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POSITIVE SOLUTIONS FOR THE FRACTIONAL p-LAPLACIAN
VIA MIXED TOPOLOGICAL AND VARIATIONAL METHODS

ANTONIO TANNIZZOTTO

ABSTRACT. We study a nonlinear, nonlocal Dirichlet problem driven by the degenerate fractional p-Laplacian
via a combination of topological methods (degree theory for operators of monotone type) and variational
methods (critical point theory). We assume local conditions ensuring the existence of sub- and supersolutions.
So we prove existence of two positive solutions, in both the coercive and noncoercive cases.

Version of March 1, 2023

1. INTRODUCTION

In the study of nonlinear elliptic partial differential equations, two main approaches have been followed in
the past decades: in the wvariational approach, solutions of the examined problem are seen as critical points
of an energy functional and detected via minimization or min-max schemes; in the topological approach,
solutions are seen as zeros of a nonlinear operator and are found via fixed point theorems or degree theory.
The topological approach is more general, as it allows to deal with gradient-depending terms, but it usually
provides less precise information about the number of solutions. Classical references on the variational and
topological methods for nonlinear equations are [22] and [g], respectively.

When quasilinear equations are considered (think for instance of the p-Laplacian operator), both variational
and topological methods are affected by technical difficulties: no Hilbertian structure is available, energy
functionals fail to be twice differentiable, so the Leray-Schauder degree for nonlinear operators does not
apply. Thus, the p-Laplace equation has been the benchmark for developing both a critical point theory for
C'-functionals on Banach spaces, and an effective degree theory for operators of monotone type mapping
a Banach space into its dual, as well as useful combinations of the two methods, as in the very interesting
paper [19]. See [18] for a comprehensive account on such techniques.

In the last decade, beside nonlinearity, nonlocality has come into play as a major feature, with the increasing
interest in fractional order elliptic operators and the inherent new difficulties, which are mainly related to
regularity, maximum and comparison principles, and the boundary behavior of solutions. The semilinear case,
dealing with the fractional Laplacian or variants of it, is by now well established, see for instance [17] for
the variational approach. In the quasilinear case, namely for the fractional p-Laplacian, a purely variational
approach for existence results was proposed in [10], based on Morse theory and the spectral theory of [16].
Much has been achieved since then and, despite missing a full organic theory, we have several partial results
providing a basic toolbox for the treatment of equations, at least in the degenerate case, i.e., when the
summability exponent is p > 2 (examples are found in [5] for the variational method and in [6] for the
topological method).

In this paper, in some sense a companion work of [6], we aim at combining the variational and topological
approaches, relying on recent regularity and comparison results, in order to prove multiplicity of positive
solutions for a fractional p-Laplace equations under mild assumptions on the reaction. Precisely, we study
the following fractional order nonlinear equation with Dirichlet condition:

{(—A)Zu = f(z,u) inQ

u=20 in Q°.

(1.1)
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2 A. TANNIZZOTTO
Here Q ¢ RY (N > 2) is a bounded domain with C'*! boundary, p > 2, s € (0,1) s.t. N > ps, the leading
operator is the fractional p-Laplacian, defined for all v : RY — R smooth enough and all 2 € RV by

S lm) = 9 T |u(z) — u(y)P~*(u(z) — uly))
(=A% ule) =2 lig, Bt () |z —y|NHPe w

)

which for p = 2 reduces to the fractional Laplacian and for s — 1~ converges to the classical p-Laplacian (up
to multiplicative constants). Finally, f : Q@ x R — R is a Carathéodory mapping subject to several growth
conditions. We focus on asymptotically (p — 1)-linear reactions both at infinity and at zero, i.e., we assume
that the quotient

f('v t)

e S5

is bounded (uniformly in Q) as t — oo, 0, respectively. The present work differs from [6], mainly because we
do not assume a qualitatively different behavior of the quotient above at +oo and at 0 (jumping reaction).
So we distinguish two cases, roughly speaking:

(a) in the coercive case, the limits of the quotient above lie below the principal eigenvalue of the operator
(=A); with nonresonance on a positively measured subset of €;

(b) in the noncoercive case, the same limits lie above the principal eigenvalue.
Note that in general we allow for the reaction to have exactly the same behavior at infinity and at zero,
unlike in many similar works (i.e., we exclude the so-called concave-convex reactions). On the other hand,
we shall assume some local conditions ensuring the existence of sub- and supersolutions, namely, in case (a)
we require that the reaction lies above a power t9~1 (¢ > p) near the origin, and in case (b) we require that
it is nonpositive at some point b > 0. Under such hypotheses, in both cases we prove that problem (1.1)
admits at least two positive solutions, the first being obtained as a local minimizer of the energy functional,
and the second being detected through a degree theoretic argument (see Theorems 4.3 and 5.2 below). We
are inspired by similar results from [19] for the local case (s = 1). We remark that our results are new even
in the semilinear framework p = 2.
The structure of the paper is the following: in Section 2 we recall the degree theory for operators of class
(S)4; in Section 3 we collect some general results on the fractional p-Laplacian and the related Dirichlet
problem; in Section 4 we prove our multiplicity result for the coercive case (a); and in Section 5 we deal with
the noncoercive case (b).

Notation. Throughout the paper, for any A C RY we shall set A° = RY \ A. For any two measurable
functions u,v : @ — R, u < v in Q will mean that u(z) < v(z) for a.e. x € Q (and similar expressions). The
positive (resp., negative) part of u is denoted u™t (resp., u™). Every function u defined in Q will be identified
with its 0-extension to RY. If X is an ordered Banach space, then X, will denote its non-negative order
cone. For all 7 € [1,0], || - ||, denotes the standard norm of L"(Q2) (or L"(RY), which will be clear from the
context). Moreover, C' will denote a positive constant (whose value may change case by case).

2. DEGREE THEORY FOR (S);-MAPS

For the reader’s convenience, we recall here some basic notions and properties of Browder’s topological degree
for (S)+-maps, introduced in [2] (we follow the general exposition of [18, Section 4.3]).

