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Extremal behavior of stationary marked point processes
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Abstract

We consider stationary configurations of points in Euclidean space which are
marked by positive random variables called scores. The scores are allowed to depend
on the relative positions of other points and outside sources of randomness. Such
models have been thoroughly studied in stochastic geometry, e.g. in the context of
random tessellations or random geometric graphs.

It turns out that in a neighbourhood of a point with an extreme score one can
often rescale positions and scores of nearby points to obtain a limiting point process,
which we call the tail configuration. Under some assumptions on dependence between
scores, this local limit determines the global asymptotics for extreme scores within
increasing windows in R%. The main result establishes the convergence of rescaled
positions and clusters of high scores to a Poisson cluster process, quantifying the idea
of the Poisson clumping heuristic by D. Aldous (in the point process setting).

We apply our results to models based on (marked) Poisson processes where the
scores depend on the distance to the kth nearest neighbor and where scores are al-
lowed to propagate through a random network of points depending on their locations.

Keywords: cluster; extreme score; marked point process; moving maxima; nearest
neighbor; Poisson convergence
MSC 2020: Primary 60G70; Secondary 60D05; 60G55; 60G57

1 Introduction

In studies of extreme, or rare, features in a point process configuration, Poisson limits
and extreme value distributions naturally appear, see, for instance, Owada [19], Otto [18]
or Bobrowski et al. [7]. For geometric structures without a significant local dependence
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Poisson limits are not unexpected. In this case, high scores essentially arrive as isolated
points which makes analysis relatively simple. In more complicated cases, one can try
to remove clumps of large scores in the language of Aldous [1]. However, if one simply
substitutes a clump (or a cluster) of large scores by a single score, one looses important
information about the geometric properties of the limiting extremal objects. Here we derive
and present a mathematically rigorous solution to this problem.

In particular, we present techniques suitable to analyze extremes of marked point pro-
cesses in Euclidean space. Intuitively, these processes can be viewed as a sequence of scores
(i.e., random values) recorded at random locations. We concentrate on points whose scores
are high with the aim to understand the appearance of other such points nearby, meaning
that we allow extreme scores arising in clusters. Such clustering phenomenon has been well
described by Aldous [1], see Chenavier and Robert [8] for a recent analysis of extremes in
random tessellations.

Our key concept is that of the tail configuration, which is closely related to the tail
process introduced in [5] and since then widely used in time series [11, 13, 15]. For station-
ary time series this process appears after conditioning upon a high score at zero. When
adapting this idea to spatial setting, one needs to work with Palm versions of marked point
processes, which necessarily has a point located at the origin, and then condition upon the
fact that the score at 0 is high. Passing to the limit involves scaling down the scores, but
often also requires scaling of the locations.

The resulting tail configuration provides a local description of the clustering phe-
nomenon related to high scores. Looking at high scores globally in a big domain shows
that they build islands (clusters of points) in space. Our main result Theorem 4.2 provides
a limit theorem showing convergence of such global cluster process to a marked Poisson
process in the space, whose marks are point processes themselves considered equivalent up
to translation. In this way we factor out positions of the clusters and explicitly describe
the limiting distribution and the extremal index which provides the information about the
mean cluster size. One can compare our result with its classical counterpart for discrete
time stationary sequences as presented in [4, Theorem 3.6] or [15, Theorem 6.1.4].

Although our theory applies much more generally, we illustrate our results on two
examples with scores obtained from a background Poisson point process. In the first
one, the scores are simply reciprocals to the distance between a point and its kth nearest
neighbor. As a special case of this example, for £ = 1 one describes the limiting structure of
the process of points with large inradii in the Poisson—Voronoi tessellation, studied in [8] in
dimension 2. In our second example, the points are initially marked by i.i.d. random values,
but the actual score at a point ¢ say, depends also on the (weighted) values at the points in
a possibly random neighborhood of ¢. The example can be seen as a generalization of the
moving maxima model from time series analysis. But here, we are particularly interested
to see how large values propagate in such a random network.

The paper is organized as follows. Section 2.1 sets up our basic definitions. Section 3
introduces the tail process and its spectral counterpart. Its central result is a certain
invariance property of the tail configuration (Theorem 3.4), which is related to the time-
change formula from time series, see [5]; cf. also [22] and [16] for a discussion on the
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connection to standard Palm theory. Section 4 contains the main result which provides a
Poisson approximation of extremal clusters. The construction involves the standard idea of
splitting the space into rectangular blocks. Three main assumptions consist of conditions
on block sizes and dependence within and between extremal blocks, see Section 4.4. In
Section 4.5 we discuss the representation of the extremal index and the distribution of
the typical cluster. The key concept here is the idea of an anchoring function, which is
motivated by a similar concept from random fields indexed over Z?, see [3]. The proof of
the main result is postponed to Section 6. Section 5.1 treats in detail the case of scores
derived from the neighboring structure of a stationary Poisson process in Euclidean space.
In Section 5.2 we deal with the moving maxima model. In both examples the main steps
consist of determining the tail configuration and then checking the appropriate dependence
conditions.

2 Random counting measures and marked point pro-
cesses

2.1 Basic definitions

Consider the space E := R? x (0, 00) with the standard product topology and the Borel
o-algebra B(E). A point in E is written as (,s), where t € R? is said to be the position
and s > 0 is the mark or score (at t).

A Borel measure p on E is said to be a counting measure if it takes values {0, 1,2,...} U
{oco} on B(E). Denote by p the projection of u on R%, that is, y'(B) = u(B x (0,00)) for
each Borel B in R?. We call a counting measure simple if its projection on R is simple, that
is, u({t} x (0,00)) < 1 for all t € RY. We write (¢,s) € p and u(t) = s if u({(t,s)}) = 1;
for convenience, if u({t} x (0,00)) = 0 we will sometimes write u(¢) = 0. Each simple
counting measure g is uniquely represented by the set of its atoms. To emphasize this, we
write

= Z(t,s)e,u 5(t75)’

or equivalently, u = {(t;,s;) : i = 1,...,k}, where k is the total number of atoms in y
(which may be infinite). For a Borel function f: E — R, denote

H(0)= [ 1= e, S 025)

In the following, it is essential to single out families of sets where counting measures
take finite values. Introduce subfamilies By, Big, Bor € B(E):

i) A€ By if AC B x (g,00) for some B C R? bounded and € > 0;
ii) A€ By if AC B x (0,00) for some B C R? bounded;

iii) A€ By if ACR?x (g,00) for some € > 0.



For consistency, we sometimes write By, := B(E). These families provide examples of
a boundedness or bornology on E, see [2], and clearly satisfy By = Big N Bos.-

Let N;; denote the family of simple counting measures with finite values on By, i,j €
{0,1}. For convenience, in the sequel denote N := Nj;. Note that Nyy C Ny N Nig and
Not UNjg € Npp = N. The families V;; are equipped with the vague topology determined
by the choice of the boundedness, see [2].

Definition 2.1. Counting measures (fi, )nen from N;; with i, j € {0, 1} are said to converge
to u € Njj as n — oo in B;; or Byj-vaguely (notation p,, =% ) if pn(f) — p(f) as n — oo
for all continuous bounded functions f : E — R whose support is in some B € B;;.

The notion of B;;-vague convergence on N;; can be seen as convergence with respect
to the smallest topology on N;; which makes the mappings p — p(f) continuous for all
continuous bounded functions f : E — R whose support is in some B € B;;; call this
topology the B;;-vague topology. Since the extension of this topology to the larger space
of all Borel measures on E which are finite on elements of B;;, is known to be Polish (see
[14, Theorem 4.2] and [2, Theorem 3.1]), the B;;-vague topology on N;; is separable and
metrizable.

We have used the phrase B;;-vague instead of simply vague since one can consider N;;
with respect to the (weaker) By ;-vague topology whenever N;; C N, which is equivalent
to Bi’j’ Q BZJ

Define the shift operators ¢., z € R%, on E by letting

0. (t,s) = (t—z,9),

and let

PaH = Dy Ope(08) = 2ot,s)ep Olt—2.9)-

Thus, if ¢ at z has score s, then s becomes the score of ¢, at 0, so that the shift applies
only to positions, leaving the scores unchanged. Since the families B;; are invariant under
shifts, the families A;; are also invariant. Observe that the mapping (z, ) — @.p from
R? x Nj; to Nj; is continuous if N; is equipped with the vague topology generated by any
By C By

The sets N, i,j = 0,1, are equipped with the Borel o-algebra generated by the maps
B +— pu(B) for all B € B(E); this coincides with the Borel o-algebra generated by B;;-
vaguely open sets. A random counting measure is a random element X in A. It is called
stationary if ., X and X coincide in distribution for all z € R

If a random counting measure X takes values from a smaller family N, then X is called
a marked point process on R? (with marks in (0,00)). Then, for all bounded A C R?, we
have X (A x (0,00)) < 00 a.s., that is, the number of t € A such that (¢,s) € X for some
s > 0, is almost surely finite. We assume throughout that this number has a finite mean.
If X is stationary, the expected value of X (A x (0,00)) is proportional to the Lebesgue
measure of A € B(R?). The coefficient of proportionality A is said to be the intensity of
X. Later on we usually assume that A = 1.



Each stationary marked point process X on R? of finite intensity admits its Palm
version X, which is a marked point process on R?, satisfying

E |:Z(t7s)6X hit, @tX)] = )\/

Rd

E [h(t,f()} dt (2.1)

for all measurable h : R? x Ay — R,. The Palm version X has the following invariance
property

E Y es bt oX)| = B[S e hit, X)| (2.2)

for all measurable h : R? x Njg — Ry, see [10, Theorem 13.2.VIII]. Note that X almost
surely contains the point (0,&); the random variable £ := X (0) is said to be the score of
the Palm version at the origin.

Let —2+ denote weak convergence of probability measures and —4+ the corresponding
convergence in distribution. Distributional convergence of random counting measures in
N is understood with respect to a particular version of the vague topology, and so relies
on the choice of the corresponding boundedness. It is well known that X,, ~4 X in B;; if
and only if the Laplace functionals of X,

Li(X,) = B exp{ = T ex, F(5)}

converge to Lg(X) as n — oo for all continuous f : E — [0, 00) with support in B;;, see
[14, Theorem 4.11].

2.2 A general construction of scores

In our examples we deal with marked point processes X derived from a marked Poisson
point process using the following general construction. Let P be an independently marked
stationary Poisson process in R¢, where R? is the space of locations and the marks take
values from (0, 00). Note that trivial amendments make it possible to consider the marks
taking values in a general Polish space, and allow this construction to be applied to a
general marked point processes. The intensity measure of P is the product of the Lebesgue
measure on R? (possibly, scaled by a constant) and a probability measure m on (0, c0).

