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Mock theta functions and indefinite modular forms II

∗Minoru Wakimoto

Abstract

In this paper, we compute the Zwegers’s modification of the mock theta functions Φ[m,0] ∗

and study the modular transformation properties of the indefinite modular forms which appear
in the explicit formula for the modified functions Φ̃[m,0] ∗.
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1 Introduction

In the previous paper [17] we studied indefinite modular forms obtained from the Zwegers’

modification of the mock theta function Φ(−)[m, 1
2
] for m ∈ 1

2Nodd. In the current paper, we
study the case m ∈ N where, in order that the Zwegers’ modification works, we consider the
function

Φ(±)[m,s] ∗ := Φ
(±)[m,s]
1 +Φ

(±)[m,s]
2 (1.1)

with Φ
(±)[m,s]
i (i = 1, 2) defined in [17].

Comparing the results in the current paper with those in the previous paper [17], there
appear strange difference between the case m ∈ N and the case m ∈ 1

2Nodd. In the case

m ∈ 1
2Nodd in [17], we need 3 series of functions g

(i)[m,p]
k (τ) (i = 1, 2, 3) to get SL2(Z)-

invariant family for each m ∈ 1
2Nodd whereas, in the case m ∈ N in the current paper, only

one series of functions g
(1)[m,p] ∗
k (τ) span SL2(Z)-invariant spaces for each m ∈ N.

This paper is organized as follows.
In section 2, we make preparation on basic properties of Φ(±)[m,s] ∗. In section 3, we derive

the explicit formula for Φ[m,0]∗(τ, z1, z2, 0) by using the Kac-Peterson’s identity just in the
similar way with [19]. In section 4, we deduce the formula for Φ[m,0] ∗(τ, z1 + pτ, z2 − pτ, 0) in
the case when

(z1, z2) =
(z
2
+
τ

2
− 1

2
,
z

2
− τ

2
+

1

2

)
and (z1, z2) =

(z
2
+
τ

2
,
z

2
− τ

2

)
. (1.2)

In section 5, we compute the Zwegers’s correction function Φ
[m,0] ∗
add (τ, z1, z2, 0) for (z1, z2) given

by (1.2). In section 6, using the results obtained in §5, we make detail investigation on the rela-
tion between Φ[m,0] ∗(τ, z1+pτ, z2−pτ, 0) and the modified function Φ̃[m,0] ∗(τ, z1+pτ, z2−pτ, 0)
when (z1, z2) is given by (1.2). In section 7, we obtain the explicit formula for Φ̃[m,0] ∗(τ, z1, z20)
in the case when (z1, z2) is given by (1.2). In section 8, we introduce functions Ξ(i)[m,p] ∗(τ, z)
and Υ(i)[m,p] ∗(τ, z) for p ∈ Z such that 0 ≤ p ≤ 2m and i ∈ {1, 2}, and compute the modular
transformation properties of these functions. In section 9, we define the functions G(i)[m,p]∗(τ, z)

and g
(i)[m,p] ∗
k (τ) by

G(i)[m,p]∗(τ, z) := Ξ(i)[m,p] ∗(τ, z) −Υ(i)[m,p] ∗(τ, z)

=
∑

k∈Z
0≤ k≤m

g
(i)[m,p] ∗
k (τ)[θk,m + θ−k,m](τ, z)

and compute modular transformation of these functions. In section 10, using the relation

between g
(1)[m,p] ∗
k (τ) and g

(2)[m,p] ∗
k (τ), we define the indefinite modular forms g

[m,p] ∗
k (τ) and

obtain their modular transformation properties.
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2 Preliminaries

Lemma 2.1. Let m ∈ 1
2N, s ∈ 1

2Z and a ∈ Z. Then

Φ(±)[m,s]∗(τ, z1 + aτ, z2 − aτ, t) = (±1)a e2πima(z1−z2)qma2Φ(±)[m,s−2am]∗(τ, z1, z2, t) (2.1)

Proof. This follows immediately from Lemma 2.3 in [17] and definition of Φ(±)[m,s]∗.

Lemma 2.2. Let m ∈ 1
2N, s ∈ 1

2Z and a ∈ Z≥0. Then

Φ(±)[m,s] ∗(τ, z1 + aτ, z2 − aτ, 0)

= (±1)ae2πima(z1−z2)qma2
{
Φ(±)[m,s] ∗(τ, z1, z2, 0)

+
∑

k ∈Z
1≤ k≤ 2am

e−πi(k−s)(z1−z2) q−
1

4m
(k−s)2

[
θ
(±)
k−s,m + θ

(±)
−(k−s),m

]
(τ, z1 + z2)

}
(2.2)

Proof. This lemma can be shown in the similar way with the proof of Lemma 2.4 in [17] as
folloes. By Lemma 2.1 in [16] with Remark 2.1 in [17], we have

Φ(±)[m,s−a] ∗(τ, z1, z2, 0) − Φ(±)[m,s] ∗(τ, z1, z2, 0)

=
∑

k∈Z
−a≤k≤−1

eπi(s+k)(z1−z2) q−
(s+k)2

4m
[
θ
(±)
s+k,m + θ

(±)
−(s+k),m

]
(τ, z1 + z2)

Letting a→ 2am, we have

Φ(±)[m,s−2am] ∗(τ, z1, z2, 0) − Φ(±)[m,s] ∗(τ, z1, z2, 0)

=
∑

k∈Z
−2am≤k≤−1

eπi(s+k)(z1−z2)q−
(s+k)2

4m
[
θ
(±)
s+k,m + θ

(±)
−(s+k),m

]
(τ, z1 + z2)

=
↑

k→−k

∑

k∈Z
1≤k≤2am

eπi(s−k)(z1−z2) q−
(s−k)2

4m
[
θ
(±)
k−s,m + θ

(±)
−(k−s),m

]
(τ, z1 + z2) (2.3)

Substituting this equation (2.3) into (2.1), we obtain (2.2), proving Lemma 2.2.

Lemma 2.3. Let m ∈ 1
2N, s ∈ 1

2Z and p ∈ Z such that mp ∈ Z. Then

1) if p ≥ 0,

Φ(±)[m,s] ∗(τ, z1, z2 + pτ, 0) = e−2πimpz1 Φ(±)[m,s] ∗(τ, z1, z2, 0)

− e−2πimpz1

mp−1∑

k=0

eπi(s+k)(z1−z2)q−
(s+k)2

4m
[
θ
(±)
s+k,m + θ

(±)
−(s+k),m

]
(τ, z1 + z2)



4

2) if p < 0,

Φ(±)[m,s] ∗(τ, z1, z2 + pτ, 0) = e−2πimpz1 Φ(±)[m,s] ∗(τ, z1, z2, 0)

+ e−2πimpz1
∑

k∈Z
mp≤ k < 0

eπi(s+k)(z1−z2)q−
(s+k)2

4m
[
θ
(±)
s+k,m + θ

(±)
−(s+k),m

]
(τ, z1 + z2)

Proof. These formulas follow immediately from Lemma 2.5 in [16] and definition of Φ(±)[m,s]∗.

Following formulas for theta functions can be shown easily by using Lemma 1.1 in [17] and
Note 1.1 in [17], and will be used in the proof of Lemmas 4.1 and 4.2.

Note 2.1. For m ∈ N and p ∈ Z, the following formulas hold:

1) θ
(−)
1
2
,m+ 1

2

(
τ,
m(2p+ 1)τ −m

m+ 1
2

)
= e

− πim
2m+1 q

− m2

2(2m+1)
(2p+1)2

θ
(−)

2mp+(m+ 1
2
), m+ 1

2

(τ, 0)

2) θ
(−)
1
2
,m+ 1

2

(
τ,
m(2p+ 1)τ

m+ 1
2

)
= q

− m2

2(2m+1)
(2p+1)2

θ
(−)

2mp+(m+ 1
2
), m+ 1

2

(τ, 0)

Note 2.2. For m ∈ 1
2N and p ∈ Z, the following formulas hold:

1) (i) θ
(−)

− 1
2
,m+ 1

2

(
τ, z+

(2p + 1)τ − 1

2m+ 1

)
= e

πi
2(2m+1) q

− 1

16(m+1
2 )

(2p+1)2

e−
πi
2
(2p+1)z θp,m+ 1

2
(τ, z)

(ii) θ
(−)
1
2
,m+ 1

2

(
τ, z − (2p + 1)τ − 1

2m+ 1

)
= e

πi
2(2m+1) q

− 1

16(m+1
2 )

(2p+1)2

e
πi
2
(2p+1)z θ−p,m+ 1

2
(τ, z)

2) (i) θ
(−)

− 1
2
,m+ 1

2

(
τ, z +

(2p + 1)τ

2m+ 1

)
= q

− 1

16(m+1
2 )

(2p+1)2

e−
πi
2
(2p+1)z θ

(−)

p,m+ 1
2

(τ, z)

(ii) θ
(−)
1
2
,m+ 1

2

(
τ, z − (2p + 1)τ

2m+ 1

)
= q

− 1

16(m+1
2 )

(2p+1)2

e
πi
2
(2p+1)z θ

(−)

−p,m+ 1
2

(τ, z)

Note 2.3. For p ∈ Z, the following formulas hold:

1) (i) ϑ11

(
τ,
z

2
+

(2p + 1)τ − 1

2

)
= q−

1
8
(2p+1)2 e−

πi
2
(2p+1)z θ0, 1

2
(τ, z)

(ii) ϑ11

(
τ,
z

2
− (2p + 1)τ − 1

2

)
= − q−

1
8
(2p+1)2 e

πi
2
(2p+1)z θ0, 1

2
(τ, z)

2) (i) ϑ11

(
τ,

z

2
+
(
p+

1

2

)
τ
)

= − i (−1)p q−
1
8
(2p+1)2 e−

πi
2
(2p+1)z θ

(−)

0, 1
2

(τ, z)

(ii) ϑ11

(
τ,

z

2
−
(
p+

1

2

)
τ
)

= i (−1)p q−
1
8
(2p+1)2 e

πi
2
(2p+1)z θ

(−)

0, 1
2

(τ, z)
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3 Explicit formula for Φ[m,0] ∗(τ, z1, z2, 0)

Proposition 3.1. For m ∈ 1
2N, Φ[m,0] ∗(τ, z1, z2, 0) is given by the following formula:

θ
(−)
1
2
,m+ 1

2

(
τ,

m(z1 − z2)

m+ 1
2

)
Φ[m,0] ∗(τ, z1, z2, 0)

= −
[ ∑

j, k ∈Z

0<k≤ 2mj

−
∑

j, k∈Z

2mj <k≤ 0

]
(−1)jq

(m+ 1
2
)(j+ 1

4(m+1
2 )

)2

q−
k2

4m

× e
2πim(j+ 1

4(m+1
2 )

)(z1−z2)
e−πik(z1−z2)

[
θk,m + θ−k,m

]
(τ, z1 + z2)

+ i η(τ)3

{
−
θ
(−)

− 1
2
,m+ 1

2

(
τ, z1 + z2 +

z1 − z2

2m+ 1

)

ϑ11(τ, z1)
+
θ
(−)
1
2
, m+ 1

2

(
τ, z1 + z2 −

z1 − z2

2m+ 1

)

ϑ11(τ, z2)

}

(3.1)

Proof. Lettig z1 = z2 in the formulas (3.1a) and (3.1b) in [18] and making their sum, we have

∑

j∈Z

(−1)jq(m+ 1
2
)j2+ 1

2
j e−2πijm(z1−z3)

[
Φ
[m,0]
1 +Φ

[m,0]
2︸ ︷︷ ︸

||

Φ[m,0] ∗

]
(τ, z1, −z3 − 2jτ, 0)

= e−πiz1
∑

k∈Z

(−1)kq(m+ 1
2
)k2− 1

2
k e2πikm(z1−z3)Φ

(−)[ 1
2
, 1
2
]

1 (τ, z1, −z1 − 2kτ, 0)

+ e−πiz3
∑

k∈Z

(−1)kq(m+ 1
2
)k2− 1

2
k e−2πikm(z1−z3)Φ

(−)[ 1
2
, 1
2
]

1 (τ, z3, −z3 − 2kτ, 0)

Letting (j, k) → (−j,−k) and changing the notation −z3 → z2, this formula becomes:

∑

j∈Z

(−1)jq(m+ 1
2
)j2− 1

2
j e2πijm(z1+z2)Φ[m,0] ∗(τ, z1, z2 + 2jτ, 0)

= e−πiz1
∑

k∈Z

(−1)kq(m+ 1
2
)k2+ 1

2
k e−2πikm(z1+z2)Φ

(−)[ 1
2
, 1
2
]

1 (τ, z1, −z1 + 2kτ, 0)

+ eπiz2
∑

k∈Z

(−1)kq(m+ 1
2
)k2+ 1

2
k e2πikm(z1+z2)Φ

(−)[ 1
2
, 1
2
]

1 (τ, −z2, z2 + 2kτ, 0) (3.2)

First we compute the LHS of this equation (3.2):

LHS of (3.2)

= q
− 1

16(m+1
2 )
∑

j∈Z≥0

(−1)jq
(m+ 1

2
)(j− 1

4(m+1
2 )

)2

e2πijm(z1+z2)Φ[m,0] ∗(τ, z1, z2 + 2jτ, 0)

︸ ︷︷ ︸
(I)
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+ q
− 1

16(m+1
2 )
∑

j∈Z<0

(−1)jq
(m+ 1

2
)(j− 1

4(m+1
2 )

)2

e2πijm(z1+z2)Φ[m,0] ∗(τ, z1, z2 + 2jτ, 0)

︸ ︷︷ ︸
(II)

where (I) and (II) are computed by using Lemma 2.3 as folloows:

(I) = q
− 1

16(m+1
2 )
∑

j∈Z≥0

(−1)jq
(m+ 1

2
)(j− 1

4(m+1
2 )

)2

e−2πijm(z1−z2)Φ[m,0] ∗(τ, z1, z2, 0)

− q
− 1

16(m+1
2 )
∑

j∈Z≥0

2mj−1∑

k=0

(−1)jq
(m+ 1

2
)(j− 1

4(m+1
2 )

)2

q−
k2

4m e−2πijm(z1−z2)eπik(z1−z2)

×
[
θk,m + θ−k,m

]
(τ, z1 + z2)

(II) = q
− 1

16(m+1
2 )
∑

j∈Z<0

(−1)jq
(m+ 1

2
)(j− 1

4(m+1
2 )

)2

e−2πijm(z1−z2)Φ[m,0] ∗(τ, z1, z2, 0)

+ q
− 1

16(m+1
2 )

∑

j, k ∈Z

2mj ≤ k< 0

(−1)jq
(m+ 1

2
)(j− 1

4(m+1
2 )

)2

q−
k2

4m e−2πijm(z1−z2)eπik(z1−z2)

×
[
θk,m + θ−k,m

]
(τ, z1 + z2)

Then we have

LHS of (3.2) = (I) + (II)

= q
− 1

16(m+1
2 )
∑

j∈Z

(−1)jq
(m+ 1

2
)(j− 1

4(m+1
2 )

)2

e−2πijm(z1−z2)

︸ ︷︷ ︸
||

e
−πim
2m+1

(z1−z2) θ
(−)
1
2
,m+ 1

2

(
τ,

m

m+ 1
2

(z1 − z2)
)

Φ[m,0] ∗(τ, z1, z2, 0)

− q
− 1

16(m+1
2 )

[ ∑

j, k∈Z

0≤ k< 2mj

−
∑

j, k ∈Z

2mj ≤ k< 0

]

× (−1)jq
(m+ 1

2
)(j− 1

4(m+1
2 )

)2

q−
k2

4m e−2πijm(z1−z2)eπik(z1−z2)
[
θk,m + θ−k,m

]
(τ, z1 + z2)

(3.3a)

Next we compute the RHS of (3.2) by using Lemma 2.1 in [19]:

RHS of (3.2)

= e−πiz1
∑

k∈Z

(−1)kq(m+ 1
2
)k2+ 1

2
k e−2πikm(z1+z2)Φ

(−)[ 1
2
, 1
2
]

1 (τ, z1, −z1 + 2kτ, 0)︸ ︷︷ ︸
||

− i e−2πikz1
η(τ)3

ϑ11(τ, z1)
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+ eπiz2
∑

k∈Z

(−1)kq(m+ 1
2
)k2+ 1

2
k e2πikm(z1+z2)Φ

(−)[ 1
2
, 1
2
]

1 (τ, −z2, z2 + 2kτ, 0)︸ ︷︷ ︸
||

− i e2πikz2
η(τ)3

ϑ11(τ,−z2)

= − i q
− 1

16(m+1
2 ) e
− πim

2(m+1
2 )

(z1−z2)

×
∑

k∈Z

(−1)k q
(m+ 1

2
)(k+ 1

4(m+1
2 )

)2

e
−2πi(m+ 1

2
)(k+ 1

4(m+1
2 )

)·
m(z1+z2)+z1

m+1
2

︸ ︷︷ ︸
||

θ
(−)
1
2
,m+ 1

2

(
τ, − m(z1 + z2) + z1

m+ 1
2

)

η(τ)3

ϑ11(τ, z1)

+ i q
− 1

16(m+1
2 ) e
− πim

2(m+1
2 )

(z1−z2)

×
∑

k∈Z

(−1)k q
(m+ 1

2
)(k+ 1

4(m+1
2 )

)2

e
2πi(m+ 1

2
)(k+ 1

4(m+1
2 )

)·
m(z1+z2)+z2

m+1
2

︸ ︷︷ ︸
||

θ
(−)
1
2
,m+ 1

2

(
τ,

m(z1 + z2) + z2

m+ 1
2

)

η(τ)3

ϑ11(τ, z2)

= − i q
− 1

16(m+1
2 ) e
− πim

2m+1
(z1−z2)θ

(−)

− 1
2
, m+ 1

2

(
τ, z1 + z2 +

z1 − z2

2m+ 1

) η(τ)3

ϑ11(τ, z1)

+ i q
− 1

16(m+1
2 ) e
− πim

2m+1
(z1−z2)θ

(−)
1
2
,m+ 1

2

(
τ, z1 + z2 −

z1 − z2

2m+ 1

) η(τ)3

ϑ11(τ, z2)
(3.3b)

Then by (3.3a) and (3.3b), we have

q
− 1

16(m+1
2 ) e

−πim
2m+1

(z1−z2) θ
(−)
1
2
,m+ 1

2

(
τ,

m(z1 − z2)

m+ 1
2

)
Φ[m,0] ∗(τ, z1, z2, 0)

− q
− 1

16(m+1
2 )

[ ∑

j, k∈Z

0≤ k< 2mj

−
∑

j, k∈Z

2mj ≤ k < 0

]

× (−1)jq
(m+ 1

2
)(j− 1

4(m+1
2 )

)2

q−
k2

4m eπi(k−2jm)(z1−z2)
[
θk,m + θ−k,m

]
(τ, z1 + z2)

= − i q
− 1

16(m+1
2 ) e−

πim
2m+1

(z1−z2)θ
(−)

− 1
2
,m+ 1

2

(
τ, z1 + z2 +

z1 − z2

2m+ 1

) η(τ)3

ϑ11(τ, z1)

+ i q
− 1

16(m+1
2 ) e
− πim

2m+1
(z1−z2)θ

(−)
1
2
,m+ 1

2

(
τ, z1 + z2 −

z1 − z2

2m+ 1

) η(τ)3

ϑ11(τ, z2)

Multiplying q
1

16(m+1
2 ) e

πim
2m+1

(z1−z2) to both sides, we have

θ
(−)
1
2
,m+ 1

2

(
τ,

m(z1 − z2)

m+ 1
2

)
Φ[m,0] ∗(τ, z1, z2, 0)
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=

[ ∑

j, k∈Z

0≤ k< 2mj

−
∑

j, k ∈Z

2mj ≤ k< 0

]
(−1)jq

(m+ 1
2
)(j− 1

4(m+1
2 )

)2

q−
k2

4m

× e
−2πim(j− 1

4(m+1
2 )

)(z1−z2)
eπik(z1−z2)

[
θk,m + θ−k,m

]
(τ, z1 + z2)

− i θ
(−)

− 1
2
, m+ 1

2

(
τ, z1 + z2 +

z1 − z2

2m+ 1

) η(τ)3

ϑ11(τ, z1)

+ i θ
(−)
1
2
,m+ 1

2

(
τ, z1 + z2 −

z1 − z2

2m+ 1

) η(τ)3

ϑ11(τ, z2)
(3.4a)

The 1st term in the RHS of this equation (3.4a) is rewritten by putting j = −j′ and k = −k′
as follows:

the 1st term in the RHS of (3.4a)

=

[ ∑

j′, k′ ∈Z

2mj′<k′≤ 0

−
∑

j′, k′ ∈Z

0<k′≤ 2mj′

]
(−1)j

′

q
(m+ 1

2
)(j′+ 1

4(m+1
2 )

)2

q−
k′2

4m

× e
2πim(j′+ 1

4(m+1
2 )

)(z1−z2)
e−πik

′(z1−z2)
[
θ−k′,m + θk′,m

]
(τ, z1 + z2) (3.4b)

Then by (3.4a) and (3.4b) we obtain (3.1), proving Proposition 3.1.

