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Dilations of ommuting C0-semigroups with bounded

generators and the von Neumann polynomial inequality

RAJ DAHYA

Abstract. Consider d commuting C0-semigroups (or equivalently: d-parameter C0-
semigroups) over a Hilbert space for d P N. In the literature (cf. [31, 27, 28, 24, 18, 26]),
conditions are provided to classify the existence of unitary and regular unitary dilations. Some
of these conditions require inspecting values of the semigroups, some provide only sufficient con-
ditions, and others involve verifying sophisticated properties of the generators. By focussing on
semigroups with bounded generators, we establish a simple and natural condition on the gen-
erators, viz. complete dissipativity, which naturally extends the basic notion of the dissipativity
of the generators. Using examples of non-doubly commuting semigroups, this property can be
shown to be strictly stronger than dissipativity. As the first main result, we demonstrate that
complete dissipativity completely characterises the existence of regular unitary dilations, and
extend this to the case of arbitrarily many commuting C0-semigroups. We furthermore show
that all multi-parameter C0-semigroups (with bounded generators) admit a weaker notion of
regular unitary dilations, and provide simple sufficient norm criteria for complete dissipativity.
The paper concludes with an application to the von Neumann polynomial inequality problem,
which we formulate for the semigroup setting and solve negatively for all d ě 2.

1. Introduction

Dynamical systems can often be described by evolving contractive operators over Hilbert or
Banach spaces. Characterising the possibility of embedding these into larger systems described
by surjective isometries began in 1953 with the research of Sz.-Nagy, et al. in [30], in which
the unitary (power) dilation of contractions and of 1-parameter contractive C0-semigroups over
Hilbert spaces is presented. In 1955, Stinespring [29] introduced dilation to the non-commutative
setting of Banach and C˚-algebras, thus opening the way for results for more sophisticated
dynamical systems. For an overview of this development, see e.g. [3, 25]. With the backdrop
of these theoretical frameworks, intensive research has been conducted over the decades to
yield concrete results for families of operators (see e.g. [1]), classes of semigroups (see e.g.
[27, 28, 24, 18, 26]), and dynamical systems over C˚- and W ˚-algebras (see e.g. [32, 8, 7, 16, 17]).

In this paper we focus on the semigroup setting. Consider d commuting C0-semigroup
T1, T2, . . . , Td over a Hilbert space H for some d P N. We say that T1, T2, . . . , Td have a
simultaneous unitary dilation if there is a Hilbert space H1, a bounded operator (necessar-
ily an isometry) r P LpH,H1q, and d commuting unitary C0-semigroups U1, U2, . . . , Ud over H1

(which can be uniquely extended to commuting unitary representations of pR,`, 0q), such that
śd

i“1 T ptiq “ r˚p
śd

i“1 Uptiqqr holds for all t “ ptiq
d
i“1 P R

d
ě0. We call this a simultaneous regular

unitary dilation if the stronger condition p
śd

i“1 T pt´
i qq˚p

śd
i“1 T pt`

i qq “ r˚p
śd

i“1 Uptiqqr holds

for all t “ ptiq
d
i“1 P R

d, where t` “ maxtt, 0u and t´ “ maxt´t, 0u denote the positive and
negative parts of t for any t P R. One reason to consider regular unitary dilations, is that they
are more directly related to the notion of ‘positive definite functions’, which in turn characterise
group representation of locally compact Hausdorff groups (cf. [31, Theorem I.7.1 b)], [23, Notes,
p. 52], and [9, §3.3]).

In [31, Theorem I.8.1], [27], [28, Theorem 2], and [24, Theorem 2.3], it was proved that
T1, T2, . . . , Td have a simultaneous unitary dilation if they are contractive and d P t1, 2u. In [24,
Theorem 3.2] a general condition on T1, T2, . . . , Td which we shall refer to as Brehmer positivity
(see Definition 2.3) was found for the existence of simultaneous regular unitary dilations. How-
ever, to verify this condition one needs to consider values of the semigroups. In [18, Theorem 2.2
and Theorem 3.1] Le Merdy fully classified the existence of a weaker notion of simultaneous
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unitary dilations, and applied this to commuting families of bounded analytic C0-semigroups.
More recently, Shamovich and Vinnivok established in [26] sufficient conditions on generators
for the existence of simultaneous unitary dilations. These conditions are quite sophisticated
and involve proving the existence of embeddings of the generators of the marginals.

Note that there is a natural correspondence between d commuting C0-semigroups,
T1, T2, . . . , Td and d-parameter C0-semigroups, T , i.e. sot-continuous morphisms between the al-
gebraic structures pRd

ě0,`,0q and pLpHq, ˝, Iq. This correspondence is realised via the construc-

tions T ptq “
śd

i“1 Tiptiq for all t P R
d
ě0 and the co-ordinate maps Tiptq “ T p0, 0, . . . , t

i
, . . . , 0q

for t P Rě0 and i P t1, 2, . . . , du. In this way, the Ti may be viewed as the marginal semig-
roups (or simply: the marginals) of T . It is well known that their generators A1, A2, . . . , Ad

commute (even if they are unbounded). See for example [5, Proposition 1.1.8–9]. It is also
straightforward to see that T is contractive/unitary/isometric if and only if each of the Ti are.
Hence one may interchangeably refer to commuting families of d contractive/unitary/isometric
C0-semigroups and d-parameter contractive/unitary/isometric C0-semigroups. For convenience,
we shall primarily use the multi-parameter presentation throughout this paper.

In our research, we focus primarily on multi-parameter C0-semigroups with bounded gen-
erators. In §2 we introduce the special conditions of complete dissipativity and complete super
dissipativity on the generators of T (see Definition 2.8). In §3 we develop algebraic identities
involving these notions. In §4 the main classification result is proved:

Theorem 1.1 (Classfication via complete dissipativity). Let d P N and T be a d-
parameter C0-semigroup over H with bounded generators. Then the following statements are
equivalent.

(1) The semigroup T has a regular unitary dilation.

(2) The generators of T are completely dissipative.

(3) There is a net pT pαqqαPI consisting of regularly unitarily dilatable d-parameter C0-
semigroups over H, such that pT pαqqαPI ÝÑ T uniformly in norm on compact subsets of

R
d
ě0, i.e. suptPL‖T

pαqptq ´ T ptq‖ ÝÑ
α

0 for all compact L Ď R
d
ě0.

(4) There is a net pT pαqqαPI consisting of regularly unitarily dilatable d-parameter C0-

semigroups over H, such that pT pαqqαPI ÝÑ T uniformly in the sot-topology on com-

pact subsets of Rd
ě0, i.e. suptPL‖pT pαqptq ´ T ptqqξ‖ ÝÑ

α
0 for all ξ P H and all compact

L Ď R
d
ě0.

As a consequence of this classification, we further show that all multi-parameter C0-
semigroups with bounded generators admit weaker notions of regular unitary dilations.

Corollary 1.2 (Regular unitary dilation up to exponential equivalence). Let d P N

and T be a d-parameter C0-semigroup over H with bounded generators. Then for some ω P R
d
ě0,

the modified d-parameter C0-semigroup T̃ :“ pe´〈t, ω〉T ptqq
tPRd

ě0

has a regular unitary dilation.

In the remainder of §4 we extend Theorem 1.1 to arbitrarily many commuting C0-
semigroups (see Corollary 4.5). We further explore the set of ω P R

d for which Corollary 1.2
holds and provide simple norm conditions sufficient for the existence of regular unitary dilations:

Theorem 1.3 (Sufficient norm conditions for regular unitary dilations). Let d P N

and T a (necessarily contractive) d-parameter C0-semigroup over a Hilbert space H with

bounded generators A1, A2, . . . , Ad. If the generators satisfy ‖Ai`ωi¨I‖
ωi

ď 21{d ´ 1 for all

i P t1, 2, . . . , du and some ω “ pωiq
d
i“1 P R

d
ą0, then T has a regular unitary dilation.

In §5, we investigate complete (super) dissipativity for concrete classes of semigroups. In
the case of normal semigroups, the notions coincide with the more basic properties of dissip-
ativity and negative spectral bounds respectively. And by working with a naturally definable
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class of non-doubly commuting generators, we demonstrate that our notions are in general not
equivalent to these properties.

The paper concludes in §6 with a non-trivial application of complete dissipativity to the von
Neumann inequality problem. We provide a natural generalisation of the problem to our context,
defining the regular polynomial bounds and the regular von Neumann polynomial inequality
problem for multi-parameter C0-semigroups (see Definition 6.2). We then establish a second
characterisation of regular unitary dilations:

Theorem 1.4 (Classification via polynomial bounds). Let d P N and T be a d-parameter
C0-semigroup over a Hilbert space H with bounded generators. Then the following are equival-
ent:

(1) The semigroup T has a regular unitary dilation.

(2) T satisfies regular polynomial bounds.

(3) T satisfies regular polynomial bounds in a neighbourhood of 0.

Using this, we negatively solve the regular von Neumann polynomial inequality problem
for multi-parameter C0-semigroups:

Corollary 1.5 Let H be a Hilbert space with dimpHq ě 2 and let d P N with d ě 2. Then
there exist d-parameter contractive C0-semigroups with bounded generators which have strictly
negative spectral bounds,a for which regular polynomial bounds fail.

2. Definitions

In this paper we fix the following notation. Let d P N. Let A,A1, A2, . . . , Ad P LpHq be any
bounded operators, let C,C1, C2,K Ď t1, 2, . . . , du, and let π “ pπpiqqi be a (possibly empty)
finite sequence of indices from t1, 2, . . . , du.

• We write Rě0 “ tr P R | r ě 0u, Rą0 “ tr P R | r ą 0u, and C
ˆ “ Czt0u. The set T

denotes the unit circle in the complex plane tz P C | |z| “ 1u.

• In any algebraic context empty sums and products shall always be taken to be the
additive and multiplicative identities respectively.

• Depending on the context I shall denote the identity operator on a space and 0 denotes
the zero operator on a space or between spaces.

• In the context of R
d let 0 “ p0, 0, . . . , 0q P R

d and 1 “ p1, 1, . . . , 1q P R
d, and let

ei “ p0, 0, . . . , 1
i
, . . . , 0q denote the canonical unit vectors for i P t1, 2, . . . , du. Also set

eC :“
ř

iPC ei. For t “ ptiq
d
i“1 P R

d let t` :“ pt`
i qdi“1 “ pmaxtti, 0uqdi“1 P R

d
ě0 and t

´ :“

pt´
i qdi“1 “ pmaxt´ti, 0uqdi“1 P R

d
ě0 denote the positive and negative parts respectively.

We further define the support suppptq :“ ti P t1, 2, . . . , du | ti ‰ 0u as usual.

• For ω “ pωiq
d
i“1 P R

d we shall denote ωK :“
ś

iPK ωi.

• ReA –
1
2
pA ` A˚q and ImA –

1
2ı

pA ´ A˚q denote the self-adjoint operators, referred
to as the real and imaginary parts of the operator A.

• We adopt the notation Apπq :“
ś|π|

i“1Aπpiq and ApCq :“
ś

iPC Ai where the order of
the indices can be taken to be ascending. If these operators commute, then the order of
multiplication is irrelevant.

• We use the notation A´
i for ´Ai for each i and define A´pπq and A´pCq as above.

• We write pC1, C2q P PartpKq to denote that tC1, C2u is a partition of K. We shall
frequently compute sums over partitions of products. If a1, a2, . . . , ad P A are commut-
ing elements of some algebra A with unit, then using binomial expansion one obtains

aThe spectral bound of a linear operator A : dompAq Ď H Ñ H is given by suptRe λ | λ P σpAqu (cf. [6, Definition 1.12]).
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ř

pC1,C2qPPartpKq
ś

iPC1
ai “

ř

CĎK

ś

iPK

"

ai : i P C

1 : i R C
“

ś

iPKp1 ` aiq. This observa-

tion shall be repeatedly used in computations.