Consider a measurable function ¢ : R4 x Ny — (0, 00) such that ¢ (t—z, o, ) = ¥(t, i)
for all z € R% In the following 1 is called a scoring function. For p := 25@72) € Mo
denote

W(K) =D 4 2pep Otutm) -

This defines a mapping from Njy to Njg. While this mapping does not change locations
of points, it equips each point ¢ € p/ with a new score s = 9 (t, u). The same construction
can be clearly applied to a Poisson process in R? without marks, which fits in the above
framework by letting all the marks equal to 0 say.



The shift-invariance property of ¢) implies that

U(pzp) = @2 (V (1)) - (2.3)
By the Poisson assumption, the Palm version of P is given by
P =P+,
where ( has distribution m, and is independent of P.
Lemma 2.2. The Palm version of W(P) is given by U(P).

Proof. The Palm version P satisfies

EWZ@WTMu%Pﬂ:A/imMLPﬁM

Therefore, (2.3) yields that
E| Y e bt o ¥(P)| = B| S pep bt U P))| = A fru El(, W(P))]dt

By the definition of Palm measure, the left-hand side is

—_~—

A/Em@wmmm

so that the Palm version of W(P) is indeed W(P). O

3 Tail configuration
Define a family of scaling operators T, , : E — E, u,v > 0, by
Tou(t,s) = (t/v,s/u), (t,s)e€LE. (3.1)

For every pu € N, define its scaled version T, ,u by letting (15, ,p)(A) := p(Ty-1,-1A) for
all Borel A. Equivalently, Ty upt = Y 0¢/ps/u if o= d¢s.

In the following we mostly work with counting measures scaled by T}.(,). for v > 0,
where a function r : (0, 00) — (0, 00), is fixed and regularly varying at infinity, i.e.,

r(u) = l(u)u’, u>0, (3.2)

for some § € R and a slowly varying function [. We will refer to r and 3 as the scaling
function and scaling index, respectively. Note that § =0 and r(u) = 1 are allowed.



Definition 3.1. Fix a function r which is regularly varying at infinity. Let X € N be
a stationary marked point process on E with Palm version X and the score at the origin
being &. If there exists a random counting measure Y € A such that Y ({0} x (1,00)) =1
a.s. and

P(Tr(u)mf( €E-|é&>u)SHPYe) asu— 0 (3.3)

with respect to the Bjj-vague topology, then Y is called the tail configuration of X (with
respect to the scaling function r).

Note that the tail configuration Y is assumed to be simple and it necessarily contains
the point (0,7) with P(n > 1) = 1. We call the random variable n the tail score at
the origin. While X and X are marked point processes and thus belong to Ny, the tail
configuration Y in general takes values in N, which is a larger family.

For ¢ > 0, denote by B. the open Euclidean ball of radius ¢ centered at 0. It is
convenient to denote

Ay = {peN:(0,s) € ufor some s > y}. (3.4)
Observe that the tail process Y almost surely belongs to Aj.

Proposition 3.2. If (3.3) holds then the score at the origin & has a regularly varying tail,
that is,

P >uy)
sy v v0 (8:5)

for some o > 0, and the tail score at the origin n is Pareto(«)-distributed, that is,

Pin>y) =y y=1. (3.6)
Proof. Observe that for a sequence of counting measures p,, in A; and a counting measure
i € Aj such that p,, =% p (in Byy), one can always find a bounded set B € Bj; of the form
B = B. x (1+¢,00) such that u(B) = 1 and p(90B) = 0. It is known that the convergence
of simple counting measures can be reformulated as convergence of their support points
with a suitable enumeration, e.g. see [2, Proposition 2.8], hence pu,(0) — w©(0), i.e., the
score at the origin is a continuous function on N'NA;. By a continuous mapping argument,
¢ /u = Ty X (0), conditionally on € > u, converges in distribution to 7 = Y'(0) as u — oo.

More precisely,
P({ > uy, > u)

—Pn>y) as u— o0

P& > u)
for all y > 0 which are continuity points for . Standard arguments now yield that (3.5)
holds for some o > 0, and (3.6) follows immediately. O



The constant a > 0 from (3.6) will be called the tail index of X, £ and n. Observe
that « is in general unrelated to the scaling index [ of the scaling function r. Further, the
point process

0 =T,V (3.7)

in NV is called the spectral tail configuration of X. By definition, © almost surely contains
the point (0,1).

Proposition 3.3. The spectral tail configuration is independent of n, and satisfies
P(TygeX € |&>u) - P(O€:) as u— o0, (3.8)

Proof. Recall the set A, from (3.4) and note that A, consists of all u € N such that
w({0} x (1,00)) > 1. Consider the family of mappings H,, u > 0, defined by H,(u) :=
(s,r(su)/r(u), pu), where s = u(0) is the score at the origin of p € A;.

Let g, - p as u — oo (in Byy) for some p, and p from A;. Denote s, = p,(0)
and s := p(0). Then s, — s as u — oo. Since r is regularly varying with index [, the
convergence r(yu)/r(u) — y? as u — oo holds locally uniformly in y on (0, 00), see e.g. [24,
Proposition 2.4], so that r(s,u)/r(u) — s” as u — oco. Therefore, H,(j1,) — (s,5°, ) as
u — oo. The extended continuous mapping theorem applied to (3.3) (see [6, Theorem 5.5])
yields that

P((&/u,7(€)/r(w), TrouX) € - | € > u) = P((n,7°,Y) € -)
on (1,00) x (0,00) x N. Another application of the continuous mapping theorem yields
P((&/u, TrgeX) € - | € >u) = P((n,0) € -)
on (1,00) x N. This yields (3.8) and, together with (3.5),
P(n>y,0 € B) = lim P(¢ > wy, Tre e X € B| € > u)

. P& >uy) ~
= lim ——~=2 P(T, XeB
u1—>oo P(g > U) ( res © | € - uy)

=y “P(© € B)=P(n>yP(O € B)

for all y > 1 and all Borel subsets B C N such that P(© € dB) = 0. This implies that n
and © are independent, since the class of all such B’s (denoted by S) is closed under finite
intersections and generates the Borel o-algebra on N. The latter fact follows, since the
vague topology on N is separable and metrizable, so one can represent every open subset
of N as a countable union of open balls which are elements of S. O

To conclude this section, we show that the invariance property (2.2) of the Palm distri-
bution X induces a similar property of the tail configuration ¥ which, as in [22, Section 2],
could be called ezceedance-stationarity, cf. also [16].

8



Theorem 3.4. For every measurable h : RY x N' — [0, 00),

B [Sger b6 )Ly | = B[S ey At o)1) - (3.9)

1

Proof. Since Ty, scales the scores with v™", a score in T, T(u)mf( exceeding 1 corresponds

to a score in X exceeding u. Thus, by (2.2),

E[Z(t 96Ty i1 Trwu X )1{s>1}1{§>u}]
=E Z(tsex h(t/r(u), T, X)l{m»u}1{(TT-<U>,UX><0>>1}]
=E _Ems)eX h(=t/ T(“)’Tﬂu),u@tj()l{(w)?)( 050} LT, 0y w00 >>1}]
=E :Z(t,s)eff h(=t/r(u), ot/r(u) TT(U),UX)]‘{X(O)>u}1{X(t/r(u))>u}:|

=B | X 0en . x M=t o X )1{s>u}1{s>1}] :

We aim to show that both sides (if normalized by P (£ > u)) converge to the corresponding
sides of (3.9). However, a direct application of (3.3) is not possible since the involved
functionals are not necessarily bounded.

By an approximation argument, it suffices to consider a bounded continuous function
h:R% x N — [0,00) such that h(t, ) = 0 for all ¢ outside a ball B,. Choose a > 2¢ such
that Y (0B, x (0,00)) = 0 a.s. Such an a exists, since the projection Y’ of Y onto R? is
the projection ©’ of © scaled by n°. Thus, we can write Y’ = 7’0’ and so

P(Y'NoB, # @) =P(n°6'(0B,) > 0) = 0.

This is easily seen, since the set of u such that u®’ intersects 0B, is a countable set and 7
has an absolutely continuous distribution. By the same argument it is possible to choose
a such that the probability that ||t — || = a for some ¢, € Y’ is also zero.

Fix k € N and consider the maps Hy, Hy : Ay — R, given by

Hi(p) == Z(t,s)eM h(t, 1)1 {u(Bax (1,00) <k} L{s>1}
Hy(p)

Both maps are bounded by ksuph. We need to show that Y belongs to the set of their
discontinuity points with probability zero.
Since Y € N, we have Y (B. X (y,00)) < oo with probability one for all y > 0. By

(3.7),
Y(Be x {y}) = O(Bey-s x {yn'}).

Since 7 has a non-atomic distribution, it is easy to see that Y (B.x{y}) = 0 with probability
one. Given the choice of a, the tail configuration Y is a discontinuity point of H; with
probability zero.

2ty =1 i) Loy (Ba x (1.00) <k} L{s>1} -



For the functional Hy, note that p is a discontinuity point of 1{(yp;u)(B, x (1,00)) < k}
only if ||t — t'|| = a for some (¢, s), (', s") € p. By the choice of a, the tail configuration ¥
is almost surely not a point of discontinuity.

Since E[Hl(Tr(u),uf() | € >ul = E[HQ(TT(U)MX) | € > u] for all u > 0 (argue exactly as
in the beginning of the proof), applying (3.3) we obtain that EH,(Y) = EHy(Y'). Letting
k — oo yields (3.9) for all continuous bounded functions h which vanish for t ¢ B.. O

Remark 3.5. Exceedance-stationarity property (3.9) and the polar decomposition from
Proposition 3.3 yield

E [$0c0 h(—3/5" Tro.s010)| =B [0 by, ©)s°

for every measurable h : R? x N' — [0, 00), see [22, Remark 2.11]. This property of the
spectral tail configuration can be seen as the analogue of the time-change formula known
to characterize the class of all spectral tail processes (and thus tail processes) of regularly
varying time series, see [11, 13].

4 Poisson approximation for extremal clusters

In what follows assume that X is a stationary marked point process on R of unit intensity
with marks (scores) in (0, c0), which admits a tail configuration Y in the sense of Defini-
tion 3.1. The main goal of this section is to describe the limiting behavior of scores of X
in [0, 7]¢ which exceed a suitably chosen high threshold, as 7 and the threshold size tend
to infinity.

