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K0 GROUPS OF CONNES’ Θ-DEFORMED m-PLANES

REN GUAN

Abstract. We show that the K0 groups of Connes’ Θ-deformed m-planes and their smooth

versions are all Z.
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1. Introduction

In [2], Alain Connes and Michel Dubois-Violette propose a new kind of noncommutative plane,

denoted by Calg(R
m
Θ ), where m ∈ N∗ and Θ := {θp,q}1≤p,q≤[m/2] a skew-symmetric matrix. For

m = 2n an even integer, Calg(R
2n
Θ ) is the complex unital associative ∗-algebra generated by 2n

elements zp, z̄q (p, q = 1, 2, . . . , n) with relation

(1.1) zpzq = λp,qzqzp, z̄pz̄q = λp,q z̄qz̄p, z̄pzq = λq,pzqz̄p, z∗p = z̄p

for p, q = 1, 2, . . . , n (λp,q = eiθp,q , θp,q = −θq,p ∈ R). For odd m = 2n + 1, Calg(R
2n+1
Θ ) is the

unital complex ∗-algebra obtained by adding an hermitian generator x to Calg(R
2n
Θ ) with relation

xzp = zpx, (p = 1, 2, . . . , n). Calg(R
m
Θ ) are also called the algebra of complex polynomials on the

noncommutative m-plane Rm
Θ .

It’s not hard to see that every element T ∈ Calg(R
2n
Θ ) can be written as a finite sum of the form

(1.2) T :=
∑

ap1,...,pn,q1,...,qnz
p1

1 . . . zpn

n z̄q11 . . . z̄qnn

with (p1, . . . , pn, q1, . . . , qn) ∈ N
2n and ap1,...,pn,q1,...,qn ∈ C. Like the degree of polynomials, we

define

(1.3) deg(zp1

1 . . . zpn

n z̄q11 . . . z̄qnn ) :=

n
∑

k=1

(pr + qr)

and deg(T ) the maximum of all degrees of the monomials of T . For Calg(R
2n+1
Θ ) we have similar

representation and definition of degree. When regarded as a subalgebra of the bounded operators

B(H) on a separable Hilbert spaceH , mimick the definition of the smooth noncommutative tori [3],
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2 REN GUAN

the smooth version C∞
alg(R

2n
Θ ) of Calg(R

2n
Θ ) can be defined as the C∗-algebra of the following formal

series

(1.4)

∞
∑

p1,...,pn,q1,...,qn=0

ap1,...,pn,q1,...,qnz
p1

1 . . . zpn
n z̄q11 . . . z̄qnn

where the coefficient function N2n ∋ (p1, . . . , pn, q1, . . . , qn) 7→ ap1,...,pn,q1,...,qn ∈ C belongs to the

Schwartz space S(N2n), i.e., there is a constant Cr for every r ≥ 1 such that

(1.5) sup
(p1,...,pn,q1,...,qn)∈N2n

(

1 +

n
∑

k=1

(

p2r + q2r
)

)r

ap1,...,pn,q1,...,qn < Cr.

Similarly we can define C∞
alg(R

2n+1
Θ ).

For a ∗-algebra A, a projector(or projection) p of A is a matrix with entries in A and satisfies

p2 = p = p∗. We denote by P (A) the set of projectors of A. For any two projectors p, q ∈ P (A),

define

(1.6) p+ q :=

(

p 0

0 q

)

,

and call p, q equivalent, p ∼ q, if there is a unitary u ∈ Mn(A) for some suitable n ∈ N such that

(1.7)

(

p 0

0 0

)

= u

(

q 0

0 0

)

u∗.

Then P (A)/ ∼ forms a semigroup under the operation (1.6). The K0 group K0(A) of A is defined

as the Grothendieck group of P (A)/ ∼. Computing the K0 group of an algebra is a natural

question, in general it’s not easy, even for the commutative one.

K0 groups are important for noncommutative geometry, Exel shows that Morita equivalent

algebras have isomorphic K0 groups [4], and the famous Baum-Connes conjecture [1] is related

to the K-theory groups Kj(C
∗
r (G)) where j = 0, 1 of the reduced C∗-algebra C∗

r (G) of a locally

compact, Hausdorff and second countable group G. See [7, 10] for developments in Baum-Connes

conjecture and [5, 8, 9, 11] for various examples of calculating K0 groups.

In this paper we compute K0(Calg(R
m
Θ )) and K0(C

∞
alg(R

m
Θ )). For Calg(R

m
Θ ), we show that

P (Calg(R
m
Θ )) = P (C), which implies K0(Calg(R

m
Θ )) = K0(C) = Z. For the smooth case C∞

alg(R
m
Θ ),

there is no such result, but we can prove that any P ∈ P (C∞
alg(R

m
Θ )) is unitary equivalent to

(1.8)

(

Ir 0

0 0

)

for some r ∈ N, which directly proves K0(C
∞
alg(R

m
Θ )) = Z. In summary, we have the following

theorem.

Theorem 1.1. K0(Calg(R
m
Θ )) = K0(C

∞
alg(R

m
Θ )) = Z for ∀m ∈ N∗ and Θ.

Acknowledgements. This research is partially supported by NSFC grants 12201255.

2. The nonsmooth cases

Before the calculation of the K0 groups, we prove the following lemma, the ”product rule” of

Calg(R
2n
Θ ):
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Lemma 2.1. Let (p1, . . . , pn, q1, . . . , qn), (r1, . . . , rn, s1, . . . , sn) ∈ N2n, then

(2.1)

(zp1

1 . . . zpn

n z̄q11 . . . z̄qnn ) (zr11 . . . zrnn z̄s11 . . . z̄snn )

=

(

n
∏

l=1

n
∏

k=l+1

λpkrl+qksl+rkql−qkrl
k,l

)

zp1+r1
1 . . . zpn+rn

n z̄q1+s1
1 . . . z̄qn+sn

n .

Proof. For r, s ∈ N, we have

(2.2) zrpz
s
q = zqλ

r
p,qz

r
pz

s−1
q = z2qλ

2r
p,qz

r
pz

s−2
q = . . . = λrs

p,qz
s
qz

r
p.

