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THE TROPICAL n-GONAL CONSTRUCTION

FELIX ROHRLE AND DMITRY ZAKHAROV

ABsTRACT. We give a purely tropical analogue of Donagi’s n-gonal construction and investigate its
combinatorial properties. The input of the construction is a harmonic double cover of an n-gonal
tropical curve. For n = 2 and a dilated double cover, the output is a tower of the same type, and
we show that the Prym varieties of the two double covers are dual tropical abelian varieties. For
n = 3 and a free double cover, the output is a tetragonal tropical curve with dilation profile nowhere
(2,2) or (4), and we show that the construction can be reversed. Furthermore, the Prym variety of
the double cover and the Jacobian of the tetragonal curve are isomorphic as principally polarized
tropical abelian varieties. Our main tool is tropical homology theory, and our proofs closely follow
the algebraic versions.
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1. INTRODUCTION

Tropical geometry aims to find polyhedral, piecewise-linear analogues of the objects studied
in algebraic geometry. There are two kinds of algebraic objects for which this correspondence is
particularly well-developed. The tropical analogues of algebraic curves are metric graphs, which
are the subject of an extensive theory, starting with the seminal paper [MZ08]. The tropical ana-
logue of an abelian variety is a real torus with additional integral structure, and tropical abelian
varieties have perhaps received less attention.

There are two standard ways to associate principally polarized abelian varieties (ppavs) to
algebraic curves, and both of these constructions carry over to the tropical setting. The Jacobian
variety Jac(C) of a smooth algebraic curve C of genus g is a ppav of dimension g. The correspond-
ing Torelli map My — A4 on the moduli spaces is injective, so a smooth algebraic curve can be
recovered from its Jacobian. The tropical Jacobian of a metric graph was already introduced
in [MZ08]. The tropical Torelli map ./\/l;rolo — AgOp is no longer injective, and its non-injectivity
locus was completely described in [CV10].

The Prym variety Prym(C/C) is a ppav of dimension g associated to an étale double cover
C— Cof algebraic curves of genera 2g + 1 and g + 1, respectively. It is defined as the connected
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component of the identity of the kernel of the norm map Nm : ]ac(é) — Jac(C), and carries
a principal polarization that is half of the polarization induced from Jac(C). The Prym-Torelli
map Rgi1 — Ag on the corresponding moduli spaces is no longer injective (for example, it has
positive-dimensional fibers for g < 4), and its fibers have been extensively studied [Don92]. The
tropical Prym variety Prym(T'/T") associated to a harmonic double cover of metric graphs I' — T is
defined in a completely analogous manner (see [JL18], [LU21], and [LZ22]). As for the question
of describing the fibers of the tropical Prym-Torelli map Rgiﬁ’ — Agop we develop some ideas in
[RZ23], however this is still far from a complete description.

There are several remarkable constructions concerning Prym varieties of double covers of
curves of small gonality. Let p : C—Chbea (possibly ramified) double cover of a smooth curve
C admitting a degree n map f : C — P'. As x varies over P!, the sections of the fiber maps
(fop)'(x) = f(x) glue together into a 2™-gonal curve D— P!, which carries two additional
structures. First, exchanging the sheets of p defines an involution on ]5, hence a double cover
D 5 Dofa 2“_1—gonal curve D — P'. Second, if p is étale, then sections have a well-defined
parity and D decomposes as a disjoint union of two 2™ '-gonal curves (if n is odd then they are
exchanged by the involution, while if n is even then each is itself a double cover of a 2" 2-gonal
curve). For n < 4, and under certain restrictions on the ramification, the ppavs associated to
these double covers satisfy a number of natural isomorphisms (due ultimately to the symmetries
of the associated Weyl groups):

n = 2: Given a double cover p : C — Cof a hyperelliptic curve C, we obtain another such double
cover D — D, and applying the construction to D — D recovers the original double cover.
The double cover p is étale if and only if D — D is split. If p is ramified, then the Prym
varieties Prym(é /C) and Prym(f) /D) (which are not in general principally polarized) are
dual to one another [Pan86].

n = 3: This case was the first to be described [Rec74]. Given an étale double cover p : C—C
of a trigonal curve, the trigonal construction produces a tetragonal curve D (the double
cover D — D being split), which is generic in the sense that the tetragonal map has
no fibers with ramification profile (4) or (2,2). This construction can be reversed, and
the Prym variety Prym(C/C) is isomorphic to the Jacobian Jac(D). The Prym variety
Prym(C/C) is also principally polarized when p is ramified at two points, and the ramified
trigonal construction was described by Dalalyan in [Dal79] and [Dal84], and was recently
rediscovered in [LO23].

n = 4: This is the general construction, from which the other two may be derived (see [Don81]
and [Don92]). Given an étale double cover p : C — C of a generic tetragonal curve, we
obtain two more such double covers C’ — C’ and C” — C”, and the Prym varieties
Prym(é/C), Prym(&’/C’), and Prym(é”/C”) are isomorphic.

The purpose of our paper is to give tropical versions of the bigonal and trigonal construc-
tions (we outline the tropical tetragonal construction as well, but leave the details and proofs to a
future paper). To describe our results, we first discuss the tropical notion of gonality. Baker and
Norine [BNO7] define the combinatorial rank v(D) of a divisor D on a finite graph, and show that
it satisfies a Riemann—Roch theorem. This was extended to metric graphs by [GK08] and [MZ08].

One may therefore say that a metric graph I' is n-gonal if it carries a divisor D of degree n
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and rank r(D) > 1. This definition is not appropriate in our setting. Instead, following the pa-
pers [Capl4] amd [CD18], we say that a tropical curve I" is n-gonal if it admits a finite harmonic
morphism I' — K of degree n, where K is a metric tree. Any fiber of such a map is a divisor of
rank at least one (see [ABBR15], Proposition 4.2), so this definition of gonality is more restrictive.
We note that [CD18] further require the n-gonal map to be effective, which is a numerical condi-
tion imposed on the vertices with local degree d¢(v) > 2. This condition does not play a role in
the n-gonal construction, and we do not impose it.

In complete analogy to the algebraic case, we consider a tower

ror-5K

of harmonic morphisms of metric graphs, where K is a metric tree and the degrees are degm = 2
and degf = n, respectively. To this tower we associate, in a purely combinatorial way, a metric
graph T together with a harmonic map TT — K of degree 2". This map factors as 1T — K — K,
where the orientation double cover K — K is free (and hence split because K is a tree) if and only
if 71 is free. In addition, there is a natural involution on IT with quotient map T — 1. Forn =2
we have TT = K and hence a tower IT — TT — K of the same kind as the original tower, which we
call the tropical bigonal construction. For n = 3 and 7 free, we instead obtain (a split double cover
of) a tetragonal curve IT — K, which we call the tropical trigonal construction. This construction
can be inverted by the tropical Recillas construction, under certain restrictions on the fibers of the
tetragonal map.

In order to state our results, we first clarify the issue of principal polarizations on trop-
ical abelian varieties. Given a harmonic double cover of graphs 7 : I' = T, the Prym variety
Prym(T'/T") (as defined in [JL18]) carries a polarization induced from the principal polarization
on Jac(T"). The induced polarization is twice a principal polarization if 7t is a free double cover, or
if it is dilated and the dilation subgraph is connected, but not for general dilated double covers.
A related problem, explored in [GZ24], is that Prym(T'/I") behaves discontinuously under edge
contractions, specifically those that create additional connected components of the dilation sub-
graph. This suggests that we ought to modify the definition of Prym(T'/T"), which we henceforth
call the divisorial Prym variety of the double cover 7 : ' — T and denote Pryrnd T'/T). To this
end, we introduce an alternative object, the continuous Prym variety Prym_( T'/T) of the double
cover 7t: ' — TI'. The continuous Prym variety always carries a natural principal polarization and
comes with a natural isogeny Prymc(r'/ M — Prymd(F/ I') of degree 241 where d is the num-
ber of connected components of the dilation subgraph of I'" (see Proposition 4.18). In particular,
Prymc(f‘/ ') = Prym d(IN"/ I) if the dilation subgraph is connected or if the double cover is free.
Furthermore, Prymc(IN"/ I") satisfies the expected universal property of the Prym variety (Propo-
sition 4.22), while Prymd(IN‘/ I") does not. Finally, we note that PrymC(IN“/ I') behaves continuously
under edge contractions, though we do not use this in our paper.

We can now state the main results of our paper, which are exact analogues of the results
of [Pan86] and [Rec74]. First, we state the tropical analogue of the bigonal construction.

Theorem 1.1 (Theorem 5.6). Let T - T 1y X be a tower of harmonic morphisms of metric graphs of
degrees deg m = deg f = 2, where K is a metric tree. Assume that there is no point x € K with the property
that [f 1 (x)| = 2 and |(f o )" (x)| = 2. Then the output il o, TT ik of the bigonal construction has

the same property, and applying the bigonal construction to it reproduces the original tower. If moreover T
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and T1 are both connected, then there is an isomorphism of polarized tropical abelian varieties
Prymd(ﬁ/ﬂ)v ~ Prymd(IN“/F),
where the polarization on Prym d(ﬁ/ﬂ)v is the pullback of the principal polarization on Prymc(ﬁ/ﬂ)v.

Although the statement of the theorem involves only the divisorial Prym varieties of the two
double covers, the proof requires using the continuous Prym varieties, and they are also needed
to even define the polarization on the dual Prymd(ﬁ/ﬂ)v. On the other hand, for the tropical
analogue of the trigonal construction, we consider only free double covers, hence there is no
need to distinguish the continuous and divisorial Pryms.

Theorem 1.2 (Theorem 5.1). Let K be a metric tree. The tropical trigonal and Recillas constructions
establish a one-to-one correspondence

Tropical curves T1 with a Recillas construction ~ '
h . Free double covers T — T with
armonic map of degree 4 to K ,
a harmonic map of degree 3

with dilation profiles nowhere ~
from T to K.

(4) or (2,2). trigonal construction

and under this correspondence, the Prym variety Prym(T'/T) of a double cover and the Jacobian Jac(TT) of
the associated tetragonal curve are isomorphic as principally polarized tropical abelian varieties.

We would like to highlight the techniques that we use. Abelian varieties and maps between
them are strongly constrained by intersection theory: for example, one may check that an isogeny
is an isomorphism by computing its degree in homology. The tropical analogue of singular ho-
mology for rational polyhedral spaces was introduced in [IKMZ19]. Tropical homology was first
applied to tropical abelian varieties by Gross and Shokrieh [GS23b], who established a number of
fundamental results about tropical abelian varieties and proved a tropical version of the Poincaré
formula for the class of a metric graph in the homology of its Jacobian. The techniques of tropical
homology, at least as they apply to abelian varieties, turn out to be quite powerful: in the proof
of our main Theorem 1.2, we are able to translate the corresponding algebraic proof (see [Rec74]
or [BL0O4, Theorem 12.7.2]) nearly line-by-line into the tropical setting.

Directions for future research. In Section 2.5 we describe some basic properties of the tropical
tetragonal construction, however we do not yet have a tropical analogue for Donagi’s theorem
relating the construction with Prym varieties. Algebraically, both the Recillas and Donagi theo-
rems were originally proved by working in cohomology (see [BL04, Theorem 12.8.2] for Donagi’s
theorem). It is striking that the techniques of tropical homology allow us to translate the alge-
braic proof of Recillas’s theorem into the tropical setting to give us the proof of Theorem 1.2.
We are confident that our techniques also work for the tetragonal construction, but a number of
additional results in tropical intersection theory will first need to be established, most notably a
tropical version of a formula of Macdonald for the class of a g} in the fourth symmetric power of
a curve.

Towards a comparison of our tropical construction and the algebraic role model, we em-
phasize again that our work is a tropical analogue in the sense that our definition carries the
underlying geometric ideas of the algebraic construction over to the tropical setting. A priori, it

is not clear whether our definition can be recovered from the algebraic one via tropicalization. For
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example, for certain ramification profiles in the input tower, the algebraic tetragonal construction
produces singular output from smooth input data (see [Don92, Local pictures 2.14]). It would be
very interesting to see how this phenomenon behaves under tropicalization.

Donagi’s original motivation for introducing the tetragonal construction was to study the
fibers of the Prym-Torelli map Rgy;1 — Ag. The main theorem of the tetragonal construction
implies that the Prym-Torelli map is never injective, since double covers related by the tetragonal
construction have isomorphic Pryms. Donagi conjectured in [Don92] that the tetragonal con-
struction fully accounts for the non-injectivity of the Prym-Torelli map in g > 7, however, Izadi
and Lange [IL12] show that the target P! in the tetragonal construction can be replaced with an
arbitrary curve.

A tropical analogue of Donagi’s theorem would be a first step towards understanding the
non-injectivity of the tropical Prym-Torelli map. We note, however, that it is elementary to con-
struct Torelli non-injectivity loci in the tropical setting. For example, from [MZ08, CV10] we know
that bridge edges can be contracted without changing the Jacobian of a tropical curve. It follows
immediately that in a double cover I'— M with T having a bridge edge e whose preimage edges
&' and & are bridge edges in I', one may contract e, &, and &~ simultaneously without chang-
ing the Prym variety. More generally, in [RZ23] we explored the non-injectivity of the tropical
Prym-Torelli map in terms of Zaslavsky’s signed graphic matroid. Giving a complete description
of the fibers of the tropical Prym-Torelli map (the corresponding problem for the tropical Torelli
map was solved in [CV10]) will be the topic of future research.

Organization of the article. We start by introducing the tropical n-gonal construction in Sec-
tion 2. The construction is purely combinatorial and can be understood without any prior knowl-
edge of tropical geometry or the algebraic n-gonal construction. To simplify the exposition, we
work with graphs without edge lengths, and passing to metric graphs involves nothing more
than equipping the target tree with an edge length function. We conclude by proving the first
parts of Theorems 1.1 (Propositions 2.4 and 2.5) and 1.2 (Proposition 2.11).

To establish the isomorphisms of the tropical abelian varieties, we first introduce the nec-
essary background on tropical curves, rational polyhedral spaces and tropical homology in Sec-
tion 3. Section 4 is devoted to tropical abelian varieties. We speak extensively about real tori
with integral structure and develop a theory of morphisms between such objects. In particu-
lar, we refine the definition of the tropical Prym variety compared to the existing literature (see
e.g. [LU21]), introduce the continuous Prym variety PrymC(IN“/ ') of a double cover I 5T, and
calculate the class of T in the tropical homology of Prymc(ﬁ/ I') (Theorem 4.25, which is the Prym
version of the tropical Poincaré formula proved in [GS23b]). We believe this section to be of
independent interest.

Finally, we prove the main parts of Theorems 1.1 and 1.2 in Section 5. The structure of the
proof of Theorem 1.2 closely follows the original proof of the algebraic statement in [Rec74], using
tropical instead of singular homology. The original proof of the algebraic bigonal construction
in [Pan86] is based on the tetragonal construction, which we have not yet established, hence to
prove Theorem 1.1 we instead adapt the arguments that are used in Theorem 1.2.
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2. GRAPHS AND THE TROPICAL N-GONAL CONSTRUCTION

In this section we recall a number of standard definitions from graph theory, and define
the n-gonal construction for double covers of degree n harmonic covers of trees. While we are
primarily interested in the construction applied to metric graphs, the idea behind the definition
as well as basic properties are best explained in the language of graphs, with an integer-valued
local degree function recording the dilation factors. The description can then be lifted to metric
graphs without much effort: assigning edge lengths to the base tree automatically determines
edge lengths for all covers via the local degree function.

After describing the construction in general, we give more details on the bigonal, trigonal,
and tetragonal constructions, which are the special cases for n = 2, 3,4, respectively.

2.1. Graphs and harmonic morphisms. A graph G consists of a finite set of vertices V(G), a
finite set of half-edges H(G), a root map r : H(G) — V(G), and a fixed-point-free involution
H(G) — H(G) denoted h — h. The set of points of G is V(G) u H(G), which we also denote by
G by abuse of notation. An orbit e = {h, h} of the involution is an edge of G, and the set of edges
is denoted E(G). We allow graphs with loops and multiple edges between a pair of vertices. An
orientation on G is a choice of ordering (h,h) of the half-edges for each edge of G. The tangent
space T,G = v 1(v) to a vertex v € V(G) is the set of half-edges rooted at v, and the wvalence is
val(v) = [T, G| (so each loop at v contributes twice). The genus of a connected graph is defined as
g(G) =[E(G)| —|V(G)|+ 1, and a tree is a connected graph of genus zero.

A morphism of graphs f : G — K is a map of the underlying sets of points which maps vertices
to vertices and half-edges to half-edges and which commutes with the root and involution maps.
In particular, we only consider finite morphisms, i.e. vertices are sent to vertices and edges to
edges, and no edge is contracted. A harmonic morphism is a pair consisting of a morphism f: G —
K and a function d¢ : G — Z-, called the local degree, satisfying the following properties:

(1) The degrees on the two half-edges comprising an edge e = {h,h} € E(G) are equal, and
this quantity d¢(e) = d¢(h) = d¢(h) is the dilation factor of the edge e.
(2) For any vertex v € V(G) and any half-edge h' € Ty, K we have

dev)= ), de(h). (1)
heT, GAf~1(h)
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When K is connected, the sum

deg(f)= Y dily) 2)
yef~1(x)
is the same for any point x (vertex or half-edge) of K and is called the (global) degree of f. Given
harmonic morphisms f : G — K and g : K — L of graphs with degree functions d¢ and dg4, the
composition g o f is a harmonic morphism with degree function dy.r given by

dgor(x) = df(x)dg(f(x))

for any point x of G, and global degree deg(g o f) = deg(f)deg(g). We say that a harmonic
morphism f : G — K is free if it has local degree 1 everywhere; such morphisms are covering
spaces in the topological sense.

A double cover 7 : G — G is a harmonic morphism of degree 2. A point x € G is either free,
having two preimages 7t !(x) = {X*,X~} with d(X*) = 1, or dilated, having a unique preimage
that we label 7' (x) = {X*} with d.(X*) = 2. We note that we can choose the labelings on the
preimages of the free points to be vertex-trivial, so that r(h*) = ¥* for any v € V(G) and any

h e T,G, or edge-trivial, so that h+ = ]'_Li for any half-edge h € H(G) (in other words, so that the
two edges of G over any edge {h;,hy} € E(G) are {ﬁ{r, ﬂ;} and {ﬁ]_, }~12_}).

The double cover 7 is free if it has no dilated points, otherwise we say that 7 is dilated. There
is an induced graph involution 1 : G — G (not to be confused with the involution that pairs the
half-edges into edges) that exchanges the preimages of the free points and fixes the preimages
of the dilated points. Conversely, given a graph involution t : G — G that does not flip edges
(meaning that ((h) # hfor all h e H(G)), the quotient map G — G/t naturally has the structure
of a double cover, which is free if and only if the involution has no fixed points.

2.2. The tropical n-gonal construction. Let 7: G — G and f : G — K be harmonic morphisms
of degree 2 and n, respectively. We describe the tropical n-gonal construction, in other words we
construct a graph P and a harmonic morphism P : P — K of degree 2", together with certain
additional structures. Our exposition is indebted to and closely follows [Don92].

