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Mock theta functions and indefinite modular forms 11

*Minoru Wakimoto

Abstract

In this paper, we compute the Zwegers’s modification of the mock theta functions ®!

m,0] *

and study the modular transformation properties of the indefinite modular forms which appear

in the explicit formula for the modified functions ®

Contents
1 Introduction
2 Preliminaries
3 Explicit formula for ®™%* (7, 21, 25, 0)
4 <I>[m70}*(7', 21, 29,t) ~ the case z; — zo = 2a1 + 2b
4.2 @O (1 2 25 t) ~ the case 21 — 20 = (1 + 2p)T
5 @ggdo (1,21,22,t) ~ the case z; — 2 = 2a7 + 2b
6 OO (7 2 4 pr, 29 — pr,0)
6.2 om0l
7 Modified function ®™* with specialization
8 Modular transformation of Plm.0] +
81 WMz 2y
8.2 EOMmrl*(r 2y and YOl (r 2) .. ...
9 QOmrl(r ) and g( Dim.pl+ (1)

[m,0] *

4.1 OOl (1 2 29 t) ~thecase 21 — 2o = (14+2p)T —1 . . . . oo oo

9.1 GOMmPl(r 2y o

9.2 Modular transformation of g(z)[m’p] (1)

9.3 Explicit formula for g(z)[mm] (1)

*12-4 Karato-Rokkoudai, Kita-ku, Kobe 651-1334, Japan,

wakimoto@r6.dion.ne.jp

(1,21 +pT,20 —pr,t) ~thecase 21 —zo =T . . . . . .. ... ... ...

[1d

[2d

6.1 ®O (7 2 4 przg —prit) ~thecase 21 —zo=T—1. . . . . . ... ...... d
[ kg

29

wakimoto.minoru.314@m.kyushu-u.ac.jp,


http://arxiv.org/abs/2210.02280v2

2
10 Indefinite modular forms g[-m’p} (1) lag
50

11 An example ~ the case m =1

1 Introduction

In the previous paper [17] we studied indefinite modular forms obtained from the Zwegers’
modification of the mock theta function ®)M:3] for m € %Nodd- In the current paper, we
study the case m € N where, in order that the Zwegers’ modification works, we consider the

function
s« = pBmsl | g B)m.s] (1.1)

with @™ (j = 1,2) defined in [I7].

Comparing the results in the current paper with those in the previous paper [17], there
appear strange difference between the case m € N and the case m € %Nodd. In the case
m € 1Nyaq in [17], we need 3 series of functions g,(;)[m’p}(T) (1 = 1,2,3) to get SLa(Z)-
invariant family for each m € %Nodd whereas, in the case m € N in the current paper, only

one series of functions g,(:)[m’p } *(7) span SLy(Z)-invariant spaces for each m € N.

This paper is organized as follows.

In section 2] we make preparation on basic properties of ® . In section B we derive
the explicit formula for <I>[m70}*(7', 21, 22,0) by using the Kac-Peterson’s identity just in the
similar way with [I9]. In section @ we deduce the formula for ®™0*(7, z; + pr, 25 — pr,0) in
the case when

(£)[m,s]

Z T 1 2z 7 1 Z T Z T
(. 2 = _ ',z =4+ =, = ——). 1.2
(21, 22) <2 2 272 2 2) and (21, 29) <2 2’2 2) (1.2)

In section Bl we compute the Zwegers’s correction function @gﬁ&o} (1, 21, 22, 0) for (21, z2) given
by (L2). In section [6] using the results obtained in §5 we make detail investigation on the rela-
tion between @m0l *(1, 21 +pr1, 22— p7,0) and the modified function $lm.0] (1,21 +p1, 20— pT,0)
when (21, 22) is given by (L2). In section [, we obtain the explicit formula for ®™01* (7, 2, 2,0)
in the case when (21, 2) is given by (LZ). In section B, we introduce functions Z®Pl* (7, 2)
and YOMPl* (7 2) for p € Z such that 0 < p < 2m and i € {1,2}, and compute the modular
transformation properties of these functions. In section @ we define the functions G(i)[m’p]*(T, 2)

and g,(:) [rm.p] (1) by

GOl (7 2y = 2OMPx(7 2y — YOIl 2)
= > g D) B + Ol (7, 2)
keZ
0<k<m

and compute modular transformation of these functions. In section [0, using the relation

between g,gl)[m’p ]*(T) and g,(f)[m’p ]*(T), we define the indefinite modular forms ng’p ]*(7') and

obtain their modular transformation properties.



2 Preliminaries

Lemma 2.1. Let m € %N, s € %Z and a € Z. Then

2

<I>(:|:)[m,s]*(7_, 21 + ar, 23 — ar, t) _ (:l:l)a e27rima(Z1—22)qma (I)(:l:)[m,S—2am]*(T’ 21, Zg,t) (21)

Proof. This follows immediately from Lemma 2.3 in [I7] and definition of ®&)msl, O

Lemma 2.2. Let m € %N, s € %Z and a € Z>o. Then

P(H)m.s] (1, 21+ at, 29 — ar, 0)

2

_ (il)ae2ﬂima(zl—22)qma {q)(:l:)[m,s}*(,r’ 21, 22, 0)

+ kzz emilk=s)(a=s2) = =5 (o) 4 ) Yz +22)} (2.2)
S
1<k<2am

Proof. This lemma can be shown in the similar way with the proof of Lemma 2.4 in [17] as
folloes. By Lemma 2.1 in [16] with Remark 2.1 in [I7], we have

QEImsmale(1, 21, 29,0) — SN (7 21, 29,0)
(s 21—Z (S+k) + +
_ Z e (s+k)(z1—22) q [Qg_i_;g m 9(—(l+k) ](T, 21 + 22)
keZ
—a<k<—1

Letting a — 2am, we have

q>(:|:)[m,s—2am} *(7-, 21,22, 0) — ¢(:|:)[m,8] *(T 21,22, 0)

(s 21—Z (s+k) + +
_ Z emilsHh)(:1—=) o= [9£+3€ . + 6 (i+k) o) (7,21 + 22)
keZ
—2am<k<-1
_ Z eﬂ—i(s—k)(zl—ZQ) q [9](::)5 . 9(:%]1 s), m] (7'7 Z1 + 22) (23)
T kezZ
k—=—k 1<k<2am
Substituting this equation (2.3]) into (2.I]), we obtain (2.2)), proving Lemma [2.2] =

Lemma 2.3. Let m € %N, s € %Z and p € Z such that mp € Z. Then

1) if p>0,

(I)(i)[m’s}*(T, 21, 29 4 pr, 0) = e2mimpa @(ﬂ:)[m,s]*(ﬂ 21, 22, 0)
mp—1 (s+k)? +k)
— e Zmimpz Z em(s—l—k)(21—z2)q [e(igc m 0(—:24-19) ] (1,214 2)

k=0



2) if p<O,
(I)(:I:)[m,s}*(T’ 21, 22 + pT, 0) _ e—27rz'mpz1 (I)(:I:)[m,s}*(T’ 21, 29, 0)
) ) (s+k)?
e N7 e S (60 0 ) (12 22)
keZ
mp<k<0

Proof. These formulas follow immediately from Lemma 2.5 in [I6] and definition of &)+,

O

Following formulas for theta functions can be shown easily by using Lemma 1.1 in [I7] and
Note 1.1 in [I7], and will be used in the proof of Lemmas (4.1l and

Note 2.1. For m € N and p € Z, the following formulas hold:

(— m2p+ 11 —m\ _mm _m? o902 ()

1) 9%7m+§ <7', mt > = e 2m+i g 2@miD) 92mp+(m+%)’m+%(7', 0)
- m@p T\ i r)? p-)

2) 9%7m+% (T, T_’_%) = q 2(2m+1) 92mp+(m+%),m+% (T, O)

Note 2.2. For m € %N and p € Z, the following formulas hold:

_ 2p+ 1)1 —1 _mi o ——L (2p+1)2 o
D (@) 9_%)’m+% ( , 2+ %) = e2@mfD) ¢ 16(m+ %) e~ 5 (2p+1)z 0p,m+%(7—’ 2)
B _ 2p+1)T—1 _om o ——L o (2p+1)2
(i) 9(%7m+% <T’ T ( 2m —)I— 1 ) = ety o) ez Brr)e e—p,m-i-% (1,2)
-) (2]? + 1)T> T 16(773+l) (2p+1)? — T (2p41)z o(—)
D () 605 (n et = ! e o) 1 (r2)
e P+ D7\ o @D s gph1: (o)
@ 0 (n 2= Gar) = ¢ T SO o)

Note 2.3. For p € Z, the following formulas hold:

1) (l) J11 (7’7 g %) = q_%(2p+1)2 6_%(217-‘1-1)2' 907% (7_7 Z)
s z 2p+1)7—1 a1 i .
(i)  Jn <T7 3~ %) = —q 12p+1)? 5 (2p+1) 90’%(7_, 2)
. z 1 ) 1 o e
2) (1) Jdu (T, 5t (p + 5)7’) = —i(=1)Pq §(2p+1)? o~ (2p+1) 9(()7%) (,2)
.. z 1 ) 1 i e
(i) I (T, 3 (p + 5)7) = i(-1)q L(2p+1)? 5 (2p ) 9((]’%)(77 2)



3 Explicit formula for ®™0* (1, 2, 2, 0)

Proposition 3.1. For m € %N, (IJ[m’O]*(T, 21, 292,0) is given by the following formula:

1

m(z; — 2 .0l %
Zn+§ (7—7 M)Q)[ O (7_7217'2270)

6"

3 m+%

- - 2 - X e

J,k€EZ j,keZ
0<k<2mj 2mj<k<0

2mim(j4+ ——) (21— )
e im(j 4(m+%))(21 z2) o~ k(21— 22) [ek,m+0—k,m] (1,21 + 22)

9(—) ( <1~ z2> 9(—) ( _ A Z2>
m+d T, 21+zz+2m+1 . 1yl T, 21+ 22 om 1

1
2

. 3)
* ZT](T) { 7911(7’,2’1) 7911(7’,22)

(3.1)

Proof. Lettig z1 = 29 in the formulas (3.1a) and (3.1b) in [I8] and making their sum, we have
Z(—l)jq(m+%)j2+%j o~ 2mijm(z1—23) [q)[lmm + (I)ém’o] ] (1, 21, —23 — 247, 0)
—— —

JEZ I
(I)[m,O] *

e~ i1 Z(_l)kq(m+%)k2_%k e27rikm(zl—23) <I>§_)[%,%}(7_’ 21, —z — 2kT, 0)

kEZ
+ e Tz Z(_l)kq(m+%)k2_%k e~ 2mikm(z1—23) <I>§—)[
kEZ

Letting (j, k) — (—j, —k) and changing the notation —z3 — 29, this formula becomes:

)

D=
D=

](7', z3, —z3 — 2kT, 0)

Z(_l)jq(m.;.%)j?—%j e27rijm(21+22) @[7)1,0}*(7_7 21, 29 + 29T, 0)

JEZ

(NI

ez Z(_l)kq(m+%)k2+%k e—27rikm(zl+zz) (I)g_)[ ’%}(T, 21, —21 4 2k, O)

keZ
' . i1
4 Tz Z(_l)kq(mﬁ-%)lﬁ—i—%k 627rzkm(21+22) (I)g )[272}(7_7 —29, 29 + 2/€T, 0) (32)
keZ

First we compute the LHS of this equation (3.2):

LHS of (3.2)

1 1 - 1 2
— . (m+3)———1) .
q 16(m+ 1) E (—1)’q 2 4(m+ 1) 627T2JM(21+22)@[W70}*(T7 21, 22 + 247, 0)
jGZZO

)



S (m+HG-—21) o o1« )
+ g 6t Z (_1) q am+3)’ g2migm(zi+22) g [m,0] (1, 21, 20 + 247, 0)

J€Z<o

(1)

where (I) and (II) are computed by using Lemma 23] as folloows:

1 1y(s 1 2
I) = g 'S0m+d) 1)J (m+§)(]_4(m+%)) —2mijm(z1—22) g[m.0] * 0
( ) =4q (_ ) q € (Tvz17z27 )
J€Z>o
2mj—1
_ 16(m+ ) Z Z j 3= 4(m+1))q Ime 27rijm(zl—zg)e7rik(zl—zg)
JEZZO k=0