Similarly, z̄rp z̄
s
q = λrs

p,q z̄
s
q z̄

r
p and z̄rpz

s
q = λrs

q,pz
s
q z̄

r
p = λ−rs

p,q zsq z̄
r
p. Hence

(zp1

1 . . . zpn

n z̄q11 . . . z̄qnn ) (zr11 . . . zrnn z̄s11 . . . z̄snn )

=λp1r1
1,1 λp2r1

2,1 . . . λpnr1
n,1 λq1r1

1,1 λq2r1
1,2 . . . λqnr1

1,n zp1+q1
1 zp2

2 . . . zpn

n z̄q11 . . . z̄qnn zr22 . . . zrnn z̄s11 . . . z̄snn

=λp1r1
1,1 λp2r1

2,1 . . . λpnr1
n,1 λq1r1

1,1 λq2r1
1,2 . . . λqnr1

1,n λp2r2
2,2 λp3r2

3,2 . . . λpnr2
n,2 λq1r2

2,1 λq2r2
2,2 . . . λqnr2

2,n zp1+r1
1 zp2+r2

2 zp3

3 . . . zpn

n

× z̄q11 . . . z̄qnn zr33 . . . zrnn z̄s11 . . . z̄snn

= . . .

=
n
∏

l=1

(

n
∏

k=l

λpk

k,l

n
∏

k=1

λqk
l,k

)rl

zp1+r1
1 . . . zpn+rn

n z̄q11 . . . z̄qnn z̄s11 . . . z̄snn

=

n
∏

l=1

(

n
∏

k=l

λpk

k,l

n
∏

k=1

λqk
l,k

)rl ( n
∏

k=1

λqk
k,1

)s1

zp1+r1
1 . . . zpn+rn

n z̄q1+s1
1 z̄q22 . . . z̄qnn z̄s22 . . . z̄snn

= . . .

=
n
∏

l=1

(

n
∏

k=l

λpk

k,l

n
∏

k=1

λqk
l,k

)rl n
∏

l=1

(

n
∏

k=l

λqk
r,s

)sl

zp1+r1
1 . . . zpn+rn

n z̄q1+s1
1 . . . z̄qn+sn

n

=

(

n
∏

l=1

n
∏

k=l+1

λpkrl+qksl+rkql−qkrl
k,l

)

zp1+r1
1 . . . zpn+rn

n z̄q1+s1
1 . . . z̄qn+sn

n .

�

With the help of Lemma 2.1, we have the following crucial proposition.

Proposition 2.2. If P ∈ P (Calg(R
2n
Θ )), then P ∈ P (C).

Proof. Let

P =









p1,1 . . . p1,N
...

. . .
...

pN,1 . . . pN,N









∈ MN (Calg(R
2n
Θ ))

be an N -dimensional projector of Calg(R
2n
Θ ). Then P2 = P = P∗, and









p1,1 . . . p1,N
...

. . .
...

pN,1 . . . pN,N









= P = P2 = PP∗

=









p1,1 . . . p1,N
...

. . .
...

pN,1 . . . pN,N









·









p∗1,1 . . . p∗N,1

...
. . .

...

p∗1,N . . . p∗N,N
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=









∑N
k=1 p1,kp

∗
1,k . . .

∑N
k=1 p1,kp

∗
N,k

...
. . .

...
∑N

k=1 pN,kp
∗
1,k . . .

∑N
k=1 pN,kp

∗
N,k









,

so for 1 ≤ k ≤ N ,

(2.3) pk,k =

N
∑

l=1

pk,lp
∗
k,l.

From Lemma 2.1, for (p1, . . . , pn, q1, . . . , qn) ∈ N2n, we have

(zp1

1 . . . zpn

n z̄q11 . . . z̄qnn ) (zp1

1 . . . zpn

n z̄q11 . . . z̄qnn )
∗

=zp1

1 . . . zpn

n z̄q11 . . . z̄qnn zqnn . . . zq11 z̄pn

n . . . z̄p1

1

=

(

n−1
∏

s=1

n
∏

r=s+1

λprps+qrqs
r,s

)

zp1

1 . . . zpn

n z̄q11 . . . z̄qnn zq11 . . . zqnn z̄p1

1 . . . z̄pn

n

=

(

n−1
∏

s=1

n
∏

r=s+1

λprps+qrqs
r,s

)

n
∏

s=1

(

n
∏

r=s

λprqs+psqr
r,s

n
∏

r=1

λqrqs
s,r

)

zp1+q1
1 . . . zpn+qn

n z̄p1+q1
1 . . . z̄pn+qn

n

=

(

n−1
∏

s=1

n
∏

r=s+1

λ(pr+qr)(ps+qs)
r,s

)

zp1+q1
1 . . . zpn+qn

n z̄p1+q1
1 . . . z̄pn+qn

n .

The above formula implies that for fixed (M1, . . . ,Mn) ∈ N
n and any (p1, . . . , pn, q1, . . . , qn) ∈ N

2n

such that pj + qj = Mj for all 1 ≤ j ≤ n, we have

(2.4)

(zp1

1 . . . zpn

n z̄q11 . . . z̄qnn ) (zp1

1 . . . zpn

n z̄q11 . . . z̄qnn )
∗
=

(

n−1
∏

s=1

n
∏

r=s+1

λMrMs

r,s

)

zM1

1 . . . zMn

n z̄M1

1 . . . z̄Mn

n .

Let M := max{deg(pk,l)}1≤k,l≤N . If M > 0, set

(2.5) pk,l =
∑

∑
n
j=1

(pj+qj)≤M

ak,lp1,...,pn,q1,...,qnz
p1

1 . . . zpn

n z̄q11 . . . z̄qnn ,

then for 1 ≤ k ≤ N ,

pk,k =

N
∑

l=1

pk,lp
∗
k,l

=

N
∑

l=1

∑

∑
n
j=1

(pj+qj)≤M

∑

∑
n
j=1

(p′
j
+q′

j
)≤M

ak,lp1,...,pn,q1,...,qna
k,l
p′
1
,...,p′

n,q
′
1
,...,q′n

zp1

1 . . . zpn

n z̄q11 . . . z̄qnn

× z
q′n
n z

q′n−1

n−1 . . . z
q′1
1 z̄

p′
n

n z̄
p′
n−1

n−1 . . . z̄
p′
1

1 .

