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ABSTRACT. Let R be a ring with unity. The cozero-divisor graph of a ring R, denoted by I/(R), is an undirected
simple graph whose vertices are the set of all non-zero and non-unit elements of R, and two distinct vertices x and y
are adjacent if and only if x ¢ Ry and y ¢ Rx. In this article, we extend some of the results of [24] to an arbitrary
ring. In this connection, we derive a closed-form formula of the Wiener index of the cozero-divisor graph of a finite
commutative ring R. As applications, we compute the Wiener index of I'V(R), when either R is the product of ring
of integers modulo n or a reduced ring. At the final part of this paper, we provide a SageMath code to compute the

Wiener index of the cozero-divisor graph of these class of rings including the ring Z,, of integers modulo n.

1. INTRODUCTION AND PRELIMINARIES

The Wiener index is one of the most frequently used topological indices in chemistry as a molecular shape
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descriptor. This was first used by H. Wiener in 1947 and then the formal definition of the Wiener index was
’ introduced by Hosaya [I8]. The Wiener index of a graph is defined as the sum of the lengths of the shortest paths
- between all pairs of vertices in a graph. Other than the chemistry, the Wiener index was used to find various

applications in quantitative structure-property relationships (see [2I]). The Wiener index was also employed in

[mat

crystallography, communication theory, facility location, cryptography etc. (see [14, [I7, 26]). An application of the
Wiener index has been established in water pipeline network which is essential for water supply management (see
S [15]). Other utilization of the Wiener index can be found in [I6] 20] 30} 3T] and reference therein.

The idea of associating a graph with a ring structure was first emerged in [I2]. Then various graphs associated with

[9], annihilating-ideal graph [I3] [19], co-maximal graph [22], etc. Afkhami et al. [I] introduced the cozero-divisor

. graph of a commutative ring, in which they have studied the basic graph-theoretic properties including completeness,

o

O\l and the cozero-divisor graph. The cozero-divisor graph of a ring R with unity, denoted by I''(R), is an undirected

o

B rings have been studied extensively in the literature, viz. inclusion ideal graph [6], total graph [§], zero-divisor graph
i

o

— girth, clique number, etc. of the cozero-divisor graph. They also studied the relations between the zero-divisor graph
. . simple graph whose vertex set is the set of all non-zero and non-unit elements of R and two distinct vertices z and y

.~ are adjacent if and only if © ¢ Ry and y ¢ Rx. The complement of the cozero-divisor graph and the characterization

>< of the commutative rings with forest, star, or unicyclic cozero-divisor graphs have been investigated in [2]. Akbari
E et al. [5] studied the cozero-divisor graph associated to the polynomial ring and the ring of power series. Some of

the work associated with the cozero-divisor graphs of rings can be found in [3} [4] [7], 111 23] 24} 25].

Over the recent years, the Wiener index of certain graphs associated with rings have been studied by various
authors. The Wiener index of the zero divisor graph of the ring Z,, of integers modulo n has been studied in [I0].
Recently, Selvakumar et al. [28] calculated the Wiener index of the zero divisor graph for a finite commutative ring
with unity. The Wiener index of the cozero-divisor graph of the ring Z,, has been obtained in [24]. In order to extend

the results of [24] to an arbitrary ring, we study the Wiener index of the cozero-divisor graph of a finite commutative
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ring with unity. First, we provide the necessary results and notations used throughout the paper. The remaining
paper is arranged as follows: In Section 2, a closed-form formula of the Wiener index of the cozero-divisor graph of
a finite commutative ring with unity is presented. In Section 3, we obtain the Wiener index of the cozero-divisor
graph of the product of a ring of integers modulo n. In Section 4, we calculate the Wiener index of the cozero-divisor
graph of a finite commutative reduced ring. In Section 5, we derive a SageMath code to compute the Wiener index
of the cozero-divisor graph of various classes of rings.

