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THE STRONG BRUNN-MINKOWSKI INEQUALITY AND ITS
EQUIVALENCE WITH THE CD CONDITION

MATTIA MAGNABOSCO, LORENZO PORTINALE, AND TOMMASO ROSSI

ABSTRACT. In the setting of essentially non-branching metric measure spaces, we
prove the equivalence between the curvature dimension condition CD(K, N), in the
sense of Lott—Sturm—Villani [Stu06a, Stu06b, LV09], and a newly introduced notion
that we call strong Brunn-Minkowski inequality SBM(K, N). This condition is a
reinforcement of the generalized Brunn—Minkowski inequality BM(K, N), which is
known to hold in CD(K, N) spaces. Our result is a first step towards providing a full
equivalence between the CD(K, N) condition and the validity of BM(K, N), which has
been recently proved in [MPR22] in the framework of weighted Riemannian manifolds.

1. INTRODUCTION

In their seminal papers [Stu06a, Stu06b, LV09], Lott—Sturm—Villani introduced a
synthetic notion of curvature dimension bounds, in the non-smooth setting of metric
measure spaces, usually denoted by CD(K, N), with K € R, N € (1,00]. This property
is formulated using the theory of optimal transport and, in the setting of Riemann-
ian manifolds, is equivalent to having Ricci curvature bounded below and dimension
bounded above. More precisely, the CD(K, N) condition consists in a convexity prop-
erty of the so-called Rényi entropy functional along Wasserstein geodesics.

In the Riemannian setting, curvature bounds are sufficient to deduce many geometric
and functional inequalities. Similar results can be obtained in the framework of a
metric measure space (X,d, m) as a consequence of the curvature-dimension condition.
A celebrated geometric inequality that can be deduced from the CD(K, N) condition,
in a generalized form, is the Brunn—Minkowski inequality: the convexity of the Rényi
entropy translates to a concavity property of the mass of the t-midpoints, namely of
the function

0,1] 5 ¢ — m(M,(A,B))~, A, B C X Borel sets,

see Definition 3.4. This was already observed in the first papers on the CD(K, N)
condition, see in particular [Stu06b, Proposition 2.1]. On the one hand, a remarkable
feature of the Brunn—Minkowski inequality is that its formulation does not invoke op-
timal transport. On the other hand, its proof relies on the well-known inclusion of the
support D;(A, B) of the (unique) Wasserstein ¢-midpoint, between the normalized uni-
form distributions on A and B, in the set of t-midpoints M;(A, B). Therefore, a natural
strengthening of the Brunn—Minkowski inequality is to require that the aforementioned
concavity property holds, not for the whole set of t-midpoints, but only for the support
of the Wasserstein t-midpoint. This leads to main novelty of this paper: the intro-
duction of the strong Brunn—Minkowski inequality, which we denote by SBM(K, N), cf.
Definition 3.7. Despite being still dependent on the optimal transport, this inequality is
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reminiscent of the Brunn—Minkowski one. Our main result is that SBM(K, N) is equiv-
alent to CD(K, N), in the setting of essentially non-branching metric measure spaces.
We refer to Sections 2 and 3 for the precise definitions.

Theorem 1.1. Let K € R and N > 1 and let (X,d,m) be an essentially non-branching
metric measure space supporting SBM(K, N). Then, (X,d,m) is a CD(K, N) space. In
particular,

(X,d,m) supports SBM(K, N) if and only if it satisfies CD(K,N).

This theorem is a first step towards the complete equivalence between the Brunn—
Minkowski inequality and the curvature dimension condition, in the setting of essentially
non-branching spaces. The interest in the aforementioned equivalence is twofold: on
one side, it would provide a characterization of the curvature dimension condition with-
out the need of optimal transport. On the other side, it would provide an alternative
proof of the globalization theorem, cf. [CM21]. Indeed, according to [CM17, Theo-
rem 1.2], the local curvature dimension condition, denoted by CDj,c(K, N), is enough
to the deduce the (global) Brunn—Minkowski inequality with sharp coefficients. Note
that, should CDjoc(K, N) imply SBM(K, N), Theorem 1.1 would already be enough to
deduce the globalization theorem. However, this implication does not easily follow from
the arguments in [CM17, Theorem 1.2]. In fact, their technique is based on a suitable
localization argument, built upon the L'-optimal transport and thus it does not im-
mediately imply the validity of the strong Brunn—-Minkowski inequality, which on the
contrary is based on the L?-optimal transport.

In [MPR22], we prove the equivalence between the Brunn—Minkowski inequality and
the curvature dimension condition, in the setting of weighted Riemannian manifolds. In
this framework, using the full Riemann curvature tensor, we are able to identify pairs
of sets A and B, for which the sets M;(A, B) and D,(A, B) are comparable in measure.
In the setting of essentially non-branching metric measure spaces, the relation between
Dy(A, B) and My(A, B) is in general less clear. A better understanding of this problem
is most likely required to close the gap between the Brunn—Minkowski inequality and
the CD(K, N) condition, cf. Section 5.2 for a more detailed discussion.

Organization of the paper. In Section 2, we introduce the basic tools of metric mea-
sure spaces and optimal transport. In Section 3, we recall the definition of a CD(K, N)
space and we prove an equivalence criterion, which we believe is of independent inter-
est, cf. Proposition 3.3. Finally, we introduce the strong Brunn—Minkowski inequality
SBM(K, N), cf. Definition 3.7, and we show its interplay with the Brunn—Minkowski
inequality. In Section 4, we prove Theorem 1.1: the most challenging step is to find a
large class of measures for which SBM(K, N) implies CD(K, N), cf. Theorem 4.3. At
last, in Section 5, we show that the Brunn—Minkowski inequality implies the so-called
measure contraction property, cf. Proposition 5.3, and we add some final remarks.
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(DFG, German Research Foundation) through the collaborative research centre “The
mathematics of emerging effects” (CRC 1060, Project-ID 211504053). The authors are
grateful to Prof. Karl-Theodor Sturm for fruitful discussions on the topic.
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2. PRELIMINARIES

A metric measure space is a triple (X,d, m), where (X,d) is a Polish metric space
(i.e. complete and separable) and m is a positive Borel measure on X, finite on bounded
sets. We call .#, (X) the set of all positive and finite Borel measures on a metric space
(X,d). We denote by Z(X) C 41 (X) the set of all Borel probability measures on
(X,d), and by P5(X) C H(X) the set of all probability measures with finite second
moment. Moreover, the set of probability measures in &3(X), which are absolutely
continuous with respect to the reference measure m, will be denoted by &7%¢(X,m). On
the space P(X), we introduce the 2-Wasserstein distance

(1) Wi(uv) = inf [ d(z,p)?dn(z,y),
T JXxX

where the infimum is taken over all admissible plans, that is over all 7 € Z(X x X)
such that (p;)xm = p and (p2)xm = v. Here p; : X x X — X denotes the projection on
the i-th factor. The infimum in (1) is always attained, the admissible plans realizing it
are called optimal transport plans and the set that contains all of them is denoted by
Opt(p, ). The optimality of a transport plan can be equivalently characterized with
the notion of d2-cyclical monotonicity (see [ABS21, Definizione 3.10] for the definition).
In particular, an admissible plan 7 € Z(X x X) is optimal between its marginals if and
only if it is concentrated on a d?-cyclically monotone (o-compact) set I' € X x X, cf.
[ABS21, Theorem 4.2].

