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DUAL CURVATURE MEASURES FOR LOG-CONCAVE FUNCTIONS
YONG HUANG, JIAQIAN LIU, DONGMENG XI, AND YIMING ZHAO

ABSTRACT. We introduce dual curvature measures for log-concave functions, which in the case
of characteristic functions recover the dual curvature measures for convex bodies introduced by
Huang-Lutwak-Yang-Zhang in 2016. Variational formulas are shown. The associated Minkowski
problem for these dual curvature measures is considered and sufficient conditions in the symmetric
setting are demonstrated.

1. INTRODUCTION

Geometric measures associated with convex bodies have been a core part of convex geometric
analysis in the past few decades. In the classical Brunn-Minkowski theory of convex bodies, quer-
massintegrals (such as volume, surface area, mean width, and much more in higher dimensions)
are the central geometric invariants and are used to describe the shape of convex bodies via
isoperimetric (or reverse isoperimetric) inequalities. Area measures introduced by Aleksandrov,
Fenchel-Jessen, and curvature measures introduced by Federer can be viewed as the “derivative”
of quermassintegrals when viewed as functionals on the set of convex bodies. Invariably, these
geometric measures carry some curvature terms which make it possible for them to encode shape
information of convex bodies. At the same time, unlike curvatures (in the sense of differential
geometry), these geometric measures are defined even with minimal regularity assumptions. The
study of these geometric measures is often intertwined with PDE (Monge-Ampere equations in
particular), Gauss curvature flows, and inevitably isoperimetric inequalities. (After all, half of
calculus is focused on using derivatives to study properties of the original function.)

A major alternative to the classical Brunn-Minkowski theory in modern convex geometry is the
dual Brunn-Minkowski theory. The dual Brunn-Minkowski theory, introduced by Lutwak in 1975,
is a theory that is in a sense dual to the classical Brunn-Minkowski theory. A good discussion of
the dual theory can be found in Section 9.3 of Schneider’s classical volume [70]. Quoting from
Gardner-Hug-Weil [41]:“The dual Brunn-Minkowski theory can count among its successes the
solution of the Busemann-Petty problem in [38], [43], [59], and [73]. It also has connections and
applications to integral geometry, Minkowski geometry, the local theory of Banach spaces, and
stereology; see [40] and the references given there.”

In the seminal work [48], Huang-Lutwak-Yang-Zhang (Huang-LYZ), for the first time, revealed
the fundamental geometric measures, duals of Federer’s curvature measures, called dual curvature
measures, in the dual Brunn-Minkowski theory. These measures were obtained through “differ-
entiating” dual quermassintegrals which are central in the dual theory. They have led to many
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natural open problems and quickly attracted much attention. Details on this will be provided
below.

It is well-known that the set of convex bodies can be embedded in the set of upper semi-
continuous log-concave functions via their characteristic functions. This work aims to introduce
the functional version of dual curvature measures through the machinery of the theory of func-
tions of bounded anisotropic weighted variation and to study their characterization problem
(generally known as Minkowski problems). It is worth pointing out that, by picking proper
weight functions, functional versions of many other geometric measures can be introduced in this
fashion. However, this will not be explored in this work.

In the past few decades (even more so in the last decade), interest in log-concave functions
has grown considerably, much of it motivated by their counterparts in the theory of convex
bodies. Perhaps the first such breakthrough and by now a well-known result is the Prékopa-
Leindler inequality: For any nonnegative integrable functions f, g on R™ and their sup-convolution
(L=X)-f® A g given by

(L=N-ferg(x)= sup  flx) gy,

(1=N)z+Ay==2

where 0 < X\ < 1, one has the following inequality regarding their £ norms,

[y sorgeuwz ([ swa) ([ awaw) (1)

The Prékopa-Leinder inequality is the functional (and equivalent) version of the celebrated
Brunn-Minkowski inequality,

V(1 =XX+XY)>V(X)"AVIY),

which holds for any bounded measurable sets X, Y C R™ such that (1 —\)X +AY is measurable.
See the survey [39] by Gardner. It is important to note that convexity is required neither in the
Brunn-Minkowski inequality nor in the Prékopa-Leindler inequality, although it does manifest
itself in the equality conditions. Notice here that the Minkowski combination (1 — A\)X + AY
corresponds to the sup-convolution between functions (see, ({1l for a complete definition) and
the volume of a measurable set corresponds to the integral of a non-negative function. That this
is natural can be seen by replacing f and g by characteristic functions of subsets of R™.

In the same spirit, many other geometric invariants and operations have found their counter-
parts for log-concave functions (or, equivalently, convex functions). We provide a quick overview
of some of these remarkable results. In the seminal work [5], Artstein-Avidan and Milman demon-
strated how the Legendre-Fenchel transform can be viewed as the functional version of taking
the polar body of a convex body. Compare this to another remarkable paper [9] by Boroczky-
Schneider. Prior to this, the functional version of the Blaschke-Santalé inequality was discovered
by Ball in his Ph.D. thesis and by Artstein-Avidan, Klartag, and Milman in [3]. Steiner formula
and quermassintegrals for quasi-concave functions were studied by Bobkov-Colesanti-Fragala []].
Extensions of affine surface area and affine isoperimetric inequalities can be found in [4T7.[1854].
Much more recently, Colesanti, Ludwig, and Mussnig embarked on a journey to characterize val-
uations on the set of convex functions [27H31] (compare them to Hadwiger-type theorems on
convex bodies [45[46l56H58,71]).