Consider the coefficient of zM1 z̄M1 , we have

(2.6)

0 =

N
∑

l=1

(

ak,lM,0,...,0,0,0,...,0a
k,l
M,0,...,0,0,0,...,0 + ak,l0,0,...,0,M,0,...,0a

k,l
0,0,...,0,M,0,...,0

)

=

N
∑

l=1

(

|ak,lM,0,...,0,0,0,...,0|
2 + |ak,l0,0,...,0,M,0,...,0|

2
)

,

so ak,lM,0,...,0,0,0,...,0 = ak,l0,0,...,0,M,0,...,0 = 0, 1 ≤ k, l ≤ N . In fact by considering zMj z̄Mj , j =

1, 2, . . . , n, we have ak,l0,...,0,M,0,...,0 = 0 where M at the j-th and (n + j)-th position, 1 ≤ k, l ≤ N .
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Next consider the coefficient of zM−1
1 z2z̄

M−1
1 z̄2, we have

(2.7)

0 =
N
∑

l=1

(

ak,lM−1,1,...,0,0,0,...,0a
k,l
M−1,1,...,0,0,0,...,0λ

M−1
2,1 + ak,l0,0,...,0,M−1,1,...,0a

k,l
0,0,...,0,M−1,1,...,0λ

M−1
2,1

)

=λM−1
2,1

N
∑

l=1

(

|ak,lM−1,1,...,0,0,0,...,0|
2 + |ak,l0,0,...,0,M−1,1,...,0|

2
)

,

so ak,lM−1,1,...,0,0,0,...,0 = ak,l0,0,...,0,M−1,1,...,0 = 0, 1 ≤ k, l ≤ N . Similarly ak,l0,...,M−1,...,0,1,0,...,0 = 0

where M − 1 at the s-th and (n+ s)-th position, 1 at the t-th and (n+ t)-th position, 1 ≤ s, t ≤ n,

s 6= t, 1 ≤ k, l ≤ N . Continue the above procedure, the formula (2.4) guarantees that we can

prove ak,lp1,...,pn,q1,...,qn = 0 for all (p1, . . . , pn, q1, . . . , qn) ∈ N
2n satisfying

∑n
j=1(pj + qj) = M and

1 ≤ k, l ≤ N , but this contradicts the definition of M . So we must have M = 0 and hence pk,l ∈ C

for all 1 ≤ k, l ≤ N , which implies P ∈ P (C). �

For Calg(R
2n+1
Θ ), since x commutes with everything, by replacing all ak,lp1,...,pn,q1,...,qn with poly-

nomials of x in the proof of Proposition 2.2, we have the following similar result.

Proposition 2.3. If P ∈ P (Calg(R
2n+1
Θ )), then P ∈ P (C).

Then by the definition of K0 groups, we have

Theorem 2.4. K0(Calg(R
m
Θ )) = K0(C) = Z for ∀m ∈ N∗ and Θ.

3. The smooth cases

In this section we compute K0(C
∞
alg(R

m
Θ )). According to the parity of m, we divide it into two

parts. Let’s first consider the case where m is even, m = 2n. In the smooth cases, there’s no

longer result like Proposition 2.2 and 2.3. But by constructing a suitable unitary matrix U , for

any P ∈ P (C∞
alg(R

2n
Θ )), we show that there is an r ∈ N, depends only on P , such that

(3.1) UPU∗ =

(

Ir 0

0 0

)

,

which implies

Theorem 3.1. K0(C
∞
alg(R

2n
Θ )) = Z for ∀n ∈ N∗ and Θ.

Proof. Like before, let

P =









p1,1 . . . p1,N
...

. . .
...

pN,1 . . . pN,N









∈ MN (C∞
alg(R

2n
Θ ))

be an N -dimensional projector of C∞
alg(R

2n
Θ ). Then P2 = P = P∗, and









p1,1 . . . p1,N
...

. . .
...

pN,1 . . . pN,N









= P = P2 = PP∗

=









p1,1 . . . p1,N
...

. . .
...

pN,1 . . . pN,N









·









p∗1,1 . . . p∗N,1

...
. . .

...

p∗1,N . . . p∗N,N
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=









∑N
k=1 p1,kp

∗
1,k . . .

∑N
k=1 p1,kp

∗
N,k

...
. . .

...
∑N

k=1 pN,kp
∗
1,k . . .

∑N
k=1 pN,kp

∗
N,k









,

so for 1 ≤ k, l ≤ N ,

(3.2) pk,l =

N
∑

j=1

pk,jp
∗
l,j.

Let

(3.3)

pk,l =

∞
∑

p1,...,pn,q1,...,qn=0

ak,lp1,...,pn,q1,...,qnz
p1

1 . . . zpn
n z̄q11 . . . z̄qnn , ak,lp1,...,pn,q1,...,qn ∈ C, 1 ≤ k, l ≤ N,

then

N
∑

j=1

pk,jp
∗
l,j

=

N
∑

j=1

∞
∑

p1,...,pn,q1,...,qn=0

∞
∑

p′
1
,...,p′

n,q
′
1
,...,q′n=0

ak,jp1,...,pn,q1,...,qna
l,j
p′
1
,...,p′

n,q
′
1
,...,q′n

zp1

1 . . . zpn
n z̄q11 . . . z̄qnn z

q′n
n . . . z

q′1
1

× z̄
p′
n

n . . . z̄
p′
1

1

=

N
∑

j=1

∞
∑

p1,...,pn,q1,...,qn=0

∞
∑

p′
1
,...,p′

n,q
′
1
,...,q′n=0

ak,jp1,...,pn,q1,...,qna
l,j
p′
1
,...,p′

n,q
′
1
,...,q′n

(

n−1
∏

s=1

n
∏

r=s+1

λ
p′
rp

′
s+q′rq

′
s

r,s

)

× zp1

1 . . . zpn

n z̄q11 . . . z̄qnn z
q′1
1 . . . z

q′n
n z̄

p′
1

1 . . . z̄
p′
n

n

=

N
∑

j=1

∞
∑

p1,...,pn,q1,...,qn=0

∞
∑

p′
1
,...,p′

n,q
′
1
,...,q′n=0

ak,jp1,...,pn,q1,...,qna
l,j
p′
1
,...,p′

n,q
′
1
,...,q′n

(

n−1
∏

s=1

n
∏

r=s+1

λ
p′
rp

′
s+q′rq

′
s

r,s

)

×
n
∏

l=1

(

n
∏

k=l

λ
prq

′
s+qrp

′
s

r,s

n
∏

k=1

λ
qrq

′
s

l,k

)

z
p1+q′1
1 . . . z

pn+q′n
n z̄

q1+p′
1

1 . . . z̄
qn+p′

n
n

=

N
∑

j=1

∞
∑

p1,...,pn,q1,...,qn=0

∞
∑

p′
1
,...,p′

n,q
′
1
,...,q′n=0

ak,jp1,...,pn,q1,...,qna
l,j
p′
1
,...,p′

n,q
′
1
,...,q′n

z
p1+q′1
1 . . . z

pn+q′n
n z̄

q1+p′
1

1 . . . z̄
qn+p′

n
n

×

n−1
∏

s=1

n
∏

r=s+1

λ
p′
rp

′
s+q′rq

′
s+prq

′
s+qrp

′
s+qsq

′
r−qrq

′
s

r,s ,

so we have

(3.4)

ak,lp′′
1
,...,p′′

n,q
′′
1
,...,q′′n

=

N
∑

j=1

∑

p1+q′
1
=p′′

1
,...,pn+q′n=p′′n

q1+p′
1
=q′′

1
,...,qn+p′n=q′′n

(

n−1
∏

s=1

n
∏

r=s+1

λ
p′
rp

′
s+q′rq

′
s+prq

′
s+qrp

′
s+qsq

′
r−qrq

′
s

r,s

)

ak,jp1,...,pn,q1,...,qn

× al,jp′
1
,...,p′

n,q
′
1
,...,q′n

.