X [ek,m + 9_k7m] (T, z1 + 2’2)

()03

1
(II) =yq 16(m+1) Z (_1)jq 4(m+ —27Tijm(z1—zg)q>[m,0}*(7_, 21,22,0)
J€Z<o
1
+ q_16(m+%) Z (_1)Jq(m+ )('] 4(m +I))q 4716 27Tijm(z1—zg)e7rik(z1—zg)
i, kEZ
2mj <k<O0

X (O + Ok m] (T, 21 + 22)

Then we have
LHS of B2) = (I)+ (II)

1
. () -— ij
q 16(m+3) Z(_l)gq(m (- A(m+ 3 )) e~ 2migm(z1—22) q)[m,O]*(T, 21, 22,0)

JEZ
L J m
ezt (717%2) 9(;_3n+; (Ta 7 (21— 22))
2 2 m+ 5
!
I Y - %
Jk€eZ Jk€eZ
0<k<2mj 2mj<k<O0
)Gt )? R g k(21—
x (—1)ig PV A i 2mijm(z1—22) ik (21 —22) [Qk,m“‘e—k,m] (1,21 + 22)

(3.3a)
Next we compute the RHS of ([8:2)) by using Lemma 2.1 in [19]:
RHS of (3.2)

. . )i i
— A Z(_l)kq(m+%)k2+%ke—27rzkm(z1+22) (I)g )[272](7_7 21, —21 + 2kT, 0)
keZ

—27rikz‘1‘ 77(7')3
Y11(7, 21)

—ie



+ T2 Z(_l)kq(m+%)k2+%ke2m’km(zl+zg) q’g_)[%’%}(ﬂ — 29, 29 + 2KkT, 0)

keZ I
3
- 2mikzo 77(7—)
V11(T, —22)
_ 1 _ _mim (21_22)
= — g 16(m+3) o 2(mt3)
(m-l-l)(k-i- 1 )2 _27.”'(m+l)(k+ 1 )'m(z1+22)+21 T 3
s A A T T g (G
= V11(T,21)
I +29) +
o) (T _m(zl 29) zl)
s 7 m+
) _16 1 T _27rim1 (2'1—22)
1 1 2 . 1 1 .m(z1+22)+22 3
y Z(—l)kq(mh)(ﬂi‘*(m*%)) e27rz(m+2)(k+4(m+%)) po ﬂ
= V11(T, 22)
I
=) <7 m(Z1+Z2)+Z2)
Mg\ m+%

3

-1 Tim _ —_
= — g '0mty) e~ zmi1(21722) gl 1) <7', 21+ 29 + ;ln —I—Zi> 191?2—‘)21)

1
—3mts

3

Tim

1
o 16(mt D) —2m+1(z1—22)0(—) ( ! —22) T](T)
H ¢ %,m-ﬁ-% R 2m +1 1911(7', 22)
Then by (8:3a) and (8.3Dl), we have
1 im
2 Mt3
1
T Y - %]

J,k€Z J,k€Z
0<k<2mj 2mj<k<0

(3.3b)

m(z1 — 22)

om0l (7 21 25,0
m—i—% > ( b )

. 1 - 1 2 2 i i
« (_1)jq(m+2)(ﬂ 4(7’L+%))q_fW emi(k—2jm)(z1—22) [ka + g_k’m] (1,21 + 22)

a1 )
= —igq 16(m+ %) e—%(m—n)g(—l) .
—2 Mty

2 — Z2) n(r)?
2m + 1 1911(7’, 21)

2 —22> n(r)?
2m+1 1911(7',22)

(T, 21+ 20 +

-1 Tim
+igq S+ T aminG1m2)gl (T, z1 + 29 —

1 .
Multiplying ¢'*"+3) ezmi1(*1722) ¢4 hoth sides, we have

(T, m(Zl —122))q)[m,0]*(7_, 21,22’0)
m —+ 2



C (mA——2L1)? k2

N [ > - > ](—1)%( T
j kEZ J k€L
0<k<2mj 2mj<k<O0

—2mim(j— )(z1—22)

1
X e 4(m+%)

e ik(z1—-22) [kam + 9_k7m] (1,21 + 22)

3

~

— 6

1 1
—2,mt;

21— Zz) n(r)

, 21+ 29+
(T ! 2 2m +1 1911(T,Z1)

3

+ iﬁ(_) <7’, Z1+ 29 — 21 22) () (3.4a)

3.m+3 2m + 1/ 911(7, 22)

The 1st term in the RHS of this equation (B.4al) is rewritten by putting j = —j’ and k = —&/
as follows:

the 1st term in the RHS of (3.4a)

. (m—l—l)(j’-l- 1 )2 1’2

I I R
i k' €Z j Kk €z
2mj'<k'<0  0<k'<2myj’

2ﬂim(j/+ﬁ)(21—22)

% e (m+1) e—ﬂik’(z1—22) [e—k’,m + Hk’,m] (7-’ z1 + 22) (34b)

Then by (B4al) and ([B8.4bl) we obtain (3.1), proving Proposition Bl O
In order to rewrite the formula ([B.I]), we use the following:
Note 3.1. Form € %N, the following formula holds:
Z - T Jewa

j k€ J,k€Z
0<k<2mj 2mj<k<O0

2 x2 2mim(j+—2

1 — L1 Y(z—
Am+5)’ g Im e 4<m+%>)(zl =)

(m+3)(+

x e RE2) (g g (72 + 2)

_ (2mr'7s)2

L (mA G+ —L1)?
- [ > -2 ] > (—1y g "V
jﬂ"EZ j,TEZ SEZ
0<r<j j<r<0 0<s<m

2mim(j+—L1-) (21— ;
< e mm(]+4(m+%))(z1 z2) e—m(2mr—s)(z1—z2) [9877” + 9_877”] (7-7 z1 + 22)

. m+l j++2 (2m7‘+s)2

+ [ >~ X ] > (—1p TP e
j,r €L j,r€Z SsE€EZ
0<r<j i<r<o0 0<s<m

. . 1 _
2mm(]+m)(z1 ZZ)

% e e—m‘(2mr+s)(z1—zz) [es,m + H—S,m] (7—7 21+ Z2) (3.5)



Proof. In order to prove (3.0), we need only to note the following for j € Z :

0<r<y }

{keZ, O<l<:_2mj} {k‘ 2mr —s ; r,s € Z and 0<s<2m

{k:ez; 2mj<l<:§0}

_ o j<r<o0
{k:—2m7‘ s;r,s €4 and 0<s<2m}

Then the LHS of (3.5]) is rewitten as follows:

LHS of @5) = (I)+ (II)

where

e [N ] 5 o

j,r€Z j,r€Z SEZ
0<r<j j<r<0 0<s<m

2mim(j+

1 _
% e 4(m+%))(zl 22)

e—ﬂi(2mr—s)(21—22) [H—S,m + es,m] (7-, 21+ z2) (36&)

- m 2 mT'*SZ
e [ YT ]S cp e

j,r€Z j,r€Z s€EZ
0<r<j j<r<0 m<s<2m

y e2mm()+—1—4( " ))(z1 z2) o mi(2mr—s)(z1—22) [9—5,m+95,m] (1,21 + 22)

Putting s :=2m — s, we have
m<s<2m <<= 0<s <m

o (II) is rewritten as follows:

. m—}—l ]++2 (2m(r71)+s,)2

D D S I S e
j,r €L j,r€Z s'eZ
0<r<j j<r<0 0<s'<m

2mim(j+ J(z1—22) _
e

X e ey mi@mir=D+s0E=2) 19, 40y ] (7,21 + 22)

= [ Z _ Z } Z (_1)jq(m+ )(]+4(n+ ))ZQ—W

T jo'€Z jr €Z s €Z
— !
r-l=r 0<r'<j j<r'<0 0<s'<m

2mim(j+

e g (1 722)

e—7ri(2mr’+s’)(z1—22) [95,’7” + 6—5’,771] (7-7 21 + 2;2) (36b)

Then by (3.6al) and (3.6bl), we have
(I) + (II) = RHS of (35), proving Note B.I}



By Note Bl the formula (31) in Proposition Bl is rewritten as follows:

10

Proposition 3.2. Form € %N, @[m’o}*(T, 21, 22,0) is given by the following formula:

(’7’, m(Z1 —122)>q>[m,0}*(7_, 21,22,0)
m + 2

Y11(T, 21) V11(7, 22)

[ 2, X } 2 (_1)jq(m+ D0t oD ) e

j,r€Z j,r€Z SEZ
0<r<j j<r<0 0<s<m

2 — 1
< e mm(]—i—4( " T

)(21—22) o~ mi(2mr—s)(z1—22) [es,m + 9_s7m] (1,21 + 22)

[ Z - Z } Z (_1)jq(m+ )(]+4(m+ )2 q_%

j,r€Z j,r€Z SEZ
0<r<j j<r<0 0<s<m

2 — 1
< e 7rzm(]+4( " T

)(z1—22) e~ Ti(2mr+s)(21-22) [es,m + 9_s7m] (1,21 + )

4 <I>[m’0]*(7, 21, 22,1) ~ the case z; — 29 = 2a7 + 2b

4.1 ®MO¥(7 2 2,t) ~ the case z; — 2z = (1 +2p)T — 1
Lemma 4.1. For m € N and p € Z, the following formula holds:

(=) [m,0] * < E i Z l . >
02mp+m+%,m+%(7’ 0) @ o 5 5 Tg P 0

3
_ green 07 gy

N [ Y- Z } S (1R’
JTEL Zoaa 5,7 E€ S Zoaa kez
0<r<j j<r<o O0<k<m

— Z1 — %2 (-)
0(1) 1(7'7 21+ 29 + > 01 1(7', 21 +2 — ——
in(7)3{_ 2. Mt 3 2m +1 2 Mt3

(3.7)

« g & [2mr+k+2mp]? + 2 (2p+1)> [Okm + O] (7, 2)

. . 2
_ [ E ' _ E } § : J—l+k (er )i+ gmg1)?
G T €S Zoaa 57 E€ 5 Zoda keZ
0<r<j j<r<o O0Sk=m

X q_ﬁ [2mr —k+-2mp]? + 5 (2p+1)2 [0km + Ok (1, 2)



11

_ 1 k
+ Hém)p—l—m+%’m+% (Tv 0) Z (_1)kq 4mk2+2 @pt1) [ekvm + H—k,m] (T’ Z) (4‘1)

k€eZ
0<k<m
= 247 - Lypr 21+20 = 2
Proof. Letting 202 f P namely b= in the for-
Z2 = 5—%5+5—pT 21—z = (2p+1)7-1
mula ([37) in Proposition B.2] we have
_ 2 )r—1
9(1 ) 1( ) m((2p + )1T )><I>[m’0] (7,21, 22,0)
2,Mt3 m+ 5
_ 2 Dr—1 _ 2 Hr—1
o) [ L@t ) o) 1<sz_%>
= ()3 —3.mt 2m 41 1 3 Mmts3 2m+1
V11(7, 21) V11(7, 22)

I Sl I R

j,rE€Z J,rE€Z SEZ
0<r<j j<r<0 0<s<m

2mim(j+ )((2p+1)7—1)

1
X e 4(m+%—)

e—ﬂi(2mr—s)((2p+1)7——1) [es,m + 9_s7m] (7_’ Z)

(2mr+s)2

o (m+3)(+
DD IS S it
j,r€Z j,r €L s€EZ
0<r<j j<r<0 0<s<m

I e COPDTD riCmes )@t D g, o, (7, 2)

(m+3)G+—21)2 + m(i+ )(2p+1)

1
4(m+ ) 4(m+3)

- e—zﬁiﬁ |: E — E :| E (_1)j+5
j,r€Z j,r €L sEZ
0<r<j j<r<0 0<s<m

(2mr'7s)2

X q_ am —%(2mr—s)(2p+1) [es,m + H—S,m] (7—7 Z)

. - 1
o { S } ) I e e
J,r €L J,TE€Z SEZ
0<r<j j<r<0 0<s<m

)(2p+1)

o2
y q_%_%(2mr+s)(2p+l) [es,m + H—S,m] (7_’ Z) (4‘2)

The LHS of this equation (4£.2]) becomes by Note [2.1] as follows:

_ _mim 2 1 *
LHS of [IZ) = e #frg~m0mm 27+’ Oy 3y 2 (7:0) - 20 (7. 21, 29,0)



Also (I) is computed by using Notes 2.2 and 23] as follows

_ 2+ 1)1 —1 - 2p+ 1) —1
N e I T R
) = - —hmts ml /.,y mt
9 ( z+(2p+1)7—1) 9 ( z (2p+1)7'—1>
1(7 3 5 1" 35 2
—1— 2p+1 T
6_2(2m+1) q 16(m+ )( P ) 7(2p+1)29p,m+%(7-’ 0)
g~ 5@+’ e‘%(2p+1)290’% (1,2)
T — 1 2p+1 2 s’
X eTImD g 16(m+%)( e 67(2p+1)29_p’m+%(7', 0)
— s ”’(21”4'1)20 (T, z)
m ( p+1)2 1
. —m (m ) .
62(2 +1) q8 + 60 1(7—7 Z) [6P7m+% + 6_p7m+%j| (T7 0)
2

Then substituting these into (4.2]) and multiplying ez i1 and rewriting the 2nd terms in the
RHS of ([@.2]) by using

Z ok lnnl-x

j,red j,r€Z r=0
0<r<j j<r<o0

0<r<j j<r<0 JEZ
the above formula (4.2]) becomes as follows:

(4.3)

2p+1 m,0] x
g T )’ O by 1 (7 0) @0

qs(mnl%) @p+1)*  p(1)?