Informally speaking, the points of P over a fixed point x € K represent the sections ' (x) —
(form)'(x) of m: G — G over the fiber of x. To make this precise and correctly assign degrees,
we proceed as follows. Consider the free abelian groups 78, 7€, and Z¥ generated by the points
(vertices and half-edges) of our graphs, and define the pushforward and pullback homomorphisms
on the generators §j € G and x € K as

. 28 — 78, and . zZX 78,
() = (¥, = Y dilyy.
yef~1(x)

For D e Zé, we write D > 0 if all coefficients are non-negative. We now set
P= {D ez®:D > 0 and 7, D = f*(x) for some (necessarily unique) x € K} ,
and define the map  : P — K by p(D) = x. The point x € K is a vertex if and only if any D lying

above x is a linear combination of vertices of (~3, and the same is true for half-edges; this defines
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the vertex and half-edge sets of P. Finally, the root and involution maps on P are induced from

those on G: B

r(z aﬁﬁ> = Z aﬂr(ﬁ) and Z aﬁﬁ = Z aﬁﬁ.
It is clear that P is a (not necessarily connected) graph and that p : P— Kisa morphism of
graphs. A point D € P lying above a given point x € K has the form

D= > (¥ +aegd )+ 3 ddyl™
yef—1(x) free yef—1(x) dilated
Here n'(y) = {J, ¥} and 7 ' (y) = {J*} denote the preimages of a point y € G that is respec-
tively free or dilated (with respect to the double cover 7), and the ay+ are nonnegative coefficients
satisfying ay+ + ag- = df(y).
To make p harmonic, we define the local degree of p at D € P to be

dﬁ(D) _ 1—[ <df(y)> H de(y)’ (3)

yef~1(x) free dy+ yef—1(x) dilated

which does not depend on the choice of labeling of the fiber 7' (y) = {7, §~} by the symmetry
of the binomial coefficient. In Proposition 2.1 we show that the local degree function defined in
Equation (3) gives p the structure of a harmonic map, and explain the combinatorial meaning of
the coefficient in (3). For now, we note that the number of preimages of x € K is equal to

Fll= [ (ddy) +1).

yef—1(x) free

We now define the orientation double cover k : K — K of the tower G — G — K as a quotient
of P by an equivalence relation. We say that a point x € K is dilated if any point in £~ (x) is dilated
(with respect to the double cover 71), and free if all points in f~!(x) are free. For a dilated point x,
we set all points in p~'(x) P to be equivalent. For a free point x and two points

D= Z (ag+U" +ay3-77), and E= Z (bg+T" +by-T)

yef1(x) yef1(x)

inp'(x) IND, we set D ~ E if } (ay+ — by+) is even. This does not depend on the choice of
labeling of ' (y) = {§*,§~}, because ag+ + ay- = df(y) = by+ + by~ implies that ay+ — by is
even if and only if ag- — by- is even.

We define V(l~<) and H(l~<) to be the quotients of respectively V( ) and H( ) by the equiva-
lence relation, and induce the root and involution maps from P. Choosing either vertex-trivial or
edge-trivial labelings for the preimages of the free points in G, we see that this is well-defined.
Hence K is a graph, and the quotient q : P — K and projection k : K — K maps are graph
morphisms whose composition is p : P =K

We define the local degrees of the orientation double cover k as follows:

d(X) = 2, if k(X) is dilated,
TN, k() s free.

It is elementary to verify that k is indeed a harmonic double cover. The orientation double cover
is free if and only if the double cover 7t: G — G is free. If in addition k : K — K is a trivial double

cover (which is always the case if K is a tree), then we say that the tower G — G — K is orientable.
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Similarly, we define the local degrees of q by

D) =% D)/2, if p(D) is dilated,
! N d3(D),  if p(D) is free,

where dj is given by (3). We now verify that the morphisms p and q are harmonic.

(4)

Proposition 2.1. The morphisms p : P — Kand q : P — K are harmonic of degrees 2™ and 271,
respectively.

Proof. Pick a vertex u € V(K) and a half-edge 1 € T, K rooted at u. We consider the fibers of
m: G — G above the pair (u,1). By (2), the half-edge degrees {df(h) ‘ hef! (l)} are a partition
of n = deg f. Hence we can define a labeling

w {1,y —

of the half-edges of G lying above 1 such that for each half-edge h € f~'(1) we have |u~'(h)| =
d¢(h). We can similarly label the half-edges of G lying above 1:

M {£1,...,+n) — (fom) (1),
so that i, (h+ ) ={+1i|wm@ ( )} and [ ul ( ):{—i‘ w(i) = n(h }forfreeﬁbers
{}fr h- } = '(h) of mand [ p { ‘ u(i n(ht } for dilated fibers {h+} = v '(h).

Composing with the root maps (f o 7r) ) — (f on) T(u) and f~'(1) — f'(u), we obtain similar
labelings for the vertices above w:

we {1, — (), M {+1,..., 40} — (form) ().
This system of labelings induces a labeling on the n-gonal construction P — K as follows:
Yot {(eictn | @€ 1 — 37 W)
()i — > Pul£),

and similarly v; for P ). It is elementary to see that the number ‘\7;] (D)| of labelings of a
given vertex D € p~'(u) is equal to the coefficient d3(D) given by Equation (3), and similarly
ds(E) is the number of labelings of a half-edge E € P~ '(1). Moreover, we note that for any vertex
D e p'(u) and half-edge E € p~'(1), we have that r(E) = D if and only if qu(E) c v,'(D).
Hence the harmonicity condition (1) for p at the vertex D and the half-edge 1

d3(D) = > d;(E)
E:r(E)=D and p(E)=1
is now equivalent to
¥,'(D) = | ] v '(E).
E:r(E)=D and p(E)=1
This however is clear since the labeling functions v are compatible with the root map of P mean-
ing that r o Vi = V,,, and hence p is harmonic at D. Finally, the global degree of p is the total

number of sections of {+1,...,+n} — {1,...,n}, which is the cardinality of the domain of v,, and
equals 2. The harmonicity of q is proved in the same way, but taking parities into account, and
we omit the details. O
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We introduce one additional structure on P. The involution ¢ : G — G associated to the
double cover 7t: G — G induces the pushforward involution t, : P — P which acts by exchanging
signs, in other words (ﬁi) =yT. Denoting the quotient by P = 13/ L+, we obtain a double cover
P — P. The involution t, is fixed-point-free (and hence the double cover P Pis free) if and
only if over every vertex v € V(K) there is a free vertex v; € f1(v) having odd local degree d¢(v;).
Hence the double cover P — P need not be free if G — G is free, and vice versa.

Since the involution i, preserves the local degrees of p, there is an induced harmonic mor-
phism p : P — K of degree 21 If n is even, then the involution t, preserves the fibers of P ]2,

and our morphisms factor into a tower
~ 2 m—=2 ~ )
P—P—0K-—K.

On the other hand, if n is odd, then the involution . exchanges the equivalence classes in every
fiber (if they are distinct), and we have a diagram

P K
Ty £

In particular, if the tower G — G — K is orientable, then the n-gonal construction p : P K splits
as two isomorphic copies of the degree 2"~ cover p : P — K that are exchanged by L.

We now study the n-gonal construction in detail for n = 2, 3, and 4, and call it the bigo-
nal, trigonal, and tetragonal construction, respectively. To clarify the exposition, we first consider
the case of free covers, for which we can use topological methods (but which are not directly
relevant to us, since a free cover of a tree is trivial). The n-gonal morphism p : P — K is free if
and only if both 7 : G — Gand f: G — K are free. In this case, the entire construction may be
carried out in terms of covering space theory, realizing graphs as topological spaces by gluing

unit intervals in the standard way. The tower G5GOK corresponds to a monodromy repre-
sentation 71 (K,xo) — SB (where x¢ € K is a base point) in the signed permutation group S < S,.
Recall that S? consists of permutations of the 2n-element set {£1,...,+n} that commute with
the fixed-point-free involution i — —i. Signed permutations act on the 2" sections of the map
{£1,...,£n} — {1,...,n}, and the corresponding monodromy representation 7;(K,xs) — Son

gives the n-gonal cover P 25 K. Furthermore, the tower G = G -5 K is orientable if and only
if the monodromy representation lies in the even signed permutation group SP = SB ~ A,,,. The
groups SE and SD are the Weyl groups of the root systems B, and Dj, respectively, and the
bigonal, trigonal, and tetragonal constructions arise from the symmetries of these root systems
forn =2,3,4.

More precisely, for n = 2, the group S} is isomorphic to the dihedral group D4 and carries an
outer automorphism, namely conjugation by a 7/4 rotation. Applying the outer automorphism

to the monodromy representation 711 (K, xy) — S? of the tower G 5 G 5 K, we obtain a second

tower G’ 3 G’ 3 K of the same type. Iterating the bigonal construction reproduces the original

tower, because the square of the outer automorphism is an inner automorphism.
10



In n = 3, the equality A; = D3 of root systems corresponds to an isomorphism SP =~ S, of
the Weyl groups, which we now describe. The map {+1, +2, +3} — {1, 2, 3} has four even sections
(meaning sections such that the product of the images is positive), and the group SY acts on this
four-element set. This defines a homomorphism SP — S4. Conversely, each pair of even sections
defines a unique element of {1, £2, +3}, namely the intersection of the images, and this gives the

inverse homomorphism. Given an orientable tower G 3G K, the 3-gonal construction Pk

splits as two isomorphic copies of a degree 4 cover P 24 X, and the monodromy representation of
the latter is obtained by composing the monodromy representation 7t (K, %) — S of the tower
with the isomorphism SP =~ S, defined above. Conversely, any degree 4 cover P 2 X defines an
orientable tower G = G = K; we call this inverse correspondence the Recillas construction.

Finally, for n = 4 the Dynkin diagram D4 has automorphism group S;, which is also the
group of outer automorphisms of the Weyl group SP modulo inner automorphisms. Given an
orientable tower G % G -5 K, the orientation double cover K 2 K splits, hence the degree 16
morphism P LPp4LKEBK splits into two towers G’ 246" 5 Kand G” 5 G” 4 K of the
same type as the original tower. The monodromy representations of the three towers are related
by the outer automorphisms, and the construction is a triality, in other words each of the towers
reproduces the other two.

We now move on to a description in the general, dilated case.

2.3. The tropical bigonal construction. Consider a tower G — G — K of harmonic double covers
of graphs. We first introduce a classification system for points of K:

Definition 2.2. Let G — G — K be a tower of harmonic double covers. A point x € K is called
(1) Type I if it has a unique preimage in G, which in turn has a unique preimage in G.
(2) Type II if it has a unique preimage in G, which has two preimages in G.
(3) Type 1II if it has two preimages in G, one having two preimages in G, the other having
one.
(4) Type IV if it has two preimages in G, each having two preimages in G.
(5) Type V if it has two preimages in G, each having a unique preimage in G.

We note that for types I through IV, the type is the number of preimages in G.LetP - P =K
be the bigonal construction (see Subsection 2.2 with n = 2) associated to the tower G- G-k
A case-by-case verification shows that the types of points of K with respect to the two towers
change as follows (see Figure 1):

151, IHI—II, II—I, VoIV, VoL

We immediately observe that the tropical bigonal construction is not invertible, since type V and
type I points with respect to G — G — K both produce type I points with respect to PP =K
This phenomenon, which we call dilation collapse, also occurs for the trigonal construction (see
Remark 2.13) and forces us to introduce restrictions on the dilation of the n-gonal map.

Definition 2.3. A tower G — G — K of harmonic double covers is called generic if K has no points
of type V.

Restricted to generic towers, the bigonal construction is an involution, and dilation behavior

in fibers is exchanged (this is the tropical analogue of Lemma 2.7 in [Don92]).
11



G—G—K P—P—K
Type I 7@ Ue X Type I 27 @ ° X o
’\4+ .
e A :
Type I Yi e X o Type III ! X o
Uy e Ui +3; e y
+ .
g; L Ui +305 e
Type III X e Type II ° X e
lye Y2 Uy +U; e
Uy Y +9; - .
o . + .
Type IV Hl X e Type IV Uty X e
Y2 ° Yz . ELJFE?# : :
Yy Yy +y; ¢
e V-
Type V X e
e Y2 Typel 7 +7, @ e x-

F1GURE 1. The structure of the bigonal construction locally over a point x € K. The
size of points indicates the dilation factor with respect to K.

Proposition 2.4. Let G — G — K bea generic tower of harmonic double covers, and let P—P—Kbe
the bigonal construction.

(1) The tower P — P — K is also generic.

(2) Points of K that are dilated with respect to G — K are in 1:1-correspondence with points of P that
are dilated with respect to P P, and the same is true for G- GandP — K.

(3) The bigonal construction applied to P — P — K reproduces the original tower.

Proof. The first two statements follow directly from the type classification shown on Figure 1. For
the last part, let G’ — G’ — K be the bigonal construction of P — P — K. We claim that there is
a canonical bijection G — G’ that is equivariant with respect to the double covers.

Let x € K be a type IV point, with preimages y1,y2 € G and ¥, U5 € G. The points of P over
x are the linear combinations §{ +3; and §j; +9, (mapping to one point of P over x) and §{ +7;

and J; +7U; (mapping to the other point). The points of G’ over x are certain linear combinations
12



of these linear combinations, namely
27 +9; +Y, W Y AU, U 2, U+ +20,
with the first two and the last two mapping to the same point of G’. Hence the map
U= 207 + 05+ U5

is a canonical equivariant bijection of the fibers of G and G’ over x. To establish the bijection
of the fibers over a point x € K of types I to III, we use the same formula and set §;i = U5
(for type II), y; = Y, (for type III), or both (for type I) Choosing vertex-trivial labelings for
the double cover G — G, we see that the bijection G — G’ commutes with the root t map, while

choosing edge-trivial labelings shows that it commutes with the involution. Hence G — G’ is an
isomorphism of graphs. O

We now restrict our attention to generic towers G — G — K, where the graph K is a tree, so
that the double cover f : G — K is a hyperelliptic graph. To state the next proposition we introduce
the following notation. The set of dilated edges and vertices form the dilation subgraph Ggqy < G.
The dilation index of the double cover w: G — G is

&/G) = {number of connected components of Ggj, if 7ris dilated,

1, if 7t is free.

Proposition 2.5. Let G — G — K bea generic tower of harmonic double covers, where G is connected
and X is a tree, and let P — P — K be the bigonal construction. Then P is connected if and only if the
double cover m: G — G is not free. Furthermore, in this case, the dilation indices d and d’ of the double
covers 7t: G — G and 7' : P — P and the genera of the four graphs are related as follows:

d+d' —2=g(G)—g(G) = g(P) — g(P). )

Proof. If the double cover m is free, then so is the orientation double cover K — K, which is then
trivial since K is a tree. Therefore P = K is disconnected, and hence so is P.

Conversely, suppose that 7t is not free. If K contains a point x of type I with respect to the
tower G — G — K, then x has type I with respect to the tower P — P — K as well, and therefore
P is connected. If K contains no points of type I, then it must contain a point of type II (otherwise
G — K is free and hence disconnected) and a point of type III (otherwise 7t is free). The bigonal
construction exchanges types II and III, hence the tower P — P — K also contains both type II
and III points. Therefore both P — P and P — K are dilated, so P is connected.

Let e; and v; denote respectively the number of edges and vertices of K having type i =
I,...,IV with respect to the tower G — G — K. We claim that the dilation subgraphs Gg; < G
and Pg; < P are unions of trees. Indeed, if y — Gy is a nontrivial simple cycle, then the restriction
of the map G — K folds y in two because K is simply connected, and hence the image of v in K
contains points of type V. Hence each connected component of Ggjj, and similarly Pgj, is a tree.
It follows that

d = [V(Gan)l — [E(Ggin)l = vi + vt — er — e,
d’ = [V(Pai)l — [E(Pgi)| = vi +vir — e — eqr.
On the other hand, looking at Figure 1, we see that

V(G — [V(G)| = [V(P)| — [V(P)| = vi 4+ Vi + 2v1v,
13



and similarly
[E(G)| — [E(G)| = [E(P)| — [E(P)| = en + em + 2epy.

Using > e; — >, vi + 1 = g(K) = 0, we obtain Equation (5). O

T e

(k4
N

FIGURE 2. Example of the bigonal construction with thickness indicating dilation
with respect to the base tree K. The involution on G is reflection along the hori-
zontal axis and similarly for each of the two components of P.

— e

L v a1 I III 1 v or mr I

N
e

F1GURE 3. Example of the bigonal construction with connected input and output.
Thickness corresponds to dilation and the involutions are given by reflection along
the horizontal axis. For each point of K we indicate its type.

Example 2.6. Figure 2 shows an example of the bigonal construction. Note that G- Gisa
free double cover and therefore P is necessarily disconnected. Nevertheless, one can check that
applying the bigonal construction to the tower PP—=K reproduces the input tower. Let us
modify this example by contracting the extremal edges of K and everything lying above them.
The result is shown in Figure 3. This time the input (and hence the output as well) contains a
vertex of type L. In particular, input and output are connected. Again one can check that the

bigonal construction applied to P — P — K reproduces the original tower.
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2.4. The tropical trigonal and Recillas construction. Let G — G — K be an orientable tower of
covers of a graph K of degrees 2 and 3, respectively. In particular, the double cover 7: G—Gis
free. The trigonal construction associates to G—-G—Ka degree 8 harmonic morphism P—K
that splits as a tower P — P — K, where p : P — K has degree 4 and P — P is the trivial double
cover. The Recillas construction inverts this correspondence, by associating to a degree 4 cover
P — K (satisfying certain restrictions on local degrees) an orientable tower G — G — K of covers
of degrees 2 and 3.

Similarly to the bigonal case, we classify the points of K according to the structure of the
tibers. We recall that the points of P over a given point x € K have the form D = Y}(a;y{ +a; y;),
where the y; are the preimages of x in G, and the ai satisfy a" > 0 and o + a; = df(yl) for
all i. Since the tower G — G — K is orientable, we can represent points of P as those linear
combinations D = Y)(a;y{ + a;§;) for which the quantity >} a; has a fixed parity, and we
choose Y} a” =1 mod 2.

Definition 2.7. Let G — G — K be an orientable tower consisting of a free double cover 7 : G—G
and a degree 3 harmonic morphism f : G — K, and let p : P — K be the associated harmonic
morphism of degree 4. A point x € K is said to be

(1) Type I if it has a unique preimage y; in G with d¢(y;) = 3. The corresponding points of P
are 3y; and §{ + 2y;, at which p has degrees 1 and 3, respectively.

(2) Type II if it has two preimages in G, namely y; with d¢(y;) = 1 and y; with d¢(y2) = 2.
The corresponding points of P are | + 2y;, Ui +2U,, and J; +U; + Y5, at which p has
degrees 1, 1, and 2, respectively.

(3) Type III if it has three preimages yi, yz, and ysz. The corresponding points of P over x are
U, +9Y; +93, 97 +U;, 93, U7 +9; +U;, and U + 9, + U; . The local degrees of f and
p are all equal to one.

We note that the type of a point x € K is the number of its preimages in G, and that a half-
edge may be rooted at a vertex of equal or lower type. There are thus six possible pairings of a
half-edge and a vertex, and the local structure of the tower and the degree four map are shown
on Figure 4. We also observe that the degree 4 harmonic morphism p : P — K has the property
that the fibers of p cannot have degree profiles (4) or (2,2). Note that, in the algebraic setting,
an identical restriction is imposed on the ramification profile of the degree four map. We give a
corresponding definition:

Definition 2.8. A degree 4 harmonic morphism p : P — K is called generic if every point x € K
has a preimage in P at which the local degree of p is equal to one. Given a genericp : P — K, a
point x of K is said to be of type I, II, or 1II if the degree profile of the fiber is (3,1), (2,1,1), or
(1,1,1,1), respectively.

We now invert the tropical trigonal construction for a generic degree 4 harmonic morphism.
Definition 2.9. Let p : P — K be a generic degree 4 harmonic morphism. The Recillas construction
associated to p : P — K is a tower consisting of a free double cover m: G — G and a harmonic

morphism f : G — K of degree 3, defined as follows. The points of G over a given point x € K are
unordered pairs of points of P lying in the same fiber of p:

G = {D1 +D;eZ?:Dy,D;ePand D1 +D; < p*(x) for some (necessarily unique) x € K} .
15
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FIGURE 4. Overview of the trigonal construction and its inverse, locally over a
half-edge of K. Thickness of edges and vertices corresponds to dilation.

The vertices and half-edges of G lie over the vertices and half-edges of K, respectively, and the
root and involution maps are induced from P. It is clear that Gisa graph and f:G6 =K,
D; + D; — x is a morphism of graphs.

There is a natural involution on G given by

Dy + Dy — p*(x) — D7 — Dy,

and the assumption that p is generic implies (indeed, is equivalent to assuming) that this invo-
lution is fixed-point-free. Hence f : G — K factors as a free quotient double cover 7t: G — G and
an induced map f: G — K.

Finally, we define the local degrees of f and f.Lletx e K. If x is a type III point, then
p*(x) = Dy + D2 + D3 + Dy for distinct D; and we set dy(D; + D;) = 1 for all pairs. If x is a type
IT point, then p*(x) = Dy + D; 4+ 2D3 and we set

d;(Dy + D2) = dy(2D3) =1, d;(Dy + D3) = d(D2 + D3) = 2.
If x is a type I point, then p*(x) = Dy + 3D, and we set
d]:(D] +Dy) = df~(2D2) = 3.