It is well known that W is a complete and separable distance on &?5(X). Moreover,
the convergence with respect to the Wasserstein distance is characterized in the following
way, cf. [ABS21, Theorem 8.8]:

Lhn, LN uo <=, — u and /d(azo,az)2dun — /d(mo,az)2d,u Vo € X.

In the last formula the symbol — denotes the weak convergence of measures, i.e. the one
in duality with the space of continuous and bounded functions Cy(X). This description
shows in particular that, for a sequence of probability measures with uniformly bounded
support, the Wa-convergence is equivalent to the weak one. Moreover, as a consequence
of Riesz and Banach—Alaoglu theorems, if (X,d) is compact then Z(X) = P(X) is
compact as well, with respect to the Wasserstein distance W5. For the same reason,
every family of measures in &5(X), having the same compact support, will be Ws-
precompact (even if X is not compact).

Let C(]0,1],X) be the set of continuous functions from [0,1] to X and define the
t-evaluation map as e; : C([0,1],X) — X; ei(y) = ~(t), for v € C([0,1],X), for any
t €10,1]. A curve v € C([0,1],X) is called geodesic if

d(y(s),7(t)) = |t = s[ - d((0),~(1)) for every s,t € [0,1].

We will denote by Geo(X) the space of constant speed geodesics in (X, d) parametrized
on [0,1]. The metric space (X, d) is said to be geodesic if every pair of points is connected
by a geodesic, Notice that every measure n € Z(C([0,1],X)) induces the curve [0,1] >
t — pt = (er)yn in the space of probability measures Z(X). If (X,d) is a geodesic
metric space then (%2,(X), W) is a geodesic metric space as well. More precisely, given
two measures p,v € P2(X), the curve {u}ejo) € P2(X) connecting p and v is a
Wasserstein geodesic if and only if there exists n € Z2(C([0,1],X)) inducing {11t }se(0,1]
(that is p¢ = (er)yn for every t € [0,1]), which is concentrated on Geo(X) and satisfies
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(€0, e1)#n € Opt(u,v). In this case it is said that 7 is an optimal geodesic plan between
w and v and this will be denoted as n € OptGeo(pu, v).

Definition 2.1 (Essentially non-branching metric space). In a metric space (X,d), a
subset G C Geo(X) is called non-branching if for any pair of geodesics v1,72 € G such
that v1 # 79, it holds that

restrlyy; # restrhy for every t € (0,1).

A metric measure space (X,d,m) is said to be essentially non-branching if for every
absolutely continuous measures pg, 1 € Z%(X,m), every optimal geodesic plan 7
connecting them is concentrated on a non-branching set of geodesics.

Definition 2.2 (Midpoint set). Let (X,d) be a metric space. For every ¢ € [0, 1] and
any pair of sets A, B C X we define the set of t-midpoints between A and B as

M (A, B) := e, ({7 € Geo(X) : 7(0) € A, v(1) € B})

We will adopt the notation My(z, A) := M;({z}, A) and M (A,x) := M;(A,{z}) for
every ¢ € X and A C X.

Observe that in general the set M;(A, B) is not Borel measurable, even if the sets A
and B are Borel. In the following we will need to evaluate the measure of M;(A, B),
for this reason we introduce the measure m as the outer measure associated to m. This
measure will not play a significant role and will only be used when dealing with sets
of the form M;(A, B). In particular, having a control on the measure of some suitable
sets of t-midpoints, is sufficient to deduce some nice properties regarding the structure
of Ws-geodesics, as shown in Proposition 2.5.

Definition 2.3. [Kell7, Definition 5.1] A measure m on a metric space (X,d) is said
to be qualitatively non-degenerate if for every R > 0 and & € X there exists a function
frz :(0,1) = (0,00) with

limsup frz(t) > =,
t—0 2

such that for every = € Bg(z) and every Borel subset A C Br()
m(Mi(A,2)) = fra(t) - m(A).

Definition 2.4. [Kell7, Definition 3.1] We say that a metric measure space (X,d, m)
has the good transport behaviour if, for every pair po, p1 € Po(X) with py < m, any
optimal transport plan between g and p; is induced by a map. We say that (X,d, m)
has the strong interpolation property if for every pair po,pu; € Po(X) with py < m,
there exists a unique optimal geodesic plan n € OptGeo(uo, 1) and is induced by a
map and such that (e;)xn < m for every ¢ € [0,1).

Recall that a metric space (X, d) is said to be proper if every closed and bounded set
is compact.

Proposition 2.5. [Kell7, Theorem 5.8, Corollary 5.9] Assume (X,d,m) s a proper,
geodesic, essentially non-branching metric measure space and m is qualitatively non-
degenerate. Then, (X,d, m) has both the good transport behaviour and the strong inter-
polation property.
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3. THE CD CONDITION AND THE BRUNN-MINKOWSKI INEQUALITY

Before going through the definition of the CD condition, we introduce the two object
which are necessary to do it: the distortion coefficient and the Rényi entropy functional.
For every K € R and N > 0 we define

+00 Nr2 < K6?
sin(tG %)
— 0< K6? < Nr?
O.(f) 0) == Sin(g\/%)
K,NAT/ t K=0or N=o0 "’

sinh (tG \/? )

— 2 K<0
sinh(G %)
while for K € R and N > 1 we introduce
t L (¢ _ 1
TI({,)N(H) = tNU}{),N—l(e)l N.

These coefficients have nice monotonicity properties, in particular for every fixed t €
(0,1), KeRand N > 1

nondecreasing if K >0

: (t)
(2) the function 6 — 75 \(0) is nonincreasing i K < 0

The N-Rényi entropy functional on #(X) is defined as

Enli) == [ @) ¥ dm@) Ve (%),

where p is the density of the absolutely continuous part of u, with respect to m. It is
well known (see for instance [Stu06a, Lemma 4.1]) that the N-Rényi entropy is lower
semicontinuous in (P2(X), Wa), if the reference measure m has finite total mass. In
general, for metric measure spaces with possibly infinite mass, the lower semicontinuity
holds for Ws-converging sequences of measures concentrated on the same bounded set.