Let X be a separable, reflexive Banach space, X* be its dual space, and U C X. An operator A : U — X*
is an (9)4-map if, for any sequence (u,) in X, u, — u in X and

lim sup (A(uy ), uy, —u) <0
n
imply w,, = wu (strongly) in X. Also, A is demicontinuous if it is strong to weak* continuous. Note that, if A is
a demicontinuous (S)-map and B : U — X* is a completely continuous map, then A+ B is a demicontinuous

(S)+-map as well. In particular, by classical functional analysis (Troyanski’s renorming theorem) there exists
a (S)4-homeomorphism F : X — X* (duality map) s.t. for all u € X

IF@)1? = llull® = (F(u), u).

Now consider a triple (A, U,u*) where U C X is a bounded open set, A : U — X* is a demicontinuous
(S)4-map, and u* € X*\ A(OU). By separability, we can perform a Galerkin type approximation of X by
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means of an increasing sequence (X,,) of finite-dimensional subspaces. For all n € N we set U,, = U N X,
and define A,, : U,, — X} by setting for all u € U, v € X,,

(An(u),v) = (Au),v)

(for simplicity, we use the same notation for the duality pairings between X and X,,, and between X* and
X, respectively). By [18, Proposition 4.38] Brouwer’s degree of the triple (A,,,U,,u*) eventually stabilizes
as n — 00, so we can define for some n € N big enough

deg(s), (A,U,u") = deg(An, Uy, u").
The integer-valued map deg g, inherits the main properties of Brouwer’s degree:
Proposition 2.1. [18, Theorem 4.42] Let U C X be a bounded open set, A : U — X* be a demicontinuous
(S)4-map, u* ¢ A(OU). Then:
(i) (normalization) if u* € F(U), then degg), (F,U,u*) = 1;
(11) (domain additivity) if U = Uy U Us, with Uy, Uy C X nonempty open sets s.t. Uy NUs = 0 and
u* ¢ A(QU, U QU,), then
deg(g), (A, U, u") = deg(g), (A, U1, u") +deggy, (A, Uz, u");
(iii) (excision) if C C U is closed s.t. u* ¢ A(C), then
deg(5)+(A, U \ C, U*) = deg(SH (A, U, ’U,*),
(iv) (homotopy invariance) if h: [0,1] x U — X* is a (S),-homotopy s.t. u* ¢ h(t,0U) for all t € [0,1],
then the function
t— deg(S)+ (h(tu ')7 U, U*)

is constant in [0, 1];

(v) (solution) if deggy, (A,U,u*) # 0, then there exists u € U s.t. A(u) = u*;

(vi) (boundary dependence) if B : U — X* is a demicontinuous (S)y-map s.t. A(u) = B(u) for all
u € OU, then

deg gy, (4, U,u") = degg), (B, U,u™).
For our purposes, the most important property is (iv). We recall that a (S)i-homotopy is a map h :
[0,1] x U — X* s.t. t, — tin [0,1], u, — u in X, and

limsup <h(tn7un)7un - u> < 0

n

imply w, — w in X and h(t,,u,) — h(t,u) in X*. For instance, if A, B : U — X* are demicontinuous
(S)4-maps, then by [18, Proposition 4.41] we can define a (5);-homotopy as follows:

h(t,u) = (1 — t)A(u) + tB(u).

The bridge between variational and topological methods is represented by the case of a functional ® € C*(X),
whose Géteaux derivative ® : X — X* is a (demi-) continuous (S);-map (potential operator). We set

K(®)={ue X: ®'(u)=0}.

In such cases, the degree of ® in some special sets is related to the local and asymptotic behavior of ®,
respectively, as first proved in [21] (for the Leray-Schauder degree):

Proposition 2.2. [18, Corollaries 4.46, 4.49] Let ® € C*(X) be a functional s.t. ®' : X — X* is a continuous
(5)+-map:
(i) if ugp € X is a local minimizer and an isolated critical point of ®, then for all p > 0 small enough
degs), (®', By(uo),0) = 1;
(73) if ® is coercive and K(®) is bounded, then for all R > 0 big enough
deg(s)+ ((I)/, BR(O), 0) = 1.
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3. THE DIRICHLET PROBLEM FOR THE FRACTIONAL p-LAPLACIAN

Here we recall some basic features of the existing theory about problem (1.1). First, for all open  C RV
and all measurable u : Q@ — R we define the Gagliardo seminorm

Q= // )|P dxdy)%
S - .
» QxQ |5U —y|N+pS

We introduce the fractional Sobolev spaces (see [4] for details)
WP(Q) = {u € LP(Q) : [u]sp.0 < oo},

WeP(Q) = {u €L’

loc

Ny (Y 5 _Ju@)lP
(RY) : uw e W=P(Q') for some 2’ 3 Q and /]RN (1+|x|)N+de:E<oo},

WsP(Q) = {ue WP(RY) : w =0 in Q°}.

Clearly WP(Q) ¢ W#P(Q), and conversely for all u € WP(Q) s.t. u = 0 in Q¢ we have u € WP (Q),
see [5, Lemma 2.1]. If @ C RY is a bounded domain with C1:l-smooth boundary 9, then W;"P(2) is a
uniformly convex, separable Banach space with norm

Jull = [uls p e,
whose dual space is denoted W% (Q). Also, the embedding W () — L"(Q) is continuous for all r € [1, p?]
and compact for all r € [1, p¥), where the fractional critical exponent is defined by

Np

pS - N — ps .
By [13, Lemma 2.3], we can extend the definition of the fractional p-Laplacian to a wider class of functions.
For all u € W5P(Q), ¢ € W;(Q) set

— u(y)[P*(u(z) —u(y) (¢(@) — ¢(y))
(=A), u, ) //RNXRN dz dy.

|z —y| Ve

*

Then we have (—A);u € WP (Q), and the definition above agrees with the one given in Section 1 for
u smooth enough (for instance, u € C°(2)). The restricted operator (=A)s : Wg*(Q) — W= (Q) is a
continuous (S)4-map (in fact, the duality map of Wi (Q) is u — (—A)5 u/||ul|P~?), as well as the gradient
of the C!-functional

Ilull”

p
We recall a useful formula, holding for any u € W™ ():

=[P < (=8)5 u, Fu®).

