Q < 0 for y ∈ 3Q, where

Cb,f,Q := sup
y∈3Q

∫

Rn\(3Q)

|b(z)− b3Q||f(z)|

|y − z|n
dz.

Case 1: Estimation of F2 in the case b3QTf(y) − T (bf)(y) − Cb,f,Q ≥ 0 with y ∈ 3Q. By
the definition of sublinear operator in (1.3), we deduce

b3QTf(y) ≤ T (b3Qf)(y)

≤ T ((b3Q − b)(f1 + f2))(y) + T (bf)(y)

≤ T ((b3Q − b)f1)(y) + T ((b3Q − b)f2)(y) + T (bf)(y)

≤ T ((b3Q − b)f1)(y) + Cb,f,Q + T (bf)(y),

where the last estimate used the condition (1.4). So,

0 < b3QTf(y)− T (bf)(y)−Cb,f,Q ≤ T ((b3Q − b)f1)(y).

This and the fact Cb,f,Q > Cb,f,Q(xQ) by terms of (3.1) allow that

F2 =

∫

3Q
|b3QTf(y)− T (bf)(y)− Cb,f,Q + Cb,f,Q − Cb,f,Q(xQ)|dy

≤

∫

3Q
|b3QTf(y)− T (bf)(y)− Cb,f,Q|dy +

∫

3Q
|Cb,f,Q − Cb,f,Q(xQ)|dy

≤

∫

3Q
|T ((b− b3Q)f1)(y)|dy + |3Q|(Cb,f,Q − Cb,f,Q(xQ)) (3.3)

=: F21 + F22.
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To estimate F21, using Hölder’s inequality and the boundedness of T on Lp(·)(Rn), we see
that for any x ∈ 3Q and for some t satisfying 1 < t < p−,

F21 ≤ |3Q|1−1/t

(∫

3Q
|T ((b− bQ)f1)(y)|

tdy

)1/t

. |3Q|1−1/t

(∫

3Q
|(b− bQ)f(y)|

tdy

)1/t

. |3Q| sup
y∈Q

|b(y)− bQ|

(

1

|Q|

∫

Q
|f(y)|tdy

)1/t

. |3Q|1+β/n‖b‖Λ̇β
(M(|f |t))1/t(x).

To estimate F22, we need the following well known fact. Let Q∗ ⊂ Q. Then

|bQ∗ − bQ| . ‖b‖Λ̇β
|Q|β/n.

This and Cb,f,Q > Cb,f,Q(xQ) > Cb,f,Q(xQ)/3 > 0 imply that

F22 ≤ |3Q|(Cb,f,Q − Cb,f,Q(xQ)/3)

= |3Q|
∞
∑

k=2

∫

3kQ\3k−1Q
sup
y∈3Q

(

1

(|y − z|)n
−

1

(|xQ − z|)n

)

|b(z) − b3Q||f(z)|dz

. |3Q|
∞
∑

k=2

∫

3kQ\3k−1Q
sup
y∈3Q

|y − xQ|
n

|xQ − z|2n
(|b(z) − b3kQ|+ |b3kQ − b3Q|)|f(z)|dz

. |3Q|
∞
∑

k=2

|3Q|

|3kQ|2
|3kQ|β/n‖b‖Λ̇β

∫

3kQ
|f(z)|dz

. |3Q|1+β/n‖b‖Λ̇β

∞
∑

k=2

3(k−1)(β−1)M(f)(x)

. |3Q|1+β/n‖b‖Λ̇β
M(f)(x).

for all x ∈ 3kQ with k ≥ 2. Therefore, combing the estimates of F21 and F22, we obtain that

F2 . |3Q|1+β/n‖b‖Λ̇β
M(f)(x) for all x ∈ 3Q.

