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Abstract. With the help of the partial derivative operator and several summation for-
mulas for hypergeometric series, we find three double series for π. In terms of the operator
just stated and several summation formulas for basic hypergeometric series, we also es-
tablish q-analogues of these double series.
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1 Introduction

For a complex variable x, define the well-known Gamma function to be

Γ(x) =

∫

∞

0

tx−1e−tdt with Re(x) > 0.

Three important properties of this function can be expressed as

Γ(x+ 1) = xΓ(x), Γ(x)Γ(1− x) =
π

sin(πx)
, lim

n→∞

Γ(x+ n)

Γ(y + n)
ny−x = 1,

which will often be used without explanation in this paper. Subsequently, we may give
the definition of the shifted-factorial:

(x)n = Γ(x+ n)/Γ(x),

where n is an integer and x is a complex number. Then the hypergeometric series can be
defined by

rFs

[

a1, a2, . . . , ar
b1, b2, . . . , bs

; z

]

=
∞
∑

k=0

(a1)k(a2)k · · · (ar)k
(b1)k(b2)k · · · (bs)k

zk

k!
.

Email addresses: weichuanan78@163.com (C. Wei), ythainmc@163.com (G. Ruan).
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The research of π-formulas has a long history. In 1859, Bauer [2] discovered a simple
result:

∞
∑

k=0

(−1)k(4k + 1)
(1
2
)3k

k!3
=

2

π
. (1.1)

In 1914, Ramanujan [24] displayed 17 series for 1/π without proof. Decades later, Bor-
weins [4] proved all of them firstly. Two of Ramanujan’s formulas are stated as

∞
∑

k=0

(6k + 1)
(1
2
)3k

k!34k
=

4

π
, (1.2)

∞
∑

k=0

(8k + 1)
(1
2
)k(

1
4
)k(

3
4
)k

k!39k
=

2
√
3

π
. (1.3)

In 2011, Long [23] proposed the following conjecture : for any odd prime p,

(p−1)/2
∑

k=0

(−1)k(6k + 1)
(1
2
)3k

k!38k

k
∑

j=1

(

1

(2j − 1)2
− 1

16j2

)

≡ 0 (mod p), (1.4)

which was certified by Swisher [27] after several years. Recently, Guo and Lian [15]
conjectured two interesting double series for π related to (1.2) and (1.4):

∞
∑

k=1

(6k + 1)
(1
2
)3k

k!34k

k
∑

j=1

{

1

(2j − 1)2
− 1

16j2

}

=
π

12
, (1.5)

∞
∑

k=1

(−1)k(6k + 1)
(1
2
)3k

k!38k

k
∑

j=1

{

1

(2j − 1)2
− 1

16j2

}

= −
√
2

48
π. (1.6)

which have been proved by Wei [29]. For more known series on π, we refer the reader to
the papers [3, 5, 12, 22, 25, 28, 30].

Inspired by the work just mentioned, we shall established the following two theorems
associated with (1.1) and (1.3).

Theorem 1.1.

∞
∑

k=1

(−1)k(4k + 1)
(1
2
)3k

k!3

2k
∑

i=1

(−1)i

i2
=

π

12
. (1.7)

Theorem 1.2.

∞
∑

k=1

(8k + 1)
(1
2
)k(

1
4
)k(

3
4
)k

k!3 9k

k
∑

i=1

{

1

(2i− 1)2
− 1

36i2

}

=

√
3 π

54
. (1.8)

Furthermore, we shall provide the following double series for π3.
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Theorem 1.3.

∞
∑

k=1

(8k − 1)
(1)k(−1

4
)k(−3

4
)k

(1
2
)2k(

3
2
)k 9k

k
∑

i=1

{

1

(2i− 1)2
− 9

4i2

}

= −
√
3π3

108
. (1.9)

For an integer n and two complex numbers x, q with |q| < 1, define the q-shifted
factorial to be

(x; q)∞ =
∞
∏

i=0

(1− xqi), (x; q)n =
(x; q)∞
(xqn; q)∞

.