U —

Also, such operator is strictly (T")-monotone:

Proposition 3.1. [16, proof of Lemma 9] Let u,v € W*P(Q) s.t. (u—v)" € WiP(Q) satisfy
(=A)pu—(=A)v,(u—v)") <0,

then u < v in Q.

Now let us consider problem (1.1), under the following basic hypothesis:

Hy f: QxR — Risa Carathéodory function and there exist ¢g > 0, r € (1,p%) s.t. for a.e. x € Q and all
teR
[f (@, )] < o+ [t
We say that u € W*P() is a (weak) supersolution of (1.1) if for all ¢ € Wy ()4

(—A)Su, ) > / f(a, u)pda,

and similarly we define a (weak) subsolution. A (weak) solution of (1.1) is both a super- and a subsolution,
Le., a function u € WP (Q) s.t. for all o € W37 (Q)

(~A) u, ) = /Q f(,uw)pda,
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The definitions of super-, subsolutions and solutions for other Dirichlet problems will be analogous. We have
the following a priori bound:

Proposition 3.2. [3, Theorem 3.3] Let Hy hold, v € W3*(Q) be a solution of (1.1). Then, u € L>(Q)
with ||ul|ee < C, for some C = C(JJu||) > 0.

In fractional regularity theory, the following weighted Holder spaces play a major role. Set for all z € RY
da(z) = dist(z, Q°),
and for all @ € (0,1)

Cc(Q) = {u € C'(Q): dis has a a-Holder continuous extension to ﬁ},
Q

which is a Banach space endowed with the norm

+sup Ju(@)/dg () — uly)/da(y)|
o ay |z — yl|«

de

s = |

For a = 0, the space CY() is defined similarly, with a-Holder continuous replaced by continuous and the

corresponding norm
U

d
In addition, the interior of the positive order cone of C?(Q) is

. 0O ) 00O . inf L
int(C0(Q),) = {u €CUM il o> 0}.

By Proposition 3.2 and [14, Theorem 1.1] we have the following global regularity result:

[l

O,S:‘
oo

Proposition 3.3. Let Hy hold, u € W3'P(2) be a solution of (1.1). Then, u € C2(Q) for some o € (0, 5]
(independent of u).

While Proposition 3.1 above can be regarded as a weak comparison principle, strong maximum and compar-
ison principles can be stated as follows:

Proposition 3.4. [12, Theorems 2.6, 2.7] Let g € C°(R) N BVjpe(R):
(i) if ue WsP(Q) N CO(Q) satisfies
—A)yu+g(u) = g(0) inQ
u=>0 in RN
and u # 0, then
u
inf — > 0;
Q dg,
(i1) if u € WP(Q) N CO(Q), v € WP(Q) NCO(Q), C > 0 satisfy
(—A)0+g() < (—A)utg(u) <C inQ
O<ov<u in Q)
0=v<u in Q°
and u # v, then

u—v

> 0.

inf
@ dg
Referring to [9] for details, we consider the following nonlinear weighted eigenvalue problem with weight
function m € L>=(Q):

(3.1)

(=A)5u = Am(z)ulP">u in Q
u=0 in Q°.

The following result summarizes the main properties of the principal eigenvalue of (3.1):
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Proposition 3.5. [9, Propositions 3.3, 4.2] Let m € L>=(Q) be s.t. m* # 0. Then, the smallest eigenvalue
of (3.1) is
[[ul|”

A = _—
1(m) wew P (@\{0} [o m(x)|ulP dz

> 0.

In addition:

(i) A1(m) is attained at a unique positive, normalized eigenfunction e1(m) € int(C%(Q)y), while any
nonprincipal eigenfunction changes sign in §;
(73) for allm € L™°(Q) s.t. m < m in Q and m # m, we have

A1 (m) > A\ (’ﬁ’L)

In particular, we will write Ay = A1(1), e; = e1(1). We recall two technical results, related to the eigenvalue
A1. The first is of variational nature:

Proposition 3.6. [l1, Lemma 2.7] Let £ € L>®(82) be s.t. £ < Ay in Q, and & # \1. Then, there exists o > 0
s.t. for all w € W3P(Q)

= [ e@lul?do > ol
The second is a nonlocal version of the antimaximum principle of [7]:
Proposition 3.7. [6, Lemma 3.9] Let m, 3 € L=(Q)4+ \ {0}, A = M\ (m), u € W5P(Q) solve

{(—A)S u=dm(x)|ulP"2u+ B(x) inQ

p
u=20 in Q°.

Then, u~ # 0.

Now we focus on the variational formulation of problem (1.1). First, set for all (z,t) € Q x R

F(x,t)z/o f(z,7)dr.

Then, set for all u € W, (Q)

p
By virtue of Hy, it is easily seen that ® € C* (W (2)). For all u € WP (Q2) we have

O'(u) = (=A)yu— Ny(u),

D(u) = Ilul® —/QF(J:,u)dx.

where Ny : WP(Q) — W57 (Q) is the completely continuous Nemitskii operator defined for all u, ¢ €
Wit (9) by

(N (), ) = /Qf(:c,u)cpdac.

So, as seen in Section 2, ® : WP (Q) — W5 (Q) is a (demi)-continuous (S),-map. In addition, ® is
sequentially weakly 1.s.c. and satisfies a bounded (PS)-condition, i.e., whenever (u,,) is a bounded sequence
in WP (Q) s.t. |®(uy,)| < C for all n € N and @ (u,,) — 0 in W5 (Q), then up to a subsequence u,, — u
in WP (Q).
Finally, we recall the equivalence between Sobolev and Hoélder local minimizers of ®:
Proposition 3.8. [15, Theorem 1.1] Let Hy hold, uw € WP (Q). Then, the following are equivalent:

(i) there exists 0 > 0 s.t. ®(u+v) = ®(u) for all v e Wy (Q) N CYUQ), |[v]os < o;

(it) there exists p > 0 s.t. ®(u+v) = ®(u) for allv € WP (Q), ||v]| < p.