Now we recall necessary definitions, results and notations of graph theory from [29]. A graphI"isa pairI' = (V| E),
where V = V(T') and E = E(T") are the set of vertices and edges of T', respectively. Let I' be a graph. Two distinct
vertices x,y € I' are adjacent, denoted by x ~ y, if there is an edge between = and y. Otherwise, we denote it by
x »y. A subgraph T of a graph T is a graph such that V(I') C V(T') and E(I') C E(T"). If U C V(T') then the
subgraph of " induced by U, denoted by I'(U), is the graph with vertex set U and two vertices of I'(U) are adjacent if
and only if they are adjacent in I'. The complement T of T is a graph with same vertex set as I and distinct vertices
x,y are adjacent in I if they are not adjacent in I'. A graph I is said to be complete if every two distinct vertices are
adjacent. The complete graph on n vertices is denoted by K,. A path in a graph is a sequence of distinct vertices
with the property that each vertex in the sequence is adjacent to the next vertex of it. The graph I is said to be
connected if there is path between every pair of vertex. The distance between any two vertices x and y of I', denoted
by d(x,y) (or dr(z,y)), is the number of edges in a shortest path between = and y. The Wiener index is defined as

the sum of all distances between every pair of vertices in the graph that is the Wiener index of a graph I is given by

W(F):% S du)

uweV(T) veV (T)
Let T'y, T, ..., Ty be k pairwise disjoint graphs. Then the generalised join graph T'[T'1,Ta, ..., Tx] of I'1, s, ..., T
is the graph formed by replacing each vertex u; of I' by I'; and then joining each vertex of I'; to every vertex of I';
whenever u; ~ u; in I" (cf. [27]). The set of zero-divisors and the set of units of the ring R is denoted by Z(R) and
U(R), respectively. The set of all nonzero elements of R is denoted by R*. For x € R, we write (x) as the principal
ideal generated by x. For a positive integer k, we write [k] = {1,2,...,k}.

2. FORMULAE FOR THE WIENER INDEX OF THE COZERO-DIVISOR GRAPH OF A FINITE COMMUTATIVE RING

The purpose of this section is to provide the closed-form formula of the Wiener index of the cozero-divisor graph
of a finite commutative ring. Let R be a finite commutative ring with unity. Define a relation = on V(I'(R)) such
that = y if and only if (z) = (y). Note that the relation = is an equivalence relation. Let x1,x2,...,2, be the
representatives of the equivalence classes of X1, Xs, ..., X\ respectively, under the relation =. We begin with the

following lemma.
Lemma 2.1. A vertex of X; is adjacent to a vertex of X; if and only if (z;) € (z;) and (x;) € (x;).

Proof. Suppose ¢ € X; and b € X;. Then (a) = (x;) and (b) = (z;) in R. If a ~ b in I"(R), then (a) ¢ (b) and
(0) ¢ (a). It follows that (z;) ¢ (x;) and (z;) ¢ (x;). The converse holds by the definition of I'(R). O

Corollary 2.2. (i) Forie {1,2,...,k}, the induced subgraph I'(X;) of I'(R) is isomorphic to K x|
(i) For distinct 1,7 € {1,2,...,k}, a vertex of X; is adjacent to either all or none of the vertices of X;.

Define a subgraph Y'(R) (or Y’) induced by the set {z1, x2, ..., zx} of representatives of the respective equivalence

classes X1, Xo,..., X, under the relation =.
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Lemma 2.3. The graph Y’'(R) is connected if and only if the cozero-divisor graph I'(R) is connected. Moreover, for
a,b e V(I'(R)), we have

2 if a,b € X,

dF’(R) (aa b) =

dyr(ry (@i, ) ifae X;,be X; and i # j.
Proof. First suppose that Y'(R) is connected. Let a,b be two arbitrary vertices of I'(R). We may now suppose that
a€X,and be X;. If i = j, then a ~ bin I''(R). Since Y'(R) is connected, we have z; € X; such that z; ~ z; in
I'"(R). Consequently, a ~ x; ~ b in I"(R) and dp/(gy(a,b) = 2. If a ~ b, then there is nothing to prove. Let a ~ b
in I'(R). Connectedness of Y/(R) implies that there exists a path z; ~ x;, ~ ;, ~ -+ ~ x;, ~ x;, where i # j. It
follows that a ~ x;, ~ @, ~ - ~x;, ~ b in I'(R) and dr/(g)(a,b) = dy/(ry(wi,zj). Therefore, I''(R) is connected.