In order to rewrite the formula (3.1), we use the following:

Note 3.1. For m ∈ 1
2N, the following formula holds:

[ ∑

j, k∈Z

0<k≤ 2mj

−
∑

j, k ∈Z

2mj <k≤ 0

]
(−1)j q

(m+ 1
2
)(j+ 1

4(m+1
2 )

)2

q−
k2

4m e
2πim(j+ 1

4(m+1
2 )

)(z1−z2)

× e−πik(z1−z2)
[
θk,m + θ−k,m

]
(τ, z1 + z2)

=

[ ∑

j, r∈Z

0<r≤ j

−
∑

j, r ∈Z

j < r≤ 0

] ∑

s∈Z
0≤ s≤m

(−1)j q
(m+ 1

2
)(j+ 1

4(m+1
2 )

)2

q−
(2mr−s)2

4m

× e
2πim(j+ 1

4(m+1
2 )

)(z1−z2)
e−πi(2mr−s)(z1−z2)

[
θs,m + θ−s,m

]
(τ, z1 + z2)

+

[ ∑

j, r ∈Z

0≤ r < j

−
∑

j, r ∈Z

j≤ r < 0

] ∑

s∈Z
0<s<m

(−1)j q
(m+ 1

2
)(j+ 1

4(m+1
2 )

)2

q−
(2mr+s)2

4m

× e
2πim(j+ 1

4(m+1
2 )

)(z1−z2)
e−πi(2mr+s)(z1−z2)

[
θs,m + θ−s,m

]
(τ, z1 + z2) (3.5)
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Proof. In order to prove (3.5), we need only to note the following for j ∈ Z :

{
k ∈ Z ; 0 < k ≤ 2mj

}
=

{
k = 2mr − s ; r, s ∈ Z and

0 < r ≦ j

0 ≤ s < 2m

}

{
k ∈ Z ; 2mj < k ≤ 0

}
=

{
k = 2mr − s ; r, s ∈ Z and

j < r ≤ 0
0 ≤ s < 2m

}

Then the LHS of (3.5) is rewitten as follows:

LHS of (3.5) = (I) + (II)

where

(I) :=

[ ∑

j, r ∈Z

0<r≤ j

−
∑

j, r ∈Z

j < r≤ 0

] ∑

s∈Z
0≤ s≤m

(−1)j q
(m+ 1

2
)(j+ 1

4(m+1
2 )

)2

q−
(2mr−s)2

4m

× e
2πim(j+ 1

4(m+1
2 )

)(z1−z2)
e−πi(2mr−s)(z1−z2)

[
θ−s,m + θs,m

]
(τ, z1 + z2) (3.6a)

(II) :=

[ ∑

j, r ∈Z

0<r≤ j

−
∑

j, r ∈Z

j < r≤ 0

] ∑

s∈Z
m<s< 2m

(−1)j q
(m+ 1

2
)(j+ 1

4(m+1
2 )

)2

q−
(2mr−s)2

4m

× e
2πim(j+ 1

4(m+1
2 )

)(z1−z2)
e−πi(2mr−s)(z1−z2)

[
θ−s,m + θs,m

]
(τ, z1 + z2)

Putting s′ := 2m− s, we have

m < s < 2m ⇐⇒ 0 < s′ < m

so (II) is rewritten as follows:

(II) =

[ ∑

j, r ∈Z

0<r≤ j

−
∑

j, r∈Z

j < r≤ 0

] ∑

s′ ∈Z

0<s′ <m

(−1)j q
(m+ 1

2
)(j+ 1

4(m+1
2 )

)2

q−
(2m(r−1)+s′)2

4m

× e
2πim(j+ 1

4(m+1
2 )

)(z1−z2)
e−πi(2m(r−1)+s′)(z1−z2)

[
θs′,m + θ−s′,m

]
(τ, z1 + z2)

=
↑

r−1= r′

[ ∑

j, r′ ∈Z

0≤ r′ <j

−
∑

j, r′ ∈Z

j≤ r′ < 0

] ∑

s′ ∈Z

0<s′ <m

(−1)j q
(m+ 1

2
)(j+ 1

4(m+1
2 )

)2

q−
(2mr′+s′)2

4m

× e
2πim(j+ 1

4(m+1
2 )

)(z1−z2)
e−πi(2mr′+s′)(z1−z2)

[
θs′,m + θ−s′,m

]
(τ, z1 + z2) (3.6b)

Then by (3.6a) and (3.6b), we have

(I) + (II) = RHS of (3.5) , proving Note 3.1.
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By Note 3.1, the formula (3.1) in Proposition 3.1 is rewritten as follows:

Proposition 3.2. For m ∈ 1
2N, Φ[m,0] ∗(τ, z1, z2, 0) is given by the following formula:

θ
(−)
1
2
,m+ 1

2

(
τ,

m(z1 − z2)

m+ 1
2

)
Φ[m,0] ∗(τ, z1, z2, 0)

= i η(τ)3

{
−
θ
(−)

− 1
2
,m+ 1

2

(
τ, z1 + z2 +

z1 − z2

2m+ 1

)

ϑ11(τ, z1)
+
θ
(−)
1
2
,m+ 1

2

(
τ, z1 + z2 −

z1 − z2

2m+ 1

)

ϑ11(τ, z2)

}

−
[ ∑

j, r∈Z

0<r≤ j

−
∑

j, r∈Z

j < r≤ 0

] ∑

s∈Z
0≤ s≤m

(−1)j q
(m+ 1

2
)(j+ 1

4(m+1
2 )

)2

q−
(2mr−s)2

4m

× e
2πim(j+ 1

4(m+1
2 )

)(z1−z2)
e−πi(2mr−s)(z1−z2)

[
θs,m + θ−s,m

]
(τ, z1 + z2)

−
[ ∑

j, r∈Z

0≤ r < j

−
∑

j, r∈Z

j≤ r < 0

] ∑

s∈Z
0<s<m

(−1)j q
(m+ 1

2
)(j+ 1

4(m+1
2 )

)2

q−
(2mr+s)2

4m

× e
2πim(j+ 1

4(m+1
2 )

)(z1−z2)
e−πi(2mr+s)(z1−z2)

[
θs,m + θ−s,m

]
(τ, z1 + z2) (3.7)

4 Φ[m,0] ∗(τ, z1, z2, t) ∼ the case z1 − z2 = 2aτ + 2b

4.1 Φ[m,0] ∗(τ, z1, z2, t) ∼ the case z1 − z2 = (1 + 2p)τ − 1

Lemma 4.1. For m ∈ N and p ∈ Z, the following formula holds:

θ
(−)

2mp+m+ 1
2
,m+ 1

2

(τ, 0)Φ[m,0] ∗
(
τ,

z

2
+
τ

2
− 1

2
+ pτ,

z

2
− τ

2
+

1

2
− pτ, 0

)

= q
m
4
(2p+1)2 η(τ)3

θ0, 1
2
(τ, z)

·
[
θp,m+ 1

2
+ θ−p,m+ 1

2

]
(τ, 0)

−
[ ∑

j, r ∈ 1
2
Zodd

0≤ r < j

−
∑

j, r∈ 1
2
Zodd

j ≤ r < 0

] ∑

k∈Z
0<k<m

(−1)j−
1
2
+k q(m+ 1

2
)(j+ 2pm

2m+1
)2

× q−
1

4m
[2mr+k+2mp]2 + m

4
(2p+1)2

[
θk,m + θ−k,m

]
(τ, z)

−
[ ∑

j, r ∈ 1
2
Zodd

0≤ r≤ j

−
∑

j, r∈ 1
2
Zodd

j < r < 0

] ∑

k∈Z
0≤ k≤m

(−1)j−
1
2
+k q

(m+ 1
2
)(j+ 2pm

2m+1
)2

× q−
1

4m
[2mr−k+2mp]2 + m

4
(2p+1)2

[
θk,m + θ−k,m

]
(τ, z)
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+ θ
(−)

2mp+m+ 1
2
,m+ 1

2

(τ, 0)
∑

k∈Z
0≤ k≤m

(−1)kq−
1

4m
k2+ k

2
(2p+1)

[
θk,m + θ−k,m

]
(τ, z) (4.1)

Proof. Letting

{
z1 = z

2 + τ
2 − 1

2 + pτ

z2 = z
2 − τ

2 + 1
2 − pτ

namely

{
z1 + z2 = z

z1 − z2 = (2p+ 1)τ − 1
in the for-

mula (3.7) in Proposition 3.2, we have

θ
(−)
1
2
,m+ 1

2

(
τ,

m((2p + 1)τ − 1)

m+ 1
2

)
Φ[m,0] ∗(τ, z1, z2, 0)

= i η(τ)3

{
−
θ
(−)

− 1
2
, m+ 1

2

(
τ, z +

(2p + 1)τ − 1

2m+ 1

)

ϑ11(τ, z1)
+
θ
(−)
1
2
, m+ 1

2

(
τ, z − (2p + 1)τ − 1

2m+ 1

)

ϑ11(τ, z2)︸ ︷︷ ︸
|| put

(I)

}

−
[ ∑

j, r ∈Z

0<r≤ j

−
∑

j, r ∈Z

j < r≤ 0

] ∑

s∈Z
0≤ s≤m

(−1)j q
(m+ 1

2
)(j+ 1

4(m+1
2 )

)2

q−
(2mr−s)2

4m

× e
2πim(j+ 1

4(m+1
2 )

)((2p+1)τ−1)
e−πi(2mr−s)((2p+1)τ−1)

[
θs,m + θ−s,m

]
(τ, z)

−
[ ∑

j, r ∈Z

0≤ r < j

−
∑

j, r ∈Z

j ≤ r < 0

] ∑

s∈Z
0<s<m

(−1)j q
(m+ 1

2
)(j+ 1

4(m+1
2 )

)2

q−
(2mr+s)2

4m

× e
2πim(j+ 1

4(m+1
2 )

)((2p+1)τ−1)
e−πi(2mr+s)((2p+1)τ−1)

[
θs,m + θ−s,m

]
(τ, z)

= i η(τ)3 × (I)

− e−
πim
2m+1

[ ∑

j, r ∈Z

0<r≤ j

−
∑

j, r∈Z

j < r≤ 0

] ∑

s∈Z
0≤ s≤m

(−1)j+s q
(m+ 1

2
)(j+ 1

4(m+1
2 )

)2 +m(j+ 1

4(m+1
2 )

)(2p+1)

× q−
(2mr−s)2

4m
− 1

2
(2mr−s)(2p+1)

[
θs,m + θ−s,m

]
(τ, z)

− e
− πim

2m+1

[ ∑

j, r ∈Z

0≤ r < j

−
∑

j, r∈Z

j≤ r < 0

] ∑

s∈Z
0<s<m

(−1)j+s q
(m+ 1

2
)(j+ 1

4(m+1
2 )

)2 +m(j+ 1

4(m+1
2 )

)(2p+1)

× q−
(2mr+s)2

4m
− 1

2
(2mr+s)(2p+1)

[
θs,m + θ−s,m

]
(τ, z) (4.2)

The LHS of this equation (4.2) becomes by Note 2.1 as follows:

LHS of (4.2) = e
− πim

2m+1 q
− m2

2(2m+1)
(2p+1)2

θ
(−)

2mp+m+ 1
2
,m+ 1

2

(τ, 0) · Φ[m,0] ∗(τ, z1, z2, 0)
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Also (I) is computed by using Notes 2.2 and 2.3 as follows:

(I) = −
θ
(−)

− 1
2
,m+ 1

2

(
τ, z +

(2p+ 1)τ − 1

2m+ 1

)

ϑ11

(
τ,
z

2
+

(2p + 1)τ − 1

2

) +
θ
(−)
1
2
, m+ 1

2

(
τ, z − (2p + 1)τ − 1

2m+ 1

)

ϑ11

(
τ,
z

2
− (2p + 1)τ − 1

2

)

= −
e

πi
2(2m+1) q

− 1

16(m+1
2 )

(2p+1)2

e−
πi
2
(2p+1)zθp,m+ 1

2
(τ, 0)

q−
1
8
(2p+1)2e−

πi
2
(2p+1)zθ0, 1

2
(τ, z)

+
e

πi
2(2m+1) q

− 1

16(m+1
2 )

(2p+1)2

e
πi
2
(2p+1)zθ−p,m+ 1

2
(τ, 0)

− q−
1
8
(2p+1)2e

πi
2
(2p+1)zθ0, 1

2
(τ, z)

= − e
πi

2(2m+1) q
m

8(m+1
2 )

(2p+1)2 1

θ0, 1
2
(τ, z)

·
[
θp,m+ 1

2
+ θ−p,m+ 1

2

]
(τ, 0)

Then substituting these into (4.2) and multiplying e
πim
2m+1 and rewriting the 2nd terms in the

RHS of (4.2) by using

∑

j, r ∈Z

0<r≤ j

−
∑

j, r∈Z

j < r≤ 0

=

[ ∑

j, r ∈Z

0≤ r≤ j

−
∑

j, r ∈Z

j < r < 0

]
−

∑

r=0
j ∈Z

(4.3)

the above formula (4.2) becomes as follows:

q
− m2

2(2m+1)
(2p+1)2

θ
(−)

2mp+m+ 1
2
,m+ 1

2

(τ, 0)Φ[m,0] ∗(τ, z1, z2, 0)

= q
m

8(m+1
2 )

(2p+1)2 η(τ)3

θ0, 1
2
(τ, z)

·
[
θp,m+ 1

2
+ θ−p,m+ 1

2

]
(τ, 0)

−
[ ∑

j, r∈Z

0≤ r≤ j

−
∑

j, r∈Z

j < r< 0

] ∑

s∈Z
0≤ s≤m

(−1)j+s q
(m+ 1

2
)(j+ 1

2
+ 2pm

2m+1
)2 − m2

2(2m+1)
(2p+1)2

× q−
1

4m
[2m(r+ 1

2
)−s+2mp]2 + m

4
(2p+1)2

[
θs,m + θ−s,m

]
(τ, z)

+
∑

j∈Z

(−1)j q(m+ 1
2
)(j+ 1

2
+ 2pm

2m+1
)2

︸ ︷︷ ︸
||

θ
(−)

2mp+m+ 1
2
,m+ 1

2

(τ, 0)

q
− m2

2(2m+1)
(2p+1)2

×
∑

s∈Z
0≤ s≤m

(−1)sq−
1

4m
s2+ s

2
(2p+1)

[
θs,m + θ−s,m

]
(τ, z)
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−
[ ∑

j, r∈Z

0≤ r < j

−
∑

j, r∈Z

j≤ r < 0

] ∑

s∈Z
0<s<m

(−1)j+s q
(m+ 1

2
)(j+ 1

2
+ 2pm

2m+1
)2 − m2

2(2m+1)
(2p+1)2

× q−
1

4m
[2m(r+ 1

2
)+s+2mp]2 + m

4
(2p+1)2

[
θs,m + θ−s,m

]
(τ, z) (4.4)

Multiplying q
m2

2(2m+1)
(2p+1)2

and replacing
∑

j,r∈Z with
∑

j′,r′∈ 1
2
Zodd

by putting j + 1
2 = j′ and

r + 1
2 = r′ in the above formula (4.4), we obtain

θ
(−)

2mp+m+ 1
2
,m+ 1

2

(τ, 0)Φ[m,0] ∗(τ, z1, z2, 0)

= q
m
4
(2p+1)2 η(τ)3

θ0, 1
2
(τ, z)

·
[
θp,m+ 1

2
+ θ−p,m+ 1

2

]
(τ, 0)

−
[ ∑

j′, r′ ∈ 1
2
Zodd

0≤ r′≤ j′

−
∑

j′, r′ ∈ 1
2
Zodd

j′ <r′ < 0

] ∑

k∈Z
0≤ k≤m

(−1)j
′− 1

2
+k q(m+ 1

2
)(j′+ 2pm

2m+1
)2

× q−
1

4m
[2mr′−k+2mp]2 + m

4
(2p+1)2

[
θk,m + θ−k,m

]
(τ, z)

+ θ
(−)

2mp+m+ 1
2
,m+ 1

2

(τ, 0)
∑

k ∈Z
0≤ k≤m

(−1)kq−
1

4m
k2+ k

2
(2p+1)

[
θk,m + θ−k,m

]
(τ, z)

−
[ ∑

j′, r′ ∈ 1
2
Zodd

0≤ r′ <j′

−
∑

j′, r′ ∈ 1
2
Zodd

j′≤ r′ < 0

] ∑

k∈Z
0<k<m

(−1)j
′− 1

2
+k q(m+ 1

2
)(j′+ 2pm

2m+1
)2

× q−
1

4m
[2mr′+k+2mp]2 + m

4
(2p+1)2

[
θk,m + θ−k,m

]
(τ, z)

proving Lemma 4.1.