Case 2: Estimation of F2 in the case b3QTf(y) − T (bf)(y) − Cb,f,Q < 0 with y ∈ 3Q.
According to the definition of sublinear operator in (1.3) and the condition (1.4), we have

|b3QTf(y)− T (bf)(y)−Cb,f,Q|

= Cb,f,Q + T (bf)(y)− b3QTf(y)

≤ Cb,f,Q +

(

T (bf)(y)− Tf(y) sup
Q

b3Q

)

+

(

Tf(y) sup
Q

b3Q − b3QTf(y)

)

≤ Cb,f,Q +

(

T

(

sup
Q

|b− b3Q|f

)

(y)

)

+ |Tf(y)| sup
Q

1

|3Q|

∫

3Q
b(z)− b3Qdz

. Cb,f,Q + sup
Q

sup
y∈3Q

∫

Rn\(3Q)

|b(z) − b3Q||f(z)|

|y − z|
dz + |3Q|β/n‖b‖Λ̇β

|Tf(y)|
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. 2 sup
Q

Cb,f,Q + |3Q|β/n‖b‖Λ̇β
|Tf(y)|.

This implies that

F2 =

∫

3Q
|b3QTf(y)− T (bf)(y)− Cb,f,Q + Cb,f,Q − Cb,f,Q(xQ)|dy

≤

∫

3Q
|b3QTf(y)− T (bf)(y)− Cb,f,Q|dy +

∫

3Q
|Cb,f,Q − Cb,f,Q(xQ)|dy

. |3Q|2 sup
Q

Cb,f,Q + |3Q||3Q|β/n‖b‖Λ̇β
|Tf(y)|+ |3Q|(Cb,f,Q − Cb,f,Q(xQ))

. |3Q|(3 sup
Q

Cb,f,Q − Cb,f,Q(xQ)) + |3Q|1+β/n‖b‖Λ̇β
|Tf(y)|. (3.4)

where in the second estimate we used the fact Cb,f,Q > Cb,f,Q(xQ) by terms of (3.1). Note that
we repeat the process of estimation of F22 and obtain

|3Q|(3 sup
Q

Cb,f,Q − Cb,f,Q(xQ)) . |3Q|1+β/n‖b‖Λ̇β
M(f)(x).

Therefore,

F2 . |3Q|1+β/n‖b‖Λ̇β
(M(f)(x) + |Tf(y)|) for x, y ∈ 3Q.

This ends the estimate of Case 2.
Summarizing all the estimates of Case 1 and Case 2, we conclude that

F2 . |3Q|1+β/n‖b‖Λ̇β

(

M(f)(x) + (M(|f |t))1/t(x) + |Tf(y)|
)

for all x, y ∈ 3Q.

This and the estimate of F1 allow that

1

|Q|1+β/n

∫

Q
|[b, T ]f − ([b, T ]f)Q| . ‖b‖Λ̇β

(

M(f)(x) + (M(|f |t))1/t(x) + |Tf(y)|
)

for all x, y ∈ 3Q.

Taking the supremum over all Q such that x ∈ Q on both sides, it follows from (2.1) and (2.5)
that

‖[b, T ]f‖
Kα,q

p(·)
Ḟβ
∞(Rn)

. ‖b‖Λ̇β

(

‖Mf‖Kα,q

p(·)
(Rn) + ‖(M(|f |t))1/t‖Kα,q

p(·)
(Rn) + ‖Tf‖Kα,q

p(·)
(Rn)

)

and

‖[b, T ]f‖
K̇α,q

p(·)
Ḟβ
∞(Rn)

. ‖b‖Λ̇β

(

‖Mf‖K̇α,q

p(·)
(Rn) + ‖(M(|f |t))1/t‖K̇α,q

p(·)
(Rn) + ‖Tf‖K̇α,q

p(·)
(Rn)

)

.

Further, by Lemma 3.2 and the facts that M is bounded on Kα,q
p(·)(R

n) and K̇α,q
p(·)(R

n), we obtain

that (i) and (ii) of Theorem 1.5 hold.