The converse is straightforward. (|

In view of Corollary 2] we have the following proposition.
Proposition 2.4. Let I'; be the subgraph induced by the set X; in I"(R). Then I''(R) = Y'[I'},T%,...,T].

Let R be a finite commutative ring with unity. As a consequence of Lemma 2.3 and Proposition 2.4] we have the

following theorem.

Theorem 2.5. The Wiener index of the cozero-divisor graph T'(R) of a finite commutative ring with unity is given
by
| Xl
wee) =23 () 4 X Il )

i#]
1<i<j<k

where, x; is a representative of the equivalence class X; under the relation =.

In the subsequent sections, we use Theorem to derive the Wiener index of the cozero-divisor graph I'V(R) of

various class of rings.

3. WIENER INDEX OF THE COZERO-DIVISOR GRAPH OF THE PRODUCT OF RING OF INTEGERS MODULO n

In this section, we obtain the Wiener index of the cozero-divisor graph IV(R), when R & Z,,, X Zp, X -+ X L, OT

R Zp?zl X Zp;nz X o X sz%. For a positive integer n, let dy,ds, ..., d: be the proper divisors of n. Define A4, =
{z € V(I'(Zn) : ged(z,n) = d;}. Moreover, |Aqg,| = ¢(7-) (cf. [32]) where ¢ is the Euler-totient function. Observe
that Ag,’s are the equivalence classes of the relation = for the ring Z,,. Now for each pr”" let X2, X!, ..., X be
the corresponding equivalence classes, where X? = {0}, X! = U(Zp:"i) and Xz-j = Api—1 for 2 < j < m;. Now we
have
1 if =0,
X7 = Qo= ifj=1,

p;m—j-l-l _p;m—j if2<j<m,.
Let x = (1,22, ..., &py...,xk) and y = (Y1,Y2, - - -, Yr, - - -, Yr) € R. Notice that (z) = (y) if and only if (x;) = (v:)

for each i. It follows that the equivalence classes of the ring R is of the form X {1 X ng X oo x X ,z’“ Consequently,
| XT0 % X3 %o XR| = [T, X7

Lemma 3.1. Let R > 7y, X Zipy X -+ X Ly, and let © = (1,22, Trye oy k), Y = (Y1,Y25 -« -3 Yry - - - Yk) € R.
Define S, = {(z,y) : xr,yr € Z(Zyp,)* and (x,) C (yr),x; =0,y; € U(Zy,) for each i #r}. Then
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1 if x ~ vy,
dri(ry(w,y) = {2 if x oy and (z,y) ¢ Sr,
3 if (z,y) € S,

Proof. To prove the result, we discuss the following cases.
Case-1. z; € Z(Z,,)* for each i € [k]. If z ~y in IV(R), then d(x,y) = 1. Otherwise, either (z) C (y) or (y) C (z).

Suppose that y; € Z(Zy,)*, for each i € [k]. Then for z = (1,0,...,0) € R, we obtain  ~ z ~ y in I"(R). It follows
that d(x,y) = 2. Now assume that y; € Z(Z,,) for each i € [k] and y; = 0 for some j € [k]. If z » y in I"(R), then
(yi) € (x;) for each i. Choose z = (21, 22,...,2r) € R such that z; = 0 whenever y; € Z(Zy,)* and z; € U(Zy,)
whenever y; = 0, for some ¢,j € [k]. Consequently, z ~ z ~ y in I'(R). It follows that d(z,y) = 2. If y; € U(Zy,)
and y; = 0, for some 4, j € [k], then note that d(x,y) = 1. Now, let y; € U(Z,,) and y; € Z(Z,,)*, for some i, j € [k].
If # = yin IV(R), then (x;) € (y;) for each ¢ € [k]. Choose z = (z1,22,...,25) € R such that z; = 0 whenever
yi € U(Zy,)*, and z; € U(Zy,;) whenever y; € Z(Zn;)*. It follows that x ~ z ~ y in I'(R) and so d(z,y) = 2.
Further, assume that y; € U(Z,,) and y; € Z(Z,,) for some i, j € [k]. Then x ~ gy in I''(R) and so d(z,y) = 1.