Definition 3.1 (CD(K, N) condition). Given K € Rand N > 1, a metric measure space
(X,d,m) is said to satisfy the curvature dimension condition CD(K,N) (or simply to
be a CD(K, N) space) if for every pair of measures pg = pom, pu; = pym € Z%(X, m),
there exists a Wa-geodesic n € &?(Geo(X)) connecting them, such that (e;)xn =: i =
prm < m, for every t € [0, 1], and the following inequality holds for every N’ > N and
every t € [0, 1]:

3 Enlu) <= [ [N @ m)on@) ™ + ol A )or() ¥ Jdn(a.y)

where m = (eg, e1)xn € Opt(uo, 1)

Notation. In the following, in order to ease the notation we will sometimes denote by
TI(;)N,(ﬂm) the right hand side of (3), that is

¢ 1—t _L t _1
T (elm) = = [ [ @@ )po(e)™ ¥ + rfd (@@ ) pa ) ()
Notice that it is not necessary to explicit the dependence of the integral on the densities

po and pi, because this information is already encoded in 7 and m, in fact (p)xm =
po = pom and (p2)4m = p11 = prm.
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We now want to state a sufficient criterion to verify the CD(K, N) condition, allowing
to test the definition only on suitable pairs of marginals. To this aim, we introduce the
notion of bounded probability measure.

Definition 3.2 (Bounded probability measure). A probability measure p € 2(X, m)
is said to be bounded if it has bounded support and density bounded from above and
below away from zero. A subset A C Z22%¢(X,m) is said to be uniformly bounded if there
exist a bounded set K and two constants C' > ¢ > 0 such that for every p = pm € A,
spt(n) = K and ¢ < p < C m-almost everywhere on K.

Notation. Given a Borel set A C X such that 0 < m(A) < oo, we will denote by my4 the
normalized restriction of the reference measure to the set A, that is

m|a

m(A4)

Proposition 3.3. Let (X,d,m) be a proper, geodesic and essentially non-branching
metric measure space and assume m is qualitatively non-degenerate. Then, (X,d,m)
satisfies the CD(K, N) condition if and only if the requirements of Definition 3.1 hold
for any pair of bounded probability measures.

(4) my =

Proof. Suppose that the CD(K, N) condition holds for every pair of bounded marginals
and fix pg = pom, p1 = pym € P (X, m). According to Proposition 2.5, both the good
transport behaviour and the strong interpolation property hold for (X,d, m). Then, let
n be the unique optimal geodesic plan connecting po and pq and © = (eg,e1)xn the
unique optimal transport plan between them. Moreover, (e;)xn < m for any t € [0, 1]
and we denote by p; its density. Fix xp € X and define (up to null sets) the following
sets

Ap :={x €By(z9) : 1/n < po(z) <n} and B, :={x e By(zg) : 1/n < pi(z) < n}.
Then, we introduce the set
G :i={v € Geo(X) : 7(0) € A,, v(1) € By}
and the measures
M =1na, € P(Geo(X)) and m, := (eg,e1)xnm € P(X x X).

Note that, since n € OptGeo(pug, 11), its restriction n, is still optimal between puf :=
(eo)ynn and pt = (e1)xn, and, as a consequence, m, € Opt(ug, 7). In addition,
according to Proposition 2.5, 7, is the unique optimal geodesic plan between p and
pi, and 7, is the unique optimal plan. Observe that, thanks to the good transport
behaviour, both 7 and 71 := (e, ep)xn are induced by a map, thus, defining A4, :=
eo(Grn Nspt(n)) C A, and B, := e1(G,, Nspt(n)) C By, it holds that

f1ol z plg

5 0= “ an T = .

This shows in particular that pg and g7 are bounded for every n. Moreover, by definition
n(Gr)-nn < n, thus denoting by pj* the density of (e¢)4n, (with respect to m) and setting
oy :=n(Gy) - ppt for every t € [0,1], we have

(6) Py < pt m-a.e., Vt € [0,1].

On the other hand, the families {4, }nen and { By, }nen exhaust the supports of po and
1 respectively, hence n(Gy) — 1 and m(Xx X\ (4, x B,)) — 0 as n — co. Applying the




THE STRONG BRUNN-MINKOWSKI INEQUALITY IMPLIES THE CD CONDITION 7

CD(K, N) condition for the bounded marginals u{ and uf, we have, for every N’ > N
and for every t € [0,1],

2 fox [0 (80237 i (A )R ) )

1

= (n(Gn))ﬁ_I/A " (e (d(a ) po(@) ™3 + 7y (A, ) o1 (y) ™V | dre(a, ),

where the last equality follows from (5) and from the fact that 75 . 5 coincides with
Tn. Simplifying the term 7(G,) (which is definitely strictly greater than 0) and using
(6), we obtain for every N’ > N and for every t € [0, 1]

-4 ma1— L
[or Vam= [ Fam

— _L _L
Z/A 5 e (@, 9)po (@) ™3 + 7y (d(, ) pr(y) ™V |dre(z, ),
n X Dn

and taking the limit as n — 0o, we conclude that

- - _1 _L
/pt Mdm > /X < [Tl((lj? (d(@, 1)) po(@) ™V + 715 (d (1)) p1 (1) N’}dﬂ(:c,y),
X
which is exactly (3) for pg and py. This concludes the proof. O

We introduce now a generalized version of the classical Brunn—Minkowski inequality
to the non-smooth setting. Similarly to CD condition, this inequality takes into account
dimensional and curvature parameters.

Definition 3.4 (Brunn—Minkowski inequality). Let (X,d, m) be a metric measure space
and let K € R and N > 1. We say that (X,d, m) supports the Brunn—Minkowski
inequality BM(K, N) if, for every pair of nonempty Borel sets A, B C spt(m), the
following inequality holds for every N’ > N and every ¢ € [0, 1]:

=l _
() mOL(AB)Y = 7l 1) (B(A, B)) - m(A)V + 7y, (6(4, B)) - m(B) V",

where

ei‘nfeBd(az,y) it K >0,

e x Y

(8) O(4,B) := sup d(z,y) if K <0.
r€A,yeB

Similarly as for the ¢t-midpoints, we adopt the notation O(A4,z) := (A, {z}) and
O(x,A) :=O({z}, A), for every x € X and A C X.