4 The proof of Theorem 1.6

The section is devote to the proof of Theorem 1.6. To this ends, we show the boundedness
of fractional type sublinear operators on Herz spaces with variable exponent in Theorem 4.2.
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Lemma 4.1 ([6]). Let p(·) ∈ B(Rn). Then there exist a constant C > 0 such that for all ball
B in R

n

1

|B|
‖χB‖Lp(·)(Rn)‖χB‖Lp′(·)(Rn) ≤ C. (4.1)

Theorem 4.2. Let a ∈ R, 0 < λ < n, 0 < q1 < q2 ≤ ∞, p1(·), p2(·) ∈ B(Rn) and 1/p2(·) =
1/p1(·) − λ/n. Assume that δ1, δ2 ∈ (0, 1) satisfy (1.2) and −nδ1 < α < nδ2. If a sublinear
operator Tλ satisfies (1.5) and Tλ is bounded from Lp1(·)(Rn) to Lp2(·)(Rn), then

(i) Tλ is bounded from K̇α,q1
p1(·)

(Rn) to K̇α,q2
p2(·)

(Rn);

(ii) Tλ is bounded from Kα,q1
p1(·)

(Rn) to Kα,q2
p2(·)

(Rn).

Proof. To show (i), for any 0 < q1 < q2 < 1 and 0 < q1/q2 < 1, by

(

∞
∑

i=1

ai

)q1/q2

≤

∞
∑

i=1

(ai)
q1/q2 , (a1, a2, a3... > 0),

we deduce

‖Tλf‖
q1
K̇

α,q2
p2(·)

(Rn)
=

{

∞
∑

k=−∞

2kαq2‖(Tλf)χk‖
q2
Lp2(·)(Rn)

}q1/q2

≤
∞
∑

k=−∞

2kαq1‖(Tλf)χk‖
q1
Lp2(·)(Rn)

.

∞
∑

k=−∞

2kαq1

∥

∥

∥

∥

∥

∥





k−2
∑

j=−∞

|Tλ(fχj)|



χk

∥

∥

∥

∥

∥

∥

q1

Lp2(·)(Rn)

+

∞
∑

k=−∞

2kαq1

∥

∥

∥

∥

∥

∥





k+1
∑

j=k−1

|Tλ(fχj)|



χk

∥

∥

∥

∥

∥

∥

q1

Lp2(·)(Rn)

+
∞
∑

k=−∞

2kαq1

∥

∥

∥

∥

∥

∥





∞
∑

j=k+2

|Tλ(fχj)|



χk]

∥

∥

∥

∥

∥

∥

q1

Lp2(·)(Rn)

=: I1 + I2 + I3.

First, we estimate I2. From the fact that Tλf is bounded from Lp1(·)(Rn) to Lp2(·)(Rn), it
follows that

I2 =
∞
∑

k=−∞

2kαq1

∥

∥

∥

∥

∥

∥





k+1
∑

j=k−1

|Tλ(fχj)|



χk

∥

∥

∥

∥

∥

∥

q1

Lp2(·)(Rn)

.

∞
∑

k=−∞

2kαq1

∥

∥

∥

∥

∥

∥





k+1
∑

j=k−1

(fχj)



χk

∥

∥

∥

∥

∥

∥

q1

Lp1(·)(Rn)

.

∞
∑

k=−∞

2kαq1‖fχk‖
q1
Lp1(·)(Rn)
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. ‖f‖q1
K̇

α,q1
p1(·)

(Rn)
.

Now, we estimates I1. For each k ∈ Z, j ≤ k − 2 and a.e. x ∈ Ek = Bk\Bk−1, by size
condition of Tλ and generalized Hölder’s inequality, we see that

|Tλ(fχj)(x)| .

∫

Ek

|x− y|−(n−λ)|f(y)|dy . 2−k(n−λ)‖fχj‖Lp1(·)(Rn)‖χj‖Lp′1(·)(Rn)
.