For any y € G we set d¢(n(y)) = di(y), and it is elementary to verify that f is a harmonic
morphism of degree 3.

Remark 2.10. Generalizing Definition 2.9, we can naturally associate to a harmonic morphism
P — K of degree n a degree (1) harmonic morphism G — K, for any k <n

We now assume that K is a tree, and refer to harmonic morphisms G — K and P — K
of degrees 3 and 4 as respectively trigonal and tetragonal graphs (we note that this condition is
stronger than carrying a g% or a gJ‘ in the sense of Baker and Norine [BN07], see [ABBR15]). The

following establishes the first part of Theorem 1.2 in the case of graphs.
16



Proposition 2.11. Let K be a tree. The trigonal construction and the Recillas construction establish a
bijection between free double covers of trigonal graphs G — G — K and generic tetragonal graphs P — K.
The graph G is connected if and only if P is connected, in which case

g(P) =g(G)—1. (6)

Example 2.12. Consider the tower G — G — K on the left of Figure 5. Applying the tropical trig-
onal construction to it produces the generic tetragonal graph on the right. Conversely, applying
the tropical Recillas construction to P — K recovers the original tower. We will verify by hand in
Example 5.2 that the Prym variety Prym(é /G) and the Jacobian variety Jac(P) (which are defined
after K has been equipped with arbitrary edge lengths) are isomorphic.

(P

K

FIGURE 5. Example of a tower and a tetragonal graph corresponding to each other
under the tropical trigonal construction. Thickness indicates dilation factors.

Proof of Prop. 2.11. Let w : G — G be a free double cover of a trigonal graph f : G — K. The
orientation double cover K — K is free and hence trivial, hence the tower G — G — K is
orientable. We have already seen that the associated tetragonal graph p : P — K is generic, and
let G’ — G’ — K denote its Recillas construction.

As in the bigonal case, we construct a canonical equivariant bijection G— G LetxeKbea
type III point, with preimages y1,y»,y3 in G and 7,35, U3 in G. The points of P over x are the
four linear combinations

LR R R I e T S TR A
and the points of G’ over x are the six pairwise sums of these combinations. Hence we see that
U 20+ 25 )
j#i
is the required bijection, which is equivariant since it preserves signs. For points of types II and
I, we use the same formula specialized to §5 = U3 and Ji = §; = Uj, respectively. As in the

proof of Proposition 2.4, choosing either vertex-trivial or edge-trivial labelings for G — G shows

that the bijection G — G’ is an isomorphism of graphs.
17



Conversely, let P’ — K be the trigonal construction of the Recillas construction G—-G—K
of a generic tetragonal graph P — K. Then the map

D; — 3D; + )| D;
j#i
establishes a bijection between the fibers of P and P’ over x, preserves root and involution maps,
and is hence a graph isomorphism P — P’. Hence the trigonal and Recillas constructions are
inverses.

To show the second part of the claim, suppose that the tower G — G — K and the tetragonal
graph p : P — K correspond to one another under the trigonal and Recillas construction. Assume
that P = P L P, is disconnected, and further assume without loss of generality that deg(plp,) = 2.
Viewing points of G as linear combinations D; +D; € ZP (with possibly D1 = D;), we define the
function

deg,: G —Z,  Dj+D;~ [{i:D;ePi}.

Each fiber of p contains at least two points of P; (counted with multiplicity) and at least one
point of Py, hence deg, takes values 1 and 2. On the other hand, deg, is preserved by the root
and involution maps, and is therefore a locally constant function on G. Hence G is disconnected.

Conversely, assume that G is disconnected. We distinguish two cases. If G is connected, then
the double cover G — G is trivial, ie. G = Gt LU G~ and Gt =~ G~ ~ G, and we can globally
label the preimages of y € G in G as j* € G and §j~ € G~. Viewing points of P as sections of the
double cover G — G, the map

3 3
degZ:f’HZ, Z(afﬁf—l—a;ﬁ;)%Zaf
i=1 i=1
defines a locally constant function on P with image {0, 1, 2, 3}. By definition, two points D, D’ € P
over the same point of K map to the same point in P if and only if deg,(D) = deg,(D’) mod 2.
Hence deg, induces a locally constant, surjective Z/2Z-valued function on the quotient P of P,
and therefore P is disconnected.

For the second case we assume that G is disconnected as well. Since f : G — K is harmonic of
degree 3, at least one of the connected components of G maps with degree 1 to K and is therefore
isomorphic to K. We write G = G; u K and correspondingly G = G; UK LK for the double cover.
Any point D € P has the form D = Dy + vy, where D; is a point of the bigonal construction of
G — G —Kandyisa point in one of the two copies of K < G, with D; and y lying over the
same point of the target tree. In other words, P consists of two copies of the bigonal construction
of G; — G; — K and these are exchanged by the involution on P. Hence P itself is precisely the
bigonal construction of G — G — K. By Proposition 2.4, we see that it is disconnected, because
(~31 — G is free.

To complete the proof, we determine the relationship between the genera. Looking at the
local structure in Figure 4, we see that p~'(x) has one more element than f~'(x) for each point
x € K. It follows that

g(P) = [E(P)| = [V(P)[+ 1 = [E(G)| + [E(K)[ = [V(G)[ = [V(K)[ + 1 = g(G) — T,

because K is a tree and hence |[E(K)| — [V(K)| = —1. This completes the proof. O
18



Remark 2.13. The trigonal construction can be applied to towers G — G — Kwhere G — G is
not free. The result is a tower P — P — K where, depending on the degree profiles of the first
tower, PP may be dilated, P — K non-generic, or both. Conversely, the Recillas construction
can be extended to non-generic tetragonal graphs P — K to produce towers G — G — K where
G — G is not free (for example, a point x of K with degree profile (2,2) with respect to the
tetragonal map has two preimages in G, one having degree 2 and a single preimage in G, the
other having degree 1 and two preimages). However, applying the trigonal construction to the
resulting tower G — G — K does not reproduce the original tetragonal graph P — K. Hence the
bijective correspondence fails for these generalizations.

2.5. The tetragonal construction. In this section, we briefly summarize the harmonic tetragonal
construction, which we plan to study in detail in a future paper. Let G — G — K be a tower
of harmonic morphisms of degrees 2 and 4, and let P — K be the outcome of the tetragonal
construction. In general the graph P does not split (if G — G — K is not orientable), and the
involution t: P — P may have fixed points. However, imposing some natural restrictions on the
dilation produces an outcome that exactly corresponds to the free case, and mirrors the algebraic
construction.

Proposition 2.14. Let K be a tree, and let G — G — K be a free double cover of a generic (in the sense of
Definition 2.8) tetragonal graph G — K. The tetragonal construction applied to G — G — K splits as a
disjoint union of Gy — Gy — K for i = 1,2, where each tower is a free double cover of a generic tetragonal

graph.

Proof. 1f G — G is free then so is the orientation double cover K — K, which is then trivial since
K is a tree. Hence P — K splits as a disjoint union of morphisms P; — K and P, — K of degree
eight. Since G — K is generic, each point x € K has a preimage in G at which the tetragonal map
has odd degree (specifically, equal to one) and which has two preimages in G (since G — G is
free). Hence the sign involution t : P — P acts without fixed points. Since the involution restricts
to each connected component, we take quotients and obtain two towers Py — P — Kfori=1,2.
It is then a direct verification to show that if a point x € K has type I, II, or III in the sense of
Definition 2.8 with respect to the original tower, then x has the same type with respect to each of
the two new towers. In particular, the P; — K are generic tetragonal graphs. O

3. RATIONAL POLYHEDRAL SPACES AND TROPICAL HOMOLOGY

In this section, we review a number of standard notions of tropical geometry. The ambient
category containing all tropical objects that we consider in this article is the category of rational
polyhedral spaces. In particular, tropical curves are purely 1-dimensional rational polyhedral spaces
satisfying a smoothness condition. We rephrase the tropical n-gonal construction and the tropical
Recillas construction for tropical curves (thus justifying the name). Finally, we summarize some
basic properties of tropical cycles and tropical homology that will serve as essential tools to prove
Theorems 1.1 and 1.2. Tropical homology was introduced in [IKMZ19], but our exposition closely
follows the sheaf-theoretic approach [GS23a].

3.1. Rational polyhedral spaces. A (rational) polyhedron in R™ is a finite intersection of half-spaces
of the form
{xeR™| (m,x) < a}
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for some m € (Z")* and a € R. Consider the partial compactification R" of R", where R = Ru{oco},
endowed with the order topology. It is stratified by sets of the form

R} = {(xi)iz1,..;n | xi = 00 if and only if i € I}

for I < {1,...,n}. A polyhedron in R" is the closure of a polyhedron in one of the R} . A polyhedral
subset X < R is a finite union of polyhedra.

Let X € R" be a polyhedral subset. An integral affine linear function on X, or affine function for
short, is a function f : X — R such that locally at every point of X it is of the form x — (m,x) + a
for some m € (Z™)* and a € R. An affine function is not allowed to take an infinite value, so the
local expression (m,x) + a is required to satisfy m; = 0 near any point x of X with x; = co. In
other words, at infinite points, affine functions are locally constant in those directions in which
infinite coordinates become finite. Affine functions form a sheaf on X, denoted Affy.

A rational polyhedral space X is a second countable Hausdorff topological space together with
a sheaf of continuous functions Affx such that for every point x € X there is an open neighborhood
x € U € X, an open subset V < Y of a polyhedral set Y € R", and a homeomorphism ¢ : U — V
such that pullback of affine functions along ¢ is an isomorphism ¢~ Affy — Affy. If all these
polyhedral sets Y can be taken to live in R™, then X is called boundaryless. A point x € X is called
reqular if it has an open neighborhood isomorphic to an open subset of R™, where n is the local
dimension at x. The subset of regular points in X is denoted X™#&. A rational polyhedral space X is
said to be purely n-dimensional if each point of X*8 has local dimension n.

A morphism of rational polyhedral spaces is a continuous map f : X — Y that induces a mor-
phism £~ Affy — Affx. It is proper if the preimage of every compact subset of Y is compact. In
particular, if X is compact, then f is proper.

The cotangent sheaf Q) of a rational polyhedral space X is the quotient of the sheaf Affy by
the subsheaf of locally constant functions. A morphism f : X — Y of rational polyhedral spaces
induces a morphism of cotangent sheaves

1ol — al.

For x € X, the dual TZX = HomZ(Q;(’x, Z) of the stalk of the cotangent sheaf is the integral tangent
space at x. Dualizing the morphism of cotangent sheaves gives the differential dyf : T{X — TE,)Y.

3.2. Tropical curves and harmonic morphisms. Let I be a connected and compact purely 1-
dimensional rational polyhedral space. The underlying topological space of I" has the combina-
torial structure of a connected and finite graph G. Furthermore, we can define an edge length
function £ : E(G) — (0, co] by setting {(e) to be the smallest positive increment of an affine func-
tion along e. The pair (G, (), which is a metric graph, is called a model for I'. We say that I is a
tropical curve if all edges of infinite length are extremal (in other words, there are finitely many
vertices at infinity, and they are univalent). We always implicitly choose a model when talking
about a tropical curve, and we note that the model recovers the curve if the latter is smooth,
which we always assume (see below). The genus of I is the genus of any graph model. By a
point x of I' we mean a point in the metric space, which may correspond to either a vertex or an
interior point of an edge with respect to a chosen model (an edge e € E(G) of the model may be

viewed as a generic point of the corresponding edge in I').
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An affine function f on a tropical curve I" has a well-defined slope along each oriented edge
e of I'. A tropical curve T is called smooth if locally around every finite vertex it is isomorphic to

U eRso=R™/(0,...,1)R (7)
i=0,...,n

for some n > 1. This condition ensures that ' has sufficiently many affine functions, in the
following sense: given an affine function defined near a point x € T, the only condition on the
slopes along the outgoing edges is that they sum to zero. Furthermore, the univalent vertices of a
smooth tropical curve I are at infinity. We note that an arbitrary metric graph can be augmented
to produce a smooth tropical curve in a canonical way, by attaching a compact infinite ray to each
finite univalent vertex.

Conversely, let G be a finite graph and let £ : E(G) — (0, 00] be an edge length assignment
such that an edge is infinite if and only if it is extremal. We construct a smooth tropical curve
I with model (G, ) by gluing real intervals [0,{(e)] for every edge e € E(G) according to the
adjacency determined by G, and choosing the smooth local model (7) at each vertex of valence
3 or higher (cf. Proposition 3.6 in [MZ08]). We henceforth assume that all tropical curves are
smooth, in other words we consider metric graphs (G, {) having finitely many univalent points
at infinity. In particular, trees are assumed to have all of their leaf vertices at infinity.

Let I be a (smooth) tropical curve with a chosen orientation. A harmonic 1-form is a global
section of Q. More explicitly, a harmonic 1-form w = 2eck(r) Qede is given by the choice of a
coefficient a, € Z subject to the condition

Z e — Z a. =0

e entering v e leaving v

at every vertex v of T".

A harmonic function on T is a section of Affr, i.e. a continuous function f : U — R on an open
subset U < T that is linear with integer slope on every edge, and such that the sum of outgoing
slopes of f at every vertex is zero. Recording the slopes of f, we obtain a harmonic 1-form on U.
We note that harmonic functions are constant near infinite extremal vertices.

Let I = (G1,¢) and I = (G2,(2) be tropical curves, and let f : G; — G be a harmonic
morphism of graphs with degree function df, where we recall that we do not allow graph mor-
phisms to contract edges. If d¢(e) = % for each edge e € E(G1), then we define the associated
harmonic morphism of tropical curves f : 1 — I, which is an affine linear map on each edge e of I
with slope or dilation factor equal to d¢(e). It is elementary to verify that f is a morphism of ratio-
nal polyhedral spaces. Conversely, a surjective morphism of rational polyhedral spaces f: I} — I3
induces a harmonic morphism of graphs (with respect to appropriately chosen models) if it does
not contract any edges, and such a morphism has a well-defined global degree degf. Given a
harmonic morphism f : 1 — I; and a point x € I, we denote d¢(x) = d¢(e) if x lies in the interior
of the edge e, and d¢(x) = d¢(v) if x corresponds to a vertex v (with respect to an appropriate
model). We observe that, given a harmonic morphism of graphs f : G; — G;, a choice of edge
lengths on G; uniquely determines edge lengths on G; in such a way that f induces a harmonic
morphism of tropical curves.

In parallel to the graph case, we say that a harmonic morphism f : I'1 — T} of tropical curves
is free if d¢(x) = 1 for all x € I (equivalently, if it is a covering isometry), dilated if it is not free,

and a double cover if it has global degree 2.
21



We note that an arbitrary harmonic morphism f : (Gy,£;) — (G2,{2) of metric graphs can
be augmented to a harmonic morphism of smooth tropical curves in the following way. For each
univalent vertex v, € V(G;), attach a compact infinite ray 1 to v,, then for each v; € f~1(vy)
attach d¢(vy) compact infinite rays to vi and map them with degree 1 to 1. From now on we
will always assume that harmonic morphisms are in fact harmonic morphisms between smooth
tropical curves.

Remark 3.1. A tropical curve I arising as the tropicalization of an algebraic curve naturally comes
with a vertex weight function, recording the genera of the irreducible components of the special
fiber. These vertex weights appear to play no role in the tropical n-gonal construction, and we do
not consider them.

3.3. Divisors on tropical curves. Let I" be a tropical curve. A divisor D on T is a finite formal
Z-linear combination of points on I', i.e. D = ) ay - x with ay = 0 for almost all x € T'. Denote the
group of divisors on I' by Div(T"). The degree of a divisor D is degD = )’ ay. A divisor is called
effective if a, > 0 for all x € T, in which case we write D > 0. Denote the set of effective divisors
of degree n by Div}! (T").

A rational function f : T — R is a piecewise linear function with integer slopes. A rational
function induces a divisor as follows

divf = Z (sum of outgoing slopes at x) - x.
xel’

Any divisor of the form div f is called a principal divisor, and the subgroup of principal divisors
is denoted by Prin(I") < Div(I'). Two divisors Dy and D; are linearly equivalent ift D7 — D3 is a
principal divisor, in which case we write Dy ~ D;. The Picard group of T" is defined as

Pic(T") = Div(T')/ Prin(T’) and Picy (") = {[D] € Pic(T") | deg D = k}.
Every Picy(T') is a torsor over the Picard variety Picy(T).

3.4. The n-gonal and Recillas construction for tropical curves. In this section, we extend the
n-gonal and Recillas construction to tropical curves. We recall that our definition of gonality
involves maps to trees instead of Baker—Norine rank.

Definition 3.2. An n-gonal tropical curve is a tropical curve I' together with a harmonic map
f: T — K of degree n to a metric tree K. For n = 2,3,4 we will also use the terms hyperelliptic,
trigonal, and tetragonal, respectively. A tetragonal curve is called generic if for all x € K the fiber
f~1(x) has dilation profile (3,1), (2,1,1), or (1,1,1,1). A double cover I'5T > Kofa hyperellipic
curve is called generic if K has no point which has two preimages in I', each of which has a unique
preimage in T.

A harmonic morphism of tropical curves is uniquely specified by giving a harmonic mor-
phism of graphs together with an edge length function on the target. This observation allows
us to directly lift the tropical n-gonal construction and the tropical Recillas construction from
graphs to tropical curves:

Definition 3.3. Let ' — I' — K be a double cover of an n-gonal tropical curve. The n-gonal
construction is the degree 2™ harmonic morphism of tropical curves IT — K that arises by running
the construction of Section 2.2 on the underlying tower of graphs, and then endowing TT with

the edge-length function induced by K. Similarly, the tropical Recillas construction associates to a
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generic tetragonal curve IT — K a tower I'=r—K consisting of a free double cover of a trigonal
curve.

All results from Section 2 carry over to the setting of tropical curves. In particular, the
fiberwise description over a point x € K still holds, where x may now correspond to a vertex or
an interior edge point. We may view an edge e of a graph model of K as a generic point for the
points of that edge in K. In this sense our definition of the construction for generic fibers ensures
that the fibers of the n-gonal construction depend continuously on the metric realization. With
this point of view, the root map at the level of graphs can now be understood as the continuous
limit for x € K approaching a vertex.

Remark 3.4. We can restate the n-gonal and Recillas constructions directly for tropical curves in
the language of divisors, in a way that is consistent with the graph-theoretic definitions given in
Sections 2.2 and 2.4. Let T : I' — T be a free double cover of an n-gonal curve f : I' = K, and
let TI — K be the output of the n-gonal construction. As a set T is given by the construction of
Section 2.2 applied pointwise in the metric graphs:

ﬁ:{x1+---+xneDiv:{(l~“) IxeK:m(x))+ - +7m(xy) = Z df(y)-y}. (8)
yef—1(x)

Even more is true: since K is a tree, the natural graph model for Tis loop-free and hence [BU22]
gives a polyhedral structure on Div;,(T"). The graph structure of T1 is precisely the restriction of
this polyhedral structure. A similar description can be given for the tropical Recillas construction.
Let k : TT — K be a generic tetragonal tropical curve, and let I' = T — K be the output of the
tropical Recillas construction. Then as a set

r= {x1 +x2 € Divj (TT) | 3x3+x4 € Div; (IT) and x € K such that x;+x2+x3+x4 = Z dk(y)-y},
yek~ 1 (x)

X ©)
and the involution whose quotient is the double cover I' — T is the one sending xj +x; to x3 4 x4.
However, it turns out that defining Tl and T in this way does not naturally induce the correct
edge lengths. For example, in the context of the trigonal construction, consider a (2, 3)-tower
T 41 2 K with an edge e € E(K) of Type I (in the language of Definition 2.7). Then both edges
¢ and & in T above e are of the same length, say a (so that the length of e is 3a). For the
construction of TT there are two relevant cells in DiV;(F), namely

(e xe")/Sy x & and (6" x¢& xe&)/Ss.
The two edges of IT arising from € and € are given as the diagonals of these cells, both of which
have lattice length a, in contrast to the correct edge lengths a and 3a. This is one of the main

reasons that we define the n-gonal and Recillas constructions for combinatorial graphs first, and
then import the construction into the setting of tropical curves.