In the dual Brunn-Minkowski theory, the central geometric invariants are known as dual quer-
massintegrals. Let ¢ =1,--- ,n, and K be a convex body that contains the origin in its interior.
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As Lutwak [59] showed, up to a constant multiple, the ¢g-th dual quermassintegral ‘ZI(K ) can be
defined as the average of lower-dimensional sectional areas of K with ¢-dimensional subspaces:

Xamch(ﬁMKm&m

where G(n,q) is the Grassmannian manifold containing all g-dimensional subspaces of R and
the integration is with respect to the Haar measure. Dual quermassintegrals have integral rep-
resentations (see (24])) which warrant the immediate extension to ¢ € R. Note that with the
exception of the special case ¢ = n, when the dual quermassintegral is simply volume, the ¢-th
dual quermassintegral is generally not invariant under translations of K.

A major question answered in the landmark work [4§] (and subsequently [62]) by Huang-LYZ
was the differentiability of V. In particular, it was shown that if K is a convex body in R™ such
that the origin is an interior point and L is a compact convex subset of R", then

T 1)~ V) L
lim t - /S )G (). (1.2)

Here the geometric measure é’q(K ,+) is known as the ¢-th dual curvature measure of K. In fact,
there is naturally an L, version of (L2) that leads to the (p, ¢)-dual curvature measure introduced

in [62] and the measure mdéq(K ,v) is nothing but the (1, ¢)-dual curvature measure. The

“1” here stands for the fact that the sum K +¢- L is the classical Minkowski sum, or, the /! sum
of support functions of K and L.
Let ¢ > 0. The (¢ — n)-th moment of a density function f is defined as

Vi) = [ et pds

if it exists. The moment V; is a natural extension of dual quermassintegrals to the set of log-
concave functions (which in turn justifies this notation). Indeed, if f = 1, where 1k is the
characteristic function of some convex body K that contains the origin in its interior, then, by
integration via polar coordinates, one immediately has

Vo(lk) = Vy(K).
Motivated by the work [4§] and the correspondence between the Minkowski combination and
sup-convolution, it is natural to ask whether

T etg) =)
t—0 t
exists for log-concave functions f, g, and if it does, what the limit is. We remark that with the
exception of ¢ = n, for generic ¢ > 0, the moments considered in (L3)) are not invariant under
the transformation f(x) — f(x + o). Therefore, the relative position of the origin is crucial in
the study of (IL3)). In fact, since (L.2)) only holds when K contains the origin in its interior, some
condition on f that mimics this constraint is expected.

When ¢ = n, the functional V, is nothing but the £' norm of a log-concave function. In this
case, the limit (IL3]) was studied by Colesanti-Fragala [32] under various regularity assumptions on
f and g. In particular, they discovered that the limit (I.3]) consists of two parts—one concerning
the behavior of f inside its support, the other concerning the values of f on the boundary of its
support as well as the shape of the support set. Around the same time, Cordero-Erausquin and

(1.3)
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Klartag [33] studied the limit with the additional assumption that f is essentially continuous and
explored the connection with complex analysis [7] and optimal transport. Recently, Rotem [67]
showed that the result of Colesanti-Fragala remains valid without any of the various additional
regularity requirements, by employing tools from the theory of functions of bounded anisotropic
variation. The first main result of this paper is to show that by considering functions of bounded
anisotropic weighted variation, one can compute the limit in (3] for any ¢ > 0. It is important
to emphasize that unlike the special case ¢ = n, for generic ¢ > 0, the ¢-th moment of a function
is not translation-invariant. In particular, our approach is motivated by the dual approach
(differentiating radial functions) to the variational formula developed in [4§].

It is also worth pointing out that the extension of functions of bounded variation in R with
respect to the Lebesgue measure to functions of bounded variation in R™ with respect to an
arbitrary measure (even those absolutely continuous with respect to the Lebesgue measure) is
not entirely trivial. This has been previously done in, for example, [6] and [65] via different
approaches (which led to non-equivalent definitions of weighted total variation).

Let LC(R™) be the set of all upper semi-continuous log-concave functions f : R” — [0, 00).
The limit (I3)) leads to two Borel measures—one on R"™ and one on S,

Definition 1.1. Let f = =% € LC(R") with nonzero finite L' norm. The Euclidean q-th dual
curvature measure of f, denoted by Cg(f;-), is a Borel measure on R"™ given by

CitrB)= | el (L)

Vo(x)eB
for each Borel set B C R".

In ([I4]), note that since ¢ is convex, its gradient V¢ exists almost everywhere in the interior
of its domain {z € R" : ¢(z) < oo}. Note that by definition, f > 0 if and only if ¢ < oco.
Therefore, the integral in (L4]) is well-defined.