This implies

I1 =
∞
∑

k=−∞

2kαq1

∥

∥

∥

∥

∥

∥





k−2
∑

j=−∞

|Tλ(fχj)|



χk

∥

∥

∥

∥

∥

∥

q1

Lp2(·)(Rn)

.

∞
∑

k=−∞

2kαq1





k−2
∑

j=−∞

2−k(n−λ)‖fχj‖Lp1(·)(Rn)‖χBj
‖
Lp′

1
(·)(Rn)

‖χBk
‖Lp2(·)(Rn)





q1

.

∞
∑

k=−∞

2kαq1





k−2
∑

j=−∞

‖fχj‖Lp1(·)(Rn)‖χBj
‖
Lp′

1
(·)(Rn)

‖χBk
‖−1

Lp′1(·)(Rn)





q1

.

∞
∑

k=−∞

2kαq1





k−2
∑

j=−∞

‖fχj‖Lp1(·)(Rn)

‖χBj
‖
Lp′1(·)(Rn)

‖χBk
‖
Lp′

1
(·)(Rn)





q1

.

∞
∑

k=−∞





k−2
∑

j=−∞

2jα‖fχj‖Lp1(·)(Rn)2
(j−k)(nδ2−α)





q1

,

where in the antepenultimate step we used the fact

‖χBk
‖Lp2(·)(Rn) = 2k(n−λ)‖χBk

‖−1

Lp′
1
(·)(Rn)

for 1/p2(·) = 1/p1(·)− λ/n.

To continue calculations, we consider the two cases “0 < q1 ≤ 1” and “1 < q1 < ∞”.

If 0 < q1 ≤ 1, nδ2 − α > 0, then we get

I1 .

∞
∑

k=−∞

k−2
∑

j=−∞

2jαq1‖fχj‖
q1
Lp1(·)(Rn)

2(j−k)(nδ2−α)q1

.

∞
∑

j=−∞

2jαq1‖fχj‖
q1
Lp1(·)(Rn)

∞
∑

k=j+2

2(j−k)(nδ2−α)q1

.

∞
∑

j=−∞

2jαq1‖fχj‖
q1
Lp1(·)(Rn)

. ‖f‖q1
K̇

α,q1
p1(·)

(Rn)
.

If 1 < q1 < ∞, nδ2 − α > 0, then we use Hölder’s inequality and obtain

I1 .
∞
∑

k=−∞





k−2
∑

j=−∞

2jαq1‖fχj‖
q1
Lp1(·)(Rn)

2(j−k)(nδ2−α)q1/2





q1
q′
1





k−2
∑

j=−∞

2(j−k)(nδ2−α)q′1/2





q1
q′
1
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.

∞
∑

k=−∞

k−2
∑

j=−∞

2jαq1‖fχj‖
q1
Lp1(·)(Rn)

2(j−k)(nδ2−α)q1/2

.

∞
∑

j=−∞

2jαq1‖fχj‖
q1
Lp1(·)(Rn)

∞
∑

k=j+2

2(j−k)(nδ2−α)q1/2

. ‖f‖q1
K̇

α,q1
p1(·)

(Rn)
.

Next, we estimate I3. For each k ∈ Z, j ≥ k + 2 and a.e. x ∈ Ek = Bk\Bk−1, size condition
of Tλ and generalized Hölder’s inequality imply

|Tλ(fχj)(x)| .

∫

Ek

|x− y|−(n−λ)|f(y)|dy . 2−j(n−λ)‖fχj‖Lp1(·)(Rn)‖χj‖Lp′
1
(·)(Rn)

.

Therefore

I3 .

∞
∑

k=−∞

2kαq1





∞
∑

j=k+2

2−j(n−λ)‖fχj‖Lp1(·)(Rn)‖χBj
‖
Lp′

1
(·)(Rn)

‖χBk
‖Lp2(·)(Rn)





q1

.