. Ivps 1, 2 2 2 2
— |: E — g :| § (_1)]+5 q(m+§)(.7+§+275r1) _2(2%+1)(2p+1)
J,r€Z j,r EZ seZ

0<r<j j<r<0 0<s<m

X q T [2mlr3) =5 2mpl? + 5 (2p+1)? [93 m+ 0_s m] (1, 2)

2
2
+ E ] (m+ 9+%+2mpr1)2q_2(2%+1)(2p+1)2
JjEZ

-
92mp+m+% ,m+% (T’ 0)

X Z (_1)sq—ﬁs2+§(2p+1) [Os.m + O—s.m] (7, 2)
sEZ
0<s<m
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. 2
N { DY ] S (1) g e ()
7, rE€Z J,TEZ sEZ
0<r<j j<r<0 0<s<m

e L TP [ (14)

m?2 2

Multiplying g2 """ and replacing 32,z with e, by putting j + § = j' and
K b 2 o]

r+ % =1’ in the above formula (@), we obtain

eér_n)17+m+%7m+% (T’ O) (E[mp} ’ (T7 21,22, 0)

migprnz (1)

-1 Op1(7,2) Opmsy T 0] (70)

[ S - T ] 5 e
3’7" €5 Zoda  J's7" €5 Zoda keZ

OSr/Sj/ jl<rl<0 0<k<m

x g R B R [ g ()

T Hér_n)p—i-m—i-l m+l(T’O) Z (_1)kq_ﬁk2+%(2p+l) [ekvm + e—kvm} (7,2)
e kez
0<k<m

. . 2
[ 2 - T ] E o
37" €5 Zoda  J's7" €5 Zoda kez
0<r <’ ji<r <o O<k<m

% q—ﬁ [2mr’ +k+2mp]® + 3 (2p+1)? [ek 0 m] (T, Z)

proving Lemma 11

4.2 ®MO*(7 2 2. t) ~ the case z; — z = (14 2p)7

Lemma 4.2. For m € N and p € Z, the following formula holds:
g)

. z T 2 T
2mp+m+%7m+%(7—’0)q>[m70} (7', 54‘5‘1‘1)7'7 §—§+p7', 0)
3
_ (Capgiern? 1T o) ) 0
(=1 0(()_1)(7,z) %, + T, +%](T’ )
>

. . 2
IR Y I NG e
JTEL Zoaa 5,7 E S Zoaa kez
0<r<j j<r<o O0<k<m

% q—ﬁ [2mr+k+2mp)? + 2 (2p+1)? [9k 40 m] (1,2)
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1S - T ] T i

JTEL Zoaa 5,7 €S Zoaa keZ

0<r<j j<r<o O0Sks=m
X q_ﬁ [2mr—k-~+2mp]? + 1 (2p+1)* [0,m + O—km] (T, 2)
— _ 1 k24 k
et b (10) g I [+ 0 km] (7 2) (45)
keZ
0<k<m
. 21 = E+LZ+pr 21tz = z )
Proof. Letting 22 namely in the formula (3.7)
22 = 53— pPT 21—z = (2p+ 1)1

in Proposition B.2] we have

() m2p+ DT o)«
9%7m+%(7', m+% >(I) (T,Zl,ZQ,O)
o) (e BT ) (o BT
B ST i 1 AN 2m+1 /) pmta\” 2m + 1
V11(7, 21) V11(7, 22)

)

. (m+l)(j+;)2 (2m7“75)2

[ £ - S ] % o et
J,r €L 3, rEL sEZ
0<r<j j<r<0 0<s<m

2mim(j+——1)(2p+1)7

x e At d) 7= )CPENT G 40 om] (7, 2)
. (m+%)(]+—11—)2 (2m’r+s)2
P IED DR I
J,rE€Z J,TEL SEZ
0<r<j j<r<0 0<s<m
2mim(j+ )2t
x e At d) e EmrES)CPENT G 40 (7, 2)

= in(r)’ x (D)

J,rE€Z J,TEL SEZ
0<r<j j<r<0 0<s<m

(Zmrfs)z
X " w3 (2mr—s)(2p+1) [Bs.m + 0_s.n] (7, 2)

1

. Ly 2 i+ —1 ) (2p+1

} [ > - X } T (1 g e O gy )
j,r€Z J,rel sEZ
0<r<j j<r<0 0<s<m




(2m7‘+s)2

x g~ o Remre @ [ 4G Y(r,2) (4.6)
The LHS of this equation (46l becomes by Note 2] as follows

LHS of {@0) = ¢ 2(2m+1) (2p+1)? 9;m1)+m+2’m+2(7.7 0) (I)[m,O]*(T7 21, 22,0)

Also (I) is computed by using Notes 2.2] and 2.3 as follows:

2 1 _ 2 1
0= — 0(_%) il (7-, z—|2— %) N 0(%’2)14_%(7', z —2(21;11%)
e R
q—m(wﬂ)?e_%i(zpﬂ)z ;,(,_m_,_l(Tv 0) q_m(2p+1)26%(2p+1)26(_p) "  (7,0)
- _Z'(_1)pq—é(2p+l)26—g(2p+l);eé’_;)(7.7Z) + i (—1)pgt@rD, (2p+1)zé( 2)(27 2)
1
= —i(=1)7 sy 9((]—1)27’ 2) ' [ez(),rr)ﬁ% +9(__p),m+;](7,0)

Then substituting these into (4.6 and rewriting the 2nd term in the RHS of (4.6) by using
([#3), the above formula ([L6) becomes as follows:

q " enTD “) 02mp+m+27 +2(T’O) (I) (7,21, 22,0)
mo_(2p+1)2 p(7)3 (=) (=)
(_1)pq8(m+%) 7 .8 +40 (1,0)
= eé"%’ (, 2 [ Pty —p,m+%}

2pm

) [ )IEDY ] S (1RO - i et

J,rel j,r€Z
0<r<j j<r<0 0<s<m

X q T [2m(rt 3) =5 2mpl? 4 5 (2p1)? [95 m+0_s m] (1, 2)

77L

. 2 2 T TS 2p+1
+ Z .7+ +2,,5T1) 4(m+35 )( )

q
JEZ

Il
9 L 1(7,0)

X Z q_ﬁ32+§(2¥’+1) [95,m + H—SM} (,2)

SEZ
0<s<m

_ [ Yoy ] T (1) g Ly (o)

j,red j,r€Z s€Z
0<r<j j<r<0 0<s<m




16

X g Bk IR RO [, g (r, ) (4.7

)(IH‘)

Multlplymg q2(2’”+1 and replacing >, oz with >/ .15 by putting j + + =4 and
K b 2 O

r+ 3 =1’ in the above formula (@), we obtain

eér_n)17+m+%7m+% (T’ O) (E[mp} ’ (T7 21,22, 0)

_ (crp g 00

o1 2pm _\2
[ E s ] o
31" €4 Zoaa 5,7 € % ZDoaa kez

. ) 0<k<m
0<r' <y’ j'<r' <0 m 5
x g am 2mr ket 2ml? + 5 (2p+1) [Or.m + 0—km] (T, 2)

g1 2pm \2
_ { S } T (1) g D)
3’7" €3 Zoaa  §'s7" € % Zoaa keZ

. . 0<k<m
0<r' <y’ j'<r' <0
= = 2myr’ —k+2mp]? + 2 (2p+1)2
X q~ o | pl* + 7 (2p+1) [ek,m+9—k,m](77z)

m+1+2pm
+ E 1)7 (m+ U+——sm1)°

JEZ j,r€Z
0<k<m

q_ﬁk%ﬁ (2p+1) [ek,m + e—k,m] (’7', Z)

-
62mp+m+ % ,m-l—% (T’ O)

proving Lemma O

5 @gdd] (7,21, 22,t) ~ the case z; — zy = 2a1 + 2b

Lemma 5.1. Let m € %N, j,a € %Z and b € Q such that 4mb € Z. Then the functions
Pjm(T1,2) = Pj(;b) (1,2) and Qjm(T,2) == ng;r)b(T, z) defined by the formulas (4.1a) and (4.1b)
in [17] satisfy the following:

1) Pjm(r,ar +b) + elribedrimab p . (1 ar +b) = 0

2) Qjm(r,ar +b) + elriibedrimabgy . (1 ar +b)

e27rzyb 687r2mab § e47r2mbkq I (1+2m(2a—k)) (j —2mk)

k,cZ
0<k<2a
4 2migb Z e4mmbkq—ﬁ(j—zm(za—k))(j+2mk)

keZ
0<k<2a



17

Proof. The claim 1) follows from (4.4) in [I7] and the claim 2) follows from (4.6b) in [17], since
e—87rimab — eSWimab. 0

Lemma 5.2. Let m € N, a,b € %Z and j € Z. Then

1) Rjm(r, at 4+ b) + Rom—jm(T, ar +b) = 2290 3~ q_ﬁ(j”m@“_k))(j_zmk)

keZ
1<k<2a
2) Rom(r,at+b) = S gmkResk)
keZ
0<k<2a

Proof. The claim 1) is obtained immediately from Lemma 4.1 in [17].