Definition 1.2. Let f = ¢7¢ € LC(R") with nonzero finite L' norm. The spherical q-th dual
curvature measure of f, denoted by C(f;-), is a Borel measure on S"~' given by

Citrm = [ el ) an ),
VKf(x)@i

for each Borel set n C S™', where K; is the support of f and vic, 18 its Gauss map defined

almost everywhere on 0K with respect to dH"*(z).

These two measures generated through differentiating the g-th moment of a log-concave func-
tion f with respect to sup-convolution are associated with the absolutely continuous and singular
part of the distributional derivative of f, respectively. It is worth noting that in the case of the
characteristic function of a convex body, the measure C?(f;-) recovers the (1, ¢)-dual curvature
measure for convex bodies appearing in (L2).

The first of our main theorems shows that the limit in (I.3]) does exist under minor assumptions
on f and g near the origin.

Theorem 1.3. Let [ = e=® € LC(R") with non-zero finite L' norm and q > 0. Assume f
achieves its maximum at the origin and

|f () = f(0)]

lim sup e

Tr—o0

< 00, (1.5)
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for some 0 < a < 1.
Let g = e ¥ € LC(R™) be compactly supported with g(o) > 0. Then,

Vot - ()

t—0t t

- [ wwdCra+ [ @G 1)

where hy, is the support function of the support set K, of g, and ¥* is the Legendre-Fenchel
conjugate of 1.

Note that hypothesis (LH) in the above theorem is not the best hypothesis, see Proposition
and Remark [.10] for more details. We emphasize again that it is expected that we need some
condition on f that mimics the idea that “f contains the origin in its interior”. The assumption
that f achieves its maximum at the origin, together with hypothesis ([LH]), ensures that almost
all of f’s nonempty level sets contain the origin in the interior and these level sets contain the
origin in their interiors in some uniform way. We remark that if f is C%® in a neighborhood
of the origin, then (LX) is satisfied. To better explain the condition g(o) > 0, we focus for the
moment on the special case that ¢ is the characteristic function of some convex body L. In this
case, without the condition g(0) > 0, the convex body L might be far away from the origin. As
a consequence, the origin might be outside the Minkowski combination of the level sets of f and
L. This makes it very challenging to apply geometric results to level sets of f. See Theorem
for details.

When f and g are characteristic functions of convex bodies that contain the origin in their
interiors, the first integral on the right-hand side in ([.€]) vanishes whereas the second term
becomes the right-hand side of (2l).

Minkowski problems in convex geometric analysis are characterization problems of geomet-
ric measures associated with convex bodies. These geometric measures are often “derivatives”
of important geometric invariants. In differential geometry, Minkowski problems are known as
various prescribed curvature problems. This line of research that asks when a given measure
i can be realized as a certain geometric measure of a to-be-solved convex body (without any
unnecessary regularity assumptions) goes back to the classical Minkowski problem that inspired
the study of nonlinear elliptic PDE through the last century; see, for example, Minkowski [64],
Aleksandrov [1], Cheng-Yau [25], Pogorelov [66], and the works of Caffarelli on the regular-
ity theory of Monge-Ampere equations [I4HI6], among many other influential works. In many
ways, the study of Minkowski problems goes hand-in-hand with the study of sharp isoperimetric
inequalities; see [19].

In the last 2-3 decades, there are two major families of Minkowski problems. One is the
L, Minkowski problem that belongs to the L, Brunn-Minkowski theory whose success can be
credited to the landmark work by Lutwak [60/61] where the fundamental L, surface area measure
was discovered. The L, Minkowski problem includes the logarithmic Minkowski problem and
the centro-affine Minkowski problem and has been studied through a variety of methods; see,
for example, Hug-Lutwak-Yang-Zhang (Hug-LYZ) [51], Chou-Wang [26], Boroczky-LYZ [13],
and most recently Guang-Li-Wang [44]. A vast library of works on this topic can be found
by looking for those citing the above-mentioned works. It is worth pointing out that there
is much unknown regarding the L, Brunn-Minkowski theory, especially for p < 1. In fact,
the log Brunn-Minkowski conjecture, arguably the most beautiful and powerful (yet plausible)
conjecture in convex geometry in the last decade, is the isoperimetric inequality associated with
the log Minkowski problem. See, for example, [12,23521[63/[72].
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The other major family of Minkowski problems are the dual Minkowski problems following the
landmark work [48]. In a short period since [4§], there have been many influential works on this
topic which have already led to many interesting conjectures regarding isoperimetric inequalities
as well as the discovery of novel curvature flows; see, for example, Boroczky-Henk-Pollehn [11],
Chen-Chen-Li [21], Chen-Huang-Zhao [20], Chen-Li [24], Gardner-Hug-Weil-Xing-Ye [42], Henk-
Pollehn [47], Li-Sheng-Wang [53], Liu-Lu [55], Zhao [74]. It is important to note that the list is
by no means exhaustive. N

In this paper, we study the Minkowski problem for C¥.