To avoid confusion throughout this paper we shall consistently call self-adjoint elements
a P A of a unital C˚-algebra A positive (in symbols a ě 0) if a “ b˚b for some b P A, which
holds if and only if σpaq Ď Rě0. We call a strictly positive if a ´ cI ě 0 for some c P Rą0. For
self-adjoint bounded operators A P LpHq one equivalently has that A is positive if and only if
〈Aξ, ξ〉 ě 0 for all ξ P H and strictly positive if and only if 〈Aξ, ξ〉 ě c‖ξ‖2 for all ξ P H and
some c P Rą0.

b

2.1 Notions of dilation. As alluded to in the introduction, there is a natural correspond-
ence between commuting families of (contractive/isometric/unitary) C0-semigroups and multi-
parameter (contractive/isometric/unitary) C0-semigroups. Working with the multi-parameter
presentation, we provide definitions of (regular) unitary dilations corresponding to those in the
introduction.c

Definition 2.1 A unitary dilation of T is a tuple pU,H1, rq, where U is a d-parameter unitary
C0-semigroup over a Hilbert space H1 and r P LpH,H1q (necessarily isometric), such that T ptq “
r˚Uptqr holds for all t P R

d
ě0.

Note that any d-parameter unitary C0-semigroup U can always be (uniquely) extended to
an sot-continuous representation of pRd,`,0q via the definition Uptq “ Upt´q˚Upt`q for all
t P R

d. By capturing this behaviour, one obtains the following stronger notion of dilation:

Definition 2.2 A regular unitary dilation of T is a tuple pU,H1, rq, where U is an sot-
continuous unitary representation of pRd,`,0q over a Hilbert space H1 and r P LpH,H1q (ne-
cessarily isometric), such that T pt´q˚T pt`q “ r˚Uptqr holds for all t P R

d.

Clearly, the existence of a regular unitary dilation implies the existence of a unitary dilation.
This implication is strict (cf. §5.3 and Remark 5.5).

Definition 2.3 The self-adjoint Brehmer operators associated to T shall be defined via

BT,Kptq :“
ÿ

CĎK

p´1q|C|T pteCq˚T pteCq

for all K Ď t1, 2, . . . , du and t P Rě0. We say that T satisfies the Brehmer positivity criterion,
if for sufficiently small t P Rą0 it holds that BT,Kptq ě 0 for all K Ď t1, 2, . . . , du.

Theorem 2.4 (Ptak, 1985). Let d P N and T be a d-parameter C0-semigroup over H. Then
the following statements are equivalent:

(1) T has a regular unitary dilation.

(2) T satisfies the Brehmer positivity criterion.

(3) BT,Kptq ě 0 for all K Ď t1, 2, . . . , du and all t P Rą0.

A proof of this can be found in [24, Theorem 3.2] and is based on the more general charac-
terisation of regular unitary dilations of operator-valued functions defined on topological groups
provided in [31, Theorem I.7.1], which in turn is rooted in the correspondence between ‘posit-
ive definite functions’ and group representations (cf. [9, Proposition 3.14, Theorem 3.20, and
Proposition 3.35]). Note that the Brehmer positivity criterion in Ptak’s paper is more weakly
defined in terms of a sequence of t-values converging to 0. However, in the proof it is stated
that the existence of a regular unitary dilation implies that BT,Kptq ě 0 for all t P Rą0 (cf.
(a) ñ (b) in [24, Theorem 3.2]). Thus the above formulation is equivalent to Ptak’s.

bThe first property is also called positive semi-definite.
cSince a multi-parameter C0-semigroup is a single object as opposed to a collection, we drop the term ‘simultaneous’.
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In general, it can be difficult to verify this condition, as we need to consider the values of
the semigroup at all points (or at least at points close to 0). For semigroups with bounded gen-
erators, however, Theorem 1.1 establishes a simpler condition purely in terms of the generators.

Note that in the discrete case, the existence of simultaneous regular unitary dilations for
families of commuting contractions is equivalent to a similarly defined notion of Brehmer posit-
ivity (cf. [31, Theorem I.9.1]). In [4] the authors inspect slightly weaker conditions and construct
simultaneous regular isometric dilations for families of commuting contractions satisfying this.

In addition to these definitions there are weaker variations of dilation that one may consider.
These all revolve around dilations of certain natural modifications. In the discrete setting, i.e.
for tuples of commuting bounded operators over H, there is the notion of ρ-dilations (see e.g.
[31, §I.11]). In the continuous setting of multi-parameter C0-semigroups one has the following:

Definition 2.5 Say that T has a (regular) unitary dilation up to similarity if it can be written

as T “ s T̃ p¨q s´1 :“ ps T̃ ptq s´1q
tPRd

ě0

for some invertible s P LpHq and some d-parameter C0-

semigroup T̃ over H, where T̃ has a (regular) unitary dilation.

Definition 2.6 Say that T has a (regular) unitary dilation up to exponential equivalence if it

can be written as T “ e〈¨, ω〉T̃ p¨q :“ pe〈t, ω〉T̃ ptqq
tPRd

ě0

for some ω P R
d and some d-parameter

C0-semigroup T̃ over H, where T̃ has a (regular) unitary dilation.

In [18, Theorem 2.2] Le Merdy provides a characterisation of C0-semigroups which are sim-
ilar to C0-semigroups that have a unitary dilation. The characterisation involves demonstrating
the complete boundedness of a certain functional calculus map induced by the resolvents of
the generators of the marginal semigroups. In [18, Theorem 3.1] d-parameter contractive C0-
semigroups with bounded analytic marginal semigroups are shown to satisfy this criterion.

By focussing on the smaller class of multi-parameter C0-semigroups with bounded gener-
ators, we obtain a considerably simpler condition. This condition is not fulfilled by all multi-
parameter C0-semigroups, as shall be demonstrated in §5.3. Nonetheless in a similar vein to [18],
we demonstrate in Corollary 1.2 that regular unitary dilatability up to exponential equivalence
always holds.

2.2 Dissipativity conditions on the generators. It turns out that we can capture the
existence of regular unitary dilations in terms of a stronger but natural notion of dissipativity.
Recall that an operator A P LpHq is called dissipative if Re〈Aξ, ξ〉 ď 0 for all ξ P H.d

Remark 2.7 Let A P LpHq. Since the spectrum σpAq is bounded, the resolvent set satisfies
ρpAq X Rą0 ‰ ∅. The Lumer-Phillips form of the Hille-Yosida theorem (see [10, Theorem 3.3])
thus yields that A is the generator of a contractive C0-semigroup if and only if A is dissipative.

It shall be convenient to furthermore call A P LpHq super dissipative if Re〈Aξ, ξ〉 ď ´ω‖ξ‖2

for all ξ P H and some ω P Rą0. Now, as an alternative formulation of these terms, observe that
A is dissipative if and only if ReA ď 0 and A is super dissipative if and only if ReA ď ´ωI
for some ω P Rą0. Based on these observations, we introduce the following generalised notions:

Definition 2.8 The self-adjoint dissipation operators associated to the generators
A1, A2, . . . , Ad of T shall be defined by

ST,K :“ 2´|K|
ÿ

pC1,C2qPPartpKq
A´pC1q˚A´pC2q

for all K Ď t1, 2, . . . , du. For k P N0 we shall refer to ST,K for K Ď t1, 2, . . . , du with |K| “ k as

the kth order dissipation operators. Setting

βT :“ min
KĎt1,2,...,du

σpST,Kq,

dDissipativity is typically defined for unbounded operators (cf. [34, §VI.5 (8)]), but we shall not require this level of
generality.
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we say that the generators of T are completely dissipative if βT ě 0 (equivalently: ST,K ě 0 for
each K Ď t1, 2, . . . , du) and completely super dissipative if βT ą 0.

Observe that for K “ ∅ one has ST,∅ “ 2´0A´p∅q˚A´p∅q “ I, since t∅, ∅u is the only
partition of K. And for K “ tαu for some α P t1, 2, . . . , du one has

ST,tαu “ 2´1pA´ptαuq˚A´p∅q ` A´p∅q˚A´ptαuqq “ 2´1ppA´
α q˚ ¨ I ` I ¨ A´

α q “ ´ReAα,

since ttαu, ∅u is the only partition of K. So if T has completely dissipative generators, then
for each α P t1, 2, . . . , du 0 ď βT ď minpσp´ReAαqq “ ´maxpσpReAαqq, which, by the
correspondence between numerical ranges and spectra for self-adjoint operators (cf. [12, The-
orem 1.2.1–4]), implies Re〈Aαξ, ξ〉 “ 〈pReAαqξ, ξ〉 ď 0 for all ξ P H, i.e. Aα is dissipative. In
a similar way, we see that the complete super dissipativity of the generators of T implies that
each of the generators must be super dissipative. Furthermore, if the generators are normal,
then super dissipativity is equivalent to strict negativity of the spectral bounds.

Hence complete dissipativity extends the notion of dissipativity, and complete super dissip-
ativity extends the notion of super dissipativity as well as, in the case of normal generators, strict
negativity of the spectral bounds. In §5.3 it shall be shown that complete (super) dissipativity
is a strictly stronger property than (super) dissipativity.

3. Algebraic identities

We now lay out some usual algebraic identities for the computation of dissipation operators.
To start, we observe the following basic recursive relations. For t P Rě0, K Ď t1, 2, . . . , du, and
α P t1, 2, . . . , du z K one has

BT,∅ptq “ p´1q0T p0q˚T p0q “ 1 ¨ I˚I “ I and

BT,KYtαuptq “
ř

CĎKp´1q|CYtαu|T pteCYtαuq˚T pteCYtαuq

`
ř

CĎKp´1q|C|T pteCq˚T pteCq

“
ř

CĎKp´1q|C|`1Tαptq˚T pteCq˚T pteCqTα

`
ř

CĎKp´1q|C|T pteCq˚T pteCq
“ BT,Kptq ´ Tαptq˚BT,KptqTαptq

(3.1)

as well as
ST,∅ “ 2´0A´p∅q˚A´p∅q “ I˚I “ I, and

ST,KYtαu “ 2´|KYtαu| ř

pC1,C2qPPartpKYtαuq A
´pC1q˚A´pC2q

“ 2´|K|´1
ř

pC1,C2qPPartpKq A
´pC1 Y tαuq˚A´pC2q

`2´|K|´1
ř

pC1,C2qPPartpKq A
´pC1q˚A´pC2 Y tαuq

“ 1
2
2´|K|

ř

pC1,C2qPPartpKqpA
´
α q˚A´pC1q˚A´pC2q

`1
2
2´|K|

ř

pC1,C2qPPartpKq A
´pC1q˚A´pC2qA´

α

“ ´1
2
pA˚

αST,K ` ST,KAαq
“ 1

2
t´ReAα, ST,Ku ` ı1

2
rImAα, ST,Ks,

(3.2)

where r¨, ¨s und t¨, ¨u denote the algebraic commutator and anti-commutator operations.e Note
that the above recursive relations for BT,¨p¨q also hold for semigroups with unbounded generators.

3.1 Dissipation operators under shifts. Shifting the generators by constant multiples of
the identity lead to self-similarities in the dissipation operators. In this subsection we consider
an arbitrary d-parameter C0-semigroup T with marginals T1, T2, . . . , Td which have bounded
generators A1, A2, . . . , Ad on which we place no further assumptions. For arbitrary ω P R

d we
define the 1-dimensional continuous representation Eω :“ pe〈t, ω〉qtPRd of the group pRd,`,0q
and define the modification

Eω ¨ T :“ pe´〈t, ω〉T ptqq
tPRd

ě0

,

which is clearly a d-parameter C0-semigroup over H whose marginals have bounded generators
Ãi “ Ai ´ ωiI for each i P t1, 2, . . . , du.

eFor any algebra A, which is at least a Z-module, and for any a, b P A one defines ra, bs :“ ab´ba and ta, bu :“ ab`ba.
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Definition 3.1 Call the d-parameter C0-semigroup Eω ¨ T the ω-shift of T .

Proposition 3.2 (Self-similarity under shifts). Let T be a d-parameter C0-semigroup over
H with bounded generators A1, A2, . . . , Ad. Further consider the ω-shift Eω ¨ T of T for some
ω P R

d. Then

SEω¨T,K “
ÿ

K 1ĎK

ωKzK 1ST,K 1 (3.3)

holds for all K Ď t1, 2, . . . , du.