Remark 3.9. All results of this section also hold in the singular case p € (1,2), but the regularity result
Proposition 3.3, which has only been proved for the degenerate case p > 2 so far, and consequently Proposition

3.8.
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4. COERCIVE CASE

In this section we deal with the case when the limits of the quotient

f(z,t)

te

both at zero and infinity lie below the principal eigenvalue A; without resonance (in fact we will assume a
slightly more general condition). This case is called coercive, since the energy functional corresponding to
problem (1.1) tends to infinity as ||u|]| — oco. In order to detect a positive subsolution, we will make use of
an auxiliary Dirichlet problem for the p-fractional Lane-Emden equation:

{(—A)s v=[9% inQ

4.1 P
(4.1) v=20 in Q°.
Here g € (p,p%), and recalling that WP (Q) < L1(Q) we set

lell _

wews P (@\{0} ||ullq

C, =

The following technical result is a nonlocal version of [20, Theorem 1]:

Lemma 4.1. Let q € (p,pt). Then problem (4.1) has at least one solution v, € int(C2(Q)4) s.t.
pa
[0g[” = llogllg = eq ™"

Proof. Set
_Pq_
Sq={veWgP(Q): vll§=ci "}
By the compact embedding W5*(Q) — L1(Q), it is easily seen that S, is sequentially weakly closed as a
subset of W;P(Q). Also for all v € §; we have
(4.2) [ol|P = chllvllf = cd ™"
By definition of ¢,, there exists a sequence (u,,) in W5 (Q) \ {0} s.t.

flunll
”uan

By replacing if necessary w,, with |u,|, we may assume w,, > 0 in Q, for all n € N. Set

— ¢q.

D un

vy = Cf P ———
" ! Hun”q

€8,

_Pq_
then [|v,||P — ¢¢ . In particular, (v,) is bounded in Wy (2). Passing if necessary to a subsequence, we

have v, — vy in WP (Q), v, = vy in L9(Q), and v, (x) — ve(x) for a.e. z € Q. So v, € Sy and vy > 0 in Q.
Also,
_Pgq_
[[vg]|” < lim inf [Jvp [P = ¢ 7",
n

which along with (4.2) gives
_pq_
[0g||” = llogllg = cq™"

Thus, v, is a minimizer of the functional v — ||v||? restricted the C'-manifold S,. By Lagrange’s multipliers
rule, there exists p € R s.t. for all ¢ € W;*()

(-8 vneh = [ v da,
Q
Testing the relation above with v, € Wi () we get

[ogll” = pllvglg,

which implies = 1. So v, is a non-negative weak solution of (4.1), in the sense of Section 3. Clearly the
reaction
(,t) = [t]17%
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satisfies Hp, so by Proposition 3.3 we have v, € C®(2). Now apply Proposition 3.4 (i) (with g(t) = —[t[772t)
to find v, € int(C%(Q)). O
Our hypotheses on the reaction f, in the present case, are the following:
H; f:Q xR — Risa Carathéodory function and
(7) for all M > 0 there exists aps € L°(Q)4 s.t. for a.e. x € Q and all ¢ € [0, M]
0 < flz,t) <am(z);

(1) there exists 0 € L>°(Q)4 s.t. 0 < Ay in Q, 0 # A, and uniformly for a.e. x € Q

f(z,t)

tp—1

< 0(2);
(7i7) there exists n € L™ (Q)4 s.t. n < A1 in Q, n # A1, and uniformly for a.e. x € Q
flz,t)

lim su < n(x);
t—>0+p tp—1 < (@)

lim sup
t—o0

(iv) there exists ¢ € (p,p%) s.t. for a.e. z € Q and all t > 0

Fla,t) > min {¢, o]l }" "

Hypotheses H; above only concern the behavior of f(x,-) in the positive semiaxis, but since we are seeking
positive solutions, we can use Hy (iii) and set for all x € Q, ¢t € R~

flz,t) =0.

Clearly H; imply Hy, hence all results of Section 3 apply. Hypotheses Hy (i) (iii) conjure a (p— 1)-sublinear
growth at infinity and a (p—1)-superlinear growth at the origin, with the principal eigenvalue A; > 0 (defined
in Proposition 3.5) as a threshold slope. Also, v, € int(C?(Q)4) in Hy (iv) is defined by Lemma 4.1.

Example 4.2. Assume that, for convenient Q, p, ¢ we have A1 > |lv,4]|%57. Then we can find A € (0, A1),
> 1 st A > pllug| 5P, So set for all t € R

0 ift<o0
f(t) = qutit if 0 <t < [vglleo
AP+ pfloglast = MlvgllBet i £ > [Jvgl oo
Elementary calculations show that f € C°(R) satisfies Hj.

Our multiplicity result for the coercive case is the following, extending [18, Theorem 11.13] to the nonlocal
framework (see also the first part of [19, Theorem 1]):

Theorem 4.3. Let Hy hold. Then, problem (1.1) has at least two solutions uy,us € int(CY(Q) ).

Proof. By H; (and the extension of f to the negative semiaxis) we can define the primitive F': Q x R - R
and the functional ® € C1(W;"P(Q)) as in Section 3.

Our first claim is that 0 is a local minimizer of ®. Let 0 > 0 be as in Proposition 3.6 (with £ = n from H;
(ii1)). Fix e € (0,0\1), then by H; (iii) and de P'Hopital’s rule there exists § > 0 s.t. for a.e. €  and all
t €10,9]

Floty < 1@ e
p

By Proposition 3.6 and the variational characterization of A1, for all u € W3"P(2) N CY(Q) with ||ullec < 9
we have

lulle @) e

1 €
2—(u”—/nx updx)——up
o Ul = (@)l Sy

P
(oYl
A/op
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Since ®(0) = 0 and C?(Q) — L>(12), we see that 0 is a local minimizer in C?(Q) for ®. By Proposition 3.8,
it is such as well in W;P(Q), as claimed.