3.5. Tropical cycles. We will now recall the definition of the tropical cycle class groups Zy(X)
associated to a rational polyhedral space X. We first recall the definition in affine space, follow-
ing [GS23a].

Definition 3.5. Let R™ be endowed with the integral structure Z™ < R™. A tropical fan k-cycle on

R™ is a function A : R™ — Z satisfying the following properties:
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(1) For all x e R™ and A € R.y we have A(Ax) = A(x).

(2) The support |A| ={x e R* | A(x) # 0} is a purely k-dimensional rational polyhedral set.

(38) A islocally constant on |A[® and is equal to 0 on |A| — |A[™8.

(4) A satisfies the so-called balancing condition. This is a condition at every codimension 1
cell T of the rational polyhedral structure of |A| and requires the sum of the outwards
facing lattice normal vectors of incident maximal cells, weighted by the values of A, to
be contained in the tangent space of 1. The condition does not depend on the chosen fan
structure of |A| and we will only need to check balancing when k = 1, in which case the
only codimension one cell is the origin T = 0. Let e range over the 1-dimensional cones in
|A| and for each e let . € e n Z™ be an outwards facing primitive tangent vector of e. The
balancing condition at 0 is

ZA(ne)ne =0. (10)

We note that for a 1-cycle A (whose support |A| is a graph), verifying balancing does not
involve the values at the vertices (points of |[A| —|A[**®), and we will often ignore condition
(3) and allow A to have arbitrary vertex values.

The idea is now to define a tropical k-cycle on an arbitrary rational polyhedral space by
requiring it to look locally like a tropical fan k-cycle.

Definition 3.6. Let X be a rational polyhedral space. A local face structure at a point x € X is a
finite polyhedral complex X such that

(1) x is contained in the topological interior of |X],
(2) there exists a chart U — V < R" of X such that |Z| € U,
(3) x is contained in every inclusion maximal cell of X.

Face structures are higher-dimensional analogues of graph models for tropical curves.

Definition 3.7. Let X be a rational polyhedral space. A tropical k-cycle is a function A : X — Z
such that the following properties hold.

(1) A is locally constructible, i.e. for every x € X there is a local face structure X at x such that
the restriction to the relative interior Alejint(o) is locally constant for every o € Z.

(2) For every x € X the germ of A at x (extended to be constant along all lines through the
origin) defines a tropical fan k-cycle on the real tangent space TZ(X) ®z R at x.

The set of tropical k-cycles on X is denoted Z (X).

The following two examples show that smooth tropical curves behave well from the view-
point of intersection theory. Ultimately this is the reason for our standing smoothness assump-
tion.

Example 3.8. Let I" be a tropical curve (which we assume be to smooth as always). A function
A : T — Z with value 0 on every vertex of valence > 2 is balanced if and only if its value on every
edge is the same. If this value is 1 everywhere, then this defines the fundamental cycle [I'] € Z;(T')
of I'.

We emphasize that if I' is not smooth then it does not admit a fundamental cycle. For ex-
ample, the balancing condition (10) cannot be satisfied at a finite 1-valent vertex. At a 1-valent

vertex at infinity, however, the balancing condition is trivially satisfied, since all affine functions
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are locally constant and hence the tangent space is 0. In particular, the primitive tangent vector
of an infinite edge at the vertex at infinity is 0 and Equation (10) is satisfied.

Example 3.9. Let " be a (smooth) tropical curve and define [Ar] : T? — Z by [Ar](x,y) = 1if x =y
and x is not a vertex of valence > 2 and [Ar](x,y) = 0 otherwise. We claim that this is a tropical
1-cycle on TI'?, the diagonal cycle.

A choice of graph model on T" provides a polyhedral complex structure on I'2. Subdividing
cells of the form e x e for any edge e of I' provides a face structure that shows that [Ar] is
(locally) constructible. We check balancing. Locally at a point (x,x), where x is not a vertex of
I, the support of [Ar] looks like the diagonal in R?. This is clearly balanced because the sum
of outwards facing primitive tangent vectors at the origin is 0. Now assume x is a vertex of
I'. Denote the primitive tangent vectors of the edges of I' incident to x by ny,...,nn. Then the
primitive tangent vectors of [Ar] at (x,x) are

@) € T () = TE() X TET) fori=1,...,m,
1

and again we see that the sum is 0 because I was assumed smooth, i.e. >,y = 0.

Let A, B : X — Z be tropical k-cycles on X. The sum function A +B : X — Z is not, in general,
a tropical k-cycle. However, there exists a tropical k-cycle agreeing with the algebraic sum A +B
away from the non-regular locus |A| \ |[A[**8 U [B| \ [B[**8. Denoting this cycle A + B by abuse of
notation, we obtain a group structure on Zy (X).

Now let f : X — Y be a proper and surjective morphism of k-dimensional rational polyhe-
dral spaces. There is a pushforward f, : Zi(X) — Zy(Y) defined as follows (see Definition 3.6 of
[GS23a]). Let A € Zy(X). Aty e Y™8 \ (X \ X™8) define

fLA(y) = Z [ToY 2 A f(TEX)] A(x), (11)

xef~1(y)
where the lattice index is taken to be 0 if it is not finite and we set f.A(y) = 0 for all other points
of Y. Similar to the case of addition of tropical cycles, this f,A is in general not a tropical cycle,

but there is a tropical pushforward cycle (also denoted f,A) that coincides with f,A away from
a locus of dimension at most k — 1.

Example 3.10. Let I and TT be smooth tropical curves and let 7t : ' — TT be a harmonic map of
degree d. Then m.[I'l = d[IT]. To see this, it suffices to check that 7, [I'/(y) = d for every y in the
interior of an edge of Tl. By definition of pushforward and Equation (2) we have

)= > [I:da(TiN] = ) dax) =n,
xem—1(y) xer—1(y)
where d(x) is the dilation factor on the edge to which x belongs and d,7 is the differential of 7
at x.

3.6. Tropical homology. Finally, we give a brief introduction to tropical homology and coho-
mology groups (which were introduced in [IKMZ19]), following the paper [GS23a]. Let X be a
rational polyhedral space, possibly with boundary.

Definition 3.11. Let p > 1. Define the sheaf QF of tropical p-forms to be the image of

P P
/\ Q;( — l* ( /\ Q;(|Xr9g),
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where 1: X™8 — X is the inclusion.

There is a maximal stratification of X such that Q) is locally constant on every stratum. A
singular g-simplex, i.e. a continuous map o : A9 — X, is allowable if every open face of A9 maps
into a single stratum of X. Denote by Zgq) the constant sheaf on o(A9) with values in Z. Then
the (p, q)-th chain group is defined as

CpaX)= @ Hom (QfZojan).
0:A9—X allowable

Elements in Cp (X) are denoted as }; 0 ®1,, where 1, € Hom (Qi, Zg( Aq)). The boundary map
of C, +(X) is given as

Cpgr1(X) — Cpq(X),  0@N— > T®(rrom),
T€00
where 0 is the boundary map from singular homology and 1+ : Z(pq+1) — Zr(aa) is the restriction
map. By abuse of notation we denote the boundary maps of C, .(X) again by ¢ and we define
the (p, q)-th tropical homology group Hp q(X) = Hq(Cpe(X)). The cochain complexes are CP* =
Hom(Cy,.,Z) and the tropical cohomology groups are HP9(X) = H9(CP*(X)).
Recall that there is a tropical cycle class map

cyc : Zk(X) — Hk’k(X)

which assigns to any tropical k-cycle a class in tropical homology. We often suppress cyc from
the notation and identify a tropical cycle in Zi (X) with its image in Hy i (X). This map is defined
for rational polyhedral spaces with boundary in [GS23a, Section 5], and is given a convenient
description in the k = 1 case for boundaryless polyhedral spaces in [GS23b]. We recall the latter
formula for A € Z;(X), generalized to the case when the support of |A|, which is a graph, is
allowed to have boundary vertices, but no boundary edges.

For every edge e in |A| choose a generator for TZ|A| for some x € e. By parallel transport this
gives rise to a generator for any Tg; |A| with y € e and hence a morphism Q\]AI — Ze. Precomposing

with Q;( — Q\]Al induced by the inclusion |A| — X we obtain 1, € Hom(Q;(, Ze). Let ye : A1 — X

be a parametrization of e in the direction given by n.. Then

cye(A) = Y Ale)ye ®mne € C1(X).

Let us check that dcyc(A) = 0. To do so, let v be a finite vertex of |A| and assume that all edges
e incident to v have been oriented away from v. Then each e contributes —A(e)nel, to dcyc(A).
But now the sum over these contributions is 0 because A was assumed to be a tropical cycle and
in particular balanced. On the other hand, if v is an infinite vertex, then the stalk of QRA‘ atvis
trivial, hence the element 1, (corresponding to any incident edge e) is equal to 0.

There are natural pushforward maps of tropical homology classes and pullback maps of
tropical cohomology classes along morphisms of rational polyhedral spaces. These maps are
compatible with the cycle class map in the sense that proper pushforward of tropical cycles and
pushforward of tropical homology classes commute with the cycle class map [GS23a, Proposi-
tion 5.6]. Finally, there are cup and cap products [GS23a, Section 4.6],

—r HPA(X) x HPOO (X)) — HPFPHaHa (X))~ Hyp (X)) x HY(X) — Hpi q5(X),
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and the latter gives rise, if X is smooth, to Poincaré duality [GS23a, Corollary 6.8]
HP9(X) = Hpypnq(X), ¢ — cyc[X] ~c.

Smoothness is defined in Definition 6.1 in [GS23a] and we do note repeat the general definition,
but simply note that we only use this isomorphism when X is a power of a smooth tropical curve,
which is smooth or when X is a tropical abelian variety, which is also smooth. Moreover, note
that if X is smooth, it has a fundamental class.

3.7. Tropical Cartier divisors. Let X be a rational polyhedral space. A rational function on X is a
continuous function f : X — R that is piecewise affine on every chart. Denote the sheaf of rational
functions by Mx. Clearly, every affine function is rational, so there is an inclusion Affx — Mx.
Denote the quotient Mx/ Affx by Div(X), so that there is a short exact sequence of sheaves

0 — Affy — Mx — Div(X) — 0. (12)

The group of global sections Div(X) = T'(X,Div(X)) is the group of Cartier divisors on X. If
f: X — Y is a morphism of rational polyhedral spaces, then there is an induced pullback map on
Cartier divisors f* : Div(Y) — Div(X).

The group H' (X, Affx) classifies tropical line bundles on X, and the short exact sequence (12)
gives rise to a boundary homomorphism Div(X) = HO (X, DiV(X)) — H'(X, Affy) that associates
to a Cartier divisor D a tropical line bundle £(D). Pullback of Cartier divisors commutes with
this association [GS23a, Proposition 3.15]. Furthermore, the short exact sequence defining Q}

OHRX—>AffX—>Q;<—>O

gives rise to the first Chern class map ¢y : H'(X, Affx) — H'(X, Q;() =H"(X).
Finally, there is a natural intersection pairing

Div(X) x Zy(X) — Zx_1(X),  (D,A) — D - A.

If X is smooth, then in particular X admits a fundamental cycle and for k = dim X this gives an
isomorphism Div(X) = Zgiy, x—1(X). Again, we note that we only use this isomorphism when X
is a power of a tropical curve, which is smooth. We recall from [GS23a, Proposition 5.12] that
cyc(D - A) =cyc(A) ~ ¢1(L£(D)) for every Cartier divisor D and tropical cycle A.

4. TROPICAL ABELIAN VARIETIES

In this section, we recall the theory of tropical abelian varieties. The definitions that we use
were introduced in [LZ22] and differ slighly from the standard definitions (see e.g. [FRSS18]),
but are equivalent to them. We prove a number of elementary results concerning morphisms
of tropical abelian varieties. We then recall the Jacobian variety of a tropical curve (already in-
troduced in [MZ08]) and introduce the continuous Prym variety of a double cover (modifying
the original construction from [JL18]), and show that they satisfy natural universal properties.
Finally, we prove Theorem 4.25, which is a tropical version of the homological formula for the
pushforward of the fundamental class under the Abel-Prym map (which is classically a part of

Welters’s criterion characterizing Prym varieties).
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4.1. Integral tori. Let A and A’ be finitely generated free abelian groups of the same rank and let
[, -] : Ax A’ = R be a non-degenerate pairing. The triple (A, A’, |-, -]) defines a real torus with inte-
gral structure L = Hom(A,R)/A’, or simply an integral torus, where the inclusion A’ € Hom(A, R)
is given by A’ — [-,A’]. The dual torus £¥ = Hom(A’,R)/A is defined by the transposed triple
(A, A [ ). The dimension of an integral torus is dimg £ = rk A = rk A’. We note that integral
tori admit a group structure, which is the descent of the group structure of the universal cover
Hom(A,R). From now on we abuse notation and refer to the triples as integral tori as well.

Remark 4.1. Integral tori are rational polyhedral spaces as follows. Identifying Hom(A, Z) with
Z9 endows the universal cover Hom(A,R) with the structure of a rational polyhedral space. An
integral affine linear function on Hom(A, R) is the sum of a linear function taking integer values
on the lattice Hom(A,Z) and a constant real shift. In other words, affine functions are precisely
elements of Hom ( Hom(A, Z), Z) ®R = A@®R. The torus inherits the rational polyhedral structure
from the universal covering via the quotient map. Note that Q]:(Z) = A and H;(X,Z) = A’ for
any integral torus £ = (A, A’ [-,-]). Moreover, it is easy to see e.g. via [G523a, Lemma 6.3] that
integral tori are smooth rational polyhedral spaces.

We first classify morphisms of integral tori (as rational polyhedral spaces). Recall that a
holomorphic map of complex tori factors as a group homomorphism followed by a translation.
An identical classification holds for integral tori. We first define the two types of maps.

Definition 4.2. Let X be an integral torus. For every y € X the translation t, : £ — I is given by
ty(x) =x+y.

It is clear that translations are morphisms of rational polyhedral spaces, inducing identity
maps on Q]:(Z) and HP9(X).

Definition 4.3. A homomorphism of integral tori f = (f*, f4) : (A1, Al [,-1) = (A, AS, [, -]2) consists
of a pair of homomorphisms f* : A; — Ay and f4 : A] — A} satisfying the relation

[f#U\Z))A”] = P\Z)f#(}\]/)]z (13)

for all A{ € Aj and A; € A,. The maps * and fu necessarily have the same rank, denoted rk f. The
dual homomorphism of f is given by the transposed pair f¥ = (fy, f*) : £} — I}. Given another
homomorphism of integral tori g = (g*, g#) : (A2, AS, [, 12) = (A3, AL, [+ 13), the composition with
f is given by g o f = (¥ o g*, gs o fa).

Note that for a homomorphism f = (¥, f4), the Hom-dual Hom(A;,R) — Hom(A;,R) of f#
restricts to f4 on A] and hence descends to a group homomorphism on the underlying tori

= Hom(A1,R)/A] — L, = Hom(A, R)/A;3, (14)

which is a map of rational polyhedral spaces. By abuse of notation we denote the map in Equa-
tion (14) again by f and from now on we will conflate the representation of a homomorphism as
a pair (f*,fs) and its underlying description as a (point-wise) map of rational polyhedral spaces.
This is compatible with composition of homomorphisms.

Lemma 4.4. Let L = (A, A{, [, ]i) for 1 = 1,2 be integral tori and let f: £; — X, be a map of rational
polyhedral spaces. Then f factors umquely as a homomorphism g = (g*,gs) : £; — X, followed by a

translation t : £y — ;.
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Proof. Define g = t_¢() o f, then clearly g is a map of rational polyhedral spaces with g(0) = 0.
In particular, g pulls back affine linear functions defined in a neighborhood of 0 € X, to affine
linear functions on a neighborhood of 0 € %;. Since g(0) = 0, the pullback of a linear function
is in fact linear. But for any integral torus £ = (A, A’,[,,-]), linear functions in a neighborhood
of 0 are simply given by elements of Hom (Hom(/\, 7), Z) =~ A, see Remark 4.1. Hence pullback
defines a group homomorphism g* : A; — A; whose Hom-dual induces the map g on the tori,
which is therefore a homomorphism of integral tori. O

Lemma 4.5. Let L = (A, A, [, ]i) for i = 1,2 be integral tori and let f = (¥, f4) be a homomorphism
2y — L. Then for any y € Ly the diagram

55,

l‘ty ltf(w

5 — 5,
commutes.

Proof. This is clear because f is a homomorphism with respect to the group structures of the
integral tori X1 and Z,, in other words f(x +y) = f(x) + f(y). O

We now define the kernel, cokernel, and image of a homomorphism of integral tori. For an
abelian group A, we denote by A = A/A!™" the quotient by its torsion subgroup. For a pair of
lattices A = A/, we define the saturation of A in A’ as

A=A (A®Q)={N e A" :nA e AforsomeneZ},

and note that (A//A)f ~ A//AS Let & = (A, A,[,]i) for i = 1,2 be integral tori and let
f = (f*,f4) be a homomorphism Z; — X,. We consider the following integral tori:

(Ker )y = <(C0kerf#)tf, Ker fy, [-,-]K>, Coker f = (Kerf#, (Cokerf#)tf, [~,-]C>, (15)
Imf = (Ag/Kerf, (Imf)™, [,), (16)
where the pairings [, Jx, [-,-]c, and [, ]; are induced by the pairings [, ];, [, ], and [, ], re-

spectively. The natural maps on the lattices induce the following sequence of homomorphisms of
integral tori:

(Kerf)g 4 5 2 Imf J, 2 9, Coker . 17)
We now compare these definitions to their group-theoretic counterparts. We start by showing

that Im f is in fact the group-theoretic image of f.

Lemma 4.6. Let f : X1 — X, be a homomorphism of integral tori. The homomorphism j : Imf — X,
identifies Im f with the group-theoretic image {f(x) € £, :x € L;}.

Proof. Let f* : Hom(A;,R) — Hom(A;, R) denote the Hom-dual of f*. The group-theoretic image
of f is the image of f* descended to the torus Z,. This image vector space is easily seen to be
Imf* = {¢ € Hom(A,R) : ¢p(Ker f) =0} ~ Hom (A,/Ker f* R).
Descending this to £; amounts to taking the quotient by the lattice
L= [ Al nImf* = {A) € A] | [-,Aj] vanishes on Kerf"}.
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For any A] € A{ the map [—,fs(A{)]; = [f*(—),A]]; clearly vanishes on Ker f* and hence we see

that [—

,Im fy], < L. Note that this is in fact a full rank sublattice of L:

rk L = dim f* = rk(A,/Ker f*) = rk f* = rk f = rk fy = rk[—, Im fy],

where the final equality holds since [—, —], is a non-degenerate pairing. But this means that A} € L
if and only if A} € A}~ (Im f4) @Q = (Im f4)%*". In summary we see that the group-theoretic image
of f is the integral torus Imf. O

We carry on to (Ker f)y and we claim that it is the connected component of the identity of
the group-theoretic kernel, and that it is the kernel object in the category of integral tori.

Proposition 4.7. Let f: L1 — X, be a homomorphism of integral tori.

(1)

(2)

Proof.

@)

The map i : (Ker f)y — Iy identifies the integral torus (Ker f)o with the connected component of
the identity of the group-theoretic kernel Kerf = {x € L : f(x) = 0}. The group of connected
components of Ker f is naturally identified with the quotient f4(A])%/T4(A1).

Given an integral torus TT = (A, A’ [-, 1) and a homomorphism g : TT — X; such that fo g =0,
there exists a unique homomorphism w : 1T — (Ker f)o such that

(Ker f)o LN 2

“T/

T

commutes.

(1) We compute the group theoretic-kernel explicitly. As in the proof of Lemma 4.6, let
f* denote the Hom-dual of f*. The kernel Ker f is the quotient of (f*)~"([—, A}];) by the
lattice [—, A{];. By basic linear algebra we know that if there exists a ¢ € Hom(A;,R) such
that ¢ o f* = [, Aj],, then the fiber (f*)~'([—,A}];) is given by the coset ¢ + Ker f*. The
set of all [—, ?\é] 2 which lie in the image of f* was determined in the proof of Lemma 4.6:
it is precisely [—, (Im f4)%"],, which as a set is in bijection with (Im fj)%!. Using

V = Ker f* =~ Hom(Coker f*,R) =~ Hom ((Coker )" R),

we see that the group-theoretic kernel of f is isomorphic to V x (Im f4)%* modulo [—, A{l;.