Proof. We prove this by induction over the size of K and using the recursion laid out in (3.2).
For K “ ∅, the left- and right-hand sides of (3.3) are both I and thus equal. Let K Ď t1, 2, . . . , du
and α P t1, 2, . . . , du z K. Assume that (3.3) holds for K. Then

SEω ¨T,KYtαu
(3.2)
“ ´1

2
pÃαSEω¨T,K ` SEω¨T,KÃ˚

αq

“ ´1
2
ppAα ´ ωαIqSEω ¨T,K ` SEω ¨T,KpA˚

α ´ ωαIqq
ind.
“ ´1

2

ÿ

K 1ĎK

ωKzK 1 ¨ ppAα ´ ωαIqST,K 1 ` ST,K 1pA˚
α ´ ωαIqq

“
ÿ

K 1ĎK

ωKzK 1ωαST,K 1 ´
1

2

ÿ

K 1ĎK

ωKzK 1 ¨ pAαST,K 1 ` ST,K 1A˚
αq

(3.2)
“

ÿ

K 1ĎK

ωKzK 1ωαST,K 1 `
ÿ

K 1ĎK

ωKzK 1ST,K 1Ytαu

“
ÿ

K 1ĎK

ωpKYtαuqzK 1ST,K 1 `
ÿ

K 1ĎK

ωpKYtαuqzpK 1YtαuqST,K 1Ytαu

“
ÿ

K 1ĎKYtαu
ωpKYtαuqzK 1ST,K 1,

i.e. (3.3) holds for K Y tαu. Hence the claim holds by induction. 2

3.2 Dissipation operators under inversions. This subsection is independent of the rest of
the paper, and provides a connection to inverse infinitesimal generators, which are of relatively
recent interest in semigroup theory in particular in the unbounded case (cf. [11, 35]).

Let P Ď t1, 2, . . . , du. We shall assume that the generators A1, A2, . . . , Ad of T are bounded,
and that Ai is invertible for each i P P . We then define AP,i :“ A´1

i for i P P and AP,i :“ Ai

for i P t1, 2, . . . , du z P . Since the Ai commute, one clearly has that the AP,i commute. We can
thus define the d-parameter C0-semigroup

TP :“ pe
řd

i“1
tiAP,iq

tPRd
ě0

over H, which has AP,1, AP,2, . . . , AP,d as its generators.

Definition 3.3 Call TP the P -inversion associated to the semigroup T .

Observe that for K Ď t1, 2, . . . , du

A´pK X P q˚STP ,KA´pK X P q

“ 2´|K|
ÿ

pC1,C2qPPartpKq
A´pK X P q˚

´

ź

iPC1

A´
P,i

¯˚´

ź

iPC2

A´
P,i

¯

A´pK X P q

“ 2´|K|
ÿ

pC1,C2qPPartpKq

´

ź

iPC1zP
A´

i

ź

iPC1XP

pA´
i q´1

ź

iPKXP

A´
i

¯˚

¨
´

ź

iPC2zP
A´

i

ź

iPC2XP

pA´
i q´1

ź

iPKXP

A´
i

¯

“ 2´|K|
ÿ

pC1,C2qPPartpKq

´

ź

iPC1zP
A´

i

ź

iPpKzC1qXP

A´
i

¯˚
¨

´

ź

iPC2zP
A´

i

ź

iPpKzC2qXP

A´
i

¯

7



“ 2´|K|
ÿ

pC1,C2qPPartpKq

´

ź

iPC1zP
A´

i

ź

iPC2XP

A´
i

¯˚
¨
´

ź

iPC2zP
A´

i

ź

iPC1XP

A´
i

¯

“ 2´|K|
ÿ

pC1,C2qPPartpKq
A´ppC1 z P q Y pC2 X P qq˚A´ppC2 z P q Y pC1 X P qq

“ 2´|K|
ÿ

pC̃1,C̃2qPPartpKq
A´pC̃1q˚A´pC̃2q

Defn
“ ST,K ,

where equality between the final lines hold, since pC1, C2q ÞÑ ppC1 z P q Y pC2 X P q, pC2 z P q Y
pC1 X P qq clearly constitutes a bijection on the set of partitions of K.

Due to the above relation and the invertibility of the generators, if βTP
ě 0, it follows that

〈ST,Kξ, ξ〉 “ 〈A´pK X P q˚STP ,KA´pK X P qξ, ξ〉
“ 〈STP ,K A´pK X P qξ, A´pK X P qξ〉
ě minσpSTP ,Kq ¨ ‖A´pK X P qξ‖2

ě βTP
¨ ‖A´pK X P qξ‖2

ě βTP
¨ ‖A´pK X P q´1‖´2‖ξ‖2

for all ξ P H and K Ď t1, 2, . . . , du. Hence we have shown

βTP
ě 0 ùñ βT ě

βTP

max
KĎt1,2,...,du

‖A´pK X P q´1‖2
“

βTP

max
KĎP

‖A´pKq´1‖2
ě 0 (3.4)

and, since pTP qP “ T clearly holds, it follows analogously that

βT ě 0 ùñ βTP
ě

βpTP qP
max
KĎP

‖A´
P pKq´1‖2

“
βT

max
KĎP

‖A´pKq‖2
ě 0. (3.5)

The implications and inequalities in (3.4) and (3.5) yield βT ě 0 if and only if βTP
ě 0, as

well as βT ą 0 if and only if βTP
ą 0. Putting this together yields

Proposition 3.4 Let T be a d-parameter C0-semigroup over H with bounded generators
A1, A2, . . . , Ad. Further let P Ď t1, 2, . . . , du and assume that Ai is invertible for i P P . Then
T is completely dissipative (resp. completely super dissipative) if and only if TP is.

4. Main results

Our goal is to relate regular unitary dilatability to the notions of complete (super) dissipativity.
To achieve this, we first establish relations between the Brehmer and dissipation operators.

Proposition 4.1 Let T be a d-parameter C0-semigroup over H with bounded generators
A1, A2, . . . , Ad. Then for all t P Rě0 and K Ď t1, 2, . . . , du

BT,Kptq “ 2|K|t|K|ST,K ` p´1q|K|t|K|`1∆T,Kptq, (4.1)

where ∆T,K is an operator-valued function which is norm bounded on compact subsets of Rě0.

Proof. Let K Ď t1, 2, . . . , du and t P Rě0 be arbitrary. Relying on the boundedness of the
generators we can expand the expression defining the Brehmer operator BT,Kptq in terms of an
absolute convergent power series:

BT,Kptq “
ÿ

CĎK

p´1q|C|T pteCq˚T pteCq

“
ÿ

CĎK

p´1q|C|
´

et
ř

iPC Ai

¯˚
et

ř

iPC Ai

“
ÿ

k,lPN0

tk`l

k!l!

ÿ

CĎK

p´1q|C|
´

ÿ

iPC
A˚

i

¯k´

ÿ

iPC
Ai

¯l

“
ÿ

k,lPN0

tk`l

k!l!

ÿ

CĎK

ÿ

pπ1,π2qPKkˆKl:
ranpπ1qYranpπ2qĎC

p´1q|C| ¨
´

k
ź

i“1

Aπ1piq
¯˚ l

ź

j“1

Aπ2pjq
loooooooooooooomoooooooooooooon

“Apπ1q˚Apπ2q
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“
ÿ

k,lPN0

tk`l

k!l!

ÿ

pπ1,π2qPKkˆKl

ÿ

CĎK:
CĚranpπ1qYranpπ2q

p´1q|C|

loooooooooooooomoooooooooooooon

p˚q

Apπ1q˚Apπ2q.

We can simplify (˚) using the binomial expansion. Observe for any P Ď K

that
ř

CĎK: CĚP p´1q|C| “
ř

C1ĎKzP p´1q|C
1YP | “ p´1q|P |

ř

C1ĎKzP p´1q|C
1|, which equals

p´1q|P | ¨ p1 ` p´1qq|KzP | “ 0 if P ‰ K and otherwise p´1q|K| if P “ K. Thus the sum (˚)
vanishes except when ranpπ1q Y ranpπ2q “ K, in which case it equals p´1q|K|. Applying this to
the above computation thus yields:

BT,Kptq “ p´1q|K|
ÿ

k,lPN0

ÿ

pπ1,π2qPKkˆKl:
ranpπ1qYranpπ2q“K

tk`l

k!l!
Apπ1q˚Apπ2q

“ p´1q|K|
ÿ

k,lPN0:
k`lě|K|

ÿ

pπ1,π2qPKkˆKl:
ranpπ1qYranpπ2q“K

tk`l

k!l!
Apπ1q˚Apπ2q

“ t|K|
ÿ

k,lPN0:
k`l“|K|

1

k!l!

ÿ

pπ1,π2qPKkˆKl:
ranpπ1qYranpπ2q“K

A´pπ1q˚A´pπ2q

looooooooooooooooooooooooooooomooooooooooooooooooooooooooooon

“:B0

T,K

`p´1q|K|t|K|`1
8
ÿ

n“|K|`1

ÿ

k,lPN0:
k`l“n

ÿ

pπ1,π2qPKkˆKl:
ranpπ1qYranpπ2q“K

tn´|K|´1

k!l!
Apπ1q˚Apπ2q

looooooooooooooooooooooooooooooooooomooooooooooooooooooooooooooooooooooon

“:∆T,K

.

To complete the proof, it remains to simplify the first sum in the last expression, and to
show that ∆T,K is norm-bounded on compact subsets of Rě0.

Observe that for k, l P N0 with k ` l “ |K| a pair of sequences pπ1, π2q P Kk ˆ K l satisfy
ranpπ1q Y ranpπ2q “ K if and only if π1, π2 are injective functions mapping to the respective
parts of a partition pC1, C2q of K with |C1| “ k and |C2| “ l. In this case, by commutativity
of the generators, one has that A´pπ1q “ A´pC1q and A´pπ2q “ A´pC2q. Conversely, for any
partition pC1, C2q of K setting k “ |C1| and l “ |C2| there exist k! sequences π1 P Kk with
ranpπ1q “ C1 and l! sequences π2 P K l with ranpπ2q “ C2. Hence B0

T,K simplifies to

B0
T,K “

ÿ

k,lPN0:
k`l“|K|

1

k!l!

ÿ

pC1,C2qPPartpKq:
|C1|“k, |C2|“l

k!l! ¨ A´pC1q˚A´pC2q

“
ÿ

pC1,C2qPPartpKq
A´pC1q˚A´pC2q

“ 2|K|ST,K ,

and thus when inserted into the above computation, one sees that (4.1) holds.

For the second term, using the boundedness of the generators, one may fix M :“
maxiPt1,2,...,du‖Ai‖ P Rě0 and obtain the following norm bound on ∆T,Kptq:

‖∆T,Kptq‖ ď
8
ÿ

n“|K|`1

tn´|K|´1

n!

n
ÿ

k“0

ÿ

pπ,π1qPKkˆKn´k

n!

k!pn ´ kq!
Mn

“
8
ÿ

n“|K|`1

tn´|K|´1

n!

n
ÿ

k“0

ˆ

n

k

˙

|K|k|K|n´kMn
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“
8
ÿ

n“|K|`1

tn´|K|´1

n!
2n|K|nMn,

whereby the expression on the right constitutes a power series with infinite converge radius. It
follows that ‖∆T,Kp¨q‖ is bounded on compact subsets of Rě0. 2

Lemma 4.2 Let T be a d-parameter C0-semigroup over H with bounded generators
A1, A2, . . . , Ad. If the generators of T are completely super dissipative, then T has a regu-
lar unitary dilation.

Proof. By Theorem 2.4 it is necessary and sufficient to show that T satisfies the Brehmer pos-
itivity criterion. By Proposition 4.1 one has the connection between the Brehmer and dissipa-
tion operators: BT,Kptq “ 2|K|t|K|ST,K ` p´1q|K|t|K|`1∆T,Kptq for each K Ď t1, 2, . . . , du and
t P Rě0, where ∆T,K is norm-bounded on compact subsets of Rě0. Set C :“ supt1, ‖∆T,Kptq‖ |
t P r0, 1s, K Ď t1, 2, . . . , duu, which is finite and positive.