4.2 Φ[m,0] ∗(τ, z1, z2, t) ∼ the case z1 − z2 = (1 + 2p)τ

Lemma 4.2. For m ∈ N and p ∈ Z, the following formula holds:

θ
(−)

2mp+m+ 1
2
,m+ 1

2

(τ, 0)Φ[m,0] ∗
(
τ,

z

2
+
τ

2
+ pτ,

z

2
− τ

2
+ pτ, 0

)

= (−1)p q
m
4
(2p+1)2 η(τ)3

θ
(−)

0, 1
2

(τ, z)
·
[
θ
(−)

p,m+ 1
2

+ θ
(−)

−p,m+ 1
2

]
(τ, 0)

−
[ ∑

j, r ∈ 1
2
Zodd

0≤ r < j

−
∑

j, r∈ 1
2
Zodd

j≤ r < 0

] ∑

k∈Z
0<k<m

(−1)j−
1
2 q

(m+ 1
2
)(j+ 2pm

2m+1
)2

× q−
1

4m
[2mr+k+2mp]2 + m

4
(2p+1)2

[
θk,m + θ−k,m

]
(τ, z)
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−
[ ∑

j, r ∈ 1
2
Zodd

0≤ r≤ j

−
∑

j, r∈ 1
2
Zodd

j < r < 0

] ∑

k∈Z
0≤ k≤m

(−1)j−
1
2 q(m+ 1

2
)(j+ 2pm

2m+1
)2

× q−
1

4m
[2mr−k+2mp]2 + m

4
(2p+1)2

[
θk,m + θ−k,m

]
(τ, z)

+ θ
(−)

2mp+m+ 1
2
,m+ 1

2

(τ, 0)
∑

k∈Z
0≤ k≤m

q−
1

4m
k2+ k

2
(2p+1)

[
θk,m + θ−k,m

]
(τ, z) (4.5)

Proof. Letting

{
z1 = z

2 + τ
2 + pτ

z2 = z
2 − τ

2 − pτ
namely

{
z1 + z2 = z

z1 − z2 = (2p + 1)τ
in the formula (3.7)

in Proposition 3.2, we have

θ
(−)
1
2
,m+ 1

2

(
τ,

m(2p + 1)τ

m+ 1
2

)
Φ[m,0] ∗(τ, z1, z2, 0)

= i η(τ)3

{
−
θ
(−)

− 1
2
,m+ 1

2

(
τ, z +

(2p + 1)τ

2m+ 1

)

ϑ11(τ, z1)
+
θ
(−)
1
2
,m+ 1

2

(
τ, z − (2p + 1)τ

2m+ 1

)

ϑ11(τ, z2)︸ ︷︷ ︸
(I)

}

−
[ ∑

j, r ∈Z

0<r≤ j

−
∑

j, r ∈Z

j < r≤ 0

] ∑

s∈Z
0≤ s≤m

(−1)j q
(m+ 1

2
)(j+ 1

4(m+1
2 )

)2

q−
(2mr−s)2

4m

× e
2πim(j+ 1

4(m+1
2 )

)(2p+1)τ
e−πi(2mr−s)(2p+1)τ

[
θs,m + θ−s,m

]
(τ, z)

−
[ ∑

j, r ∈Z

0≤ r < j

−
∑

j, r ∈Z

j≤ r < 0

] ∑

s∈Z
0<s<m

(−1)j q
(m+ 1

2
)(j+ 1

4(m+1
2 )

)2

q−
(2mr+s)2

4m

× e
2πim(j+ 1

4(m+1
2 )

)(2p+1)τ
e−πi(2mr+s)(2p+1)τ

[
θs,m + θ−s,m

]
(τ, z)

= i η(τ)3 × (I)

−
[ ∑

j, r ∈Z

0<r≤ j

−
∑

j, r ∈Z

j < r≤ 0

] ∑

s∈Z
0≤ s≤m

(−1)j q
(m+ 1

2
)(j+ 1

4(m+1
2 )

)2 +m(j+ 1

4(m+1
2 )

)(2p+1)

× q−
(2mr−s)2

4m
− 1

2
(2mr−s)(2p+1)

[
θs,m + θ−s,m

]
(τ, z)

−
[ ∑

j, r ∈Z

0≤ r < j

−
∑

j, r ∈Z

j≤ r < 0

] ∑

s∈Z
0<s<m

(−1)j q
(m+ 1

2
)(j+ 1

4(m+1
2 )

)2 +m(j+ 1

4(m+1
2 )

)(2p+1)
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× q−
(2mr+s)2

4m
− 1

2
(2mr+s)(2p+1)

[
θs,m + θ−s,m

]
(τ, z) (4.6)

The LHS of this equation (4.6) becomes by Note 2.1 as follows

LHS of (4.6) = q
− m2

2(2m+1)
(2p+1)2

θ
(−)

2mp+m+ 1
2
,m+ 1

2

(τ, 0)Φ[m,0] ∗(τ, z1, z2, 0)

Also (I) is computed by using Notes 2.2 and 2.3 as follows:

(I) = −
θ
(−)

− 1
2
, m+ 1

2

(
τ, z +

(2p + 1)τ

2m+ 1

)

ϑ11

(
τ,
z

2
+

(2p + 1)τ

2

) +
θ
(−)
1
2
,m+ 1

2

(
τ, z − (2p+ 1)τ

2m+ 1

)

ϑ11

(
τ,
z

2
− (2p+ 1)τ

2

)

= −
q
− 1

16(m+1
2 )

(2p+1)2

e−
πi
2
(2p+1)zθ

(−)

p,m+ 1
2

(τ, 0)

−i (−1)pq−
1
8
(2p+1)2e−

πi
2
(2p+1)zθ

(−)

0, 1
2

(τ, z)
+
q
− 1

16(m+1
2 )

(2p+1)2

e
πi
2
(2p+1)zθ

(−)

−p,m+ 1
2

(τ, 0)

i (−1)pq−
1
8
(2p+1)2e

πi
2
(2p+1)zθ

(−)

0, 1
2

(τ, z)

= − i (−1)p q
m

8(m+1
2 )

(2p+1)2 1

θ
(−)

0, 1
2

(τ, z)
·
[
θ
(−)

p,m+ 1
2

+ θ
(−)

−p,m+ 1
2

]
(τ, 0)

Then substituting these into (4.6) and rewriting the 2nd term in the RHS of (4.6) by using
(4.3), the above formula (4.6) becomes as follows:

q
− m2

2(2m+1)
(2p+1)2

θ
(−)

2mp+m+ 1
2
,m+ 1

2

(τ, 0)Φ[m,0] ∗(τ, z1, z2, 0)

= (−1)p q
m

8(m+1
2 )

(2p+1)2 η(τ)3

θ
(−)

0, 1
2

(τ, z)
·
[
θ
(−)

p,m+ 1
2

+ θ
(−)

−p,m+ 1
2

]
(τ, 0)

−
[ ∑

j, r ∈Z

0≤ r≤ j

−
∑

j, r ∈Z

j < r < 0

] ∑

s∈Z
0≤ s≤m

(−1)j q
(m+ 1

2
)(j+ 1

2
+ 2pm

2m+1
)2 − m2

4(m+1
2 )

(2p+1)2

× q−
1

4m
[2m(r+ 1

2
)−s+2mp]2 + m

4
(2p+1)2

[
θs,m + θ−s,m

]
(τ, z)

+
∑

j∈Z

(−1)j q(m+ 1
2
)(j+ 1

2
+ 2pm

2m+1
)2

︸ ︷︷ ︸
||

θ
(−)

2mp+m+ 1
2
,m+ 1

2

(τ, 0)

q
− m2

4(m+1
2 )

(2p+1)2

×
∑

s∈Z
0≤ s≤m

q−
1

4m
s2+ s

2
(2p+1)

[
θs,m + θ−s,m

]
(τ, z)

−
[ ∑

j, r ∈Z

0≤ r < j

−
∑

j, r ∈Z

j ≤ r < 0

] ∑

s∈Z
0<s<m

(−1)j q
(m+ 1

2
)(j+ 1

2
+ 2pm

2m+1
)2 − m2

2(2m+1)
(2p+1)2
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× q−
1

4m
[2m(r+ 1

2
)+s+2mp]2 + m

4
(2p+1)2

[
θs,m + θ−s,m

]
(τ, z) (4.7)

Multiplying q
m2

2(2m+1)
(2p+1)2

and replacing
∑

j,r∈Z with
∑

j′,r′∈ 1
2
Zodd

by putting j + 1
2 = j′ and

r + 1
2 = r′ in the above formula (4.7), we obtain

θ
(−)

2mp+m+ 1
2
,m+ 1

2

(τ, 0)Φ[m,0] ∗(τ, z1, z2, 0)

= (−1)p q
m
4
(2p+1)2 η(τ)3

θ
(−)

0, 1
2

(τ, z)
·
[
θ
(−)

p,m+ 1
2

+ θ
(−)

−p,m+ 1
2

]
(τ, 0)

−
[ ∑

j′, r′ ∈ 1
2
Zodd

0≤ r′ <j′

−
∑

j′, r′ ∈ 1
2
Zodd

j′≤ r′ < 0

] ∑

k∈Z
0<k<m

(−1)j
′− 1

2 q
(m+ 1

2
)(j′+ 2pm

2m+1
)2

× q−
1

4m
[2mr′+k+2mp]2 + m

4
(2p+1)2

[
θk,m + θ−k,m

]
(τ, z)

−
[ ∑

j′, r′ ∈ 1
2
Zodd

0≤ r′≤ j′

−
∑

j′, r′ ∈ 1
2
Zodd

j′ <r′ < 0

] ∑

k∈Z
0≤ k≤m

(−1)j
′− 1

2 q(m+ 1
2
)(j′+ 2pm

2m+1
)2

× q−
1

4m
[2mr′−k+2mp]2 + m

4
(2p+1)2

[
θk,m + θ−k,m

]
(τ, z)

+
∑

j∈Z

(−1)j q(m+
1
2 )(j+

m+1
2+2pm

2m+1
)2

︸ ︷︷ ︸
||

θ
(−)

2mp+m+ 1
2
,m+ 1

2

(τ, 0)

∑

j, r ∈Z

0≤ k≤m

q−
1

4m
k2+ k

2
(2p+1)

[
θk,m + θ−k,m

]
(τ, z)

proving Lemma 4.2.

5 Φ
[m,0] ∗
add (τ, z1, z2, t) ∼ the case z1 − z2 = 2aτ + 2b

Lemma 5.1. Let m ∈ 1
2N, j, a ∈ 1

2Z and b ∈ Q such that 4mb ∈ Z. Then the functions

Pj,m(τ, z) := P
(+)
j,m (τ, z) and Qj,m(τ, z) := Q

(+)
j,m(τ, z) defined by the formulas (4.1a) and (4.1b)

in [17] satisfy the following:

1) Pj,m(τ, aτ + b) + e4πijb e8πimab P−j,m(τ, aτ + b) = 0

2) Qj,m(τ, aτ + b) + e4πijb e8πimabQ−j,m(τ, aτ + b)

= e2πijb e8πimab
∑

k,∈Z

0≤ k≤ 2a

e4πimbkq−
1

4m
(j+2m(2a−k))(j−2mk)

+ e2πijb
∑

k∈Z
0≤ k≤ 2a

e4πimbkq−
1

4m
(j−2m(2a−k))(j+2mk)
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Proof. The claim 1) follows from (4.4) in [17] and the claim 2) follows from (4.6b) in [17], since
e−8πimab = e8πimab.

Lemma 5.2. Let m ∈ N, a, b ∈ 1
2Z and j ∈ Z. Then

1) Rj,m(τ, aτ + b) +R2m−j,m(τ, aτ + b) = 2 e2πijb
∑
k∈Z

1≤ k≤ 2a

q−
1

4m
(j+2m(2a−k))(j−2mk)

2) R0,m(τ, aτ + b) =
∑
k∈Z

0≤ k≤ 2a

qmk(2a−k)

Proof. The claim 1) is obtained immediately from Lemma 4.1 in [17].

To prove the claim 2) we note, by letting j = 0 in Lemma 5.1, that

P0,m(τ, aτ + b) = 0

and that

Q0,m(τ, aτ + b) =
1

2

∑

k∈Z
0≤ k≤ 2a

{
q−

1
4m
·2m(2a−k)(−2mk) + q

1
4m
·2m(2a−k) 2mk

︸ ︷︷ ︸
||

2 qmk(2a−k)

}

=
∑

k ∈Z
0≤ k≤ 2a

qmk(2a−k)

Thus we have

R0,m(τ, aτ + b) = P0,m(τ, aτ + b) +Q0,m(τ, aτ + b) =
∑

k∈Z
0≤ k≤ 2a

qmk(2a−k)

proving Lemma 5.2.

Using the above Lemmas 5.1 and 5.2, the Zwegers’ additional function

Φ
[m,0]∗
add (τ, z1, z2, 0) := Φ

[m,0]
1, add(τ, z1, z2, 0) + Φ

[m,0]
2, add(τ, z1, z2, 0)

is obtained as follows:

Proposition 5.1. Let m ∈ N and a, b ∈ 1
2Z. Then, for z1 and z2 satisfying z1− z2 = 2aτ +2b,

the correction function Φ
[m,0] ∗
add (τ, z1, z2, 0) is given by the following formula:

Φ
[m,0] ∗
add (τ, z1, z2, 0) = −

∑

k∈Z
0≤ k≤ 2a

qmk(2a−k) θ0,m(τ, z1 + z2)

− 1

2

∑

j∈Z

0<j < 2m

e2πijb
∑

k∈Z
1≤ k≤ 2a

q−
1

4m
(j+2m(2a−k))(j−2mk)

[
θj,m + θ−j,m

]
(τ, z1 + z2) (5.1)
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Proof. By the formula for Φ
[m,0]
i, add in [17], we have

Φ
[m,0] ∗
add (τ, z1, z2, 0) = − 1

2

∑

j∈Z

0≤ j < 2m︸ ︷︷ ︸
||∑

j=0

+
∑

j∈Z

0<j < 2m

Rj,m(τ, aτ + b)
[
θj,m + θ−j,m

]
(τ, z1 + z2)

= − 1

2
R0,m(τ, aτ + b)︸ ︷︷ ︸

||∑

k∈Z
0≤ k≤ 2a

qmk(2a−k) by Lemma 5.2

× 2 θ0,m(τ, z1 + z2)

− 1

4

∑

j∈Z

0<j < 2m

Rj,m(τ, aτ + b)
[
θj,m + θ−j,m

]
(τ, z1 + z2)

− 1

4

∑

j∈Z

0<j < 2m

R2m−j,m(τ, aτ + b)
[
θ2m−j,m + θ−(2m−j),m︸ ︷︷ ︸

||

θj,m + θ−j,m

]
(τ, z1 + z2)

= −
∑

k ∈Z
0≤ k≤ 2a

qmk(2a−k) θ0,m(τ, z1 + z2)

− 1

4

∑

j∈Z

0<j < 2m

{
R2m−j,m(τ, aτ + b) +Rj,m(τ, aτ + b)

} [
θj,m + θ−j,m

]
(τ, z1 + z2)

Then, using Lemma 5.2, this is rewritten as follows:

= −
∑

k∈Z
0≤ k≤ 2a

qmk(2a−k) θ0,m(τ, z1 + z2)

− 1

4

∑

j∈Z

0<j < 2m

2 e2πijb
∑

k∈Z
1≤ k≤ 2a

q−
1

4m
(j+2m(2a−k))(j−2mk)

[
θj,m + θ−j,m

]
(τ, z1 + z2)

= −
∑

k∈Z
0≤ k≤ 2a

qmk(2a−k) θ0,m(τ, z1 + z2)
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− 1

2

∑

j∈Z

0<j < 2m

e2πijb
∑

k∈Z
1≤ k≤ 2a

q−
1

4m
(j+2m(2a−k))(j−2mk)

[
θj,m + θ−j,m

]
(τ, z1 + z2)

proving Proposition 5.1.

Using the above Proposition 5.1, the Zwegers’s additional functions Φ
[m,0] ∗
add (τ, z1, z2, 0) for

(z1, z2) =
z
2 + τ

2 − 1
2 ,

z
2 − τ

2 + 1
2) and (z1, z2) = (z2 + τ

2 ,
z
2 − τ

2 ) are obtained as follows:

Lemma 5.3. For m ∈ N, the following formulas hold:

1) Φ
[m,0] ∗
add

(
τ,
z

2
+
τ

2
− 1

2
,
z

2
− τ

2
+

1

2
, 0
)

= − ∑
j∈Z

0≤ j≤ 2m

(−1)j q−
1

4m
j(j−2m)θj,m(τ, z)

2) Φ
[m,0] ∗
add

(
τ,
z

2
+
τ

2
,
z

2
− τ

2
, 0
)

= − ∑
j∈Z

0≤ j≤ 2m

q−
1

4m
j(j−2m)θj,m(τ, z)

Proof. 1) In the case

{
z1 = z

2 + τ
2 − 1

2
z2 = z

2 − τ
2 + 1

2

, letting

{
2a = 1
2b = −1

in (5.1), we have

Φ
[m,0]∗
add (τ, z1, z2, 0) = −

∑

k∈Z
0≤ k≤ 1

qmk(1−k)

︸ ︷︷ ︸
2

θ0,m(τ, z1 + z2)

− 1

2

∑

j∈Z

0<j < 2m

e−πij
∑

k∈Z
1≤ k≤ 1

q−
1

4m
(j+2m(1−k))(j−2mk)

[
θj,m + θ−j,m

]
(τ, z)

= − 2 θ0,m(τ, z1 + z2) − 1

2

∑

j∈Z

0<j < 2m

(−1)j q−
1

4m
j(j−2m)

[
θj,m + θ−j,m

]
(τ, z)

= − 2θ0,m(τ, z) − 1

2

∑

j∈Z

0<j < 2m

(−1)jq−
1

4m
j(j−2m)θj,m(τ, z) −

1

2

∑

j∈Z

0<j < 2m

(−1)jq−
1

4m
j(j−2m)θ−j,m(τ, z)

︸ ︷︷ ︸
|| ← 2m−j = j′∑

j∈Z

0<j′ < 2m

(−1)j
′

q−
1

4m
j′(j′−2m)θj′,m(τ, z)

= − 2 θ0,m(τ, z) −
∑

j∈Z

0<j < 2m

(−1)j q−
1

4m
j(j−2m)θj,m(τ, z)

proving 1).
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2) In the case

{
z1 = z

2 + τ
2

z2 = z
2 − τ

2

, letting

{
2a = 1
2b = 0

in (5.1), we have

Φ
[m,0]∗
add (τ, z1, z2, 0) = −

∑

k ∈Z
0≤ k≤ 1

qmk(1−k)

︸ ︷︷ ︸
2

θ0,m(τ, z1 + z2)

− 1

2

∑

j∈Z

0<j < 2m

∑

k ∈Z
1≤ k≤ 1

q−
1

4m
(j+2m(1−k))(j−2mk)

︸ ︷︷ ︸
||

q−
1

4m
j(j−2m)

[
θj,m + θ−j,m

]
(τ, z)

= − 2 θ0,m(τ, z1 + z2) − 1

2

∑

j∈Z

0<j < 2m

q−
1

4m
j(j−2m)

[
θj,m + θ−j,m

]
(τ, z)

= − 2 θ0,m(τ, z) − 1

2

∑

j∈Z

0<j < 2m

q−
1

4m
j(j−2m)θj,m(τ, z) −

1

2

∑

j∈Z

0<j < 2m

q−
1

4m
j(j−2m)θ−j,m(τ, z)

︸ ︷︷ ︸
|| ← 2m−j = j′∑

j∈Z

0<j′ < 2m

q−
1

4m
j′(j′−2m)θj′,m(τ, z)

= − 2 θ0,m(τ, z) −
∑

j∈Z

0<j < 2m

q−
1

4m
j(j−2m)θj,m(τ, z)

proving 2).