Under this quotient a connected component V x {A’} gets identified with the image of
V x {0} if and only if [—,A], is the f*-image of a lattice point in [—, A{];. This in turn is
the case if and only if the defining point A’ lies in Im fy. Finally note that V n [—, A{]} =
[—, Ker f4]1. Therefore we see that

Ker f — Hom ((Coker ) R) y (Im f#)sat‘
[—, Ker T4 Im fy

=(Kerf)o

The assumption fog = 0 means that g* o f* = 0 and fy o g4 = 0. By the universal properties

of kernels and cokernels of abelian groups, and using the fact that A is torsion free, we
30



obtain unique morphisms 1u* and uy such that the diagrams

(Coker fH)tf + ¥ A, Ker fy —*— A
l / and u#T /’
9#
A/

commute. We need to verify that u = (u”,us) is a homomorphism of integral tori. Let

Ae Ay and 8’ € A’. Denote the class of A in (Coker f#)f by A. Then

[Xﬂl#(é/)]]( = P\,U,#(S/)]] = [9#(}\))6/]A)
=g#(8") =u*(A)

as required. O

The universal property for Coker f is stated and proved in complete analogy, and it is ele-
mentary to verify that

(Ker f)g/ ~ Coker(f").

We may classify homomorphisms of integral tori according to two properties: the structure of
the induced map on the underlying groups, and the dilation properties of the map of rational
polyhedral spaces.

Definition 4.8. Let ; = (A, A{,[-, ;) for i = 1,2 be integral tori of dimensions g;. A homomor-
phism f = (f¥,f4) : £; — I, of integral tori is said to be
(1) surjective if rk f = g, (equivalently, if f* is injective),
2) finite if rkf = g7 (equivalently, if f4 is injective),
injective if it is finite and fg(A]) is saturated in Aj,
an isogeny if it is surjective and finite (equivalently, if rk f = g1 = g2),
a free isogeny if it is an isogeny and f*(A;) = Ay (equivalently, if f* is an isomorphism),
a dilation if is an isogeny and injective (equivalently, if f4 is an isomorphism), and
an isomorphism if fy and f* are isomorphisms.

(3
(4

\_/\_/\_/\_/\_/\_/

(6
7

In the sequence (17), the maps i and j are injective, while p and q are surjective. By Propo-
sition 4.7 and Lemma 4.6, a homomorphism of integral tori f is surjective, finite, injective, or
a dilation if and only if the corresponding group homomorphism f : £; — X, is respectively
surjective, has finite kernel (identified with the quotient f4(A])%/f4(A{)), injective, or is an iso-
morphism.

For an isogeny f : 1 — Z,, we can define several notions of degree. The image lattices fx(A])
and f*(A;) have finite index in A} and A;, respectively, and we define the dilation degree deg, f,
the geometric degree deg f, and the total degree degf as

deg, f = [A1: *(A)], deg, f = [A7: fs(A])], degf = deg, f - deg, f.

By Proposition 4.7, the geometric degree is the order of the group-theoretic kernel of f, while
the dilation degree is the factor by which f stretches volume. All three degrees are multiplicative
in compositions, and an isogeny f is a free isogeny, a dilation, and an isomorphism if and only
if respectively deg, f = 1, deg f = 1, and degf = 1. We note that the dual of a surjective

homomorphism is finite (and vice versa), the dual of an isogeny is an isogeny (the geometric
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and dilation degrees are exchanged), and the dual of a free isogeny is a dilation (and vice versa).
Finally, we may canonically factor any isogeny as follows:

Lemma 4.9. Let f = (f* fy) : (A4, AL Ly 1) = (A, ALy [ -12) be an isogeny of integral tori. Then there
exists an integral torus X3 together with a free isogeny h : L1 — X3 and a dilation g : L3 — L, such that
f factors as f = g o h. Moreover, this factorization is unique in the sense that for any other factorization
I — TT — I, into a free isogeny followed by a dilation, there is a unique isomorphism & of integral tori
such that

X3
h g
21 /dﬂ \ Xy
\ : /!
commutes.

We note that we can also uniquely factor an isogeny as a dilation followed by a free isogeny.

Proof. In order to factor f, we define a third integral torus X3 = (Ay, A}, [, ]3). To define the
pairing [, -]3 note the following. By the existence of a Smith normal form for fy, we may choose
Z-bases ey,...,eq of Aj and fy,...,fq of Aj such that fg(e;) = a;f; for nonzero integers a; € Z.
We now define
Al = D\ el
a:

1

for any A € At and factor f as

b h T3 9 by
Ay Id A f# A,
A A AL

It is easy to check Condition (13) for h and g, hence they are homomorphisms. Moreover, h is a
free isogeny because h* = Id is an isomorphism, and g is a dilation because gs = Id is surjective.

In order to show uniqueness, let TT = (A, A’, [, -Ii1) be another integral torus and let X; LN

T -4 I, be another factorization of f as a free isogeny h followed by a dilation §. In particular,
h* and Gy are isomorphisms. In order to define an isomorphism ¢ as in the claim, we need to
ensure thath = ¢ o h and g = g o ¢, which means that the only candidate is ¢ = ((ﬂ#)_1 , gu). We
verify that this is indeed a homomorphism, i.e. we need to check Condition (13). Let 61,...,84 be
the basis of A’ such that g#(8;) = f;. Then ﬁ#(ei) = q;6; because Id ohy = g4 o hs and it becomes

clear that

(R ), 845 = ey = s = [A, (80

1

forallAe Ajandi=1,...,qg. O

In some sense the key observation to prove Lemma 4.9 was simply that an isogeny f is free

if and only if #* is an isomorphism and it is a dilation if and only if fy is an isomorphism.
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4.2. Polarizations and tropical homology. Let ©* = (A, A’ [-,-]) be an integral torus. A polariza-
tion on L is a group homomorphism ¢ : A’ — A such that () = [¢(-),] : Ag x Az = Risa
symmetric and positive definite bilinear form. A polarization is necessarily injective, and is called
principal if it is bijective. The invariant factors (ay,..., ag) of the Smith normal form (where a; > 1
and ailai7 fori=1,...,g — 1) define the type of a polarization ¢, and a polarization is principal
if and only if all a; = 1. A polarization defines an isogeny ((, () : £ — £V to the dual, which is
an isomorphism if and only if the polarization is principal.

Let f : £; — X, be a finite homomorphism of integral tori. Given a polarization (; on X,
we define a polarization f*((;) = * 0 ¢, o f4 on I, called the induced polarization. We note that a
polarization induced from a principal polarization need not itself be principal.

Definition 4.10. An integral torus together with a (principal) polarization is called a (principally)
polarized tropical abelian variety or (p)ptav for short. An isomorphism of ptavs is an isomorphism
f:Z; — X, of integral tori such that the polarization on X; is the polarization induced from X,.

Finally, we recall the tropical homology and cohomology groups of an integral torus ¥ =
(AyA'S [ ]), and the relationship with polarizations. The groups can be computed explicitly (see
[GS23b, Section 6]):

p p

Hpp(Z) = A A* @z AN, (18)
P P

HPP (D) = A Az A\A)* (19)

Here (-)* = Hom(-,Z) denotes the dual lattice. In particular, H"'(£) = A ® (A/)* = Hom(A’, A).
Via this identification, we may view a polarization ¢ : A’ — A as an element ¢ € HM(Z). Alter-
natively, we may define ¢ = cyc[O], where O is the theta divisor (see Section 3.7, and see [MZ08]
for the definition of the theta divisor in terms of tropical theta functions). By Poincaré duality,
we may view the cup product (P as an element of either HPP(XZ) or Hy_p, 4 p(Z), where g is the
dimension of X.

We now state a homological criterion that allows us to check whether two pptavs are iso-
morphic, which is our principal reason for introducing tropical homology.

Proposition 4.11. Let f : &1 — X, be an isogeny of pptavs of dimension g with principal polarizations
G e HY(E). I

fu(¢f) =Neg e Hyp (%))
for some integer N > 1, then the total degree of f is equal to deg f = N9, and furthermore
£*(C2) = NG € HP ().
In particular, if this condition holds for N = 1, then f is an isomorphism of pptavs.

Proof. Via the Smith normal form construction we may pick bases A = (A{,...,Ag) and A) =
{1y -+, kg, such that f4(A{) = a;u for some integers a;. Setting A; = (1 (A{) and i = Go(py), we
obtain corresponding bases of A; and A;, respectively. With this notational setup we have
g
G =Y M®MA)*eH (D).
i=1
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In terms of the explicit descriptions (18)-(19), the cup and cap products are given by the formulas
(x@w®) = (BRE) =(xNB)@ (W NE), (" @w)~(BRET) =(a" 2B (w1 &),
where _ denotes the interior product on the exterior algebra [GS23b, Section 6]. Therefore

9 —
G =(g= 1Y (WA ARA AR @ ((ADF A ARDFA AR*) € HITS ().

i=1
The fundamental cycle of a pptav was computed in [GS23b] (see Lemma 9.6, where the calcula-
tion was done for the Jacobian of a tropical curve, but the same argument works for any pptav):

cyclZi] = (A /\---/\?\;) ® (M /\---/\)\é) € Hgg(Z1).

Hence the Poincaré dual of C%H is

9
¢ =(g— 11D IAF @A € Hyp(Z9).

i=1

In terms of (18), the pushforward map f, : Hy1(Z1) — Hy1(Z2) is fy = (f#)* ® fy, hence
g g

f(C3) = (g =1 AN @ f(A) = (g — DD (F)* (A7) @ aspf € Hyp (L)
i=1 i=1

On the other hand, computing the Poincaré dual of Cg_ in the same way, we see that the condi-
tion £, (¢9") = N¢g ! implies that

g g
Z A ® aip = NZH{"@H{GHH(Z”-
i=1 i=1
If follows that each a; divides N, that f* is diagonalized by our choice of bases for Ay and A;,
and that () = %7\1. Hence the dilation, geometric, and total degrees of f (see Definition 4.8)
are equal to

9 N 9

degdfzna, deggf:Hai, degf = deg, f-deg, f=N9.
1= 1=

Passing back to the dual lattices, the pullback map * : HY(Z;) — HV(Z) is £ = ff @ (fa)*,

hence *((;) = N¢;. O

4.3. Tropical Jacobians. Let I" be a tropical curve (which is assumed smooth as always). Given
an oriented model G of T, the simplicial chain group C;(G,Z) is the free abelian group on the
edges of G, containing the simplicial homology group H;(G,Z). These groups fit into a directed
system with respect to refinements of models (see [BF11] for details), and we denote the direct
limit by C;(I;Z). The images of the H;(G, Z) are all equal and are denoted H; (I} Z).

There is a natural isomorphism d : H;([[Z) — Q}(F) sending a cycle ) a. e to the 1-form
Y. ae de. In addition, the integration pairing

[,-]: QM) x C1(RZ) — R

Y) = (Z aede,Zbee> — J w = Z acbel(e)
Y
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restricts to a non-degenerate pairing Q!(T") x H;(I;Z) — R. Hence we have a pptav
Jac(M) = (OL(), Hi(KZ), [,]) = Hom (QHT),R)/Hy (1, Z)
of dimension equal to the genus g(I'), the tropical Jacobian variety of T

Definition 4.12. Fix a base point q € I'. The Abel-Jacobi map relative to q is given by
Gg: T — Jac(T')

NI

Yr

where v, denotes any path from g to p.

The Abel-Jacobi map naturally extends to symmetric powers of ' and hence to divisors.
This map respects linear equivalence, and the tropical Abel-Jacobi theorem (see Theorem 6.3
in [MZ08]) states that the induced map Picy(I") — Jac(TI") (which does not depend on the choice
of a base point) is an isomorphism. Under this identification, the Abel-Jacobi map can also be
described asp — p —q.

We now prove that the Abel-Jacobi map enjoys a universal property among morphisms of
rational polyhedral spaces to integral tori, which is an exact analogue of the algebraic property
(see Proposition 11.4.1 in [BL04], and see Section 1.4 in [BN07] for the corresponding property of
the Jacobian of a finite graph). We first make the following elementary observation, which does
not appear to have a proof in the literature.

Proposition 4.13. The Abel-Jacobi map ¢q : T — Jac(T') is a map of rational polyhedral spaces. Moreover,

the identification Q]]ac(r) (Jac(T)) =~ Q}(F) (see Remark 4.1) is induced by pullback along ¢g.

Proof. Letn e Q} ac(T) (Jac(T')) be a 1-form. We need to show that its pullback along ¢ is a 1-form
on I'. Recall that Q;a N (Jac(T)) =~ Q}(F) and denote the 1-form on I" that corresponds to 1 under
this identification by w = )| (r) Qe de with a. € Z. We show that the pullback of n along ¢ is

eckt
w. Thinking of n as a linear function on Hom(QHF), R), we easily see that

n(ea) =n(| —)=| @ medmimz)
Yp Yp

for any p € ' and vy, a path from q to p. The second equality is simply the identification of 1 €

Hom (Hom(Q}(F), R), R) with w € Q}(F). But now we are already done because the coefficients

a. of w are precisely ﬁ J . w, with e parametrized with the orientation indicated by de. O

Proposition 4.14. Let x : I' — X be a morphism of rational polyhedral spaces from a tropical curve I to
an integral torus X = (A, A\’ [-,-]). Then there exists a unique homomorphism w : Jac(I') — X of integral
tori such that the diagram

lcbq ltfx(q) (20)

commutes for all q € T.
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Proof. Using the Abel-Jacobi isomorphism Picy(I") = Jac(I"), we could simply define p by the rule

M <Z aipi) = ax(py).
However, we want to carefully define u as a homomorphism of integral tori.

Fix q e T'. Clearly, the composition xo = t_,(q) © x maps q to 0. We show that ¥, factors via
the Abel-Jacobi map. To do so, we need to describe maps p# : A — Q}(F) and ws : H1(LZ) —
A’ which are compatible with the pairings on the integral tori such that p = (u*, us) makes
Diagram (20) commute.

The morphism ¥, of rational polyhedral spaces induces a morphism of cotangent sheaves

X5 (xo)'Qk — Q.

We recall from Remark 4.1 that Q;((X) =~ A, and recall from Proposition 4.13 that ¢y is the

1
Jac

mutativity of Diagram (20) is p* = (c[)q)_1 o x5- Passing to singular homology, the continuous
map X induces a pushforward map H; ([} Z) — H; (X, Z). Identifying H;(X,Z) = A’, we let py be
the pushforward map. To show that the pair p = (u*, js) defines a homomorphism of integral
tori we need to verify compatibility with pairings, in other words we need to show that

isomorphism Q. " (Jac(T)) =~ Q]F(F). Hence, the only possible choice for u* which ensures com-

*

A wsly)] = [ A 1)
Y

forallA e A and vy € Hy ([} Z).

We now show that the pairing [, -] on X can be interpreted as integration as well. Indeed, let
AeN= Q;((X), which we view as the differential of a locally well-defined affine linear function
f on X. Choose the integration constant so that f(0) = 0, then f is linear and can be extended to a
globally well-defined linear function on the universal cover Hom(A, R), namely

F:Hom(A,R) — R
u+— u(A).

Lety € Hi(X,Z) = A’. Choose a piecewise smooth representative and lift y to a path y’: [0,1] —
Hom(A,R) on the universal cover of X going from 0 to some point A’ € A’ < Hom(A,R).
Then jy?\ = fy,)\ = F(y'(1)) — F(v'(0)) = F(A’) = A(A). But now recall that A’ is embedded
in Hom(A,R) as [-,A’]. This shows that [-,-] is just integration of 1-forms along closed paths,
and Equation (21) is simply the change-of-variables formula for line integrals. Hence p is a
homomorphism of integral tori.

Finally, we show that p makes the diagram (20) commute for any q’ € T (and not just the
q that we fixed at the beginning of the proof). Indeed, it is clear that ¢4 = t ¢, (4/) © ¢q- By
Lemma 4.5 we obtain

X

Jac(I") LN

t*tbq(q/)l
u

Jac(l') ——

But now p(—dq(q’)) = —1(dq(q’)) = —t_y(q (x(a")) = x(q) —x(q’), where the second equality
uses the already established commutativity of Diagram (20) for q. Combining Diagram (20) for

q with Diagram (22), we obtain the claim for q’ and hence we are done.
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The uniqueness of u follows from the fact that the image of I' under the Abel-Jacobi map ¢4
spans Jac(I') as a torus, and hence any two homomorphisms on Jac(I') that agree on the image of
I" are equal. O

Remark 4.15. For the proof of Theorem 1.2 it is essential that all tropical curves be smooth
and hence carry a fundamental cycle. Given a metric graph with finite univalent vertices, this
is achieved by adding compact infinite rays to such vertices (see Example 3.8). We emphasize
that the universal property in Proposition 4.14 is still valid in this context: any morphism of
polyhedral spaces I' — X maps each infinite ray to a single point in X, because any affine linear
function on the ray is eventually constant.

4.4. Tropical Prym variety. In this section, we recall the definition of the tropical Prym variety
Pryrn(lN"/ ) of a harmonic double cover 7t: ' — T of tropical curves. The tropical Prym variety was
defined in [JL18] and further studied in [LU21] and [LZ22]. We also define an alternative object,
the continuous Prym variety PrymC(F/ I"), which is more naturally suited to our purposes, and
investigate its relationship with Pryrn(lN"/ I"), which we henceforth call the divisorial Prym variety
and denote Prym d(IN“/ M.

We assume a choice of graph model for 7. Recall from Section 2 that an edge or vertex of I' is
called free if it has two preimages in " each of which has dilation factor equal to 1, and dilated if it
has a unique preimage with dilation factor equal to 2. The set of dilated edges and vertices form
the dilation subgraph of Ty; < I'. We say that 7t is free if the dilation subgraph is empty and dilated
otherwise. The dilation index of the double cover 7t: ' — T is

ar/r) = {

number of connected components of 'y, if 7tis dilated,
1, if 7 is free,

where we note that a free double cover has dilation index 1, not the expected 0.

Remark 4.16. The tropicalization of an algebraic étale double cover has the additional prop-
erty of being unramified. This condition involves vertex weights, which we do not use, and also
imposes a restriction on the dilation subgraph: each vertex must have even valence (see [JL18,
Corollary 5.5]). This restriction does not naturally arise in the tropical setting, and we do not
impose it.

A free edge e of I has two distinct preimages that we arbitrarily label €* and €, while a
dilated edge e has a unique preimage that we denote €™ = €~ by abuse of notation. The double
cover 7 : I' — T has an associated involution t : I' — T defined by 1(e*) = €%, in other words
t exchanges the preimages of a free edge and fixes the preimage of a dilated edge. The double
cover 7 and the involution t induce maps

™ QL) — o) e Ql(f) — k()
Zaede »—>Zae(d6+—|—dﬁ’) Zagidﬁi '—)Z(lgidgTr
and (23)
. Hi(T,Z) — H (T, Z) e Hi(T,Z) — Hy (T, Z)
Zagiai r—>2(ag+ + az-)e Zagiai r—>Z:(1giEJ_r

We have two associated maps on the Jacobians. The pair of maps (¥, 7t,.) defines the tropical norm
homomorphism m : Jac(I') — Jac(I'). Under the Abel-Jacobi identifications Picy(I") = Jac(I') and
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Picy(T") = Jac(T'), the norm homomorphism is the pushforward map on divisors. The involution
t: T — T induces an involution = (U0 ]ac(r') — ]aC(IN“), which again is simply the involution
acting on divisors, and the composition 7o (Id —) : ]aC(F) — Jac(T") is the zero map.

We now define the two Prym varieties associated to the double cover 7t : =T,

Definition 4.17. The divisorial Prym variety of the double cover 7 : I' = I'is the connected compo-
nent of the identity of the kernel of 7t (see (15) and Proposition 4.7):

Prymd(F/F) = (Kerm)y = ((Coker )% Kerm,, [, -]p). (24)
The continuous Prym variety of the double cover 7t: I' — T is the integral torus

Prym_(F/T) = <Q:~,(I~“) JKer(Id—*), Im(Id—u), [ -]P). (25)
The pairing [-,-]p on both tori is induced by the integration pairing on Jac(T).