Case-2. z; € U(Zy,) and x; = 0 for some 1, j € [k]. Suppose y; € U(Zy,) and y; = 0 for some i,j € [k]. f z ~ y in

I"(R), then d(z,y) = 1. Otherwise, choose z = (z1, 22, ..., 2;) € R such that

1 when both z; = y; =0,
Z; =
0 otherwise.

It follows that d(z,y) = 2. Further, suppose that y; € Z(Z,,) for each ¢ € [k] and y; = 0 for some j € [k]. If z = y

in I'"(R), then choose z = (21, 22, ..., 2) such that z; € U(Z,,) whenever y; = 0, and z; = 0 whenever y; € Z(Zy,)*.

Consequently, d(z,y) = 2. Suppose that y; € Z(Zy,)* and y; € U(Zy,;) for some 4,5 € [k]. If 2 ~ y in I'V(R), then
d(z,y) = 1. Otherwise, consider z = (21, 22, ..., 2;) € R such that

0 ify e U(Zn),
1 ify € Z(Zn,)*
Note that  ~ z ~ gy in I"(R). It follows that d(z,y) = 2. Assume that y; € U(Zy,) and y; € Z(Zy,) for some

i,j € [k]. If z ¢ y in I(R), then choose z = (21, 22, ..., 2,) € R such that z; € U(Z,,,) whenever z; =0, and z; =0

zZi =

whenever z; € U(Zy, ), for some i, j € [k]. Consequently, d(z,y) = 2.
Case-3. x; € Z(Z,,) for each i € [k] and x; = 0 for some j € [k]. Suppose y; € Z(Z,,) for each i € [k] and y; =0
for some j € [k]. If x ~ y in IV(R), then d(x,y) = 1. Let 2 » y in I'(R). Then choose z = (z1, 29, ...,2;) € R such
that z; = 0, whenever z; € Z(Z,,)*, and z; = 1, whenever x; = 0 for some ¢,j € [k]. It follows that z ~ 2z ~ y and
so d(z,y) = 2. Next, assume that y; € Z(Z,,) and y; € U(Zy,) for some i,j € [k]. If 2 ~ y in I''(R), then choose
z = (z1,22,...,2) such that z; = 1 when z; = 0, and z; = 0 when x; € Z(Zy;)* for some 4,5 € [k]. Consequently,
we have  ~ z ~ y in I'Y(R). It implies that d(z,y) = 2. Further, assume that y; € U(Z,,) and y; € Z(Zyn,)*
for some i,j € [k]. Let « » y in I"(R). Suppose that there exists r € [k] such that z, € Z(Z,,.)* and z; = 0 for
each ¢ € [k]\ {r}. Also, y; € U(Zy,) and y, € Z(Z,,)* for each ¢ € [k] \ {r}. Then (x,) C (y,). If there exists
a=(a1,az,...,ar,...,a;) such that a ~ y, then (y.) C (a,). It follows that (z,) C (y-) C (a,). Consequently, a ~ x

in I'"(R). Therefore, d(z,y) > 2. Consider z = (21, 22,...,2;) and 2’ = (21,25, ...,2;,) € R such that

0 ifa € Z(Zy,)*

zZi =
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and
0 if Yi € U(Zn),

1 ify, € Z(Zn,)*.
It follows that  ~ z ~ 2z’ ~ y in TV(R). Therefore, d(z,y) = 3. Next, we claim that if there exist ¢t and r € [k] such
that x; € Z(Zn,)*,xr € Z(Zy,.)* then d(x,y) < 2. If x ~ y in I'(R), then d(z,y) = 1. Next, assume that = = y in
I'"(R). Since x = y, we have (r) C (y). If there exists iy € [k] such that x;,,y;, € Z(Z,, )* then take r = i;. Now

=

consider z = (21, 22,...,2;) € R such that z; = 0,2, = 1 and, for i # {t,r} whenever y; € U(Z,,) take z; = 0 and,
whenever y; € Z(Zy,)* then choose z; = 1. It follows that  ~ z ~ y in I''(R). Therefore, d(z,y) < 2.