For convenience, we shall also adopt the following notation:

(x1, x2, . . . , xr; q)m = (x1; q)m(x2; q)m · · · (xr; q)m,

where r ∈ Z
+ and m ∈ Z

+ ∪ {0,∞}. Then following Gasper and Rahman [9], the basic
hypergeometric series can be defined as

rφs

[

a1, a2, . . . , ar
b1, b2, . . . , bs

; q, z

]

=

∞
∑

k=0

(a1, a2, . . . , ar; q)k
(q, b1, b2, . . . , bs; q)k

{

(−1)kq(
k

2
)
}1+s−r

zk.

Let [n] = 1+ q+ · · ·+ qn−1 be the q-integer. Recently, Guo and Liu [16] and Guo and
Zudilin [17] obtained the q-analogues of (1.1)-(1.3):

∞
∑

k=0

(−1)kqk
2

[4k + 1]
(q; q2)3k
(q2; q2)3k

=
(q, q3; q2)∞
(q2; q2)2

∞

,

∞
∑

k=0

qk
2

[6k + 1]
(q; q2)2k(q

2; q4)k
(q4; q4)3k

=
(1 + q)(q2, q6; q4)∞

(q4; q4)2
∞

,

∞
∑

k=0

q2k
2

[8k + 1]
(q; q2)2k(q; q

2)2k
(q2; q2)2k(q6; q6)2k

=
(q3; q2)∞(q3; q6)∞
(q2; q2)∞(q6; q6)∞

.

Wei [29] got the q-analogues of (1.5) and (1.6):

∞
∑

k=1

qk
2

[6k + 1]
(q; q2)2k(q

2; q4)k
(q4; q4)3k

k
∑

j=1

{

q2j−1

[2j − 1]2
− q4j

[4j]2

}

=
(q2; q4)2

∞
(q5; q4)∞

(q; q4)∞(q4; q4)2
∞

∞
∑

i=1

(−1)i−1 q2i

[2i]2
,

∞
∑

k=1

(−1)kq3k
2

[6k + 1]
(q; q2)3k
(q4; q4)3k

k
∑

j=1

{

q2j−1

[2j − 1]2
− q4j

[4j]2

}

= −(q3, q5; q4)∞
(q4; q4)2

∞

∞
∑

i=1

q4i

[4i]2
.
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More q-analogues of π-formulas can be seen in the papers [14, 18–21, 26].
Inspired by the work just mentioned, we shall derive the following q-analogues of

Theorems 1.1-1.3.

Theorem 1.4.
∞
∑

k=1

(−1)kqk
2

[4k + 1]
(q; q2)3k
(q2; q2)3k

2k
∑

i=1

(−1)i
qi

[i]2
=

(q, q3; q2)∞
(q2; q2)2

∞

∞
∑

j=1

q2j

[2j]2
. (1.10)

Theorem 1.5.
∞
∑

k=1

q2k
2

[8k + 1]
(q; q2)2k(q; q

2)2k
(q2; q2)2k(q6; q6)

2
k

k
∑

i=1

{

q2i−1

[2i− 1]2
− q6i

[6i]2

}

=
(q3; q2)∞(q3; q6)∞
(q2; q2)∞(q6; q6)∞

∞
∑

j=1

(−1)j−1 q3j

[3j]2
. (1.11)

Theorem 1.6.
∞
∑

k=1

q2k
2+2k[8k − 1]

(q2; q2)2k(q
−3; q2)2k

(q4; q2)2k(q3; q6)2k

k
∑

i=1

{

q6i−3

[6i− 3]2
− q2i

[2i]2

}

=
(q; q2)∞(q6; q6)3

∞

(q4; q2)∞(q3; q6)3
∞

∞
∑

j=1

(−1)j
q3j−1

[3j]2
. (1.12)

For a multivariable function f(x1, x2, . . . , xm), define the partial derivative operator
Dxi

by

Dxi
f(x1, x2, . . . , xm) =

d

dxi

f(x1, x2, . . . , xm) with 1 ≤ i ≤ m.