Now let v, € int(C?(2)1) be as in Lemma 4.1. By H; (iv) we have for all o € W3"P(Q), \ {0}

«—AmW#»:[;g*¢M<3@fumw¢m,

50 vg is a (strict) subsolution of (1.1). Set for all (z,t) € Q@ x R

flx,t) = f(z, max{t,vy(x)}), F(z,t) :/0 f(x,7)dr

so f : 2 x R — R satisfies Hy. Then set for all u € W (Q)

d(u) = Iul® —/QI:"(:E,U) dx.

p

As in Section 3 we see that ® € CT(WP(Q)) and is sequentially weakly L.s.c. Moreover, ® is coercive. To
see this, let ¢ > 0 be as in Proposition 3.6 (this time with £ = 6 from H; (i7)). Fix € € (0,0)1), then by H;
(i7) there exists M > ||vg||oo s.t. for a.e. z € Q and all t > M

flx,t) < (0(x) +e)tP~L,
Further, by H;y (i) we can find ays € L®(2)4 s.t. for a.e. z € Q and all t >

xt /fxqur+/ fdeT—l—/fxT

O(x)+e

<am(z)M + (t? — MP).

Using again Hy (/) we find C' > 0 s.t. for a.e. z € Q and all t € R

- O(x)+e

F(z,t) < TP +C.

So, by Proposition 3.6 and the variational characterization of A1, we have for all u € W™ (£2)

&»mDW—/(e( L2ty 4 C) dr

p p

1 €
S - p_ p Sl —
(= [ o@lal” dz) = Sl

2 (" )\1)% ¢

and the latter tends to oo as ||ul| — co. Thus, there exists u; € W5 (Q) s.t.

4.3 ) = inf du).
(4.3) (ur) uevgg,p(m (u)

In particular, we have weakly in )
(4.4) (—A)suy = f(z,u).
Testing (1.1) and (4.4) with (v, — u1)™ € WP(Q), and using Hy (/v), we have

((—A); Vg — (—A); ut, (vg — up)t) = /{ s (0271 — f(x,vq)) (vg —u1) dz < 0.

By Proposition 3.1 we have u; > v, in Q. By construction, we may replace f with f in (4.4) and see that u,
solves (1.1). By Proposition 3.3, then, we have u; € C%(Q). By H; (iv) we have weakly in
(=A); vy = vgfl < flo,ur) = (=A); ur.
Besides, since v, is a strict subsolution of (1.1), we have uy # v,. So Proposition 3.4 (i7) (with g(t) = 0)
implies
ur v, € mt(CO@)s),
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in particular u; € int(C%(Q)4). Now set
V={veWsP(Q)NC)(Q): v—uv, €int(CIQ);)}.

Since u; — v, € int(CY(Q)4), there exists ¢ > 0 s.t. for all v € WP () N CY(Q) with [[v — uilo,s < o we
have v € V. By (4.3) we have for all v € V

®(v) = &(v) > d(ur) = ®(w),

hence u; is a local minimizer of ® in C?%(Q2). By Proposition 3.8, it is as well a local minimizer of ® in
Wy ().

There remains to prove that ® has a further critical point, beside 0 and w;. With this aim in mind, we
distinguish two cases:

(a) If either 0 or u; is not an isolated critical point of ®, then clearly ® has infinitely many critical points.
(b) If both 0 and uy are isolated critical points of ®, then in particular they are strict local minimizers.
We then apply Proposition 2.2 (i) and find for all p > 0 small enough

(4.5) deg(g), (®', B,(0),0) = degg), (¥', B,(u1),0) = 1.

Also, arguing as we did above with fiJ, we see that @ is coercive in W;(Q). So, by Proposition 2.2
(72) we have for all R > 0 big enough

(4.6) deg ), (¥', Br(0),0) = 1.
We choose 0 < p < R in the relations above so that
B,(0)NB,(u1) =0, B,(0)UB,(u1) C Br(0).
Using (4.5) (4.6) and Proposition 2.1 (i) (domain additivity) twice, we get
1 = degs), (', Br(0),0)
= degg), (@', B,(0),0) + deg gy, (', By(u1),0) + degg), (@', Br(0) \ (B,(0) UB,(u1)),0)
=2 +degg), (@', Br(0) \ (B,(0) UB,(u1)),0),
which rephrases as
deg(s), (2, Br(0) \ (B,(0) UB,(u1)),0) = —1.
Then, by Proposition 2.1 (v) (solution), there exists uz € Br(0) \ (B,(0) U B,(u1)) s.t.
' (uz) = 0.

In either case, we end up with two nontrivial critical points uq,us € K(®) \ {0}. We already know that
up € int(C2(Q)4) solves (1.1).

So, let us consider us. By Proposition 3.3 we see that us € C%(Q) solves (1.1). Testing with —u, € WP ()
and using H; (7) we have

l[ug [P < ((=A); vz, —uy)
= / f(z,u2)ug dz < 0,
{u2<0}
hence uz > 0 in Q. Now apply Proposition 3.4 (i) (with g(t) = 0) and recall that us # 0, to conclude that
us € int(C2(Q)4 ), which ends the proof. O

Remark 4.4. In the proof of Theorem 4.3, the degree-theoretical argument used to detect a second positive
solution can be replaced by an equivalent variational one, based on the mountain pass theorem (see [18,
Theorem 5.40]). Also, we note that under hypotheses symmetric to H; on the negative semiaxis, we can
prove existence of two negative solutions.
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5. NONCOERCIVE CASE

In this section we consider the more delicate case in which the limits of

[z, 1)

b 2

both for t — 00,07 lie above the principal eigenvalue \;. Such asymptotic behavior prevents both coercivity
of the energy functional and the existence of a local minimum at 0. So, in the present case the use of degree
theory is more meaningful.