Since the generators of T are completely super dissipative, then βT ą 0. Set t˚ :“
mint1, βT

2C
u P Rą0. Applying the spectral theory of self-adjoint operators yields 〈ST,Kξ, ξ〉 ě

minpσpST,Kqq‖ξ‖2 ě βT ‖ξ‖
2 for all ξ P H. For t P p0, t˚q one thus obtains

〈BT,Kptqξ, ξ〉 “ t|K|〈2|K|ST,Kξ, ξ〉 ` p´1q|K|t|K|`1〈∆T,Kptqξ, ξ〉

ě 20t|K|βT ‖ξ‖
2 ´ t|K|`1‖∆T,Kptq‖‖ξ‖2

ě t|K|pβT ´ Ctq‖ξ‖2 (since t P p0, t˚q Ď r0, 1s)

ě t|K|pβT ´ βT

2
q‖ξ‖2 (since t ă t˚ ď βT

2C
)

“ t|K| βT

2
‖ξ‖2

for all ξ P H and all K Ď t1, 2, . . . , du. So BT,Kptq ě 0 for all t P p0, t˚q and all K Ď t1, 2, . . . , du.
Hence T satisfies the Brehmer positivity criterion. 2

Complete super dissipativity shall prove to be a strictly stronger condition than the ex-
istence of regular unitary dilations (see §5.2). The correct condition turns out to be complete
dissipativity. To prove this, we shall make use of approximations via semigroups with completely
super dissipative generators. And to enable this, we use the following lemma to establish suffi-
cient conditions for shifts to guarantee this property.

Lemma 4.3 Let T be a d-parameter C0-semigroup over H with bounded generators
A1, A2, . . . , Ad. If βT ă 0, then the ω-shift Eω ¨ T of T is completely super dissipative for
all ω P R

d
ą0, provided

d
ź

i“1

p1 ` ω´1
i q ă 1 `

1

|βT |
(4.2)

holds. And if βT ě 0, then Eω ¨ T is completely super dissipative for all ω P R
d
ą0.

Proof. Let ω P R
d
ą0 be arbitrary. Note that ωK “

ś

iPK ωi ą 0 and ST,K ě βT I ě ´β´
T I for all

K Ď t1, 2, . . . , du. Applying (3.3) from Proposition 3.2 to T yields

SEω¨T,K “
ÿ

K 1ĎK

ω´1
KzK 1ST,K 1

“ ωKI ` ωK

ÿ

K 1ĎK:
K 1‰∅

ω´1
K 1 ST,K 1

ě ωKI ´ ωK

ÿ

K 1ĎK:
K 1‰∅

β´
T ω

´1
K 1 ¨ I

“ ωK ¨
´

1 ´ β´
T ¨

´

ÿ

K 1ĎK

ω´1
K 1 ´ 1

¯¯

I

“ ωK ¨
´

1 ´ β´
T ¨

´

ź

iPK
p1 ` ω´1

i q ´ 1
¯¯

I
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ě ωK ¨
´

1 ´ β´
T ¨

´
d

ź

i“1

p1 ` ω´1
i q ´ 1

¯¯

looooooooooooooooooomooooooooooooooooooon

“:γ

I

for each K Ď t1, 2, . . . , du.

Now if βT ě 0, then β´
T “ 0 and hence γ “ 1 ´ 0 ą 0. Otherwise βT ă 0 and one

has β´
T “ |βT | ą 0. In this case, since (4.2) is assumed, one has γ ą 1 ´ 1 “ 0. Since

SEω¨T,K ě ωKγI for K Ď t1, 2, . . . , du, one thus obtains βEω ¨T ě minKĎt1,2,...,du ωKγ ą 0,
whence Eω ¨ T is completely super dissipative. 2

4.1 Classification of regular unitary dilatability. We can now prove Theorem 1.1.

Proof (of Theorem 1.1). As per usual, we let T1, T2, . . . , Td denote the marginals of T and
A1, A2, . . . , Ad their respective generators.

(1) ñ (2): By Proposition 4.1 one has BT,Kptq “ 2|K|t|K|ST,K ` p´1q|K|t|K|`1∆T,Kptq
where ∆T,K is norm-bounded on compact subsets of Rě0 for each K Ď t1, 2, . . . , du and t P Rě0.
Thus C :“ supt1, ‖∆T,Kptq‖ | t P r0, 1s, K Ď t1, 2, . . . , duu is a finite, positive real.

We shall prove the implication by contraposition. So, suppose that βT ă 0. By defin-
ition there must exist some K̃ Ď t1, 2, . . . , du such that minpσpS

T,K̃
qq “ βT ă 0. By

the correspondence between the numerical range of self-adjoint operators and their spectra
(cf. [12, Theorem 1.2.1–4]), it holds that βT “ inft〈ST,K̃ξ, ξ〉 | ξ P H, ‖ξ‖ “ 1u. Set

t˚ :“ mint1, ´2|K̃|βT

2C
u P Rą0. For t P p0, t˚q one computes

〈BT,K̃ptqξ, ξ〉 “ t|K̃|〈2|K̃|ST,K̃ξ, ξ〉 ` p´1q|K̃|t|K̃|`1〈∆T,K̃ptqξ, ξ〉

ď t|K̃|2|K̃|〈ST,K̃ξ, ξ〉 ` t|K̃|`1‖∆T,K̃ptq‖‖ξ‖2

ď t|K̃|
´

2|K̃|〈ST,K̃ξ, ξ〉 ` Ct ¨ 12
¯

(since t P p0, t˚q Ď r0, 1s)

ď t|K̃|
´

2|K̃|〈ST,K̃ξ, ξ〉 ´ 2|K̃|βT

2

¯

(since t ă t˚ ď ´2K̃βT

2C
)

“ p2tq|K̃|p〈ST,K̃ξ, ξ〉 ´ βT

2
q

for all ξ P H with ‖ξ‖ “ 1. Taking infima over such vectors ξ thus yields

infξ〈BT,K̃ptqξ, ξ〉 ď p2tq|K̃|pinfξ〈ST,K̃ξ, ξ〉 ´ βT

2
q “ p2tq|K̃|pβT ´ βT

2
q ă 0,

whence there must exist some ξ P H with ‖ξ‖ “ 1 such that 〈BT,K̃ptqξ, ξ〉 ă 0. In particular,

BT,K̃ptq is not a positive operator. Since this is the case for all t P p0, t˚q, the Brehmer positivity
criterion fails and by Theorem 2.4 T does not have a regular unitary dilation.

(2) ñ (3): Directly order R
d
ą0 via ω

1
ľ ω :ô @i P t1, 2, . . . , du : ω1

i ď ωi for each ω,ω1 P

R
d
ą0, and consider the net pT pωq :“ Eω ¨T q

ωPRd
ą0

. Since T has completely dissipative generators,

by Lemma 4.3, this net consists of d-parameter C0-semigroups with completely super dissipative
generators, and further by Lemma 4.2, these semigroups have regular unitary dilations.

We now demonstrate uniform norm-convergence on compact subsets of Rd
ě0. To this end

fix an arbitrary compact subset L Ď R
d
ě0. By compactness, L Ď

śd
i“1r0, Cs for some C P Rě0.

Since sot-continuous 1-parameter C0-semigroups are norm bounded on compact subsets, there
exists some M P Rě0 such that ‖Tiptq‖ ď M for all t P r0, Cs and all i P t1, 2, . . . , du. Putting
this together yields

sup
tPL

‖T pωqptq ´ T ptq‖ “ sup
tPL

|e´〈t, ω〉 ´ 1|‖T ptq‖ ď Md ¨ p1 ´ e´C
řd

i“1
ωiq

for each ω P R
d
ą0. The right- and thus the left-hand side of the above clearly converge to 0 as

ω ÝÑ 0. So T pωq ÝÑ
ω

T uniformly in norm on compact subsets of Rd
ě0. Hence (3) holds.

(3) ñ (4): This trivially holds.
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(4) ñ (1): By Theorem 2.4, it is necessary and sufficient to show that BT,Kptq ě 0 for
all K Ď t1, 2, . . . , du and all t P Rą0. So fix arbitrary K Ď t1, 2, . . . , du and t P Rą0. Since each

of the T pαq are regularly unitarily dilatable, by Theorem 2.4, one has that BT pαq,Kptq ě 0 for
each α P I. Now, for ξ P H one has

|〈pBT pαq,Kptq ´ BT,Kptqqξ, ξ〉| “
ˇ

ˇ

ˇ

ÿ

CĎK

p´1q|C|p‖T pαqpteCqξ‖2 ´ ‖T pteCqξ‖2q
ˇ

ˇ

ˇ

ď
ÿ

CĎK

|‖T pαqpteCqξ‖2 ´ ‖T pteCqξ‖2|,

which clearly converges to 0, since by assumption pT pαqqα ÝÑ T uniformly in the sot-topology
on compact subsets of Rd

ě0 (e.g. tteCu). Since BT pαq,Kptq ě 0 for all α P I, the above compu-

tation implies 〈BT,Kptqξ, ξ〉 ě 0 for all ξ P H, i.e. BT,Kptq ě 0. 2

Having established Theorem 1.1, we may now prove Corollary 1.2.

Proof (of Corollary 1.2). By Lemma 4.3 we can find ω P R
d
ą0 such that the ω-shift Eω ¨T of T

has completely (super!) dissipative generators. By Theorem 1.1 it follows that T̃ “ Eω ¨ T has
a regular unitary dilation. 2

Remark 4.4 Observe that, if we let (4’) denote the same statement as (4) in Theorem 1.1,
except with uniform sot-convergence on compact subsets of R

d
ě0 replaced by the weaker con-

dition of pointwise sot-convergence, then the above proof makes clear that (4) ñ (4’) ñ (1).
So the equivalences in the theorem also hold with (4) replaced by the weaker statement (4’).
Observe further that the statement and proof of (4) ñ (1) do not require T to have bounded
generators. It would be interesting to know whether the concept of complete dissipativity can
be well-defined without the assumption of bounded generators, and whether (1) ñ (2) and
(2) ñ (4) in the theorem remain true.

4.2 Infinitely many commuting C0-semigroups. We now extend the notion of complete
dissipativity and the classification result to arbitrarily many commuting C0-semigroups.

Let I be an arbitrary non-empty set and pTiqiPI be commuting C0-semigroups over a Hilbert
space H, with bounded generators pAiqiPI Ď LpHq. For finite subsets K Ď I and t P Rě0 we
define

BpTiqiPI ,Kptq :“
ÿ

CĎK

p´1q|C|
´

ź

iPC
Tiptq

¯˚´

ź

iPC
Tiptq

¯

, and

SpTiqiPI ,K
:“ 2´|K|

ÿ

pC1,C2qPPartpKq

´

ź

iPC1

A´
i

¯˚´

ź

iPC2

A´
i

¯

,

which clearly coincide with the Brehmer and dissipation operators in Definition 2.3 and Defin-
ition 2.8 respectively in the finite case of I “ t1, 2, . . . , du for some d P N. We shall say that
the generators of pTiqiPI are completely dissipative if SpTiqiPI ,K ě 0 for all finite subsets K Ď I.
Again, this coincides with Definition 2.8 in the finite case.

We say that pTiqiPI has a simultaneous regular unitary dilation, if there exist commut-
ing unitary C0-semigroups pUiqiPI over some Hilbert space H1 and r P LpH,H1q (necessarily
isometric), such that

´

ź

iPsupppt´q
Tipt

´
i q

¯˚´

ź

iPsupppt`q
Tipt

`
i q

¯

“ r˚ p
ź

iPK
Uiptiqq r

for all t P R
K and finite K Ď t1, 2, . . . , du, where we extend the unitary semigroups to repres-

entations of pR,`, 0q in the usual way. This clearly coincides with the definition of a regular
unitary dilation in the finite case (cf. Definition 2.2 and the introduction).

Using these definitions we obtain the following classification as a simple consequence of the
classification result in the finite case:
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Corollary 4.5 (General classification of regular unitary dilatability). Let I be an ar-
bitrary non-empty set and pTiqiPI be C0-semigroups over a Hilbert space H with bounded
generators pAiqiPI Ď LpHq. Then pTiqiPI has a regular unitary dilation if and only if the gener-
ators of pTiqiPI are completely dissipative.

This proof relies on the fact that Theorem 2.4 is formulated for arbitrarily large families of
commuting C0-semigroups in [24].

Proof (of Corollary 4.5). For the ‘only if’-direction, suppose that pTiqiPI has regular unitary
dilation. Then using this dilation, clearly every finite subset K Ď I has a regular unitary
dilation, and thus by the classification theorem (Theorem 1.1), pTiqiPK has completely dissipative
generators. In particular, SpTiqiPI ,K “ SpTiqiPK ,K ě 0. Since this holds for all finite K Ď I, by
definition, the generators of pTiqiPI are completely dissipative.