Then we have the following four relations: for n > 0,

Dx(x+ y)n = (x+ y)n

n
∑

i=1

1

x+ y − 1 + i
,

Dx

n
∑

i=1

1

x+ y + i
= −

n
∑

i=1

1

(x+ y + i)2
,

Dx(xy; q)n = −(xy; q)n

n
∑

i=1

yqi−1

1− xyqi−1
,

Dx

n
∑

i=1

yqi

1− xyqi
=

n
∑

i=1

y2q2i

(1− xyqi)2
,

which will frequently be utilized without indication in this paper.
The structure of the paper is arranged as follows. We shall verify Theorems 1.1-1.3 via

the partial derivative operator and some summation formulas for hypergeometric series
in Section 2. Similarly, we shall prove Theorems 1.4-1.6 through the partial derivative
operator and some summation formulas for basic hypergeometric series in Section 3.
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2 Proof of Theorems 1.1-1.3

Firstly, we shall prove Theorem 1.1.

Proof of Theorem 1.1. Recall Dougall’s 5F4 summation formula (cf. [1, P. 71]):

5F4

[

a, 1 + a
2
, b, c,−n

a
2
, 1 + a− b, 1 + a− c, 1 + a+ n

; 1

]

=
(1 + a)n(1 + a− b− c)n
(1 + a− b)n(1 + a− c)n

.

The c = 1− b case of it reads

5F4

[

a, 1 + a
2
, b, 1− b,−n

a
2
, 1 + a− b, a + b, 1 + a+ n

; 1

]

=
(a)n(1 + a)n

(a + b)n(1 + a− b)n
. (2.1)

Apply the partial derivative operator Db to both sides of (2.1) to obtain

n
∑

k=1

(a)k(1 +
a
2
)k(b)k(1− b)k(−n)k

(1)k(
a
2
)k(1 + a− b)k(a+ b)k(1 + a + n)k

×
{

k
∑

i=1

1

b− 1 + i
−

k
∑

i=1

1

−b+ i
+

k
∑

i=1

1

a− b+ i
−

k
∑

i=1

1

a + b− 1 + i

}

=
(a)n(1 + a)n

(a+ b)n(1 + a− b)n

{

n
∑

j=1

1

a− b+ j
−

n
∑

j=1

1

a+ b− 1 + j

}

.

Employing the operator Db to both sides of the last equation, there holds

n
∑

k=1

(a)k(1 +
a
2
)k(b)k(1− b)k(−n)k

(1)k(
a
2
)k(1 + a− b)k(a+ b)k(1 + a + n)k

×
{

[ k
∑

i=1

1

b− 1 + i
−

k
∑

i=1

1

−b+ i
+

k
∑

i=1

1

a− b+ i
−

k
∑

i=1

1

a+ b− 1 + i

]2

−
[ k
∑

i=1

1

(b− 1 + i)2
+

k
∑

i=1

1

(−b+ i)2
−

k
∑

i=1

1

(a− b+ i)2
−

k
∑

i=1

1

(a+ b− 1 + i)2

]

}

=
(a)n(1 + a)n

(a + b)n(1 + a− b)n

{

[ n
∑

j=1

1

a− b+ j
−

n
∑

j=1

1

a+ b− 1 + j

]2

+

[ n
∑

j=1

1

(a− b+ j)2
+

n
∑

j=1

1

(a + b− 1 + j)2

]

}

. (2.2)

The a = b = 1
2
case of (2.2) can be manipulated as

n
∑

k=1

(4k + 1)
(1
2
)3k

k!3
(−n)k
(3
2
+ n)k

2k
∑

i=1

(−1)i

i2
=

Γ(1
2
+ n)Γ(3

2
+ n)

Γ(1 + n)Γ(1 + n)

1

Γ(1
2
)Γ(3

2
)

n
∑

j=1

1

4j2
.
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Letting n → ∞ in the above identity, we arrive at

∞
∑

k=1

(−1)k(4k + 1)
(1
2
)3k

k!3

2k
∑

i=1

(−1)i

i2
=

1

Γ(1
2
)Γ(3

2
)

∞
∑

j=1

1

4j2
.

Calculating the series, which is on the right-hand side, by Euler’s formula:

∞
∑

j=1

1

j2
=

π2

6
, (2.3)

we are led to (1.7).

Secondly, we shall give the proof of Theorem 1.2.