∞
∑

k=−∞

2kαq1





∞
∑

j=k+2

‖fχj‖Lp1(·)(Rn)

‖χBk
‖Lp2(·)(Rn)

‖χBj
‖Lp2(·)(Rn)





q1

.

∞
∑

k=−∞





∞
∑

j=k+2

2jα‖fχj‖Lp1(·)(Rn)2
(k−j)(nδ1+α)





q1

,

where in the penultimate step we used the fact

‖χBj
‖
Lp′1(·)(Rn)

= 2j(n−λ)‖χBj
‖−1
Lp2(·)(Rn)

for 1/p2(·) = 1/p1(·)− λ/n.

Similarly, to continue calculations, we consider the two cases “0 < q1 ≤ 1” and “1 < q1 < ∞”.

If 0 < q1 ≤ 1, nδ1 + α > 0, then we get

I3 .

∞
∑

k=−∞

∞
∑

j=k+2

2jαq1‖fχj‖
q1
Lp1(·)(Rn)

2(k−j)(nδ1+α)q1

.

∞
∑

j=−∞

2jαq1‖fχj‖
q1
Lp1(·)(Rn)

j−2
∑

k=−∞

2(k−j)(nδ1+α)q1

.

∞
∑

j=−∞

2jαq1‖fχj‖
q1
Lp1(·)(Rn)

. ‖f‖q1
K̇

α,q1
p1(·)

(Rn)
.
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If 1 < q1 < ∞, nδ1 + α > 0, then we use Hölder’s inequality and obtain

I3 .
∞
∑

k=−∞





∞
∑

j=k+2

2jαq1‖fχj‖
q1
Lp1(·)(Rn)

2(k−j)(nδ1+α)q1/2





q1
q′
1





∞
∑

j=k+2

2(k−j)(nδ1+α)q′1/2





q1
q′
1

.

∞
∑

k=−∞

∞
∑

j=k+2

2jαq1‖fχj‖
q1
Lp1(·)(Rn)

2(k−j)(nδ1+α)q1/2

.

∞
∑

j=−∞

2jαq1‖fχj‖
q1
Lp1(·)(Rn)

j+2
∑

k=−∞

2(k−j)(nδ1+α)q1/2

. ‖f‖q1
K̇

α,q1
p1(·)

(Rn)
.

Summarizing the estimates of I1 and I3, we conclude that (i) holds. The proof of (ii) is
similar to (i). The details being omitted. We finish the proof of Theorem 4.2.

From the proof in[2, pp. 71-72] and [5, Lemma 3.1], it follows that

∥

∥

∥

∥

∥

sup
Q

1

|Q|1+γ/n

∫

Q
|hQ|

∥

∥

∥

∥

∥

Lq(·)(Rn)

≤ C

∥

∥

∥

∥

∥

sup
Q

1

|Q|1+γ/n+α/n

∫

Q
|hQ|

∥

∥

∥

∥

∥

Lp(·)(Rn)

.

By the above fact, the following lemma follows from the definitions of K̇α,q
p(·)(R

n) and Kα,q
p(·)(R

n).

Lemma 4.3. Let p1(·), p2(·) ∈ B(Rn) and 1
p1(·)

− 1
p2(·)

= λ
n . Suppose that function hQ is defined

on the cube Q. Then for 0 ≤ β,

∥

∥

∥

∥

∥

sup
Q

1

|Q|1+β/n

∫

Q
|hQ|

∥

∥

∥

∥

∥

K̇α,q

p2(·)
(Rn)

≤ C

∥

∥

∥

∥

∥

sup
Q

1

|Q|1+β/n+λ/n

∫

Q
|hQ|

∥

∥

∥

∥

∥

K̇α,q

p1(·)
(Rn)

and
∥

∥

∥

∥

∥

sup
Q

1

|Q|1+β/n

∫

Q
|hQ|

∥

∥

∥

∥

∥

Kα,q

p2(·)
(Rn)

≤ C

∥

∥

∥

∥

∥

sup
Q

1

|Q|1+β/n+λ/n

∫

Q
|hQ|

∥

∥

∥

∥

∥

Kα,q

p1(·)
(Rn)

,

where the constant C depends only on p1(·), p2(·), q, α and n.