Lemma 3.5. Let (X,d,m) be a metric measure space supporting BM(K,N). Then,
(spt(m),d) is a Polish, geodesic and proper metric space. Moreover, m is a Radon
measure.

Proof. Since (X,d) is Polish and spt(m) is closed, the metric space (spt(m),d) is Polish
as well. Moreover, from the proof of [Stu06b, Theorem 2.3], BM(K, N) implies that
(spt(m),d, m) satisfies a Bishop—Gromov inequality, and thus m is a doubling measure.
By a standard argument, this means that (spt(m),d) is a doubling metric space, i.e.
any bounded set is totally bounded, therefore it is proper and also o-compact. As a
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consequence, m is Radon, being a locally finite measure on a locally compact, second
countable space (see for example [Fol99, Thoerem 7.8]). We prove now that (spt(m),d)
is length: let x,y € spt(m), e > 0 and fix A. := B.(z)Nspt(m) and B, := B.(y)Nspt(m).
Applying BM(K, N) we deduce that m(M,5(A:, B:)) > 0, therefore there exists z €
M, j2(Ae, B:) Nspt(m). In particular, by construction, this implies that:

1
d(a:,z),d(z,y) S §d($,y) +e.

Since x, y and ¢ are arbitrary, we can conclude that (spt(m),d) is a length space (see
[Bal95, Proposition 1.4]). Finally, a complete, proper and length space is geodesic. [

Applying the previous lemma, we can deduce that a metric measure space supporting
the Brunn—Minkowski inequality has the properties of Definition 2.4.

Corollary 3.6. Let (X,d,m) be an essentially non-branching metric measure space
supporting the Brunn—Minkowski inequality BM(K, N). Then, (X,d,m) has the good
transport behavior and the strong interpolation property.

Proof. First of all, we restrict ourselves to the support of m and consider the metric
measure space (spt(m),d,m). From Lemma 3.5, this is a proper and geodesic metric
space. Second of all, letting R > 0, & € spt(m) and A C Br(Z) Nspt(m) Borel, we may
apply BM(K, N) to A and z, obtaining

M(My(A, 7)) > 71 ) (O(A, 2)Nm(A),

for any t € [0,1]. This shows that m is qualitatively non-degenerate on its support.
Finally, applying Proposition 2.5 to the metric measure space (spt(m), d, m) we conclude
the proof. Note that the good transport behavior and the strong interpolation property
are only related to optimal transport, which in turn depends on the metric measure
structure of (X,d, m) only on the support of m. O

In this paper, we study a stronger version of the Brunn—Minkowski inequality, which
is more sensitive to the optimal transport interpolation.

Definition 3.7 (Strong Brunn—-Minkowski inequality). Let (X,d, m) be a metric mea-
sure space and let K € R and N > 1. We say that (X,d,m) supports the strong
Brunn—Minkowski inequality SBM(K, N) if, for every pair of Borel sets A, B C spt(m)
such that 0 < m(A),m(B) < oo, there exists n € OptGeo(m 4, mp), where my, mp are
as in (4), such that the following inequality holds for every N’ > N and every ¢ € [0, 1]

9)  mlspt((e)sn) ¥ = 7l 3 (O(A, B)) - m(A)F + 7y (O(4, B)) - m(B) .
where ©(A, B) is defined in (8).

Proposition 3.8. Given K € R and N > 1, if the metric measure space (X,d, m) sup-
ports the strong Brunn—Minkowski inequality SBM(K, N), it also supports the Brunn—
Minkowski inequality BM(K, N).

Proof. Fix N' > N and t € [0,1]. Let A,B C spt(m) be two Borel sets with 0 <
m(A),m(B) < oo. Then, for every n € OptGeo(ma, mp) it holds that spt((e;)xn) C
M;(A, B) up to a m-null set. Therefore, SBM(K, N) implies (7) for sets with finite and
positive measure. Moreover, since the proof of Lemma 3.5 only relies on BM(K, N) for
sets of finite and positive measure, we can deduce that (spt(m),d) is proper, geodesic
and m is Radon. Let us prove now BM(K, N) for any compact sets A, B C spt(m),
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with possibly zero measure. If m(A) = m(B) = 0, there’s nothing to prove, hence we
may assume m(A) > 0 and m(B) = 0. Moreover, for the time being, assume also that
B = {z}, where z € spt(m). Applying the Brunn-Minkowski inequality with the sets
A and B, (z) (for r > 0) we obtain

X _

(1) m(Mi(A,B,(2)))Y = (0,) m(A)V +7.(0,)  m(B,(x) ¥,
where O, := ©(A,B,(z)). On the other hand, it can be proven that

) Mi(A, B,(2)) = My(A, ).

r>0
The D inclusion is obvious, while to prove C we take w € (1, M(4,B,(z)) and
we observe that, given a sequence {r,},en converging to 0, there exist a, € A and
zn € By, (z) such that w is a ¢t-midpoint of a,, and z,. Since A is compact, up to
subsequences a, — a € A and then, by Ascoli-Arzela theorem, w is a t-midpoint of
a and z, thus w € M;(A,z). At this point, noting that the sets M;(A,B,(z)) are
decreasing as r — 0, we can pass to the limit (10) and obtain

1
(11) m(My(A4,2) ¥ > ey (O(A,x)) - m(A)F.
Now, let B C spt(m) any compact set with m(B) = 0. Then for any x € B, we have
(12)  Mi(Ax) C My(A,B) and 74 (0(A2) > {1 (O(A, B)),
where the inequality follows from (2). Thus, we may apply (11) and (12), obtaining
1 1

(13) (1-1) 1L (1) 1
> T nt (O(A,2)) - m(A) N > 7 i (O(A, B)) - m(A)7.

In order to prove (7) for any Borel sets A, B C spt(m), with possibly zero or infinite
measure, we use the inner regularity of m. In particular, there exist two sequences of
compact sets {Ap, }nen and { By, }nen such that

A, C A, m(4,) — m(A) and B, C B, m(B,) — m(B).

For the sets A,, and B, inequality (13) holds, therefore, using the monotonicity of the
t-midpoints set and of the distortion coefficients as in (12), we obtain that

(14)  W(M(A,B)))Y > 730(0(4, B)) - m(A) ¥ + 70, (6(A, B)) - m(B,) V.

Passing to the limit the right-hand side of (14), we finally conclude that BM(K, N)
holds also for A and B. O

Remark 3.9. From Corollary 3.6 and the previous proposition, an essentially non-
branching metric measure space (X, d, m) supporting SBM(K, N) has the good trans-
port behavior and the strong interpolation property, cf. Definition 2.4. Thus, given
A,B C spt(m) Borel sets with finite and positive measure, there exists a unique
n € OptGeo(my, mp), depending only on the sets A and B. Hence, we can introduce
the following notation without ambiguity:

Dy(A,B) == spt((er)gn), Vi€ o,1].