To prove the claim 2) we note, by letting j = 0 in Lemma [5.1], that

Pom(t,ar+b) = 0

and that
Qom (T, at +b) = ! Z { o~ 2m(2a—R) (=2mk) g 2m(2a—k) 2mik }
2 keZ Y
0sk<2a 2 qu(2a—k)
— Z qu(2a—k)
keZ
0<k<2a
Thus we have
Rom(, aT +b) = Pom(7, a7 +b) + Qom(r, ar +b) = > g™
keZ
0<k<2a
proving Lemma 0

Using the above Lemmas [5.1] and [£.2], the Zwegers’ additional function

@gﬁ&o}*(T, 21,22,0) == @E’?;g]d(ﬂ 21,22,0) + (I)g,nz;g]d(T’ 21, %2,0)
is obtained as follows:

Proposition 5.1. Let m € N and a,b € %Z. Then, for z1 and zy satisfying z1 — zo = 2a7 + 2b,

the correction function @gﬁ&o}*(T, 21,292,0) is given by the following formula:

(I)ggélo} *(T7 21, 22, 0) = - Z qu(2a—k) 907771 (T7 21+ 22)
keZ
0<k<2a
1 g . .
— 5 2 @Y e g, ] (s b ) (5)
JEZ keZ

0<j<2m 1<k<2a
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Proof. By the formula for <I>[m 0(]]1 in [17], we have

1
<I>£:dnd0} (T,21,22,0) = — 3 Z Rjm(T,am +b) [Hjm + H_j,m] (1,21 + 22)
JEZ
0<j<2m
—_——
I
+ )
§=0 JEZ
0<j<2m
1
= —3 Rom(T,am+b) X 2600, (7,21 + 22)
—_——

Z ¢"*2=k) by Lemma 5.2

keZ
0<k<2a

-2 Z Rjon(7, a7 +b) [05m + 0 jm] (7, 21 + 22)
]EZ
0<j<2m

1
-1 Y. Ron—jm(rar +0) [Bomjm + 0_amjym ] (121 + 22)
< i
0<j<2m ej,m + e—j,m

= — Y "Ry (T2 + 2)
kez
0<k<2a

1

4 4
JEZ
0<j<2m

{Rgm_j,m(T, at +b) + Rj (7, a1 + b)} [Hj,m + 9_j7m] (1,21 + 29)

Then, using Lemma [5.2] this is rewritten as follows:

= - Z g™ R Qg (7, 21 + 22)

kez

0<k<2a

1 y ,

= Z 9 p2mijb Z q = (j+2m(2a—k)) (j—2mk) [9j,m +9—j,m] (1,21 + 22)

JEZ keZ

0<j<2m 1<k<2a

= — ) "R (T + )

keZ

0<k<2a
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1+ Z e27r2]b Z q % j+2m(2a—k))(j—2mk) [9j7m+6—j,m] (T, 2 +22)

]EZ keZ
0<j<2m 1<k<2a

proving Proposition (.11 O

Using the above Proposition 5.1l the Zwegers’s additional functions @gg&o}*(n 21, 22,0) for

(21,220) =2+%—3,2—2+3) and (21,22) = (5 + 5, £ — T) are obtained as follows:

Lemma 5.3. For m € N, the following formulas hold:

[m,0] * z 7 1 z 7 1 B , 9
e (55557550 = - T W a2
0<j<2m
2) CI)EZ}&O]*(Tv Z+ Z: - Zv O> == 2 q_ﬁj(jdm)ej m(T, 2)
272727 2 =
0<j<2m
= z41_1 =
Proof. 1) In the case S §+% 7, letting 2a 1 in (5.1]), we have
Zp = 5—353+t3 26 = -1
B (1 21, 2,0) = = Y O G (7,21 + 22)
keZ
0<k<1
2
1 g , ,
-3 Z o= Zq—ﬁ(gmma_k))(]_mk) [9j7m+9_j7m] (1,2)
JEZ k€Z
0<j<2m 1<k<1
1
= —200m(T, 21+ 22) — ) Z (~1)7 gm0~ P [0m + 6—jm] (7 2)
JEZ
0<j<2m
1 _1 1
= —2Wom(rz) =5 > (g mIITG L (rz) - o Y () gm0 ()
JEZ JEZ
0<j<2m 0<j<2m
| 2m—j=j
> gm0 (7, 2)
JEZ
0<j' <2m
— _200,7)1(7—7’2) _ Z (_1)]q 4m](] 2m)9j’m(7-’z)
JEZ
0<j<2m

proving 1).



— 243 . f2 =1
2) In the case { Al 2 + 2 | letting { “ in (51]), we have
Z2 = §5—3 20 = 0
0] * _
Ol (a2, 0) = = Y N fon(riz + 22)
k€eZ
0<k<1

2

- % ST S g GrmeRG2m) g g (7 2)

JEZ keZ
0<j<2m1<k<1

= —200m(T,21 +22) — % Z q—ﬁj(j—%n) [0m + 0—jm](T,2)

JEZ
0<j<2m
= —260pm(1,2) — = g q- amd 2m)9]m(7'z g q- amd 27”)9_],”(7' 2)
jEZ JEZ
0<j<2m 0<j<2m
H — 2m—j=j'
JEZ
0<j' <2m
2
= —260pm(1,2) — E q ~ i - m)9]7m(7',z)
JEZ
0<j<2m

proving 2).
6 (I)[m,()] *(7-, 21 + PT, 2o — PT, O)
6.1 QU0 (7, 2y + pr, 2 — pr,t) ~ the case 21—z =7 — 1

Lemma 6.1. For m € N and p € Z, the following formula holds:

1 zZ T 1
(I)[m,O]*< E Z__ <~ - >
5 +—2 3 + pT, 573 +—2 p1, O
~ 1 z 7 1
_ () q)[m,m*( T2 2 T2 >
q { T, 5 + 573 373 + 5’ 0
+ § : 2 : q 4m (2mr+k)(2m(r—1)+k) [ek,m + e—k,m] (T, Z)

reZ keZ
—p<r<p 0<k<m



_ 9 Z q—mr(r-i-l)eo’m(T’ Z) + (_1)m Z q—%(2r+1)(2r—1) em,m(Ty Z)} (6.1)

reZ reZ
0<r<p-1 —p<r<p
zor_1 2 — 2y =
Proof. Letting 272 2 pamely in the formula (2.2 in
z Z_T4+43 21tz =
2 2727172

Lemma [2.2] we have

Plm.0] (1, 21 + p1, 22 — p7, 0)

e27rimp(7——1)qmp2 {(I)[m,o] *(7_7 21, 22, O) + Z e—m’k(T l)q 4m [9k 0 m] (T Z)}
keZ
1<k<2pm

_ qmp(p+1){q>[m,0}*(7_’ 21, 22, 0) + Z (_1)kq—ﬁ(k2+2mk) [ek,m + e—k,m] (7-’ z) } (6.2)
k€eZ
1<k<2pm

@

We compute (I) by putting k =2mr+ k" (0<r<p, 1<k <2m) as follows:

s _ 1 / ’
Z Z 2mr+k q 4m (@mr-+k7) (2mr+k'+2m) [92mr+k’,m + 9—(2mr+k’),m] (7_7 Z)

reZ k' €Z
0<r<p1<k’<2m

= Y Y ()l m et g )

rez k' €Z
0<r<pi1<k’<2m

(4)
LYY ()W Ene ) g ()
reZz k' ez
0<r<p 1<K <2m
(B)

where (A) is computed by using

o= D> =)+ (6.3)
k€Z keZ k=0 k
1<k<2m 0<k<2m

as follows:

Z Z (] 4m 2mr+k)(2m(r+1)+k) 0 m(T, Z)

reZ keZ
0<r<p 0<k<2m



Z q—4—2mr 2m(r+1)

reZ
0<r<p

= 2 2

reZ keZ

q—mr(r—l—l)

q

0<r<p0<k<2m

- T+ X

reZ }

reZ
0<r<
reZ keZ

4m

p 1<r<p

0<r<p0<k<2m

22

90m 7_ Z Z q 4 (2mr+2m)(2m(r+1)+2m) 92m,m(7—7z)
rcZ H
0<r<p

I om

Z q—mr(r—l—l)

reZ
1<r<p

(2mr+k)(2m(r+1)+k) ek (T, Z)

—mr(r+1) 907m(7_7z)

I (2mr+k)(2m(r+1)+k) ek (T, Z) + {q—mp(p-i-l) N 1} 90,m(7‘, Z)

And (B) becomes by putting k' = 2m — k and r + 2 = —r' as follows:

(B) =

2

r' €Z

Z ( 1)k, q 4m (@mr!+k) (2m(r' +1)+K) Gk/ (’7’, Z)
k' €Z

—p—1<r'<—-1 0<K <2m

Z (_1)k’ q—ﬁ(—2m+k’)k’ ek’,m(Ta 2)

k' €Z

0<K <2m

Then (I) becomes as follows:

D = (4A)+(B)
— Z (_1)k Z q 4m(2mr+k)(2m(r+l)+k) ek,m(7—7 Z)
keZ r€Z
0<k<2m —p—1<r<p

>

r' €Z

[| <« r+1=1'
q 4m 2m(r'—=1)+k)(2mr'+k)

—p<r' <p

- Z (—1)Fq — T (—2m+k)k Orn(T,2) — Oom(T,2) +q PPV Gy (1,2)  (6.4)

keZ
0<k<2m

— Y (g R )

keZ

0<k<2m
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Then substituting (6.4]) into ([6.2]), we have

OO (7, 2y + pr, 29 —pr, 0) = PP {‘I’[m’o}*(ﬂZl’Zz,O) + (I)}
= qmp(p+1) {q)[m,()] *(Tv 215 22, 0)

+ Z Z o Cmr+k)(2m(r—1)+k) ek,m(Ta Z)

reZ keZ
—p<r<p 0<k<2m

— Z (— 1) q — i Bk~ 2m)9k,m(7,z) + q_mp(pﬂ)ﬁo,m(?,z)}

keZ
0<k<2m
I
q>£[:dnd0} (7—7 21,22, 0) by Lemma m
— et {(T)[m,o] 7,21, 22,0 Z Z Ve~ L 2mr+k)(2m(r—1)+k) Ol 2)
rez kEeZ
—p<r<p0<k<2m
I
- o)} v (69

We go further to compute

(1) = (D, + D

where
(II)A — Z Z q 4m (2mr+k)(2m(r— 1)+k)9k,m(7—72)
reZ k€Z
—p<r<p 0<k<m
(II)B — Z Z q 4m (2mr+k)(2m(r— 1)+k)9 (7_7 Z)
rez keZ

—p<r<p m<k<2m

First we compute (II) 4

(H)A = Z Z (— 1) q — 157 (2mr k) (2m(r— 1)+k)9k,m(7,2)

reZz keZ
—p<r<p 0<k<m

z" >z

keZ
0<k<m

= Z Z (—1)F g~ tm Gmr+h)@m(r— DRIy (7, 2)
reZ keZ

—p<r<p 0<k<m



+ (_1)m Z q—%(27‘+1)(2r—1) 9m7m(7_’ Z)
re

—-p<r<p

Next, (II) 5 is rewitten as follows by putting k = 2m — k'

Wy = XY e K, )

reZ k' €Z
—p<r<p 0<k'<m

D DIEED DI G A e b RO

T , r' €Z k' eZ
=TT _p<r’'<p O0<k'<m
A,—J

ZZ

k' €Z
0<k' <m
/ 1 / / / /
_ Z Z (_1)k q—m(Zm(r —1)+k")(2mr'+k )e—k’,m(Ta Z)
r' €Z k' €Z

—p<r'<p 0<Kk'<m

. Z q—mr’(r’—l) GO,m(Ta Z)

r' €Z
—-p<r'<p

Il
_9 Z q—mr(r-i-l) 007m(7_’ z) o q—mp(p-i-l)eO’m(T’ z)

reZ
0<r<p—-1

Then by (6.6a) and (6.6D), we have
(1) + ¢~™PP+1g, (7, 2)

_ Z Z q 4m (2mr+k)(2m(r—1)+k) [ek,m + H—k,m} (T, Z)

rez k€Z
—p<r<p 0<k<m

-9 Z q —mr(r+1) 90,m(ﬂ Z) + (_1)m Z q—%(2r+1)(2r—1) 9m7m(7-’ z)

reZ rez
0<r<p-1 —p<r<p

Substituting this equation (6.7]) into (6.2]), we obtain

+ Z Z k ——(2mr+k)(2m(r 1)+k) [ek,m + e—k,m] (7_’ Z)

rez keZ
—p<r<p 0<k<m

24
(6.6a)

(6.6b)

(6.7)
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_ 9 Z q—mr(r-i-l)eo’m(T’ Z) + (_1)m q—%(27’+1)(2r—1) em,m(Ta Z)}

r€Z r€Z
0<r<p-1 —-p<r<p
proving Lemma [6.7] O
6.2 OO (1 2 + pr, 2y — pr,t) ~ the case z; — 2, =T
Lemma 6.2. For m € N and p € Z, the following formula holds:
q>[m70}*< 2.7 F.T 0)
=) @mm*( LT E_T 0)
q { 7-7 2 + 27 2 27
+ Z Z q—ﬁ(2mr+k)(2m(r—l)+k) [ek,m + e—k,m] (T, Z)
rez keZ
—p<r<p0<k<m
-9 Z q—mr(r+1)907m(7—’ Z) + q—%(2r+l)(2r—1) 9m7m(7_’ Z)} (6.8)
r€Z r€Z
0<r<p-1 —-p<r<p
. 1 = % + % Z1 — 29 T . .
Proof. Letting S - namely in the formula (2.2]) in Lemma 2.2,
Z2 = 573 z1+2z2 =

we have

om0 (7 21 4 pr, 20 — pr, 0)

e2rimpr e’ {‘I)[m’o]*(ﬂ 21, 22,0) + Z e~ g [Okm + O] (T Z)}
keZ

1<k<2pm

= qmp(p+l) {(I)[m’o] *(T, 21,22, 0) + Z q—ﬁ(k2+2mk) [ek,m + e—k,m] (7—7 Z) } (6'9)
keZ