Proof of Theorem 1.2. An original Gosper Conjecture (cf. [10, p. 307]) is

7F6

[

a, 1 + a
2
, a+ 1

2
, b, 1− b, 2a+1

3
+ n,−n

a
2
, 1
2
, 2a−b+3

3
, 2a+b+2

3
,−3n, 1 + 2a+ 3n

; 1

]

=
(1+b

3
)n(

2−b
3
)n(

2a+2
3

)n(
2a+3
3

)n

(1
3
)n(

2
3
)n(

2a−b+3
3

)n(
2a+b+2

3
)n
, (2.4)

the nonterminating form of which can be seen in Gasper and Rahman [8, Equation (1.6)].
By means of the partial derivative operator Db and the a → a/2 case of (2.4), we have

n
∑

k=1

(a
2
)k(1 +

a
4
)k(

a+1
2
)k(b)k(1− b)k(

a+1
3

+ n)k(−n)k

(1)k(
a
4
)k(

1
2
)k(

a−b+3
3

)k(
a+b+2

3
)k(−3n)k(1 + a + 3n)k

×
{

k
∑

i=1

3

b− 1 + i
−

k
∑

i=1

3

−b+ i
+

k
∑

i=1

1
a−b
3

+ i
−

k
∑

i=1

1
a+b−1

3
+ i

}

=
(1+b

3
)n(

2−b
3
)n(

a+2
3
)n(

a+3
3
)n

(1
3
)n(

2
3
)n(

a−b+3
3

)n(
a+b+2

3
)n

×
{

n
∑

j=1

1
b−2
3

+ j
−

n
∑

j=1

1
−b−1

3
+ j

+
n

∑

j=1

1
a−b
3

+ j
−

n
∑

j=1

1
a+b−1

3
+ j

}

.

According to the operator Db and the last equation, it is routine to understand that

n
∑

k=1

(a
2
)k(1 +

a
4
)k(

a+1
2
)k(b)k(1− b)k(

a+1
3

+ n)k(−n)k

(1)k(
a
4
)k(

1
2
)k(

a−b+3
3

)k(
a+b+2

3
)k(−3n)k(1 + a+ 3n)k

×
{

[ k
∑

i=1

3

b− 1 + i
−

k
∑

i=1

3

−b+ i
+

k
∑

i=1

1
a−b
3

+ i
−

k
∑

i=1

1
a+b−1

3
+ i

]2

−
[ k
∑

i=1

9

(b− 1 + i)2
+

k
∑

i=1

9

(−b+ i)2
−

k
∑

i=1

1

(a−b
3

+ i)2
−

k
∑

i=1

1

(a+b−1
3

+ i)2

]

}
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=
(1+b

3
)n(

2−b
3
)n(

a+2
3
)n(

a+3
3
)n

(1
3
)n(

2
3
)n(

a−b+3
3

)n(
a+b+2

3
)n

×
{

[ n
∑

j=1

1
b−2
3

+ j
−

n
∑

i=1

1
−b−1

3
+ j

+
n

∑

j=1

1
a−b
3

+ j
−

n
∑

j=1

1
a+b−1

3
+ j

]2

−
[ n
∑

j=1

1

( b−2
3

+ j)2
+

n
∑

j=1

1

(−b−1
3

+ j)2
−

n
∑

j=1

1

(a−b
3

+ j)2
−

n
∑

j=1

1

(a+b−1
3

+ j)2

]

}

. (2.5)

The a = b = 1
2
case of (2.5) produces

n
∑

k=1

(8k + 1)
(1
2
)k(

1
4
)k(

3
4
)k

k!3
(1
2
+ n)k(−n)k

(3
2
+ 3n)k(−3n)k

k
∑

i=1

{

1

(2i− 1)2
− 1

36i2

}

=
1

9

Γ(1
2
+ n)2Γ(5

6
+ n)Γ(7

6
+ n)

Γ(1 + n)2Γ(1
3
+ n)Γ(2

3
+ n)

Γ(1
3
)Γ(2

3
)

Γ(1
2
)2Γ(5

6
)Γ(7

6
)

2n
∑

j=1

(−1)j−1

j2
.

Letting n → ∞ in the upper identity, we get

∞
∑

k=1

(8k + 1))
(1
2
)k(

1
4
)k(

3
4
)k

k!3 9k

k
∑

j=1

{

1

(2j − 1)2
− 1

16j2

}

=
1

9

Γ(1
3
)Γ(2

3
)

Γ(1
2
)2Γ(5

6
)Γ(7

6
)

∞
∑

j=1

(−1)j−1

j2
. (2.6)

On the base of Euler’s formula (2.3), we can find that

∞
∑

j=1

1

(2j − 1)2
=

∞
∑

j=1

1

j2
−

∞
∑

j=1

1

(2j)2
=

π2

8
.