In particular, the inequality (9) now reads as follows:

L

m(Di(4,B))¥ > r{1)(O(4.B)) m(A)F + 70y, (O(A,B)) -m(B)¥.
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It was already noticed in the first works about CD spaces (see in particular [Stu06b))
that the CD(K, N) condition implies the Brunn—-Minkowski inequality BM(K, N). Fol-
lowing the exact same proof is actually possible to deduce that the CD(K, N) condition
implies the strong Brunn—Minkowski inequality SBM(K, N). In the following we provide
a quick proof of this fact, in order to be self-contained and avoid confusion.

Proposition 3.10. Let (X,d,m) be a CD(K,N) space, for some K € R and N > 1.
Then, it supports the strong Brunn—Minkowski inequality SBM(K, N).

Proof. Given any pair of Borel sets A, B C spt(m) such that 0 < m(A4),m(B) < oo, take
the optimal geodesic plan n € OptGeo(my, mp) satisfying (3). In particular, letting
7 = (eg, e1)4M, for every N’ > N it holds that

) SR < - o [N @ ) m ) + 70y (@) m(B)F ] dn(e.y)
< —[TiN(6(A, B)  m(4)¥ + 710\, (6(A, B)) - m(B)¥

I

using (2). On the other hand, Jensen’s inequality ensures that

L L
(16)  Exlledpm = [ ()" dm(a) > —m(spt((er)4m) V.
spt((et)#m)
where p; denotes the density of (e;)xn with respect to m, for every ¢ € [0, 1]. Putting
together (15) and (16), we obtain (9), concluding the proof. O

4. PROOF OF THE MAIN THEOREM

In this section, we prove our main result, Theorem 1.1. For the convenience of the
reader, we recall its statement.

Theorem 4.1. Let (X,d, m) be an essentially non-branching metric measure space sup-
porting SBM(K, N) for some K € R and N > 1. Then, (X,d,m) is a CD(K, N) space.
In particular, (X,d,m) supports SBM(K, N) if and only if it satisfies CD(K, N).

A key idea in our argument is to prove the CD(K, N) condition for a suitable subclass
of bounded probability measures, called step measures. By an approximation strategy,
we then extend the result to all bounded measures and finally apply Proposition 3.3,
to conclude.

Definition 4.2. We say that a measure u € (X)) is a step measure if it can be written
as finite sum of measures with constant density with respect to m, that is

N
n = Z AimAia
=1

where, for every i = 1,...,N, \; € R and A; is a Borel set with 0 < m(4;) < oo.
Moreover, we assume the sets {4;};=1,. n to be mutually disjoint.

Note that the entropy £y of a measure v € 229¢(X,m) equals to m(spt(v))/V if and
only if v has constant density. Thus, letting A, B C spt(m) with finite and positive
measure, the SBM(K, N) inequality would translate directly to an information on the
entropy of the t-midpoint u; between my and mp, only if u; had constant density. How-
ever, we can not expect this to be true in general. The previous discussion suggests that,
in order to promote SBM(K, N) to an inequality on the entropy, an argument based
on a subsequently refined partition of the support of the marginals is needed, built
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in accordance with the optimal transport coupling. Indeed, using the partition argu-
ment, the t-midpoint between m 4 and mp can be approximated in entropy with a step
measure, which by definition has locally constant density. In addition, the SBM(K, N)
inequality, applied to each element of the partition, controls the entropy of the step
measure approximant. The partition argument works also when replacing the measures
my and mp with general step measures as marginals. The advantage of proving the
CD(K, N) inequality for the class of step measures is that the latter is sufficiently large
to deduce CD(K, N) for all bounded measures, by approximation.

Theorem 4.3. Let (X,d, m) be an essentially non-branching supporting SBM(K, N) for
some K € R and N > 1 and let pg, 1 € P%(X, m) be two step measures with bounded
support. Then, there exists n € OptGeo(ug, 1) such that (3) holds.

Proof. Combining Corollary 3.6 and Proposition 3.8, we deduce that (X,d, m) has the
good transport behavior and the strong interpolation property. Therefore, letting ug
and p1 be step measures, i.e.

No Ny
0 1
Ko = E :)‘zmAz and H1 = § :)‘imBm
i=1 =1

there exists 7 € OptGeo(pug, p1), the unique optimal geodesic plan connecting uy and
p1. Then, 7 := (eg,e1)xn € Opt(po, 1) is the unique optimal transport plan between
po and g and it is induced by a map 7', that is 7 = (id,T")4puo. Suppose for now
that T is continuous, we will get rid of this assumption later in the proof. In this case,
since spt(ug) is compact (see Lemma 3.5), for every ¢ > 0, it is possible to find a finite
partition in Borel sets {Pf}j=1 . r. of it, that is UJL;leE = spt(po) up to an m-null set
and P7 N P; = () if 7 # 7, with the following properties:
(i) m(P5) >0, for every j =1,..., L,
(ii) diam(P5) < € and diam(T'(P)) < ¢, for every j =1,..., L,
(iii) for every j =1,..., L, there exists i(j) such that P; C Ay ,
(iv) for every j =1,..., L, there exists ¢(j) such that T'(P;) C B,;).
For example, consider the sets {P, ;};; defined as P, j := A; N T~!(B;), which already
satisfy the properties (iii) and (iv). The sought partition can then be found as a suitable
refinement of the partition {P; ;}; ;, ensuring the property (ii) using the equicontinuity
of the map T on the compact set spt(up), and condition (i) by neglecting the sets with
ZEero m-measure.
We observe that the good transport behavior implies that the unique optimal map
T~ from p1 to pg is such that T o T' = id po-almost everywhere. In particular,

(17) po(P5) = po(T " o T(F)) = Typuo(T(F})) = pa(T(PY)).
Now we define the measures ,ug’j , ui’j € M (X) as
po? = po(P) ~mps and  py? = i (T(F})) - mypey = po(F5) - my(ps)

where the last equality follows from (17). Property (iii) of the partition ensures that
pg” and po ps are both measures of constant density with respect to m and with equal

mass. Therefore pg” = po Pz and, as a consequence

L. L.
po= 3 poles = S0
j=1 j=1
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Similarly, by (17) and property (iv) we conclude that T#,ug’j = ,ul\T(pjs) = u‘i’j , hence
L.
Ml — Z Mi"y,
j=1

Defining 7; := 77|651(P;) € M+ (Geo(X)), it holds that n = E]L; n;. Note that 7; =
%%) € P(Geo(X)). Moreover, since it holds that (eg,e1)xn = 7 = (id, T)xpo, by

(17) we deduce that, for every j =1,..., L,

(eo)gn; (e1)uns
1o(P5) " po(Pf)

(18) {75} = OptGeo ( ) = OptGeo(mp]s,mT(p];)).