1<k<2pm

@
We compute (I) by putting &k =2mr + k" (0<r <p, 1<k <2m) as follows:

(I) — Z Z q—ﬁ(2mr+k’)(2mr+k’+2m) [

rez k' €Z
0<r<pi1<k’<2m

— Z Z g~ an GmrHR)Cmrt D) g (7 )

rez k' €Z
0<r<pi1<k’'<2m

92mr+k’,m + 6—(2mr+k’),m] (T7 Z)




+ Z Z g~ T (2R @m(r 1)+ 0t (T, 2)

rez k' €Z
0<r<p 1<k <2m

(B)

where (A) is computed by using (6.3)) as follows:

(A) — Z Z q—ﬁ@mr-i-k)@m(r—i-l)-l—k) 9k7m(7_’ Z)

reZ keZ
0<r<p 0<k<2m

= XTI () Y g A gy (7, 2)
N——

reZ I reZ X
0<r<p _ 0<r<p
q mr(r+1) 0,m
Il
—mr(r+1
>
reZ
1<r<p
— L @mr+k)2m(r+1)+k
= S Y G ene ) ()
reZ keZ

0<r<p 0<k<2m

4—{— o+ Y }(mm*”%mﬁﬂ)

rez reZ
0<r<p 1<r<p

_ Z Z q—ﬁ(2mr+k)(2m(r+l)+k) ek’m(ﬂ Z) + {q—mp(p-i-l) N 1} HO,m(T7Z)
reZ keZ
0<r<p 0<k<2m

And (B) becomes by putting k£’ = 2m — k and r + 2 = —r/ as follows:

1 ’ / / ’
(B) _ Z Z q—m@mr +E)(2m(r' +1)+E) ek’,m(T, Z)

r'€Z k' €Z
—p—1<r'<—-1 0<Kk' <2m

— L (—2m+E K
= Y g ()
k' €Z
0<Kk <2m

Then (I) becomes as follows:

26
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= > > g~ T @mrER) @m0 ) gy

keZ rez
0<k<2m—p—1<r<p

| < r+1=1r'
§ : q—ﬁ(2m(r’—1)+k)(2mr’+k)
r' €Z
—-p<r'<p

SN O G (2) — lg(r2) 0 Gy (r2) (6.10)
kEeZ
0<k<2m

Il
- Z q—ﬁ(—2m+k)k Hk,m(Ta Z)

keZ
0<k<2m

Then substituting (6.10) into (6.9), we have

OO (7, 2 +pr, 29 —p7, 0) = "PPHD {‘I’[m’o]*(ﬂ 21,2,0) + (I)}

_ ) {q)[mm (7,21, 22,0) (6.11)
+ Z Z q—ﬁ@mr-i-k)@m(r—l)-l-k) 0 m(Ta Z)
r€Z keZ

—p<r<p 0<k<2m

B Z q_ﬁk(k_2m)9k,m(7'7 2) + q_mp(p+1) 90,m(7'7 Z)}

keZ
0<k<2m

I
(I)LE&O} *(7'7 21,%22,0) by Lemma

R I R R T
reZ keZ
—p<r<p 0<k<2m

I
+ q—mp(p+1) 00.m (T, Z)} () (6.12)

We go further to compute
1) = (A, + (Mg
where

(II)A = Z Z q—ﬁ(2m7“+k)(2m(r—1)+k) Hk,m(ﬂ Z)

reZ keZ
—p<r<p 0<k<m



(IDp
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_ﬁ(2mr+k)(2m(r—1)+k) 0y m(Ta Z)

q

> X

reZ keZ
—p<r<p m<k<2m

First we compute (II) ,

(I1) 4

> > g~ T GmrAR)Emir=1)+k)g, oy
reZ keZ
—pSTSP OSkSm
N~——
I
> T
keZ k=m
0<k<m
> > g~ TR R 2mr =1k g, (o
reZ keZ

—p<r<p0<k<m

+ Y T, (7 2) (6.13a)
rez
—-p<r<p
Next, (II) 5 is rewritten as follows by putting k = 2m — k' :
My = Y Y qmCneReg ()
reZ k' €Z
—p<r<pO<k’<m
_ Z Z q 4m @2m(r' =1)+k") (2mr’ +k' )9 K (T, Z)
T r' €Z k' €Z
r=—r —p<r'<p 0<k'<m
H,_/
k' €Z
0<k/<m
B
r' €Z k' cZ
—p<r'<p O0<k'<m
— Y g 0y (7, 2) (6.13b)
r' €Z
-p<r'<p
I
_9 Z q—mr(r+1) Oo.m (7, 2) — q—mp(p+l)907m(7-7 2)
rez
0<r<p-1

Then by (613a) and (6.13D]), we have

(I1) 4 ¢~ ®PT g, (7,

2)
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=YY mCmene D[ g ()

rez keZ
—p<r<p 0<k<m

—9 Z q—mr(r+1)QOM(T7 z) + Z g~ Fer+er-1) O (7, 2) (6.14)
reZ reZ
0<r<p-1 —p<r<p

Substituting this equation (6.I4]) into (6.9), we obtain

q)[m’o]*(T, 21+ pT, 29 — T, 0) — qmp(p—l-l) {&)[m,O]*(T, 21,22,0)

+ Z Z q 4m (2mr+k)(2m(r—1)+k) [ek,m + H—k,m] (T,Z)

reZ keZ
—p<r<p 0<k<m

_ 9 Z q—mr(r—l—l)eo’m(,r’ Z) + Z q—%(2r+1)(2r—1) 9m7m(7_’ Z)}

reZ reZ
0<r<p-1 —p=<r<p
proving Lemma O

7 Modified function ®™%* with specialization

Proposition 7.1. For m € N and p € Z>q, the following formulas hold:

e () Gmosx(. 2, 7 1 2 7 1

D (el L (0) <T, ts-3 a5ty o)
()3
— Oya(r,2) iy 0pmsy ] (0)

I I S I
G €5 Zodad  J7 € % Zoaa keZ

. . 0<k<m
0<r< <r<o
=rsJ = X q- T [2mr+k+2mp]? [ek,m"i'e—k,m] (7’, Z)

2
N [ Yo Z ] e DG Y
5,7 €% Zoaa 4,7 € 5 Zoaa keZ
0<r<j j<r<o 0Sk=m

X ¢~ 4m [2mr—k-+2mp]? [ek,m + e—k,m] (7—’ Z)

- (_1)1) e;z()i)m lmel (7—7 0) Z Z (_1)kq_ ﬁ (m(2r—1)+k)2 [ek,m + e—k,m] (7—7 Z)
2

2’ rez keZ
—p<r<p 0<k<m

F20reT Lm0 D D ()

reZ
0<r<p-1
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- (—1)m+p9;:;_lm+l(7,0) S T (7, 2) (7.1a)

27 2
reZ
—p<r<p
1% o) pmo+(p 24T 2_T
2 (g FeC) (o) @ (n 2 F 22 0)

3

R L L B (B LX)

_ 1 1
M U e

IR D S I SNCIC e
5T €% Zoaa 4,7 € % Zoaa kez
0<r<j j<r<o O<k<m

« q_ﬁ [2mr4k+2mp]? [ek,m + e—k,m] (T’ Z)

SERP RS S I ST
57 €% Zoad 4y € 5 Zoaa keZ
. . 0<k<m
0<rsj j<r<o == _1 _ 2
X g [2mr—k+2mp [9k7m+9_k7m] (1,2)

g (r,0) > D g R g 0 (7 2)

2mp+m+%,m+%
reZ keZ

—p<r<p 0<k<m

(=) —m(r+31)2
T 2a%w+m+%mwé(ﬂ0) >, a 27 Oo,m(7, 2)
rez
0<r<p—-1
(=) —mr?
_.9%w+m+%m+%@3® }: q Ornm (T, 2) (7.1b)
rez
—p<r<p
2 z 1 _ 1
Proof. 1) In the case 2 2 2 substituting (61) into (I)), we have
2 27313
=) e glne (72 T 1oz 7,1 )
92mp+m+%,m+%(7—’0) X {q P T, 2+2 27 2 2+27 0

+ gD ST N (LR Gt Cme =R [, 0 ] (7 2)
reZ k€Z
—p<r<p 0<k<m

N 2qmp(p+l) Z q—mr(r-i-l) 907m(7_7z)
reZ
0<r<p-1

+ (_1)m qmp(p-I—l) Z q—%(27’+1)(2r—1) emm(Ta z)}

reZ
—p<r<p



m 2 T
Y % . [gp’m% + 9_p,m+%] (7,0)

2pm )2

ihad I VEEED I I DR

57 €5 Zoad  §i7 €% Zoaa kez
0<r<j j<r<o O<k<m
1 2
——— [2mr+k+2m
X q 4m [ Pl [ek,m + H—k,m] (T, Z)

2pm

_ q%@puﬂ [ E: _ E: } E: (_ly—%+k¢m+%ﬂﬂbm+ﬂ2

G T €S Zoaa 4,7 E€ 5 Zoda keZ
0<r<j j<r<o O0Sks=m
1 2
— = [2mr—k+2m
X ¢ im [ ] [9k7m + H—k,m] (T, 2)

1

=) (7,0) jg: Q—l)kq_zmk2+§(m”4)[9hnz+-9—kﬂn](772)

2mp+m+% ,m-l—%

+ 0
keZ
0<k<m

_m

T@2p+1)? _ ¢ PP+t =T {6 both sides, we have
_m (o) ~[m,01*< z,r 12 71 )
q 4 92mp+m+%,m+% (T, 0) @ T, 2 + 2 27 2 2 + 27 0

Multiplying ¢~

—m ()
+ g 1 92mp+m+%’m+%(7', 0)

% Z Z (_1)kq—ﬁ(2mr+k)(2m(r—l)+k) [ek,m + e—k,m] (7_’ Z)

rez keZ
—p<r<p 0<k<m
S22 0 Y T b (r2)
rez
0<r<p-—1
LECOAT RS CTVRD DI B
rez
—p<r<p
o on(r)?
= T et T O] (0)

2pm

[ - 8 ] 5 g

J}TG%Zodd j,TE%Zodd 0 kkez
. . <k<m
< < 1 2
0<r<y j<r<o x g im [2mr+k+2mp) [ek’ H—k, ](T, Z)

2pm )2

_[ Z _ Z ] Z (_1)j—%+kq(m+%)(j+2m+1

5T E€S Zoaa 4,7 E€ 5 Zodd kez
0<r<j j<r<g O0Sk=m




32

" q‘ﬁ [2mr—k42mp]? [gk,m + H_k,m] (1,2)

_ 1 e 2
+ 9§m17+m+%7m+§(770) > (D)t 46 ] (7 2)
keZ
0<k<m
namely
—m () Gimojs(p Z2, 7 1z 7 1 )
7" 92mp+m+%,m+§(7’0)¢ (T’ 2373 3 2y 0
o n(r)?
oy (re) Pt FOpmi )0

18 - ] x iy
5,7 € 5 Zoad 5,7 € 5 Zodd kez

. . 0<k<m
< < 1 2
0<r<j j<r<o X g am [2mr+k+2mp] [Hk, H—k,m] (7_7 Z)

I ol R

J,T €% Zoda 4,7 € % Zoaa keZ

. . 0<k<m
0<r<y j<r<o % q—ﬁ[2mr—k+2mp}2 [9k7m+9_k7m] (1,2)
_ _llk_m 2
t Hém)p+m+%,m+%(770) Z (—1)Fg mmlEmmpD) [Okm + O—k,m] (7, 2)
kez
0<k<m
Da
—m (= —L omr m(r—
SR I CIURD DI D G i e ) U W [
reZ keZ

—p<r<p0<k<m

DB

LW SRS eI
reZ
0<r<p-1
_m (- 24 m
- (=1)"q 9§m)p+m+%,m+g<7= 0 > " (T, 2) (7.2a)
reZ
—p<r<p

Since )
m 2
il ——(m(2r—1)+k)