6 Φ[m,0] ∗(τ, z1 + pτ, z2 − pτ, 0)

6.1 Φ[m,0] ∗(τ, z1 + pτ, z2 − pτ, t) ∼ the case z1 − z2 = τ − 1

Lemma 6.1. For m ∈ N and p ∈ Z, the following formula holds:

Φ[m,0] ∗
(
τ,

z

2
+
τ

2
− 1

2
+ pτ,

z

2
− τ

2
+

1

2
− pτ, 0

)

= qmp(p+1)

{
Φ̃[m,0] ∗

(
τ,

z

2
+
τ

2
− 1

2
,
z

2
− τ

2
+

1

2
, 0
)

+
∑

r ∈Z
−p≤ r≤ p

∑

k∈Z
0≤ k <m

(−1)k q−
1

4m
(2mr+k)(2m(r−1)+k)

[
θk,m + θ−k,m

]
(τ, z)
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− 2
∑

r ∈Z
0≤ r≤ p−1

q−mr(r+1)θ0,m(τ, z) + (−1)m
∑

r ∈Z
−p≤ r≤ p

q−
m
4
(2r+1)(2r−1) θm,m(τ, z)

}
(6.1)

Proof. Letting

{
z1 = z

2 + τ
2 − 1

2

z2 = z
2 − τ

2 + 1
2

namely

{
z1 − z2 = τ − 1
z1 + z2 = z

in the formula (2.2) in

Lemma 2.2, we have

Φ[m,0]∗(τ, z1 + pτ, z2 − pτ, 0)

= e2πimp(τ−1)qmp2
{
Φ[m,0] ∗(τ, z1, z2, 0) +

∑

k∈Z
1≤ k≤ 2pm

e−πik(τ−1)q−
1

4m
k2
[
θk,m + θ−k,m

]
(τ, z)

}

= qmp(p+1)

{
Φ[m,0] ∗(τ, z1, z2, 0) +

∑

k∈Z
1≤ k≤ 2pm

(−1)kq−
1

4m
(k2+2mk)

[
θk,m + θ−k,m

]
(τ, z)

︸ ︷︷ ︸
(I)

}
(6.2)

We compute (I) by putting k = 2mr + k′ (0 ≤ r < p, 1 ≤ k′ ≤ 2m) as follows:

(I) =
∑

r ∈Z
0≤r<p

∑

k′ ∈Z

1≤ k′≤ 2m

(−1)2mr+k′q−
1

4m
(2mr+k′)(2mr+k′+2m)

[
θ2mr+k′,m + θ−(2mr+k′),m

]
(τ, z)

=
∑

r ∈Z
0≤ r < p

∑

k′ ∈Z

1≤ k′≤ 2m

(−1)k
′

q−
1

4m
(2mr+k′)(2m(r+1)+k′) θk′,m(τ, z)

︸ ︷︷ ︸
(A)

+
∑

r∈Z
0≤ r <p

∑

k′ ∈Z

1≤ k′≤ 2m

(−1)k
′

q−
1

4m
(2mr+k′)(2m(r+1)+k′) θ−k′,m(τ, z)

︸ ︷︷ ︸
(B)

where (A) is computed by using

∑

k∈Z
1≤ k≤ 2m

=
∑

k∈Z
0≤ k < 2m

−
∑

k=0

+
∑

k=2m

(6.3)

as follows:

(A) =
∑

r ∈Z
0≤ r < p

∑

k ∈Z
0≤ k < 2m

(−1)kq−
1

4m
(2mr+k)(2m(r+1)+k) θk,m(τ, z)
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−
∑

r ∈Z
0≤ r <p

q−
1

4m
2mr·2m(r+1)

︸ ︷︷ ︸
||

q−mr(r+1)

θ0,m(τ, z) +
∑

r ∈Z
0≤ r < p

q−
1

4m
(2mr+2m)(2m(r+1)+2m)

︸ ︷︷ ︸
||∑

r ∈Z
1≤ r≤ p

q−mr(r+1)

θ2m,m︸ ︷︷ ︸
||

θ0,m

(τ, z)

=
∑

r ∈Z
0≤ r <p

∑

k∈Z
0≤ k< 2m

(−1)kq−
1

4m
(2mr+k)(2m(r+1)+k) θk,m(τ, z)

+

{
−

∑

r∈Z
0≤ r < p

+
∑

r ∈Z
1≤ r≤ p

}
q−mr(r+1) θ0,m(τ, z)

=
∑

r ∈Z
0≤ r <p

∑

k∈Z
0≤ k< 2m

(−1)kq−
1

4m
(2mr+k)(2m(r+1)+k) θk,m(τ, z) +

{
q−mp(p+1) − 1

}
θ0,m(τ, z)

And (B) becomes by putting k′ = 2m− k and r + 2 = −r′ as follows:

(B) =
∑

r′ ∈Z

−p−1≤ r′≤−1

∑

k′ ∈Z

0≤ k′ < 2m

(−1)k
′

q−
1

4m
(2mr′+k′)(2m(r′+1)+k′) θk′,m(τ, z)

−
∑

k′ ∈Z

0≤ k′ < 2m

(−1)k
′

q−
1

4m
(−2m+k′)k′ θk′,m(τ, z)

Then (I) becomes as follows:

(I) = (A) + (B)

=
∑

k∈Z
0≤ k< 2m

(−1)k
∑

r ∈Z
−p−1≤ r <p

q−
1

4m
(2mr+k)(2m(r+1)+k)

︸ ︷︷ ︸
|| ← r+1= r′∑

r′ ∈Z

−p≤ r′≤ p

q−
1

4m
(2m(r′−1)+k)(2mr′+k)

θk,m(τ, z)

−
∑

k ∈Z
0≤ k < 2m

(−1)kq−
1

4m
(−2m+k)k θk,m(τ, z) − θ0,m(τ, z)

︸ ︷︷ ︸
||

−
∑

k ∈Z
0≤ k≤ 2m

(−1)kq−
1

4m
(−2m+k)k θk,m(τ, z)

+ q−mp(p+1) θ0,m(τ, z) (6.4)
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Then substituting (6.4) into (6.2), we have

Φ[m,0] ∗(τ, z1 + pτ, z2 − pτ, 0) = qmp(p+1)
{
Φ[m,0] ∗(τ, z1, z2, 0) + (I)

}

= qmp(p+1)

{
Φ[m,0] ∗(τ, z1, z2, 0)

+
∑

r∈Z
−p≤ r≤ p

∑

k∈Z
0≤ k< 2m

(−1)kq−
1

4m
(2mr+k)(2m(r−1)+k) θk,m(τ, z)

−
∑

k ∈Z
0≤ k≤ 2m

(−1)kq−
1

4m
k(k−2m)θk,m(τ, z)

︸ ︷︷ ︸
||

Φ
[m,0]∗
add (τ, z1, z2, 0) by Lemma 5.3

+ q−mp(p+1) θ0,m(τ, z)

}

= qmp(p+1)

{
Φ̃[m,0] ∗(τ, z1, z2, 0) +

∑

r∈Z
−p≤ r≤ p

∑

k∈Z
0≤ k< 2m

(−1)kq−
1

4m
(2mr+k)(2m(r−1)+k)θk,m(τ, z)

︸ ︷︷ ︸
(II)

+ q−mp(p+1) θ0,m(τ, z)

}
(6.5)

We go further to compute
(II) = (II)A + (II)B

where

(II)A :=
∑

r∈Z
−p≤ r≤ p

∑

k∈Z
0≤ k≤m

(−1)kq−
1

4m
(2mr+k)(2m(r−1)+k)θk,m(τ, z)

(II)B :=
∑

r∈Z
−p≤ r≤ p

∑

k∈Z
m<k< 2m

(−1)kq−
1

4m
(2mr+k)(2m(r−1)+k)θk,m(τ, z)

First we compute (II)A :

(II)A =
∑

r∈Z
−p≤ r≤ p

∑

k∈Z
0≤ k≤m︸ ︷︷ ︸
||∑

k ∈Z
0≤ k<m

+
∑

k=m

(−1)k q−
1

4m
(2mr+k)(2m(r−1)+k)θk,m(τ, z)

=
∑

r∈Z
−p≤ r≤ p

∑

k∈Z
0≤ k <m

(−1)k q−
1

4m
(2mr+k)(2m(r−1)+k)θk,m(τ, z)
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+ (−1)m
∑

r ∈Z
−p≤ r≤ p

q−
m
4
(2r+1)(2r−1) θm,m(τ, z) (6.6a)

Next, (II)B is rewitten as follows by putting k = 2m− k′:

(II)B =
∑

r ∈Z
−p≤ r≤ p

∑

k′ ∈Z

0<k′ <m

(−1)k
′

q−
1

4m
(2m(r+1)−k′)(2mr−k′)θ−k′,m(τ, z)

=
↑

r=−r′

∑

r′ ∈Z

−p≤ r′≤ p

∑

k′ ∈Z

0<k′ <m︸ ︷︷ ︸
||∑

k′ ∈Z

0≤ k′ <m

−
∑

k′=0

(−1)k
′

q−
1

4m
(2m(r′−1)+k′)(2mr′+k′)θ−k′,m(τ, z)

=
∑

r′ ∈Z

−p≤ r′≤ p

∑

k′ ∈Z

0≤ k′ <m

(−1)k
′

q−
1

4m
(2m(r′−1)+k′)(2mr′+k′)θ−k′,m(τ, z)

−
∑

r′ ∈Z

−p≤ r′≤ p

q−mr′(r′−1) θ0,m(τ, z)

︸ ︷︷ ︸
||

− 2
∑

r ∈Z
0≤ r≤ p−1

q−mr(r+1) θ0,m(τ, z) − q−mp(p+1)θ0,m(τ, z)

(6.6b)

Then by (6.6a) and (6.6b), we have

(II) + q−mp(p+1)θ0,m(τ, z)

=
∑

r∈Z
−p≤ r≤ p

∑

k ∈Z
0≤ k<m

(−1)k q−
1

4m
(2mr+k)(2m(r−1)+k)

[
θk,m + θ−k,m

]
(τ, z)

− 2
∑

r ∈Z
0≤ r≤ p−1

q−mr(r+1)θ0,m(τ, z) + (−1)m
∑

r∈Z
−p≤ r≤ p

q−
m
4
(2r+1)(2r−1) θm,m(τ, z) (6.7)

Substituting this equation (6.7) into (6.2), we obtain

Φ[m,0] ∗(τ, z1 + pτ, z2 − pτ, 0) = qmp(p+1)

{
Φ̃[m,0] ∗(τ, z1, z2, 0)

+
∑

r∈Z
−p≤ r≤ p

∑

k∈Z
0≤ k<m

(−1)k q−
1

4m
(2mr+k)(2m(r−1)+k)

[
θk,m + θ−k,m

]
(τ, z)
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− 2
∑

r ∈Z
0≤ r≤ p−1

q−mr(r+1)θ0,m(τ, z) + (−1)m
∑

r ∈Z
−p≤ r≤ p

q−
m
4
(2r+1)(2r−1) θm,m(τ, z)

}

proving Lemma 6.1.

6.2 Φ[m,0] ∗(τ, z1 + pτ, z2 − pτ, t) ∼ the case z1 − z2 = τ

Lemma 6.2. For m ∈ N and p ∈ Z, the following formula holds:

Φ[m,0] ∗
(
τ,

z

2
+
τ

2
+ pτ,

z

2
− τ

2
− pτ, 0

)

= qmp(p+1)

{
Φ̃[m,0] ∗

(
τ,

z

2
+
τ

2
,
z

2
− τ

2
, 0
)

+
∑

r ∈Z
−p≤ r≤ p

∑

k∈Z
0≤ k <m

q−
1

4m
(2mr+k)(2m(r−1)+k)

[
θk,m + θ−k,m

]
(τ, z)

− 2
∑

r ∈Z
0≤ r≤ p−1

q−mr(r+1)θ0,m(τ, z) +
∑

r ∈Z
−p≤ r≤ p

q−
m
4
(2r+1)(2r−1) θm,m(τ, z)

}
(6.8)

Proof. Letting

{
z1 = z

2 +
τ
2

z2 = z
2 − τ

2

namely

{
z1 − z2 = τ

z1 + z2 = z
in the formula (2.2) in Lemma 2.2,

we have

Φ[m,0] ∗(τ, z1 + pτ, z2 − pτ, 0)

= e2πimpτ qmp2
{
Φ[m,0]∗(τ, z1, z2, 0) +

∑

k∈Z
1≤ k≤ 2pm

e−πikτq−
1

4m
k2
[
θk,m + θ−k,m

]
(τ, z)

}

= qmp(p+1)

{
Φ[m,0] ∗(τ, z1, z2, 0) +

∑

k ∈Z
1≤ k≤ 2pm

q−
1

4m
(k2+2mk)

[
θk,m + θ−k,m

]
(τ, z)

︸ ︷︷ ︸
(I)

}
(6.9)

We compute (I) by putting k = 2mr + k′ (0 ≤ r < p, 1 ≤ k′ ≤ 2m) as follows:

(I) :=
∑

r ∈Z
0≤ r < p

∑

k′ ∈Z

1≤ k′≤ 2m

q−
1

4m
(2mr+k′)(2mr+k′+2m)

[
θ2mr+k′,m + θ−(2mr+k′),m

]
(τ, z)

=
∑

r ∈Z
0≤ r < p

∑

k′ ∈Z

1≤ k′≤ 2m

q−
1

4m
(2mr+k′)(2m(r+1)+k′) θk′,m(τ, z)

︸ ︷︷ ︸
(A)
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+
∑

r∈Z
0≤ r < p

∑

k′ ∈Z

1≤ k′≤ 2m

q−
1

4m
(2mr+k′)(2m(r+1)+k′) θ−k′,m(τ, z)

︸ ︷︷ ︸
(B)

where (A) is computed by using (6.3) as follows:

(A) =
∑

r ∈Z
0≤ r <p

∑

k∈Z
0≤ k< 2m

q−
1

4m
(2mr+k)(2m(r+1)+k) θk,m(τ, z)

−
∑

r∈Z
0≤ r < p

q−
1

4m
2mr·2m(r+1)

︸ ︷︷ ︸
||

q−mr(r+1)

θ0,m(τ, z) +
∑

r∈Z
0≤ r <p

q−
1

4m
(2mr+2m)(2m(r+1)+2m)

︸ ︷︷ ︸
||∑

r∈Z
1≤ r≤ p

q−mr(r+1)

θ2m,m︸ ︷︷ ︸
||

θ0,m

(τ, z)

=
∑

r∈Z
0≤ r < p

∑

k ∈Z
0≤ k< 2m

q−
1

4m
(2mr+k)(2m(r+1)+k) θk,m(τ, z)

+

{
−

∑

r ∈Z
0≤ r <p

+
∑

r∈Z
1≤ r≤ p

}
q−mr(r+1) θ0,m(τ, z)

=
∑

r∈Z
0≤ r < p

∑

k ∈Z
0≤ k< 2m

q−
1

4m
(2mr+k)(2m(r+1)+k) θk,m(τ, z) +

{
q−mp(p+1) − 1

}
θ0,m(τ, z)

And (B) becomes by putting k′ = 2m− k and r + 2 = −r′ as follows:

(B) =
∑

r′ ∈Z

−p−1≤ r′≤−1

∑

k′ ∈Z

0≤ k′ < 2m

q−
1

4m
(2mr′+k′)(2m(r′+1)+k′) θk′,m(τ, z)

−
∑

k′ ∈Z

0≤ k′ < 2m

q−
1

4m
(−2m+k′)k′ θk′,m(τ, z)

Then (I) becomes as follows:

(I) = (A) + (B)
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=
∑

k∈Z
0≤ k< 2m

∑

r∈Z
−p−1≤ r < p

q−
1

4m
(2mr+k)(2m(r+1)+k)

︸ ︷︷ ︸
|| ← r+1= r′∑

r′ ∈Z

−p≤ r′≤ p

q−
1

4m
(2m(r′−1)+k)(2mr′+k)

θk,m(τ, z)

−
∑

k∈Z
0≤ k< 2m

q−
1

4m
(−2m+k)k θk,m(τ, z) − θ0,m(τ, z)

︸ ︷︷ ︸
||

−
∑

k∈Z
0≤ k≤ 2m

q−
1

4m
(−2m+k)k θk,m(τ, z)

+ q−mp(p+1) θ0,m(τ, z) (6.10)

Then substituting (6.10) into (6.9), we have

Φ[m,0] ∗(τ, z1 + pτ, z2 − pτ, 0) = qmp(p+1)
{
Φ[m,0] ∗(τ, z1, z2, 0) + (I)

}

= qmp(p+1)

{
Φ[m,0] ∗(τ, z1, z2, 0) (6.11)

+
∑

r ∈Z
−p≤ r≤ p

∑

k∈Z
0≤ k< 2m

q−
1

4m
(2mr+k)(2m(r−1)+k) θk,m(τ, z)

−
∑

k∈Z
0≤ k≤ 2m

q−
1

4m
k(k−2m)θk,m(τ, z)

︸ ︷︷ ︸
||

Φ
[m,0] ∗
add (τ, z1, z2, 0) by Lemma 5.3

+ q−mp(p+1) θ0,m(τ, z)

}

= qmp(p+1)

{
Φ̃[m,0] ∗(τ, z1, z2, 0) +

∑

r ∈Z
−p≤ r≤ p

∑

k∈Z
0≤ k< 2m

q−
1

4m
(2mr+k)(2m(r−1)+k)θk,m(τ, z)

︸ ︷︷ ︸
(II)

+ q−mp(p+1) θ0,m(τ, z)

}
(6.12)

We go further to compute
(II) = (II)A + (II)B

where

(II)A :=
∑

r ∈Z
−p≤ r≤ p

∑

k∈Z
0≤ k≤m

q−
1

4m
(2mr+k)(2m(r−1)+k)θk,m(τ, z)
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(II)B :=
∑

r ∈Z
−p≤ r≤ p

∑

k∈Z
m<k< 2m

q−
1

4m
(2mr+k)(2m(r−1)+k)θk,m(τ, z)

First we compute (II)A :

(II)A =
∑

r ∈Z
−p≤ r≤ p

∑

k∈Z
0≤ k≤m︸ ︷︷ ︸
||∑

k∈Z
0≤ k<m

+
∑

k=m

q−
1

4m
(2mr+k)(2m(r−1)+k)θk,m(τ, z)

=
∑

r ∈Z
−p≤ r≤ p

∑

k∈Z
0≤ k<m

q−
1

4m
(2mr+k)(2m(r−1)+k)θk,m(τ, z)

+
∑

r∈Z
−p≤ r≤ p

q−
m
4
(2r+1)(2r−1) θm,m(τ, z) (6.13a)

Next, (II)B is rewritten as follows by putting k = 2m− k′ :

(II)B =
∑

r∈Z
−p≤ r≤ p

∑

k′ ∈Z

0<k′ <m

q−
1

4m
(2m(r+1)−k′)(2mr−k′)θ−k′,m(τ, z)

=
↑

r=−r′

∑

r′ ∈Z

−p≤ r′≤ p

∑

k′ ∈Z

0<k′ <m︸ ︷︷ ︸
||∑

k′ ∈Z

0≤ k′ <m

−
∑

k′=0

q−
1

4m
(2m(r′−1)+k′)(2mr′+k′)θ−k′,m(τ, z)

=
∑

r′ ∈Z

−p≤ r′≤ p

∑

k′ ∈Z

0≤ k′ <m

q−
1

4m
(2m(r′−1)+k′)(2mr′+k′)θ−k′,m(τ, z)

−
∑

r′ ∈Z

−p≤ r′≤ p

q−mr′(r′−1) θ0,m(τ, z)

︸ ︷︷ ︸
||

− 2
∑

r∈Z
0≤ r≤ p−1

q−mr(r+1) θ0,m(τ, z) − q−mp(p+1)θ0,m(τ, z)

(6.13b)

Then by (6.13a) and (6.13b), we have

(II) + q−mp(p+1)θ0,m(τ, z)
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=
∑

r∈Z
−p≤ r≤ p

∑

k∈Z
0≤ k <m

q−
1

4m
(2mr+k)(2m(r−1)+k)

[
θk,m + θ−k,m

]
(τ, z)

− 2
∑

r∈Z
0≤ r≤ p−1

q−mr(r+1)θ0,m(τ, z) +
∑

r ∈Z
−p≤ r≤ p

q−
m
4
(2r+1)(2r−1) θm,m(τ, z) (6.14)

Substituting this equation (6.14) into (6.9), we obtain

Φ[m,0] ∗(τ, z1 + pτ, z2 − pτ, 0) = qmp(p+1)

{
Φ̃[m,0] ∗(τ, z1, z2, 0)

+
∑

r ∈Z
−p≤ r≤ p

∑

k∈Z
0≤ k<m

(−1)k q−
1

4m
(2mr+k)(2m(r−1)+k)

[
θk,m + θ−k,m

]
(τ, z)

− 2
∑

r ∈Z
0≤ r≤ p−1

q−mr(r+1)θ0,m(τ, z) +
∑

r ∈Z
−p≤ r≤ p

q−
m
4
(2r+1)(2r−1) θm,m(τ, z)

}

proving Lemma 6.2.