Our hypotheses on the reaction f are the following:

Hs f:Q xR — Ris a Carathéodory function and
(7) for all M > 0 there exists apr € L°(Q)4 s.t. for a.e. x € Q and all ¢ € [0, M]

| (z, 1) < anm(2);

(z,
(77) there exist 61,02 € L°(Q) 4 s.t. 1 = A1 in Q, 61 # A1, and uniformly for a.e. x € Q
t t
01(z) < liminf f(@,t) < lim sup f@,t) < Os(2);

t—oo Pl (oo 1P
(#i7) there exist 11,72 € L®(Q) 4 s.t. m1 = A in Q, n1 # A1, and uniformly for a.e. z € Q

flxt) o f(z, 1)
lim inf <1 —— < ;
) ot S < e Gy < (o)

(1v) there exist b, K > 0 s.t. uniformly for a.e. z € Q

: f(,t)
limsup ——— < K.
t—b— (b - t)p_l

As in Section 4, by Hy (iii) we may set for all z € Q, ¢ <0

Fla,t) = 0.
So Hy imply Hy. By Hy (ii) (iii), f(x,-) has precisely a (p — 1)-linear growth both at 0 and at oo, with
limits slopes above the principal eigenvalue A1 (Proposition 3.5) without resonance. Also, hypothesis Ha (iv)
implies that the constant b is a supersolution of (1.1).

Example 5.1. Define an autonomous reaction f € C°(R) by setting for all ¢t > 0
f(t) = ptP~! — yarctan(t91),

with ¢ > p, p > A1, and v > 0. Elementary calculus shows that f satisfies Hy (i) — (i77). Moreover, if 7 is
big enough (depending on y, p, and ¢), then f becomes negative at some b > 0, hence Hy (iv) is satisfied as
well.

Our multiplicity theorem for the noncoercive case, extending [18, Theorem 11.15] to the nonlocal framework
(see also the second part of [19, Theorem 1]), is the following:

Theorem 5.2. Let Hy hold. Then, problem (1.1) has at least two solutions uy,us € int(CY(Q) ).

Proof. Since Hy holds, we can define ® € C*(W;?(Q2)) as in Section 3. First, we note that by Hy (ii) we
have f(z,0) =0 for a.e. z € £, so 0 is a critical point of ®.

As anticipated above, the constant function b € W“”(Q) is a (strict) supersolution of (1.1). Indeed, by Ha
(iv) we have f(z,b) <0 for a.e. x € Q, hence for all ¢ € W (Q)4

(-a)b.9) =03 [ Jabpds
Q
Set for all (z,t) € 2 xR
f(z,t) = f(z,min{t,b}), F(z,1t) / flz,7)d

Then, f: Q x R — R satisfies Hy. So set for all u € WP(Q)

d(u) = Ilul® —/QF(:E,U) dx.

p
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As seen in Section 3, ® € C1(WP(Q)) is sequentially weakly Ls.c. In addition, such functional is coercive.
Indeed, by Hy (i) and the definition of f we have for a.e. z € Q and all t > b

b t
F'(a:,t)—/o f(I,T)dT—F/b flx,b)dr < ap(x)b

(recall that f(-,b) < 0 in €), which implies for a.e. z € Q and all t € R

F(z,t) < C.
So, by the continuous embedding W;?(2) < L*(Q2) we have for all u € W5 (Q)

: [l

D(u) > -C,

and the latter tends to oo as [Ju|]| — oo. Thus, there exists u; € Wy (Q) s.t.

5.1 ) = inf P(u).
(5.1) (u1) uevgg,p(m (u)

By (5.1) we have weakly in €

(5.2) (=A)pur = f(w,uy).
Since f satisfies Ho, by Proposition 3.3 we have u; € C¢(Q). Recalling that f(-,£) = 0 in Q for all ¢ < 0,
and testing (5.2) with —u; € W;"?(Q) we have

Juy [P < {(=A)p w1, —uy)

_ / Fla,un)u de = 0,
{u1<0}

hence u; > 0 in Q. On the other hand, by Hy (iv) we have f(-,b) < 0 in Q. So, testing (5.2) with
(ur —b)T € WyP(Q2) we have

(=A)5ur — (=A)5 b, (ur — b)) = A [z, ur)(uy — )" da

- / F@,b)(ur — b) dz < 0,
{u1>b}

hence u; < b in Q. This already implies that we can replace f with f in (5.2) and see that u; € C2(Q) solves
(1.1) (see Proposition 3.3). Note that, so far, u; = 0 may occur. Set

V={veW?(Q)nCl(Q): v<binQ}.

We aim at proving that V is a neighborhood of u; in the C%(Q)-topology, distinguishing two cases:
a uyp = 0, then clearly there exists o > 0 s.t. for all v € ’ N Q) with |jv < o we have
(a) If uy = 0, then clearly th ' 0 s.t. for all WP (@) N CJ(Q) with [[v]lo,s < h
v <bin €, hencev e V.
(b) If uq # 0, then we have ug > 0 in Q. To see this, fix e € (0,A1). By Hy (ii7) there exists § € (0,b) s.t.
for a.e. z € Q and all ¢ € [0, ]
f(x,t) > etP™L.
Besides, by Hs (i) we have for a.e. x € Q and all ¢ € [0, )]
laplloo -
flz,t) > —ap(z) > _(gp——ltp h
Recalling the construction of f, we find C' > 0 s.t. for a.e. z € Q and all t > 0
flz,t) > —CtP~L.
By (5.2) we have weakly in Q
(—A)uy +Cuf ™! >0,
while u1 > 0 in Q and u; # 0. By Proposition 3.4 (i) (with g(t) = C(¢t7)P~!) we have
.Ul
inf — > 0.
Q dg
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In particular, we have u; € int(C?(Q);). Now, let us compare u; to b. By Ha (iv), for all € > 0 there
exists § € (0,b) s.t. for a.e. x € Q and all t € [§, D]

flz,t) < (K +e)(b—t)P L
Besides, by Hs (i) we have for a.e. z €  and all ¢ € [0, 0]

flz,t) <as(x) < %(b— L

So we can find C' > 0 s.t. for a.e. x € Q and all ¢ € [0, b
fz,t) <CO—t)P~L.
Now recall that 0 < u; < b in  and (5.2) holds, so we have weakly in
(A ur —Cb—up)P ' <0=(=A)5b—C(b—b)P".
By Proposition 3.4 (ii) (with g(t) = —C((b — t)T)P~!) we have

b—u1

> 0.
de

inf
Q
So, we can find o > 0 s.t. for all v € W"P(Q) N C2(Q) with ||[v — u1]o,s < o we have v € V.
By (5.1) and the estimates above, for all v € V' we have
D(v) = O(v) = d(uy) = ®(uq).