1
~ o 2mr 4+ k)2m(r—1)+k) — .
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(I)  becomes as follows:

— (=) (m(2r— k
(I)B - 62mp+m+%,m+% (,0) Z@% Ié:z (2r=1)+#)? [Hk,m + 9_k7m] (1,2)

—p<r<p 0<k<m
N——

I
IEEDD
reZ r=—p

—p<r<p

_ (=) m(2r—1)+k
- 92mp+m+2 ,m-‘,—2 7232 Ig:z ) [ek,m + H—k,m} (T, Z)

—p<r<p0<k<m

2
00 L (n0) Y (- 1yrg e (Cm@ED+R) g g ()

2mp+m+5,m+5

keZ
0<k<m
Y
(D4
SO
(m(2r— 2
Ma+tDp = Qém)erer Lyl (1,0) Z Z — g (M(2r=1)+k)
S rez  kez
—p<r<p0<k<m
X [ek,m + H—k,m] (T, Z) (7.2b)
Substituting (Z.2D)) into (T.2a) and noticing that
eér_n)p+m+%,m+§(7’0) = (-1 ;+m+ Ly (1:0) = (=17 0" )m_%’m%(f, 0) (7.3)

we obtain (7.Ial), proving the claim 1).

zZ21 =

+
NN o3

2) In the case { , substituting (6.8)) into (4.35]), we have

[NCIEN I NIV

z9 =

(=) mp(p+1>~[m,01*< 2. T 2T )
92mp+m+§,m+%(7_’0) x {q ® ™ 2+2’ 2 9’ 0

4 gD Z Z q—ﬁ@mrﬁ-k)(?m(r—l)—i-k) (Orm + O] (7, 2)

reZ keZ
—p<r<p0<k<m

N 2qmp(p+l) Z q—mr(r-i-l) 907m(7_7z)
reZ
0<r<p-1

+ qmp(p+l) Z q—%(27’+1)(2r—1) Hmm(Ta z)}

reZ
—p<r<p



L0 ](n,0)

p7m+§ _p7m+%

_ q%<2p+1>2[ Y oY } S (1) gD
Jor €L Zoqa  Gir€LZoqa” KEZ
0<r<j j<r<o O<k<m

X q_ﬁ [2mr+k+2mp]2 [0k7m 4 H_k’m] (T7 z)
By [ Y } T (c1yh e’

G T €S Zoaa  J,7 €5 Zoda keZ
0<r<j j<r<o O0Sk=m

y q‘ﬁ [2rmr —k+2mp]? [ka + H_k,m] (1,2)

- _ 1 g2y k
+ e;m;m%m%(ﬂ 0) g FHEEP) g r )
keZ
0<k<m

Multiplying q_%@pH)Q = ¢~mP+t)=T {0 both sides, we have

T 1
S
2+2

m

o) (r,0) B0 (7,

2mp+m+%,m+% +

[NCNIRN

z 1T 1

2 2 2
—m (=)

+ g 1 92mp+m+%7m+%(7',0)

< Z Z q—ﬁ(2mr+k)(2m(r—l)+k) [ek,m + e—k,m] (7_’ Z)
reZ keZ

—p<r<p 0<k<m

(=)

— 2q 1 62mp+m+%vm+%(770) E:Z q_mr(”_l) 90,m(77 z)
e
0<r<p—-1
+ q_% eé;m)p-l-m-l—%vm-‘r%(ﬂo) E:Z q_%@“—l)(%_l) Orm,m (T, 2)
e
—-p<r<p
3
- A o), 0
007%(7',,2 pmta Pty

. 1. 2pm 2
- [ E - § } § (_1)J—% ¢t U5
JTEL Zoaa 5,7 €S Zoaa kez
) . 0<k<m
0<r<j J<r<o0 — L [2mr4+k4+2mp)?
X q I [2mr mp] [ka_,_g_k’m] (1,2)



[y -

Jr €5 Zoad  J,7€ % Zoaa keZ
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E: } > i=3 ¢mt2) 0t 3y’

» . 0<k<
0<r<y Jj<r<o =r=m X q~ - [2mr—k+2mp]? [ek,m+9—k,m] (7.7 z)
(=) k—m(2p+1
+ Ot 1 i1 (T ) S qamlmCeIE (g, g0 (r2)
keZ
0<k<m
namely
_m (o) [m,o}*( z,or oz 71 )
T O 1y (720 Tty 33ty !
n(r)? e -)
= (-1 — 0 +6 L ](7,0)
o) (rz) TR T
| X - T | T ooy
57 €5 Zoad  §i7E€ % Zoad kez
0<r<j j<r<o O<k<m
% q_Z%[%nr+k+2mpF[thl+—9_ka(T,Z)
X - ] Y ey
G T €S Zoaa  J7 €5 Zoda keZ
0<r<j j<r<o Osk=m
> q—ﬁ [2mr—k+2mp)? [9k7m + H—k,m] (T, Z)
- - [k—m(2p+1)]?
+ Hém)p-i-m—i-%,m—i-%(TO Z q 1 [k—m(2p+1)] [ek,m+9—k,m](772)
keZ
0<k<m
(Da
_m (=) — L mr+k)2m(r—1)+k
—q 4 2mp+m+%,m+%(7-70) Z Z q 4m( mr+k)(2m(r—1) )[Hk,m+9—k,m] (7-72)
reZ kEeZ
—p<r<p 0<k<m
8]
- 1
+2¢% Hém)117+m+27m+2(7—70) Z q ey )907m(7', Z)
reZ
0<r<p-1
_m _(_ 24 m
0 5 (e 4
re

-p<r<p
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where (I) 5 becomes as follows:

M =15, (o) Y Y e e g

2mp+m+%,m+§ Z =
re S

-p<r<p 0<k<m
N—_——

Z H+Z

r€Z r=—p
—p<r<p
— _p) L (m(2r—1)+k
= Hgmp+m+%7m+2 z:z ,;z q i ) [9k,m4—0—k,m](7,z)
—p<r<p 0<k<m
(=) m(2p+1)+k
O e ms(0) Y g ey ) B+ 6] (7. 2)
keZ
0<k<m
Il
—(Da
SO
_ (=) = (m@r-1)+k
at+Op = =00 @0 Y Y gl )
reZz keZ
—p<r<p 0<k<m
X [ek,m"i'e—k,m](T’Z) (74b)

Substituting (Z.4D)) into (T.4al) and using (7.3)), we obtain (.IDl), proving the claim 2). O

8 Modular transformation of &m0+

8.1 pOlml=(r, 2)
For m € N and i € {1,2}, we consider functions ¢ *(7, 2) defined by

Z(1)[m] * gm0 2, T 1L oz T 1
¥ (r2) = @ (T’2+2 3 5 3Ty 0)
_ gmox(, 2, T 1 oz T 1
® (“2+2+2’2 2 $O>
Z(2)[m] * o Fmok(_ 2T 2T
LT R (r 5+3 5-5 0)

The function 1[) )m] * (7, z) satisfies the follwing modular transformation properties.

Lemma 8.1. Let m € N, then

~ 1 2z mim mim m
1) w“”m]*(—;,;) = (—D)mre T e ¢ F YWl (7 )
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2) WM (r 4 1,2) = PAM*(r,2)

Proof. These are obtained easily from Lemma 2.1 in [17] as follows.

~ 1 2 ~ 1 =z 1 1 =z 1 1
1 MMl _ - Zy=_g@mo+{ - =~ - - = . - =
) ¥ ( T’T) ( 72T 27’+2’27'+27' 2’0)

1 T
EI’)[m,O]*(_l §_§+§ §+
T T

1

2

=
—%+g)(§+§—g>§>[mo}*<7 i

. 2mim % 1 + T Z + 1 T 0)
= T¢€ 2 2 7272 92
= (=) rer e g TPl (7 2 proving 1)

= 1;(2)[7”] “(1,2), proving 2).

8.2 EWmrlx(7 z) and YOImrl*(r )

For m € N and p € Z such that 0 < p < 2m and i € {1,2,3}, we define functions 2Pl * (7, 2)
and YTOMP*(7 %) as follows:

=EOmpl(r ) = (—1)Pg T 9,(,:)m_1m+1(Tv 0) - M= (7 2) (8.1a)
27 2
5(2)[m,p}*(772) — q—%e(—) ) 1(770).{/}(2)[771}*(772) (8.1b)

and

T (D)[m.p] — 3. .2
() = ulr) e (8.22)
0(_) T,2) + 0(_) T, Z
N S Iy 115 ST i (3.2b)
’ (=)
007% (7—7’2)

To compute modular transformation of these functions, we use the following formulas which
are obtained easily from Lemmas 1.3 and 1.4 in [I7].

Note 8.1. Let m € Z>o and p € Z. Then

RS
R LN g ()T 3R
b0 ep—m—%,m—l—%( 7_,0)— (=1 2m+1p/2::0

)

VR § l(
m 27m—l—2

(—1)”/6_%””/9; 7,0)
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(i) ¢ Lt (T 2) = (—1)p % (m+d) eamsr?’” 9(_;_17 1(72)
1 z
20 By + 0] (- 37)

)5 ( +1 ) 27 pp
= —~ /1 p3r(m Z e2m+1 [9 ' metd +6 p,m+;](T,2)
p'€Z/(2m+1)Z ’ ’

1
(—’L'T)§ +1 27
B 7\/2771—|—1'€27(m 27’ ) e~ TmiTP? 6, rmtl O p/,m+%](7, z)

PEZ)(2m+1)Z

.. T 2
(11) [9p7m+1 +9_p7m+%](7—|—1,z) = e2m+iP [911()773&% _‘_9(_10)7 +%](T, z)

Then modular transformation properties of ZMImrl* and YMIMPl* are given by the follow-
ing formulas:

Lemma 8.2. Letm € N and p € Z. Then

3
1 z (_ZT)§ Tim 2 27i
sMmpl+( _Z 2} — L /7 mg1 PP =(1)[m.p'] *
1) = (-=2) 2m+162 pgoe T (7,2)

2) =@)mp] (T +1, z) =

e
Proof. 1) 2Mm *< >

- capemrenacl (- Lagom(-L2)

i —IiT % 2m 27i
- (_1)pe”§T x {_ i (—1)mtp (—ir) Z(_l)pe T T PP 9( ) NG 0)}

p’ —m—3 m+2

proving 1).

9) EMMel*(r41,2) = (—1)pe T T ) 74+ 1,0) WMl (x4 1, 2)

m Tim

= (gt

p m_§7m

% {(_1)pe%i(m+ 3) eamii?” g(o) ) +%(T,Z)}J(2)[m}*(7',z)

7\'2

= 2m+1p -2 )
et e q 4 9p

L (1,2) PO (7,2) proving 2).
2
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Lemma 8.3. Let m € N and p € Z. Then

3
1 z (_7/7_)§ ‘rr'L'm 2
Olmpl=( = 2} = A /7 Zm PP P (L)mp'] +
T ( T’T) 2m—|—1 pgoe e (r:2)

9) YWIpl(r 4 1,2) = emi? T7 Y@mAl*(r )

1z 1 z

1 z 9 7m+l(_;7;) + 0_ 7m+l(—;,;)

Proof. 1) YWlmile((— = 2} = (L) 22 0y 1(—L 2) 2
0,5 T T

)

1
< —1 2 e 274 ’ [0 1+9_, l](T7z)
= (—Z'T)%U(T)?’ge%(wr =N e zarr e

p'€Z(2m+1)Z (—iT)2 e 4r 9075(77 z)

. \3
_ (—ZT) 2 ew;‘:nz2 Z . 272n7':1pp 77(7—)3 [Hp,7m+% + 9_p,7m+%] (T, Z)
90’%(7', 2)

P EZ(2m+1)Z

I
proving 1). TVl (7, 2)

[9 1+6

pim+3 1](T+1,Z)

p7m+§

(1) [m,p] * — 3
2) T (t+1,2) =n(t+1) 97%(7—#1,2)

62m+1p [9( )
s 3 ,m

02

1
2

+
(=)
90 (1,2)

, proving 2).