The functional dual Minkowski problem. Let ¢ > 0 and p be a non-zero finite Borel
measure on R”. Find the necessary and sufficient conditions on p so that there exists f € LC(R")
with nonzero finite £ norm such that

w=C(f:): (1.7)

Under sufficient regularity assumption, that is, the measure p has a C'* density (say, g > 0)
and f € C*, equation (L) is equivalent to the following Monge-Ampere type equation in R"

9(Vo(x)) det(V2o(x)) = |a]* "), (1.8)

where f = e~ ?. N

It is important to note that the measure C¢(f;-) might not be absolutely continuous. Thus,
the Minkowski problem (7)) does not always reduce to (L8) in the general setting.

When ¢ = n, the functional dual Minkowski problem becomes the Minkowski problem for
moment measures. See Cordero-Erausquin and Klartag [33] where it is completely solved within
the class of essentially continuous functions. The highly nontrivial L, extension of Cordero-
Erausquin and Klartag’s result can be found in the recent papers by Fang-Xing-Ye [35] for p > 1
and Rotem [68] for 0 < p < 1.

As pointed out earlier, a key difference between the case ¢ = n and ¢ # n is that in the latter
case, (L) is not invariant under translations of f (with respect to its domain). We point out
that translation-invariance played a central role in [33].

In the current work, we provide a sufficient condition for the existence of solutions to (L) in
the origin-symmetric case.

Theorem 1.4. Let ¢ > 0 and p be a non-zero even finite Borel measure on R™. Suppose p is not
concentrated in any proper subspaces and [, |x|du(x) < co. There exists an even fy € LC(R™)
with nonzero finite L' norm such that

p= 6'g(fo;')-

The functional dual Minkowski problem ([L7)) is heavily intertwined with its counterpart in the
setting of convex bodies. In particular, estimates regarding dual quermassintegrals are critically
needed. As part of the process to get the required estimates, we require a Blaschke-Santald type
inequality for the functional V,. See Lemma It is of great interest to see if there is a sharp
(more refined) version.

We remark that the assumption

/n |x|dp(x) < 0o

is necessary here. See Theorem [5.12]
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The rest of this paper is organized in the following way. In Section 2, we recall some notations
and basics. In Section 3, we gather some basics in the theory of functions of bounded variation.
Section 4 is devoted to proving Theorem whereas Section 5 is devoted to proving Theorem
4

Acknowledgement. We are in great debt to the referees for their extremely valuable com-
ments and suggestions.

2. PRELIMINARIES

This section is divided into two parts. The first part contains some notations and basics in
the theory of convex bodies, whereas the second part deals with those for convex functions as
well as log-concave functions.

For convenience, throughout the current work, if the exact value of a constant C' > 0 does not
matter, then we may use the same C' for different positive constants (that may differ from line
to line).

2.1. Convex bodies. The standard reference is the comprehensive book [70] by Schneider.

A convex body in R"™ is a compact convex set with a nonempty interior. The boundary of K is
written as K. We use K" for the set of all convex bodies in R". The subclass of convex bodies
that contain the origin in their interiors in R" is denoted by K7'.

We will use B(x,r) to denote the ball in R™ centered at x with radius r. Occasionally, we
write B(r) = B(o,r) and B = B(o, 1) for simplicity.

The support function hx of K is defined by

hk(y) = max{(x,y) 1z € K}, yeR"
The support function hg is a continuous function homogeneous of degree 1. Suppose K contains
the origin in its interior. The radial function py is defined by
pr(z) =max{\: Az € K}, =z eR"\{0}.

The radial function pg is a continuous function homogeneous of degree —1. It is not hard to
see that px(u)u € OK for all u € S™ ! and the reciprocal radial function is a (potentially

asymmetric) norm. To be more specific, we write
1
|x||x = —— = hg+(z), foreach x € R™. (2.1)
px ()

Here, the convex body K* is known as the polar body of K and is defined by
K*={yeR": (z,y) <1,Vx € K}.
By the definition of the polar body, it is simple to see that the Banach spaces (R, | - ||k)
and (R™, || - |[x+) are dual to each other and we have the following generalized Cauchy-Schwarz
inequality
(z,y) < [lzll s llyll s
Let h: S"~! — (0,00) be continuous, the Wulff shape [h] € K" is given by
[h] = {x € R" : (z,v) < h(v) for all v € S*"'}.

It is simple to see that if K € K7, then [hx| = K. Also immediate from the definition of [h] is
that for every u € S !, we have

pin(u){u, v) < h(v), Vo e "L (2.2)
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and there exists v, € S"! such that

(W), ) = h(v.). (2.3

For each x € 0K, we will write vg(z) for the outer unit normal of K at x. Note that by
convexity, the map vk is defined almost everywhere on 0K with respect to H"!. For each
v € 8" 1 define

vl (v) = {z € 0K : (z,v) = hg(v)}.

Since K is a convex body, for almost all v € S*!, the set 1/;{1 (v) contains only one boundary
point of K. With slight abuse of notation, we will use vx" to denote a map that is defined almost
everywhere on S"~! and v' maps v to the unique point in vy (v).

The fundamental geometric functionals in the dual Brunn-Minkowski theory are dual quer-
massintegrals. For ¢ # 0, the ¢-th dual quermassintegral of K, denoted by V,(K), is defined
as

~ 1
VK =+ [t (2.4)
When g = 1, -+ ,n, dual quermassintegrals have the strongest geometric significance. They are

proportional to the mean of the g-dimensional volume of intersections of K with g-dimensional
subspaces in R".