So there is the formula
∞
∑

j=1

(−1)j−1

j2
=

∞
∑

j=1

1

(2j − 1)2
−

∞
∑

i=1

1

(2j)2
=

π2

12
. (2.7)

Substituting (2.7) into (2.6), we catch hold of (1.8).

Thirdly, we shall display the proof of Theorem 1.3.

Proof of Theorem 1.3. A known 7F6 summation formula ((cf. [6, p. 37]) can be written
as

7F6

[

a, 1 + a
2
, a− 1

2
, b, 2− b, 2a+2

3
+ n,−n

a
2
, 3
2
, 2a−b+3

3
, 2a+b+1

3
,−1− 3n, 1 + 2a+ 3n

; 1

]

=
(2+b

3
)n(

4−b
3
)n(

2a+1
3

)n(
2a+3
3

)n

(2
3
)n(

4
3
)n(

2a−b+3
3

)n(
2a+b+1

3
)n
, (2.8)

7



the nonterminating form of which can be observed in Gasper and Rahman [8, Equation
(4.7)]. Apply the partial derivative operator Db to the a → a/2 case of (2.8) to deduce

n
∑

k=1

(a
2
)k(1 +

a
4
)k(

a−1
2
)k(b)k(2− b)k(

a+2
3

+ n)k(−n)k

(1)k(
a
4
)k(

3
2
)k(

a−b+3
3

)k(
a+b+1

3
)k(−1− 3n)k(1 + a+ 3n)k

×
{

k
∑

i=1

3

b− 1 + i
−

k
∑

i=1

3

1− b+ i
+

k
∑

i=1

1
a−b
3

+ i
−

k
∑

i=1

1
a+b−2

3
+ i

}

=
(2+b

3
)n(

4−b
3
)n(

a+1
3
)n(

a+3
3
)n

(2
3
)n(

4
3
)n(

a−b+3
3

)n(
a+b+1

3
)n

×
{

n
∑

j=1

1
b−1
3

+ j
−

n
∑

j=1

1
1−b
3

+ j
+

n
∑

j=1

1
a−b
3

+ j
−

n
∑

j=1

1
a+b−2

3
+ j

}

.

Employing the operator Db to both sides of the last equation, it is easy to realize that

n
∑

k=1

(a
2
)k(1 +

a
4
)k(

a−1
2
)k(b)k(2− b)k(

a+2
3

+ n)k(−n)k

(1)k(
a
4
)k(

3
2
)k(

a−b+3
3

)k(
a+b+1

3
)k(−1− 3n)k(1 + a + 3n)k

×
{

[ k
∑

i=1

3

b− 1 + i
−

k
∑

i=1

3

1− b+ i
+

k
∑

i=1

1
a−b
3

+ i
−

k
∑

i=1

1
a+b−2

3
+ i

]2

−
[ k
∑

i=1

9

(b− 1 + i)2
+

k
∑

i=1

9

(1− b+ i)2
−

k
∑

i=1

1

(a−b
3

+ i)2
−

k
∑

i=1

1

(a+b−2
3

+ i)2

]

}

=
(2+b

3
)n(

4−b
3
)n(

a+1
3
)n(

a+3
3
)n

(2
3
)n(

4
3
)n(

a−b+3
3

)n(
a+b+1

3
)n

×
{

[ n
∑

j=1

1
b−1
3

+ j
−

n
∑

j=1

1
1−b
3

+ j
+

n
∑

j=1

1
a−b
3

+ j
−

n
∑

j=1

1
a+b−2

3
+ j

]2

−
[ n
∑

j=1

1

( b−1
3

+ j)2
+

n
∑

j=1

1

(1−b
3

+ j)2
−

n
∑

j=1

1

(a−b
3

+ j)2
−

n
∑

j=1

1

(a+b−2
3

+ j)2

]

}

. (2.9)

The a = −1
2
, b = 1 case of (2.9) engenders

n
∑

k=1

(8k − 1)
(1)k(−1

4
)k(−3

4
)k

(1
2
)2k(

3
2
)k

(1
2
+ n)k(−n)k

(1
2
+ 3n)k(−1− 3n)k

k
∑

i=1

{

1

(2i− 1)2
− 9

4i2

}

=
Γ(1 + n)2Γ(1

6
+ n)Γ(5

6
+ n)

Γ(1
2
+ n)2Γ(2

3
+ n)Γ(4

3
+ n)

Γ(1
2
)2Γ(2

3
)Γ(4

3
)

Γ(1
6
)Γ(5

6
)

2n
∑

j=1

(−1)j

j2
.