Proof of Theorem 1.6. First, we verify (i) of Theorem 1.6. Fix a cube Q = Q(cQ, t) with
cQ ∈ R

n and t > 0. Let 3kQ = Q(cQ, 3
kt) and z ∈ 3kQ\(3k−1Q) for k ≥ 2. For g ∈ Lp1(·)(Rn),

let g1 = gχ3Q and g2 = g − g1. From (3.1), it follows that there exists xQ ∈ Q such that

Cb,g,Q(xQ) := 3

∫

Rn\(3Q)

|b(z) − b3Q||g(z)|

|xQ − z|n−λ
dz ≤ sup

y∈3Q

∫

Rn\(3Q)

|b(z) − b3Q||g(z)|

|y − z|n−λ
dz =: Cb,g,Q.

(4.2)
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Using (2.5), we repeat the process of (3.2) and obtain

‖[b, Tλ](g)‖K̇α,q2
p2(·)

Ḟβ
∞

∼

∥

∥

∥

∥

∥

sup
Q

1

|Q|1+β/n

∫

Q
|[b, Tλ](g)(y) − ([b, Tλ](g))Q|dy

∥

∥

∥

∥

∥

K̇
α,q2
p2(·)

.

∥

∥

∥

∥

∥

sup
Q

1

|Q|1+β/n

∫

Q
|[b, Tλ](g)(y) − Cb,g,Q(xQ)|dy

∥

∥

∥

∥

∥

K̇
α,q2
p2(·)

.

∥

∥

∥

∥

∥

sup
Q

1

|Q|1+β/n

∫

3Q
|(b(y)− b3Q)Tg(y)|dy

∥

∥

∥

∥

∥

K̇
α,q2
p2(·)

+

∥

∥

∥

∥

∥

sup
Q

1

|Q|1+β/n

∫

3Q
|b3QTg(y)− T (gf)(y)− Cb,g,Q(xQ)|dy

∥

∥

∥

∥

∥

K̇
α,q2
p2(·)

=: J1 + J2,

To estimate J1, by Lemma 3.1, we deduce that for all x ∈ Q,

1

|Q|1+β/n

∫

Q
|(b(y)− bQ)Tλ(g)(y)|dy .

1

|Q|β/n
sup
y∈Q

|(b(y)− bQ)|

(

1

|Q|

∫

Q
|Tλ(g)(y)|dy

)

. ‖b‖Λ̇β
M(Tλ(g))(x).

This and Theorem 4.2 imply that

J1 . ‖b‖Λ̇β
‖Tλ(g)‖K̇α,q2

p2(·)
(Rn) . ‖b‖Λ̇β

‖g‖K̇α,q1
p1(·)

(Rn).

Now, we consider J2. According to (3.3) and (3.4) in Theorem 1.5, by Theorem 4.2, we
deduce

J2 .

∥

∥

∥

∥

∥

sup
Q

1

|Q|1+β/n

∫

Q
|Tλ((b− bQ)g1)(y)|dy

∥

∥

∥

∥

∥

K̇
α,q2
p2(·)

+ ‖b‖Λ̇β
‖Tλ(g)‖K̇α,q2

p2(·)
(Rn)

+

∥

∥

∥

∥

∥

sup
Q

1

|Q|β/n
3Cb,g,Q − Cb,g,Q(xQ)

∥

∥

∥

∥

∥

K̇
α,q2
p2(·)

.