7 Modified function Φ̃[m,0] ∗ with specialization

Proposition 7.1. For m ∈ N and p ∈ Z≥0, the following formulas hold:

1) (−1)p q−
m
4 θ

(−)

p−m− 1
2
,m+ 1

2

(τ, 0) Φ̃[m,0] ∗
(
τ,

z

2
+
τ

2
− 1

2
,
z

2
− τ

2
+

1

2
, 0
)

=
η(τ)3

θ0, 1
2
(τ, z)

·
[
θp,m+ 1

2
+ θ−p,m+ 1

2

]
(τ, 0)

−
[ ∑

j, r ∈ 1
2
Zodd

0≤ r < j

−
∑

j, r∈ 1
2
Zodd

j≤ r < 0

] ∑

k∈Z
0<k<m

(−1)j−
1
2
+k q

(m+ 1
2
)(j+ 2pm

2m+1
)2

× q−
1

4m
[2mr+k+2mp]2

[
θk,m + θ−k,m

]
(τ, z)

−
[ ∑

j, r ∈ 1
2
Zodd

0≤ r≤ j

−
∑

j, r∈ 1
2
Zodd

j < r < 0

] ∑

k∈Z
0≤ k≤m

(−1)j−
1
2
+k q(m+ 1

2
)(j+ 2pm

2m+1
)2

× q−
1

4m
[2mr−k+2mp]2

[
θk,m + θ−k,m

]
(τ, z)

− (−1)p θ
(−)

p−m− 1
2
,m+ 1

2

(τ, 0)
∑

r∈Z
−p< r≤ p

∑

k∈Z
0≤ k<m

(−1)kq−
1

4m
(m(2r−1)+k)2

[
θk,m + θ−k,m

]
(τ, z)

+ 2 (−1)p θ
(−)

p−m− 1
2
,m+ 1

2

(τ, 0)
∑

r ∈Z
0≤ r≤ p−1

q−m(r+ 1
2
)2 θ0,m(τ, z)
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− (−1)m+p θ
(−)

p−m− 1
2
,m+ 1

2

(τ, 0)
∑

r ∈Z
−p< r <p

q−mr2 θm,m(τ, z) (7.1a)

2) (−1)p q−
m
4 θ

(−)

−p+m+ 1
2
,m+ 1

2

(τ, 0) Φ̃[m,0] ∗
(
τ,

z

2
+
τ

2
,
z

2
− τ

2
, 0
)

= (−1)p
η(τ)3

θ
(−)

0, 1
2

(τ, z)
·
[
θ
(−)

p,m+ 1
2

+ θ
(−)

−p,m+ 1
2

]
(τ, 0)

−
[ ∑

j, r∈ 1
2
Zodd

0≤ r < j

−
∑

j, r ∈ 1
2
Zodd

j≤ r < 0

] ∑

k ∈Z
0<k<m

(−1)j−
1
2 q

(m+ 1
2
)(j+ 2pm

2m+1
)2

× q−
1

4m
[2mr+k+2mp]2

[
θk,m + θ−k,m

]
(τ, z)

−
[ ∑

j, r∈ 1
2
Zodd

0≤ r≦ j

−
∑

j, r ∈ 1
2
Zodd

j < r < 0

] ∑

k ∈Z
0≤ k≤m

(−1)j−
1
2 q(m+ 1

2
)(j+ 2pm

2m+1
)2

× q−
1

4m
[2mr−k+2mp]2

[
θk,m + θ−k,m

]
(τ, z)

− θ
(−)

2mp+m+ 1
2
,m+ 1

2

(τ, 0)
∑

r∈Z
−p<r≤ p

∑

k∈Z
0≤ k<m

q−
1

4m
(m(2r−1)+k)2

[
θk,m + θ−k,m

]
(τ, z)

+ 2 θ
(−)

2mp+m+ 1
2
,m+ 1

2

(τ, 0)
∑

r∈Z
0≤ r≤ p−1

q−m(r+ 1
2
)2 θ0,m(τ, z)

− θ
(−)

2mp+m+ 1
2
,m+ 1

2

(τ, 0)
∑

r∈Z
−p<r <p

q−mr2 θm,m(τ, z) (7.1b)

Proof. 1) In the case

{
z1 = z

2 + τ
2 − 1

2

z2 = z
2 − τ

2 + 1
2

, substituting (6.1) into (4.1), we have

θ
(−)

2mp+m+ 1
2
,m+ 1

2

(τ, 0) ×
{
qmp(p+1) Φ̃[m,0] ∗

(
τ,

z

2
+
τ

2
− 1

2
,
z

2
− τ

2
+

1

2
, 0
)

+ qmp(p+1)
∑

r ∈Z
−p≤ r≤ p

∑

k∈Z
0≤ k <m

(−1)kq−
1

4m
(2mr+k)(2m(r−1)+k)

[
θk,m + θ−k,m

]
(τ, z)

− 2 qmp(p+1)
∑

r ∈Z
0≤ r≤ p−1

q−mr(r+1) θ0,m(τ, z)

+ (−1)m qmp(p+1)
∑

r∈Z
−p≤ r≤ p

q−
m
4
(2r+1)(2r−1) θm,m(τ, z)

}
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= q
m
4
(2p+1)2 η(τ)3

θ0, 1
2
(τ, z)

·
[
θp,m+ 1

2
+ θ−p,m+ 1

2

]
(τ, 0)

− q
m
4
(2p+1)2

[ ∑

j, r ∈ 1
2
Zodd

0≤ r < j

−
∑

j, r∈ 1
2
Zodd

j ≤ r < 0

] ∑

k∈Z
0<k<m

(−1)j−
1
2
+k q

(m+ 1
2
)(j+ 2pm

2m+1
)2

× q−
1

4m
[2mr+k+2mp]2

[
θk,m + θ−k,m

]
(τ, z)

− q
m
4
(2p+1)2

[ ∑

j, r ∈ 1
2
Zodd

0≤ r≤ j

−
∑

j, r∈ 1
2
Zodd

j < r < 0

] ∑

k∈Z
0≤ k≤m

(−1)j−
1
2
+k q

(m+ 1
2
)(j+ 2pm

2m+1
)2

× q−
1

4m
[2mr−k+2mp]2

[
θk,m + θ−k,m

]
(τ, z)

+ θ
(−)

2mp+m+ 1
2
,m+ 1

2

(τ, 0)
∑

k∈Z
0≤ k≤m

(−1)kq−
1

4m
k2+ k

2
(2p+1)

[
θk,m + θ−k,m

]
(τ, z)

Multiplying q−
m
4
(2p+1)2 = q−mp(p+1)−m

4 to both sides, we have

q−
m
4 θ

(−)

2mp+m+ 1
2
,m+ 1

2

(τ, 0) Φ̃[m,0] ∗
(
τ,

z

2
+
τ

2
− 1

2
,
z

2
− τ

2
+

1

2
, 0
)

+ q−
m
4 θ

(−)

2mp+m+ 1
2
,m+ 1

2

(τ, 0)

×
∑

r∈Z
−p≤ r≤ p

∑

k∈Z
0≤ k <m

(−1)kq−
1

4m
(2mr+k)(2m(r−1)+k)

[
θk,m + θ−k,m

]
(τ, z)

− 2 q−
m
4 θ

(−)

2mp+m+ 1
2
,m+ 1

2

(τ, 0)
∑

r ∈Z
0≤ r≤ p−1

q−mr(r+1) θ0,m(τ, z)

+ (−1)m q−
m
4 θ

(−)

2mp+m+ 1
2
,m+ 1

2

(τ, 0)
∑

r ∈Z
−p≤ r≤ p

q−
m
4
(2r+1)(2r−1) θm,m(τ, z)

=
η(τ)3

θ0, 1
2
(τ, z)

·
[
θp,m+ 1

2
+ θ−p,m+ 1

2

]
(τ, 0)

−
[ ∑

j, r ∈ 1
2
Zodd

0≤ r < j

−
∑

j, r ∈ 1
2
Zodd

j≤ r < 0

] ∑

k ∈Z
0<k<m

(−1)j−
1
2
+k q

(m+ 1
2
)(j+ 2pm

2m+1
)2

× q−
1

4m
[2mr+k+2mp]2

[
θk,m + θ−k,m

]
(τ, z)

−
[ ∑

j, r ∈ 1
2
Zodd

0≤ r≤ j

−
∑

j, r ∈ 1
2
Zodd

j < r< 0

] ∑

k∈Z
0≤ k≤m

(−1)j−
1
2
+k q

(m+ 1
2
)(j+ 2pm

2m+1
)2
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× q−
1

4m
[2mr−k+2mp]2

[
θk,m + θ−k,m

]
(τ, z)

+ θ
(−)

2mp+m+ 1
2
,m+ 1

2

(τ, 0)
∑

k∈Z
0≤ k≤m

(−1)kq−
1

4m
[k−m(2p+1)]2

[
θk,m + θ−k,m

]
(τ, z)

namely

q−
m
4 θ

(−)

2mp+m+ 1
2
,m+ 1

2

(τ, 0) Φ̃[m,0] ∗
(
τ,

z

2
+
τ

2
− 1

2
,
z

2
− τ

2
+

1

2
, 0
)

=
η(τ)3

θ0, 1
2
(τ, z)

·
[
θp,m+ 1

2
+ θ−p,m+ 1

2

]
(τ, 0)

−
[ ∑

j, r∈ 1
2
Zodd

0≤ r < j

−
∑

j, r ∈ 1
2
Zodd

j≤ r < 0

] ∑

k∈Z
0<k<m

(−1)j−
1
2
+k q

(m+ 1
2
)(j+ 2pm

2m+1
)2

× q−
1

4m
[2mr+k+2mp]2

[
θk,m + θ−k,m

]
(τ, z)

−
[ ∑

j, r∈ 1
2
Zodd

0≤ r≤ j

−
∑

j, r ∈ 1
2
Zodd

j < r < 0

] ∑

k∈Z
0≤ k≤m

(−1)j−
1
2
+k q

(m+ 1
2
)(j+ 2pm

2m+1
)2

× q−
1

4m
[2mr−k+2mp]2

[
θk,m + θ−k,m

]
(τ, z)

+ θ
(−)

2mp+m+ 1
2
,m+ 1

2

(τ, 0)
∑

k∈Z
0≤ k≤m

(−1)kq−
1

4m
[k−m(2p+1)]2

[
θk,m + θ−k,m

]
(τ, z)

︸ ︷︷ ︸
(I)A

− q−
m
4 θ

(−)

2mp+m+ 1
2
,m+ 1

2

(τ, 0)
∑

r ∈Z
−p≤ r≤ p

∑

k∈Z
0≤ k<m

(−1)kq−
1

4m
(2mr+k)(2m(r−1)+k)

[
θk,m + θ−k,m

]
(τ, z)

︸ ︷︷ ︸
(I)B

+ 2 q−
m
4 θ

(−)

2mp+m+ 1
2
,m+ 1

2

(τ, 0)
∑

r ∈Z
0≤ r≤ p−1

q−mr(r+1) θ0,m(τ, z)

− (−1)m q−
m
4 θ

(−)

2mp+m+ 1
2
,m+ 1

2

(τ, 0)
∑

r∈Z
−p≤ r≤ p

q−mr2+m
4 θm,m(τ, z) (7.2a)

Since

− 1

4m
(2mr + k)(2m(r − 1) + k) − m

4
= − 1

4m

(
m(2r − 1) + k

)2
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(I)B becomes as follows:

(I)B = − θ
(−)

2mp+m+ 1
2
,m+ 1

2

(τ, 0)
∑

r ∈Z
−p≤ r≤ p︸ ︷︷ ︸
||∑

r ∈Z
−p< r≤ p

+
∑

r=−p

∑

k∈Z
0≤ k<m

(−1)kq−
1

4m
(m(2r−1)+k)2

[
θk,m + θ−k,m

]
(τ, z)

= − θ
(−)

2mp+m+ 1
2
,m+ 1

2

(τ, 0)
∑

r ∈Z
−p<r≤ p

∑

k∈Z
0≤ k<m

(−1)kq−
1

4m

(
m(2r−1)+k

)2[
θk,m + θ−k,m

]
(τ, z)

− θ
(−)

2mp+m+ 1
2
,m+ 1

2

(τ, 0)
∑

k ∈Z
0≤ k<m

(−1)kq−
1

4m

(
−m(2p+1)+k

)2[
θk,m + θ−k,m

]
(τ, z)

︸ ︷︷ ︸
↑

− (I)A
so

(I)A + (I)B = − θ
(−)

2mp+m+ 1
2
,m+ 1

2

(τ, 0)
∑

r ∈Z
−p< r≤ p

∑

k∈Z
0≤ k<m

(−1)kq−
1

4m
(m(2r−1)+k)2

×
[
θk,m + θ−k,m

]
(τ, z) (7.2b)

Substituting (7.2b) into (7.2a) and noticing that

θ
(−)

2mp+m+ 1
2
,m+ 1

2

(τ, 0) = (−1)p θ
(−)

−p+m+ 1
2
,m+ 1

2

(τ, 0) = (−1)p θ
(−)

p−m− 1
2
,m+ 1

2

(τ, 0) (7.3)

we obtain (7.1a), proving the claim 1).

2) In the case

{
z1 = z

2 + τ
2

z2 = z
2 − τ

2

, substituting (6.8) into (4.5), we have

θ
(−)

2mp+m+ 1
2
,m+ 1

2

(τ, 0) ×
{
qmp(p+1) Φ̃[m,0] ∗

(
τ,

z

2
+
τ

2
,
z

2
− τ

2
, 0
)

+ qmp(p+1)
∑

r ∈Z
−p≤ r≤ p

∑

k∈Z
0≤ k <m

q−
1

4m
(2mr+k)(2m(r−1)+k)

[
θk,m + θ−k,m

]
(τ, z)

− 2 qmp(p+1)
∑

r ∈Z
0≤ r≤ p−1

q−mr(r+1) θ0,m(τ, z)

+ qmp(p+1)
∑

r ∈Z
−p≤ r≤ p

q−
m
4
(2r+1)(2r−1) θm,m(τ, z)

}
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= (−1)p q
m
4
(2p+1)2 η(τ)3

θ
(−)

0, 1
2

(τ, z)
·
[
θ
(−)

p,m+ 1
2

+ θ
(−)

−p,m+ 1
2

]
(τ, 0)

− q
m
4
(2p+1)2

[ ∑

j, r ∈ 1
2
Zodd

0≤ r < j

−
∑

j, r∈ 1
2
Zodd

j ≤ r < 0

] ∑

k∈Z
0<k<m

(−1)j−
1
2 q

(m+ 1
2
)(j+ 2pm

2m+1
)2

× q−
1

4m
[2mr+k+2mp]2

[
θk,m + θ−k,m

]
(τ, z)

− q
m
4
(2p+1)2

[ ∑

j, r ∈ 1
2
Zodd

0≤ r≤ j

−
∑

j, r∈ 1
2
Zodd

j < r < 0

] ∑

k∈Z
0≤ k≤m

(−1)j−
1
2 q

(m+ 1
2
)(j+ 2pm

2m+1
)2

× q−
1

4m
[2mr−k+2mp]2

[
θk,m + θ−k,m

]
(τ, z)

+ θ
(−)

2mp+m+ 1
2
,m+ 1

2

(τ, 0)
∑

k∈Z
0≤ k≤m

q−
1

4m
k2+ k

2
(2p+1)

[
θk,m + θ−k,m

]
(τ, z)

Multiplying q−
m
4
(2p+1)2 = q−mp(p+1)−m

4 to both sides, we have

q−
m
4 θ

(−)

2mp+m+ 1
2
,m+ 1

2

(τ, 0) Φ̃[m,0] ∗
(
τ,

z

2
+
τ

2
− 1

2
,
z

2
− τ

2
+

1

2
, 0
)

+ q−
m
4 θ

(−)

2mp+m+ 1
2
,m+ 1

2

(τ, 0)

×
∑

r ∈Z
−p≤ r≤ p

∑

k∈Z
0≤ k<m

q−
1

4m
(2mr+k)(2m(r−1)+k)

[
θk,m + θ−k,m

]
(τ, z)

− 2 q−
m
4 θ

(−)

2mp+m+ 1
2
,m+ 1

2

(τ, 0)
∑

r ∈Z
0≤ r≤ p−1

q−mr(r+1) θ0,m(τ, z)

+ q−
m
4 θ

(−)

2mp+m+ 1
2
,m+ 1

2

(τ, 0)
∑

r ∈Z
−p≤ r≤ p

q−
m
4
(2r+1)(2r−1) θm,m(τ, z)