Letting n → ∞ in this identity and using (2.7), we discover (1.9).
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3 Proof of Theorems 1.4-1.6

For proving Theorem 1.4, we need the q-analogue of Dougall’s 5F4 summation formula
(cf. [9, Equation (2.4.2)]):

6φ5

[

a, qa
1

2 ,−qa
1

2 , b, c, q−n

a
1

2 ,−a
1

2 , aq/b, aq/c, aqn+1
; q,

aqn+1

bc

]

=
(aq, aq/bc; q)n
(aq/b, aq/c; q)n

. (3.1)

Now we are ready to prove Theorem 1.4.

Proof of Theorem 1.4. Apply the partial derivative operator Db to the c = q/b case of
(3.1) to obtain

n
∑

k=1

1− aq2k

1− a

(a, b, q/b, q−n; q)k
(q, aq/b, ab, aqn+1; q)k

(aqn)kAk(a, b) =
(a, aq; q)n

(ab, aq/b; q)n
Bn(a, b),

where

Ak(a, b) =

k
∑

i=1

qi−1

1− bqi−1
−

k
∑

i=1

qi/b2

1− qi/b
+

k
∑

i=1

aqi/b2

1− aqi/b
−

k
∑

i=1

aqi−1

1− abqi−1
,

Bn(a, b) =

n
∑

j=1

aqj/b2

1− aqj/b
−

n
∑

j=1

aqj−1

1− abqj−1
.

Employing the operator Db to both sides of the last equation, there holds
n

∑

k=1

1− aq2k

1− a

(a, b, q/b, q−n; q)k
(q, aq/b, ab, aqn+1; q)k

(aqn)k
{

Ak(a, b)
2 − Ck(a, b)

}

=
(a, aq; q)n

(ab, aq/b; q)n

{

Bn(a, b)
2 −Dn(a, b)

}

, (3.2)

where

Ck(a, b) =

k
∑

i=1

q2i−2

(1− bqi−1)2
−

k
∑

i=1

(qi/b− 2)qi/b3

(1− qi/b)2

+
k

∑

i=1

(aqi/b− 2)aqi/b3

(1− aqi/b)2
−

k
∑

i=1

a2q2i−2

(1− abqi−1)2
,

Dn(a, b) =

n
∑

j=1

(aqj/b− 2)aqj/b3

(1− aqj/b)2
−

n
∑

j=1

a2q2j−2

(1− abqj−1)2
.

The a → q, b → q, q → q2 case of (3.2) reads

n
∑

k=1

[4k + 1]
(q; q2)3k
(q2; q2)3k

(q−2n; q2)k
(q3+2n; q2)k

q(1+2n)k
2k
∑

i=1

(−1)i
qi

[i]2
=

(q, q3; q2)n
(q2; q2)2n

n
∑

j=1

q2j

[2j]2
.

Letting n → ∞ in the above identity, we arrive at (1.10).
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In order to prove Theorem 1.5, we require the summation formula for basic hyperge-
ometric series (cf. [7, p. 65]):

n
∑

k=0

1− a
2

3 q
4k

3

1− a
2

3

(a
2

3 ; q
1

3 )2k

(q
1

3 ; q
1

3 )2k

(b
1

3 , q
1

3 b−
1

3 ; q
1

3 )k

(a
2

3 qn+
1

3 , q−n; q
1

3 )k

(a
2

3 qn+
1

3 , q−n; q)k

(qa
2

3 b−
1

3 , q
2

3a
2

3 b
1

3 ; q)k
q

k

3

=
(q

1

3a
2

3 ; q
1

3 )n

(q
1

3 ; q
1

3 )n

(q, q
1

3 b
1

3 , q
2

3 b−
1

3 ; q)n

(q
1

3a
2

3 , qa
2

3 b−
1

3 , q
2

3a
2

3 b
1

3 ; q)n
, (3.3)

where we have replaced

(b
1

3 , q
1

3 b−
1

3 ; q)k

(a
2

3 qn+
1

3 , q−n; q)k
by

(b
1

3 , q
1

3 b−
1

3 ; q
1

3 )k

(a
2

3 qn+
1

3 , q−n; q
1

3 )k

for correction. The nonterminating form of (3.3) can be seen in Gasper and Rahman [8,
Equation (1.8)].