4.1 Extremal blocks

Let (a,),~o be a family of positive real numbers chosen such that

lim E| Y cxieos 1{3%}] = lim, oo TP(¢ > a,) = 1, (4.1)

T—00

where the first equality follows from the refined Campbell’s theorem (2.1). By (3.5),

lim 7P (€ > a,e) =%, > 0. (4.2)

T—00

Let (b;),>0 be a family of positive real numbers such that b, /7 — 0 as 7 — oo. Divide
the hypercube [0, 7]¢ into blocks of side length b, defined as

d
Jri = X](i; — 1)bs,i;b,] C R? (4.3)
j=1
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for 4 = (iy,...,iq) € I := {1,..., k. }¢, where k, := LT/bTJ 1 For every 1 € I, define

XT,i = XJ

%)

(4.4)

which is the restriction of X to J.; x (0,00).
For fixed 7 and ¢, think of clusters of extremal scores of X as blocks X, ; which contain
at least one score exceeding a,e. For every ¢ € I, by (4.2) and since b, /7 — 0,

P(X.; is an extremal cluster) = P(max gex, , s > a-€)

<WP(€ > a.e) -0 asT — 00,

where we used refined Campbell’s theorem (2.1) in the second step.

4.2 Space for extremal blocks

Recall that X is a random element of the space Nq so that the blocks X ; can be considered
as elements of Ny; which consists of simple counting measures on E with finite values on
R? x (g,00) for all € > 0. Recall further that Njy € N = Nj; and that, on Ny, Boi-
topology is stronger than the Bj;-topology. We now define a metric m, generating the
Byi-vague topology on Ny;.

Let u,v € No be such that p(E),v(E) < oo (ie., u,v € Nyp). If p(E) # v(E) set
mo(p,v) =1, and if u(E) = v(E) =k € Ng and pu = Zle Otrys)s V = Zle d(¢1,s1), define

mo(4, v) = min max, ([t =t V Isi = sul) A 1]

where the minimum is taken over all permutations IT of {1, ..., k}. Note that mg is a metric

generating the weak (that is, Byg-vague) topology on Ny, see [25, Proposition 2.3]. While

the authors of [25] assume that the ground space is compact, an easy argument justifies

the claim for the space E = R? x (0, 00). Observe also that mq is by construction bounded

by 1 and shift-invariant, that is, mg(¢,u, ¢,v) = mo(p, v) for all y € R and p, v € No.
For general p,v € Ny, set

m(p, v) ::/ mo (', v %) e du, (4.5)
0

where p*/* (and similarly ©*/*) is the restriction of p on R% x (1/u,00). One can show
that this is indeed a metric on Ny, which is bounded by 1, is shift-invariant, and that it
generates the By-vague topology. The latter claim follows since pu,, converges to u in No;
with respect to this topology if and only if ,u,l/ " converges weakly to p'/* for Lebesgue
almost all u € (0, 00), see [9, Proposition A2.6.11] and [17].

ITechnically speaking, we are dividing the hypercube [0, k,b,]9. However, in applications this edge
effect is easily seen to be negligible.
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We will actually work with a quotient space of Noy. For p, v € Ny, set pp ~ v if pyp = v
for some y € R?, and denote by Ny, the quotient space of shift-equivalent counting measures
in Ny;. Denote by

(1] = {v € Noy: p~ v} = {pyu: y € RY}
the equivalence class of i € Npy;. Define

m([u], [v]) == inf m(oyu, p.v),  pv € No.
y,2ER4

Lemma 4.1. Function m is a metric on ./\701, and (J\~/'01, m) is a separable metric space.
Moreover, m([u,], [11]) — 0 as n — oo (denoted by [u,] =2 [u]) for pn, p € Noy if and only
if there exist y, € RY, n € N, such that p,, p, — w in No;.

Proof. Since m is shift-invariant,

(. [7) = inf, m(s, pov) = inf m(upsv) (16)

for all u,v € Npi. It now follows from [21, Lemma 2.5.1] that m is a pseudo-metric on
No1, and that (./\701, m) is separable since (N, m) is. To show that m is actually a metric,
assume that m(¢, p,v) — 0 for a sequence (z,) and conclude that (z,) is bounded, so that
it admits a convergent subsequence; it is crucial that p and v have finitely many points in
R? x (g, 00) for every . The second claim follows directly from (4.6). O

Next, recall the scaling operator T}, defined at (3.1). Observe that

Tr(u),uSOyM - Spy/r(u)Tr(u),u,u

for all u > 0, y € R% and p € Ny,;. Since (T w)utt] = [Tr(u),uv] whenever p ~ v, the scaling
operator Ty ulp] == [Trw)upt] is well defined on Nyi. For € Ny, denote by

M(p) := max( s)ep S

the mazimal score of p, which is necessarily finite. Observe that the maximal score is
shift-invariant and thus it is well defined on Nj;.

Finally, for every u € Ny such that M(u) > 0 (that is, p is not the null measure),
define

A™(p) = min{t : (t,s) € u, s = M(p)}, (4.7)

where the minimum is taken with respect to the lexicographic order on RY. Thus, A™(u)
is the position where the maximal score of ;1 is attained; if there is a tie, the first position is
chosen. This is well defined since p has at most finitely many scores exceeding any € > 0.

12



4.3 Main result

For each 7 > 0 consider the point process
Ny = {(ib; /7, Tria)a [Xri]) 2 € I} (4.8)

of (rescaled) blocks together with their “positions”; observe that ib, is one of the corners
of J;; defined at (4.3). While the definition of N, also depends on the choice of the block
size length b,, for simplicity we do not include it in the notation. The exact choice of the
position component is immaterial: subsequent results hold if it is arbitrarily chosen inside
the block using any deterministic or randomized procedure.

Let ./\76‘1 be equal to the space No, but without the null measure. Furthermore, let
N be the space of all counting measures on [0, 1]¢ x N(;*l which are finite on all Borel sets
B C [0,1]? x N such that, for some e = £(B) > 0, M(p) > ¢ for all (¢, 1) € B. Equip N
with the vague topology generated by the same family of sets.

Theorem 4.2. Let X be a stationary marked point process on E which admits a tail
configuration Y in the sense of Definition 3.1 with tail index o > 0 and a scaling function
r of scaling index f € R. Let © be the corresponding spectral tail configuration defined in
(3.7). Finally, fix a family of block side lengths (b;),~0-

If Assumptions 4.3, /.4 and J.5 below hold, then P(Y € Ny ) =P(0 € Ny1) =1 and

NT i} N = Z(S(UivTFB/a Fl/a[Qi]) as T — OO (49)
i=1 Lo

in N, where {(U;,Ty,Q;),i > 1} are points of the Poisson process on [0,1]¢ x Ry x Ny
with the intensity measure being the product of the Lebesgue measure on [0, 1]¢, the Lebesgue
measure on Ry scaled by

¥ :=P(A™(©) =0) € (0,1], (4.10)
and the probability distribution of a random element Q) in Ny, given by
P(Qec-)=POc-|A™(©)=0). (4.11)

The proof of Theorem 4.2 is presented in Section 6. The mark component in limiting
point process N from (4.9) can be viewed as the scaling transformation of the equivalence
classes [(;] by multiplying the scores with y; := I'; Ve and positions with yiﬁ . Note that
{y:;,i > 1} form a Poisson process on (0,00) with intensity day®~'dy. Furthermore, note
that the point process ) with distribution (4.11) necessarily satisfies M(Q) = 1 almost
surely.

If X; and 2¢)b,, j = 1,2,.. ., k%, denote the original blocks and their positions,
relabelled so that



the continuous mapping theorem applied to (4.9) yields the convergence

(i(j)br/Ta Tr(ar).ar [XTv(j)]> 4 (Ui, Trosa pase [QJ) as T — 00

jzlv"'vk Z:1,7k‘

in the space ([0,1]% x No1)* for every fixed k > 1. In particular, for & = 1 this (modulo
some edge effects which are easily shown to be negligible) implies that

Tli_)rgoP(a;l MaX(; s)e X tefo,r]d 5 < y) = P(Fl_l/a <y)=e", y>0. (4.12)
Thus, the limiting distribution of the rescaled maximal score of X in [0,7]? is the non-
standard Fréchet distribution. Since the point process of locations in X is assumed to be
a unit rate stationary process and since the marginal score satisfies (4.2), the value of ¥
deserves to be called the extremal index of X.

The second ingredient of the limiting point process in (4.9) is the distribution of ) which
can be seen as the asymptotic distribution of a normalized typical cluster of exceedances
of X. The tail configuration Y can be seen as a cluster of exceedances which contains
the uniformly chosen exceedance of X and thus not typical since, compared to the typical
cluster, its distribution is biased towards clusters with more exceedances. In fact, the
relationship between the tail configuration and the typical cluster of exceedances of X is
similar to the relationship between a stationary point process on R? and its Palm version,
and this relationship is discussed in detail in [22] for random fields over Z4.

4.4 Assumptions of Theorem 4.2

Fix a family of positive real numbers (b, )~ which represent the block side lengths.
Assumption 4.3 (on scaling). The family (b;),~o satisfies

T . b’T
tim 797 g b g (4.13)

T—+00 T T—00 T

By regular variation of the scaling function r, (4.13) yields that r(a,¢)/b, — 0 as
T — oo for all ¢ > 0 as well. If the scaling function r is a constant (as it always was for
the case of random fields over Z%), then necessarily b, — oo. However, if r(a,) — 0, one
can take (b;), to be a constant or even such that b, — 0.

Recall that, for B € B(R?), we denote by up the restriction of y € N to B x (0,00).
Furthermore, recall that X denotes a Palm version of X and & = X(0).

Assumption 4.4 (on dependence within a block/ anticlustering). Foralle,d,c > 0,

lim lim supP(M(f(Cm) > a6 &> ae)=0, (4.14)

U—00 100

where
CT,u = Bch \ Br(afs)m T,u > 0.
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Our next and final assumption essentially requires that extremal blocks asymptotically
behave as if they were independent. To state it, we introduce some additional notation.
Let F be the family of all shift-invariant measurable functions f : Ny — [0, 00) such that
f(0) =0, and for which there exists some d > 0 such that, for all u € Ny,

fl) = f(1), (4.15)

where £ denotes the restriction of i to R? x (6, 00), that is, the value of f depends only
on scores of p which are larger than .

For a family of positive real numbers (I,),, for every 7 > 0 and @ = (iy,...,iq) € I,
cut off the edges of J.; by [, that is, consider

d
Tri = X[(i7 = Db + Ly, ighy — 1], (4.16)
j=1

and define the corresponding trimmed block

~

Xri = Xj -
’ T,%

Assumption 4.5 (on dependence between extremal blocks). There exists a family
()0, satisfying

and such that

E|:Hie].r exp {_fT,i(Tr(aT),aT)?T,i)}] — [ ier. E[GXP {_fT,i(Tr(aT),aT)?T,i)}] — 0 (4.17)

as T — oo for any family of functions f.; € F, 7 > 0,¢ € I, which satisfy (4.15) for the
same 6 > 0.

Informally speaking, (4.17) holds if extremal scores are only locally dependent. The
crucial issue in (4.17) is that the value of f-;(T}(a,)q, X+:) depends only on points (¢, s) €
X.; with s > a,0, and that for any (t,s) € X,; and (¢,s') € X,y for @ # ¢, one has
it—t| > 1,.