P = P∗ implies pk,l = p∗l,k, which means

∞
∑

p1,...,pn,q1,...,qn=0

ak,lp1,...,pn,q1,...,qnz
p1

1 . . . zpn

n z̄q11 . . . z̄qnn

=pk,l = p∗l,k
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=

∞
∑

p1,...,pn,q1,...,qn=0

al,kp1,...,pn,q1,...,qn (zp1

1 . . . zpn

n z̄q11 . . . z̄qnn )
∗

=
∞
∑

p1,...,pn,q1,...,qn=0

al,kp1,...,pn,q1,...,qnz
qn
n . . . zq11 z̄pn

n . . . z̄p1

1

=

∞
∑

p1,...,pn,q1,...,qn=0

al,kp1,...,pn,q1,...,qn

(

n−1
∏

s=1

n
∏

r=s+1

λprps+qrqs
r,s

)

zq11 . . . zqnn z̄p1

1 . . . z̄pn

n ,

so we have

(3.5) ak,lp1,...,pn,q1,...,qn = al,kq1,q2,...,qn,p1,p2,...,pn

(

n−1
∏

s=1

n
∏

r=s+1

λprps+qrqs
r,s

)

,

and therefore we also have

(3.6)

ak,lp′′
1
,...,p′′

n,q
′′
1
,...,q′′n

=

N
∑

j=1

∑

p1+p′
1
=p′′

1
,...,pn+p′n=p′′n

q1+q′
1
=q′′

1
,...,qn+q′n=q′′n

(

n−1
∏

s=1

n
∏

r=s+1

λ
prp

′
s+qrq

′
s+qsp

′
r−qrp

′
s

r,s

)

ak,jp1,...,pn,q1,...,qn

× aj,lp′
1
,...,p′

n,q
′
1
,...,q′n

.

Note that for 1 ≤ k, l ≤ N ,

(3.7) ak,l0,...,0 = al,k0,...,0

and

(3.8) ak,l0,...,0 =
N
∑

j=1

ak,j0,...,0a
j,l
0,...,0,

so A = {ak,l0,...,0}1≤k,l≤N ∈ MN (C) is a projector. Denote r := rank (A) , the matrix rank of A,

then there is a unitary N ×N matrix Q ∈ MN(C) such that

(3.9) QBQ∗ =

(

Ir 0

0 0

)

.

It’s obvious that QPQ∗ is still a projector, so in fact we can assume

(3.10) {ak,l0,...,0}1≤k,l≤N =

(

Ir 0

0 0

)

.

Next we show that there is a unitary matrix U ∈ MN(C∞
alg(R

2n
Θ )) such that

(3.11) UPU∗ =

(

Ir 0

0 0

)

.

Let

U =









u1,1 . . . u1,N

...
. . .

...

uN,1 . . . uN,N









∈ MN (C∞
alg(R

2n
Θ ))

be a unitary matrix where uk,l ∈ C∞
alg(R

2n
Θ ), 1 ≤ k, l ≤ N . Then UU∗ = IN implies

(3.12)
N
∑

j=1

uk,ju
∗
l,j = δk,l
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where δk,l is the Kronecker delta. For 1 ≤ k, l ≤ N , let

(3.13) uk,l =

∞
∑

p1,...,pn,q1,...,qn=0

vk,lp1,...,pn,q1,...,qnz
p1

1 . . . zpn
n z̄q11 . . . z̄qnn ,

and for all (p1, . . . , pn, q1, . . . , qn) ∈ N2n, for convenience we define

(3.14) wk,l
p1,...,pn,q1,...,qn := vl,kq1,...,qn,p1,...,pn ,

then

N
∑

j=1

uk,ju
∗
l,j

=

N
∑

j=1

∞
∑

p1,...,pn,q1,...,qn=0

∞
∑

p′
1
,...,p′

n,q
′
1
,...,q′n=0

vk,jp1,...,pn,q1,...,qnv
l,j
p′
1
,...,p′

n,q
′
1
,...,q′n

zp1

1 . . . zpn

n z̄q11 . . . z̄qnn z
q′n
n . . . z

q′1
1

× z̄
p′
n

n . . . z̄
p′
1

1

=
N
∑

j=1

∞
∑

p1,...,pn,q1,...,qn=0

∞
∑

p′
1
,...,p′

n,q
′
1
,...,q′n=0

vk,jp1,...,pn,q1,...,qnv
l,j
p′
1
,...,p′

n,q
′
1
,...,q′n

z
p1+q′1
1 . . . z

pn+q′n
n z̄

q1+p′
1

1 . . . z̄
qn+p′

n
n

×

n−1
∏

s=1

n
∏

r=s+1

λ
p′
rp

′
s+q′rq

′
s+prq

′
s+qrp

′
s+qsq

′
r−qrq

′
s

r,s

=

N
∑

j=1

∞
∑

p1,...,pn,q1,...,qn=0

∞
∑

p′
1
,...,p′

n,q
′
1
,...,q′n=0

vk,jp1,...,pn,q1,...,qnw
j,l
p′
1
,...,p′

n,q
′
1
,...,q′n

z
p1+p′

1

1 . . . z
pn+p′

n
n z̄

q1+q′1
1 . . . z̄

qn+q′n
n

×

n−1
∏

s=1

n
∏

r=s+1

λ
p′
rp

′
s+q′rq

′
s+prp

′
s+qrq

′
s+qsp

′
r−qrp

′
s

r,s ,

so for (p′′1 , . . . , p
′′
n, q

′′
1 , . . . , q

′′
n) ∈ N2n, we have

(3.15)
N
∑

j=1

∑

p1+p′
1
=p′′

1
,...,pn+p′n=p′′n

q1+q′
1
=q′′

1
,...,qn+q′n=q′′n

vk,jp1,...,pn,q1,...,qnw
j,l
p′
1
,...,p′

n,q
′
1
,...,q′n

n−1
∏

s=1

n
∏

r=s+1

λ
p′
rp

′
s+q′rq

′
s+prp

′
s+qrq

′
s+qsp

′
r−qrp

′
s

r,s

=δk,lδ∑N
j=1(p′′

j
+q′′

j ),0
.