Under the Abel-Jacobi identifications, the divisorial Prym variety is the connected compo-
nent of the identity of the norm homomorphism 7, : Pico(lw“) — Picy(T). It is the obvious tropical
analogue of the algebraic Prym variety and is the object studied in [JL18] and [LU21]. The con-
tinuous Prym variety, to the best of our knowledge, has not been considered before, and is not
naturally a subset of the Jacobian (however, it is in some sense a tropical analogue of the variety
constructed in [BL04, Proposition 12.1.8]). We summarize the properties of the two Pryms and
their relationship below.

We first determine the relationship between the two Pryms and Jac (IN“ /T"). Consider the homo-
morphism Id —t: ]ac(lN“) — ]ac(ﬁ). Looking at (16), we see that Prymc(ﬁ/ ') is defined in the same
way as the image torus Im(Id —t), except that we do not saturate the second lattice. In particular,
the surjective map ]aC(F) — Im(Id —t) factors through a free isogeny PrymC(IN“/ M — Im(Id —u),
whose geometric degree is the index of the lattice Im(Id —t,) in its saturation. On the other hand,
7o (Id —t) = 0 and the universal property of the kernel (see Proposition 4.7) implies that the map
Im(Id —t) — ]aC(F) factors through the kernel Prym d(IN“/ ). We now show that the latter is in fact
the image of Id —t, compute the geometric degree of the free isogeny, and determine the induced
polarizations.

Proposition 4.18. Let 7t: ' — T be a double cover with dilation index d(T/T).
(1) The group-theoretic kernel Ker (7r : ]aC(F) — ]aC(F)) has two connected components if 7 is free
and one if 7 is dilated (see [JL18, Proposition 6.1]).
(2) The divisorial Prym variety Prymd(IN“/ I") is the group-theoretic image of Id —u:

Prym, (7/1) = Im(1d —1) = (QLF)/Ker(ld —1*),  (Im(ld —1.))*, [, ).
Hence the map 1d — factors as

]aC(F) LN Prymc(F/F) ~, Pryrnd(IN’/F) <L> ]aC(F), (26)

and the middle map y : Prym,_(T'/T") — Prym, (T/T) is a free isogeny of geometric degree 247/7)1

(and dilation degree 1). In particular, PrymC(IN“/F) = Prymd(IN“/F) if d(lN“/F) =1, in other words
if T is free or if the dilation subgraph is connected.
(3) The polarization on Prymd(IN“/ 1) induced from the principal polarization on Jac(T") via i has type

(1,...,1,2,...,2), where the number of 1’s equals d(IN"/I") -1
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(4) There exists a principal polarization (. on PrymC(IN“/F) such that { = 2(. is the polarization
induced from the principal polarization on Jac(T') via i oy.

The proof of this proposition is rather laborious, and involves finding formulas for the push-
forward and pullback maps (23) in terms of explicit bases. Before we give the proof, we propose
three reasons why it is more natural to consider Prym_(I'/T") than Prym (I'/T).

(1) The induced polarization on Prymd(F/ I') is twice a principal polarization if and only if
d(T/T) = 1, in other words if 7 is free or has a connected dilation subgraph. The induced
polarization on Prymc(IN"/ I'), however, is always twice a principal polarization, just as in
the algebraic setting.

(2) The divisorial Prym variety Prym d(f‘ /T') does not behave continuously under contractions
of the edges of T, specifically those that change the dilation index. This behavior was
explored in detail in [GZ24]. Hence Prymd(IN“/ ') is unsuitable from a moduli-theoretic
viewpoint. We do not explore this behavior here, but simply state without proof that
Prymc(ﬁ/ ') is in fact continuous in families.

(3) The continuous Prym variety Prym_ (T/T) satisfies a natural universal property (see Propo-
sition 4.22), while Prym d(IN‘/ ") does not.

To simplify notation, we temporarily identify H; (F, 7)) = Q%(F) and H(l;Z) = Q}(F) using
the principal polarizations. In terms of this identification, we have 1* = t, and there is a pullback
map 7v* : Hi ([ Z) — H;y (IN‘, Z) on homology. It is easy to verify that

7 o1, = Id + 1.
For a free double cover 7t : ' — T we have g(F) = 2¢g(I") — 1 and therefore the dimension of
the Prym is go = g(I') — 1. For a dilated double cover, we denote by Tyy < T the isomorphic
preimage of the dilation subgraph Iy T, and recall that d(T'/T) is the number of connected
components of Iyj. Let mgy = [E(Tqq)| and ngy = [V(T4i)| denote the number of dilated edges

and dilated vertices, respectively. The numbers mg; and ng; depend on the choice of model but
their difference does not, and we introduce the invariants

A = g(T) — mgi + gy — d(F/T),
B=d(T/T)—1, (27)
C = mgy — ngn + d(F/1).
It is easy to see that IE(IN“)I =2[E(T)| — myg; and IV(IN“)I =2|V(T')| — ngj, therefore
A+ B =g(I") —mgy +ngg — 1 = [E(N)] = V(T — may + nan = 9(7) — g(I) = go.

We first consider the case of free double covers.

Proposition 4.19. Let 7t : ' = T be a connected free double cover and let g(T") = g and gl =2g—1.
Then there exists a basis 1, ..., xg_1,v1 of Hi(I;Z) and a basis &]i, ey &;L_],Tq of Hi (T, Z) such that

L*(&li):&:_ra ﬂ*(&{i):“b W*(O(i):&j_{'&;) i=1,...,g—1,
L(¥1) =1, (V1) = 2v1, ™ (v1) = V1.



Proof. The proof of this statement is included as part of Constructions A and B in [LZ22], and
we briefly summarize it. Choose an orientation on I' and a spanning tree T < I', and denote the
complementary edges by E(I')\E(T) = {eo,...,eq1}. Let E:—r and T£ < T denote the preimages of
e; and T, respectively. Let S < {e, ..., eq_1} denote the set of those complementary edges whose
lifts connect the two trees T*. The set S is nonempty since I' is connected, so we assume without
loss of generality that ey € S. It follows that T =T+ U T~ U {€;} is a spanning tree for [

For a cycle vy € H{(I;Z) and an oriented edge e € E(I"), denote by (v, e) the coefficient with
which e appears in vy, and similarly for H; (F,Z). We denote ¢; € Hy([}Z) fori = 0,...,g — 1
the unique cycle on the graph T U {ei} such that (ei,e;y = 1 Similarly, let €y € H; (IN‘,Z) and
E— € H; (F Z) for i = 1,...,g — 1 denote the unique cycles on Tu {€,} and Tu {Eii} such that
<£0, e, =1and <E1 ,e+> = 1, respectively. The cycles ¢, ..., e4_1 form a basis for H;(I;Z), and
furthermore the coordinates of any y € H; (I Z) with respect to this basis are given by

Y ={y,e0)e0 + -+ {¥,€q-1)€g1,
and a similar statement holds for ¢, E%r, ... ,Egi_1.

The action of t,, 7, and * on these bases is computed by looking at the coefficients of the
edges e; and Ei Since <EO,EE> =1, we see that .(gy) = €y, (o) = 2¢9, and 7*(gg) = €9. Now
denote ¢; = <51 &gy fori=1,...,g—1 (this number is equal to 0 or +1 since g;" is a simple cycle).
Comparing the coefficients of €, and €;, we see that 1,(€) = € + ¢i€ and 1.(€]) = & — ¢i&.
Similarly, comparing the coefficients of ey and e;, we see that 7, (Eii) = ¢ £ ci&p. Finally, using

the relation 7t* o mt,, = Id +t, we find that

7 (2e0) = " (114 (€0)) = (Id +14) (€0) = 280

and
7 (2¢eq) = T (28] — ¢i%o) = (Id 41 (28] — ¢i80) = 2(8] + &),
fori=1,...,9 — 1. To complete the proof, we now set fori=1,...,9g—1
& =t
X, =€ +c£o,
o4 = €; + Ci€o,
and Y1 = €, Y1 = £o. O

We now consider the dilated case.

Proposition 4.20. Let 7t : ' — T be a dilated double cover. Then there exists a basis Klyenny XA, V1ye-eyYC
of Hi(T,Z) and a basis & ..., &x, B1y--, BB, V1,---,Vc of Hi(I, Z) with A, B, and C as defined in
Equation (27), such that

L*(&i—):&j—) W*(&{i):o‘b n*(ai)ZNj"i'& i:],...,A,
L*(E]): E]) T[*(E])—O, =1, y B,
(Vi) = Y, T (Yi) = Vi T (Yk) = 2Vx, k=1,...,C.

Proof. Let d = d(T/T") be the dilation index of 7. We begin by contracting each dilated edge of
I and the corresponding edge of I'. The result is a double cover 7’ : " — T’ with associated
involution V' : T — T, whose dilated vertices correspond to the connected components of Ty;.

Denote these vertices by v, ..., v} ; € V(') and their preimages by ¥}, ...,v} ; € V(I""). We now
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consider the free cover p” : T” — I'” obtained from p’ : T/ — T in the following way. For each

i=0,...,d—1, we replace v{ with an undilated vertex v{ with an attached loop e;, and replace v/
with a pair of vertices V" connected by a pair of edges €'*. For each half-edge h € H(I"’) rooted
"+

at v{, we attach its preimages ht to the vertices V" in any manner. The result is a free cover
" :T” — T whose contraction along the loops ey, ...,eq 1 is the edge-free cover 7w/ : T/ — T,
We denote g(I'") = g, so that g(I") = g + mgji — naq-

We now pick a spanning tree T < I'" and let E(T"")\E(T) = {eg,...,e4_1} be the comple-
mentary edges, where the first d of the e; are the loops at the vertices v;, as defined above.
Let ef,...,e4 ¢ and LEE, L ~”+ £ be the bases of Hy(I'”,Z) and H;(T”,Z) defined in Proposi-
tion 4.19. The edges ey,...,eq_1 are loops so they form closed cycles and hence in fact ¢; = e;
for i = 0,...,d — 1. Furthermore, the edges E” and ¢/~ have the same root vertices V= for
i=0,. d — 1 This implies that €] = &) + €}, since the edge €J" is contained in the spanning
tree T. Also, fori=1,...,d—1 the cycle €/~ is obtained from €/'" by replacing €/ with &/~ and
reversing the direction of the remaining path.

We now let ¢, ..., eéq and €, %%, . .. ’E;J_il denote the cycles in respectively H; (I, Z) and
H; (T, Z) obtained by contracting the cycles ¢g,..., e, 5 and 27, THE L ~”+ defined above, in
other words by setting e/ and &/'* to zero for i =0,...,d — 1. We see that 50 =0and ¢/ =0 for
i=0,...,d—1. The remaining Cycles €y eéq form a basis for H;(I'/, Z). Furthermore, we see
thatZ/~ = —§/* fori=1,...,d—1, and the cycles §;',..., &5, and £, ... ,Eéﬁ form a basis for
H; (IN” ,Z). These bases satisfy the relations
L (E7) = =&, m,(E7) =0, i=1,...,d—T,

T (EF) = &, ™ (ef) = €T+ € i=d,...,g—1.

1)

The edge set E(I'’) is identified with the set of non-dilated edges of E(I"), hence we can view
each cycle €/ as a simplicial chain € in I', with boundary 0(¢;") supported on the set of dilated
vertices. We claim that E:r is in fact closed. Indeed, since t, (E{r ) = —Ej , it consists of a linear
combination of expressions of the form €* — €~ for certain non-dilated pairs of edges, and if a
root vertex of €' is dilated, then it is also a root vertex of €¢~. Hence G(Ef ) =0and E:r is a cycle,
and we relabel B; =& fori=1,...,B= d—]

Similarly, for each i = d,...,g — 1, let € be the cycle /¥, but viewed as a chain on I". The
boundaries 0(¢;") and 0(&[) are equal and supported on the set of dilated vertices, so we can find
a chain ; supported on Fdﬂ such that & oc* = 51 do + Giyg—1 fori=1,...,A = g—dis a closed
cycle on T Denoting o; = T[*(O(+) we see that the & cx and the o satisfy the required relations.

Finally, we let y1,...,Yc be a basis for H; (Fdﬂ,Z), and let y1,...,Yc be the preimages of
these cycles on T4i1. This completes the required basis. O

The properties of the continuous and divisorial Prym varieties now follow directly.

Proof of Proposition 4.18. We now again distinguish cycles and differential forms and denote the
principal polarizations on ]aC(F) and Jac(T") by d : H; (F,Z) — Q%(F) and d : Hy(Z) — Q}(F),
respectively, so that a 1-form corresponding to a cycle y is denoted dy. To describe the continuous
and divisorial Pryms Prymc(IN“/ ') and Prymd(IN“/ I"), we use Propositions 4.19 and 4.20 to give

explicit bases for their defining lattices (see (24) and (25)).
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First, assume that 7t is free, where we are reproving the results of [JL18]. Proposition 4.19
shows that the first lattices are equal and have basis

(Coker ) = QL(I")/Ker(Id —*) = ([d&{],..., [d&] ,1),
where [d&] denotes the class of d& € QIL(F). The second lattices are also equal:

Hence Prymc(r'/ I = Prym d(F/ I') and the dimension is gy = g(I') — 1. Furthermore, Im(Id —t,.)

Kerm, =Im(Id —,) = (& —&,...,

is equal to Ker 7, and is already saturated in H; (IN“, Z), hence Prym d(IN“/ I') is the group-theoretic
image of Id —t. By Proposition 4.7, the number of connected components of the group-theoretic
kernel of 7, is the index of 7, (H; (F, 7)) in its saturation (T[*(H1 (F, Z)))Sat in H; (I} Z), and Propo-
sition 4.19 shows that

(me(H (M, Z2)™ = Hi(RZ),  [Hi(RZ) : m(Hy (T, 2))] = 2.

Finally, the principal polarization d : H; (,2) — Q1 (T) induces the polarization

C:<&T—&]_,...,&;r_1 g1>—>< d&;r D,

oc;r—oci — 2[dx i]

on Prymc(F/ I = Prymd(F/ '), which is twice the principal polarization (. : & — & — [d&].
We now consider a dilated double cover 7t : T' — T with dilation index d(T'/T), so that
A=go—d(l'/T)+1and B =d(I'/T) — 1. In terms of the bases given by Proposition 4.20 we have
Ker(Id —*) = (d&] + d&7,...,d&} + d&,, d¥,...,d¥Vc),
Im7* = {d&] + d&7,...,d&} + d&,,2dyy,...,2dYc),

hence the first lattices are the same and have basis
(Coker 7*) = OL(T")/Ker(Id —*) = {[d&{], ..., [d&}], [dB1]; ..., [dBs]). (28)
The second lattices, however, are distinct. Indeed, the second lattice of PrymC(IN“/ I
m(Id ) = (& — &y ..o, &k — &n, 2B1y-- - 2B5 ),y (29)
while the second lattice of Prym d(IN"/ I is
Ker 7, = (Im(Id —,))™" = (& — &;,..., &} — &j, Biyeers EB>.

Hence Pryrnd(IN’/F) is the image of Id —t, and the natural map Prymc(F/F) — Prymd(IN“/F) is a
free isogeny with geometric degree equal to the index of Im(Id —t,) in Ker 7., which is equal to
9B _ 9d(F/T)-1

In the dilated case the map 7, is surjective, hence 7, (H; (IN“,Z)) is saturated in its image
and the group-theoretic kernel of 7 has a single connected component. It remains to compute
the induced polarizations. On Prym d(F/ I'), the induced polarization Ker 7t, — (Coker 7* ¥ sends

& — & to 2[d&;] and B; to [dB;], hence has type (1%,2*). On the other hand, the induced
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polarization ¢ : Im(Id —t,) — Q%(F)/Ker(ld—t*) on PrymC(F/F) is equal to ¢ = 2(., where (. is
the principal polarization

Ce : Im(Id —,) — QL(T)/Ker(Id —1*),
& — & — [d&]], i=1,... A, (30)
B; — [dB;], j=1,...,B.
This completes the proof. O

We now define the tropical Abel-Prym map associated to a double cover 7 : T' — T. Choose
a point q € I', and for any p € T let Yp be a path from g to p. It is clear that the integral of a
1-form w € Q%(IN") along the chain vy, — 1y, depends only on the class of w modulo Ker(Id —*).
Furthermore, this integral is well-defined modulo integration over elements of Im(Id —t,). Hence
we make the following definition.

Definition 4.21. Let 7t : T — T be a double cover and let p € T. The tropical Abel-Prym map with
base point q is

Pg: T — Prym, (T/T)

P wr—>J’ w—J w | .
Yp LxYp

In terms of the factorization (26), the Abel-Prym map is simply the composition 4 = eody,
where ¢ : I — ]ac(lN“) is the Abel-Jacobi map, hence in particular it is a morphism of rational
polyhedral spaces. The composition of {4 with the isogeny v : PrymC(IN“/ I — Prymd(f/ I') is the
divisorial Abel-Prym map p — p—q—(p—q). We note that if 7t is a free double cover, then every
divisor of the form p — ((p) lies in the odd connected component of Ker 7., but the difference lies
in the even connected component Prym d(F/ ).

The Abel-Prym map possesses a universal property analogous to Proposition 4.14. For the
algebraic version (including the case of a ramified double cover) see [Mas76].

Proposition 4.22. Let 70 : T — T be a double cover with associated involution v : T — T. Let x : T — X bea
morphism of rational polyhedral spaces to an integral torus X = (A, A, [-,-]). Assume that x o = —x and
that the induced morphism on cotangent sheaves X ' Q) — Q% takes values in Im (Id —* Q% — Q%)

Then there exists a unique homomorphism v : Prymc(lw‘/ I") — X of integral tori such that the diagram
r—X - x
l‘l’q ltfxm
Prym_(T'/I) —— X
commutes for all q € T.

The condition that x' Q;( — Qll" takes values in Im(Id —1*) is already implied by x ot = —x
in case the dilation index of the cover is equal to 1. Note further that the condition x o t = —x
implies that x is constant on dilated edges of T".

Proof. We first replace x with xo = t_,(q) © X to avoid the translation. As we noted above, the

Abel-Prym map 14 factors through the Abel-Jacobi map ¢4 as g = € o ¢p4. By the universal
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property of the Jacobian, X, factors as

T
¢ql N

]ac(lN“) L Y

where the map p satisfies pot = —p. Hence po (Id —t) = 2 and we may extend the commutative
diagram as follows:

1

bq 0

~

rn —*
(

/

|

Jac(

el

Id—| Prym,

X
P

v -
r) .
\

]ac(F) L '

Here the left column is the factorization (26) and the right vertical map on X is multiplication by
two.

We claim that the composed map v’ is divisible by two, which implies the existence of the

dashed map v and proves the proposition. In terms of the basis (29) (which subsumes the free
and dilated case), the map v : Im(Id —t,) — A’ has the form

Vi3 — %) = we(81) — (&) = 2 (&), VE(2B1) = 2u(B5) = 2x(By),

because p ot = —p. Hence there exists v¢ : Im(Id —t.) — A’ such that v; = 2vy. Similarly,
the condition that x Q;( — Q% takes values in Im(Id —t*) implies that the image of p* : A —
Q%(IN“) lies in the submodule generated by the elements d&ir — da&; and Zdéj. The classes of
these elements are divisible by two in Q%(IN“) /Ker(Id —1*), hence there exists a map v¥ : A —
Q%(F) /Ker(Id —*) such that (v/)* = 2v*. This completes the proof. O

Remark 4.23. The d-fold product of the tropical Abel-Prym map 1|)§} T4 Prymc(F/ I'), the free
isogeny v : Prymc(IN“/F) — Prymd(F/F), and the inclusion 1 : Prymd(F/F) — ]aC(F) are all proper
morphisms of rational polyhedral spaces.