4.5 Alternative representations of v and ()

Assume that Y is the tail configuration of a stationary marked point process X on E, with
tail index o > 0 and a scaling function r of scaling index 5. In this subsection we give
some Palm-like properties of the tail configuration under the assumption that ¥ € ANy,
a.s., which e.g. holds under the anticlustering condition (4.14), see Proposition 6.1. All
of the following results are based on the exceedance-stationarity property (3.9) of the tail
configuration.
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For any u € Np;, denote
e(p) = {teR?: (t,s) Epand s > 1}.

By definition, 0 € e(Y) a.s. A function A : Ny — R? will be called an anchoring function
if, for all € Ny such that e(u) # @,

(i) Ap) € e(p);
(i) A(p.p) = A(u) — 2 for all z € R? (shift-equivariance).

A typical example of an anchoring function is the first maximum anchor A™ from (4.7).
Another one is the first exceedance anchor

A (1) := mine(p), (4.18)
where the minimum is taken with respect to the lexicographic order.

Lemma 4.6. IfY € Ny, a.s., then

for any anchoring function A.

Proof. We adapt the proof of [3, Lemma 3.4]. Using (3.9) and the shift-equivariance
property of A,

1=E [Z(t,s)ey 1{A(Y):t,s>1}} =E [Z(t,s)ey 1{A(<Pty):_t75>l}i|
=E [Z(t,s)eY 1{A<Y)=o,s>1}} =E [1{A<Y>=0} 2 (ts)ey 1{s>1}] :

Note that P(Y" € Noi) = 1 implies 37, iy Lis>1y < 0o almost surely. Thus, P(A(Y)
0) > 0, since otherwise the last expression above would vanish.

0l

Proposition 4.7. If P(Y € Ny ) = 1, then ¥4 and the distribution P([Y] € - | A(Y) =
on Ny1 do not depend on the choice of the anchoring function A.

[e]
~~

Proof. This result parallels [3, Lemma 3.5] and it can proved in the same manner by using
(3.9) instead of [3, Property (3.8)]. We omit the details. O

The above results yield alternative representations for ¥ in (4.10). Indeed, recall the
spectral tail configuration © = T,5,Y (where n = Y'(0)) and observe that A™(©) = 0
if and only if A™(Y) = 0. Thus ¥ = I m = P(A™(0) = 0) which is further equal to
V4 = P(A(Y) = 0) for an arbitrary anchoring function A. Since Y = T,-5,-10 with ©
independent of the Pareto(a) random variable 7,

PY e - |A™(Y)=0)= /OO P(T,-5,1Q € - )au*"'du (4.19)
1
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on Npi, where @ has distribution (4.11) on ANp;. Using this fact, one can, as in [22,
Proposition 3.9], prove that ) from (4.11) satisfies

P([Qc-)=v"'E [1{TM(@)@M(@) O] € - }% (4.20)

on Ny;. In particular,
M «
RN
Z(t,s)E@ s
and (Q;);>1 in (4.9) can be chosen such that their common distribution on Np; satisfies

P(Q c ) =9 'E {1{TM(@)67M(@)@ S }Z(]\ﬂi@)a}

(4.21)

(4.22)

a
t,s)€O S

5 Examples: tail configurations, extremal indices and
typical clusters

5.1 Small distance to the kth nearest neighbor

Fix a k € N. For a set I C R? which has at most a finite number of points in any bounded
region and t € RY, let py(t, ) denote the distance from ¢ to its kth nearest neighbor in
I'\ {t}. Note that pi(t,1) < a if and only if I \ {t} has at least k points in the open ball
of radius a centered at t.

Let P be a homogeneous unit intensity Poisson process on R?, and let X be the marked
point process obtained by attaching the score py(t, P)~! to each of t € P, so that the score
is the reciprocal to the distance from t € P to its kth nearest neighbor. Thus, one can write
X = U(P) with the scoring function v (s, u) = pi(s, 1) !, see Section 2.2. By Lemma 2.2,
the Palm version X is obtained by the same procedure applied to P+ 8y, so that the points
in X are located at all points ¢ from P+, and the score at t is given by s = pr(t, P+69) L.
In particular, the score of the Palm version at the origin is

& = pr(0, P +60) "
It is straightforward to see that

—Cdufd (Cdu_d)k

P >u)=P(P(Biju) 2 k) ~P(P(Bij,) =k)=e X as u — o0,
where Cj is the volume of the unit ball in RY. Thus,
Ck
P >u)~ —2u™* asu— o0, (5.1)

k!

i.e., £ has a regularly varying tail with tail index o = dk.
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Tail configuration

Proposition 5.1. For every k € N, the tail configuration of X exists with the normalizing
function r(u) = u~"! (i.e., B = —1) and is given by

Y = W(Y) = {(Us, pr(U;, V) 1), i =0,...,k},
where Y :={Uy, ..., U}, Uy =0, and Uy, ..., Uy are i.i.d. uniform on By.

Remark 5.2. In this case the tail configuration Y is an element of Njg C N, and as the
proof below shows, the convergence in (3.3) is valid even in the stronger Bjp-vague topology.

Proof of Proposition 5.1. Recall that X = W¥(P) for the scoring function ¢ (s, 1) = pr(s, 1),
and let P = d; + P be a Palm version of P. Observe that the conditional distribution of
X given £ > u coincides with the conditional distribution of ¥(P) given P(B; ) 2> k.
Considering Laplace functionals, it is easy to see that for any nonnegative f,

as u — 00. )
Furthermore, P conditionally on P(B;,,) = k has the distribution of

P(u) = 50 + 2521 6Ui/u + PBT/u ’

where Uy, ..., U, on the right-hand side are uniformly distributed in B; and independent
of P, and Ppe is the restriction of P to the set By,,. Since r(u) = 1/u and upg(t, A) =

Pk (Utv UA)a
Ty ¥ (P™) = U (uP™),

where
uP™ =33 v, + 2,
and Z™ is uP restricted to B¢. Thus, for every nonnegative f,
Lf(TT(u),uX }5 > u) ~ Lf(\lf(y + Z(“))) as u — 00.

Take now f : E — R, whose support is contained in the set B, x (0,00) € By for some
a > 0. We can and will assume that a > 2. Observe that

P(29(B,) > 1) < BlZ"(B,)] = BIP(Buy, \ Bip)] < —Coa® =0,

so that P(ZW(B,) = 0) — 1 as u — oo. Since f(t,s) = 0 for t ¢ B,, on the event
{Z®)(B,) = 0} one has that

/ FAU(Y + 2 = S8 F (U (UL Y + Z20)) = S8 F (U (UL V) = [ AR (D),

18



where the second equality follows since a > 2, and so the kth nearest neighbor of each U;
is necessarily in ). Thus, for any such f,

L (T X [ € > u) ~ Ly (WY + Z2M)) = Ly (V(Y)) = Lp(Y) asu— oc.

In particular, this holds for any nonnegative, continuous and bounded function f on E
whose support is in By since By; C By, and thus (3.3) holds. O

By Proposition 3.2, the tail score at the origin 7 is Pareto(dk)-distributed. Indeed,
N~ = pe(0,Y) = maxi<i< [| U] =: U™,

By Proposition 3.3, 7 is independent of the spectral tail configuration, which is (since
B = —1) given by

0 =T, 1,V = {(Ui/U*, (U JUS YUY i =0, k:} .
Moreover, it is easy to check that

d ) k—1

O =TV") =200 0w iy + 0L (U391 5 (5.2)
where V* := {0,Uy, ..., U1, U} with U} uniformly distributed on 0B, and independent
of Uy,...,Ug_1, which are i.i.d. and uniformly distributed on B;.
Point process convergence

First, (5.1) implies that the sequence of thresholds (a,) in (4.1) can be chosen as
ar = V5 VR(K) VAT (d/2 4+ )78 7> 0. (5:3)

Scaling scores with a_' is (up to a transformation) equivalent to scaling distances py(t, P)
with a,.

Let A™ be defined at (4.7). Then the extremal index (depending on k and dimension)
is given by

igk’d = P(Afm(@) == 0) 5

and (4.11) implies that @ has the conditional distribution of © given that A™(©) = 0.
Observe that A™(0©) = 0 if and only if Y* is not contained in By (U;) foralli = 1,... k-1,
and U}, is lexicographically larger than 0 if * is a subset of the closure of B (Uj}).

If k=1, then Y* = {0,U]}, so that A™(©) = 0 if and only if U] is lexicographically
larger than 0. Thus, ¥; 4 = 1/2 and

Q< W({0,U}) = o) + Sy
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in all dimensions, where U} is uniform on 0B; N {x = (x1,...,74) € RY: 21 > 0}. The
value ¥; 4 = 1/2 is intuitively obvious since, asymptotically, large values always come in
pairs (with exactly the same score). In dimension d = 2, ¥; 5 = 1/2 was obtained in [8,
Section 4.2] when analyzing the extremal properties of the inradius of a Poisson—Voronoi
tessellation.

If k =2, AM(©) =0 if and only if U; ¢ B;(Us). Thus, in all dimensions,

Q£ v({0,U],Us}),

where Uj is, conditionally on U}, uniform on B; \ By (Uj). Furthermore, due to rotational
invariance,

/3
192d —1_ Leb(31 N Bl(€1>> -1 2F(1 +d/2) ) / Sindu du,
0

Leb(B;) /Al ((d+1))2

where e; is the first basis vector of R? and Leb(-) is the Lebesgue measure. In particular,
792,1 = 1/27

S

1
’19272 = g + ~ 0609,

[\)

™

and 53 = 33/48. Since I'(z + a) ~ I'(z)z* as x — 00,

24, (v/3/2)" 6 (v3/2)
l_ﬁz’dw\/;'QWN\/;.T’ asd — 00,

i.e., 1 — 1,4 goes to zero exponentially fast as the dimension grows.

For d = 1, we have already seen that ¥, ; = Y51 = 1/2. Interestingly, one can check that
U1 = 1/2for all k € N. Indeed, one can assume that U, = 1 without loss of generality, and
then the maximal score is attained at zero if the unit ball around any of j € {0,..., k—2}
points that fall in (0, 1) does not cover k — j points uniformly distributed in (—1,0). This
probability can be calculated explicitly, and then the result follows by noticing that j is
binomially distributed.

The exact calculations of ¥y 4 become quite involved for £ > 3 and d > 2.

Proposition 5.3. For arbitrary k,d € N, define X as in the beginning of Section 5.1
and (a,); as in (5.3). For any (b;), such that 7=*/b. — 0 and b,/ — 0 as T — o0,
the assumptions of Theorem 4.2 hold (with o = dk and r(u) = u='). Therefore, the
convergence of the extremal blocks in (4.9) holds as well.

2One can obtain the asymptotics for the intregral Iy = foﬂ/ % sin?u du by showing that

. d+1
lim

d—oo sin? (7 /3)

I; = tan(mw/3).