∥

∥

∥

∥

∥

sup
Q

1

|Q|1+β/n+λ/n

∫

Q
|Tλ((b− bQ)g1)(y)|dy

∥

∥

∥

∥

∥

K̇
α,q2
p1(·)

+

∥

∥

∥

∥

∥

sup
Q

1

|Q|β/n+λ/n
3Cb,g,Q − Cb,g,Q(xQ)

∥

∥

∥

∥

∥

K̇
α,q2
p1(·)

+ ‖b‖Λ̇β
‖g‖K̇α,q1

p1(·)
(Rn)

=: J21 + J22 + ‖b‖Λ̇β
‖g‖K̇α,q1

p1(·)
(Rn).

14



Below, we estimate J21. Chooser r and r̄ such that 1 < r < p−1 and (1/r − 1/r̄) = (λ/n).
Such r̄ exists, since r < p−1 < n/λ, it follows that

1

|Q|1+β/n+λ/n

∫

Q
|Tλ((b− bQ)g1)(y)|dy

.
1

|Q|1+β/n+λ/n
‖Tλ((b− bQ)g1)‖r̄|Q|1/r̄

′

. |Q|−1−(λ+β)/n+1−1/r̄‖(b− bQ)g‖r

. ‖b‖Λ̇β
(M(|g|r))1/r.

So, by the boundedness of M from K̇α,q2
p1(·)

(Rn) to K̇α,q2
p1(·)

(Rn), we obtain J21 . ‖b‖Λ̇β
‖g‖K̇α,q2

p1(·)
(Rn).

Notice that if q1 ≤ q2, then
K̇α,q1

p(·) (R
n) ⊆ K̇α,q2

p(·) (R
n).

This implies
J21 . ‖b‖Λ̇β

‖g‖K̇α,q1
p1(·)

(Rn).

To show J22, we repeat this derivation of F22 in Theorem 1.5 and obtain

sup
Q

1

|Q|β/n+λ/n
3Cb,g,Q − Cb,g,Q(xQ) . ‖b‖Λ̇β

M(g)(x).

Similar to the finally estimate of J21, we also have

J22 . ‖b‖Λ̇β
‖g‖K̇α,q1

p1(·)
(Rn).

Summarizing the estimates of J1 and J2, we conclude that (i) of Theorem 1.6 holds. To
verify (ii) of Theorem 1.6, by (2.1) and

Kα,q1
p(·) (R

n) ⊆ Kα,q2
p(·) (R

n) for all q1 ≤ q2,

we repeat the process of proof of (i) and obtain (ii). This ends the proof of Theorem 1.6.

5 Some classical operators

It is worth that we assumed the boundedness of sublinear operators on the variable exponent
Lebesgue space in the discussion of Theorem 1.5 and Theorem 1.6. In order to ensure that some
classical operators satisfy this fact, we introduce the following log-Hölder continuity condition.

Definition 5.1. (i) A function p : Rn → R is locally log-Hölder continuous on R
n if there

exists c1 > 0 such that

|p(x)− p(y)| ≤
c1

log(e+ 1/|x − y|)
for all x, y ∈ R

n.

(ii) A function p : Rn → R is log-Hölder continuous at the origin (or has a log decay at the
origin) if there exists c2 > 0 such that

|p(x)− p(0)| ≤
c2

log(e+ 1/|x|)
for all x ∈ R

n.

The notation P
log
0 (Rn) is used for all exponents p(·) ∈ P(Rn) which is log-Hölder con-

tinuous at the origin.
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(iii) A function p : Rn → R is log-Hölder continuous at infinity (or has a log decay at infinity)
if there exists c3 > 0 such that

|p(x)− p∞| ≤
c3

log(e+ |x|)
for all x ∈ R

n,

where p∞ = lim|x|→∞ p(x). The notation P
log
∞ (Rn) is used for all exponents p(·) ∈ P(Rn)

which is log-Hölder continuous at infinity. By P log(Rn) we define the set of all exponents
p(·) ∈ P(Rn) which is locally log-Hölder continuous on R

n and has a log decay at infinity.