In [4§], it was established that variation of the dual quermassintegral with respect to the
logarithmic Minkowski sum leads to the so-called dual curvature measure:

Cy(K,n) = / (z, v (x))|2|T"dH" " (z), for each Borel n C S™ .
vi (z)€n

In particular, this implies that for each p € R, we have

g ValE ot L) = Vo(E) _ / hi (0)hi? (0)dC (K, v) = / hi(0)dC,o(K,v),  (2.5)
Snfl Snfl

t—0 t

where the Borel measure C,, (kK -) is known as the (p,q)-dual curvature measure of K. Here
K +,t- L is known as the L, Minkowski combination between convex bodies. In particular, when
p > 1 and t > 0, the convex body K +,t- L is defined so that its support function is given by
(Rh 4-th?)Y/P. The variational formula (ZF), as well as the definition of the L, combination, can
be found in [62].

2.2. Convex functions and log-concave functions. Let i be a Borel measure on some set
Q. We will use £'(u1,) for the set of all y-measurable functions f on Q with [, |f|du < oo.
The set L; (u, ) consists of functions f such that f € L£'(u, K) for every compact set & C (.
Occasionally, when © = R", we may write £'(1). When p is the standard Lebesgue measure,
we may simply write £!(Q), or, £! = £'(R"). When p is a finite measure, we write |u| for its
total mass.

Let CVX(R™) be the set of all lower semi-continuous, convex functions ¢ : R" — (—o0, o]
and LC(R™) be the set of all upper semi-continuous log-concave functions f that take the form
f = e ? for some ¢ € CVX(R").

For any function ¢ : R" — [—o00, 00|, the Legendre-Fenchel conjugate of ¢, denoted by ¢*, is
defined as

¢"(y) = sup{(z,y) — ¢(x)}.

z€R™
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Note that from the definition, it is simple to see that ¢* € CVX(R™), as long as ¢ # +o00. It is
also straightforward from the definition that the Legendre-Fenchel transform reverses order; in
other words, if @1 < ¢, then ¢7 > @3.

When restricting to CVX(R™), the Fenchel-Moreau theorem states that the Legendre-Fenchel
transform is an involution:

@™ = ¢, for each ¢ € CVX(R").

In a remarkable paper [5], Artstein-Avidan and Milman showed that any order-reversing in-
volution on CVX(R™) is essentially the Legendre-Fenchel transform.

In general (without assuming ¢ € CVX(R™)), by the definition of the Legendre-Fenchel trans-
form, one may show that

¢** S ¢7

and if ¢ > 0, then ¢** > 0.

The expression 1g denotes the characteristic function of some subset £ C R™; that is, 1g(x) = 1
ifre Fand 1g(z) =0ifz ¢ E.

Let K € K™ and

(o) = {o, if v € K

oo, otherwise.
Note that 1 = e~ ¥. It follows from the definition that
V" = hg. (2.6)
Indeed, let y € R™ be arbitrary. Then, according to the definition of ¢/*, we have

Vi(y) = f;lﬂgﬂ(x, y) —Y(x)} = i’;‘é%?“x’ y)} = hi(y),

where the second equality follows from the fact that if = ¢ K, then ¢(z) = oo and consequently
one can restrict to K in search of the supremum.
We shall require the following trivial facts.

Proposition 2.1. Let f = ¢ ¢ € LC(R") and ¢ > 0. If

lim inf 9(x) > 0, (2.7)

then
Vo(f) = . f(z)|z|r"dx < oco.

Proof. By (21) and the convexity of ¢, there exist C' > 0 and ry > 0 such that
¢(x) > Clz|, for all x € B(ry)°.

Therefore, we have

/ f(z)|x|""dx < / e~ 2|1 dr < oo.
B(ro)* B(ro)*

Since f is upper semi-continuous, it is locally bounded from above. Therefore,

(@)l md < 01/ |7 dz < oc.

B(ro) B(ro)
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It is well-known that (Z7) holds if and only if either of the following two statements holds:
(1) feLh
(2) lim|ye0 () = 00.
See, for example, [33].

When a convex function ¢ is finite in a neighborhood of the origin, [69, Theorem 11.8(c)]
combined with Proposition 2.I] immediately implies the following.