Thus, for every j, the curve t ﬂf’j = (et)#ﬁj is the unique Wasserstein geodesic
connecting mpe and mqp( Pe)s hence

(19) Dy (P, T(P)) = spt(iis?), vt € [0,1],

where the set Dy(-,-) is defined in Remark 3.9. As a consequence of the strong interpo-
lation property, for every j and ¢ the measure s is absolutely continuous with respect
to m, with density p;”. Moreover, by definition

(20) 77 >0 [iS7-almost everywhere on D; (P5,T(P5)).

In addition, we can apply the strong Brunn—-Minkowski inequality SBM(K, N) and
deduce that for every j =1,...,L., N' > N, and t € [0,1] it holds that

1 1 1
(1) mD(P}TP))Y 2 3 () - m(P))Y 471y () - m(T(F))
where we use the shorthand notation ©; := ©(Pf,T(F;)).

The next goal is to find a suitable approximately t¢-intermediate point i between
po and py. We claim that this can be achieved by considering a family of measures
fi;” € M, (X) supported on the sets Dy (Pf,T(P5)) and having constant density, then
gluing them together. This would allow us to use (21) on each set P; and provide a
lower bound for the entropy of fif . Precisely, we define, for every ¢ € [0, 1],

Le
"€7j

R MO(P]-E)-th(Pf,T(Pf)) forevery j=1,..., Le - and [y := lﬂt '
J:

Note that, for every ¢t € [0, 1], Dy (P]E ,T(P;)) has positive measure by (21). Moreover,
since Dy (P]E ,T(PJ‘?)) is bounded (being contained in the t-midpoints of two bounded
sets), it also has finite measure, therefore ,&i’j is well defined.

Since (X,d,m) is essentially non-branching, one can prove that D;(Pf,T(P5)) N
D, (Pf, T(Pf)) is a m-null measure set, whenever i and j are different, see for ex-
ample [MR21, Proposition 2.7]. Let pf be the density of if with respect to m, i.e.
p; = pim € Z(X). Then, for any t € [0,1] and N’ > N, the entropy Ens of i is given
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by

Le

Enitif) == [ 7" Fam==3" [ ()1 m

=/ (P;,T(Pjs))

(22) L.
== po(P) N m(Dy(P5, T(P5)))
j=1

2~

The combination of (21) and (22) gives the following estimate, where 7; := 7T|Pj5 xT(P5)"

() Zuo D 0 (05) - m(P)Y 4l (65) - m(T(F) ¥
Z [ PR ©m Y @)+ 7O )] dnany

(23)
Z/ [ @) F 0 ¥ @) + 7 ) F 2oy ¥ )] )

= — [ [ € ) F 90 ™ (@) + 7y ) F 2oy ¥ ()] drl ).

Here the symbol F denotes that the estimate holds with the minus if K > 0 and
with the plus if K < 0. Notice that the first equality follows by properties (iii) and
(iv) of the partition, because m; is concentrated on P; x T'(P5), whereas the second
inequality follows from the monotonicity properties of the distortion coefficients (2) and
the diameter bounds (ii).

Recall the definition of the measure ﬂi’j , its density ﬁi’j , and their properties, in
particular (19) and (20). For every fixed s € [0, 1], we can then define the measure

1 5(dY)
m(Ds (P}, T(Ff))) 53/ (ea(v))

By construction (es)x7; =m

5 = € M (Geo(X)).

, which in particular shows that 75 is a proba-
D, (Ps,T(PY)) b 1 p

bility measure. Moreover, 7j; is concentrated on Geo(X) and (e, €1)7; is concentrated
on the same d?-cyclically monotone set as (e, el)#ﬁj . For these reasons, we have that

7i; € OptGeo((eo)#7j, (e1)#7j), Yi=1,..., L.

On the other hand, the measures defined by 1”7 = (e0)#7; and Vil = (e1)41; are
concentrated on P; and T(Pj‘?) respectively. Hence, recalling that, for every u,v €
P5(X), it holds

(24) Wa(u,v) < diam(spt(u) Uspt(v)),
property (ii) of the partition and the triangle inequality allow us to conclude that
Wo (mP;,mDS(P;,T(P;))) < Wa(mps, vgl) + Wy (Vg’j,mDs(P;,T(P;)))

(25) <e+s-Walg?,v57)
<3c+s- Wg(ﬂlp];,mT(pj_s)),
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where we repeatedly used (24), and analogously
Wa(mp,(pe 7o), mr(ps)) < 3+ (1= 5) - Wa(mpe, mype)),

for every j = 1,...,L.. On the other hand, recalling that uy = Zf;l uo(Pf)mpjs and
s = Z] 1 1o (P5 )mDS(ps T(P))s the convexity of W2 gives us

W5 (o, i) < ZMO ) - W3 (mpe, Mp,(PeT(PE)))-
j=1

In addition, thanks to the optimality of the map T and the properties of the partition,
cf. (18), we have that

ZMO S ( mps, Mp(p)) = W3 (po, 1)

Hence, by summing (25) on j, we obtain the estimate

2
W2 (1o, i15) <Z,u0 <3€+8 Wg(mps mT(ps))>
7j=1

L
(26) = 9¢? +6€SZ po(P;)Wa(mps, mp(pe)) + s 2> o (P )Wy (mps, mr(ps))
Jj=1 j=1

< 92 4 6esD + 5% - W2(po, i),

where,in the third line, we introduced the quantity D := diam(spt(uo) U spt(p1)) and
applied (24). Analogously, we have

(27) Wafi, i) < 9% + 62(1 — $)D + (1 — 8)° - W3 (o, o).

Observe that we have proven (26) and (27) for every s € [0, 1].