20



Proof. Assumption 4.3 holds, since r(u) = v~! and a, has the order 7'/*. For each 7 > 0

and ¢ € I, define the block of indices J;; by (4.3) and X, ; by (4.4). The key step in

checking other assumptions of Theorem 4.2 is that for every ¢t € P, the condition X (t) > y

(ie., pr(t,P) < y~') is equivalent to P(B,-1(t)) > k+ 1. Thus, given that X(¢) > a.e,
X(t ) depends only on the points of P in B,-1_(t), where azl = 0as 17— .

Fix ,8, ¢ > 0 and recall the notation from (4.14). The event {& > a.e} = {p(0, P) <
(a-€)~'} depends only on P (that is, P) restricted to B, e)-1. Since Cry C Bf, -1, 85
soon as u > 14071 /e7! the event {M(X¢,,) > a,0} = {min,cpre, pe(t, P) < (a.0)7'}
is determined only by P restricted to B(CWS),1 (on this set one has that P = P and,
consequently, X = X ). Since P is a Poisson process, this implies that for all such u,

P(M(Xc,,) > a,0 | € > ae) = P(M(Xe,,) > a.0) = P(M(Xe,,) > a.d)
<P(M(Xg,,)>a:0) <E[X,cp H{(t, P) > a,6, t € By, .}]

=E [ p H{(0,0:P) > a.6, t € By .}]

= const (cb, )P (1(0, P) > a,0)
bd

= const —ZTdP(g >a;0) »const-0-0"*=0 asT— 0.
T

In the sixth step we used the refined Campbell’s theorem (2.1), and in the penultimate
step we used (4.2) and the fact that b, is chosen such that b, /7 — 0. Thus, (4.14) holds,
i.e., Assumption 4.4 is satisfied.

Now consider Assumption 4.5. Take (I,), such that I,/b, — 0 and a-'/l, — 0 as
T — o0; since a; /b, = r(a,)/b, — 0, one can, e.g., take I, = \/b,/a='. Let f.;, 7 >0,
i € I,, be an arbitrary family of shift-invariant measurable functions from Ngy; to [0, c0)
such that for some 6 > 0 and for all 7 > 0, 2 € I, and u € Ny,

Frsl) = {0 i Mys) <5,

fri(p®)  otherwise,

where 1° denotes the restriction of 1 to RY x (6, 00).
Similarly as above, for ¢ € P, the random variable X (¢)1{X(¢) > a6} depends only
on P restricted to By, s-1(t). Moreover, if (a,6)~! <, then

U Busy-(t) € Jra

tejm

for all ¢ € I; recall that J” in (4 16) are obtained from the original blocks J;; by trimming

the edges by [,. Thus, since sz = X _, the value of fri(Tan),ar ”) depends only on
P restricted to J.;, for all ¢ € I.. For such T, since P is a Poisson process and J;;’s are
disjoint, the left-hand side of (4.17) vanishes, hence, Assumption 4.5 holds. O
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A simple consequence of Proposition 5.3 concerns the behavior od the minimal distance
to the k-th nearest neighbour in a Poisson configuration of points on an increasing hyper-
cube [0,7]¢. For all 7 > 0, denote m,, = min{p.(¢, P) : t € PN [0,7]?}. Then, for a, as
n (5.3), (4.12) implies

P(a-m,, >v) — e k™

as n — 0o
for any v > 0, that is, the scaled minimum distance to the kth nearest neighbour in a
Poisson configuration in [0, 7]¢ converges to a (scaled) Weibull distribution.

5.2 Moving maxima model

Let ¢ be a positive random variable whose tail is regularly varying of index a > 0, and
denote the distribution of ¢ by m. Assume that P € Nj is a unit rate independently
marked stationary Poisson process on R? with marks in (0, 00), whose intensity measure
is the product of the Lebesgue measure on R? and a probability measure m, so that ¢ is
the typical mark. In the sequel, write P = (¢, where (G);, t € R, are i.id. with
distribution m.

Let N be the space of all simple locally finite point measures on R? equipped with the
usual o-algebra. Consider a measurable function ® : R x N, — N such that, for each
W € Ny, and each t € p/, ®(t, ') is a finite subset of 1/ which contains ¢. It is useful to
interpret ®(t, 1) as a neighborhood of t in 1/, and all points = € ®(t, 1') as neighbors of t.
Furthermore, assume that & is shift-equivariant in the sense that ®(t—z, p,.pu') = ®(t, p')—z
for all 4/ € N, t € ' and x € R?. Finally, denote by N(t, /) the cardinality of ®(¢, u).
It can been easily seen that the arguments below also work if ® depends on some external
sources of randomness, but stays independent of the marks (¢;).

Consider a (deterministic) weight function w : RY — [0, 00) such that w(0) > 0, and
define the scoring function ¢ : R x Ny — [0, 00) by

?/)(t> :u) = maXJ/‘E@(LM’)w(‘T - t),u(x), te :u,>

where 1/ is p projected to R, Without loss of generality, in the sequel assume that
w(0) = 1. If the weight function is identically one, the score at t is the maximum of the
scores of its neighbors.

Since 1) is shift-invariant, X := W(P) is a stationary marked point process on R?. Its
Palm version is given by X := WU(P), where P = P +§ (0,¢0)> With Co having distribution m

and being independent of P. For notational convenience, denote ®(t) = ®(¢, P'), and let
N(t) = N(t, P') be the cardinality of ®(¢) for all t € P'.

Tail configuration

Theorem 5.4. Assume that w is a bounded function and that E[N(0)] < co. Then the
following statements hold.
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(i) The score at the origin & satisfies

. P{>w)
DB w)

In particular, & s reqularly varying with tail index .

S E [Z@(m w(t)o‘] — ke (0,00). (5.4)

(ii) The tail configuration of X ezists for a constant scaling function r = 1 (thus, with
no scaling of the positions) and the distribution of its spectral part © € N is given by

E[h(0)] = K—lE[E@(O) h({(t, ey te P xe 6(t)})w(x)a] (5.5)

for all measurable h : N' — R, where the summand corresponding to x is understood
to be 0 if w(z) = 0.

Remark 5.5. For a point measure p on R? x [0, 00) whose restriction to E = R? x (0, c0)
is an element of N, for any function h on N we define h(p) to be equal to the value of h
on this restriction. In other words, we simply neglect the points of the form (¢,0). This is
relevant for (5.5) since the weighting function w can in general attain the value 0.

Remark 5.6. Observe that the distribution of ©, in addition to w, @ and ®, depends only on
the distribution of P’ = P’ +dy. It can be obtained as follows. First, let P* be distributed
as P’ but from the tilted distribution:

P(P €)=k "B Ly Yoeq w(@)] (5.6)

and denote ®*(t) := ®(¢, P*) for all t € R?. Conditionally on P*, let V be a ®*(0)-valued
random element such that V' equals x € ®*(0) with probability proportional to w(z)*.
Finally, let

w(V—t * *
0= {(t, () ite P, Ved (t)}
restricted to E.

Ezxample 5.7. Here we use the notation of Remark 5.6.

(i) Assume that w(t) = 0 for all ¢ # 0 (and w(0) = 1), so that ¢ (¢, P) = ¢;. Then

P* L P and V = 0 almost surely, so © = {(0,1)}, i.e., the extreme scores of X
appear in isolation.

(ii) Let now w(t) =1, so that
?/)(t> P) = MaXgzea(t,P) C:c ’

and assume that EN(0) < co. Then (5.6) implies that P* is, compared to P’,
biased towards configurations in which the origin has more neighbors. Furthermore,
©={(t,1):t € P*,V € &*(t)}, where V is uniform on ®*(0). Note that necessarily
(0,1) € ©. Observe also that (5.4) implies that

lim —— 5 — E[N(0)]. (5.7)
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Proof of Theorem 5.4. Let f:E — [0,00) be an arbitrary continuous function such that
f(t,s) =0 whenever t ¢ B, or s < ¢, (5.8)

for some a,e > 0. We extend f to a continuous function on R¢x [0, c0) by letting f(¢,0) = 0
for all . For notational convenience set h(p) := e #) for all u € N;. The result would
follow if we show that

ER(T1..X)1 5 01o
. (11,0 X) 113 053]

Tim B> o) — KE[h(Y)], (5.9)

where Y := T} ,-10 for © from (5.5) and 7 is Pareto(«) distributed and independent of ©.
First, write P = {(t;,¢) : i > 1}, where {ti,- .y} = 2(0). Given P’, the score
(¢, P) depends only on ¢, for z € ®(t). By (5.8),

MTX) = exp { = S gex [t s/u)} = exp { = ex,, flts/w) |
—exp{ K f(t, 40 (ti,P)/u)} = g(P,Gfu, Gfu, .. e fu), (5.0

where K, = K, (P’ ) is the smallest nonnegative integer such that {t¢1,...,tx,} contains
@( ) for all t € P’ . Observe that K, > 1. Since P' and ({1, (s, ...) are independent,
conditioning on P’ ylelds that

E[h(TLuX')l {x(o>>u}] = E[g.(P)] (5.11)
where, for all 4/ from the support of P/,

gu(p) = E [g(,u', G/, - Crauy /1) T{maxi< ooy w(t:) G > u}], (5.12)

and ( i)i>1 are deterministic and depend only on y/. Observe that for every fixed p (write
k:=K,(i') and n := N(0, '), so k > n), the function under the expectation

(y1> cee ayk) = g(:u> Y1, - .- ayk)l{maxzﬁnw(tz)yl > 1}

is bounded (since h is bounded) and continuous except on the set

{(yla'-'ayk) maX;<n W z —1}

(since f and hence h is continuous). Furthermore, this function has support bounded away
from the origin in R¥, since it vanishes whenever

ma‘X{ylv Y2y - - 7yn} < 1/ maxX;<n ’UJ(tZ) .
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Since ((;); are i.i.d. regularly varying with index «, the vector ((y, . .., () is multivariate
regularly varying in R* \ {0} with the same index, see [24, p. 192]. In particular,

/
lim Gu (')

u—oo P(( > u) /M\{O}Q(M,yl, . Uk) H{max; <, w(t;)y }dv (i u) ( )

for a certain measure v on R* \ {0} concentrated on the axes. More precisely, by [24,
p. 192], if n is Pareto(a) distributed, the right-hand side of (5.13) equals

Z?:l fooo g(,u’, 0,...,0, Y, O, e 0)1{w(ti)y>1}ay_°‘_1dy
i—1

=3 E[g(,0,...,0,n/w(t;),0,...,0)]w(t)",
——

i—1

where the ith summand on the right-hand side is set to be 0 if w(¢;) = 0. Recalling that g
was defined at (5.10), this equals

n w(ti—t;) o
E[Zi:l exp {_ ngk:tiecb(tj,u’) f(tjv T@)Jn) o ngk:tigfq)(tj“u’) f(tja O)} w(t;) } .