= (−1)p
η(τ)3

θ
(−)

0, 1
2

(τ, z)
·
[
θ
(−)

p,m+ 1
2

+ θ
(−)

−p,m+ 1
2

]
(τ, 0)

−
[ ∑

j, r ∈ 1
2
Zodd

0≤ r < j

−
∑

j, r∈ 1
2
Zodd

j ≤ r < 0

] ∑

k∈Z
0<k<m

(−1)j−
1
2 q(m+ 1

2
)(j+ 2pm

2m+1
)2

× q−
1

4m
[2mr+k+2mp]2

[
θk,m + θ−k,m

]
(τ, z)
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−
[ ∑

j, r ∈ 1
2
Zodd

0≤ r≤ j

−
∑

j, r∈ 1
2
Zodd

j < r < 0

] ∑

k∈Z
0≤ k≤m

(−1)j−
1
2 q(m+ 1

2
)(j+ 2pm

2m+1
)2

× q−
1

4m
[2mr−k+2mp]2

[
θk,m + θ−k,m

]
(τ, z)

+ θ
(−)

2mp+m+ 1
2
,m+ 1

2

(τ, 0)
∑

k∈Z
0≤ k≤m

q−
1

4m
[k−m(2p+1)]2

[
θk,m + θ−k,m

]
(τ, z)

namely

q−
m
4 θ

(−)

2mp+m+ 1
2
,m+ 1

2

(τ, 0) Φ̃[m,0] ∗
(
τ,

z

2
+
τ

2
− 1

2
,
z

2
− τ

2
+

1

2
, 0
)

= (−1)p
η(τ)3

θ
(−)

0, 1
2

(τ, z)
·
[
θ
(−)

p,m+ 1
2

+ θ
(−)

−p,m+ 1
2

]
(τ, 0)

−
[ ∑

j, r ∈ 1
2
Zodd

0≤ r < j

−
∑

j, r∈ 1
2
Zodd

j ≤ r < 0

] ∑

k∈Z
0<k<m

(−1)j−
1
2 q

(m+ 1
2
)(j+ 2pm

2m+1
)2

× q−
1

4m
[2mr+k+2mp]2

[
θk,m + θ−k,m

]
(τ, z)

−
[ ∑

j, r ∈ 1
2
Zodd

0≤ r≤ j

−
∑

j, r∈ 1
2
Zodd

j < r < 0

] ∑

k∈Z
0≤ k≤m

(−1)j−
1
2 q

(m+ 1
2
)(j+ 2pm

2m+1
)2

× q−
1

4m
[2mr−k+2mp]2

[
θk,m + θ−k,m

]
(τ, z)

+ θ
(−)

2mp+m+ 1
2
,m+ 1

2

(τ, 0)
∑

k∈Z
0≤ k≤m

q−
1

4m
[k−m(2p+1)]2

[
θk,m + θ−k,m

]
(τ, z)

︸ ︷︷ ︸
(I)A

− q−
m
4 θ

(−)

2mp+m+ 1
2
,m+ 1

2

(τ, 0)
∑

r∈Z
−p≤ r≤ p

∑

k ∈Z
0≤ k<m

q−
1

4m
(2mr+k)(2m(r−1)+k)

[
θk,m + θ−k,m

]
(τ, z)

︸ ︷︷ ︸
(I)B

+ 2 q−
m
4 θ

(−)

2mp+m+ 1
2
,m+ 1

2

(τ, 0)
∑

r ∈Z
0≤ r≤ p−1

q−mr(r+1) θ0,m(τ, z)

− q−
m
4 θ

(−)

2mp+m+ 1
2
,m+ 1

2

(τ, 0)
∑

r ∈Z
−p≤ r≤ p

q−mr2+m
4 θm,m(τ, z) (7.4a)
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where (I)B becomes as follows:

(I)B = − θ
(−)

2mp+m+ 1
2
,m+ 1

2

(τ, 0)
∑

r ∈Z
−p≤ r≤ p︸ ︷︷ ︸
||∑

r ∈Z
−p< r≤ p

+
∑

r=−p

∑

k∈Z
0≤ k<m

q−
1

4m

(
m(2r−1)+k

)2[
θk,m + θ−k,m

]
(τ, z)

= − θ
(−)

2mp+m+ 1
2
,m+ 1

2

(τ, 0)
∑

r ∈Z
−p< r≤ p

∑

k ∈Z
0≤ k<m

q−
1

4m

(
m(2r−1)+k

)2[
θk,m + θ−k,m

]
(τ, z)

− θ
(−)

2mp+m+ 1
2
,m+ 1

2

(τ, 0)
∑

k ∈Z
0≤ k<m

q−
1

4m

(
−m(2p+1)+k

)2[
θk,m + θ−k,m

]
(τ, z)

︸ ︷︷ ︸
||

− (I)A

so

(I)A + (I)B = − θ
(−)

2mp+m+ 1
2
,m+ 1

2

(τ, 0)
∑

r∈Z
−p<r≤ p

∑

k∈Z
0≤ k <m

q−
1

4m

(
m(2r−1)+k

)2

×
[
θk,m + θ−k,m

]
(τ, z) (7.4b)

Substituting (7.4b) into (7.4a) and using (7.3), we obtain (7.1b), proving the claim 2).

8 Modular transformation of Φ̃[m,0] ∗

8.1 ψ̃(i)[m] ∗(τ, z)

For m ∈ N and i ∈ {1, 2}, we consider functions ψ̃(i)[m] ∗(τ, z) defined by

ψ̃(1)[m] ∗(τ, z) := Φ̃[m,0] ∗
(
τ,

z

2
+
τ

2
− 1

2
,
z

2
− τ

2
+

1

2
, 0
)

= Φ̃[m,0] ∗
(
τ,

z

2
+
τ

2
+

1

2
,
z

2
− τ

2
− 1

2
, 0
)

ψ̃(2)[m] ∗(τ, z) := Φ̃[m,0] ∗
(
τ,

z

2
+
τ

2
,
z

2
− τ

2
, 0
)

The function ψ̃(1)[m] ∗(τ, z) satisfies the follwing modular transformation properties.

Lemma 8.1. Let m ∈ N, then

1) ψ̃(1)[m] ∗
(
− 1

τ
,
z

τ

)
= (−1)m τ e

πim
2τ

z2 e−
πim
2τ q−

m
4 ψ̃(1)[m] ∗(τ, z)
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2) ψ̃(1)[m] ∗(τ + 1, z) = ψ̃(2)[m] ∗(τ, z)

Proof. These are obtained easily from Lemma 2.1 in [17] as follows.

1) ψ̃(1)[m] ∗
(
− 1

τ
,
z

τ

)
= Φ̃[m,0] ∗

(
− 1

τ
,
z

2τ
− 1

2τ
+

1

2
,
z

2τ
+

1

2τ
− 1

2
, 0
)

= Φ̃[m,0] ∗
(
− 1

τ
,

z
2 − 1

2 + τ
2

τ
,

z
2 + 1

2 − τ
2

τ
, 0
)

= τ e
2πim

τ
( z
2
− 1

2
+ τ

2
)( z

2
+ 1

2
− τ

2
)Φ̃[m,0] ∗

(
τ,
z

2
− 1

2
+
τ

2
,
z

2
+

1

2
− τ

2
, 0
)

= (−1)m τ e
πim
2τ

z2e−
πim
2τ q−

m
4 ψ̃(1)[m] ∗(τ, z) , proving 1).

2) ψ̃(1)[m] ∗(τ + 1, z) = Φ̃[m,0]∗
(
τ + 1,

z

2
+
τ + 1

2
− 1

2
,
z

2
− τ + 1

2
+

1

2
, 0
)

= Φ̃[m,0] ∗
(
τ + 1,

z

2
+
τ

2
,
z

2
− τ

2
, 0
)

= Φ̃[m,0] ∗
(
τ,
z

2
+
τ

2
,
z

2
− τ

2
, 0
)

= ψ̃(2)[m] ∗(τ, z) , proving 2).

8.2 Ξ(i)[m,p] ∗(τ, z) and Υ(i)[m,p] ∗(τ, z)

For m ∈ N and p ∈ Z such that 0 ≤ p ≤ 2m and i ∈ {1, 2, 3}, we define functions Ξ(i)[m,p] ∗(τ, z)
and Υ(i)[m,p] ∗(τ, z) as follows:

Ξ(1)[m,p] ∗(τ, z) := (−1)p q−
m
4 θ

(−)

p−m− 1
2
,m+ 1

2

(τ, 0) · ψ̃(1)[m] ∗(τ, z) (8.1a)

Ξ(2)[m,p] ∗(τ, z) := q−
m
4 θ

(−)

p−m− 1
2
,m+ 1

2

(τ, 0) · ψ̃(2)[m] ∗(τ, z) (8.1b)

and

Υ(1)[m,p] ∗(τ, z) := η(τ)3 ·
θp,m+ 1

2
(τ, z) + θ−p,m+ 1

2
(τ, z)

θ0, 1
2
(τ, z)

(8.2a)

Υ(2)[m,p] ∗(τ, z) := η(τ)3 ·
θ
(−)

p,m+ 1
2

(τ, z) + θ
(−)

−p,m+ 1
2

(τ, z)

θ
(−)

0, 1
2

(τ, z)
(8.2b)

To compute modular transformation of these functions, we use the following formulas which
are obtained easily from Lemmas 1.3 and 1.4 in [17].

Note 8.1. Let m ∈ Z≥0 and p ∈ Z. Then

1) (i) θ
(−)

p−m− 1
2
,m+ 1

2

(
−1

τ
, 0
)
= − i (−1)m+p (−iτ) 1

2

√
2m+ 1

2m∑
p′=0

(−1)p
′

e
− 2πi

2m+1
pp′
θ
(−)

p′−m− 1
2
,m+ 1

2

(τ, 0)
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(ii) θ
(−)

p−m− 1
2
,m+ 1

2

(τ + 1, z) = (−1)p e
πi
2
(m+ 1

2
) e

πi
2m+1

p2 θ
(−)

p−m− 1
2
,m+ 1

2

(τ, z)

2) (i)
[
θp,m+ 1

2
+ θ−p,m+ 1

2

](
− 1

τ
,
z

τ

)

=
(−iτ) 1

2√
2m+ 1

e
πi
2τ

(m+ 1
2
)z2

∑

p′∈Z/(2m+1)Z

e
2πi

2m+1
pp′ [

θp′,m+ 1
2
+ θ−p′,m+ 1

2

]
(τ, z)

=
(−iτ) 1

2

√
2m+ 1

e
πi
2τ

(m+ 1
2
)z2

∑

p′∈Z/(2m+1)Z

e−
2πi

2m+1
pp′ [θp′,m+ 1

2
+ θ−p′,m+ 1

2

]
(τ, z)

(ii)
[
θp,m+ 1

2
+ θ−p,m+ 1

2

]
(τ + 1, z) = e

πi
2m+1

p2 [
θ
(−)

p,m+ 1
2

+ θ
(−)

−p,m+ 1
2

]
(τ, z)

Then modular transformation properties of Ξ(1)[m,p] ∗ and Υ(1)[m,p] ∗ are given by the follow-
ing formulas:

Lemma 8.2. Let m ∈ N and p ∈ Z. Then

1) Ξ(1)[m,p] ∗
(
− 1

τ
,
z

τ

)
=

(−iτ) 3
2

√
2m+ 1

e
πim
2τ

z2
2m∑
p′=0

e−
2πi

2m+1
pp′ Ξ(1)[m,p′] ∗(τ, z)

2) Ξ(1)[m,p] ∗(τ + 1, z) = e
πi
4 e

πi
2m+1

p2 Ξ(2)[m,p] ∗(τ, z)

Proof. 1) Ξ(1)[m,p] ∗
(
− 1

τ
,
z

τ

)

= (−1)pe−2πi
m
4
(− 1

τ
) θ

(−)

p−m− 1
2
,m+ 1

2

(
− 1

τ
, 0
)
ψ̃(1)[m] ∗

(
− 1

τ
,
z

τ

)

= (−1)p e
πim
2τ ×

{
− i (−1)m+p (−iτ) 1

2

√
2m+ 1

2m∑

p′=0

(−1)p
′

e−
2πi

2m+1
pp′θ

(−)

p′−m− 1
2
,m+ 1

2

(τ, 0)

}

× (−1)m τ e
πim
2τ

z2 e−
πim
2τ q−

m
4 ψ̃(1)[m] ∗(τ, z)

=
(−iτ) 3

2√
2m+ 1

e
πim
2τ

z2
2m∑

p′=0

e
− 2πi

2m+1
pp′ (−1)p

′

q−
m
4 θ

(−)

p′−m− 1
2
,m+ 1

2

(τ, 0) ψ̃(1)[m] ∗(τ, z)
︸ ︷︷ ︸

||

Ξ(1)[m,p′] ∗(τ, z)proving 1).

2) Ξ(1)[m,p] ∗(τ + 1, z) = (−1)p e−
πim
2

(τ+1) θ
(−)

p−m− 1
2
,m+ 1

2

(τ + 1, 0) ψ̃(1)[m] ∗(τ + 1, z)

= (−1)p q−
m
4 e−

πim
2 ×

{
(−1)p e

πi
2
(m+ 1

2
) e

πi
2m+1

p2
θ
(−)

p−m− 1
2
,m+ 1

2

(τ, z)
}
ψ̃(2)[m] ∗(τ, z)

= e
πi
4 e

πi
2m+1

p2
q−

m
4 θ

(−)

p−m− 1
2
,m+ 1

2

(τ, z) ψ̃(2)[m] ∗(τ, z)
︸ ︷︷ ︸

||

Ξ(2)[m,p] ∗(τ, z)

, proving 2).
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Lemma 8.3. Let m ∈ N and p ∈ Z. Then

1) Υ(1)[m,p] ∗
(
− 1

τ
,
z

τ

)
=

(−iτ) 3
2√

2m+ 1
e

πim
2τ

z2
2m∑
p′=0

e
− 2πi

2m+1
pp′ Υ(1)[m,p′] ∗(τ, z)

2) Υ(1)[m,p] ∗(τ + 1, z) = e
πi

2m+1
p2+πi

4 Υ(2)[m,p] ∗(τ, z)

Proof. 1) Υ(1)[m,p] ∗
(
− 1

τ
,
z

τ

)
= η(− 1

τ )
3 ·
θp,m+ 1

2
(− 1

τ ,
z
τ ) + θ−p,m+ 1

2
(− 1

τ ,
z
τ )

θ0, 1
2
(− 1

τ ,
z
τ )

= (−iτ) 3
2 η(τ)3

(−iτ) 1
2

√
2m+ 1

e
πi
2τ

(m+ 1
2
)z2

∑

p′∈Z(2m+1)Z

e−
2πi

2m+1
pp′

[
θp′,m+ 1

2
+ θ−p′,m+ 1

2

]
(τ, z)

(−iτ) 1
2 e

πiz2

4τ θ0, 1
2
(τ, z)

=
(−iτ) 3

2

√
2m+ 1

e
πim
2τ

z2
∑

p′∈Z(2m+1)Z

e
− 2πi

2m+1
pp′
{
η(τ)3

[
θp′,m+ 1

2
+ θ−p′,m+ 1

2

]
(τ, z)

θ0, 1
2
(τ, z)

︸ ︷︷ ︸
||

Υ(1)[m,p′] ∗(τ, z)

}

proving 1).

2) Υ(1)[m,p] ∗(τ + 1, z) = η(τ + 1)3
[θp,m+ 1

2
+ θ−p,m+ 1

2
](τ + 1, z)

θ0, 1
2
(τ + 1, z)

= [e
πi
12 η(τ)]3

e
πi

2m+1
p2 [θ

(−)

p,m+ 1
2

+ θ
(−)

−p,m+ 1
2

](τ, z)

θ
(−)

0, 1
2

(τ, z)

= e
πi

2m+1
p2+πi

4 η(τ)3
[θ

(−)

p,m+ 1
2

− θ
(−)

−p,m+ 1
2

](τ, z)

θ
(−)

0, 1
2

(τ, z)
︸ ︷︷ ︸

||

Υ(2)[m,p] ∗(τ, z)

, proving 2).

9 G(i)[m,p] ∗(τ, z) and g
(i)[m,p] ∗
k (τ)

9.1 G(i)[m,p] ∗(τ, z)

For m ∈ N and p ∈ Z such that 0 ≤ p ≤ 2m and i ∈ {1, 2}, we put

G(i)[m,p] ∗(τ, z) := Ξ(i)[m,p] ∗(τ, z) −Υ(i)[m,p] ∗(τ, z) (9.1a)

Then, by Proposition 7.1, G(i)[m,p] ∗(τ, z) can be written in the following form:

G(i)[m,p] ∗(τ, z) =
∑

k∈Z
0≤ k≤m

g
(i)[m,p] ∗
k (τ)

[
θk,m + θ−k,m

]
(τ, z)
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=
∑

k∈Z
0<k<m

g
(i)[m,p] ∗
k (τ)

[
θk,m + θ−k,m

]
(τ, z) + 2 g

(i)[m,p] ∗
0 (τ)θ0,m(τ, z)

+ 2 g(i)[m,p] ∗
m (τ)θm,m(τ, z) (9.1b)

The modular transformation properties of G(1)[m,p] ∗(τ, z) are obtained immediately from (9.1a)
and Lemma 8.2 and Lemma 8.3 as follows:

Proposition 9.1. Let m ∈ N and p ∈ Z≥0 such that 0 ≤ p ≤ 2m. Then

1) G(1)[m,p] ∗
(
− 1

τ
,
z

τ

)
=

(−iτ) 3
2√

2m+ 1
e

πim
2τ

z2
2m∑
p′=0

e
− 2πi

2m+1
pp′
G(1)[m,p′] ∗(τ, z) (9.2a)

2) G(1)[m,p] ∗(τ + 1, z) = e
πi

2m+1
p2+πi

4 G(2)[m,p] ∗(τ, z) (9.2b)

The formula (9.2a) is rewritten as follows:

Proposition 9.2. Let m ∈ N and ℓ ∈ Z≥0 such that 0 ≤ ℓ ≤ 2m. Then

2m∑

p=0

e
2πi

2m+1
pℓ
G(1)[m,p] ∗

(
− 1

τ
,
z

τ

)
= (−iτ) 3

2

√
2m+ 1 e

πim
2τ

z2 G(1)[m,ℓ] ∗(τ, z) (9.3)

Proof. Applying
∑2m

p=0 e
2πi

2m+1
pℓ to (9.2a), we have

2m∑

p=0

e
2πi

2m+1
pℓG(1)[m,p] ∗

(
− 1

τ
,
z

τ

)

=
2m∑

p=0

e
2πi

2m+1
pℓ (−iτ) 3

2

√
2m+ 1

e
πim
2τ

z2
2m∑

p′=0

e−
2πi

2m+1
pp′ G(1)[m,p′] ∗(τ, z)

=
(−iτ) 3

2√
2m+ 1

e
πim
2τ

z2
2m∑

p′=0

2m∑

p=0

e
2πi

2m+1
pℓ
e
− 2πi

2m+1
pp′

︸ ︷︷ ︸
||

(2m+ 1) δp′,ℓ

G(1)[m,p′] ∗(τ, z)

= (−iτ) 3
2

√
2m+ 1 e

πim
2τ

z2 G(1)[m,ℓ] ∗(τ, z) , proving Proposition 9.2.