4.5. The tropical Poincaré-Prym formula. Let I" be a tropical curve of genus g, let 1 < d < g,
let c])g : T4 — Jac(T) be the d-fold product of the Abel-Jacobi map with an arbitrary base point g,

and let Wd denote the image of d)g. The tropical Poincaré formula [GS23b] states that

cyc Wl =

e _1 il £97% e Hyq(Jac(). (31)

Here & = cyclO] € H"!(Jac(T")) is the principal polarization on Jac(I') and we have identified
Hg,a(Jac(T')) with H9~49-4(Jac(T")) by Poincaré duality. The algebraic Poincaré formula has an
analogue for Prym varieties, which is part of Welters’ criterion and which we call the Poincaré—

Prym formula. We conjecture that this formula holds in the tropical setting as well:
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Conjecture 4.24. (The tropical Poincaré-Prym formula) Let 7w : T — T be a double cover of tropical
curves, let q € T be a base point, and let go = dim Prym_(I'/T') = g(T") — g(T"). Then

zd

mcgo_d S Hd’d(Prymc(F/r)))

(W) cyclT™] =

for 1 < d < go, where (e HM! (Prymc(f/F)) is the class of the principal polarization of PrymC(F/F).

We only prove this result for d = 1, which is all that we require to prove our main Theo-
rems 1.1 and 1.2:

Theorem 4.25. Conjecture 4.24 holds for d = 1:

(Wq)x eyl = (%" & Hyy (Prym, (T/T)).

(go—1)!

Proof. Since
(Wq)x cyell = ex ((dq)s cyelll) = ex(cyclWi]),

the tropical Poincaré formula for d = 1 implies our result if we can show that

g1 o1 N
€4 <(~59 > _, ¢ € Hy 1 (Prym, (I'/T)),

G-11) " Tgo— 1!

where go = g — g. We use the same arguments as in the proof of Proposition 4.11. First, assume
that 7t is free. In terms of the basis H;(I',Z) = <&:—r,1~/1> given in Proposition 4.19 we see that the
Poincaré dual of £97 is given by

= [([d&)* @& + (d&;)* ® & | + (d¥1)* @ V1.

i=1

G-

Similarly, the second lattice Im(Id —,.) of Prymc(lw“/ ') has basis <5cf — & ), and in terms of the
principal polarization (30) we have

The components €, = (e*)* ® es of the pushforward map
x g (Jac(T)) = [OLF)] @M (F,2) — Hy (Prym, (/1) = [QL(F)/Ker(ld —*)| @Im(1d —.)
act on the basis elements as follows:

(eM* ([A&]") = £1d&{1",  (M*(d¥)) =0,  ex(@&) =4(& —&),  ex(¥1) =0
Applying this to the above formula for £97'/(g — 1)!, we obtain our result. The proof for the

dilated case is similar, using instead the bases given in Proposition 4.20. O
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5. COMPATIBILITY OF THE N-GONAL CONSTRUCTION AND TROPICAL ABELIAN VARIETIES

We are now ready to prove the main theorems stated in the introduction. We restate the
theorems for convenience, and begin with the trigonal construction. Throughout we assume that
all tropical curves are smooth.

Theorem 5.1 (Theorem 1.2). Let K be a metric tree. The tropical trigonal and Recillas constructions
establish a one-to-one correspondence

Tropical curves T1 with a Recillas construction - '
harmonic map of degree 4 to K Free double covers I' — T with
a harmonic map of degree 3

with dilation profiles nowhere ~
from T to K.

(4) or (2,2). trigonal construction

and under this correspondence, the Prym variety of a double cover Prym(T'/T) and the Jacobian Jac(TT) of
the tetragonal curve are isomorphic as principally polarized tropical abelian varieties.

We note that there is no difference between PrymC(IN“/ I') and Prym d(F/ ') because the double
cover I' — T is free, hence we simply refer to both objects as Prym(I'/T). The techniques of

tropical homology allow us to closely model the proof of the algebraic version of the theorem
(see Theorem 12.7.2 in [BLO04]).

Proof. Here we present the outline of the proof, and postpone the necessary calculations and
checks to a series of lemmas that are given later in this chapter. Recall that we have already
established the bijection in Proposition 2.11, and it only remains to show that Prym(IN‘/ ") = Jac(IT).

We recall the setup and notation. Let k : TT — K be a generic tetragonal curve, so that K does
not have any points over which the degree profile of k is (2,2) or (4). By the tropical Recillas

construction (Definition 2.9) we obtain a tower ror-5 K, where f: " — K is a trigonal curve
and 7t : ' — T is a free double cover. We denote « : I' — T the associated involution. We choose

graph models for our tropical curves, and by abuse of notation refer to edges and vertices of T,
I, TT, and K.

First, we define a map of rational polyhedral spaces ¥ : r— Jac(TT) such that x1 = —x. To

this end, we choose an Abel-Jacobi map TT> — Jac(TT) suited to our purposes. Fix a point x € K
and let

D= > dily)-yeDivy (M (32)

yek—T(x)

be the fiber of k above x. The group Picy(IT) = Jac(IT) is divisible because it is a real torus, hence
we can find M € Divq(IT) such that 4M ~ D in Pic4(TT). Let ¢dm : TT — Jac(TT) be the Abel-
Jacobi map associated to M (note that M may fail to be effective, in which case ¢ is actually
a translation of an Abel-Jacobi map by a fixed divisor class). Moreover, define L € Div,(IT) as
L =2M and denote

bL = dnm + b TP — Jac(TT).
The map ¢ is symmetric with respect to swapping the coordinates of TT%, hence it descends to
a map Divj (TT) — Jac(TT). Define x to be the composition of the inclusion I c Divj (TT) from
Equation (9) with this descent of ¢;. Since we are not using the polyhedral structure on Divj (TT),
we need to verify by hand that x is a map of rational polyhedral spaces, and we do this in

Lemma 5.3 (where we also check that x has the desired property xt. = —x).
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We may now apply the universal property of the Prym variety from Proposition 4.22 for any
base point q € I' to obtain a commutative square

r—*x Jac(TT)

lﬂ)q thx(q)

Prym(IN‘/I‘) LN Jac(TT).

We note that it is not necessary to check the pullback condition on the cotangent sheaves, since
the double cover 7 : T — T is free. Our goal is to show that p is an isomorphism of principally
polarized tropical abelian varieties. We saw already in Proposition 2.11 that dim Jac(TT) = g(IT) =
g(T') — 1 = dim Prym(T'/T"). By Theorem 4.25 we know that the pushforward of the fundamental
class of T along 14 is equal to

~

(W) cycll] = ;097" € Hyg (Prym()/T)),

(go—1)
where go = dim Prym(f‘/ N and ¢ e HM! (Prym(r'/ F)) is the principal polarization. If we can show
that

o cyell] = —2 g9 € Hyy (Jac(IT), (33)

(go—1)
where & € HY' (Jac(1T)) is the principal polarization on Jac(IT), then p,(¢%") = £9%~" and there-
fore Prym(T'/T) is isomorphic to Jac(IT) by the homological criterion of Proposition 4.11.

We now define a tropical 1-cycle A € Z; (TT?) as follows. Recall that we can view Ias a
subset of Div} (IT) (see Equation (9)), however, this does not induce the correct edge lengths on
I'. Instead, we manually construct a cycle A that represents the lift of T to T2 via the natural
projection map T1> — Divj (TT). A tropical 1-cycle on TT? is a map 1> — Z, and for x,y € TT we set

0 if k(x) # k(y),
Al(x,y) =<1 if k(x) = k(y) and x # v, (34)
d—1 ifx=y,

where d = di(x) = di(y) is the dilation factor of k at x = y. The support |A’| is a purely 1-
dimensional rational polyhedral space, contained in the preimage of the diagonal Akx. One can
show that A’ itself is a tropical 1-cycle. We will not carry this out and instead show in Lemma 5.4
below the slightly weaker statement that there exists a tropical 1-cycle A which agrees with the
map A’ away from a zero-dimensional locus.

The key calculation is the following formula
[An] + A = 4[TT x p'] +4[p’ x TT € Hy 1 (1), (35)

where Ay is the diagonal, p’ € TT is an arbitrary point, [-] denotes the fundamental class, and we
identify cycles in Z;(TT?) with their classes in H; 1 (TT?) via the cycle class map.

We prove this formula in several steps. First, we note that the spaces K? and T1% are smooth,
so by Poincaré duality we can identify HM(K?) ~ Hm(Kz) and HV'(TT%) ~ Hy g (TT?). Under
this identification, pullback on cohomology induces a map (k x k)* : Hj (K2) — Hi 1 (T1?), and
applying the cycle class map to the main statement of Lemma 5.4 gives

[An] + A = (k x k)*[Ax] € Hy1(TT). (36)
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We then use Lemma 5.5 to rewrite the right hand side of Equation (36) as

(k x K)*[A] = (k x k)*([K x p] + [p x K]) € Hy 1 (1), (37)

where p € K is an arbitrary point. Finally, it is easy to show that k*[K] = [IT], which implies that
the right hand sides of Equations (35) and (37) are equal.

To complete the proof, we compute the pushforward of Equation (35) to Hj ;(Jac(TT)) along
the map ¢ : 1% — Jac(IT).

1)

@)

Claim: (¢r)[An] = 4(dm)«[TT]. Indeed, by definition ¢ (x,y) = dm(x) + dm(y), so the
restriction of ¢ to the diagonal A is ¢p applied to the first coordinate followed by
multiplication by 2. But multiplication by 2 on an integral torus induces multiplication by
4 on Hy 1, so the claim follows.

Claim: (¢pr)sA = 2x« 7. We define a continuous map T : |A] — I' which factors the
restriction of ¢ to [A] as x o T as follows. A point (x,y) in |A| is really a point on the
diagonal of [0, fri(e1)] x [0,¢7(e;)]. Such a point is mapped under T to the point with
coordinates d(e; x e;) min{x,y} in the geometric realization [O,EF(m + ez)] of the edge

e1+e < I'. Here we use the dilation factor

aler x &) {z if e1 = e and dy(er) = dy(ez) =2 38
1 else.

We stress that T is not a harmonic map of tropical curves and therefore not a morphism of
(1-dimensional) rational polyhedral spaces! However, the problem only lies at vertices and
restricting T to the interior of any of the 1-dimensional faces of |A| does give a morphism
of rational polyhedral spaces onto an open edge of I.In particular, computing the lattice
index in the definition of pushforward in Equation (11) can be done in two steps: Denote
the image of |A] in Jac(TT) under ¢ by B and let

e x € |A|"8 lie in the interior of the diagonal of e; x ey,

e z="1(x) € I8 in the interior of the edgee; +e; < I and

e y=x(z) € B,
Then we may compute

[TEB < o (TEIAD) | = [TET: den(TAAY | [T5B : dax(T7)]

= d+(e1 x e2) X« (y).

Consequently, the value of (¢r)A aty is given as

@AW = Y [TEB:dar (TEAD |AK)

xe(br) T (y)nlAfee

=x:[M(y) > de(er x e2)A’(x)
xe(br) = (y)nlAles

()

and comparing the definitions of d, in Equation (38) and A’ in Equation (34) shows

~

that (¥) = 2. Hence the tropical 1-cycles (¢r).A and 2x.['] agree away from some 0-

dimensional locus and thus define the same element of Z;(Jac(TT)).
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(3) Claim: (¢pr):[IT x pl = (br)«[p x T = (dm)«[IT]. As above, br(x,p) = dm(x) + dm(p) for
all x € TT. But this means that the restriction of ¢ to IT x p is the composition of ¢y with
a translation. Since translations induce the identity on homology, the claim follows.

~

Summing up we have just shown 4(dm)«[TT] + 2x« ([l = 8(dm)«[T]. Solving for x. [F] and
plugging in the Poincaré formula (31)

_ ! o—1
(dm)« CYC[H] = mag

we obtain Equation (33), and the proof of Theorem 1.2 is complete. O

Example 5.2. We consider the (3,2)-graph tower and the tetragonal graph shown on Figure 5.
We promote these to a tower I' — I' — K of tropical curves and a generic tetragonal curve IT — K
by assigning edge lengths to K, which we denote, going left to right, by a, b, ¢, d, and e.

Let us compute the Prym and Jacobian varieties in this example explicitly to see that they
are the same. We begin by computing Prym(T/I). It is possible to construct a basis for Ker
using Proposition 4.19, but in this case it is easier to choose a basis by hand. It is clear that Ker 7,
is spanned by the elements 7 —7; and 7; — 1],, where ﬁii are the elements of H; (IN“, Z) shown
tf

(

on Figure 6. Furthermore, the module (Coker t*)"" (viewed as a quotient of H; (IN“, Z), which has

been canonically identified with Q%(IN“)) is spanned by the classes 7] and [ij;]. Keeping in mind

that the dilation factors of I' — K also affect the lengths of edges in T', we obtain that the pairing
of Prym(T'/T") is

[ | W ;]
iy =1 | 2(b+c+ad) b+c+d
fi; =M, | b+tc+d 3a+2b+3c+2d+3e.

To compute the intersection matrix for Jac(IT), we choose the basis €,6 for H;(IT,Z) depicted
in Figure 7. The edge length pairing [,-] : H{(TT,Z) x H;(I1,Z) — R (where we have identified
Q]H(TI) = H; (T, Z) via the principal polarization) evaluated on the basis yields

[') ] ‘ € 6
€ |2(b4+c+4d) b+c+d
5 | b+c+d 3a+2b+3c+2d+3e,
which is evidently the same table as before. Hence
u#:(—:'—>[ﬁr] e Ty — Ay e
5 — 7] Ny =M, —8

defines an isomorphism Prym(IN‘/ I') — Jac(IT) of integral tori. To see that this is in fact an isomor-
phism of principally polarized tropical abelian varieties we quickly verify the compatibility with
the principal polarizations which are given by € — € and § — & on Jac(IT) and 7] — 7, — [;'] on
Prym(r' /T).

We now present a series of lemmas which fill in the missing details in the proof of Theo-
rem 1.2 above.

Lemma 5.3. The map x : I — Jac(IT) defined in the proof of Theorem 5.1 is a map of rational polyhedral

spaces. Furthermore, it satisfies xL = —x.
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\
" % ) <H—H><

FIGURE 6. The four cycles in H; (F, Z) that we use for our computation in Exam-
ple 5.2.

b
0

FIGURE 7. Basis for H;(TT,Z).

Proof. We start by verifying that x is a map of rational polyhedral spaces. We have to check that

the pullback of a 1-form w € Q}ac(m ~ Q}, along X is a 1-form on T For this we need check that

X*w has integer slopes on every edge of T, and that the sum of slopes around every vertex of T
is 0.

Recall that an edge € € E(T") corresponds to a pair of edges of fi, f; € E(TT) (which may be the
same), with all three mapping to the same edge e € E(K) (see table in Definition 2.9). The slope
of X*w on € is equal to

1
* —_
slopes(x*w) = 0@ <S1€(f1) + Szf(fz)>>
where s; = slope; (w) and s, = slope, (w). If we denote the composed map f = f o, then by
harmonicity, we have

0f)  Lle)/di(fi)  dyl

() tle)/d(®)  d(fi)

for i = 1,2. We can now verify case-by-case that slope;(x*w) is an integer
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2
L
(8304
N
o

rey
A
=
=
o

Fey
A
.y
=

slope,(x*w)
1 1 ST+ 82
2 2 §S1 =295
1 2 2s1+s)
1 3
3 3

381+ s
281 = 282

W W N ==

where in the second and fifth row the edges f; = f; are the same and hence s; = s,.

Now let v € V(T) be a vertex of T, corresponding to two (not necessarily distinct) vertices
wi,wy € V(IT). We want to show that the sum of outgoing slopes of x*w over the half-edges
rooted at v is 0, i.e. that

Z slope; (x*w) = Z ( Z slopeﬂx*w)) =0,
hef-1

heT, T hET?(V)K (h)mTvF

~ ~

where we have split the sum according to the image half-edge h = f(h). We do this by showing
that for every vertex v there are integers a, b € Z such that for every h € T | K we have

Z slope;: (x*w) = a( Z slopeﬁ] (w)) +b ( Z slopeﬁZ (w)) . (39)
hef~T(h) AT T hiek=1(h)ATw, TT haek=1(h)AThw, T
Summing Equation (39) over all h € Ty K, the right hand side is 0 by harmonicity of w. The
numbers a and b are determined by case distinction and direct computation in Figure 8.

Now let us check that xt = —x. Let p’ € T’ correspond to p; + p2 with k(p1) = k(p2) = p.
Then ((p’) corresponds to p3 + ps, where p1 + p2 + p3 + pa is the fiber of k over p € K. Therefore,

X(Wp ) +x(p)=p1+p2+ps+ps—2L~k ' (p)—D

by construction of L. The right hand side is now linearly equivalent to 0 because by definition in
Equation (32), D is a fiber of k and all fibers of k are linearly equivalent (here we use that K is a
tree). O

Lemma 5.4. Keep the notation as in the proof of Theorem 1.2 above. There is a tropical 1-cycle A : TI? — R,
which agrees with A" away from a 0-dimensional locus. Moreover, we have

[An] + A = (k x k)*[Ay] € Z;(TT%).

Proof. In the proof of Theorem 1.2 we will think of (kx k)*[A}] as a pullback of cohomology cycles.
However, in order to compute (k x k)*[Ay] as a tropical 1-cycle, we give a different interpretation.
Because [Ak] is a cycle in codimension 1 and K x K is smooth, we can identify [Ax] with a Cartier
divisor D € Div(K?), which admits a pullback to Div(T1%). This is a tropical 1-cycle in Z; (T1?) after
intersection with [TT2]. Let us quickly verify, that the induced notion of pullback of cycles is the
same as pullback on cohomology after applying the cycle class map.

Starting with D e Div(K?), we have

cyclAk] = cyc (D - [K x K]) = cye[K x K] ~ ¢;(£(D)),
in other words, the Poincaré dual of cyc[Ak] is ¢ (£(D)). Similarly, we treat the pullback (k xk)*D

cyc (((k x k)*D) - [IT x ﬂ]) = cyc[lT x M| ~ ¢; (E((k X k)*D)).
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Local picture of T
at v over h to-

Local picture of TT
at wy and w; over

d;(v) wi and w) gether with outgo- | h, and outgoing (a,b)
ing slopes of x*w. | slopes of w
di(wi) = dk(w2) = T | 5145 — S L
a=b=1
and wq # w;
1 S1
dg(wy) =2 and $1+ 52 — w1
W1 =Wy B
— s — s
s14 52 ;)
- S1+ 83 - s%
2 dg(wi) =1, dx(wz) =2 a=2b=1
— 251+s) — S
o— 381482 o— S
= = 2s1 +s = =
di(wi) =1, de(w2) =3 | @< (P17 32 — a=3b=1
Sq $Sz 3
.é S1+S
3 s} si LSS 23
o— s o— s
di(wq) =3 and
" — Tt — a=2
W1 =Wy
S1T1$S2 S1
o= Y = i

FIGURE 8. Case-by-case proof that at every vertex v the sum of outgoing slopes
of x*w on edges in I' over h € E(K) is an integer linear combination of the corre-
sponding sums at the vertices wy and w;.

But now pullback of Cartier divisors commutes with taking the line bundle [GS23a, Proposi-
tion 3.15] and that in turn commutes with the Chern class map [GS23a, Proposition 5.11]. Hence

the two interpretations of the pullback coincide.

Let us now prove the formula that we claimed. Let e be an edge of K, which we identify
with the interval [0, £(e)], and consider the cell e x e < K x K. The diagonal of this cell is defined
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as a Cartier divisor by the piecewise affine (i.e. rational) function

f:rexe—R,

(x,y) — max{y — x, 0}.

Let k™ '(e) = {ey,...,en} be the fiber over e with m € {2,3,4}. Without loss of generality we
assume that the dilation factors along ey, ..., ey are 1. Consider the cell e; x ¢; < TI x IT and the
pullback of f restricted to this cell is

g=(fo(kxk) tepx e — R

€i Xej

(x,y) — max {dx(ej)y — di(e)x, 0}.

In order to determine the multiplicity of div(g) along the support of g, we have to evaluate g
on a lattice normal vector of the support. The support of div(g) has primitive integer tangent

vector ! (dk(ej)> and a lattice normal vector is determined by completing this
ged (dicler)dicle)) \di(es)

vector into a Z-basis for Z?. This is symmetric in i and j, so we may assume without loss of

generality i < j and find the lattice normal vector <?

di(ej). This means that the value of (k x k)*[Ax] on {(x,y) € e; x ¢ | k(x) = k(y)} is di(er)
for i = j = 1 and 1 otherwise. This is precisely the same as the value of [Ay] + A’ on this
locus. By the definition of the group structure of Z;(I1?) this shows that there is a tropical 1-cycle
A = (k x kK)*[Ax] — [An] € Z;(T1%) which differs from A’ only in a 0-dimensional locus. O

) and the slope of g in this direction is

Lemma 5.5. Let K be a smooth metric tree (so that each extremal edge is infinite), and let p € K be any
point. Then

[Ak) = [K x p] + [p x K] € Hy 1 (K?),

where Ay is the diagonal and [-] denotes the fundamental class.