9 GUMmP(r 2) and g,i)[ ’p]*(T)
9.1 GOMmrlx(7 2)
For m € N and p € Z such that 0 < p < 2m and i € {1,2}, we put
G(i)[m,p}*(T’ z) = EOMmelx oy p@mels 2y (9.1a)

Then, by Proposition [[.I, G®[™P!*(r, 2) can be written in the following form:

G(z)[m,p] *(T, Z) _ Z I (2)[m,p] * Hk m+ 0_; m] (’7’ Z)

keZ
0<k<m
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= 3 g D) G+ O] (7, 2) + 29877 (7)o (7, 2)
keZ
0<k<m .
+ 2¢gOmelx(ryg, (7, 2) (9.1b)

m

The modular transformation properties of GM™P1*(r. 2) are obtained immediately from (2Tal)
and Lemma and Lemma [8.3] as follows:

Proposition 9.1. Let m € N and p € Z>( such that 0 < p < 2m. Then

3
1 z (—iT)§ mim 2 2m __2m / ’
Mmpl«( _ = 2y = \ "7 Gz m+1PP (7 (1)[m,p']
o (-12) - Lk B cdtmanetieg
2) G(l)[m,p} *(7- + 1’ z) — eZn‘gilpz—i—% G(Z)[m,p] *(7-’ z) (92b)

The formula ([©@.:2a)) is rewritten as follows:

Proposition 9.2. Let m € N and ¢ € Z>( such that 0 < ¢ < 2m. Then

2m

Z ezmriP! GOlm.p) *( — 1, E) = (—2'7')% om+1es = G *(7,2) (9.3)
T T
p=0
Proof. Applying Z;Zo ezmitPl o [@2a)), we have
2m i 1
ZEW’LM G(l)[m,p}*<_ z E)
= T T
2m 27 (—ZT)% 2 2m 27
= Z eami1iP! o # Z e~ am+1PP G)m.p'] (1, 2)
— 2m +1 —
p=0 p'=0
(—2'7-)% mim 2 Im 2m 2mi_ o _ 2w 1 ,
—F——— € 27 Z Z e2m+1p e 2m+1PP G( )[m’p}*('r, Z)
2m +1 =00
I
(2m + 1) 517’7(
= (—2'7')%\/ Im+ 122" GUImA (1, 2), proving Proposition 0
9.2 Modular transformation of g\ (7)
To compute modular transformation of g,gl)[m’p ] *(1), we use the following formulas which are

obtained easily from Lemmas 1,3 and 1.4 in [I7].

Note 9.1. Let m e N and k € Z. Then



Tim 2
627'2
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ik
> cos —
V2m

[0.m + 0—jm] (7, 2)
JEZ/2mZ m
1 2 Tim 2
= (—ir)2y/—e2r 7
m

JjE€Z

> [Gj,m+9_j7m] (7, 2) + 00,m (7, 2) + O (T, z)}
0<j<m
(i) 0m7m( 1 Z)

pICVA

im + 9—]',771] (1,2) + 90,m(7'= z) + (=)™ Hm,m(Ta Z)}
JEZ
0<j<m
2) (1) [ek,m + H—k,m] (T + 17 Z) = e%kz [ek,m + H—k,m] (T, Z)
(i) bom(Tr+1,2) = Oom(7,2)
() Opn(T+1,2) = €2 Oppm(7, 2)

The relation between modular transformation properties of G(i)[m’p]*(T, z) and those of
g,(j)[m’p ) (), for i € {1,2}, is obtained by using the above formulas as follows :

Lemma 9.1. Let m € N and p € Z and i € {1,2} Then
1) G(z‘)[mm]*(_ 1z

P2 = e
3 gl(;'nm,p}*(_ 1

keZ

T
0<k<m

0<gj<m

>{ Z coS % [ej,m + 9_j7m] (1,2) + Oom(7,2) + (—1)k O (T, z)}
JEZ

JEZ
0<j<m

+ (i)[m’p}*< %){ Z [9]’7777, +9—j7m] (772) + 907m(7',2:) + Om m(T7 Z)}

e 1

>{ Z(—l) [Hj,m + 9_j7mj| (1,2) + Oom(7,2) + (—=1)™ Oy (T, z)}
jEZ

0<j<m

(9.4a)
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2) GO (r41,2) = ¥ BN 4 1) B + O] (7, 2)
keZ
0<k<m
4 2g0m I (e 1) By (r,2) + 2678 gD (1 £ 1) 0 (7, 2) (9.4b)

Proof. By (@.1D) and Note [@.1], we have

oma(-12) = 5 o1 (- o+l 1)
0</§<m

)|m * 1
> W ?){ D 08 2 [Bim +0-im] (7,2) + foum(7,2) + <—1>k9m,m<7,z>}
keZ jez
0<k<m 0<j<m
(2)[m,p] = 1
+ gO ( > { Z [9]7771 + 6—j7m] (T, Z) —+ 60,77’1,(7-7 Z) + 6m7m(7—, Z)}
JEZ
0<j<m
. . 1 i
+ gfﬁ)[m,p} ( >{ Z (-1 [Hj,m + Q—j,m] (T, z) + 907m(7', z) + (_1) 9m7m(7', Z)})
JEZ
0<j<m
and
GO (r +1,2) = Z g]gi)[m,p} (141 [+ O] (T +1,2)
keZ
0<k<m ri 2 I

e2m [Hk,m + 9_k7m] (1,2)

+ ZQéi)[m’p} (r+1) Oom(T+1,2) + 29%)["”’} (T4+1) Opm(T +1,2)
—— ———

Oo,m (T, 2) e 2 Opm(T,2)

= Z eﬁk2g](gi)[m7p] *(T + 1) [ekvm + 9_k7m] (T, Z)

keZ
0<k<m

+ QQéi)[m’p} (1 +1)Opm(r,2) + 2 ™" gDmpl(r 4 1) O (T, 2)

proving Lemma
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Proposition 9.3. Let m € N and p,k € Z such that 0 < p < 2m and 0 < k < m. Then
] *

1)  S-transformation of g,(:)[m’p (1) are as follows:

7 2m i , : Ny
(i) g§1>[m7p1*< B l) S - s L Ol R
T m(m + ) P'=0 keZ m
(0<j<m) 2 0<k<m
—iT 2m 2mi / .
N P i {17 ) 4+ (1) g r) |
m(m + 5) p'=0
.. m * 1 —iT 2m 2w m, /1 %
(i) g <_ _) = T Yy e (Wl
T 2 /m(m+ L) p=0 kez
2 0<k<m
—iT 2m 27e ’ ’
b S et L ) g g
24/m(m + %) p'=0
—1 2m T / /
(iii) gﬁ,P[mvP]*( _ l) TS s (Capkemnl gl
T 24/ m(m + l) p'=0 keZ
2 0<k<m
—iT 2m 2me ’ ’
+ ﬁ Z empp {gél)[mvp}*(T) + (_1)m gg)[mp}*(T)}
2y/m(m+3) p=0
2)  T-transformation of g,gl)[m’p]*(T) are as follows:
! (0<j<m)
i) g P 1) = emar T (@lmple

T mim

Gii) gl 4 1) = ezt E T (Dlmalx o

Proof. Substituting (9.1bl) and ([@.4al) into ([@.3]), we have
2m ) |
Y emmit(—ir)3 \/ze%zz (
m
p=0

m,p| * 1 ik
Z Qi(gl)[ 7 <— —>{ Z COS% [Hjmq, +9_j,m] (1,2) + Oom(7,2) + (—1)k O (T, z)}

T

keZ JEZ
0<k<m 0<j<m
+ (1”’”’1’}*(_1){ > i+ 0—jm] (1, 2) + O0m(7,2) + O (7 z)}
90 . 7,m —7,m ) 0,m\7, mm\7T,
JjEZ

0<j<m
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e ;){ ST (1) [Bjm+ 0mjon] (1.2) + o7 2) + (=)™ O, z)}>
JEZ
0<j<m

= (—iT)% Vom+1 e { Z g§l)[m’é}*(7) [Hjm"b + 9—j,m} (1,2)
JjEZ
0<j<m

+ 2 gél)[m’z] (1) Oom(T,2) + 2 g%)[mﬂ “(7) O (T, z)}

namely

2m
2 2mi 1
i)l E' el E: Wfmp] =+
(=i7) \/ m(2m + 1) =0 e pyp Ik < 7-)

0<k<m

JEZ
0<j<m
2m
2 2mi 1
_i -1 s PL o (1)[m.p] *( _ _)
+ (—i7) m(2m+1)1§]e 90 -

X { Z [0jm + 0—jm) (T,2) + B0, (T, 2) + Opp(T, z)}

JEZ
0<j<m
9 2m i 1
i)yt — sopl (1>[m,p1*( _ _)
+ (=) m(2m + 1) ;::0 ¢ Grm T

X { ST (1) (B + 0-jon] (1.2) + Oom(7,2) + (1) emvm(T,z)}
JEZ
0<j<m

= 3 I [+ 0_jn] (72 2) + 268 () O (7, 2) + 2 gD (7) Oy (7, 2)
JEZ
0<j<m

Comparing the coefficients of [Hjm + 9_j7m] (1,2), Bo,m(7,2) and O, 1 (T, 2) in this equation,
we have

(1m0 * (—ir)~! o 2mi g w3k ())m,p] 1
9; ) = ——— Z e2m+1P° cos o 9 P < — ;)
m(m + %) p=0 kezZ

0<j<m
(0<3 ) 0<k<m
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2

\/7—,,2150 e zﬂqpé{ (Uimale(_ %) + (—1)j9§>[m,p}*<_%>}

_ 2m 1

Z ez;ﬁlpz [mvpl( ;)

p:O keZ
0<k<m

. L)_ll 2m eziﬁilpg{g(gl)[m,p}*(_ %) n ggnm,p}*(_ %)}

. N1 2m
ggimtlsy — T (—1)F ezatzt Dl }*(_l>

T

Then, replacing 7 with —% in these equations, we obtain the formulas in the claim 1).
2) Substituting (9.1D) and (9.4D)) into (9.2D)), we have

Iy

JEZ
0<j<m

+ 290"+ ) bom(r,2) + 275 gD (7 41) O (7, 2)

— 62777;111)24_%2‘ { Z g§2)[m7p] *(T) [6]77” + 6_j7m:| (T7 Z)
JEZ
0<gj<m

+ 2gPmHx(y gy (r2) 4 2 g@lm }*<T>em7m<f,z>}

Comparing the coefficients of [Hjnn + 9_j7m] (1,2), 6om(T,2) and by, (7, 2) in this equation,
we have

eomd” J( )m.p]« (r+1) = Ry g§2)[m7p]*(7)
(0<j<m)
g((]l)[m’p]*(T—l— 1) = e%pzﬁ-% 9(2)[7”710]*(7_)

e g%)[m’p]*(T—l- 1) = ezm+1p 7 g( )lm.p] (1)



namely
g(l)[mvp] *(T + 1) — 62m+1p +__%.72 9(2)[m7p] *(T)
! (0<j<m) !
g((]l)[m’p]*(T +1) = e2m+1p yzi g( )[mvp]*(T)
g%)[m’p]*(T +1) = egmﬂp 24Zi_mim g( )[mvp]*(T)

proving the claim 2).