Towards the ‘if’-direction, suppose that the generators of pTiqiPI are completely dissipative.
Then clearly for every finite subset K Ď I the generators of pTiqiPK are completely dissipative,
and thus by the classification theorem (Theorem 1.1) pTiqiPK has a regular unitary dilation.
By Theorem 2.4 it follows that the Brehmer operators associated to pTiqiPK are positive for all
t P Rą0. Thus BpTiqiPI ,Kptq “ BpTiqiPK ,Kptq ě 0 for all t P Rą0. So BpTiqiPI ,Kptq ě 0 for all
t P Rą0 and for all finite K Ď I. I.e., the commuting system pTiqiPI of C0-semigroups satisfies
the Brehmer positivity criterion. By [24, Theorem 3.2] it follows that pTiqiPI has a regular
unitary dilation. 2

4.3 Sufficient norm conditions. As it is not always so easy to check the spectral values of
(the dissipation) operators, we wish to provide simple norm-conditions in terms on the gener-
ators, which guarantee complete (super) dissipativity. We shall show that it suffices to control
the relative norm-bounds of the generators. To this end we introduce the following definition.

Definition 4.6 Let A P LpHq and r P Rě0. Say that A is r-circular (resp. strictly r-circular)

if ‖A´ωI‖
ω

ď r (resp. ‖A´ωI‖
ω

ă r) for some ω P Rą0. If r “ 1 we shall say (strictly) circular
instead of (strictly) 1-circular.

These notions are visualised in Figure 1 in the case of normal operators.

‚

Im

Re

(a) A circular operator.

‚

Im

Re

(b) A strictly circular
operator.

‚

Im

Re

(c) A p21{d ´ 1q-circular
operator with d “ 3.

Figure 1. Visual examples of the spectra of normal operators under the definition of (strict)
r-circularity, depicted as shaded regions of the complex plane contained in a disc around ω.

Proposition 4.7 If each of the dissipation operators associated to the generators of T are
(strictly) circular, then the generators of T are completely (super) dissipative.

Proof. First observe that if a self-adjoint operator S P LpHq is (strictly) circular, then for some

ω P Rą0 one has S ě ωI ´ ‖S ´ ωI‖I “ δI where δ “ ω ¨ p1 ´ ‖S´ωI‖
ω

q ě 0 (resp. δ ą 0).
Thus since each ST,K is (strictly) circular, one has that ST,K ě δKI for some δK P Rě0 (resp.
δK P Rą0) for each K Ď t1, 2, . . . , du. It follows that βT ě mintδK | K Ď t1, 2, . . . , duu ě 0

(resp. βT ą 0) whence by definition the generators of T are completely (super) dissipative. 2
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Relying on the self-similarity of dissipation operators under shifts the following result
provides sufficient means to guarantee (strict) circularity.

Proposition 4.8 Let T be a d-parameter C0-semigroup over H with bounded generators
A1, A2, . . . , Ad. Fix ω P pR z t0uqd and let T̃ :“ E´ω ¨ T be the p´ωq-shift of T . Then

‖ST,K´ωKI‖
|ωK | ď

ÿ

K 1ĎK:
K 1‰∅

‖S
T̃ ,K1‖

|ωK1 |
ď

ź

iPK

´

1 ` ‖Ai`ωiI‖
|ωi|

¯

´ 1
(4.3)

holds for all K Ď t1, 2, . . . , du.

Proof. We shall apply Proposition 3.2 to T̃ and ω. Observe that T “ Eω ¨T̃ and T̃ has generators
Ãi :“ Ai `ωiI for each i P t1, 2, . . . , du. Let K Ď t1, 2, . . . , du. Since ST̃ ,∅ “ I, applying (3.3) to

T̃ and ω yields

ω´1
K ¨ pST,K ´ ωKIq “ ω´1

K ¨ pSEω ¨T̃ ,K ´ ωKIq “
ÿ

K 1ĎK:
K 1‰∅

ω´1
K 1 ST̃ ,K 1,

which implies the first inequality. Now, since ST̃ ,K 1 is simply an average of products of the

operators tpÃ´
i q˚, Ã´

i | i P K 1u with each index from K 1 occurring exactly once in each product,

one has ‖ST̃ ,K 1‖ ď
ś

iPK 1‖Ã´
i ‖ “

ś

iPK 1‖Ai ` ωiI‖ for each K 1 Ď K, whence

ÿ

K 1ĎK:
K 1‰∅

‖S
T̃ ,K1‖

|ωK1 |
ď

ÿ

K 1ĎK:
K 1‰∅

ź

iPK 1

‖Ai ` ωiI‖

|ωi|
“

ź

iPK

´

1 ` ‖Ai`ωiI‖
|ωi|

¯

´ 1,

which proves the second inequality. 2

Thus, if the generators are (strictly) r-circular, then the dissipation operators are at least
(strictly) pp1 ` rqd ´ 1q-circular. In this way, we may prove Theorem 1.3.

Proof (of Theorem 1.3). By Theorem 1.1 it suffices to show that the generators of T are com-
pletely dissipative. And by Proposition 4.7 it suffices in turn to show that the dissipation
operators associated to T are circular. Using ω P R

d
ą0 as in the assumption we now consider

the ω-shift Eω ¨ T of T . By Proposition 4.8, in order to obtain the circularity of T , it suffices to
show that the right-hand expression in (4.3) is bounded by 1 for each K Ď t1, 2, . . . , du. Apply-

ing the inequality in the assumption yields
ś

iPKp1 ` ‖Ai`ωiI‖
ωi

q ´ 1 ď
śd

i“1p1 ` ‖Ai`ωiI‖
ωi

q ´ 1 ď

p1 ` 21{d ´ 1qd ´ 1 “ 1 for all K Ď t1, 2, . . . , du. This completes the proof. 2

Remark 4.9 Theorem 1.3 further enables us to obtain an alternative proof of Corollary 1.2.

Let A1, A2, . . . , Ad be the generators of T . Choose any ω P R
d
ą0 X

śd
i“1r ‖Ai‖

21{d´1
, 8q and set

T̃ :“ Eω ¨ T . Then T̃ is a d-parameter C0-semigroup with generators Ãi “ Ai ´ ωi ¨ I for all

i P t1, 2, . . . , du. By construction one thus has ‖Ãi`ωi¨I‖
ωi

“ ‖Ai‖
ωi

ď 21{d ´1 for all i P t1, 2, . . . , du.

Thus ω witnesses that T̃ satisfies the conditions in Theorem 1.3, which says that T̃ possesses a
regular unitary dilation.

Finally, observe that, since the spectral radius of a bounded operator over a Hilbert space is
bounded by its norm, the norm requirement in Theorem 1.3 clearly implies that the generators
of T have strictly negative spectral bounds, provided d ě 2. However, as shall be shown in §5.3,
this assumption does not suffice for the existence of regular unitary dilations.

4.4 Regular exponents. In Corollary 1.2 we showed that all multi-parameter C0-semigroups
with bounded generators can be modified (shifted) to regularly unitarily dilatable semigroups.
In this section we provide some basic facts about the set of such shifts.

Definition 4.10 Let T be a d-parameter C0-semigroup over H. The regular exponents of T

is the set regpT q Ď R
d of all ω P R

d for which the ω-shift Eω ¨ T of T has a regular unitary
dilation.
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In other words, regpT q contains all information about how to modify the dynamical system
T so that it can be embedded via regular unitary dilations into reversible processes. Note that
by Theorem 1.1 regpT q can be equivalently formulated as the set of all ω P R

d such that the d

generators of Eω ¨ T are completely dissipative.

In order to study regpT q, we first show that R
d Q ω ÞÑ βEω ¨T P R is continuous.

Proposition 4.11 Let T be a d-parameter C0-semigroup over H with bounded generators
A1, A2, . . . , Ad. Then

d
ź

i“1

‖Ai ´ ωi‖ ´
d

ź

i“1

p|ωi| ` ‖Ai ´ ωi‖q ď βEω¨T ´ βT ď
d

ź

i“1

p|ωi| ` ‖Ai‖q ´
d

ź

i“1

‖Ai‖ (4.4)

for all ω P R
d. In particular, ω ÞÑ βEω ¨T is continuous.

Proof. Let K Ď t1, 2, . . . , du. By (3.3) in Proposition 3.2 one has SEω¨T,K “ ST,K `
ř

K 1ĹK ωKzK 1ST,K 1. Thus

ST,K “ SEω ¨T,K ´
ÿ

K 1ĹK

ωKzK 1ST,K 1

ě βEω ¨T I ´
ÿ

K 1ĹK

|ωKzK 1|‖ST,K 1‖ I

p˚q
ě βEω ¨T I ´

ÿ

K 1ĹK

|ωKzK 1|
ź

iPK 1

‖Ai‖ I

ě βEω ¨T I ´
ÿ

K 1Ĺt1,2,...,du
|ωKzK 1|

ź

iPK 1

‖Ai‖ I

“ βEω ¨T I ´
´

d
ź

i“1

p‖Ai‖ ` |ωi|q ´
d

ź

i“1

‖Ai‖
¯

I,

where (˚) holds, since each ST,K 1 is an average of products of tA´
i , pA´

i q˚ | i P K 1u with each
index occurring exactly once in each product, and the final equality holds by the binomial
expansion. Since this inequality holds for all K Ď t1, 2, . . . , du, it follows that

βEω ¨T ď βT `
d

ź

i“1

p‖Ai‖ ` |ωi|q ´
d

ź

i“1

‖Ai‖,

and hence the right-hand inequality in (4.4) holds.

Let T̃ :“ Eω ¨ T . From the generality of the right-hand inequality in (4.4), observing that

T̃ has generators Ãi “ Ai ´ ωi for each i P t1, 2, . . . , du and E´ω ¨ T̃ “ T , one readily obtains
the left-hand inequality in (4.4).

From (4.4) it is clear that |βEω ¨T ´ βT | ÝÑ 0 for Rd Q ω ÝÑ 0. Letting ω P R
d be arbitrary

and T̃ :“ Eω ¨ T , if we consider R
d Q ω

1 ÝÑ ω, then R
d Q ω

1 ´ ω ÝÑ 0 and hence βE
ω

1 ¨T “
βE

ω
1´ω

¨T̃ ÝÑ βT̃ “ βEω ¨T . Thus the map is continuous in all points. 2

Proposition 4.12 Let T be a d-parameter C0-semigroup over H with bounded generators.
Then the following hold:

(i) The set regpT q is non-empty and closed.

(ii) The inclusion regpT q Ě ω ` R
d
ě0 holds for each ω P regpT q.

(iii) For each ω P R
d and i P t1, 2, . . . , du there exists r P R, such that ω ´ tei R regpT q for

all t P pr, 8q.

(iv) The interior intpregpT qq is non-empty and consists of all ω P R
d for which Eω ¨ T has

completely super dissipative generators.

(v) The boundary B regpT q consists of all shifts ω P R
d for which βω¨T “ 0.

(vi) The set regpT q is completely determined by the boundary via regpT q “ B regpT q `R
d
ě0.
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Proof. (i): By Corollary 1.2 regpT q is non-empty. Since regpT q “ tω P R
d | βEω ¨T ě 0u and

ω ÞÑ βEω ¨T is continuous, it follows that regpT q is closed.

(ii): Fix an arbitrary ω P regpT q. By closedness, it suffices to show that regpT q Ě ω`R
d
ą0.

Since T̃ – Eω ¨ T has completely dissipative generators, by Lemma 4.3 Eω1`ω ¨ T “ Eω1 ¨ T̃ has
completely (super) dissipative generators for ω

1 P R
d
ą0. Thus regpT q Ě ω ` R

d
ą0.