Proposition 2.2. Let ¢ > 0. If ¢ : R" — [0, 00] is finite in a neighborhood of the origin, then

V(e )= [ |ylr e ®dy < 0.
Rn

3. FUNCTIONS OF ANISOTROPIC WEIGHTED TOTAL VARIATION

Let 2 C R”™ be an open set. Write V &  if an open set V' is compactly contained in €2,
that is, the closure of V' is compact and is a subset of 2. The set C}(V,R") consists of all C"*
functions from V to R™ with compact support. We say a function f € Ll _(Q) is locally of
bounded variation (i.e., f € BVi.(Q2)) if for each open V' &€ €, we have

TV(f;V) = sup {/Vfdidex T € CHV,R™),|T(z)| < 1,Va:} < o0. (3.1)

Intuitively speaking, functions of locally bounded variation are those whose distributional deriva-
tives are Radon measures. Indeed, the Structure Theorem for BVj,. functions states (see The-
orem 5.1 in [34]) that if f € BV(Q2), then there exist a Radon measure |[Df]| on € and a
| D f||-measurable map o : @ — R"™ such that |o¢| =1 ||Df]|-almost everywhere with

/ﬂMTMZ—/mwMWN,
Q Q

for all T € CH(2,R™). When f € £1(Q) and ||Df||(Q2) is finite, we say f is of bounded variation
on ; that is f € BV(Q2). The space of BV (Q2) is well studied and we refer the readers to the
classical books [2,[34] for additional properties of BV functions.

There have been several generalizations to the definition of BV(€2) (and correspondingly
BVioc(€2)). One direction of such generalization is that the Euclidean norm (applied to T) in
1) can be replaced by any (potentially asymmetric) norm. Fix L € K2, let || - ||z and || - ||~
be as defined in (21]). Note that since L is compact and contains the origin in its interior, both
| -]l and || ||+ are equivalent to the standard Euclidean norm and therefore, the space BV ()
(and BV, 10¢(€2), resp.) consisting of £!(2) functions with

TV (f; Q) = sup {/ fdivTde: T € CHQR"), |T(z)||r < 1,Vm} < 00,
Q

remains unchanged when compared to BV () (and BV,.(2), resp.). However, the anisotropic
total variation TV (f; ) is generally not the same as TV (f; ). As a matter of fact, when f = 1
for some K € K", then TV (1x;R") gives the surface area of K whereas TV (1x;R") gives the
mixed volume Vi(K, L) = fsnfl hrdSk. For f € BVi,.(£2), we may define the anisotropic total
variation measure with respect to L by

I-Df

e = hi(-0p) | Df].
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It can be shown that f € BV, (Q) if and only if || - Df||.+ is a finite measure. Moreover, we have
TVL(f; Q) = || - Df]|1+(2). Functions of bounded anisotropic total variation were studied in, for
example, [36L37] where anisotropic isoperimetric inequalities and anisotropic Sobolev inequalities
were studied for sets of finite perimeter and functions of bounded variation. It is important to
note that many of the classical results mentioned in the standard books [2,34] work in the
anisotropic setting with only very minor alterations to the proofs.

Another direction of generalization to BV (2) is to replace the Lebesgue measure in R™ by a
generic measure. Things start to get complicated in this setting. As an example, the approxima-
tion of such BV functions by smooth ones might fail. This explains why there are non-equivalent
ways of defining BV functions in a generic measure space (R", u). We mention [65] for one of
the approaches where p is a doubling measure. When p = w(x)dz is absolutely continuous
with respect to Lebesgue measure, another way of generalizing the classical total variation (not
equivalent to the one given in [65]; see Section 5.1 in [65]) was given in [6].

For our purpose, we adopt the following definition. We say a function f € L!'(wdx, ) is
of bounded anisotropic weighted variation (or f € BV () if f € BVe(Q) and w € L(]] -
Df||L+, ). In this case, we define the (L, w)-anisotropic total variation of f to be

TViul£3) = [ wi] - Dl (32
Q

To see how this is connected to the classical definition (B.I]), we mention that when w : R" —

[0, 00] is a lower semi-continuous function with w(z) > 0 for all  # o, using an approximation

argument in both f and w, one can see that

TVLo(f; ) =sup {/Qfdidex T € CHQRY), [T ()] < w(:c),v:c} .

Since this representation is not required in the current work, we do not provide a proof here.
Let E C R™ be a measurable set. When 15 € BV}, ,(R"), we say E has finite (L, w)-anisotropic
weighted perimeter and write Pery ,(0E) = TV ,(15; R™).
Let f:R" — R and t € R, write

[f >t = {z € R": f(z) > t}.

For BV functions, the following version of the classical coarea formula can be found in Figalli-
Maggi-Pratelli [36] (2.22)]: if f € BV(R") and ¢ : R” — [0, 00] is a Borel function, then

cal-Dfle- = [~ ([ cal- Dol ) .
R™ —00 R™
In particular, this implies
TV, (f;R") = / Pery ,(O[f > t])dt. (3.3)

4. LOG-CONCAVE FUNCTIONS AND THEIR (L,w) TOTAL VARIATION

Throughout this section, if not specified otherwise, we let ¢ > 0.
It is well-known that the set of convex bodies can be embedded naturally into LC(R™) via their
characteristic functions. Let f = e™?, g = ¢7¥ be in LC(R") and s,t > 0. The sup-convolution
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between f and g can be defined via the Legendre-Fenchel conjugate of their respectively associ-
ated convex functions:

s-f@t.g=e T (4.1)

When s = 1 — ¢, (@) coincides with (LI]). For the purpose of the current work, we consider
the special case s = 1, which we will write as f & ¢ -g. It is well-known that when f = 1x and
g = 1, are characteristic functions of convex bodies, then

lg®t -1 = g,

where K +tL is the usual Minkowski combination between convex bodies. Therefore, the supre-
mum convolution @ can be viewed as a natural generalization of the Minkowski addition for
convex bodies.