Case-4. x; € Z(ZLy,)* and x; € U(Zy;) for some i, j € [k]. Let y; € Z(Zy,)* and y; € U(Zy,) for some i, j € [k]. If
x ~yinI'(R), then d(z,y) = 1. Let = y in I"(R). Then choose z = (#1, 22, ..., 2;) € R such that z; = 0 whenever
x; € U(Zy,), and z; = 1 whenever z; € Z(Zy,,)* for some 4,5 € [k]. It follows that d(x,y) = 2. Next, let y; € Z(Zy,)
and y; € U(Zy,) for some 4,5 € [k]. If 2 ~ y in I"(R), then choose z = (21, 22,...,2;) such that z; = 1 whenever
x; € Z(Zy,)*, and z; = 0 whenever x; € U(Zy,) for some i, j € [k]. Therefore, d(z,y) = 2.

Case-5. x; € Z(Zy,) and z; € U(Zy,,) for some i,j € [k]. Assume that y; € Z(Z,,) and y; € U(Z,,) for some

3J 3J

i,j € [k]. If x ~ y in TV(R), then d(z,y) = 1. Otherwise, choose z = (21, 22, ..., 2;) € R as follows

0 ifx; € Z(Zy,)* and x; € U(Zy,),

Zi =
1 ifx; =0.
Then = ~ z ~ y in I'(R). It follows that d(z,y) = 2. O
In view of Lemma Bl now we calculate the Wiener index of T'(R). Let x = («]',2%,...,2*) and y =
(yll1 , yl22, . ,yfj) be the representatives of two distinct equivalence classes Xfl X ng X oo X XZ’“ and X{l X Xéz X

s X X,i’“, respectively.

Theorem 3.2. The Wiener index of the cozero-divisor graph T'(R), where R & Zp;nl X Zp;nz X - X szwc , 15 given

below:

zovy i=1
(z,9)¢Sr \ji>1

k

i—Jit+1 i—Ji i—li i—li

+2 > [ ITer 7 =pm = | | TLer " —pm )
i=1
Jiz1

k k

i—Jit+1 i—Ji i—li+1 i—l

+3 > | [T@m 7 =pr | | [T = o)
(@y)es, \ i=1 e
Ji>1 Ji>1

Example 3.3. Let R X 7y x Zy x Zg. Then |XV| =1, [ X3 =1, |XJ| =1, | X]| =1, |X3| =2, | X} =6, |X]| =0,
|X3|=1and |X3] =2. Let Y1 = X? x X3 x X1, Yo = X{ x X{ x X3, V3 = X? x X1 x X9, V) = X{ x X3 x XJ,
Vs = XV x X3 x X3, Vo= XV x X3 x X1, V7 = XD x XJ x X3, Vg = XD x X3 x X2, Yy = X{ x X§ x X9,
Yio = X{ x X9 x X3, Vi1 = X{ x X3 x X3, Vs = X{ x X3 x XJ, Vi3 = X{ x Xa x X2, Yiu = X{ x XZ x X9,
Yis = X1 x X3 x X1 and Yig = X{ x X3 x X2. Then S5 = {{Ys,Yi3}}, S2 = {{V4,Y15}} and the pair of sets whose

elements are at distance two
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{1, Yo}, {1, Y5}, {1, Y6}, {Y1, Y10}, {Y1,Y15}, {Y2, Y5}, {Y2, Y6}, {Y2, Y7}, {Yo,Ys}, {Y2, Y10}, {Yo, Y11}, {2, Y15},
{Y2,Y16}, {Y3,Ya}, {Y3,Y5}, {3, Y7}, {Y3, Yio}, {3, Yis}, {Va, Y5}, {Ya, Y6}, {Ya, Y7}, {Ya,Ys}, {V4, Y12}, {V4, Y13},
{Ya, Yia}, {Ya,Yie}, {Y5, Y6}, {Ys, Y2}, {V5, Ys}, {Y6, Y}, {Y6, Yis}, {¥7, Ys}, {Y7, Yis}, {¥s, Yis}, {¥s, Yis}, {¥5, Y16},
{Yo, Yo}, {Yo, Y11}, {Yo, Y12}, {Yo, Y13}, {Yo, Y14}, {Yo, Y15}, {Yo,Yie}, {Y10, Y11}, {Y10, Y15}, {Y11, Y13}, {Y11, Y15},
{Y11, Y16}, {Y12, Y13}, {Y12,Yia}, {Y13,Y14}, {Yi3, Y16}, {Y14, Y15}, {Y14, Y16}, {Y15,Y16}}-