(iii): Let i P t1, 2, . . . , du and ω P R
d. Fix some λ P σpRepAi ´ ωiIqq Ď R and set

r :“ ´λ. For each t P pr, 8q one has σpRepAi ´ pωi ´ tqIqq “ σpRepAi ´ ωiqq ` t Q ´r ` t and
hence σpReAi ´ pωi ´ tqIq X Rą0 ‰ ∅. It follows that RepAi ´ pωi ´ tqIq is non-dissipative and
thus by the Lumer-Phillips form of the Hille-Yosida theorem (cf. Remark 2.7) the 1-parameter

C0-semigroup, T̃i, induced by the generator Ai ´ pωi ´ tqI is not contractive. Thus Eω´tei ¨ T ,

which has T̃i has its ith marginal, is not contractive and thus cannot have a regular unitary
dilation. Hence ω ´ tei R regpT q for all t P pr, 8q.

(iv): The non-emptiness of the interior clearly follows the non-emptiness of regpT q. and
(ii). By continuity tω P R

d | βEω ¨T ą 0u is clearly open and contained in regpT q. Conversely,

consider an arbitrary point ω in the interior of regpT q. Then
śd

i“1pωi ´ 2r, ωr ` 2rq Ď regpT q

for some r P Rą0. So ω
1 :“ pωi´rqdi“1 P regpT q. So the generators of T̃ – Eω1 ¨T are completely

dissipative. Since ω
2 :“ ω ´ ω

1 P R
d
ą0, by Lemma 4.3 Eω ¨ T “ Eω2 ¨ T̃ has completely super

dissipative generators. Hence the interior intpregpT qq coincides with tω P R
d | βEω ¨T ą 0u.

(v): By (i) and (iv) it follows that B regpT q “ regpT q z intpregpT qq “ regpT qz intpregpT qq “
tω P R

d | βEω ¨T ě 0 and βEω ¨T ą 0u “ tω P R
d | βEω ¨T “ 0u.

(vi): The Ě-inclusion follows from (i) and (ii). Towards the Ď-inclusion, let ω P regpT q
be arbitrary. Repeated applications of (iii) yields a sufficiently large t0 P Rą0, such that
ω ´ t01 R regpT q. Thus βEω ¨T ě 0 and βEω´t01

¨T ă 0. Since the map t P R ÞÑ βEω´t1¨T is

continuous, by the intermediate value theorem there exists some t˚ P r0, t0s, such that
βE

ω´t˚1
¨T “ 0. By (v), ω ´ t˚

1 P B regpT q, and thus ω “ pω ´ t˚
1q ` t˚

1 P B regpT q ` Rd
ě0. 2

5. Examples

Throughout this section we work with d-parameter C0-semigroups T over a Hilbert space H
whose marginals T1, T2, . . . , Td have bounded generators A1, A2, . . . , Ad respectively.

This section has three goals. Working within well understood cases of d “ 1 as well as when
d ě 1 and the marginals of T doubly commute, we first show that the equivalence (1) ô (2)
in the classification theorem (Theorem 1.1) holds without appealing to it. Within the case
of doubly commuting (resp. normal) marginal semigroups we demonstrate secondly that the
notion of complete dissipativity (resp. complete super dissipativity) corresponds to dissipativity
(resp. strictly negative spectral bounds). Finally, working outside these cases, we shall apply
the classification theorem and demonstrate that the notions of complete (super) dissipativity
are not equivalent to the mentioned properties, and in the process produce concrete examples
of d-parameter contractive C0-semigroups which are not regularly unitarily dilatable.

5.1 One-parameter contractive semigroups. Consider the case d “ 1. Applying the
definitions yields BT,∅ptq “ ST,∅ “ I and

BT,t1uptq “ I ´ T1ptq˚IT1ptq “ I ´ T1ptq˚T1ptq and

ST,t1u “ ´1
2
tReA1, Iu ` ı1

2
rImA1, Is “ ´ReA1

for all t P Rě0.

If T is contractive, then clearly BT,∅ptq ě 0 and BT,t1uptq ě 0 for all t P Rě0, whence
T satisfies the Brehmer positivity criterion and thus by Theorem 2.4 has a regular unitary
dilation. Conversely, if T has a regular unitary dilation, it is necessarily contractive. Hence T

has a regular unitary dilation if and only if it is contractive.

The above expressions also demonstrate that the generator of T is completely dissipative
if and only if ReA1 ď 0, i.e. if and only if A1 is dissipative, which, by the Lumer-Phillips form
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of the Hille-Yosida theorem (cf. Remark 2.7) in turn holds if and only if T is contractive. We
also see that the generator of T is completely super dissipative if and only if ReA1 ď ´βI for
some β ą 0, which holds if and only if T is super dissipative.

Hence for d “ 1 the existence of a regular unitary dilation is equivalent to T being con-
tractive, which in turn is equivalent to the generator of T being completely dissipative. And
one also has that complete super dissipativity and super dissipativity coincide.

5.2 Doubly commuting generators. Recall that operators pXiqi Ď LpHq are said to doubly
commute if Xi commutes with Xj and X˚

j for all i, j with i ‰ j. Suppose that the marginals

T1, T2, . . . , Td are doubly commuting semigroups, i.e. pT1pt1q, T2pt2q, . . . , Tdptdqq doubly com-
mute for all t “ ptiq

d
i“1 P R

d
ě0. Then it is easy to see that the generators pA1, A2, . . . , Adq

doubly commute (recall that we also assume here that the Ai are bounded). The converse
also clearly holds. Observe further, that double commutativity trivially holds in the case of
d “ 1. Furthermore, by Fuglede’s theorem (cf. [21, Proposition 4.4.12]), if the commuting mar-
ginal semigroups are normal (or equivalently: the commuting generators are normal), then they
doubly commute (or equivalently: the generators doubly commute).

Under the assumption of doubly commuting marginals, since for each K Ď t1, 2, . . . , du
and t P Rě0 the Brehmer operator BT,Kptq is an algebraic expression over tTiptq, Tiptq

˚ | i P
Ku and the dissipation operator ST,K is an algebraic expression over tAi, A

˚
i | i P Ku, one

has that pTαptq, BT,Kptqq doubly commute and similarly pAα, ST,Kq doubly commute for all
α P t1, 2, . . . , du z K. Applying the recursive expressions in (3.1) and (3.2), one thus obtains
BT,∅ptq “ ST,∅ “ I and

BT,KYtαuptq “ BT,Kptq ´ Tαptq˚BT,KptqTαptq
“ BT,Kptq ¨ pI ´ Tαptq˚Tαptqq, and

ST,KYtαuptq “ ´1
2
pAαST,K ` ST,KA˚

αq
“ ST,K ¨ p´1

2
pAα ` A˚

αqq

for all K Ď t1, 2, . . . , du, α P t1, 2, . . . , du z K, and t P Rě0. By induction one thus obtains

BT,Kptq “
ź

iPK
pI ´ Tiptq

˚Tiptqq and ST,K “
ź

iPK
p´ReAiq (5.1)

for all K Ď t1, 2, . . . , du and t P Rě0. Using these expressions yields the following results.

Proposition 5.1 If the marginals of T doubly commute (e.g. if d “ 1), then the following are
equivalent:

(1) T has a regular unitary dilation.

(2) T is contractive.

(3) The generators of T are completely dissipative.

(4) The generators of T are dissipative.

Proof. The implication (1) ñ (2) is clear. And by the discussion in §2.2, we already know that
complete dissipativity clearly generalises dissipativity, i.e. (3) ñ (4) holds.

(2) ô (4): By the correspondence in the introduction, the d-parameter C0-semigroup T

is contractive if and only if each of the marginals Ti is contractive, which, by the Lumer-Phillips
form of the Hille-Yosida theorem (cf. Remark 2.7), in turn holds if and only if each of the
generators Ai is dissipative.

(2) ñ (1): If T is contractive, or equivalently (by the correspondence mentioned in the
introduction) each Ti is contractive, then I ´ Tiptq

˚Tiptq ě 0 for all i P t1, 2, . . . , du. Since by
the double commutativity assumption tI ´ Tiptq

˚Tiptq | i P t1, 2, . . . , duu is a set of commuting
positive operators, it follows that any product of these is positive.f By (5.1) it follows that
BT,Kptq ě 0 for all t P Rě0 and all K Ď t1, 2, . . . , du. So T satisfies the Brehmer positivity
criterion and by Theorem 2.4 it has a regular unitary dilation.
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(4) ñ (3): If each of the Ai are dissipative, then ´ReAi ě 0 for all i P t1, 2, . . . , du.
Since by the double commutativity assumption t´ReAi | i P t1, 2, . . . , duu is a set of commuting
positive operators, it follows that any product of these is positive.f By (5.1) it follows that
ST,K ě 0 for all K Ď t1, 2, . . . , du. So the generators of T are completely dissipative. 2

Proposition 5.2 If the marginals of T are normal, then the following are equivalent:

(1) The generators of T have strictly negative spectral bounds.

(2) The generators of T are completely super dissipative.

(3) The generators of T are super dissipative.

Note that the equivalence of (2) and (3) holds under the weaker assumption of double commut-
ativity. In particular, if d “ 1, (2) ô (3) holds without any assumptions.

Proof. First note that normality of the commuting marginal semigroups implies that the mar-
ginals double commute (see above).

(1) ô (3): Let i P t1, 2, . . . , du. The generator, Ai, of Ti has a strictly negative spectral
bound, i.e. σpAiq Ď tz P C | Re z ď ´ωu for some ω P Rą0, if and only if (by the assumption
of normality) ReAi ď ´ωI for some ω P Rą0, which in turn holds if and only if Ai is super
dissipative (cf. §2.2).

(2) ñ (3): Complete super dissipativity clearly generalises super dissipativity (cf. §2.2).

(3) ñ (2): If the generators of T are super dissipative, then for some ω P R
d
ą0 we

have ´ReAi ě ωiI for each i P t1, 2, . . . , du. Since by double commutativity t´ReAi | i P
t1, 2, . . . , duu is a set of commuting strictly positive operators, any product of these is strictly
positive.f By (5.1) it follows that ST,K ą 0 for each K Ď t1, 2, . . . , du. (More precisely,
ST,K ě ωKI for each K Ď t1, 2, . . . , du.) It follows that βT ą 0 and the generators of T are
completely super dissipative. 2

Observe that (1) ô (3) in Proposition 5.1 agrees with (1) ô (2) in the classification
theorem (Theorem 1.1). Moreover, Proposition 5.1 and Proposition 5.2 demonstrate under the
assumption of double commutativity the equivalence of complete dissipativity of the generators
of T and the dissipativity of the individual generators, as well as the equivalence of complete
super dissipativity, super dissipativity, and (under the assumption of normality) strictly negative
spectral bounds.

Further note that if T is a d-parameter unitary C0-semigroup, then its generators are purely
imaginary, i.e. ReAi “ 0 for each i P t1, 2, . . . , du. By (5.1) it follows that ST,K “ 0 for all
non-empty K Ď t1, 2, . . . , du, whence βT “ 0. So the generators are completely dissipative but
not completely super dissipative. Hence the latter property is strictly stronger than the former.

5.3 Non-doubly commuting generators. Suppose that T is contractive and has bounded
generators, which furthermore have strictly negative spectral bounds. Then, if the marginals of
T doubly commute, by Proposition 5.1 T is completely dissipative and thus by the classification
theorem (Theorem 1.1) has a regular unitary dilation. We shall show that the first three
assumptions do not together suffice to yield regular unitary dilatability. In order to achieve
this, we clearly need to consider non-doubly commuting semigroups. A typical place to look is
upper (or lower) triangular matrices.

Proposition 5.3 Let H be a Hilbert space with dimpHq ě 2, and let d P N with d ě 2. Then
there exists a d-parameter contractive C0-semigroup T over H with bounded generators which
have strictly negative spectral bounds, such that T has no regular unitary dilation.

fLet A be a unital C˚-algebra and a1, a2, . . . , an P A be commuting positive elements. Then the elements the
C˚-subalgebra generated by these elements is commutative. In particular

?
a1,

?
a2, . . . ,

?
an are commutative positive

elements of A, whence
śn

i“1
ai “ śn

i“1
p?

a
˚
i

?
aiq “ śn

i“1

?
a

˚
i

śn
j“1

?
aj “ pśn

i“1

?
aiq˚

śn
j“1

?
aj , which is positive.