For each ¢ > 0, the (¢ — n)-th moment of a log-concave function f is defined as

Vi) = [ el

When f = 1k for some convex body K € K7, by polar coordinates, it is simple to see that

Vi) = [ pheu)du = T,(5),
q Jgn-1

where V,(K) is the ¢-th dual quermassintegral of K. Therefore, the quantity V, on LC(R") can

be viewed as the natural generalization of dual quermassintegrals for convex bodies.

In the seminal work [48,[62], the differentials of dual quermassintegrals were studied, which
led to a family of long-sought-for geometric measures known as (p, q)-dual curvature measures.
These measures and their characterization problems (called Minkowski-type problems) have been
intensively studied in the past few years and have already led to many interesting conjectures
regarding isoperimetric inequalities as well as the discovery of novel curvature flows.

It is natural to wonder whether the same philosophy can be applied in the space of log-
concave functions—given that all the elements (dual quermassintegrals and Minkowski addition)
have their natural counterparts in the larger space. It is the intention of the current section
to demonstrate that the answer is yes, with some minor restrictions on the log-concave func-
tions f and ¢g. To explain why these restrictions are needed, note that the variational formulas
demonstrated in [48[62] require the convex body to contain the origin as an interior point and
consequently the family of (p, ¢)-dual curvature measures are only defined for such bodies. See,
for example, equation (1.9) in [48]. Therefore, it is natural to expect certain restrictions on f
that mimic the requirement that K has the origin in the interior as in the convex body case.

In the following, we show that the variation of the moment of f is strongly connected to the
theory of functions of bounded anisotropic weighted variation in Section

We will study the existence of the following limit

t—0+ t

(4.2)

Note that it is not clear at all why the limit should exist.
For the rest of the section, we write w, for the weight function

wy(x) = [z[*",
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for ¢ > 0. It is important to emphasize that the following proofs actually work for more general
weight functions. As an example, the proofs (with very minor modifications) will work for the
Gaussian weight function w(z) = e~ 1#1*/2,

We require the following lemma from [48] (see also Theorem 6.5 in [62]).

Lemma 4.1 ( [48]). Let K € K" and g : S ' — R be a continuous function. For sufficiently
small |t|, define hy : S™™1 — (0,00) by

Then, we have

g Vo) = Vallfol) _ / g(v)dC (K, v), (4.3)

t—0 t
where the definition of 5’1,q(K, *) 1s given in Section [2]]

When g = hj, for some compact convex L C R", we will denote the right-hand-side of (£3) by
Vi4(K, L); that is

Vig(K,L) = / hi (0)dCy (K, v) = / (V)

Sn—1 Sn—1 hK(U)

Recall that a log-concave function is almost everywhere differentiable. It was shown in Rotem
[68] that if f € LC(R") and f is £', then f € BV(R") and its distributional derivative is given
by

dé’q(K, v).

ofIDf|| = Vfdx — frg dH" ok, (4.4)
where K is the support of f and is thus convex by the fact that f € LC(R™). With this in mind,

by ([B.2), it is simple to see that if K, L € K, then K is of finite anisotropic weighted perimeter.

Indeed,
PerL,wq (8K) = TVL,wq(lKa Rn)

_ /M ho (i (@) |2|* " de

= / hL(U)dal,q(K7 'U)
gn—1

= Vi (K, L) < .

The following lemma is due to Huang-LYZ [48]. We provide a short proof here for the con-
venience of the readers as the lemma as stated here is buried in the long proof of Lemma 4.1

in [48].
Lemma 4.2. Let ho,hy : S™' — (0,00) be continuous. Denote K; = [h;]. Then, for every
u € S, we have

(4.5)

[log prc (u) — log pry (u)] < max | log fu — log ho.
Proof. We fix an arbitrary u € S"7'. By [22) and [Z3)), for each i = 0, 1, we have
P, (u){u,v) < hi(v), Vv e §71 (4.6)
and there exists v; € S"~! such that
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By @) and (@.0),

log pr, (u) —log pr, (u) = log pk, (u) — log ho(vo) + log(u, vo)

4.8
< log 1 (vo) — log ho(vo) (48)

Reversing the role of K; and K, immediately gives
log prcy(u) —log p, (u) < log ho(v1) — log i (v1). (4.9)

The desired result immediately follows from (L8] and (4.9).
Lemma 4.3. Let K € K} and ro > 0 be such that
B(ry) C K.
Let L be a compact conver subset of R™ and denote
K, =K +tL.
Then, there exist C' > 0,6y > 0 which depend only on ro and maxy |x|, such that

log px, —log px
t

<C on S™ 1,

for every t € (0,6).