Thus, the Wiener index of the cozero-divisor graph of the ring Zs X Zy4 X Zg is

W(F’(ngZ4xZQ)):2x%[30+2+2+0+132+30+12+2+0+30+2+2+12+0+30+2]
+62+14+4+24+1+2+24+4+142)+2(2+1+142+1)
+2(6+2+14+6+24+1+6+2)+(1+6+2)+12(1+6+2+2+4+1+6+2)

44+14+6+2+24+44+1+2)+4(1+6+2+2+14+6+2)+2(14+6+2+2+1)+(0)

2444+142)4+2(2+1)4+2(6+2)+4(6) + (0)]

6(2+124+6+64+6)+2(124+6+44+2+64+2+6+2)+2(1+12+4+2+4)

+(124+64+44+24+2+4+1+2)+12(64+4+2)+6(2+6)+4(2+4)+2(4+6+2)
+(6+2+2+4+1+6+2)+6(2+6)+2(4+6+2)+2(4+ 1) +4(1+2)+ (6 +2) +6(2)]

+3[(2 x 4) + (1 x 6)]

= 2611

+6(
+6(
+2

4. THE WIENER INDEX OF THE COZERO-DIVISOR GRAPH OF REDUCED RING

In this section, we obtain the Wiener index of the cozero-divisor graph of a finite commutative reduced ring. Let
R be a reduced ring i.e. R = F, x Fy, x --- x Fy, with k > 2, where F, is a finite field with ¢ elements. Notice
that, for © = (21, 22,...,2;) and y = (y1,92,...,yx) € R such that (z) = (y), we have z; = 0 if and only if y; = 0
for each i. For i1,1ia,...,1, € [k], define

Xiirsizyiny = 1(71,22,...,21) € R:only x;,,%;,,...,2; are non-zero}.

Note that the sets X 4, where A is a non-empty proper subset of [k], are the equivalence classes under the relation

=. We write x4 by the representative of equivalence class X4. Now we obtain the possible distances between the
vertices of T'(R).

Lemma 4.1. For the distinct vertices x4 and xp of Y'(R) we have

1 ifAZ¢Band B¢ A
dT’(R)(Z'AyxB) =
2 otherwise.

Proof. First assume that A ¢ B and B ¢ A. Then (z4) € (zp) and (zp) € (xza). It follows that dy/(za,zp) = 1.
Now without loss of generality let A C B. Then there exists i € [k] such that ¢ ¢ B and so ¢ ¢ A. Then by Lemma
21l we have 24 ~ w3 ~ xp. Thus, dy/(z4,75) = 2. O

For distinct A, B C [k], we define Dy = {{A,B} : A ¢ B} and D, = {{A,B}: A C B}. Using Theorem 2.5
and the sets D1 and Da, we obtain the Wiener index of the cozero-divisor IV(R) of a reduced ring R in the following

theorem.
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Theorem 4.2. The Wiener index of the cozero-divisor graph of a finite commutative reduced ring R = Fy, X Fg, X

Fy., k> 2, 1is given by

W(L'(R)) = 2 Z <Hi€A (qu' - 1)) + Z (H(Qi - 1)) H (gj — 1)

AC[k] {A,B}eD; \i€A jEB

+2 Y (H(‘ﬁn) [T-1

{A,B}eD, \i€A jE€B

Proof. The proof follows from Lemma [£.1] O

Example 4.3. [24] Corollary 6.2] Let R = Z,q = Z, X Zq, where p,q are distinct prime numbers. Then we have
two distinct equivalence classes, X1} = {(a,0) : a € Z, \ {0}} and X2y = {(0,0) : b € Z, \ {0}}, of the equivalence
relation =. Moreover, D1 = {{{1},{2}}} and Dy = { }. Note that |X{;| = p—1 and |X (93| = ¢ — 1. Consequently,
by Theorem B2l we get W (I"(Zpg)) = (p—1)(p —2) + (¢ = D(g—2) + (p— 1)(¢ — 1) =p* + ¢° — d4p—4g + pg +5.