Subsequently, we start to prove Theorem 1.5.

Proof of Theorem 1.5. Via the partial derivative operator Db and the a → a3/2, b →
b3, q → q3 of (3.3), we get

n
∑

k=1

1− aq4k

1− a

(a; q)2k
(q; q)2k

(b, q/b; q)k
(aq3n+1, q−3n; q)k

(aq3n+1, q−3n; q3)k
(aq3/b, abq2; q3)k

qkEk(a, b)

=
(aq; q)3n
(q; q)3n

(q3, bq, q2/b; q3)n
(aq, aq3/b, abq2; q3)n

Fn(a, b),

where

Ek(a, b) =

k
∑

i=1

qi−1

1− bqi−1
−

k
∑

i=1

qi/b2

1− qi/b
+

k
∑

i=1

aq3i/b2

1− aq3i/b
−

k
∑

i=1

aq3i−1

1− abq3i−1
,

Fn(a, b) =

n
∑

j=1

q3j−2

1− bq3j−2
−

n
∑

j=1

q3j−1/b2

1− q3j−1/b
+

n
∑

j=1

aq3j/b2

1− aq3j/b
−

n
∑

j=1

aq3j−1

1− abq3j−1
.

Through the operator Db and the last equation, it is clear that

n
∑

k=1

1− aq4k

1− a

(a; q)2k
(q; q)2k

(b, q/b; q)k
(aq3n+1, q−3n; q)k

(aq3n+1, q−3n; q3)k
(aq3/b, abq2; q3)k

qk
{

Ek(a, b)
2 −Gk(a, b)

}

=
(aq; q)3n
(q; q)3n

(q3, bq, q2/b; q3)n
(aq, aq3/b, abq2; q3)n

{

Fn(a, b)
2 −Hn(a, b)

}

, (3.4)

where

Gk(a, b) =

k
∑

i=1

q2i−2

(1− bqi−1)2
−

k
∑

i=1

(qi/b− 2)qi/b3

(1− qi/b)2
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+

k
∑

i=1

(aq3i/b− 2)aq3i/b3

(1− aq3i/b)2
−

k
∑

i=1

a2q6i−2

(1− abq3i−1)2
,

Hn(a, b) =

n
∑

j=1

q6j−4

(1− bq3j−2)2
−

n
∑

j=1

(q3j−1/b− 2)q3j−1/b3

(1− q3j−1/b)2

+

n
∑

j=1

(aq3j/b− 2)aq3j/b3

(1− aq3j/b)2
−

n
∑

j=1

a2q6j−2

(1− abq3j−1)2
.

The a → q, b → q, q → q2 case of (3.4) can be manipulated as

n
∑

k=1

q2k[8k + 1]
(q; q2)2k(q; q

2)2k
(q2; q2)2k(q6; q6)

2
k

(q3+6n, q−6n; q6)k
(q3+6n, q−6n; q2)k

k
∑

i=1

{

q2i−1

[2i− 1]2
− q6i

[6i]2

}

=
(q3; q2)3n(q

3; q6)n
(q2; q2)3n(q6; q6)n

2n
∑

j=1

(−1)j−1 q3j

[3j]2
.

Letting n → ∞ in the upper identity, we are led to Theorem 1.5.