So, u; is a local minimizer of ® in C?(Q2). By Proposition 3.8, it is as well a local minimizer of ® in W"?(€2).

We seek now another critical point of ®, using degree theory. First, note that by Hy (i) we can find M,C > 0
st.forae.z€Qandallt > M

|f(a,t)] < CEP7
Also, by Hy (i) there exists aps € L®(Q)4 s.t. for a.e. z € Q and all t € [0, M]
(2, 8)] < ane(2).
Recalling that f(-,¢) =0in Q for all ¢ < 0, we have for a.e. x € Q and all t € R
(5:3) [f(z, )] < CA+[tP7H),

i.e., f satisfies Hy (with 7 = p). Define the completely continuous map Ny : WeP(Q) — W=¢(Q) as in
Section 3. So, ®' : WSP(Q) — W+ (Q) is a continuous (S);-map. Our first claim is that, for all R > 0 big
enough,

(5.4) degs), (¥', Br(0),0) = 0.
To see this, first let 61,62 € L>°(2)4 be as in Hy (i7), then set for all u, p € W ()

(o)) = [ 2RO ot

S0, Koo : WSP(Q) — W5 () is a completely continuous map. We define a continuous (5)-homotopy
hoo : [0,1] x W3P () = WP (Q) by setting for all (t,u) € [0,1] x W5 ()

heo(t,u) = (=A)pu— (1 = )Ny (u) — t Koo (u).
We prove next that for all R > 0 big enough, ¢ € [0,1], and ||u]| = R
(5.5) oo (t, 1) # 0.

Arguing by contradiction, assume that there exist sequences (t,) in [0,1] and (uy,,) in WP (Q), s.t. [|un|| = o
and for alln € N

hoo(tn, un) = 0.
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Passing if necessary to a subsequence, we have t,, — ¢ for some t € [0,1]. Also, testing the relation above
with —u,, € W;* () and recalling that f(-,¢) = 0 in Q for all ¢ < 0, we have for all n € N

[y 17 < (=) tn, —uy)
=(1- tn)/ f(z un)uy, doe + tn/ M(u:{)p_lun dx =0,
{un <0} {un <0} 2

SO Uy, > 0 in €. Clearly we may assume u,, # 0, so set

u S
For all n € N we have weakly in
f@un) o 01(x) +02(x) o
5.6 —A) v, = (1—t, tn P
(5. (~B)pon = (1 = )50 o, L0200,
Clearly |lv,|| = 1, so up to a subsequence we have v,, — v in W, (Q), v, = v in LP(Q2), and v, (z) — v(z)

for a.e. € Q with L?(Q2)-dominated convergence. Hence v > 0 in Q. Testing (5.0) with (v, —v) € W;*(Q),
using (5.3) and Holder’s inequality, we get for all n € N

s _ f((E, un) 91 (JJ) + 92(55) p—
(=A)p vn, v —v) = (1 = ty) /Q W(vn —v)dx + tn/Q — Y, —v)dx
1+ [Jun 5

T lvn = vllp + Cllvnllp ™ v = vllp < Cllvn = vllp,

~

and the latter tends to 0 as n — oo. By the (S),-property of (=A)s, we have v, — v in W (Q), in
particular ||v|| = 1. By (5.3) we have for all n € N

/ S, un)
[Jun [P

By reflexivity, we can find goo € Lp (©) s.t. up to a subsequence we have in o Q)

1+ [[unllp

[[n [P

r < C < C

Fix ¢ > 0 and set for alln € N

Q= {a: €0 up(x) >0, 61(z) —e < f?ij,(z;’(i) < Oa(x) + a}
Also set
Qf={ze€Q:v(z) >0}
Then we have u, () = ||un|lvn(z) — oo for ae. z € QF, so by Hy (ii) we have xo- — 1 in QF, with
dominated convergence. So we have in L (QF)
f('v un)

(5.7) X5 T — Yoo

" luaPt
Besides, by definition of Q¢ for all n € N we have in QT

_ 5 Un _
xas (01 —€)vp '< Xas Hfu(—”p )1 < Xag (02 + &)vpy .

By Mazur’s theorem (see [1, Corollary 3.8]), up to a convex combination we have strong convergence in (5.7),
so we can pass to the limit as n — oo in the inequalities above and find in QF

(01 — )P < goo < (0 + )P L
Let ¢ — 0T to find in Q7
010771 < goo < Oo0P 1
Besides, in Q\ Q1 we have v,, — 0. By (5.3) and the definition of v, for all n € N we have in Q\ Q"

f(‘ruun) 1+’U1£71 p—1 p—1
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and the latter tends to 0 as n — co. So we may set goo = 0 in 2\ Q. In conclusion, there exists § € L> ()
s.t. in Q

0, <0 <0y, goo = O0P L
Besides, we have in L¥' ()

91 + 92 p—1 91 + 92 p—1
5 vh™h — 5 vP T
Define now g g
Moo = (1 — )0 + 1; 2 ¢ 1),

Passing to the limit in (5.6) as n — oo, we have weakly in
(—=4)

So v # 0 is an eigenfunction of problem (3.1) with weight m = m,, associated to the eigenvalue 1. By Hy

(77) and the computation above we have mqo, > A1 in Q, ms # A1, so by Proposition 3.5 (ii) we have
Al(moo) < )\1()\1) = 1.