Proof. We note that the terms in the above equation are tropical homology classes associated to
1-cycles (see Example 3.9 for the diagonal cycle), and that the equation certainly does not hold in
in Z;(K?).

We proceed in two steps. As a base case, we first prove the claim for the compactified real
line L = Ru{—o00, 0o0}. We orient L from —oo to co. Let 1 be the generator of Q{(R) ~ 7 compatible
with this orientation, more precisely

al - {<n> if xeR,

L,x .
’ 0 otherwise.

Thenn; = <g> and 1, = (2) provide generators for the stalks of Q]LZ, or again more precisely

MM if (x,y) e R?
1 KUY, ifxeRand y = +o0
, —
L5 0oy) M2 ifye Rand x = +oo

0 otherwise.
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Let 0 : A> = {(x,y) € L? | x > y} be a singular 2-simplex parametrizing the area below the
diagonal of L? with orientation compatible with that on L. Write

A — {(x,—o0) € Lz}
T A H{(oo,y)el_z}
§:A — {(x,x) € Lz}

for the restriction of ¢ to the faces of A?, so that the boundary of o as a singular chain is do =
T1 — 8+ 1. Then B = 0 ® (N} +n3) is a (1,2)-chain and

B=11@M7+ 13 )-0@M +n3)+12®(nT +3)
—~— —~—
=0 on Im Ty =0 on ImT,

= cyc[L x —oo] — cyc[Ar] + cycloo x L.

Note that the second equality only holds because the images of 11 and T, are contained in the
boundary of the rational polyhedral space 1. If we did the same computation with a finite
interval L = [a, b], we would not see cyc[L x a] and cyc[b x L] in 0(0@ 3 —i—n’z“)) because 1} and
n; do not vanish on the topological boundary.

To finish the proof for L, we want to argue that cyc[L x oco] = cyc[L x p] for any p € R. Let o’
be a singular 2-complex (consisting of two simplices) parametrizing {(x,y) € L? | —c0o <y < p}.
Then

d(0’ ®n7) = cyclL x —oo] — cyc[L x pl.

The key here is that n} vanishes on [—oo, p] x {£00} so that there is no contribution to d(o’ ®n7)
from the remaining two edges of do’. Similarly we see [co x L] = [p x L] which completes the
proof for the base case.

Now let K be any smooth tree. Fix two distinct points —co,00 € K on the boundary and
let L < K be the path from —oo to co. As a rational polyhedral space, L is isomorphic to the
compactified real line from the base case. Furthermore, L is a deformation retract of K. Denote
the retraction map p : K — L. This is a proper map of rational polyhedral spaces, so there is a
pushforward map p. in homology.

We claim that the induced map pl: Hy g (K2) — Hy g (L2) is an isomorphism. We first show
that p, is an isomorphism. Indeed, H;o and Ho; of K and L are trivial because K and L are
trees. On the other hand, the pushforward map on Hy is an isomorphism sending the class of
a point to the class of a point, and similarly on H;; we have an isomorphism given by sending
the fundamental class of K to the fundamental class of L. By the Kiinneth formula, H; ; (K?)
decomposes as

Hoo(K)®@Hy1(K) @ Hoi(K)®Hio(K) @ Hip(K)@Hoi(K) @ Hi1(K)® Hop(K),
5 =0

and similarly for L. Hence p, being an isomorphism implies that p2 Hy (K2) — Hy (L?) is an
isomorphism as well.
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We have already proved our claim in H;1(L?), so it suffices to show that
p,zk cyclAx] = cyc[Ar],
pZ cyc[K x p] = cyc[L x p(p)], and
02 cyclp x K] = cyclp(p) x L.

But the cycle class map and pushforward commute, so we may verify this on the level of tropical
cycles, where it is easy to see. On every edge e of K, the map p is either the identity (if e is part
of L) or constant. Hence the index of tangent spaces in Equation (11) is either 1 or 0, i.e. the part
of the cycles [Ak], [K x p], and [p x K] that is already in L survives the pushforward while the rest
is weighted with 0. This finishes the proof. O

We now consider the bigonal construction. Unlike the trigonal construction, the two double
covers involved in the bigonal construction are always dilated, hence it is necessary to distinguish
the divisorial and continuous Pryms. The latter carry natural principal polarizations, while the
former do not. It turns out that the non-principally polarized divisorial Pryms are related by
taking the dual.

Theorem 5.6 (Theorem 1.1). Let T - T 1y X be a tower of harmonic morphisms of metric graphs of
degrees deg m = deg f = 2, where K is a metric tree. Assume that there is no point x € K with the property
that [f 1 (x)| = 2 and |(f o )" (x)| = 2. Then the output il o, TT ik of the bigonal construction has
the same property, and applying the bigonal construction to it reproduces the original tower. If moreover T
and T1 are both connected, then there is an isomorphism of polarized tropical abelian varieties

Prym, (TT/TT)" = Prym,(T'/T),
where the polarization on Prymd(ﬁ/ﬂ)v is the pullback of the principal polarization on Prymc(le[/l'[)v

The algebraic version of Theorem 5.6 [Pan86] was proved by reduction to the tetragonal
construction. Since this is not an option for us, we give the following proof which is an adaptation
of the proof of Theorem 5.1 that we just discussed.

Proof. Recall that we have already established the properties of the bigonal construction in Propo-
sitions 2.4 and 2.5, and it only remains to compare the Pryms. As for Theorem 5.1, we give an
outline of the proof and spin off the necessary technical calculations into a series of lemmas.

By construction, the curve TT comes with an embedding in Divj (T'), compare Equation (8).
As before, let D € Div, (f) be a fiber of f o m and choose M € Div; (IN“) such that 4M =
Using M as the base point we define x : TT — Prym, F/ I') to be the restriction of the second
power of the Abel-Prym map py : ' — Prym,_ (F/T) to TT. Similarly to Lemma 5.3, one can check
that x is a morphism of rational polyhedral spaces and the choice of M ensures x ot = —x.
Moreover, in Lemma 5.8 we verify that the pullback of 1-forms along X takes values in the image
of Id —*: Q% — Q%. Fixing a base point q’ € T, we obtain a commutative diagram

n—>* - PrymC(F/F)

b’q’ J/tfx(q’)

Prym, (TT/IT) —— Prym_(T'/T)
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by the universal property of the continuous Prym variety (Proposition 4.22).
We recall (see Proposition 4.18) that the continuous and divisorial Prym varieties associated
to the double covers 7t: ' — I and 7’ : TT — TT are related by natural free isogenies

v Prymc(r/r) — Prymd(r/r), v Prymc(ﬂ/ﬂ) — Prymd(ﬂ/ﬂ).

The divisorial Pryms carry polarizations ¢ € H"'(Prym,(/T)) and ¢/ € H"'(Prym,(TT/IT))
induced from their respective Jacobians. The continuous Pryms carry principal polarizations
(e HM (Prymc(IN“/F)) and ¢/ e H"' (Prymc(ﬁ/ﬂ)) such that y*{ = 2¢. and (y')*(¢') = 2¢/.

Let PrymC(IN“/ 'Y be the dual pptav with principal polarization ¢ '. To avoid overloading
notation, we denote by & : Prym_ (T/1) — Prym, (T/I")Y the isomorphism induced by the principal
polarization (.. The maps v, &, v/, and the dual vV of vy fit into the diagram

Prym,_ (TT/m) —— Prym, (/) BN Prym,_ (T /F)\/

b T w

Prymd(ﬁ/ﬂ) » Prym,( /F)v.

We claim that there exists an isomorphism § : Prymd(ﬁ/ﬂ) — Prymd(IN“/ MY that makes this
diagram commute. Furthermore, we claim that the pullback along & of the induced polarization
(yV)*(¢2") on Prymd(IN"/I“)v is equal to ¢’

First, we show in Lemma 5.9 that there exists a morphism & that makes (40) commute. To
prove that it is an isomorphism, we compute its total degree (the product of the dilation and
geometric degrees, see Definition 4.8). In Lemma 5.10, we use similar ideas as in the proof of
Theorem 5.1 to show that

Vo (€)™ = 28" € Hy g (Prym, (T/T)),

where h is the common dimension of the Pryms. Proposition 4.11 then implies that the total
degree of v is equal to degv = 2".

On the other hand, Proposition 4.18 states that the morphisms y and vy’ are free isogenies
of degrees 241 and 2971, respectively, where d and d’ are the dilation indices of 7w: ' — T and
mt' : TT — TI. Taking the dual exchanges dilation and geometric degrees, therefore

degy’ =deg,y' deg,y'=2¢""1.1=29",
degy"’ = deg, v - deg, v’ =1 2471 = 41,
By Proposition 2.5, we have d + d’ — 2 = h, therefore
deg(& o v) = degy’degddegy’ = 2" degs.

Since & is an isomorphism, we see that deg 6 = 1 and hence 6 is an isomorphism.
Finally, we compute the pullbacks of the polarizations along all maps in (40) . The principal
polarization ¢;' on Prym_(I'/T")¥ pulls back to £*(¢;') = {c on Prym,(I'/T") and hence to

(Eov)*(") = v (L) = 28!

on Prymc(ﬁ/ﬂ) by Proposition 4.11. Since (y')*(¢’) = 2(/, it must be that ¢’ = 5*((yv)*(Cc_1)),
therefore 6 is in fact an isomorphism of polarized tropical abelian varieties. O
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Example 5.7. Let us return to the towers of graphs depicted in Figure 3. We assign real edge
lengths a, b, and c to the three edges of K and thus obtain two (2, 2)-towers INH — I — Kand
Lo — Kof tropical curves. To compute the (non-principally polarized) divisorial Prym
varieties Prym d(INH /T1) and Prym d(Fz /T2), we work with the bases

Ker <7T* Hy (T, Z) — Hy (rbZ)) =@ =17,
Ker (m, : Hy (75, Z) = Hi(13, 2)) = &1, 8] — &)

depicted in Figure 9. For i = 1,2 let ¢; : Hy(1},Z) — Q%i (1) be the principal polarization of

Jac(T}). With this, the pairings induced from the integration pairings on the T} are

Lo Gl —1y) G [ | G@E) QE -
=1y 2b b and & 2b 2b
2 2b a+2b+c & —-& | b a+2b+c

and we clearly see that transposing one of these matrices gives the other. This shows that
Prym,(T7/T1) = Prymg(T2/ 7)Y on the level of integral tori. But even more is true: the polar-
ization of Prym (T2/ )Y induced by the principal polarization on Prym _(T3/ rn)Yis given by

& : Q%Z(Fz) — H (1, 2)

C2(€1) — 2&

GE —&)— & &
and hence the pull-back of &)’ along the isomorphism Prym d(I~"1 /Ty) — Prym d(F2 /T2)Y yields the
induced polarization &; on Prym,(T7/T%).

~t
4 ~
€]

4 -
2

n2 ~
€

FIGURE 9. Bases of the first homology H; (INH ,Z) and H; (Fz, Z) used in the compu-
tation of the Prym varieties. Recall that the involutions on It and I’ are given by
flipping the pictures along their horizontal symmetry.

We now verify the details in the proof of Theorem 5.6.
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Lemma 5.8. In the notation of Theorem 5.6, the map x : Tl — Prymc(F/ I") satisfies the pullback condition
on cotangent sheaves from Proposition 4.22, in other words x ' Q! — Q% takes values in the

Prymc(IN"/F)
image of Id —/* : Q]L[ — Q]L[.

Proof. We denote by ' the involution on TT and we denote by t the involution on Jac(T") induced
by the involution of T. Note that the map X factors as xo : m— ]ac(lN“) followed by Id —t. Using
Figure 1 it is easy to verify that

toxo=Xoot' (41)

and we claim that this implies the statement of the lemma. Indeed, let w € Q! ~ .. Then
Prym_(T'/T)

X w =xg((Id —)*w)
=Xow —xp (Vw)
=xow — " (xgw)
= (Id—)* (x§w). O

Lemma 5.9. There exists a homomorphism o : Prymd(ﬁ/ﬂ) — Prymd(f/ )Y that makes Diagram (40)
commute.

Proof. We recall that the lattices Prym,_(TT/TT) = (A1, Af, [, -In), Prym, (T/T) = (A3, A}, [, Ir) of the
continuous Pryms are

Ay = (Coker(n*))¥, Al =Im(Id—t.), A, = (Coker(m*))¥, A} =Im(Id—u,).

Here L : T — T and / : TI — TT are the involutions associated to the double covers 7 and m’,
respectively. The divisorial Pryms are

Prymy (/M) = (Ar, (A [, ), Prymy (F/1) = (A, (A3 [ r),
where the saturations are
(A})% = Ker mtl,, (A})% = Ker .
The homomorphism v consists of the homomorphisms
VA — Ay and va i Al — Al

Hence the homomorphisms &% and & comprising 5, if they exist, are the extensions of respec-
tively v* o (. and v to the saturations of their domains: this determines them uniquely, and the
consistency condition (13) follows automatically. In other words, we need to show the following:
(1) The homomorphism vy : A — A} extends to (A])% = Ker 7.
(2) The homomorphism v* o (. : A} — Ay extends to (A})%t = Ker .

We start with the first claim. According to Proposition 4.20 (see also (29)), A{ has a basis
consisting of elements of the form & — & and 2[§j, so that the & — &, and Ej form a basis
for (A{)%. Recall from the proof of Proposition 4.22 that v#(2[~3j) = u#(rSj), where py : ]ac(ﬁ) —
PrymC(F/ I') is the homomorphism corresponding the map ¥ : m—- PrymC(F/ I'). Therefore, to
show that v4 extends to (A]), it is sufficient to show that each u#(gj) is divisible by 2.

We consider an arbitrary simple cycle E € H; (ﬁ, 7Z) such that L*[N.)) = —E. Such a cycle does
not contain dilated edges, and we can assume without loss of generality that it contains exactly

two dilated vertices it and ¥ of TI, so that ¢ folds it in half and that the image of its support in TT
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€1 + 61 €n + en ~
&) +uer) ) +uey)  ues) +ues) ten) +u(er)

F1Gure 10. Labeling convention for the edges in a cycle of type B. The orientation
for the edges in T is induced from the indicated orientation of the edges in TT.

is a simple path from 7’ (11) to 7t/(V) (see Figure 10). Recall that points of Tl are pairs of points of
I whose images in I' form a fiber of f: I' — K. Hence we can write

n
B=>l[a+& —ue) —ue)],
i=1
where €; and €/ are edges of I such that ¢;+¢{ defines an edge of TT (in other words, 7(&;) +m(e]) =
f*(e;) for some edge e; € E(K)), and t is the involution on I'. We note that potentially ¢; = ¢; or
¢ = ¢ for i # j. We further assume that the edges are labeled and oriented in such a way that

@) =s@)  and @) =s(@). 42)

The map x : m— Prymc(r‘/ I') is the map m— ]ac(r) (the restriction of the second power of
the Abel-Jacobi map on FtoTl DiV;(F)) followed by Id —t,. Hence v#([g) simply reinterprets
[~3 € H; (ﬁ, Z) as a 1-chain in H; (F, Z) and applies Id —t, to it. To finish the proof of claim (1) we
write [3 =% —1(€) for € = >, [& — 1(€])] and show that € € H; (F, Z); this will imply that v#(g)
is divisible by two:

v(B) = (Id =) (B) = (Id —1.)*(8) = 2(1d —1) (%),
Indeed, from Equation (42) and its -pushforward it is already clear that the boundary is

08 = s(1(€7)) — s(&) + t(en) — t(u(&}),

and we verify that the right hand side is zero. At the leftmost point of B (see Figure 10) we obtain
the condition

which implies either

1
or s(€1) = s(u(ey)) and s(e]) =s(u(er)).

If we are in the first case, then in fact s(¢;) = s(i(€1)) = s(€]) = s(i(€])) or else the tower
)) —s(é&;) = 0. An

I' 5 ' — K would have a type V point. Hence we see that always s(i(€
) 0, and therefore

analogous computation at the rightmost vertex v shows that t(€,) — t(t(€
0€ = 0 and part (1) is established.

To prove claim (2), we need to show that for any generator of A; of the form df we have that
v#(dp) is divisible by 2. Since v¥ is essentially nothing but the descent of p* : Q%(F) — Q%(ﬂ)
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to cokernels, it suffices to show that u#(d[g) = dg — (*dZ¢ for some d¢ € Q%(ﬁ). For a description
of u* refer to the proof of Lemma 5.3. Now using the self-duality of the bigonal construction
and the natural principal polarization of Jacobians, this computation is reduced to the one we
already carried out in part (1) of this proof. Indeed, let A — A — K be the bigonal construction
of TT — TT — K, which we already know to be isomorphic to I' = I' — K. Then it is easy to see
that

#

1A~ OL(F) _*® 1(TY
QZ(A) ~ QF(F) — Qﬁ(ﬂ)

= =]

Hi(A,2) —H— Hy(TT,2)

commutes, where the vertical maps are the principal polarizations of Jac(TT) and Jac(A) and the
map py is precisely the map studied in the proof of part (1) of this lemma with A in the role of
r. a
Lemma 5.10. In the notation of Theorem 5.6, we have
Vi ((€)"1) = 208" € Hy (Prym, (/7).
Proof. Theorem 4.25 states that
~ 2

(ll)q’)* cyc(lT] = (h—1)!

To prove the lemma, it suffices to show that

o 4
X cyc[lT] = I

()™ € Hyg (Prym, (TT/TT)).

¢ e Hyp (Prym, (T/1)). (43)

Letk = fom: T — K. Just as we did in the proof of Theorem 5.1, we define a tropical 1-cycle
Be Z, (fz) which represents the lift of Mc Divj(ﬁ) to I'2. We claim that

2 ifx=yand dg(x) =4

1 if k(x) =k(y), x #y, and x # t(y)

1 if k(x) = k(y), t(x) # x, and di(x) =2

0 else

Bl(X)U) =

satisfies balancing, i.e. B’ defines a tropical 1-cycle. As before, we refrain from proving this and
instead we show that there is a tropical 1-cycle B which agrees with B’ away from a 0-dimensional
locus such that the following key formula

[Af] + (Id x4 [Ax] + B = (k x k)*[Ax] =4[ x p'] +4[p” x T (44)
holds in Hj (Fz) for an arbitrary point p’ € I'. The second equality is the (k x k)-pullback of

Lemma 5.5. For the first equality we compute (k x k)*[Ag] as in the proof of Lemma 5.4 and we
see that the result for the value of (k x k)*[Ax] at a point (x,y) with k(x) = k(y) is

type of k(x) | (k x k)*[Ax](x,y)
I 4
II 2
II1 1, unless x =y with dy(x) = 2, in which case it is 2
v 1
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and the first equality of Equation (44) follows. Next we apply (3,). to Equation (44) to obtain
an expression in Hy (Prym(r/ F)) consisting of the following terms.

D (1|)%4)*[AF] = 4(¢M)*[f] because again the pushforward along 1|)%,l acts as Py followed

by multiplication by 2 on the Prym variety which then induces multiplication by 4 on
homology.

) (1|)%4)*(Id x1)«[Ax] = 0. This is because

i (ps Up)) = (p =M —tp) + UM)) + (tp) =M —p + (M) = —2M + (M)

is constant.

(3) (Ib,Z\A)*B = 2X4 [ﬁ], because at interior points of top-dimensional faces of |B|, the pushfor-

ward may be computed by first pushing forward along the (topological) quotient map
identifying (x,y) and (y,x) and then pushing forward along x. A case-by-case analysis
shows that the first step always introduces a factor of 2, either through the quotient map
being 2:1 or because it is the value of B.

) (

W)« x 1 = (WRg)elp’ x T = (na)s 7.
Solving the (%,)-pushforward of Equation (44) for . [17] gives
M = M4 h—1
X*[]—” - Z(wM)*[r] - (h— ])!Cc .

The second equality is once more Theorem 4.25 and this concludes the proof of Equation (43). O
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