9.2 Modular transformation of g
(i)[m,p] ∗
k (τ)

To compute modular transformation of g
(1)[m,p] ∗
k (τ), we use the following formulas which are

obtained easily from Lemmas 1,3 and 1.4 in [17].

Note 9.1. Let m ∈ N and k ∈ Z. Then
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1) (i)
[
θk,m + θ−k,m

](
− 1

τ
,
z

τ

)
=

(−iτ) 1
2√

2m
e

πim
2τ

z2 ∑
j∈Z/2mZ

cos
πjk

m

[
θj,m + θ−j,m

]
(τ, z)

= (−iτ) 1
2

√
2

m
e

πim
2τ

z2

×
{

∑

j ∈Z

0<j <m

cos
πjk

m

[
θj,m + θ−j,m

]
(τ, z) + θ0,m(τ, z) + (−1)k θm,m(τ, z)

}

(ii) θ0,m

(
− 1

τ
,
z

τ

)
=

(−iτ) 1
2

√
2m

e
πim
2τ

z2

{
∑
j ∈Z

0<j <m

[
θj,m+θ−j,m

]
(τ, z) + θ0,m(τ, z) + θm,m(τ, z)

}

(iii) θm,m

(
− 1

τ
,
z

τ

)
=

(−iτ) 1
2

√
2m

e
πim
2τ

z2

{
∑

j ∈Z

0<j <m

(−1)j
[
θj,m + θ−j,m

]
(τ, z) + θ0,m(τ, z) + (−1)m θm,m(τ, z)

}

2) (i)
[
θk,m + θ−k,m

]
(τ + 1, z) = e

πi
2m

k2
[
θk,m + θ−k,m

]
(τ, z)

(ii) θ0,m(τ + 1, z) = θ0,m(τ, z)

(iii) θm,m(τ + 1, z) = e
πim
2 θm,m(τ, z)

The relation between modular transformation properties of G(i)[m,p] ∗(τ, z) and those of

g
(i)[m,p] ∗
k (τ), for i ∈ {1, 2}, is obtained by using the above formulas as follows :

Lemma 9.1. Let m ∈ N and p ∈ Z and i ∈ {1, 2} Then

1) G(i)[m,p] ∗
(
− 1

τ
,
z

τ

)
= (−iτ) 1

2

√
2

m
e

πim
2τ

z2

(

∑

k∈Z
0<k<m

g
(i)[m,p] ∗
k

(
− 1

τ

){∑

j∈Z

0<j<m

cos
πjk

m

[
θj,m + θ−j,m

]
(τ, z) + θ0,m(τ, z) + (−1)k θm,m(τ, z)

}

+ g
(i)[m,p] ∗
0

(
− 1

τ

){ ∑

j∈Z

0<j<m

[
θj,m + θ−j,m

]
(τ, z) + θ0,m(τ, z) + θm,m(τ, z)

}

+ g(i)[m,p] ∗
m

(
− 1

τ

){∑

j∈Z

0<j<m

(−1)j
[
θj,m + θ−j,m

]
(τ, z) + θ0,m(τ, z) + (−1)m θm,m(τ, z)

})

(9.4a)
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2) G(i)[m,p] ∗(τ + 1, z) =
∑
k∈Z

0<k<m

e
πi
2m

k2g
(i)[m,p] ∗
k (τ + 1)

[
θk,m + θ−k,m

]
(τ, z)

+ 2 g
(i)[m,p] ∗
0 (τ + 1) θ0,m(τ, z) + 2 e

πim
2 g(i)[m,p] ∗

m (τ + 1) θm,m(τ, z) (9.4b)

Proof. By (9.1b) and Note 9.1, we have

G(i)[m,p] ∗
(
− 1

τ
,
z

τ

)
=

∑

k∈Z
0<k<m

g
(i)[m,p] ∗
k

(
− 1

τ

)[
θk,m + θ−k,m

](
− 1

τ
,
z

τ

)

+ 2 g
(i)[m,p] ∗
0

(
− 1

τ

)
θ0,m

(
− 1

τ
,
z

τ

)
+ 2 g(i)[m,p] ∗

m

(
− 1

τ

)
θm,m

(
− 1

τ
,
z

τ

)

= (−iτ) 1
2

√
2

m
e

πim
2τ

z2

(

∑

k∈Z
0<k<m

g
(i)[m,p] ∗
k

(
− 1

τ

){ ∑

j∈Z

0<j<m

cos
πjk

m

[
θj,m + θ−j,m

]
(τ, z) + θ0,m(τ, z) + (−1)k θm,m(τ, z)

}

+ g
(i)[m,p] ∗
0

(
− 1

τ

){ ∑

j∈Z

0<j<m

[
θj,m + θ−j,m

]
(τ, z) + θ0,m(τ, z) + θm,m(τ, z)

}

+ g(i)[m,p] ∗
m

(
− 1

τ

){ ∑

j∈Z

0<j<m

(−1)j
[
θj,m + θ−j,m

]
(τ, z) + θ0,m(τ, z) + (−1)m θm,m(τ, z)

})

and

G(i)[m,p] ∗(τ + 1, z) =
∑

k∈Z
0<k<m

g
(i)[m,p] ∗
k (τ + 1)

[
θk,m + θ−k,m

]
(τ + 1, z)

︸ ︷︷ ︸
||

e
πi
2m

k2
[
θk,m + θ−k,m

]
(τ, z)

+ 2 g
(i)[m,p] ∗
0 (τ + 1) θ0,m(τ + 1, z)︸ ︷︷ ︸

||
θ0,m(τ, z)

+ 2 g(i)[m,p] ∗
m (τ + 1) θm,m(τ + 1, z)︸ ︷︷ ︸

||

e
πim
2 θm,m(τ, z)

=
∑

k∈Z
0<k<m

e
πi
2m

k2g
(i)[m,p] ∗
k (τ + 1)

[
θk,m + θ−k,m

]
(τ, z)

+ 2 g
(i)[m,p] ∗
0 (τ + 1) θ0,m(τ, z) + 2 e

πim
2 g(i)[m,p] ∗

m (τ + 1) θm,m(τ, z)

proving Lemma 9.1.
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Proposition 9.3. Let m ∈ N and p, k ∈ Z such that 0 ≤ p ≤ 2m and 0 ≤ k ≤ m. Then

1) S-transformation of g
(1)[m,p] ∗
k (τ) are as follows:

(i) g
(1)[m,p] ∗
j

(
− 1

τ

)

(0<j<m)

=
−iτ√

m(m+ 1
2)

2m∑
p′=0

∑
k∈Z

0<k<m

e
2πi

2m+1
pp′ cos

πjk

m
g
(1)[m,p′] ∗
k (τ)

+
−iτ√

m(m+ 1
2)

2m∑

p′=0

e
2πi

2m+1
pp′
{
g
(1)[m,p] ∗
0 (τ) + (−1)j g(1)[m,p′] ∗

m (τ)

}

(ii) g
(1)[m,p] ∗
0

(
− 1

τ

)
=

−iτ
2
√
m(m+ 1

2)

2m∑
p′=0

∑
k∈Z

0<k<m

e
2πi

2m+1
pp′ g

(1)[m,p′] ∗
k (τ)

+
−iτ

2
√
m(m+ 1

2)

2m∑

p′=0

e
2πi

2m+1
pp′
{
g
(1)[m,p′] ∗
0 (τ) + g(1)[m,p′] ∗

m (τ)

}

(iii) g
(1)[m,p] ∗
m

(
− 1

τ

)
=

−iτ
2
√
m(m+ 1

2)

2m∑
p′=0

∑
k∈Z

0<k<m

(−1)k e
2πi

2m+1
pp′ g

(1)[m,p′] ∗
k (τ)

+
−iτ

2
√
m(m+ 1

2 )

2m∑

p′=0

e
2πi

2m+1
pp′
{
g
(1)[m,p′] ∗
0 (τ) + (−1)m g(1)[m,p′] ∗

m (τ)

}

2) T -transformation of g
(1)[m,p] ∗
k (τ) are as follows:

(i) g
(1)[m,p] ∗
j (τ + 1)

(0<j<m)

= e
πi

2m+1
p2+πi

4
− πi

2m
j2 g

(2)[m,p] ∗
j (τ)

(ii) g
(1)[m,p] ∗
0 (τ + 1) = e

πi
2m+1

p2+πi
4 g

(2)[m,p] ∗
0 (τ)

(iii) g
(1)[m,p] ∗
m (τ + 1) = e

πi
2m+1

p2+πi
4
−πim

2 g
(2)[m,p] ∗
m (τ)

Proof. Substituting (9.1b) and (9.4a) into (9.3), we have

2m∑

p=0

e
2πi

2m+1
pℓ(−iτ) 1

2

√
2

m
e

πim
2τ

z2

(

∑

k∈Z
0<k<m

g
(1)[m,p] ∗
k

(
− 1

τ

){ ∑

j∈Z

0<j<m

cos
πjk

m

[
θj,m + θ−j,m

]
(τ, z) + θ0,m(τ, z) + (−1)k θm,m(τ, z)

}

+ g
(1)[m,p] ∗
0

(
− 1

τ

){ ∑

j∈Z

0<j<m

[
θj,m + θ−j,m

]
(τ, z) + θ0,m(τ, z) + θm,m(τ, z)

}
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+ g(1)[m,p] ∗
m

(
− 1

τ

){ ∑

j∈Z

0<j<m

(−1)j
[
θj,m + θ−j,m

]
(τ, z) + θ0,m(τ, z) + (−1)m θm,m(τ, z)

})

= (−iτ) 3
2

√
2m+ 1 e

πim
2τ

z2

{
∑

j∈Z

0<j<m

g
(1)[m,ℓ] ∗
j (τ)

[
θj,m + θ−j,m

]
(τ, z)

+ 2 g
(1)[m,ℓ] ∗
0 (τ) θ0,m(τ, z) + 2 g(1)[m,ℓ] ∗

m (τ) θm,m(τ, z)

}

namely

(−iτ)−1
√

2

m(2m+ 1)

2m∑

p=0

e
2πi

2m+1
pℓ
∑

k∈Z
0<k<m

g
(1)[m,p] ∗
k

(
− 1

τ

)

×
{ ∑

j∈Z

0<j<m

cos
πjk

m

[
θj,m + θ−j,m

]
(τ, z) + θ0,m(τ, z) + (−1)k θm,m(τ, z)

}

+ (−iτ)−1
√

2

m(2m+ 1)

2m∑

p=0

e
2πi

2m+1
pℓ
g
(1)[m,p] ∗
0

(
− 1

τ

)

×
{ ∑

j∈Z

0<j<m

[
θj,m + θ−j,m

]
(τ, z) + θ0,m(τ, z) + θm,m(τ, z)

}

+ (−iτ)−1
√

2

m(2m+ 1)

2m∑

p=0

e
2πi

2m+1
pℓ
g(1)[m,p] ∗
m

(
− 1

τ

)

×
{ ∑

j∈Z

0<j<m

(−1)j
[
θj,m + θ−j,m

]
(τ, z) + θ0,m(τ, z) + (−1)m θm,m(τ, z)

}

=
∑

j∈Z

0<j<m

g
(1)[m,ℓ] ∗
j (τ)

[
θj,m + θ−j,m

]
(τ, z) + 2 g

(1)[m,ℓ] ∗
0 (τ) θ0,m(τ, z) + 2 g(1)[m,ℓ] ∗

m (τ) θm,m(τ, z)

Comparing the coefficients of
[
θj,m+ θ−j,m

]
(τ, z), θ0,m(τ, z) and θm,m(τ, z) in this equation,

we have

g
(1)[m,ℓ] ∗
j (τ)

(0<j<m)

=
(−iτ)−1√
m(m+ 1

2)

2m∑

p=0

∑

k∈Z
0<k<m

e
2πi

2m+1
pℓ cos

πjk

m
g
(1)[m,p] ∗
k

(
− 1

τ

)
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+
(−iτ)−1√
m(m+ 1

2)

2m∑

p=0

e
2πi

2m+1
pℓ

{
g
(1)[m,p] ∗
0

(
− 1

τ

)
+ (−1)j g(1)[m,p] ∗

m

(
− 1

τ

)}

2 g
(1)[m,ℓ] ∗
0 (τ) =

(−iτ)−1√
m(m+ 1

2)

2m∑

p=0

∑

k∈Z
0<k<m

e
2πi

2m+1
pℓ
g
(1)[m,p] ∗
k

(
− 1

τ

)

+
(−iτ)−1√
m(m+ 1

2)

2m∑

p=0

e
2πi

2m+1
pℓ

{
g
(1)[m,p] ∗
0

(
− 1

τ

)
+ g(1)[m,p] ∗

m

(
− 1

τ

)}

2 g(1)[m,ℓ] ∗
m (τ) =

(−iτ)−1√
m(m+ 1

2)

2m∑

p=0

∑

k∈Z
0<k<m

(−1)k e
2πi

2m+1
pℓ g

(1)[m,p] ∗
k

(
− 1

τ

)

+
(−iτ)−1√
m(m+ 1

2)

2m∑

p=0

e
2πi

2m+1
pℓ

{
g
(1)[m,p] ∗
0

(
− 1

τ

)
+ (−1)m g(1)[m,p] ∗

m

(
− 1

τ

)}

Then, replacing τ with − 1
τ in these equations, we obtain the formulas in the claim 1).

2) Substituting (9.1b) and (9.4b) into (9.2b), we have

∑

j∈Z

0<j<m

e
πi
2m

j2g
(1)[m,p] ∗
j (τ + 1)

[
θj,m + θ−j,m

]
(τ, z)

+ 2 g
(1)[m,p] ∗
0 (τ + 1) θ0,m(τ, z) + 2 e

πim
2 g(1)[m,p] ∗

m (τ + 1) θm,m(τ, z)

= e
πi

2m+1
p2+πi

4

{ ∑

j∈Z

0<j<m

g
(2)[m,p] ∗
j (τ)

[
θj,m + θ−j,m

]
(τ, z)

+ 2 g
(2)[m,p] ∗
0 (τ) θ0,m(τ, z) + 2 g(2)[m,p] ∗

m (τ) θm,m(τ, z)

}

Comparing the coefficients of
[
θj,m+ θ−j,m

]
(τ, z), θ0,m(τ, z) and θm,m(τ, z) in this equation,

we have 



e
πi
2m

j2g
(1)[m,p] ∗
j (τ + 1)

(0<j<m)

= e
πi

2m+1
p2+πi

4 g
(2)[m,p] ∗
j (τ)

g
(1)[m,p] ∗
0 (τ + 1) = e

πi
2m+1

p2+πi
4 g

(2)[m,p] ∗
0 (τ)

e
πim
2 g

(1)[m,p] ∗
m (τ + 1) = e

πi
2m+1

p2+πi
4 g

(2)[m,p] ∗
m (τ)
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namely 



g
(1)[m,p] ∗
j (τ + 1)

(0<j<m)

= e
πi

2m+1
p2+πi

4
− πi

2m
j2
g
(2)[m,p] ∗
j (τ)

g
(1)[m,p] ∗
0 (τ + 1) = e

πi
2m+1

p2+πi
4 g

(2)[m,p] ∗
0 (τ)

g
(1)[m,p] ∗
m (τ + 1) = e

πi
2m+1

p2+πi
4
−πim

2 g
(2)[m,p] ∗
m (τ)

proving the claim 2).

9.3 Explicit formula for g
(i)[m,p] ∗
k (τ)

The explicit formulas for G(i)[m,p] ∗(τ, z) (i ∈ {1, 2}) are obtained from Proposition 7.1 and the
formulas (8.1a), (8.1b), (8.2a), (8.2b) and (9.1a) as follows:

G(1)[m,p] ∗(τ, z) =

−
[ ∑

j, r ∈ 1
2
Zodd

0≤ r < j

−
∑

j, r∈ 1
2
Zodd

j≤ r < 0

] ∑

k∈Z
0<k<m

(−1)j−
1
2
+k q

(m+ 1
2
)(j+ 2pm

2m+1
)2

× q−
1

4m
[2mr+k+2mp]2

[
θk,m + θ−k,m

]
(τ, z)

−
[ ∑

j, r ∈ 1
2
Zodd

0≤ r≤ j

−
∑

j, r∈ 1
2
Zodd

j < r < 0

] ∑

k∈Z
0≤ k≤m

(−1)j−
1
2
+k q(m+ 1

2
)(j+ 2pm

2m+1
)2

× q−
1

4m
[2mr−k+2mp]2

[
θk,m + θ−k,m

]
(τ, z)

− θ
(−)

2mp+m+ 1
2
,m+ 1

2

(τ, 0)
∑

r ∈Z
−p< r≤ p

∑

k∈Z
0≤ k<m

(−1)kq−
1

4m

(
m(2r−1)+k

)2[
θk,m + θ−k,m

]
(τ, z)

+ 2 θ
(−)

2mp+m+ 1
2
,m+ 1

2

(τ, 0)
∑

r ∈Z
0≤ r≤ p−1

q−m(r+ 1
2
)2 θ0,m(τ, z)

− (−1)m θ
(−)

2mp+m+ 1
2
,m+ 1

2

(τ, 0)
∑

r∈Z
−p≤ r≤ p

q−mr2 θm,m(τ, z)

G(2)[m,p] ∗(τ, z) =

− (−1)p
[ ∑

j, r∈ 1
2
Zodd

0≤ r < j

−
∑

j, r∈ 1
2
Zodd

j≤ r < 0

] ∑

k∈Z
0<k<m

(−1)j−
1
2 q

(m+ 1
2
)(j+ 2pm

2m+1
)2

× q−
1

4m
[2mr+k+2mp]2

[
θk,m + θ−k,m

]
(τ, z)
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− (−1)p
[ ∑

j, r∈ 1
2
Zodd

0≤ r≤ j

−
∑

j, r∈ 1
2
Zodd

j < r < 0

] ∑

k∈Z
0≤ k≤m

(−1)j−
1
2 q(m+ 1

2
)(j+ 2pm

2m+1
)2

× q−
1

4m
[2mr−k+2mp]2

[
θk,m + θ−k,m

]
(τ, z)

− (−1)p θ
(−)

2mp+m+ 1
2
,m+ 1

2

(τ, 0)
∑

r∈Z
−p< r≤ p

∑

k∈Z
0≤ k<m

q−
1

4m

(
m(2r−1)+k

)2[
θk,m + θ−k,m

]
(τ, z)

+ 2 (−1)p θ
(−)

2mp+m+ 1
2
,m+ 1

2

(τ, 0)
∑

r∈Z
0≤ r≤ p−1

q−m(r+ 1
2
)2 θ0,m(τ, z)

− (−1)p θ
(−)

2mp+m+ 1
2
,m+ 1

2

(τ, 0)
∑

r∈Z
−p≤ r≤ p

q−mr2 θm,m(τ, z)