Note that

(3.16)

N
∑

j=1

vk,j0,...,0v
l,j
0,...,0 = δk,l,

so V := {vk,l0,...,0}1≤k,l≤N ∈ MN (C) is a unitary N×N matrix. It’s obvious that UV∗ is still unitary,

so in fact we can assume

vk,l0,...,0 = δk,l.

Then the element in the (k, l)-position of UPU∗ is

qk,l

:=

∞
∑

p′′′
1

,...,p′′′
n ,q′′′

1
,...,q′′′n =0

ck,lp′′′
1

,...,p′′′
n ,q′′′

1
,...,q′′′n

z
p′′′
1

1 . . . z
p′′′
n

n z̄
q′′′1

1 . . . z̄
q′′′n
n
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:=

N
∑

α,β=1

uk,αpα,βu
∗
l,β

=

N
∑

α,β=1

∞
∑

p1,...,pn,q1,...,qn=0

vk,αp1,...,pn,q1,...,qnz
p1

1 . . . zpn

n z̄q11 . . . z̄qnn

∞
∑

p′
1
,...,p′

n,q
′
1
,...,q′n=0

aα,βp′
1
,...,p′

n,q
′
1
,...,q′n

× z
p′
1

1 . . . z
p′
n

n z̄
q′1
1 . . . z̄

q′n
n

∞
∑

p′′
1
,...,p′′

n,q
′′
1
,...,q′′n=0

vl,βp′′
1
,...,p′′

n,q
′′
1
,...,q′′n

z
q′′n
n . . . z

q′′1
1 z̄

p′′
n

n . . . z̄
p′′
1

1

=

N
∑

α,β=1

∞
∑

p1,...,pn,q1,...,qn=0

p′
1
,...,p′n,q′

1
,...,q′n=0

p′′
1
,...,p′′n,q′′

1
,...,q′′n=0

vk,αp1,...,pn,q1,...,qna
α,β
p′
1
,...,p′

n,q
′
1
,...,q′n

vl,βp′′
1
,...,p′′

n,q
′′
1
,...,q′′n

×

(

n−1
∏

s=1

n
∏

r=s+1

λ
prp

′
s+qrq

′
s+qsp

′
r−qrp

′
s

r,s

)(

n−1
∏

s=1

n
∏

r=s+1

λ
p′′
r p

′′
s +q′′r q′′s

r,s

)

z
p1+p′

1

1 . . . z
pn+p′

n
n z̄

q1+q′1
1 . . . z̄

qn+q′n
n

× z
q′′1
1 . . . z

q′′n
n z̄

p′′
1

1 . . . z̄
p′′
n

n

=

N
∑

α,β=1

∞
∑

p1,...,pn,q1,...,qn=0

p′
1
,...,p′n,q′

1
,...,q′n=0

p′′
1
,...,p′′n,q′′

1
,...,q′′n=0

vk,αp1,...,pn,q1,...,qna
α,β
p′
1
,...,p′

n,q
′
1
,...,q′n

vl,βp′′
1
,...,p′′

n,q
′′
1
,...,q′′n

×

(

n−1
∏

s=1

n
∏

r=s+1

λ
prp

′
s+qrq

′
s+qsp

′
r−qrp

′
s

r,s

)(

n−1
∏

s=1

n
∏

r=s+1

λ
p′′
r p

′′
s +q′′r q′′s

r,s

)

×

(

n−1
∏

s=1

n
∏

r=s+1

λ
(pr+p′

r)q
′′
s +(qr+q′r)p

′′
s +(qs+q′s)q

′′
r −(qr+q′r)q

′′
s

r,s

)

z
p1+p′

1+q′′1
1 . . . z

pn+p′
n+q′′n

n

× z̄
q1+q′1+p′′

1

1 . . . z̄
qn+q′n+p′′

n
n

=
N
∑

α,β=1

∞
∑

p1,...,pn,q1,...,qn=0

p′
1
,...,p′n,q′

1
,...,q′n=0

p′′
1
,...,p′′n,q′′

1
,...,q′′n=0

vk,αp1,...,pn,q1,...,qna
α,β
p′
1
,...,p′

n,q
′
1
,...,q′n

vl,βp′′
1
,...,p′′

n,q
′′
1
,...,q′′n

×

n−1
∏

s=1

n
∏

r=s+1

λ
prp

′
s+qrq

′
s+qsp

′
r−qrp

′
s+(pr+p′

r+q′′r )q
′′
s +(qr+q′r+p′′

r )p
′′
s +(qs+q′s)q

′′
r −(qr+q′r)q

′′
s

r,s

× z
p1+p′

1+q′′1
1 . . . z

pn+p′
n+q′′n

n z̄
q1+q′1+p′′

1

1 . . . z̄
qn+q′n+p′′

n
n

=

N
∑

α,β=1

∞
∑

p1+p′
1
+p′′

1
=p′′′

1
,...,pn+p′n+p′′n=p′′′n

q1+q′
1
+q′′

1
=q′′′

1
,...,qn+q′n+q′′n=q′′′n

vk,αp1,...,pn,q1,...,qna
α,β
p′
1
,...,p′

n,q
′
1
,...,q′n

wβ,l
p′′
1
,...,p′′

n,q
′′
1
,...,q′′n

×

n−1
∏

s=1

n
∏

r=s+1

λ
prp

′
s+qrq

′
s+qsp

′
r−qrp

′
s+(pr+p′

r+p′′
r )p

′′
s +(qr+q′r+q′′r )q

′′
s +(qs+q′s)p

′′
r −(qr+q′r)p

′′
s

r,s

× z
p1+p′

1+p′′
1

1 . . . z
pn+p′

n+p′′
n

n z̄
q1+q′1+q′′1
1 . . . z̄

qn+q′n+q′′n
n

=
N
∑

α,β=1

∞
∑

p1+p′
1
+p′′

1
=p′′′

1
,...,pn+p′n+p′′n=p′′′n

q1+q′
1
+q′′

1
=q′′′

1
,...,qn+q′n+q′′n=q′′′n

vk,αp1,...,pn,q1,...,qna
α,β
p′
1
,...,p′

n,q
′
1
,...,q′n

wβ,l
p′′
1
,...,p′′

n,q
′′
1
,...,q′′n

×

n−1
∏

s=1

n
∏

r=s+1

λ
prp

′
s+qrq

′
s+qsp

′
r−qrp

′
s+p′′′

r p′′
s +q′′′r q′′s +(q′′′s −q′′s )p

′′
r −(q

′′′
r −q′′r )p

′′
s

r,s
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× z
p1+p′

1+p′′
1

1 . . . z
pn+p′

n+p′′
n

n z̄
q1+q′1+q′′1
1 . . . z̄

qn+q′n+q′′n
n .