We now pass to the limit as e — 0. Notice that, since ug and p; have bounded support
and the space (X, d, m) is proper by Lemma 3.5, for every t € [0, 1], all the measures in
the family {fi§}.~0 are concentrated on a common compact set. In particular, for every
fixed t € [0, 1], the family {/i§}.~o is Wa-precompact (see Section 2). Thus we can find
a sequence {&,, }men converging to 0 such that

agm LEN pr € Po(X)  as m — oo.
Now we can pass (26) and (27) to the limit as m — oo and obtain that

Wa(po, pe) <t - Walpo, 1) and  Wo(pg, p1) < (1 —1t) - Walpo, p1)-

As a consequence, we deduce that p; is the unique ¢-midpoint between pg and pq, and

i 2% € Pa(X) ase 0,

without extracting a subsequence. Repeating the argument for every ¢ € [0,1], we
deduce that the curve t — p; is the unique Wasserstein geodesic connecting pg and .
Then, we can pass to the limit (23), using the monotone convergence theorem for the
right-hand side and the lower semicontinuity of £y for the left-hand side and obtain,
for every t € [0,1] and N’ > N,

() < = [ [ @) ol ¥+ i (A ) pa () (o),
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which is the desired inequality. Note that we were able to exploit the lower semiconti-
nuity of Eyv, because for every ¢ € [0, 1] the measures of the family {i§}.0 U {u:} are
concentrated on a common bounded set.

So far we have proven that, if the optimal map between two step measures with
bounded support is continuous, the unique geodesic connecting them satisfies the en-
tropy convexity inequality (3). We now have to get rid of the assumption on the conti-
nuity of the optimal transport map 7'. If T is not continuous, recalling that m is Radon
thanks to Lemma 3.5, we may apply Lusin theorem: for every ¢ > 0, there exists a
compact set Ac C spt(po), such that T' is continuous on A, and po(spt(po) \ 4e) < €.
Then, define the measures

77’60*1(146)
/’[/O(AG)

Note also that n is the unique optimal geodesic plan in OptGeo(u, 1y). Moreover,
exploiting the good transport behaviour as done in the first part of the proof, we deduce
that the set B := T'(A¢) C spt(p1) is such that p§ = p1|p,/pi1(Be), while by definition is
clear that 1o = pola, /1o(Ae). In particular, pf and p§ are step measures with bounded
support, T'|4, is the optimal map between them and it is continuous. Therefore (3)
holds for p§, 1§ and n°. Repeating the same argument used in the proof of Proposition
3.3 replacing the sets A,, and B,, with A, and B, respectively, we can pass to the limit
as € — 0 and deduce that (3) holds for pg, 11 and 1. This concludes the proof. O

€

= € P(Geo(X)) and 4 = (co)ym, 5 = (e1)4n € P(X,m).

At this point, we proceed by approximation and use Theorem 4.3 to prove CD(K, N)
for every pair of bounded marginals. The next two lemmas serve for this purpose,
providing a suitable sequence of step measures converging to a given bounded measure

and an upper semicontinuity result for the functional T[(f)N(]m)

Lemma 4.4. Let p = pm € 2%(X,m) be bounded, then there exists a sequence of step
measures {fi, = ppMinen Wa-convergent to p, such that {p,}neny U {p} is uniformly

bounded and prl/N/ — p~ YN in LY (m) for every N’ > 1.

Proof. Let K C X be the (compact) support of © and ¢ > 0 as in Definition 3.2. Let
{pPn}nen be a sequence of step functions such that 0 < p, < p:= p — cxx and
nh_)ngo pndm = / pdm.

We then define for every n € N, the measure p, := p,m € 2%(X, m), where p, is the
step function defined as follows:

__ hatexk
15n + exxllLt m)
Note that ||pn + cxxll1m) — [2llL1m) = 1 and, in particular, we observe that

Pn -

/\pn = pldm < {|pn = pllzrm) + ( - 1) 15n + exxllzrm) — 0

15n + exx |l L1 (m)
as n — oo, thus p, — p in L'(m). Moreover, the sequence {i, }nen is by construction

uniformly bounded, and in particular for every N’ € N, the sequence {p, Y N/}neN is
uniformly bounded from below and above. Furthermore, since p,, — p in L'(m), up to a

(non-relabeled) subsequence, p, — p pointwise m-almost everywhere (see e.g. [Rud87,

—1/N' —1/N'

Theorem 3.12]). Trivially, this also shows that py, —p pointwise m-almost
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everywhere, hence an application of the dominated convergence theorem implies that

pgl/N' — p~YN"in L'(m) and conclude the proof. O

Lemma 4.5. Let ug = pom, 3 = pym € L% (X, m) be bounded and 7 be the unique op-
timal transport plan between them. Let {ug = pim}inen, {1 = pimlineny C 2% (X, m)
be the approximating sequences provided by Lemma 4.4. Then, letting w, be the unique
optimal transport plan between pg and py, it holds that

lim sup TI(;)N,(ﬂn]m) < TI(;)N,(ﬂ\m),
n—00 ’ ’
for every K e R, N' > 1 and t € [0,1].

Proof. We follow a strategy similar to the one developed in [MRS21, Proposition 4.10].
Recall that the sequence {m, },en weakly converges to m € Opt(uo, pt1) (see for example
[ABS21, Theorem 6.8]). Moreover, we observe that it is sufficient to prove

(28) timint [ 7 (@) be) S dmale ) 2 [ 750 0) o) dn(ay),

since the other term can be treated analogously. The space of continuous and bounded
functions Cy(X) is dense in L!(m) (see for example [Rud87, Theorem 3.14]), thus for

every € > 0 we can find ¢° € Cy(X) such that ||p, YN 9°llzr(m) < €. Furthermore,

for every n € N big enough we have that [|(p8) /N

function (z,y) — Tl({l Af,) (d(x,y)) is continuous but not bounded, for this reason, for

every M > 0 we introduce the function

Fur(@,y) = i ) (d(z, ) A M.

The function f3 is continuous and bounded above by M and therefore
timinf [ (o) (a)” ¥ dm (o)
> timint [ fur (o y)g*@)dm(e,g) M [ 1g° = (05) 7l
>hm1nf/fM x,y)g" (x)dm,(x,y) C’M/|g ()~ YN |dm
> hmlnf/fM z,y)g° (x)dm,(z,y) — 22CM
= /fM z,y)g" (x)dn(z,y) — 2eCM

> /fM(m,y)po(a;)_%dﬂ(a:,y) —3sCM,

where the equality holds because (z,y) — fa(z,y)g°(x) is continuous and bounded and
7, — m, while the constant C' > 0 represents the uniform upper bound on {pf }nen U
{po}. Since this last inequality holds for every ¢ > 0, we can conclude that

timinf [ far(o o (@) ¥ dmalo,y) > [ fuey)po(a) dn(ay).