Then the explicit formulas for g
(i)[m,p] ∗
k (τ) follow immediately from (9.1b) and the above

formulas as follows:

Proposition 9.4. Let m ∈ N and p, k ∈ Z such that 0 ≤ p ≤ 2m and 0 ≤ k ≤ m. Then

g
(i)[m,p] ∗
k (τ) (i ∈ {1, 2}) are as follows:

1) (i) g
(1)[m,p] ∗
k

(0<k<m)

(τ)

= −
[ ∑

j, r∈ 1
2
Zodd

0≤ r < j

−
∑

j, r ∈ 1
2
Zodd

j≤ r < 0

]
(−1)j−

1
2
+k q

(m+ 1
2
)(j+ 2pm

2m+1
)2
q−

1
4m

[2mr+k+2mp]2

−
[ ∑

j, r∈ 1
2
Zodd

0≤ r≤ j

−
∑

j, r ∈ 1
2
Zodd

j < r< 0

]
(−1)j−

1
2
+k q(m+ 1

2
)(j+ 2pm

2m+1
)2q−

1
4m

[2mr−k+2mp]2

− θ
(−)

2mp+m+ 1
2
,m+ 1

2

(τ, 0)
∑

r ∈Z
−p<r≤ p

(−1)kq−
1

4m

(
m(2r−1)+k

)2

(ii) 2 g
(1)[m,p] ∗
0 (τ)

= − 2

[ ∑

j, r ∈ 1
2
Zodd

0<r≤ j

−
∑

j, r∈ 1
2
Zodd

j < r < 0

]
(−1)j−

1
2 q(m+ 1

2
)(j+ 2pm

2m+1
)2−m(r+p)2

− 2 θ
(−)

2mp+m+ 1
2
,m+ 1

2

(τ, 0)
∑

r ∈Z
0≤ r≤ p−1

q−m(r+ 1
2
)2
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(iii) 2 g
(1)[m,p] ∗
m (τ)

= − 2 (−1)m
[ ∑

j, r∈ 1
2
Zodd

0<r≤ j

−
∑

j, r ∈ 1
2
Zodd

j < r< 0

]
(−1)j−

1
2 q(m+ 1

2
)(j+ 2pm

2m+1
)2−m(r+p− 1

2
)2

− (−1)m θ
(−)

2mp+m+ 1
2
,m+ 1

2

(τ, 0)
∑

r ∈Z
−p≤ r≤ p

q−mr2

2) (i) g
(2)[m,p] ∗
k

(0<k<m)

(τ)

= − (−1)p
[ ∑

j, r ∈ 1
2
Zodd

0≤ r < j

−
∑

j, r∈ 1
2
Zodd

j≤ r < 0

]
(−1)j−

1
2 q

(m+ 1
2
)(j+ 2pm

2m+1
)2
q−

1
4m

[2mr+k+2mp]2

− (−1)p
[ ∑

j, r ∈ 1
2
Zodd

0≤ r≤ j

−
∑

j, r∈ 1
2
Zodd

j < r < 0

]
(−1)j−

1
2 q

(m+ 1
2
)(j+ 2pm

2m+1
)2
q−

1
4m

[2mr−k+2mp]2

− (−1)p θ
(−)

2mp+m+ 1
2
,m+ 1

2

(τ, 0)
∑

r ∈Z
−p< r≤ p

q−
1

4m

(
m(2r−1)+k

)2

(ii) 2 g
(2)[m,p] ∗
0 (τ)

= − 2 (−1)p
[ ∑

j, r∈ 1
2
Zodd

0≤ r≤ j

−
∑

j, r ∈ 1
2
Zodd

j < r < 0

]
(−1)j−

1
2 q

(m+ 1
2
)(j+ 2pm

2m+1
)2−m(r+p)2

− 2 (−1)p θ
(−)

2mp+m+ 1
2
,m+ 1

2

(τ, 0)
∑

r ∈Z
0≤ r≤ p−1

q−m(r+ 1
2
)2

(iii) 2 g
(2)[m,p] ∗
m (τ)

= − 2 (−1)p
[ ∑

j, r ∈ 1
2
Zodd

0≤ r≤ j

−
∑

j, r∈ 1
2
Zodd

j < r < 0

]
(−1)j−

1
2 q

(m+ 1
2
)(j+ 2pm

2m+1
)2−m(r+p− 1

2
)2

− (−1)p θ
(−)

2mp+m+ 1
2
,m+ 1

2

(τ, 0)
∑

r∈Z
−p≤ r≤ p

q−mr2
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10 Indefinite modular forms g
[m,p] ∗
j (τ)

By Proposition 9.4 we observe that the following formula

g
(2)[m,p] ∗
j (τ) = (−1)j+p g

(1)[m,p] ∗
j (τ) (10.1)

holds for all m ∈ N and p, j ∈ Z such that 0 ≤ p ≤ 2m and 0 ≤ j ≤ m. Then, simplifying

the notation, we define the functions g
[m,p] ∗
j (τ) by

g
[m,p] ∗
j (τ) = g

(1)[m,p] ∗
j (τ) (10.2)

Then the modular transformation formulas for these functions g
[m,p] ∗
j (τ) are obtained from

Proposition 9.4 as follows:

Proposition 10.1. Let m ∈ N and p, j ∈ Z such that 0 ≤ p ≤ 2m and 0 ≤ j ≤ m. Then

1) (i) g
[m,p] ∗
j

(
− 1

τ

)

(0<j<m)

=
−iτ√

m(m+ 1
2)

2m∑
p′=0

∑
k∈Z

0<k<m

e
2πi

2m+1
pp′ cos

πjk

m
g
[m,p′] ∗
k (τ)

+
−iτ√

m(m+ 1
2)

2m∑

p′=0

e
2πi

2m+1
pp′
{
g
[m,p] ∗
0 (τ) + (−1)j g[m,p′] ∗

m (τ)

}

(ii) g
[m,p] ∗
0

(
− 1

τ

)
=

−iτ√
2m(2m+ 1)

2m∑
p′=0

∑
k∈Z

0<k<m

e
2πi

2m+1
pp′ g

[m,p′] ∗
k (τ)

+
−iτ√

2m(2m+ 1)

2m∑

p′=0

e
2πi

2m+1
pp′
{
g
[m,p′] ∗
0 (τ) + g[m,p′] ∗

m (τ)

}

(iii) g
[m,p] ∗
m

(
− 1

τ

)
=

−iτ√
2m(2m+ 1)

2m∑
p′=0

∑
k∈Z

0<k<m

(−1)k e
2πi

2m+1
pp′
g
[m,p′] ∗
k (τ)

+
−iτ√

2m(2m+ 1)

2m∑

p′=0

e
2πi

2m+1
pp′
{
g
[m,p′] ∗
0 (τ) + (−1)m g[m,p′] ∗

m (τ)

}

2) g
[m,p] ∗
j (τ + 1)

(0≤ j ≤m)

= e
πi

2m+1
(p+ 2m+1

2
)2− πi

2m
(j+m)2

g
[m,p] ∗
j (τ)
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11 An example ∼ the case m = 1

The functions which take place in the case m = 1 are g
[1,p] ∗
k (τ) (p = 0, 1, 2; k = 0, 1) and they

are, by Proposition 9.4, as follows:

2 g
[1,p] ∗
0 (τ) = − 2

[ ∑

j, r ∈ 1
2
Zodd

0<r≤ j

−
∑

j, r∈ 1
2
Zodd

j < r < 0

]
(−1)j−

1
2 q

3
2
(j+ 2p

3
)2−(r+p)2

− 2 θ
(−)

2p+ 3
2
, 3
2

(τ, 0)
∑

r ∈Z
0≤ r≤ p−1

q−(r+
1
2
)2 (11.1a)

2 g
[1,p] ∗
1 (τ) = 2

[ ∑

j, r ∈ 1
2
Zodd

0<r≤ j

−
∑

j, r∈ 1
2
Zodd

j < r < 0

]
(−1)j−

1
2 q

3
2
(j+ 2p

3
)2−(r+p− 1

2
)2

+ θ
(−)

2p+ 3
2
, 3
2

(τ, 0)
∑

r ∈Z

−(p−1)≤ r≤ p−1

q−r
2

(11.1b)

Putting

{
j − 1

2 = j′

r − 1
2 = r′

, the above formulas are rewritten as follows:

g
[1,p] ∗
0 (τ) = −

[ ∑

j′, r′ ∈Z

0≤ r′≤ j′

−
∑

j′, r′ ∈Z

j′ <r′ < 0

]
(−1)j

′

q
3
2
(j′+ 1

2
+ 2p

3
)2−(r′+ 1

2
+p)2

− θ
(−)

2p+ 3
2
, 3
2

(τ, 0)
∑

r ∈Z
0≤ r≤ p−1

q−(r+
1
2
)2 (11.2a)

g
[1,p] ∗
1 (τ) =

[ ∑

j′, r′ ∈Z

0≤ r′≤ j′

−
∑

j′, r′ ∈Z

j′ <r′ < 0

]
(−1)j

′

q
3
2
(j′+ 1

2
+ 2p

3
)2−(r′+p)2

+
1

2
θ
(−)

2p+ 3
2
, 3
2

(τ, 0)
∑

r∈Z

−(p−1)≤ r≤ p−1

q−r
2

(11.2b)

These functions are written explicitly as follows:

Note 11.1.

1) g
[1,0] ∗
0 (τ) = −

[ ∑
j, r ∈Z

0≤ r≤ j

− ∑
j, r∈Z

j < r < 0

]
(−1)j q

3
2
(j+ 1

2
)2−(r+ 1

2
)2 = − q

1
8 + · · ·
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2) g
[1,0] ∗
1 (τ) =

[ ∑
j, r∈Z

0≤ r≤ j

− ∑
j, r ∈Z

j < r < 0

]
(−1)j q

3
2
(j+ 1

2
)2−r2 = q

3
8 + · · ·

3) g
[1,1] ∗
0 (τ) = g

[1,2] ∗
0 (τ)

=

[ ∑

j, r∈Z

0≤ r < j

−
∑

j, r∈Z

j≤ r < 0

]
(−1)j q

3
2
(j+ 1

6
)2−(r+ 1

2
)2 = q

19
24 + · · ·

4) g
[1,1] ∗
1 (τ) = g

[1,2] ∗
1 (τ)

= −
[ ∑

j, r ∈Z

0≤ r < j

−
∑

j, r ∈Z

j ≤ r < 0

]
(−1)jq

3
2
(j+ 1

6
)2−r2 +

1

2
θ
(−)
1
2
, 3
2

(τ, 0) = − 1

2
q

1
24 + · · ·

The S-transformation of these functions is computed by Proposition 9.3 as follows:

g
[1,p] ∗
0

(
− 1

τ

)
=

−iτ√
6

2∑

p′=0

e
2πi
3

pp′
{
g
[1,p′] ∗
0 (τ) + g

[1,p′] ∗
1 (τ)

}

g
[1,p] ∗
1

(
− 1

τ

)
=

−iτ√
6

2∑

p′=0

e
2πi
3

pp′
{
g
[1,p′] ∗
0 (τ) − g

[1,p′] ∗
1 (τ)

}

Since g
[1,1] ∗
k (τ) = g

[1,2] ∗
k (τ) (k = 0, 1) by Note 11.1, these formulas are written explicitly as

follows:

Note 11.2.

1) g
[1,0] ∗
0

(
− 1

τ

)
=

−iτ√
6

{
g
[1,0] ∗
0 (τ) + g

[1,0] ∗
1 (τ) + 2 g

[1,1] ∗
0 (τ) + 2 g

[1,1] ∗
1 (τ)

}

2) g
[1,0] ∗
1

(
− 1

τ

)
=

−iτ√
6

{
g
[1,0] ∗
0 (τ) − g

[1,0] ∗
1 (τ) + 2 g

[1,1] ∗
0 (τ) − 2 g

[1,1] ∗
1 (τ)

}

3) g
[1,1] ∗
0

(
− 1

τ

)
=

−iτ√
6

{
g
[1,0] ∗
0 (τ) + g

[1,0] ∗
1 (τ) − g

[1,1] ∗
0 (τ) − g

[1,1] ∗
1 (τ)

}

4) g
[1,1] ∗
1

(
− 1

τ

)
=

−iτ√
6

{
g
[1,0] ∗
0 (τ) − g

[1,0] ∗
1 (τ) − g

[1,1] ∗
0 (τ) + g

[1,1] ∗
1 (τ)

}

From Notes 11.1 and 11.2, we have the following:

Lemma 11.1. Define the functions fi(τ) (i = 0, 1, 2, 3) by




f0(τ) :=
− 2 g

[1,1] ∗
1 (τ)

η(τ)2

f3(τ) :=
2 g

[1,1] ∗
0 (τ)

η(τ)2





f1(τ) :=
− g

[1,0] ∗
0 (τ)

η(τ)2

f2(τ) :=
g
[1,0] ∗
1 (τ)

η(τ)2

(11.3)

Then,



52

1) these functions fi(τ) satisfy the following S-transformation properties:

(0) f0

(
− 1

τ

)
=

1√
6

{
f0(τ) + 2 f1(τ) + 2 f2(τ) + f3(τ)

}

(i) f1

(
− 1

τ

)
=

1√
6

{
f0(τ) + f1(τ) − f2(τ) − f3(τ)

}

(ii) f2

(
− 1

τ

)
=

1√
6

{
f0(τ) − f1(τ) − f2(τ) + f3(τ)

}

(iii) f3

(
− 1

τ

)
=

1√
6

{
f0(τ) − 2 f1(τ) + 2 f2(τ) − f3(τ)

}

2) the leading terms of fi(τ) are as follows :





f0(τ) = q−
1
24 + · · ·

f1(τ) = q
1
24 + · · ·

f2(τ) = q
7
24 + · · ·

f3(τ) = 2 q
17
24 + · · ·

Next we consider the Jacobi’s theta function

θj,3(τ, z) =
∑

n∈Z

q3(n+
j

6
)2 e6πi(n+

j

6
)z

The S-transformation of θj,3(τ, 0) is computed by using Lemmas 1.2 and 1.3 in [17] as follows:

(i) θ0,3

(
− 1

τ
, 0
)

=
(−iτ) 1

2√
6

{
θ0,3(τ, 0) + 2 θ1,3(τ, 0) + 2 θ2,3(τ, 0) + θ3,3(τ, 0)

}

(ii) θ1,3

(
− 1

τ
, 0
)

=
(−iτ) 1

2

√
6

{
θ0,3(τ, 0) + θ1,3(τ, 0) − θ2,3(τ, 0) − θ3,3(τ, 0)

}

(iii) θ2,3

(
− 1

τ
, 0
)

=
(−iτ) 1

2

√
6

{
θ0,3(τ, 0) − θ1,3(τ, 0) − θ2,3(τ, 0) + θ3,3(τ, 0)

}

(iv) θ3,3

(
− 1

τ
, 0
)

=
(−iτ) 1

2

√
6

{
θ0,3(τ, 0) − 2 θ1,3(τ, 0) + 2 θ2,3(τ, 0) − θ3,3(τ, 0)

}

And the leading terms of θj,3(τ, 0) are





θ0,3(τ, 0) = q0 + · · ·
θ1,3(τ, 0) = q

1
12 + · · ·

θ2,3(τ, 0) = q
1
3 + · · ·

θ3,3(τ, 0) = 2 q
3
4 + · · ·

Then putting

hj(τ) :=
θj,3(τ, 0)

η(τ)
(j = 0, 1, 2, 3) (11.4)

we have

Lemma 11.2. 1) Functions hj(τ) satisfy the following S-transformation properties:
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(0) h0

(
− 1

τ

)
=

1√
6

{
h0(τ) + 2h1(τ) + 2h2(τ) + h3(τ)

}

(i) h1

(
− 1

τ

)
=

1√
6

{
h0(τ) + h1(τ) − h2(τ) − h3(τ)

}

(ii) h2

(
− 1

τ

)
=

1√
6

{
h0(τ) − h1(τ) − h2(τ) + h3(τ)

}

(iii) h3

(
− 1

τ

)
=

1√
6

{
h0(τ) − 2h1(τ) + 2h2(τ) − h3(τ)

}

2) the leading terms of hj(τ) are as follows :





h0(τ) = q−
1
24 + · · ·

h1(τ) = q
1
24 + · · ·

h2(τ) = q
7
24 + · · ·

h3(τ) = 2 q
17
24 + · · ·

From these formulas, we obtain the following :

Proposition 11.1.

(i)

[ ∑
j, r ∈Z

0≤ r≤ j

− ∑
j, r∈Z

j < r < 0

]
(−1)j q

3
2
(j+ 1

2
)2−(r+ 1

2
)2 = η(τ) θ1,3(τ, 0)

(ii)

[ ∑
j, r ∈Z

0≤ r≤ j

−
∑

j, r∈Z

j < r < 0

]
(−1)j q

3
2
(j+ 1

2
)2−r2 = η(τ) θ2,3(τ, 0)

(iii)

[ ∑
j, r ∈Z

0≤ r < j

− ∑
j, r∈Z

j≤ r < 0

]
(−1)j q

3
2
(j+ 1

6
)2−(r+ 1

2
)2 =

1

2
η(τ) θ3,3(τ, 0)

(iv)

[ ∑
j, r ∈Z

0≤ r < j

− ∑
j, r∈Z

j≤ r < 0

]
(−1)jq

3
2
(j+ 1

6
)2−r2 =

1

2

{
η(τ) θ0,3(τ, 0) + θ

(−)
1
2
, 3
2

(τ, 0)
}

Proof. By Lemmas 11.1 and 11.2, we see that the functions {fi(τ)}i=0,1,2,3 and {hi(τ)}i=0,1,2,3

satisfy the same S-transformation properties and have the same polar parts. Then, by Lemma
4.8 in [14], we have

fi(τ) = hi(τ) for all i,

namely





2 g
[1,1] ∗
0 (τ) = η(τ) θ3,3(τ, 0)

− 2 g
[1,1] ∗
1 (τ) = η(τ) θ0,3(τ, 0)





− g
[1,0] ∗
0 (τ) = η(τ) θ1,3(τ, 0)

g
[1,0] ∗
1 (τ) = η(τ) θ2,3(τ, 0)

by (11.3) and (11.4). Rewriting g
[1,p] ∗
k (τ) by using Note 11.1, we obtain the formulas in Propo-

sition 11.1.



54

References

[1] V. G. Kac : Infinite-Dimensional Lie Algebras, 3rd edition, Cambridge University Press,
1990.

[2] V. G. Kac and D. Peterson : Infinite-dimensional Lie algebras, theta functions and modular
forms, Advances in Math. 53 (1984), 125-264.

[3] V. G. Kac, S.-S. Roan and M. Wakimoto : Quantum reduction for affine superalgebras,
Commun. Math. Phys. 241 (2003), 307-342.

[4] V. G. Kac and M. Wakimoto : Integrable highest weight modules over affine superalgebras
and number theory, in “Lie Theory and Geometry ∼ in honor of Bertram Kostant” Progress
in Math. Phys. Vol.123, Birkhäuser, 1994, 415-456.
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