The coefficient of z1 in qk,l is

ck,l1,...,0 =

N
∑

α,β=1

(

vk,α1,...,0a
α,β
0,...,0w

β,l
0,...,0 + vk,α0,...,0a

α,β
1,...,0w

β,l
0,...,0 + vk,α0,...,0a

α,β
0,...,0w

β,l
1,...,0

)

=vk,l1,...,0a
l,l
0,...,0 + ak,l1,...,0 + ak,k0,...,0w

k,l
1,...,0.

Note that

(3.17) ak,l0,...,1,...,0 =
N
∑

j=1

(

ak,j0,...,1,...,0a
j,l
0,...,0 + ak,j0,...,0a

j,l
0,...,1,...,0

)

= ak,l0,...,1,...,0

(

ak,k0,...,0 + al,l0,...,0

)

,

where 1 is at the h-th position, so ak,l0,...,1,...,0 = 0 where 1 ≤ k, l ≤ r and r + 1 ≤ k, l ≤ N ,

1 ≤ h ≤ 2n. Also,

(3.18) vk,l1,...,0 + wk,l
1,...,0 = 0

where 1 is at the (n+ 1)-th position. If we set

(3.19) vk,l1,...,0 =







ak,l1,...,0, 1 ≤ k ≤ r < l ≤ N,

−ak,l1,...,0, 1 ≤ l ≤ r < k ≤ N,

then ck,l1,...,0 = 0 for all 1 ≤ k, l ≤ N , which means the coefficient of z1 in qk,l is 0. In fact this

implies the coefficient of z̄1 in qk,l is also 0. Similarly for 1 ≤ h ≤ n, set

(3.20) vk,l0,...,1,...,0 =







ak,l0,...,1,...,0, 1 ≤ k ≤ r < l ≤ N,

−ak,l0,...,1,...,0, 1 ≤ l ≤ r < k ≤ N

where all 1’s are at the h-th position, the coefficient of zh and z̄h in qk,l are 0 for all 1 ≤ k, l ≤ N .

Next,

ak,l0,...,2,...,0 =
N
∑

j=1

(

ak,j0,...,2,...,0a
j,l
0,...,0 + ak,j0,...,1,...,0a

j,l
0,...,1,...,0 + ak,j0,...,0a

j,l
0,...,2,...,0

)

=







































2ak,l0,...,2,...,0 +

N
∑

j=r+1

ak,j0,...,1,...,0a
j,l
0,...,1,...,0, 1 ≤ k, l ≤ r,

r
∑

j=1

ak,j0,...,1,...,0a
j,l
0,...,1,...,0, r + 1 ≤ k, l ≤ N,

ak,l0,...,2,...,0, other cases,

where 1 and 2 are at the h-th position, so

(3.21) ak,l0,...,2,...,0 =



























−
N
∑

j=r+1

ak,j0,...,1,...,0a
j,l
0,...,1,...,0, 1 ≤ k, l ≤ r,

r
∑

j=1

ak,j0,...,1,...,0a
j,l
0,...,1,...,0, r + 1 ≤ k, l ≤ N.

Also,

(3.22) vk,l2,...,0 +
N
∑

j=1

vk,j1,...,0w
j,l
1,...,0 + wk,l

2,...,0 = 0.
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The coefficient of z21 in qk,l is

ck,l2,...,0 =

N
∑

α,β=1

(

vk,α2,...,0a
α,β
0,...,0w

β,l
0,...,0 + vk,α0,...,0a

α,β
2,...,0w

β,l
0,...,0 + vk,α0,...,0a

α,β
0,...,0w

β,l
2,...,0 + vk,α1,...,0a

α,β
1,...,0w

β,l
0,...,0

+vk,α1,...,0a
α,β
0,...,0w

β,l
1,...,0 + vk,α0,...,0a

α,β
1,...,0w

β,l
1,...,0

)

=vk,l2,...,0a
l,l
0,...,0 + ak,l2,...,0 + ak,k0,...,0w

k,l
2,...,0 +

N
∑

α=1

vk,α1,...,0a
α,l
1,...,0 +

N
∑

α=1

vk,α1,...,0a
α,α
0,...,0w

α,l
1,...,0 +

N
∑

α=1

ak,α1,...,0w
α,l
1,...,0

=























































0, 1 ≤ k, l ≤ r,

0, r + 1 ≤ k, l ≤ N,

ak,l2,...,0 − vk,l2,...,0 +

r
∑

j=1

vk,j1,...,0a
j,l
1,...,0, 1 ≤ k ≤ r < l ≤ N,

ak,l2,...,0 + vk,l2,...,0 +

N
∑

j=r+1

vk,j1,...,0a
j,l
1,...,0, 1 ≤ l ≤ r < k ≤ N.

If we set

(3.23) vk,l2,...,0 =



























ak,l2,...,0 +

r
∑

j=1

vk,j1,...,0a
j,l
1,...,0, 1 ≤ k ≤ r < l ≤ N,

−ak,l2,...,0 −

N
∑

j=r+1

vk,j1,...,0a
j,l
1,...,0, 1 ≤ l ≤ r < k ≤ N,

then ck,l2,...,0 = 0 for all 1 ≤ k, l ≤ N , which means the coefficient of z21 and z̄21 in qk,l are 0. Like

before, for 1 ≤ h ≤ n, set

(3.24) vk,l0,...,2,...,0 =



























ak,l0,...,2,...,0 +

r
∑

j=1

vk,j0,...,1,...,0a
j,l
0,...,1,...,0, 1 ≤ k ≤ r < l ≤ N,

−ak,l0,...,2,...,0 −

N
∑

j=r+1

vk,j0,...,1,...,0a
j,l
0,...,1,...,0, 1 ≤ l ≤ r < k ≤ N,

where all 1’s and 2’s are at the h-th position, the coefficient of z2h and z̄2h in qk,l are 0 for all

1 ≤ k, l ≤ N .