Note that positive elements are strictly positive if and only if they are invertible (cf. [21, Proposition 3.2.12]). Since
the product of invertible (resp. commuting positive) elements is invertible (resp. positive), it follows that the product of
commuting strictly positive elements is strictly positive.
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Proof. We first construct a space of operators over H, from which we shall pick our generators.
Since dimpHq ě 2 one can find orthonormal closed subspaces H1,H2 Ď H with 0 ă dimpH2q ď
dimpH1q and H “ H1

À

H2. Consider the following collection of operators

G “
ď

cPCˆ

tc ¨ I `
`

0 D
0 0

˘

| D P LpH2,H1qu
loooooooooooooooooooomoooooooooooooooooooon

“:Gc

.

and observe for D,D1,D2 P LpH2,H1q and E P LpH2q the following algebraic relations:
`

0 D1

0 0

˘ `

0 D2

0 0

˘

“
`

0 D1

0 0

˘˚ `

0 D2

0 0

˘˚
“

`

0 0

0 E

˘ `

0 D
0 0

˘

“
`

0 D
0 0

˘˚ `

0 0

0 E

˘

“ 0 (5.2)

from which one can derive
´

I `
`

0 D
0 0

˘

¯˚
“ I `

`

0 0

D˚
0

˘

,
´

I `
`

0 D1

0 0

˘

¯

¨
´

I `
`

0 D2

0 0

˘

¯

“ I `
`

0 D1`D2

0 0

˘

,
´

I `
`

0 D1

0 0

˘

¯˚
¨

´

I `
`

0 D2

0 0

˘

¯

“ I `
´

0 D2

D˚
1

D˚
1
D2

¯

,
´

I `
`

0 D2

0 0

˘

¯

¨
´

I `
`

0 D1

0 0

˘

¯˚
“ I `

´

D2D
˚
1

D2

D˚
1

0

¯

,

(5.3)

and thus
´

I `
`

0 D
0 0

˘

¯

¨
´

I `
`

0 ´D
0 0

˘

¯

“ I `
´

0 D`p´Dq
0 0

¯

“ I. (5.4)

By (5.3) and (5.4), G forms a commutative group under multiplication and the elements in
G in general are not normal nor do they doubly commute.

Properties of the generators: The spectra of the elements are straightforward to com-
pute: For c P C

ˆ and A :“ c ¨ I `
`

0 D
0 0

˘

P Gc and λ P Cztcu one clearly has λ ¨I´A P Gλ´c Ď G,
and thus λ ¨ I ´ A is invertible. So σpAq Ď tcu. Since the spectrum of bounded operat-
ors is non-empty, it follows that σpAq “ tcu for all A P Gc and all c P C

ˆ. In particular,
σpAq “ t´1u Ď tz P C | Re z ď ´1u, for all A P G´1, whence each operator in G´1 generates a
C0-semigroup whose generator has a strictly negative spectral bound.

For A :“ ´1 ¨ I `
`

0 D
0 0

˘

P G´1 one has

Re〈Apx ‘ yq, x ‘ y〉 “ ´‖x ‘ y‖2 ` Re〈Dy, x〉
ď ´‖x‖2 ´ ‖y‖2 ` ‖D‖‖x‖‖y‖
“ ´p‖x‖ ´ ‖y‖q2 ´ p2 ´ ‖D‖q‖x‖‖y‖

for x P H1 und y P H2. Thus A is dissipative, provided ‖D‖ ď 2.

This establishes a broad class of possibilities for generating our d-parameter C0-semigroups.
Let A1, A2, . . . , Ad P G´1 with Ai “ ´I `

`

0 ´2Di
0 0

˘

for some contractive Di P LpH2,H1q
and let T be the d-parameter C0-semigroup whose marginals have the commuting operators
A1, A2, . . . , Ad as generators. By the above, each Ai is bounded, dissipative, and has a strictly
negative spectral bound. By dissipativity and the Lumer-Phillips form of the Hille-Yosida the-
orem (cf. Remark 2.7), the marginals of T and thus T itself are contractive. By applying the
algebraic relations in (5.3) one can readily verify that T is explicitly given by:

T ptq “ e´ řd
i“1

ti ¨
´

I `
d

ÿ

i“1

tipI ` Aiq
¯

(5.5)

for each t “ ptiq
d
i“1 P R

d
ě0.

Complete dissipativity: To prove that T has no regular unitary dilation, by the classi-
fication theorem (Theorem 1.1) it suffices to show that the generators of T are not completely
dissipative. To assist with the computation of the dissipation operators associated to the gen-
erators of T , define the following aggregates

〈D〉K :“
ÿ

iPK
Di, 〈|D|2〉K :“

ÿ

iPK
D˚

i Di

for each K Ď t1, 2, . . . , du. We now claim that the dissipativity operators are given by
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ST,K “
´

I `
´

0 〈D〉K
0 0

¯ ¯˚´

I ´
´

0 0

0 〈|D|2〉K

¯

looooomooooon

“:VK

¯ ´

I `
´

0 〈D〉K
0 0

¯ ¯

looooooooomooooooooon

“:CK

“ C˚
KCK ´ C˚

KVKCK

“ C˚
KCK ´ VK

(5.6)

holds for all K Ď t1, 2, . . . , du. (Note that the final equality holds by applying the identities
in (5.2) to 〈D〉K and 〈|D|2〉K .) We prove this by induction over the size of K using the
algebraic relations in (5.3) and the recursions in (3.2). For K “ ∅ one has C˚

∅C∅ ´ V∅ “
pI ` 0q˚pI ` 0q ´ 0 “ I “ ST,∅, so (5.6) holds. And if (5.6) holds for some K Ď t1, 2, . . . , du,
then for α P t1, 2, . . . , duzK

ST,KYtαu
(3.2)
“ 1

2
p´A˚

αqST,K ` 1
2
ST,Kp´Aαq

“ 1
2

´

I ` 2
`

0 Dα
0 0

˘˚ ¯

ST,K ` 1
2
ST,K

´

I ` 2
`

0 Dα
0 0

˘

¯

ind.
“ pC˚

KCK ´ VKq `
`

0 Dα
0 0

˘˚
pC˚

KCK ´ VKq ` pC˚
KCK ´ VKq

`

0 Dα
0 0

˘

(˚)
“ pC˚

KCK ´ VKq `
´

`

0 Dα
0 0

˘˚
CK ´ 0

¯

`
´

C˚
K

`

0 Dα
0 0

˘

´ 0

¯

“ pC˚
KCK ´ VKq `

`

0 Dα
0 0

˘˚
CK ` C˚

K

`

0 Dα
0 0

˘

“
´

CK `
`

0 Dα
0 0

˘

¯˚´

CK `
`

0 Dα
0 0

˘

¯

´ VK ´
`

0 Dα
0 0

˘˚ `

0 Dα
0 0

˘

“ C˚
KYtαuCKYtαu ´

´

VK `
´

0 0

0 D˚
αDα

¯ ¯

“ C˚
KYtαuCKYtαu ´ VKYtαu,

where the cancellations in (˚) hold by applying (5.2) to 〈D〉K , Dα, and 〈|D|2〉K . This com-
putation shows that (5.6) holds for K Y tαu. It follows by induction that (5.6) holds for all
K Ď t1, 2, . . . , du.

Let K Ď t1, 2, . . . , du be arbitrary. Observe that CK P G1, and thus by the above dis-
cussions, CK is invertible. By (5.6) one has ST,K “ C˚

KpI ´ VKqCK . Since ST,K and I ´ VK

are self-adjoint and CK is invertible, it follows that the signs of the minimal spectral values
of ST,K and I ´ VK coincide.g To compute the latter observe that σpI ´ VKq “ 1 ´ σpVKq “
1´ t0u Yσp〈|D|2〉Kq “ t1u Y p1´σp〈|D|2〉qq, whence by the positivity of 〈|D|2〉K “

ř

iPK D˚
i Di

the spectral theorem yields

minσpI ´ VKq “ 1 ´ maxpσp〈|D|2〉Kqq “ 1 ´ ‖〈|D|2〉K‖ “ 1 ´
›

›

›

ÿ

iPK
D˚

i Di

›

›

›
.

For each i P t1, 2, . . . , du we now choose Di “ αVi where Vi is an isometry and α P C

with |α| P p 1?
d
, 1?

d´1
q Ď r0, 1s. This can be achieved in the above construction, as we simply

required that each Di P LpH2,H1q be contractive and since 0 ă dimpH2q ď dimpH1q. For
K Ď t1, 2, . . . , du our choice yields ‖

ř

iPK D˚
i Di‖ “ ‖

ř

iPK |α|2I‖ “ |α|2|K| and thus by the
above computation sgnpminpσpST,Kqqq “ sgnpminpσpI´VKqqq “ sgnp1´|α|2|K|q. By our choice
of α we have that sgnpminpσpST,Kqqq “ `1 for K Ĺ t1, 2, . . . , du and sgnpminpσpST,Kqqq “ ´1

for K “ t1, 2, . . . , du. In particular, βT “ minKĎt1,2,...,du minpσpST,Kqq ă 0.

For any such construction, one thus has that T satisfies all the assumptions and βT ă 0.
That is, the generators of T are not completely dissipative, and hence by Theorem 1.1 T has
no regular unitary dilation. 2

Remark 5.4 The above construction satisfied minpσpST,Kqq ě 0 for |K| ă d and
minpσpST,Kqq ă 0 for |K| “ d. This shows that, to determine whether a d-parameter C0-
semigroup T has completely dissipative generators, the higher order dissipation operators are
not redundant.

Remark 5.5 It is well known that all 2-parameter contractive C0-semigroups have unitary
dilations (cf. [27], [28, Theorem 2], and [24, Theorem 2.3]). Thus Proposition 5.3 confirms that

gLet A be a unital C˚-algebra, a P A be self-adjoint, and c P A be invertible. Set λ :“ minpσpaqq, λ1 :“ minpσpc˚acqq,
r :“ minpσpc˚cqq ą 0, and r1 :“ minpσppc´1q˚c´1qq ą 0. Then c˚ac ě c˚ ¨ λI ¨ c “ λc˚c ě λrI so λ1 “ minpσpc˚acqq ě λr.
Since a “ pc´1q˚pc˚acqc´1, one similarly obtains λ ě λ1r1. Since r, r1 ą 0, it follows that sgnpλq “ sgnpλ1q.
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the existence of regular unitary dilations is a strictly stronger condition than the existence of
unitary dilations.

6. Application to the von Neumann polynomial inequality

We conclude this paper with an application of the complete dissipativity condition introduced in
this paper. When studying the aspects of multiple operators, it is natural to consider algebraic
combinations and their bounds.

Definition 6.1 Let S1, S2, . . . , Sd P LpHq be commuting operators. We define the map
CrX1,X

´1
1 ,X2,X

´1
2 , . . . ,Xd,X

´1
d s Q p ÞÑ ppS1, S2, . . . , Sdq P LpHq as the unique linear map

satisfying ppS1, S2, . . . , Sdq :“ p
ś

iPsupppn´q S
´ni

i q˚p
ś

iPsupppn`q S
ni

i q for all monomials of the

form p “
śd

i“1X
ni

i where n P Z
d. We refer to this map as the regular polynomial evaluation.

It is easy to see that the commutativity of the operators guarantees that regular poly-
nomial evaluation is well-defined and linear. Note that, unless the operators are normal
(which by Fuglede’s theorem implies double commutativity), regular polynomial evaluation
is not multiplicative. We may also consider CrX1,X2, . . . ,Xds as a subalgebra of the ring
CrX1,X

´1
1 ,X2,X

´1
2 , . . . ,Xd,X

´1
d s. The restriction of the above map to CrX1,X2, . . . ,Xds

yields the usual polynomial evaluation for tuples of operators.

Now in [33], [31, Proposition I.8.3 and Notes, p. 54], [23, Theorem 1.2], and [25, The-
orem 1.1] the following bound is proved for commuting d-tuples pS1, S2, . . . , Sdq of contractions
and p P CrX1,X2, . . . ,Xds:

‖ppS1, S2, . . . , Sdq‖ ď sup
λPTd

|ppλ1, λ2, . . . , λdq|,

provided d P t1, 2u. In [20, pp. 488–489] an example of d “ 3 commuting contractions is
provided, which satisfies the above bounds, but admits no simultaneous unitary power dila-
tion.h The proper correspondence between polynomial bounds and unitary dilations can be
found in [23, Corollary 4.9] (see also Corollary 4.13 in this book). There it is shown (in partic-
ular for d ě 3) that a simultaneous unitary power dilation exists if and only if a strengthened
version of the above inequalities hold with C-valued polynomials replaced by n ˆ n matrices
ppijqij with polynomial entries for all n P N and norms/absolute values replaced by appropriate
matrix norms.