Recall that {ti,...,t,} = ®(0,4') and that n < k. Since f(¢,0) = 0 for all t € R? and
since for j > k = K,(1'), one has t; ¢ B, and f(t;,y) = 0 regardless of y, the expression
above (and therefore the right-hand side of (5.13)) actually equals

E [ ercb(o,m exp {_ Zteu':x@(t,u') f(t> w&;)t) 77)} w(z)a] :
Going back to (5.11), (5.13) yields

E[MT1,uX)1 %0y — lim E[g(“(ip>)] = E[ lim g(“(ipl))]
P((>u wmoe PG> w

w(x—t o
=E[ > co(,p) eXP {_ D iepraci | (t: L(w))n) } w(z) } , (5.14)

where 1 and P’ are independent, which is precisely (5.9). It remains to justify the inter-
change of the limit and expectation in (5.14).

Since ¢ is bounded by 1 and w, = sup,.p« w(t) < oo, for each p’' and u > 0, we have
gu(p') < N0, 1/ )P(¢ > u/w,). The regular variation property of ¢ yields that

li

VS i)

almost surely as u — co. Moreover, since E[N(0)w?] = E[N(0)]w? is finite by assumption,
Pratt’s extension of the dominated convergence theorem (see [23, Theorem 1]) justifies the
interchange

and this finishes the proof. O
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Point process convergence

In the following assume that the assumptions of Theorem 5.4 hold so that X admits a
tail configuration Y whose spectral configuration © is given by (5.5); recall the convention
explained in Remark 5.5. In order to determine the ingredients of the limiting point process
in Theorem 4.2, the following result is crucial; our approach used here is similar to the one
taken by [22, Section 4] for random fields over Z<.

Lemma 5.8. Denote by W the random element in N equal to
{(t,w(=1)) : t € P,0€ B(t)} (5.15)
restricted to E. Then the spectral tail configuration © from (5.5) satisfies
E[h(0)] = v 'E [Z(t,s)ew h(Tl,SgptW)sa] (5.16)

for all h : N = [0,00). In particular,

k=B [ gew s (5.17)
Proof. Observe that
RE[R(O)] = B| Coep h({ (6“5 1t € Py 2 € B()}) 1 peioy w(@)]
- :erp, h({((t — ) +a, D)t~z e o, P, 0 € Bt -, %P’)}>
X 1{0 c @(—x,%ﬁ)}w(z)a}
= B[S, h({(t+2,250) st € 0P, 0 € Bt 0. P)} ) Lgea(apn oy 0(2)°]
=: E[erﬁug(—x, %15’)} :

where we used the shift-equivariance of ® to obtain the second equality. The point-
stationarity of P’ (see (2.2)) yields that

KE[N(O)] = B[ ¥,p g(x. P
=E|Y,ep h({(t —a, M) e P 0 Bt 13’)}>1{06¢(x,,3,)}w(_g;)a

=E I D vl h<T1,w(—r)‘P:vW> 1{065(:0)}7”(—55)&} 3

which is precisely what we wanted to prove. Expression (5.17) follows by taking h = 1. O

By setting w = 1, the two expressions for x in (5.4) and (5.17) imply that

E | Yiei Lpesqy| = EIN(0)] < oo.

26



This implies that W, and therefore ©, almost surely has finitely many points in E =
R? x (0,00). In particular, we can regard W and © as elements of Ny, i.e. P(W € Ny;) =
P(© € Ny;) = 1; the same holds for the tail configuration as well.

We now turn our attention to the process ) defined in (4.22). Recall that M () denotes
the maximal score of y € Np.

Proposition 5.9. The distribution of Q from (4.22) in Ny, is given by

1

P([Q]G'):W

E [1{T1,A1(W)[W}€'} M(W)a . (5'18)

Moreover,
E [ max(,s)ew 5°]

E |:Z(t,s)€W Sa]

Proof. Using (4.20) and since § = 0, for an arbitrary shift-invariant and bounded h :
No1 — [0, 00), we have

9 = (5.19)

M(©)~ ] -

VE[MQ)] = E[h(Tl,M(G)@) Sae =: E[h(©)].

Observe that h is shift-invariant and homogenous in the sense that h(Ty,u) = h(yu) for all
1€ Now, y > 0. By (5.16),

VE[(Q)] = KB | e A(Tispa)s?]
=r'E :Z(t,s)GW i’(W)Sa}

-1 [ L :
— E Z(t,s)eW h(Tl,M(W)W)WS }

| o D te)ew S
= kB |W(Ty sy W) M (W) 72“7 JeW ”
(zy)ew Y

== Ii_lE [h(TLM(W)W)M(W)a] .

Due to (5.17), taking h = 1 yields (5.19), while (5.18) follows since h was arbitrary. O

We now give sufficient conditions under which the assumptions of Theorem 4.2 are
satisfied. First, take a family (a,), such that (4.1) holds, and fix an arbitrary family (b,),
such that b, — oo and b, /7 — 0 as 7 — 00; since r is a constant function, this is equivalent
to choosing (b,) such that Assumption 4.3 holds.

Assumption 5.10. Let ./\79 be the space of all simple locally finite point measures p' on
R? such that 0 € pi. Assume that there exists a measurable function R : Ny — [0, 00] such
that R(P') < oo a.s. and for all y' € Ny,
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(i) forallt € ' such thatt ¢ Bry, ®0, 1/ )NS(t, 1) = @ and O(t, 1) = ®(t, 1’ \ {0});

(ii) ®(0, ') = ®(0,0') for all v € Ny such that ' and V' coincide on Bry, i.e. ®(0, 1)
is unaffected by changing points in p' outside of Bpr(y.
Note that (ii) above necessarily implies that ®(0, 1) = ®(0, 4/ N Brw)) S Br(u), for
all i’ € Nj,.
Ezample 5.11.  (a) Assume that for some ry > 0, with probability 1,

®(t,P') = ®(t,P' N B(t, 1)), foralte D,
In this case Assumption 5.10 is clearly satisfied if we take R = 2r.

(b) If ®(t, ') is the set containing ¢ and the k nearest neighbors of ¢ in p/ \ {t} (with
respect to the Euclidean distance), R satisfying Assumption 5.10 can be constructed
as in the proof of [20, Lemma 6.1], see also [12, p. 104]. Observe that in this case
taking R(u') to be the distance to the k-th nearest neighbor of 0 in p’ \ {0} is not
sufficient for property (i), and this property is crucial to ensure that the anticlustering
condition holds.

Proposition 5.12. If Assumption 5.10 holds, the anticlustering condition (4.14) also
holds.

Proof. Denote R := R(P') and w, := max,cga w(z). Recall that w, € [1,00) since w(0) = 1
and w is a bounded function. For notational convenience, assume that w, = 1; the proof
below is easily extended to the general case. Then, for every t € P’,

U(t, P) < MaxX, (s pr) Ca -

Due to (5.4), for arbitrary &, d,c > 0, to show (4.14) it suffices to prove that

P(A
lim lim sup (A7)

S S KLV 5.20
U= 100 P(C > CLTE) ' ( )

where

A, = {maxtep,ﬂcmweg(t) (x> a,0, max, Ce > aTe} )
Fixawu > 0. If R < u, since Cru C B¢, Assumption 5.10(i) implies that the families
{¢e 12 € ®(t) for some t € P'NC.,} and {(, : v € ®(0)} consist of completely different
sets of the (,’s, hence are independent (given P’). Moreover, if R < u, since P’ = P'U{0},
Assumption 5.10(i) also implies that

maXtE]s’ﬁCT,u,xEEI;(t) Cx = MaXte p'NCy y,x€d(t,P) C:c .
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Therefore,

P(A; ., R<u | ]5’) = l{I:ku}P(maxteprmcm,x@(t,pr) Co > a0 | P’)P(maxxe&)(o) Co > are | 15’)
S P(maXtEP’ﬂCT,u,meé(t,P’) C:c > a'75 | p/)N(O)P(C > a7-€) )

where the inequality relies on the fact that P’ is independently marked. Furthermore,
P(A..,R>u|P)< Lips P (max, 5 G > ar€ | P < 1{R2u}N(0)P(C > a,€) .

Conditioning on P’ yields that

P(AT7U) ~ ~
ﬁgé:iang[lﬁMMum%mmﬂmmgz>wﬁ}N«ﬂ-+E[Hﬁmﬂvmﬂ

for all u, 7 > 0. The second term on the right-hand side does not depend on 7 and vanishes
as u — oo by the dominated convergence theorem since P(R < c0) =1 and EN(0) < oc.
For the first term, observe that for each © > 0 and n € N,

lim sup E [1{maXtep/ﬂcﬁu@ec}(u‘p/) C:E > CLT(S}N(())}
T—00

S n hm Sup P(maXtGP/ﬂCT’uJEGQ)(t’P/) g’E > aT(S) + E[N(O>1{N(O)>n}] .

T—00

Since limy, 00 B[N (0)1 5
that

~ny) = 0 due to EN(0) < o0, to show (5.20) it suffices to prove

lim lim sup P(maxiecpinc, , zea,p) G > a0) = 0. (5.21)

U—=0 100

This holds since a, is chosen so that (4.1) holds, while for all u, |C,,|/7¢ < |By..|/7¢ =
const - b¢/7¢ — 0 as T — oo by the choice of (b,),. Indeed, the refined Campbell’s formula
(2.1) gives that

P(maxiepnc, . eea,p) G > a-0) < By, o|P(max, g ¢ > ard)
By, P(maxxe&)(o) (e > a.0)
- P(¢ > a,0)

n'P(¢ > a,f),

for all u,7 > 0. Due to (4.2), (5.4) and (5.7), b, /7 — 0 implies that (5.21) holds. O

Proposition 5.13. If Assumption 5.10 holds, Assumption /.5 is satisfied for any (I,),
such that l, — oo and I, /b, — 0 as T — oc.

Proof. Recall that for a fixed family (I,),, and each 7 > 0 and ¢ € I, the block of indices
J.i is defined by (4.3), its trimmed version J,; by (4.16), and that X, ; := X; .- Let now
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fri € F, 7 >0,4 € I, be an arbitrary family of functions which satisfy (4.15) for a same
0 > 0. For notational convenience, write

A~
T

WT,'L' = exp {_fT,i(Tl,ler ,1)}
for all 7 > 0, 2 € I.. To confirm Assumption 4.5, we need to show that

lim [E[];c; Wri] = ILier, E[Wri]| =0. (5.22)

T—00

We first extend the definition of the radius R from Assumption 5.10 by setting R(t, i) :=
R(put!), for all i/ € N, t € pi/. Using shift-equivariance of ®, Campbell’s formula and the
assumption P(R(P') < co) = 1, it is not difficult to show that almost surely, for all t € P’,
(t, P') = ®(t, 1) for all v/ which coincide with P’ on Bp . (t).