Taking into account this semicontinuity property we deduce that for every M > 0
.. 1—t _L .. _ L
liminf [ 7 (d(2,9))pf () "V dmy (2, y) > lim inf / Fu(e,9)pf (@)W dmy (2, y)

> / Far (@, y)po(@) ™ ¥ dr(z, y),

— ¢°|lL1@m) < 2e. In general, the
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taking now the limit as M — oo, the monotone convergence theorem allows to prove
(28), concluding the proof. d

Proof of Theorem 4.1. According to Proposition 3.3, we can limit ourselves to prove
the CD(K, N) condition for bounded marginals. On the other hand, for every pair
of bounded marginals pg, 1 € Z2(X, m), there exist two approximating sequences
{1 tnen and {uf nen satisfying the requirements of Lemma 4.4. For every n € N
call 1, the unique optimal geodesic plan in OptGeo(ug, u), let m, := (eo, e1)#n, and
py = (et)ynn. For every n € N, uf and pf are step measures with bounded support,
thus Theorem 4.3 ensures that

(29) Enr(py) < TS?N,(Wn|m) for every N’ > N and t € [0,1].

Now we want to pass to the limit as n — co. Notice that, since the families {4 fnen U
{o} and {u}}nen U {p1} are uniformly bounded and the space (X,d,m) is proper,
for every fixed ¢t € [0,1], all the measures in the family {u}},en are concentrated on
the same compact set. In particular, for every fixed ¢ € [0, 1], the family {u}}nen is
Wa-precompact. We can then extract a (non-relabeled) subsequence such that

,u?—VKQ%,utG P5(X) asn — oo.

For every n € N, the measure pf is a t-midpoint between pj and p7, moreover uf — po
and pup — w1 with respect to Wa, thus p is the unique ¢-midpoint between g and p;.
We can then pass (29) to the limit as n — oo, thanks to the lower semicontinuity of the
entropy functional £/ and to Lemma 4.5, and obtain

Eni () < T[(;?N, (m|m), for every N’ > N and t € [0, 1],
which is (3). This concludes the proof. O

5. FINAL COMMENTS

5.1. The BM(K, N) inequality and the MCP(K, N) condition. In this section, we
explore the relation between the (strong) Brunn-Minkowski inequality and the so-called
measure contraction property. We recall here its definition, firstly introduced in [Oht07],
and an equivalent characterization proved therein.

Definition 5.1 (MCP(K, N) condition). Given K € R and N > 1, a metric measure
space (X, d, m) is said to satisfy the measure contraction property MCP(K, N) if for every
x € spt(m) and a Borel set A C X with 0 < m(A) < oo, there exists n € OptGeo(d,, m4)
such that, for every t € [0, 1],

ﬁm > (e0)y (i (@0, ) V(d)).

Lemma 5.2 ([Oht07, Lemma 2.3]). Let (X,d, m) be a metric measure space. Assume
that, for every x € spt(m) and A C X a Borel set with 0 < m(A) < oo, there exists a
measurable selection ®: A — Geo(X) satisfying eg o ® = x and e; o ® = id 4 such that,
for any Borel A’ C A,

(30) mle (@A) = [ Ay (da) am().

Then, (X,d,m) satisfies the MCP(K, N) condition.
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Proposition 5.3. Let (X,d,m) be an essentially non-branching metric measure space
supporting the Brunn—Minkowski inequality BM(K, N). Then, (X,d, m) has the measure
contraction property MCP(K, N).

Proof. Let = € spt(m) and A C X a Borel set with 0 < m(A4) < oo; we can assume,
without loss of generality, that A C spt(m). Then, applying Corollary 3.6, and in
particular the strong interpolation property to the marginals m4 and J,, there exists
a unique geodesic connecting a and x, for m-a.e. a € A. Thus, we have a well-defined
measurable selection ® satisfying the requirements of Lemma 5.2 and

m(M(z, A")) = m(e,(B(A"))), for every Borel A’ C A.
Let € > 0 and A’ C A be a Borel set. Define a partition {A%},en of A" as follows:
A = A'NCE where Cr={yeX:ne<d(y,z) <(n+1)e}.
Applying the BM(K, N) inequality for the sets {z} and A we obtain that
(M, A7) 2 7y (O, A7) “m(A7)

31
. = [ Al ) ame) = [ o0y 2) F ) dm().
A5 Ag Y
Note that M;(x, AS) N My(z, AS,) # () whenever n # m, since by construction every
z € My(x, A%) is such that d(x,z) € (tne,t(n + 1)e]. Therefore, we can sum the
inequalities (31) over all n € N, obtaining
m(M,(z, A)) > / 0 (d(w,2) F &)V dm(2).

!

Passing to the limit as ¢ — 0 and using Fatou lemma, we deduce inequality (30) for A’.
By the arbitrariness of ¢ € (0,1] and A’ C A, we conclude the proof. O

Proposition 5.3 shows that the BM(K, N) inequality, intended as a curvature di-
mension bound, is stronger than the MCP(K, N) condition. The heuristic reason be-
hind this difference is that, while the BM(K, N) inequality controls the behavior of
the set geodesics joining any two sets, MCP(K, N) controls only the interpolation
between a constant density measure and a Dirac delta (which, in the case of essen-
tially non-branching spaces, corresponds to a control on geodesics spreading out from a
point). This is also confirmed by the existence of weighted Riemannian manifolds where
MCP(K, N) does not imply BM(K, N), with the same (sharp) constants. In conclusion,
the Brunn—Minkowski inequality BM(K, N) is closer to the CD(K, N) condition than
the measure contraction property MCP(K, N) is.

5.2. Relation between M;(A, B) and D;(A, B). In Theorem 4.1, we proved that
SBM(K, N) is equivalent to CD(K, N), for essentially non-branching metric measure
spaces. In principle, we would like to improve the equivalence, including BM(K, N), as
shown for weighted Riemannian manifolds in [MPR22]. The strategy proposed in the
proof of Theorem 4.3 could be adapted to deduce stronger the implication BM(K, N) =
CD(K, N), if we were able to control the difference between (the measure of) the sets
M;(A,B) and D;(A, B). In particular, we can not expect them to be equal for any
couple of sets, also in elementary examples. Consider for instance the metric measure
space (R2,]-|,.£?%) and the sets A, B C R?, as in Figure 1. In this case, one has

"%2(M1/2(A7 B)) > "%2(D1/2(A7 B))
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FIGURE 1. On the left-hand side, the sets D/5(A, B) and M, /5(A, B)
differ. On the right-hand side, after partitioning A and B, the two
coincide.

However, partitioning A and B as in the right-hand side of Figure 1, the problem is
remedied, indeed

(32)

Mi(A1,B1) = Di(A1,B1) and M(Asg, By) = D(As, Bs),

and now the strategy of the proof of Theorem 4.3 can be employed without changes.
The delicate issue is that, in general metric measure spaces, we are not able to find a
suitable partition for arbitrary Borel sets A and B, in such a way (32) is verified (up to
m-null sets) for each element of the partition.
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