Example 4.4. Let R = Z,q = Zy, X Zy X Z, where p, g, r are distinct prime numbers. For a € Z, \ {0}, b € Z, \ {0}
and ¢ € Z, \ {0}, we have the equivalence classes : X1} = {(a,0,0)}, X123 = {(0,0,0)}, X33 = {(0,0,0)}, X(1,9} =
{(a,0,0)}, X{13y = {(a,0,0)}, X(2,3y = {(0,b,¢)}. Moreover, Dy = {{{1},{2}}, {{1}, {3}}, {{2}. {3}}, {{1. 2}, {1, 3}},
{12}, 42,3} ({13}, {2,831 {1}, {2.3}), {{2}.{1.3}}, {{3}.{1,2}}} and Do = {{{1},{1.2}}, {{1}.{1.3}},
{2} {1,2}), {{2} {2,383}, {3} {1,3}}, {8}, {2,3}}} Also, [Xyiy| = (p— 1), [Xyzy| = (g = 1), [ Xz = (r = 1),
X2y = (@—1)(g—1), [Xp5] = (@—1)(r—1), | Xq2,51] = (¢—1)(r —1). Then, by Theorem &2} the Wiener index

of I'V(R) is given by

W (Zyer)) _2( ) )+2(q;1)+2(r;1)+2((p—1)2(q—1))+2((p—1)2(r—1))+2((q—1)2(r—1))
+-D@-D+@-Dr-)+@-Dr-D+@E-D@-DE-Dr-1)+{@-1@-1)q¢-1)F-1)

(r=D(@-Dr-)+@E-D@-Dr-)+@-DEp-)r-1)+r-1)F-1)(q¢-1)

( -Dp-D@-D]+20-1)[(p-Dr -] +2(¢—1D[(p-1)(g— D] +2(g—1)[(g— 1)(r —1)]

+2(r =1 [(p— (= D] +2(r —1)[(¢ — 1)(r — 1)].

simplifying this expression, we get

W (L' (Zpgr)) = par(p+q-+7—3)+0°¢* +p°r* +¢*r* —p*(q+1) = ¢*(p+7) —r* (p+a) — 2(pg +pr+qr) +4(p+q-+7) 3.
Remark: For the ring Z,, of integers modulo n, the equivalence classes with respect to the relation = are the sets
Aqg,, where d;’s are the proper divisors of n and Aqg, = {2 € Z, : gcd(x,n) = d;}. It is known that |Ag,| = ¢(F-) for

1 <i <k, where ¢ is Euler totient function (see [32]). Thus, we have the following corollaries of Theorem 2.5

Corollary 4.5. [24] Theorem 6.1] For n = pips - - - p, where p;’s are distinct primes and 2 < k € N, we have

2k 2
1
W (Z) = 3 o) <¢(§> - 1> S Y CarEANE P
=1 ' ’ difd; ¢ d; d;ﬁd J
djfds i#j

where d;’s are the proper divisors of n.
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Let 7(n) be the number of divisors of n and let D = {di,dy,...,d-(n)—2} be the set of all proper divisors of
n=p'py*---ppr---ppt with k> 2. If d; | dj, then define
A={(di,d;) € Dx D | di #p;};

B ={(di.d;) € D x D | d; = p} and — #pl};
J

C={(di,d;j) e DxD|d;=p; and%:pi}.
j

Corollary 4.6. [24, Theorem 6.3] With the above defined notations, for n = pi*ps®---pir---pp* with k > 2 and
pi’s are distinct primes, we have

T(n)—2

, n n 1 n n n n n n
Wz = 3 ot (s -1) + PTG+ 2 T e T e
d;td; e i

+3 3 A

(di,d;)EC !

5. SAGEMATH CODE

In this section, we produce a SAGE code to compute the Wiener index of the cozero-divisor graph of ring classes
considered in this paper including the ring Z,, of integers modulo n. On providing the value of integer n, the following
SAGE code computes the Wiener index of the graph I''(Z,,).

cozero_divisor_graph=Graph ()
E={]
n="72

for i in range(n):
for j in range(n):
if(il=j):
p=ged (i ,n)
q=ged (j ,n)
if (p%q!=0 and q%p!=0):
E.append ((i,j))

cozero_divisor_graph .add_edges (E)

for i in range(l,n):
if (ged(i,n)!l=1):
V.append (i)

cozero_divisor_graph.add_vertices (V)
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W=cozero-divisor_graph . wiener_index ();

if (W=o0):
print (” Wiener .Index.undefined.for .Null .Graph”)
else

print (” Wiener _Index:” , W)