Thus, for every t € P', R(t, P') < u implies

X(t) = w(tv P) = maxxe@(t,P’) w(m - t)gm = w(tv PBu(t)) :

Furthermore, the value of W, ; depends only on those ¢t € P'N jm' with score ¢ (t, P) > a,0.
In particular, if

max R(t, P/)l{w(t,P)>a76} < ZT ,
tEJTV.,;ﬂP/

the random variable W, ; depends only on P restricted to J; ;.

Construct now k¢ i.i.d. Poisson processes Py,1 € I, with common distribution equal
to the distribution of P and such that for each ¢ € I, restrictions of P and P on the
block J;; coincide. Furthermore, let for each @ € I, W be constructed from P in the
same way as W ; is constructed from P. In particular, since W},’s are independent,

}E[Hieh Wﬂi} — [lics, E[WH] } - ‘E[Hieb Wei = ier, W:J } ’
and moreover, one has W-; = W}, whenever

max R(t, P,)l{w(t,P)>a76} <l; and max R(t, P(,i))l{dj(up(i)»%g} <.
tEJ.,-,,,;ﬂP/ tEJ.,-,,,;ﬂP/

Thus, since U jﬂi C[0,7]% and 0 < W, ; <1,

[E[[Licr, Wri — [Licr, Wii]| < 2P (te[g?gé o B PO pysans) = lf)
< 2:E[z:tEP’ﬂ[O,T]d 1{R(t7 P,) > ZT7¢(t7 P) > aTd}]
Using shift-invariance and the refined Campbell’s theorem (2.1) we obtain
E[TLicr, Wra] = ics, B[Wri]| < 2B[X1cprpo e HR(O, 0 P") = 1,0, 0, P) > ar0}]
= 2P (R(0, P') > I,,4(0, P) > a,9),
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for all 7 > 0. Since .
¢ =1(0,P) <w, max (,

ze®(0)

for w, = max,cpa w(t) € [1,00) and P’ is independent of the (’s, conditioning on P’ yields
that

27P(R(0, P') > 1:,4(0, P) > a,0) < 27'E[1 54 py1, N (0)P(¢ > a,6/w,) .

Due to (5.4) and (4.2), 7P (¢ > a.6/w,) converges to a positive constant, so (5.22) follows
by dominated convergence since [, — oo, P(R(0, P') < 0o) = 1 and EN(0) < cc.
U

The above arguments lead to the following conclusion.

Proposition 5.14. Let X be defined as in the beginning of Section 5.2. Assume w is

a bounded function, that E[N(0)] < oo, and that there ezists an R satisfying Assump-
tion 5.10. Let (a,), be as in (4.1). Then any family (b,),, such that b, — oo and b, /T — 0
as T — oo, satisfies all of the assumptions of Theorem 4.2 (with o being equal to the tail
indez of ¢ and r = 1) and, therefore, the convergence of the extremal blocks in (4.9) holds.

6 Proof of Theorem 4.2

Recall that X is a stationary marked point process on [E which admits a tail configuration
Y with tail index v > 0 and a scaling function r of scaling index g € R. Moreover, assume
that (a,),~o satisfies (4.1) and fix a family of block side lengths (b,);~0.

For notational convenience, for all 7 > 0 and y > 0 denote in the sequel

X7 = Xjo,4, and TyT = Tr(ary),ary-
We first extend (3.3) to convergence in the space Ny with the By;-vague topology.
Proposition 6.1. Assume that (b;).~o satisfies Assumptions /.3 and 4.4. Then
P(Y € Np) = 1. (6.1)
Furthermore, for all y >0
P(TJ(XDT)G-|§>aTy)L>P(Y€-) as T — 00 (6.2)
on Noi, where (D;)r~q is any family of subsets of RY such that
Bew, € D; C Beyp,,, 7 >0, (6.3)

for some constants 0 < ¢; < 3.
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Proof. Recall that P(Y € Nq;) = 1, 1.e., Y a.s. has finitely many points in B x (d, 0o) for all
bounded B € R? and all § > 0. To prove (6.1), we need to show that ¥ (R x (4, 00)) < oo
a.s. for all 9 > 0. Fix u,d > 0 and observe that

P(sup Y(t) > 5) = lim P( max Y (t) > 5) .

It|>u u/—00 u'>|t|>u
By definition (3.3) of Y, for all but at most countably many v’ > u,

P( max Y (t) > 5) = lim P( max  X(t) > a0 | X(0) > aT> .

w[t>u 700" \w>|tl/r(ar)>u

Since b, /r(a;) — oo by Assumption 4.3, the two previous relations imply that

P( sup Y(t) > 5) < limsupP( max X(t) > a6 | X(0) > a7> .

> =100 br Jr(ar) 2t]/r(ar)>u

Assumption 4.4 (with ¢ = ¢ = 1) yields
lim P(sup Y(t) > 5) =0.
U—>0Q \tlzu

Thus,

P( UNro < 5}) —1, (6.4)

u>0 [t|>u

and since P(Y € Aqj;) = 1, one has that Y/(R? x [§,00)) < oo a.s. Since § was arbitrary,
this proves (6.1).

We now turn to (6.2). Fix a y > 0. For all but at most countably many u > 0, the
definition of the tail configuration implies that

p ((T;X)Bu €| X(0)> aTy> “wy P(Yp €-) asT - o0 (6.5)

in A7 with the Bj;-vague topology. For measures in Nj; whose support is in B, x (0, 00),
B11-vague topology is actually equivalent to the (in general stronger) Byi-vague topology.
Thus, (6.5) holds on Ny; with respect to the By-vague topology as well. Furthermore, it
is easy to see that, due to (6.4), Yz, — Y almost surely in Nj; as u — oco. In particular,

PYp, €)% PYe) asu— (6.6)

on Ni; with respect to the By;-vague topology. By the classical result on weak convergence
of probability measures (see [6, Theorem 4.2]), to prove (6.2) it suffices to show that

lim lim sup E[m((T7 X)p,, T7(Xp,)) | X(0) > aTy] —0, (6.7)

U—00 100
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where m is the metric from (4.5) (which generates the By;-vague topology on Np;). For
this, observe that

(TZ;—X)BU, = T;(XBT'(a-,-y)u) :

Let u,e > 0 be arbitrary. Due to the first inclusion in (6.3) and since b, /r(a,y) — 0o by
Assumption 4.3, By(q,4)u € D7 for all sufficiently large 7. Observe that if

MaXyep,\B X(t) < arye, (6.8)

r(ary)u

then TyT(XBmTy)u) and TyT(f(DT) coincide when restricted to R? x (1/r,00) with r < 1/e.
Since mg is bounded by 1,

oo

m(Ty (Xz,,.,,.): Ty (Xp,)) < / e "dr = e V*. (6.9)

1/e

If (6.8) does not hold, we use the fact that m is bounded by 1. Thus,

limsup E m(TyT(X'B

T—00

) T (X)) | X(0) > ary|

< e V% 4+ lim SupP(maXteDT\B X(t) > arye | X(0) > a7y>

T—00

r(ary)u

< eV 4 lim supP(maXteBbTCQ\B X(t) > arye | X(O) > aTy> )

T—00

r(ary)u

where the last inequality holds, since D, C B;_.,. If now one lets © — oo and then ¢ — 0,
Assumption 4.4 implies (6.7), and this proves (6.2). O

For all p € No; and y > 0, let
Ay () == min{t € R : (t,5) € p, s >y},

where the minimum is taken with respect to the lexicographic order; if M(u) < y, set
A,(p) :== 0. Note that A, is well defined, since for every pu € Ny and y > 0 there are
at most finitely many (¢,s) € p with s > y. Observe also that A, is equivariant under
translations, that is, if M (u) > v,

A(got) = Ayp) =z, z€ R (6.10)

In particular, A; is precisely the first exceedance anchoring function A® from (4.18). As
shown in Lemma 4.6, P(A;(Y) = 0) is positive whenever P(Y € Ny;) = 1, which holds,
for instance, under Assumptions 4.3 and 4.4. Recall also that X, := Xy ja.

Proposition 6.2. Assume that Assumptions 4.3 and ./ hold. Then for every y > 0,

P(M(X;) > a,y)
biP (€ > ary)

—P(A(Y)=0) asT — oo, (6.11)
and

P([TT(XT)] €| M(X,) > aTy) _u, P([Y] €| A(Y) = o) on N,. (6.12)

Y
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Proof. Consider a function h : Ny — [0,00), which is bounded continuous and shift-
invariant. First, observe that we can decompose

W(T7 (X)) H{M(X7) > ary}
= D ()ex h(T7 (X)) 1{t € [0,b,]%, Ay (X:) =, X(t) > ary}.
Since h is shift-invariant and since T scales the positions with r(a,;y)~",
Iy (X)) = Mevrian Ty (X7) = M(T7 (0 X)) = h(T7((0eX)iop10-1) -
By the definition of A,_,,

{Aafy(XT) = t} = {Aary(SOtXT) = 0} = {Aary((%X)[O,bT}d—t) = O} :
Next, {X(t) > a,y} = {©:X(0) > a,y}. All of the above implies that

E [h(TyT(XT))l{M(XT)mTy}] = E[Z(t,s)eX g(t, SOtX)]

for an obvious choice of a function g : R? x Ny, — [0,00). Refined Campbell’s theorem
(2.1) yields that

B [T (X)) i ann | = [ Blolt Sl

R4

— /[Ob ’ E[h(T;(X[O,bT]d_t))l{A%y(f([o,bf]d_t) =0, X(0) > aTdet

— /[0 WE[h(TJ(X[QbT}d_bTS))l{Al(TJ(X[07bT]d_bTS)) —0,X(0) > aTy}]ds,

where for the last equality we used the substitution s = /b, and the fact that A, (1) =0
if and only if A;(7;u) = 0. In particular (recall that £ = X/(0)),

E[h(T;(XT))l{M(XT)>aTy}] . ~
WP (€ > a,y) - /[o,l]dE[f (T (Xiob,1-,5)) | X(0) > aTy] ds,  (6.13)

Yy
where f(u) := h(p)1a,(u)=0y. Since for every fixed s € (0,1)%, sets D, := [0,b,]* — b,s,
T > 0, satisfy (6.3), (6.2) implies that

lim E[f(T7 (Xpppe0.0) | £(0) > a,g] = B0 = B[O 1 pamg] . (614)

T—00

Observe here that f is not continuous on the whole Ay, but since the probability that
(t,1) € Y for some t € R? is zero (due to Propositions 3.2 and 3.3), it is continuous on the
support of Y — this justifies the use of (6.2). By the dominated convergence theorem and
since the limit in (6.14) does not depend on s, (6.13) yields that

- B[R (X)) L (x)ar ]
T—00 biP (€ > a.y)

=E[h(Y)1{4,0r)20}] - (6.15)
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Convergence in (6.11) follows from (6.15) with A = 1. To prove (6.12), we notice that

lim E[A(T}(X,)) | M(X,) > ary] = B[h(Y) | A1(Y) = 0]

T—00

follows directly from (6.11) and (6.15). O

Let M* be the space of all Borel measures on N, which are finite on all sets from the
family

B*={BCNg:3e>0,V[u € B, M([u) >e}.