In general, for all (p′′1 , . . . , p
′′
n, q

′′
1 , . . . , q

′′
n) ∈ N2n with

∑n
j=1

(

p′′j + q′′j
)

≥ 1, we set

(3.25)

vk,lp′′
1
,...,p′′

n,q
′′
1
,...,q′′n

=







































































































ak,lp′′
1
,...,p′′

n,q
′′
1
,...,q′′n

+

N
∑

j=1

∑

p1+p′
1
=p′′

1
,...,pn+p′n=p′′n

q1+q′
1
=q′′

1
,...,qn+q′n=q′′n

∑n
j=1

(pj+qj),
∑n

j=1(p′j+q′
j)≥1

vk,jp1,...,pn,q1,...,qna
j,l
p′
1
,...,p′

n,q
′
1
,...,q′n

×

n−1
∏

s=1

n
∏

r=s+1

λ
prp

′
s+qrq

′
s+qsp

′
r−qrp

′
s

r,s , 1 ≤ k ≤ r < l ≤ N,

−ak,lp′′
1
,...,p′′

n,q
′′
1
,...,q′′n

−

N
∑

j=1

∑

p1+p′
1
=p′′

1
,...,pn+p′n=p′′n

q1+q′
1
=q′′

1
,...,qn+q′n=q′′n

∑n
j=1

(pj+qj),
∑n

j=1(p′j+q′
j)≥1

vk,jp1,...,pn,q1,...,qna
j,l
p′
1
,...,p′

n,q
′
1
,...,q′n

×

n−1
∏

s=1

n
∏

r=s+1

λ
prp

′
s+qrq

′
s+qsp

′
r−qrp

′
s

r,s , 1 ≤ l ≤ r < k ≤ N,
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and for 1 ≤ k, l ≤ r and r + 1 ≤ k, l ≤ N , vk,lp′′
1
,...,p′′

n,q
′′
1
,...,q′′n

are chosen such that (3.15) are

satisfied for all (p′′1 , . . . , p
′′
n, q

′′
1 , . . . , q

′′
n) ∈ N2n. It’s not hard to see that this can be done from

∑n
j=1

(

p′′j + q′′j
)

= 1 to any far.

For 1 ≤ k, l ≤ r, from (3.6) we have

(3.26)

ak,lp′′
1
,...,p′′

n,q
′′
1
,...,q′′n

= −
∑

p1+p′
1
=p′′

1
,...,pn+p′n=p′′n

q1+q′
1
=q′′

1
,...,qn+q′n=q′′n

∑n
j=1

(pj+qj),
∑n

j=1(p′j+q′
j)≥1

ak,jp1,...,pn,q1,...,qna
j,l
p′
1
,...,p′

n,q
′
1
,...,q′n

n−1
∏

s=1

n
∏

r=s+1

λ
prp

′
s+qrq

′
s+qsp

′
r−qrp

′
s

r,s .

By applying (3.25) and (3.26) repeatly, the sum

N
∑

j=1

∑

p1+p′
1
=p′′

1
,...,pn+p′n=p′′n

q1+q′
1
=q′′

1
,...,qn+q′n=q′′n

vk,jp1,...,pn,q1,...,qna
j,l
p′
1
,...,p′

n,q
′
1
,...,q′n

n−1
∏

s=1

n
∏

r=s+1

λ
prp

′
s+qrq

′
s+qsp

′
r−qrp

′
s

r,s

=
N
∑

j=1

∑

p1+p′
1
=p′′

1
,...,pn+p′n=p′′n

q1+q′
1
=q′′

1
,...,qn+q′n=q′′n

∑n
j=1(pj+qj),

∑n
j=1(p′j+q′

j)≥1

vk,jp1,...,pn,q1,...,qna
j,l
p′
1
,...,p′

n,q
′
1
,...,q′n

n−1
∏

s=1

n
∏

r=s+1

λ
prp

′
s+qrq

′
s+qsp

′
r−qrp

′
s

r,s

+ vk,lp′′
1
,...,p′′

n,q
′′
1
,...,q′′n

+ ak,lp′′
1
,...,p′′

n,q
′′
1
,...,q′′n

=
r
∑

j=1

∑

p1+p′
1
=p′′

1
,...,pn+p′n=p′′n

q1+q′
1
=q′′

1
,...,qn+q′n=q′′n

∑n
j=1

(pj+qj),
∑n

j=1(p′j+q′
j)≥1

vk,jp1,...,pn,q1,...,qna
j,l
p′
1
,...,p′

n,q
′
1
,...,q′n

n−1
∏

s=1

n
∏

r=s+1

λ
prp

′
s+qrq

′
s+qsp

′
r−qrp

′
s

r,s

+

N
∑

j=r+1

∑

p1+p′
1
=p′′

1
,...,pn+p′n=p′′n

q1+q′
1
=q′′

1
,...,qn+q′n=q′′n

∑n
j=1(pj+qj),

∑n
j=1(p′j+q′

j)≥1

vk,jp1,...,pn,q1,...,qna
j,l
p′
1
,...,p′

n,q
′
1
,...,q′n

n−1
∏

s=1

n
∏

r=s+1

λ
prp

′
s+qrq

′
s+qsp

′
r−qrp

′
s

r,s

+ vk,lp′′
1
,...,p′′

n,q
′′
1
,...,q′′n

+ ak,lp′′
1
,...,p′′

n,q
′′
1
,...,q′′n

can be finally expressed by the sum of type VA:

(3.27)

vk,α1

p1,0,...,pn,0,q1,0,...,qn,0

n1
∏

j=1

aαj ,βj

p1,2j−1,...,pn,2j−1,q1,2j−1,...,qn,2j−1
aβj ,αj+1

p1,2j ,...,pn,2j,q1,2j ,...,qn,2j
Φ{pr,s,qr,s}1≤r≤n,0≤s≤2n1

and type AA:

(3.28)

n2
∏

j=1

a
γj ,δj
p′
1,2j−1

,...,p′
n,2j−1

,q′
1,2j−1

,...,q′
n,2j−1

a
δj ,γj+1

p′
1,2j

,...,p′
n,2j

,q′
1,2j

,...,q′
n,2j

Φ{p′
r,s,q

′
r,s}1≤r≤n,1≤s≤2n2

,

here n1, n2 ∈ N,
∑2n1

v=0

∑n
u=1 (pu,v + qu,v) =

∑2n2

v=1

∑n
u=1

(

p′u,v + q′u,v
)

=
∑n

u=1 (p
′′
u + q′′u), 1 ≤

αu ≤ r < βu ≤ N , 1 ≤ γv ≤ r < δv ≤ N , 1 ≤ u ≤ n1, 1 ≤ v ≤ n2, γ1 = k, αn1+1 = γn2+1 = l,

Φ{pr,s,qr,s}1≤r≤n,0≤s≤2nj
is a complex number with norm 1 which is determined by pr,s and qr,s

where 1 ≤ r ≤ n, 0 ≤ s ≤ 2nj, j = 1, 2.
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From (3.26) the expression of