9.3 Explicit formula for g(Z [mapl (1)

46

The explicit formulas for GOUPI* (7, 2) (i € {1,2}) are obtained from Proposition [l and the

formulas (8Ial), (RID), (B2a), (B:2L) and (@.1a)) as follows:
GWImplx (7 2y =
[ 5 - 5 ] 5 oo

57 € 5 Zoaa 57 € S Zoaa kez
0<r<j j<r<0 0<k<m

- [ > - Z } $ (—1)iEh DU
Gr €L Zoaa 5,7 E 5 Zoda keZ
0<r<j j<r<o O0Sk=m

2mp+m+1 3 m+ 2 3 7 =
re S

—p<r<p 0<k<m

- —m(r+1)2
+ 29;m)p+m+%,m+%(7—70) Z q (r+3) HO,m(T,Z)

reZ
0<r<p-1

—pmel) (1m0 S T (T, 2)

2mp+m+5,m+5
reZ

—-p<r<p

i—1 Ly(j42pm 2

s BV SR I ISt e
57 € 5 Zoaa 57 € S Zoaa kez
0<r<j j<r<g O0<k<m

X g m (2t 2mp) [0km + 0_km] (T, 2)

x q” = [2mr+k+2mp]? [kam + g_k’m] (1, 2)

X q~ 4m [2mr—k-+2mp]? [ek,m + H—k,m] (7—, Z)

_ ) (,0) Z Z m(2r— 1)+k) [Qk,m-i‘@—k,m] (1,2)
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VDY

- ] 3 (1) gl Ut
57 € 5 Zoad 57 € % Zoda kez
0<r<j j<r<o O0sksm
1
X q_m [2mr—k+2mp]2 [0k7m + H_k’m] (7_’ Z)
_ (_1)p9(—)

(7', 0) Z Z q Pr (m(2r—1)—|rk)2 [ek,m + H—k,m] (7, z)

reZz keZ
—p<r<p 0<k<m

2mp+m+%,m+%

— —m(r+1)2
T 2(_1)p0ém)p+m+%,m+%(770) EIZ g Oo,m(7, 2)
re
0<r<p—-1
_ o2

— (=) 9;m17+m+%7m+%(7, 0) > ¢ (T, 2)

reZ
—p<r<p
Then the explicit formulas for g,(f)[m’p J*

(1) follow immediately from (0.JD) and the above
formulas as follows:

Proposition 9.4. Let m € N and p,k € Z such that 0 < p < 2m and 0 < k < m. Then
g,(;)[m’p]*(T) (1 € {1,2}) are as follows:

. 1)[m,
) G g ()
(0<k<m)
- _ i Z _ Z -(_1)]’—%—}-1@q(m-l-%)(j-f‘;sfl)zq—ﬁ[2mr+k+2mp]2
5 r €5 Zoaa 57 € 5 Zoda
0<r<j j<r<o
— Z _ Z (_1)j—%+k q(m+%)(j+23,’jf1 )Zq—ﬁ [2mrr —k+2mp)?
"5 r €5 Zoad 57 € 5 Zoda
0<r<j Jj<r<o0
_ =) 0 _1)* —ﬁ(m(zr—l)%)2
2mp+mt 3m 1 (720) (=1)%q
2 2 reZz
—-p<r<p
(i) 2981)[m7p]*()

- 9 E R E ' (—1)7—2 g DUt g —m(r+p)?
5,7 € 5 Zoad 57 € 5 Zodd
0<r<jg j<r<0
=) —m(r+1)?
— g 2
292mp+m+%,m+% (T’ 0) q

rez
0<r<p—-1



48

(i) 295%™ (r)
T D S R B [ L e
5,7 € 5 Zoad 57 € 5 Zodd
0<r<y j<r<o0
o 1\ym p(=) —mr?
( 1) 62mp+m+%,m+%(7—’0) Z q
reZ
—-p<r<p
. 2 ,p| *
2) (@) g2 ()
(0<k<m)
= — (=1)P Z — Z (_1)1'—%q(m+%)(j+2§5ﬁ)2q—ﬁ[2mr+k+2mp]2
Jm €% Zoad  Jy7 € 5 Zoad
0<r<y i<r<0
G (—1)7=3 ¢ DU+ o) g~ gy [2mr—ke+2mp)?
Jr €% Zoaa  Jy7 € 5 Zoaa
0<r<j j<r<0
2
_ (1 p) —im m(2r—1)+k
( 1) 02mp+m+%,m+%(7-’0) Z q * ( )
reZ
—p<r<p
(ii) 29((]2)[71%10]*()
= —20=17 ] > - > (—1)i=3 (T D)0+ anE)? —mlr+p)®
G rE€ESZoad  Jr €5 Zoda
0<r<j j<r<0
_9(_1\P (=) —m(r+1)2
2( 1) 02mp+m+%,m+%(7—’0) Z q ?
rez
0<r<p-—1
(i) 2457 (r)
2pm

-y S - %
5,7 €% Zoaa 4,7 € 5 Zoaa
0<r<j j<r<0
1\ o) —mr?
( 1) 92mp+m+%,m+%(7—’0) Z q

(—1)7~32 g2t

2m—+1

P2 m(r+p—1)?
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10 Indefinite modular forms g][-m’p ()
By Proposition we observe that the following formula
g§2)[m7p] *(7.) _ (_1)j+p g](-l)[m’p} *(7.) (10.1)

holds for all m € N and p, j € Z such that 0 < p < 2m and 0 < j < m. Then, simplifying
the notation, we define the functions g][ Pl * (1) by

gj[_m,p}*(T) _ 9](1)[ P * (1) (10.2)

Then the modular transformation formulas for these functions g[m’p Ix (1) are obtained from
Proposition [0.4] as follows:

Proposition 10.1. Let m € N and p,j € Z such that 0 < p < 2m and 0 < j < m. Then

m,p| * 1 —1 m =27y Ik [mp]
Do) (1) = =X T em e T g ()
T m(m + l) p'=0 keZ
(0<j<m) 2 0<k<m

2m

+ T Z eziﬂlpp {g([)m’p]*(T) + (_1)j g%n’p,]*(T)}
m(m + %) p'=0

. 2m .
s [m,p] ( 1 ) _ T S2Zpp [m,p'] %
i) g - = - e2m+1PP g T
(i) 90 T 2m(2m + 1) pgo kgz k (7)
0<k<m

27i /1 %
i \/Zm 2m + 1) Z eZMHW{ ) ol (T)}

(iii) gLTvP}*<_l) _ TR s CqypeEr )y
T 2m(2m + 1) y=o0 kez k
0<k<m

27
ST m,p'] * + (=)™ [m,p'] * }
T }je {ab @+ Capm el )

2m+1)

— L (j+m)? g['mvp] (1)

2) "M (r1) = ema®t j



11 An example ~ the case m =1

[1,p] *

50

The functions which take place in the case m =1 are g, (1) (p=0,1,2; k=0,1) and they

are, by Proposition [9.4], as follows:

5,7 € 5 Zoaa 57 € 5 Zoaa

0<r<j j<r<o
(=) § : —(r+1)?
PT33
reZz
0<r<p—-1

2917 (r) = 2[ > - ¥ ](_1)3'—;q§<j+2§’>2—<r+p—;>2

€5 Zodad  J,7 € % Zoaa

0<r<jg i<r<o0
_ 2
+ eépi%%(ﬂ 0) Z qg"
reZ

—(p—1)<r<p-1

-/

, » the above formulas are rewritten as follows:
r

D[ D=

Putting { J

Py = _[ S }(_1)1’q2<j’+;+?§>2—<r'+;+p)2

i r'ez i r'ez
0<r' <j  j'<r' <0

_ (—) —(r+3)?
02p+§,§(7—’0) 7; 4 ’
0<r<p—-1

ggl’p]*(T) = [ Z _ Z }(_1)1’q%(j’+%+2§)2—(r’+p)2

j\r'ez i\ r'ez
OST/S]-/ j/<7,,/<0

L) —r2
+ 5921,_,_%,%(7'70) Z q
—(p—1)<r<p-1

These functions are written explicitly as follows:

Note 11.1.

g ) = - [ PP }(—1)%3”*5)2‘(”%)2 = —git--
J,r€Z J,re€Z
0<r<j j<r<o0

(11.1a)

(11.1b)

(11.2a)

(11.2b)



o1

1,0] * i3 (sply2_ 2 3
2) g }(7)2[ > - X }(—1)qu0+2> Y= st
Jrez J,reZ
0<r<j j<r<o0

3) g = @A)

[ - % | < g
Jrez J,reZ
0<r<j j<r<o0

4 gt = M

_ _ IRV 1RSSR N C) _ o
[jrze:z jrze:z]( DIl 4 50y n0) = mgeE s
0<r<y 1<r<0

The S-transformation of these functions is computed by Proposition as follows:

. 2
mel«(_ 1y _ it 2mipy | L] [1,p/] *
B7(-3) = FX A0+ )
p:

" 1 —1iT i %
ggl’p] (— —) Z ety { L7 (1) - gﬁl’“ (7)}

T

Since g,[j’l} (1) = g,&l’z} *(r) (k = 0,1) by Note T} these formulas are written explicitly as
follows:

Note 11.2.
D 0 (=2) = @+ o)+ 2dl @)+ 200 )
2) O (-2) = S {d e - e + 26l ) - 208 )
3 g (-1) = %{g““ () + g (1) = () - ()}
o (=2) = T - - + )

From Notes [[T.1] and [[T.2] we have the following;:
Lemma 11.1. Define the functions fi(t) (i =0,1,2,3) by

. 2g£1, }*(T) _g([)l,O]*(T)
fo(r) = —————+= fi(r) = ————
n[(lTl)f 71(;)2 (11.3)
295" "(7) _ g ()
f3(7—) 707(7_)2 f2(7—) Ea 177(7_)2

Then,
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1) these functions f;(T) satisfy the following S-transformation properties:

0 £(=3) = Sz {00 +280) +200) + 5]
0 £1(=3) = Z={ne+ 10 - £ - Ko}
W fa(=1) = <= {A0) - 76 - ) + 10}
@) H(-1) = 7= {0 - 200+ 200) - £}

|
<
NG

|
)
Bl

2) the leading terms of fi(T) are as follows

+ o+ o+ +

Ng R~

==
~—~ o~ —~
\_/\:]/\_/\_/
I
Q

Next we consider the Jacobi’s theta function

)2
]3 T, Z E q n-‘r Gm(n—i- )2
nez

The S-transformation of 0;3(7,0) is computed by using Lemmas 1.2 and 1.3 in [I7] as follows:

0 s~ Loy =

9073(7', 0) + 29173(7',0) + 29273(7',0) + 9373(7',0)}

(ii) 613

9073(7', 0) + 9173(7', 0) — 9273(7', 0) — 9373(7', 0)}

{
(-59) {

(iii) 92,3( - %,0) = (i) {90,3(7, 0) — 613(7,0) — O23(7,0) + 633(T, 0)}
(-59) {

V6
L (~ir)?
—iT
. 1 _ . , i
(iv) 33 7_,0 7 6o,3(,0) 013(7,0) + 2623(7,0) 9373(7’0)}
0073(7—70) - q(] + -
1
01 3(7,0) = qiz2 + -
And the leading terms of 6;3(7,0) are 1,3(7,0) q 1
023(1,0) = ¢3 + -
033(7,0) = 2q% + .
Then putting
0;3(,0) :
hi(r) = j=0123 114
i) n(7) ( ) (11.4)

we have

Lemma 11.2. 1) Functions hj(7) satisfy the following S-transformation properties:
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(0) ho( - %) - iﬁ {Ro(r) + 2 (r) + 2ha(7) + hs(r)}
(i) hl(—%> = iﬁ{ho(f) + ha(r) = ha(r) = hs(r)}
(ii) hg(—%) = iﬁ{ho(f) = ha(7) = ha(r) + hs(r)}
i) hs(-1) = iﬁ{ho( ) — 2h(7) + 2ha(r) — hs(r)}
ho(r) = q—% + -
9) the leading terms of hy(r) are as follows Z:E: - Z;{; i
ha(r) = 2¢% + -

From these formulas, we obtain the following :

Proposition 11.1.

O | X - B | @I — () 6(n0)
L j,7 € 7, T E i
0<r<j j<r<o0

.. . 35 1V2_ .2

@ | X - X |G = () 6as(r.0)
L 7,7 €E 7, re i
0<r<j j<r<o

. . 1
(i) | X - XU = ) 5(r,0)
L j,r€Z j,r€Z |
0<r<j j<r<o
. [ ) S s1v2 1
(v) | £ = 5 |CPET = ) bs(n0) + 0530}

L j,r€Z j,r€Z |
0<r<y j<r<o0

Proof. By Lemmas [IT.T] and [[T.2] we see that the functions {fi(7)}i=0,12,3 and {h;(7)}i=0,1,2,3
satisfy the same S-transformation properties and have the same polar parts. Then, by Lemma
4.8 in [14], we have

fi(r) = hi(1) for all i,

namely

{ 290 (7) = n(7)6s3(7,0) {géw*(f) = 5(r) 015(7,0)
—2¢"* (1) = () bo(r,0) Oy = (r) Ba5(r,0)

by (IT3)) and (IT.4]). Rewriting g,[fl’p ] *(7) by using Note [T.T], we obtain the formulas in Propo-
sition [T.11 O
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