Equip M™ with the vague topology generated by B*. Furthermore, let M be the space of
all Borel measures on [0, 1]? x Ny, taking finite values on [0,1]¢ x B for all B € B*, and
equip it with the corresponding vague topology. Observe that the intensity measure

E[N:()] = Tier, P8 /7, TT[X:]) € -)

of the point process N, from (4.8), is an element of M for all 7 > 0. Recall that N € M
defined right before Theorem 4.2 is the subset of all counting measures.

Proposition 6.3 (Intensity convergence). Assume that Assumptions 4.3 and 4.4 hold.
Then

KP([ITX] ) v in M as— oo, (6.16)
where
v(-) = ﬁ/oooP([Tu@ulQ] € )au *"'du, (6.17)
and Q € Noy has distribution (4.11). In particular,
E[N.(-)] = Lebxv(-) asT — oo, (6.18)

in N, where Leb is the Lebesque measure on R?.

Proof. Let h : M™ — [0,00) be a bounded and continuous function such that for some
e >0, h([u]) = 0 whenever M([u]) <e. Then

KCE[(TT X)) = K B[A(TT X)L x| (6.19)

Since k, ~ 7/b; as T — 0o, (4.1) implies that k, ~ (P(¢ > a,))~! as 7 — oco. Thus, as
T — OQ,

K2 (T X ) Lovtcx, o
P(M(X,) > aye) P(§ > a,e)
WP >ae) P(E>ar)

~B[R(TTX]) | M(X,) > ae] (6.20)
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By (6.11), the second term on the right-hand side of (6.20) converges to P(A;(Y) = 0),
which in turn by Proposition 4.7 equals ¥ = P(A(Y) = 0). By regular variation property
(3.5), the third term tends to e~*. For the first term, recall that T scales the positions
with 7(a,y)~! and scores with (a,y)~'. Thus,

TV X: =Ty r(are) e T2 X5

By assumption, 7 is a regularly varying function with index 3, so r(a,)/r(a;e) — "
as 7 — 0o. In particular, (6.12) and the extended continuous mapping theorem (see [6,
Theorem 5.5]) imply that

lim E[r(T7X,]) | M(X;) > are] = lim E[MTy0,)/rare) e [T XA]) | M(X;) > ac]
T—00 T—00
=E[MT.s.1[Y]) | Ai(Y)=0].
By Proposition 4.7 and (4.19), we can rewrite the limit as

E(T.s.[Y]) | Ai(Y) = 0] = E[U(T. 5 . [Y]) | A™(Y) = 0]

/ E[hT.-s 1[Ty5 ,—1Q)) | ou™'du
/1 7a,(eu)71Q])}au_a_1du
/ BT, - Q)oy ™ dy

)

= & /0 h E[h([T,-5,:Q))]ay™dy.

g =

8

In the above we used the substitution y = ue to obtain the fourth equality. For the final
equality, note that M(T,-5 ,-1Q) = y since M(Q) = 1 a.s. In particular, h([T,-5 ,-1Q]) =0
a.s. whenever y < e by the properties of h stated in the beginning of the proof.
Bringing everything together, (6.19) and (6.20) imply that
lim k¢ E[W(T7X,])] = lim k¢ E[R([T7X])H{M(X,) > a.c}]

T—00 T—00

=e° /000 E[h([T,-5 ,1Q])]ay *'dyde®
_ /0 TE(T, 5y Q))]aytdy = v(h).

where v is defined at (6.17). Since h is arbitrary, this proves (6.16).

We now prove (6.18). By [14, Lemma 4.1], it suffices to prove that E[N.(g)] —
(Leb xv/)(g) for all g : [0,1]¢ x Ng; — [0,00) of the form g(t, [u]) = (s (t)1a([1]), where
(a,b] is the parallelepiped in R? determined by a = (ai,...,aq),b = (b1,...,bq) € [0, 1]¢
with a; < b; for all j, and A € B* (with B* defined just before Proposition 6.3) such that
v(0A) =
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Recall that X, = Xjg; 14, so X; = X;; and due to stationarity of X, P([X;] € -) =
P([X,s €-)forallie I, ={1,..., k. }4 where k, = [7/b,|. Thus, as 7 — o0,

E[N:(9)] = Tier, L jremP(ITX:] € A) ~ (%)d [T{_ (b — a)P(T7X:] € A)

d
NH o) KP(TTX,] € A) — H Jv(A) = Lebxv(g),

where in the penultimate step we applied (6.16). O
To finish the proof of Theorem 4.2, we need the following technical lemma.

Lemma 6.4. Assume that (b;),~o is such that Assumptions 4.3 and j.4 hold. Then,
Assumption 4.5 implies

E|[ics, oxp {—F(ibe/7. 7 [Xeal)} | = [icr, B exp{~/ (ibe/7, T[X:i])} | -0 (6.21)

as T — oo for every f:[0,1]% x Nop — [0,00) such that
(i) for some e >0, M(pu) < e implies f(t,[u]) = 0 for all t € [0,1]%;

(ii) f is Lipschitz, that is, for some ¢ > 0,

£t ) = £(s, V)] < cmax {Jt — s|, m([], [V]) }

for all t,s € [0,1]¢ and nontrivial measures p, v € Npy;.

Observe that, for each 7 > 0, the first term on the left-hand side of (6.21) is the Laplace
functional L(N;) of the point process N,, while the second term is the Laplace functional
of the point process

N: o= {(ibe /7, TT[XE)) i e L),

where the blocks X, 4 € I, are independent, and for each ¢ € I, X7, has the same

distribution as the original block X ;.

Proof of Lemma 6.4. Let f be an arbitrary function satisfying the assumptions of the
lemma for some ¢ and c. Fix an arbitrary § < ¢ and define a function f? : [0, 1]¢ x Ny —
[0,00) by fo(t, ) := f(t,[1°]), where p° is the restriction of u € Ny to R? x (4, 00). For
all t € [0,1]? and all u € Ny, the Lipschitz property of f implies that

F (1)) = £t )] < em((], [1°]) < em(p, p®) < ce™/? (6.22)

see (6.9) for a similar argument which justifies the last inequality.
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By the construction of f° and properties of f, Assumption 4.5 implies that (4.17) holds
for the family

fT,’l:(lu’) = fé(ibT/THu)v T>07 ie[T’ MENOI-

We first show that in (4.17) one can replace the trimmed blocks X’T’i with the original
ones X, ;. For this, observe that

B[ iy, o0 {~fraTT Xri)} | = B[ Licy, exp{—fra(T7 X200} |
< Sier, Bl exp{—fralTTXr0)} = exp{—fra(TT K00}
where we used the elementary inequality
Ty a0 =TT bl < 00 lai — bl (6.23)

valid for all k£ and all a;,b; € [0,1], ¢ = 1,..., k. Recall the blocks of indices .J,; and

A

Jri from (4.3) and (4.16), respectively. Observe that M(X; .; .) < a,0 implies that
fra(TT X ) = fni(TfXT,i). In particular, due to stationarity of X,

ict, Bl exp (= fralTT Xo0)} = exp{—fra(T7 X-a)}|
<k P(M(Xpop, )\, p,—1,]4) > @20)

< K E[z(m)ex 1{t € [0,6,)7\ [I,, b, — ]9, 5 > aTa}}
= k2 Leb([0,0,]%\ [i, b, — 1,]) P(X(0) > a,0)

~ const k441, P(X(0) > a,8) ~ const é—TTdP(X(O) > a;0) —const -0-6"“=0

as 7 — 00. In the third step we used the refined Campbell’s formula, in the fourth the
assumption [, /b, — 0, in the fifth the fact that k, ~ 7/b,, and, finally, (4.2). Thus,

}E{HM exp {— fﬂi(Tme')}] _ E[HM exp{— fﬂi(Tf)A(T,i)}] } 50 asT — oo,

After applying (6.23), the same arguments also imply

‘ HieIT E[GXP {_fr,i(Ter,i)}] - HieIT E [GXP{—fr,i(TfXT,i)}] ’ —0 as7 — 00.

Together with (4.17), this implies that, as 7 — oo,

AL = B[ [Tie, exp {~f2(ibe /7. T7Xr0)} | = Ticr, B exp { = (ibe/m. 17 X,0)} ]|

= B[ Tier, exp {=Fra 0700} | = Tics, B[ exp {—fra(TT X0} ]| = 0. (6.24)
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Using (6.23) and the inequality |e™® — e Y| < |x — y| for z,y > 0, one gets

E| icr, exp {~f(ibe/7. T [Xei)}| = Tlics, B exp {1 (ibe/7, T [Xa))} |
< |B[ ey, exp (=i /m. T7XDY] = B[ ey, exp { =720/ 17 X0}
+ | Mier, B exp {=f(ibe/7, T IXa)} ] = Ticy, B[ exp {— b/ 7, TT X0 ] | + 23
<25 ie, B (o), T Xeil) = S2(ibe /7. T7 Xor)| + AL (6:25)

Since M (1) < e implies f(t,[u]) = fo(t,u) =0, for all 4 € I,

E| (ib, /7, T7 (X)) — (b, /7. T7 X.)

_ E‘ F(aby 7, TT1X,4]) — £2(aby /7, T X, 5) [ 1M (X,5) > are)
< ce VOP(M(X,5) > aze) = ce/° P(M(Xgp,14) > a-e),

where we used (6.22) in the third step. Thus, the right-hand side in (6.25) is bounded by
2ce”VOkS P(M(Xjop,0a) > are) + A? < 2ce ORI P(X(0) > are) + AL,

which by (4.2) and (6.24) tends to ce™/%¢® as 7 — 0o. Since § € (0, ¢) is arbitrary, letting
d — 0 finally yields (6.21). O

We are finally in position to prove Theorem 4.2.

Proof of Theorem /.2. Since the family of Lipschitz continuous functions from Lemma 6.4
is convergence determining in the sense of [3, Definition 2.1] (see [2, Proposition 4.1]),
the convergence of intensities (6.18) and the asymptotic independence of blocks (6.21)
imply that, as 7 — o0, N, converges in distribution to a Poisson point process N on
N = [0,1]¢ x Ny, whose intensity measure is Leb xv; this is [3, Theorem 2.1] which
is a consequence of the classical Grigelionis theorem, see [14, Corollary 4.25]. Standard
transformation results for Poisson processes now imply that N can be constructed as in
(4.9), and this finishes the proof of Theorem 4.2. O
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