For the aim to prove Theorem 1.6, we shall draw support from the summation formula
for basic hypergeometric series (cf. [7, p. 65]):

n
∑

k=0

1− a
2

3 q
4k

3

1− a
2

3

(q−n, a
2

3 qn+
2

3 ; q)k

(qa
2

3 b−
1

3 , q
1

3a
2

3 b
1

3 ; q)k

(b
1

3 , q
2

3 b−
1

3 ; q
1

3 )k

(a
2

3 qn+
1

3 , q−n− 1

3 ; q
1

3 )k

(a
2

3 ; q
1

3 )2k

(q
1

3 ; q
1

3 )2k
q

k

3

=
(q

2

3a
2

3 ; q
1

3 )n

(q
1

3 ; q
1

3 )n

(q, q
2

3 b
1

3 , q
4

3 b−
1

3 ; q)n

(q
2

3a
2

3 , qa
2

3 b−
1

3 , q
1

3a
2

3 b
1

3 ; q)n
, (3.5)

where we have replaced

(b
1

3 , q
2

3 b−
1

3 ; q)k

(a
2

3 qn+
1

3 , q−n− 1

3 ; q)k
by

(b
1

3 , q
2

3 b−
1

3 ; q
1

3 )k

(a
2

3 qn+
1

3 , q−n− 1

3 ; q
1

3 )k

for correction. The nonterminating form of (3.5) can be observed in Gasper and Rahman
[8, Equation (4.5)].

Finally, we begin to prove Theorem 1.6.

Proof of Theorem 1.6. Apply the partial derivative operator Db to the a → a3/2, b →
b3, q → q3 case of (3.5) to deduce

n
∑

k=1

1− aq4k

1− a

(a/q; q)2k
(q2; q)2k

(b, q2/b; q)k
(aq3n+1, q−1−3n; q)k

(aq3n+2, q−3n; q3)k
(aq3/b, abq; q3)k

qkRk(a, b)

=
(aq; q)3n
(q2; q)3n

(q3, bq2, q4/b; q3)n
(aq2, aq3/b, abq; q3)n

Sn(a, b),

11



where

Rk(a, b) =
k

∑

i=1

qi−1

1− bqi−1
−

k
∑

i=1

qi+1/b2

1− qi+1/b
+

k
∑

i=1

aq3i/b2

1− aq3i/b
−

k
∑

i=1

aq3i−2

1− abq3i−2
,

Sn(a, b) =
n

∑

j=1

q3j−1

1− bq3j−1
−

n
∑

j=1

q3j+1/b2

1− q3j+1/b
+

n
∑

j=1

aq3j/b2

1− aq3j/b
−

n
∑

j=1

aq3j−2

1− abq3j−2
.

Employing the operator Db to both sides of the last equation, it is obvious that

n
∑

k=1

1− aq4k

1− a

(a/q; q)2k
(q2; q)2k

(b, q2/b; q)k
(aq3n+1, q−1−3n; q)k

(aq3n+2, q−3n; q3)k
(aq3/b, abq; q3)k

qk
{

Rk(a, b)
2 − Uk(a, b)

}

=
(aq; q)3n
(q2; q)3n

(q3, bq2, q4/b; q3)n
(aq2, aq3/b, abq; q3)n

{

Sn(a, b)
2 − Vn(a, b)

}

, (3.6)

where

Uk(a, b) =
k

∑

i=1

q2i−2

(1− bqi−1)2
−

k
∑

i=1

(qi+1/b− 2)qi+1/b3

(1− qi+1/b)2

+

k
∑

i=1

(aq3i/b− 2)aq3i/b3

(1− aq3i/b)2
−

k
∑

i=1

a2q6i−4

(1− abq3i−2)2
,

Vn(a, b) =
n

∑

j=1

q6j−2

(1− bq3j−1)2
−

n
∑

j=1

(q3j+1/b− 2)q3j+1/b3

(1− q3j+1/b)2

+
n

∑

j=1

(aq3j/b− 2)aq3j/b3

(1− aq3j/b)2
−

n
∑

j=1

a2q6j−4

(1− abq3j−2)2
.

The a → q−1, b → q2, q → q2 case of (3.6) engenders

n
∑

k=1

q2k[8k − 1]
(q2; q2)2k(q

−3; q2)2k
(q4; q2)2k(q3; q6)2k

(q3+6n, q−6n; q6)k
(q1+6n, q−2−6n; q2)k

k
∑

i=1

{

q6i−3

[6i− 3]2
− q2i

[2i]2

}

=
(q; q2)3n(q

6; q6)3n
(q4; q2)3n(q3; q6)3n

2n
∑

j=1

(−1)j
q3j−1

[3j]2
.

Letting n → ∞ in this identity, we catch hold of Theorem 1.6.
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