Obviously, we have P log(Rn) ⊂ (P log
0 (Rn) ∩ P

log
∞ (Rn)). Note that p(·) ∈ P log(Rn) if

and only if p′(·) ∈ P log(Rn), where 1/p′(·) = 1 − 1/p(·). If p(·) ∈ P log(Rn), then the Hardy-
Littlewood maximal operatorM is bounded on Lp(·)(Rn) (see [3, Theorem 4.3.8]), which further
implies p(·) ∈ B(Rn).

Given a locally integrable function K defined on R
n\{0}, suppose that the Fourier transform

of K is bounded,

|K(x)| ≤
C

|x|n
and |∇K(x)| ≤

C

|x|n+1
for all x 6= 0.

Then the classical Calderón-Zygmund singular integral operator T is defined by

Tf(x) = K ∗ f(x) for all x ∈ R
n. (5.1)

Based on the above definition, the following lemma comes from [1, Corollary 2.5].

Lemma 5.2. Let p(·) ∈ B(Rn) and T be as in (5.1). Then T is bounded on Lp(·)(Rn).

By the condition |K(x)| ≤ C/(|x|n) for x 6= 0, we deduce that T satisfies (1.3) and (1.4).
In addition, it is obvious that the Hardy-Littlewood maximal operator M satisfies (1.3) and
(1.4). Thus, the following corollary follows from Theorem 1.5 and Lemma 5.2.

Corollary 5.3. Let α ∈ R, 0 < β < 1, 0 < q ≤ ∞, δ1, δ2 ∈ (0, 1) satisfy (1.2) and −nδ1 <
α < nδ2. Assume that b ∈ Λ̇β and T is as in (5.1). Then the following assertions hold:

(i) If p(·) ∈ B(Rn), then [b, T ] and [b,M ] are bounded from K̇α,q
p(·)(R

n) to K̇α,q
p(·)Ḟ

β
∞(Rn).

(ii) If p(·) ∈ B(Rn), then [b, T ] and [b,M ] are bounded from Kα,q
p(·)(R

n) to Kα,q
p(·)Ḟ

β
∞(Rn).

For any 0 < λ < n and x ∈ R
n, the Riesz potential operator Iλ is defined by

Iλf(x) =

∫

Rn

|f(y)|

|x− y|n−λ
dy.

Then the Riesz potential operator Iλ satisfies (1.3) and (1.5). The following lemma about the
boundedness of Iλ on the variable exponent Lebesgue space comes from [3, Theorem 6.1.9].

Lemma 5.4. Let 0 < λ < n, p1(·) ∈ P log(Rn) and 1/p2(·) = 1/p1(·)− λ/n. If 1 < p−1 ≤ p+1 <
n/λ, then Iλ is bounded from Lp1(·)(Rn) to Lp2(·)(Rn).
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Correspondingly, for any 0 < λ < n, the fractional maximal function Mλ is defined by

Mλf(x) := sup
r>0

rλ−n

∫

B(x,r)
|f(y)|dy for all x ∈ R

n.

Then the fractional maximal function Mλ also satisfies (1.3) and (1.5). Moreover, we have

Mλ(f) . Iλ(|f |).

This, along with Theorem 1.6 and Lemma 5.4, yields the following corollary.

Corollary 5.5. Let α ∈ R, 0 < q1, q2 < ∞, 1 < p−1 ≤ p+1 < n/λ and 1/p2(·) = 1/p1(·) − λ/n.
Suppose that δ1, δ2 ∈ (0, 1) satisfy (1.2) and −nδ1 < α < nδ2. Assume further that b ∈ Λ̇β with
0 < β < 1. Then the following assertions hold:

(i) If p1(·) ∈ P log(Rn), then [b, Iλ] and [b,Mλ] are bounded from K̇α,q1
p1(·)

(Rn) to K̇α,q2
p2(·)

Ḟ β
∞(Rn).

(ii) If p1(·) ∈ P log(Rn), then [b, Iλ] and [b,Mλ] are bounded from Kα,q1
p1(·)

(Rn) to Kα,q2
p2(·)

Ḟ β
∞(Rn).
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