Thus, v is a non-principal eigenfunction, which along with Proposition 3.5 (i) implies that v is nodal, a
contradiction. So (5.5) is proved.

s U= Moo (z)vP L

Using (5.5) and Proposition 2.1 (iv) (homotopy invariance), we see that for all R > 0 big enough
(5-8) degs), (¥, Br(0),0) = deg(s), (=A); — Koo, Br(0),0).
In order to evaluate the latter quantity, we shall define a new homotopy. Let w € C°(€2)4 \ {0} be identified
with an element of W% (Q), and set for all (t,u) € [0,1] x WP (Q)
hoo(t,u) = (=A)5u — Koo (u) — tw.
Clearly hoo : [0,1] x WP(2) — WP (Q) is a continuous (S)-homotopy. Moreover, for all ¢ € [0,1] and
all u e WP (Q) \ {0} we have
(5.9) oo (t,u) # 0.
Arguing by contradiction, let ho, vanish at some t € [0,1], u € WSP(Q) \ {0}. Then we have weakly in Q
0 0
(5.10) NSO )
2
Testing (5.10) with —u™ € W?(Q) we have
[P < ((=A)pu, —u™)

(u TP~ + tw(z).

p
0 0
_ / 1(z) + O2(x) (ut)P u da +t/ w(z)udr <0,
{u<0} 2 {u<0}
sou = 0in €. Now set
0 0
m = % € L=(Q),

and note that by He (i7) m > A1 in Q, with m # A;. By Proposition 3.5 (ii) we have
/\1(m) < /\1(/\1) =1.
Now we distinguish two cases:
(a) If t = 0, then by (5.10) we see that u is an eigenfunction of problem (3.5) with weight m, associated
to the non-principal eigenvalue 1, hence v must be nodal, a contradiction.
(b) If t € (0,1], then we apply Proposition 3.7 with m as above, A = 1, and 8 = tw, and by (5.10) we
deduce that v~ # 0, a contradiction again.
So (5.9) is proved. By Proposition 2.1 (iv) (homotopy invariance) we have for all R > 0
(5.11) deg(g), ((=A);, — Koo, Br(0),0) = degg), (—A); — Koo —w, Br(0),0).
In addition, by (5.9) and Proposition 2.1 (v) (solution) we have for all R > 0
deg(s)+((—A); — Koo —w, Br(0),0) =0.

Concatenating (5.8), (5.11), and the above relation we achieve the proof of (5.4).
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Now we study the behavior of ® near the origin, where for all p > 0 small enough we have
(5.12) deg(s)+(<1>’, B,(0),0) = 0.

Due to the similarity of hypotheses Hy (i7) (iii), we may prove (5.12) with an analogous argument to that
used for (5.1), so we omit the details. Set for all u,p € W3 (Q)

(o)) = [ TRty tpa,

with 71,72 € L>(Q) 4 as in Hy (i4i). Also, set for all (t,u) € [0,1] x W7P(Q2)
holt,u) = (~A);

p

Then, ho : [0,1] x WZP(Q) — WP (Q) is a continuous (5)-homotopy s.t. or all ¢ € [0,1] and all [ju|| > 0
small enough

u— (1 —t)Ng(u) — tKo(u).

ho(t,u) # 0.

By homotopy invariance we have for all p > 0 small enough
deg(5)+(<1)/, B(0),0) = degg), ((=A); — Ko, B,(0),0).
In addition, fix as before w € C2°(Q2)4 \ {0} and set for all (¢,u) € [0,1] x W5*(2)
ho(t,u) = (—A)5u — Ko(u) — tw.

So we have for all ¢ € [0,1] and all w € W"*(Q) \ {0}

ho(t,u) # 0.
By the homotopy invariance and solution properties, then, for all p > 0

dess), (=25 — Ko, B,(0),0) = des), (~A); — Ko —w, B,(0),0) = 0.

Concatenating the relations above, we get (5.12).
Finally, we go back to the solution u; € W5* ()4 detected in (5.1), recalling that it is a local minimizer of
®. Once again we distinguish two cases:

(a) If uy is not an isolated critical point of @, then clearly there exist infinitely many nontrivial critical
points of such functional.

(b) If uy is an isolated critical point of @, then it is in particular a strict local minimizer. So, by Proposition
2.2 (i) we have for all p > 0 small enough

(5.13) deg(g), (®', B,(u1),0) = 1.

Comparing (5.12) and (5.13) we see that uq # 0. Also, fixing p > 0 small enough and R > 0 big
enough we may have

By(0) N B,(u1) =0, B,(0)UBy(u1) € Br(0),
as well as (5.4) (5.12) (5.13). Applying twice Proposition 2.1 (i) (domain additivity) we get
0 = deg(g), (9, Br(0),0)
= deg(g), (®', B,(0),0) + deg g, (9, By(u1),0) + deg gy, (®', Br(0) \ (B,(0) U B,(u1)),0)
= 1+deg(g), (2, Br(0) \ (B,(0) UB,(u1)),0),

that is,
deg(s), (¥, Br(0) \ (B,(0) UB,(u1)).0) = —L.

By Proposition 2.1 (v) (solution), there exists us € Br(0) \ (B,(0) U B,(u1)) s.t.
(I)I(UQ) =0.
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In either case, there exist (at least) two nontrivial critical points uy, us € K(®) \ {0}. Choose i € {1,2} and
argue as before. By Proposition 3.3 we have u € C®(Q) satisfies weakly in Q

(=A)p ui = [z, ui).
Testing with —u,; € W;"*(2) we have as above

[lui [P < (=) wi, —u;)

= / [z, u)u; de =0,
{u;<0}

hence u; > 0 in . In addition, by Ha (i) (iii) we have for a.e. x € Q and all ¢ € [0, ||u]] oo]
flz,t) > —CtP~1,

So we have weakly in 2
(—A)u; +Cul ™t > 0.

Applying Proposition 3.4 (i) (with g(t) = (t7)P~!), we deduce that u; € int(C%(Q)), which concludes the
proof. O

Remark 5.3. Under hypotheses symmetric to Ha, we can prove that (1.1) admits two negative solutions.
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