Using the given code, in the Table [Il we obtain the Wiener index of I''(Z,,) for some values of n.

n 100 | 500 1000 1500 2000 2500
W(T'(Zy,)) | 2954 | 77174 | 306202 | 930248 | 1222530 | 1946274

TABLE 1. Wiener index of I'(Z,,)

Let R be a reduced ring i.e. R = F,, x Fy, x --- x Fy_, where Fy, is a field with ¢; elements. The following code
determines the Wiener index of I'V(R) on providing the values of the field size ¢; (1 <i < n).

field_orders=[3,5,7]
P=Subsets (range(len(field_orders)))[1: —1]
P=[Set(i) for i in P]

DI=]
Do)
for i in P:
for j in P:
if (not(i.issubset(j) or j.issubset(i)) and P.index(i) > P.index(])):
D1.append ([i,]])
if (i.issubset(j) and i!=j):
D2.append ([i,]])

partial_sum=0
for i in P:
sum_pp=1
for j in i:
sum_pp x= field_orders[j]—1
partial_sum +=((sum_pp#*(sum-pp—1))/2)

D1_sum=0
for 1 in DI:
D1_pp=1

for j in i[0]:
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Dlpp x= field_orders[j]—1
for k in i[1]:

Dl.pp x= field_orders [k]—1
Dl_sum 4= Dl_pp

D2_sum=0
for 1 in D2:
D2 _pp=1

for j in i[0]:

D2 pp x= field_orders[j]—1
for k in i[1]:

D2pp x= field_orders [k]—1
D2_sum += D2_pp

W = 2xpartial_sum + Dl_sum + 2xD2_sum
, W)

print (” Wiener _.Index:”

Using the given code, in the following tables, we obtain the Wiener index of the cozero-divisor graphs of the
reduced rings Fy, X Fy, (see Table[2) and F,, x Fy, x Fy, (see Table ), respectively.

(Q17QQ)

(9,25)

(49, 81)

(101,121)

(125,139)

(163, 169)

(289, 343)

W (Fyy < Fy,))

800

12416

36180

51270

81354

297774

TABLE 2. Wiener index of I''(F,, X Fy,)

(7,8,13)
35196

(9,25, 49)
2500400

(53, 64,81)
108637254

(83,101, 121)
620456582

(125,131, 169)
2355211790

(289, 343, 361)
71251552134

(1,92, 3)
W(FI(FIH X qu X qu))

TABLE 3. Wiener index of I'V(Fy, X Fy, x Fy,)

Let R = Zym X Zyma X - -+ X Zym.. Then the following SAGE code gives the value of W(I'(R)) after providing

the values of p]* (1 < ¢ < k), where each p; is a prime.

orders = [2,4,9]

A = cartesian_product ([range(i) for i in orders]).list ()
units = [{i for i in range(1l,j) if ged(i,j) = 1} for j in orders]
def contQ(lstl ,

flag = True

1st2):

for i in range(len(orders)):

p=gcd (lstl[i],orders[i])
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q=gcd (1lst2[i],orders[i])
if(not(lstl [i]==0 or {lst2[i]}.issubset(units[i]) or plq==0)):
flag = False

return flag

B
for i in A:
for j in A:
if (not(contQ(i,j) or contQ(j,i))and A.index(i) > A.index(j)):
E.append ([i,j])

G = Graph()

G.add_edges (E)

WEG. wiener_index ()

print (” Wiener_Index:” , W)

Using the given code, we obtain the Wiener index of the cozero-divisor graph of the ring R = Zplnl X Zp;ne X oo X

Ly (see Table []).

R W(I'(R))
Zy X Ly 420
Ty X Zios 8808
Zag X Zas 48870
Zio7r X Ligg 268022
Lo X Ly X Ly 521
Zis X Ly X 71 14948
7g X Ly X Vg 167769
Ly X Lg X Los 327394
Zig X Ly X Zg X Zig 232937
Zi3 X Ly X 7g X Zg 333963

TABLE 4. Wiener index of I'V(R)
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