(3.29)
r
∑

j=1

∑

p1+p′
1
=p′′

1
,...,pn+p′n=p′′n

q1+q′
1
=q′′

1
,...,qn+q′n=q′′n

∑n
j=1(pj+qj),

∑n
j=1(p′j+q′

j)≥1

vk,jp1,...,pn,q1,...,qna
j,l
p′
1
,...,p′

n,q
′
1
,...,q′n

n−1
∏

s=1

n
∏

r=s+1

λ
prp

′
s+qrq

′
s+qsp

′
r−qrp

′
s

r,s

contains only terms of type VA and all are equiped with negative signs; From (3.25) the expression

of

(3.30)
N
∑

j=r+1

∑

p1+p′
1
=p′′

1
,...,pn+p′n=p′′n

q1+q′
1
=q′′

1
,...,qn+q′n=q′′n

∑n
j=1

(pj+qj),
∑n

j=1(p′j+q′
j)≥1

vk,jp1,...,pn,q1,...,qna
j,l
p′
1
,...,p′

n,q
′
1
,...,q′n

n−1
∏

s=1

n
∏

r=s+1

λ
prp

′
s+qrq

′
s+qsp

′
r−qrp

′
s

r,s

contains both types and all are equiped with positive signs; Finally, from (3.26) again we can see

that the expression of ak,lp′′
1
,...,p′′

n,q
′′
1
,...,q′′n

contains only terms of type AA and all are equiped with

negative signs. Hence we have

(3.31)
N
∑

j=1

∑

p1+p′
1
=p′′

1
,...,pn+p′n=p′′n

q1+q′
1
=q′′

1
,...,qn+q′n=q′′n

vk,jp1,...,pn,q1,...,qna
j,l
p′
1
,...,p′

n,q
′
1
,...,q′n

n−1
∏

s=1

n
∏

r=s+1

λ
prp

′
s+qrq

′
s+qsp

′
r−qrp

′
s

r,s = vk,lp′′
1
,...,p′′

n,q
′′
1
,...,q′′n

.

Similarly we can prove that for r + 1 ≤ k, l ≤ N ,

(3.32)

N
∑

j=1

∑

p1+p′
1
=p′′

1
,...,pn+p′n=p′′n

q1+q′
1
=q′′

1
,...,qn+q′n=q′′n

vk,jp1,...,pn,q1,...,qna
j,l
p′
1
,...,p′

n,q
′
1
,...,q′n

n−1
∏

s=1

n
∏

r=s+1

λ
prp

′
s+qrq

′
s+qsp

′
r−qrp

′
s

r,s = 0.

In summary, for all (p′′′1 , . . . , p′′′n , q′′′1 , . . . , q′′′n ) ∈ N2n with
∑n

j=1

(

p′′′j + q′′′j
)

≥ 1 we have

(3.33)

N
∑

j=1

∑

p1+p′
1
=p′′

1
,...,pn+p′n=p′′n

q1+q′
1
=q′′

1
,...,qn+q′n=q′′n

vk,jp1,...,pn,q1,...,qna
j,l
p′
1
,...,p′

n,q
′
1
,...,q′n

n−1
∏

s=1

n
∏

r=s+1

λ
prp

′
s+qrq

′
s+qsp

′
r−qrp

′
s

r,s

=







vk,lp′′
1
,...,p′′

n,q
′′
1
,...,q′′n

, 1 ≤ k ≤ r,

0, r + 1 ≤ k ≤ N.

Then for all (p′′′1 , . . . , p′′′n , q′′′1 , . . . , q′′′n ) ∈ N2n with
∑n

j=1

(

p′′′j + q′′′j
)

≥ 1,

ck,lp′′′
1

,...,p′′′
n ,q′′′

1
,...,q′′′n

=

N
∑

α,β=1

∑

p1+p′
1
+p′′

1
=p′′′

1
,...,pn+p′n+p′′n=p′′′n

q1+q′
1
+q′′

1
=q′′′

1
,...,qn+q′n+q′′n=q′′′n

vk,αp1,...,pn,q1,...,qna
α,β
p′
1
,...,p′

n,q
′
1
,...,q′n

wβ,l
p′′
1
,...,p′′

n,q
′′
1
,...,q′′n

×

n−1
∏

s=1

n
∏

r=s+1

λ
prp

′
s+qrq

′
s+qsp

′
r−qrp

′
s+p′′′

r p′′
s +q′′′r q′′s +(q′′′s −q′′s )p

′′
r −(q

′′′
r −q′′r )p

′′
s

r,s

=

N
∑

α,β=1

∑

p1+p′
1
+p′′

1
=p′′′

1
,...,pn+p′n+p′′n=p′′′n

q1+q′
1
+q′′

1
=q′′′

1
,...,qn+q′n+q′′n=q′′′n

vk,αp1,...,pn,q1,...,qna
α,β
p′
1
,...,p′

n,q
′
1
,...,q′n

n
∏

r=s+1

λ
prp

′
s+qrq

′
s+qsp

′
r−qrp

′
s

r,s

× wβ,l
p′′
1
,...,p′′

n,q
′′
1
,...,q′′n

n−1
∏

s=1

n
∏

r=s+1

λ
(pr+p′

r+p′′
r )p

′′
s+(qr+q′r+q′′r )q

′′
s +(qs+q′s)p

′′
r −(qr+q′r)p

′′
s

r,s
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=



































N
∑

β=1

∑

p′
1
+p′′

1
=p′′′

1
,...,p′n+p′′n=p′′′n

q′
1
+q′′

1
=q′′′

1
,...,q′n+q′′n=q′′′n

vk,βp′
1
,...,p′

n,q
′
1
,...,q′n

wβ,l
p′′
1
,...,p′′

n,q
′′
1
,...,q′′n

n
∏

r=s+1

λ
p′′
r p′′

s +q′′r q′′s +p′
rp

′′
s +q′rq

′′
s +q′sp

′′
r −q′rp

′′
s

r,s

= 0, 1 ≤ k ≤ r,

0, r + 1 ≤ k ≤ N,

which means

(3.34) UPU∗ =

(

Ir 0

0 0

)

.

Hence we have K0(C
∞
alg(R

2n
Θ )) = Z. �

For the case where m is odd, m = 2n + 1, replace all ak,lp1,...,pn,q1,...,qn with series of x in the

proof of Theorem 3.1, and K0(C[x]) = Z guarantees that we can still make the assumption (3.10).

Then by applying the same method as above, we can prove K0(C
∞
alg(R

2n+1
Θ )) = Z, and we finish

the proof of Theorem 1.1.

Remark 3.2. We left the study of Morita equivalence of m-planes for future.
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