Further interesting connections can be found in recent literature. For example, in [2] the
authors define the notion of Siegel-dissipativity (which bears no relation to complete dissipativ-
ity), and show that this condition suffices for a certain variation of the above bounds. And
in [14, 15] finite dimensional dilations for operator systems and polynomial bounds for finite
dimensional commuting matrices are investigated.

Moving to the continuous setting of multi-parameter (contractive) C0-semigroups, we can
define a similar problem.

Definition 6.2 Let T be a d-parameter C0-semigroup over H. Say that T satisfies polynomial
bounds if

‖ppT1pt1q, T2pt2q, . . . , Tdptdqq‖ ď sup
λPTd

|ppλ1, λ2, . . . , λdq| (6.1)

for all polynomials p P CrX1,X2, . . . ,Xds and all t “ ptiq
d
i“1 P R

d
ě0. We say T satisfies regular

polynomial bounds, if the above holds for all p P CrX1,X
´1
1 ,X2,X

´1
2 , . . . ,Xd,X

´1
d s and all

t P R
d
ě0. We say that T satisfies regular polynomial bounds in a neighbourhood of 0, if for some

neighbourhood W Ď R
d
ě0 of 0, the above holds for all p P CrX1,X

´1
1 ,X2,X

´1
2 , . . . ,Xd,X

´1
d s

and all t P W .

hA tuple pS1, S2, . . . , Sdq P LpHq of commuting operators, is said to have a simultaneous unitary power dilation, if a
Hilbert space H1 exists, as well as d commuting unitaries pU1, U2, . . . , Udq P LpH1q and r P LpH,H1q (necessarily isometric),

such that
śd

i“1
S
ni

i “ r˚pśd
i“1

U
ni

i qr for all n “ pniqdi“1
P Nd

0
.
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The (regular) von Neumann polynomial inequality problem for d-parameter C0-semigroups
shall refer to determining whether T satisfies (regular) polynomial bounds for all d-parameter
contractive C0-semigroups T over a Hilbert space H.

Clearly, satisfaction of regular polynomial bounds implies satisfaction of polynomial
bounds. Simple examples of the stronger condition are as follows:

Proposition 6.3 Every d-parameter unitary C0-semigroup U over H satisfies regular polyno-
mial bounds.

Proof. Let p P CrX1,X
´1
1 ,X2,X

´1
2 , . . . ,Xd,X

´1
d s and t “ ptiq

d
i“1 P R

d
ě0 be arbitrary and

fixed. Since tUiptiq | i P t1, 2, . . . , duu are doubly commuting unitary operators, one can
apply the spectral mapping theorem for commutative C˚-algebras to simultaneously diag-
onalise these to multiplication operators over a semi-finite measure space (see [19, The-
orem 1.3.6], [22, 3.3.1 and 3.4.1], and [13]). That is, one can find a semi-finite measure
space pX,µq, measurable R-valued functions θ1, θ2, . . . , θd P L8pX,µq, and a unitary oper-
ator u P LpH, L2pX,µqq, such that Uiptiq “ u˚Meıθip¨qu for all i P t1, 2, . . . , du. One can readily
verify that ppU1pt1q, U2pt2q, . . . , Udptdqq “ u˚Mppeıθ1p¨q,eıθ2p¨q,...eıθdp¨qqu and thus

‖ppU1pt1q, U2pt2q, . . . , Udptdqq‖ “ ‖Mppeıθ1p¨q,eıθ2p¨q,...eıθdp¨qq‖L2pX,µq
“ ‖ppeıθ1p¨q, eıθ2p¨q, . . . eıθdp¨qq‖L8pX,µq
ď sup

λPTd

|ppλ1, λ2, . . . λdq|.

Thus U satisfies regular polynomial bounds. 2

Proposition 6.4 Let T be a d-parameter C0-semigroup over H. If T has a regular unitary
dilation, then it satisfies regular polynomial bounds.

Proof. For any monomial p “
śd

i“1X
ni

i with n P Z
d, and for any t P R

d
ě0, one computes

ppT1pt1q, T2pt2q, . . . , Tdptdqq “ p
ś

iPsupppn´q Tiptiq
´niq˚p

ś

iPsupppn`q Tiptiq
niq

“ p
ś

iPsupppn´q Tip´nitiqq˚p
ś

iPsupppn`q Tipnitiqq

“ T pn´ d tq˚T pn` d tq
“ T ppn d tq´q˚T ppn d tq`q,

(6.2)

where we define d : Rd ˆ R
d Ñ R

d via s d s
1 :“ psis

1
iq
d
i“1 for s, s1 P R

d.

By assumption, T has a regular unitary dilation pU,H1, rq. Applying the definitions yields

ppT1pt1q, T2pt2q, . . . , Tdptdqq “ T ppn d tq´q˚T ppn d tq`q

“ r˚Upn d tqr

“ r˚Uppn d tq´q˚Uppn d tq`qr

“ r˚ppU1pt1q, U2pt2q, . . . , Udptdqqr,

whereby the final equality holds by applying (6.2) to U instead of T . Since the polynomial
map is linear and the monomials linearly span CrX1,X

´1
1 ,X2,X

´1
2 , . . . ,Xd,X

´1
d s, the above

computation implies that

ppT1pt1q, T2pt2q, . . . , Tdptdqq “ r˚ppU1pt1q, U2pt2q, . . . , Udptdqqr

for all p P CrX1,X
´1
1 ,X2,X

´1
2 , . . . ,Xd,X

´1
d s and all t P R

d
ě0.

Since U satisfies regular polynomial bounds (see Proposition 6.3) and r P LpH,H1q is an
isometry and thus contractive, one obtains

‖ppT1pt1q, T2pt2q, . . . , Tdptdqq‖ ď ‖r˚‖‖ppU1pt1q, U2pt2q, . . . , Udptdqq‖‖r‖
ď 1 ¨ sup

λPTd

|ppλ1, λ2, . . . , λdq| ¨ 1.

Since this holds for all polynomials p P CrX1,X
´1
1 ,X2,X

´1
2 , . . . ,Xd,X

´1
d s, it follows that

T satisfies regular polynomial bounds. 2

Now, to prove (3) ñ (1) of Theorem 1.4, observe that the dissipation operators involve
expressions of the form p

ś

iPC1
A´

i q˚p
ś

jPC2
A´

j q for pC1, C2q P PartpKq and K Ď t1, 2, . . . , du,
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which, in terms of their indices, are fitting for the kinds of expressions that arise in regular
polynomial evaluations. However, regular polynomial evaluation captures values of the semig-
roups and not their generators. Using appropriate approximation arguments, this issue can
nonetheless be overcome. In this way, one may prove Theorem 1.4.

Proof (of Theorem 1.4). The direction (1) ñ (2) has already been proved in Proposition 6.4
and (2) ñ (3) holds trivially. To prove (3) ñ (1), assume that T satisfies regular polynomial
bounds in a neighbourhood W Ď R

d
ě0 of 0. By Theorem 1.1, to show that T has a regular

unitary dilation, it is necessary and sufficient to show that the generators of T are completely
dissipative. To this end fix an arbitrary K Ď t1, 2, . . . , du. We need to show that ST,K ě 0.

Now, for each i P K, we know that t´1
i pI ´ Tiptiqq ÝÑ ´Ai in norm for Rą0 Q ti ÝÑ 0.

Thus, defining for t “ ptiq
d
i“1 P R

d
ě0 the product tK :“

ś

iPK ti and the operator

P ptq :“
ÿ

pC1,C2qPPartpKq

ź

iPC1

pI ´ Tiptiq
˚q ¨

ź

jPC2

pI ´ Tjptjqq,

one has the norm convergence 1
2|K|tK

P ptq ÝÑ ST,K for R
d
ą0 Q t ÝÑ 0. Since the subspace

LpHqě0 of LpHq consisting of positive operators is norm-closed, in order to prove that ST,K ě 0,

it suffices to prove that P ptq ě 0 for all t P R
d
ą0 sufficiently close to 0.

So fix an arbitrary t P W XR
d
ą0. We shall show that P ptq ě 0. Since P ptq P LpHq is clearly

a self-adjoint operator, it suffices to prove that ‖I ´ αP ptq‖ ď 1 for sufficiently small α ą 0.i

Now, applying regular polynomial evaluation to

p :“
ÿ

pC1,C2qPPartpKq

ź

iPC1

p1 ´ X´1
i q ¨

ź

jPC2

p1 ´ Xjq

yields

ppT1pt1q, T2pt2q, . . . , Tdptdqq “ P ptq,

and since T satisfies regular polynomial bounds in W , it follows that

‖I ´ αP ptq‖ “ ‖p1 ´ α pqpT1pt1q, T2pt2q, . . . , Tdptdqq‖ ď sup
λPTd

|1 ´ α ppλ1, λ2, . . . , λdq|

for α ą 0. Thus, to prove that P ptq ě 0, it suffices to prove for sufficiently small α ą 0, that
|1 ´ α ppλ1, λ2, . . . , λdq| ď 1 for all λ P T

d. This in turn holds if p, when viewed as a function
p : Td Ñ C, is bounded, R-valued, and non-negative. Indeed, for each λ P T

d

ppλ1, λ2, . . . , λdq “
ÿ

pC1,C2qPPartpKq

ź

iPC1

p1 ´ λ´1
i q ¨

ź

jPC2

p1 ´ λjq

“
ź

iPK

´

p1 ´ λ´1
i q ` p1 ´ λiq

¯

loooooooooooooomoooooooooooooon

“2Rep1´λiqPr0, 4s

P r0, 4|K|s,

which completes the proof. 2

Remark 6.5 The use of the complete dissipativity condition was brought to bear in the above
argument. If one did not work with this concept, one might attempt to prove that satisfaction
of regular polynomial bounds implies the existence of a regular unitary dilation, by showing
that the Brehmer positivity criterion holds. To achieve this, one could attempt to capture the
Brehmer operators via regular polynomial evaluation and then again rely on polynomial bounds.
However, the expressions occurring in the Brehmer operators involve monomials of the form
p
ś

iPC Tiptqq˚p
ś

iPC Tiptqq for C Ď t1, 2, . . . , du, which do not seem to be expressions that can
be captured by regular polynomial evaluation.

Combining the examples in §5.3 with Theorem 1.4 we can prove Corollary 1.5, which negat-
ively solves the regular von Neumann polynomial problem for multi-parameter C0-semigroups:

iLet A be a unital C˚-algebra and a P A be self-adjoint. Let λmin :“ minpσpaqq and λmax :“ maxpσpaqq and

α˚ :“ 1

maxt|λmin|, |λmax|u`1
. For α P p0, α˚q one has minpσpI ´ αaqq “ 1 ´ αλmax and maxpσpI ´ α aqq “ 1 ´ αλmin,

which are both positive by the choice of α˚. By the spectral theorem it follows that ‖I ´αa‖ “ 1´αλmin, which does not
exceed 1 if and only if λmin ě 0. Now, a is a positive element if and only if λmin ě 0, which by the preceding argument
holds if and only if ‖I ´ αa‖ ď 1 for all sufficiently small α P Rą0.
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Proof (of Corollary 1.5). By Proposition 5.3 there exist d-parameter contractive C0-semigroups
whose generators are bounded and have strictly negative spectral bounds, and which are not
completely dissipative. By the classification theorem (Theorem 1.1), these have no regular
unitary dilations, and thus by Theorem 1.4 do not satisfy regular polynomial bounds. 2

Remark 6.6 It would be of interest to know whether the characterisation in Theorem 1.4 also
holds without the assumption of bounded generators. Certainly the implications (1) ñ (2) ñ (3)
hold, as neither Proposition 6.4 nor Proposition 6.3 required the semigroups to have bounded
generators. But our proof of the implication (3) ñ (1) relied heavily on the complete dissip-
ativity condition. The latter notion might need to be reformulated for the unbounded setting.

Acknowledgement. The author is grateful to Tanja Eisner for her patience and feedback, to
Leonardo Goller and Rainer Nagel for useful discussions, and to the referee for their constructive
feedback.
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