Proof. Since K € K and L is a compact convex set, for sufficiently small ¢ > 0 dependent only
on ro and maxy, |z|, we have that K, € K. For simplicity, we will write h; = hg,. Note that h;
is a positive continuous function on S"!' and [h;] = K.
Note that on S"~!,
log hy = log(hg + thy)

= log ho + log(1 + thy/hk) (4.10)

h
= log ho + t—= + o(t, -),
hi

where
hi(v)?
2(hg(v) = [the(v)])
It is simple to see that there exist dy, C; > 0 that only depend on ry and maxy, |z|, such that
for each 0 < t < §g, we have

o t,U S t2, Ve Sn_l.
o 5

o(t,v)

< Cl, (411)

uniformly in ¢ and v. By Lemma A2}, (I0), and (@II)), for each fixed 0 < ¢ < dg
log pr, — log px < MaXyegn- [log hy(v) — log ho(v)]
t - t

where C' > 0 only depends on 7y, and maxy, |z|. O

< C,

Corollary 4.4. Under the same assumptions as in Lemma [{.3, for each q > 0, there exists
do > 0 dependent only on ry and maxy, |x| such that
P, — Pk

; < 21Cqpl., Yt € (0,0).

Here C' is from Lemmal[{.3
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Proof. By Lemma and the mean value theorem,
q q
Pk, — Pk
t

ed108pK, _ calogpx log px, — log px

t

log pr, — log pic
edlogpr, _ pqlogpx

<C

log px, —log px
= Cqt",

where 6 is between pg, and pgx. Since B(rg) C K and L is compact, for sufficiently small dy
(dependent on ry and maxy, |x|), we have K; C 2K for each 0 < t < dy. Consequently, 6 < 2pg,
which immediately gives the desired bound. U

Denote [f > s] = {x € R": f(z) > s}.

Theorem 4.5. Let ¢ > 0, f € LC(R™) with non-zero finite L' norm and L be a compact convex
subset of R™ with o € L. Assume f achieves its maximum at o, and

lim sup % < 00, (4.12)

for some 0 < o < 1. Then,
(1) = [ Taullf 2 s Lyds < o
0
Proof. For simplicity, write
KS = [f Z 8]7

and M = f(o) = max f.
We first claim that there exist g > 0 and ¢y > 0 such that

K, > co(M — s)#1 B, (4.13)

for any s € (M — g9, M). Indeed by (4I2)), there exist A > 0 and 79 > 0 such that for every
x € B(no), we have
M — f(z) = |f(2) = f(o)] < Alz[**,
where we used the fact that M = f(o) = max f. Equivalently, this implies that for every
x € B(ny), we have
f(z) > M — Alz|*.
A direct computation now shows that if s € (0, M), then

K,> B ((MA_ S)+> N B(no).

We now choose gy > 0 so that for every s € (M — g, M), we have

B ((MA_ S)“) c Blno).

Consequently, we have
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for some ¢q > 0.

In particular, (I3]) implies, for each s < M, that the set K contains the origin in the interior.
We also require that eq is sufficiently small so that K C ¢, B for each s € (M — ¢, M) and some
¢ > 0. This is possible since f € £ N LC(R™) implies that limy,_. f(z) = 0.

Note that by layer cake representation, we have

M V(K + L) = Vy(K)

a1 = i | —
Step 1:
N Sy t M ey t0F t '

In particular, the integral on the right is finite.
Proof of step 1: For t € (0,1) and s € (M — g9, M), let

g(t;s) = Vy(Ks +tL).
By Lemma (1] for each s € (M — g, M), the function ¢g(t; s) is differentiable in ¢ and
0 / hL(U) ~
—g(t;s) = ————dC,(Ks+tL,v).
atg( ) Sgn—1 h’Ks-i-tL(,U) q( )
Therefore, by the mean value theorem

g(t;s) = g(0;s) _ / Md@(m +0L,v),
S

t n—1 hKS+9L(U>

1

where 6 € [0,¢] and is dependent on s. Since o € L, we have K, + 0L D Ky D co(M — s)T+e B.
Since L is compact, for ¢t € (0,1), we have,

fs) — . 1 %
g(t; s) t 9(0; ) < gma|a| - C_(M—s)_ﬁVq(Ks + L)

< quax\:c| . C—(M —s) Ha V(B + L)

S C(M - S)_ﬁ>

for some C' > 0. X
Note that (M — s)” T+ is integrable near M thanks to o > 0. Therefore, by the dominated

convergence theorem, we get the desired result. O
Step 2:
M=eo 7 (K, 4+ tL) — V. (K, M=oV (K, +tL) — Vy(K,
lim o(Ks +tL) — Vo(Ky) :/ i ValSs +tL) = Vo(Ks) o
t—0+ 0 t 0 t—0t t

In particular, the integral on the right is finite.
Proof to step 2: For each s € (0, M — €g), there exists Ay > 0 such that
K, D KM—EO D \oB.
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By Corollary E4] for t € (0,0q) (where &y is from Corollary [Z.4]),

V(Ko +1tL) — V,(K,) 1/ M‘w < 210
Snfl

13 q

Here the constant C'is from Corollary 4.4l In particular, C' and &, are not dependent on s.
Note now that

1 M—eg M—eo _ M
—/ / ph. duds = / Vi(Ks)ds < / Vy(Ks)ds = |z|T7" f(x)dr < oo,
qJo gn—1 ° 0 0 Rn

Therefore, we may use the dominated convergence theorem to justify the exchange of limit
and integration. U

Pl du.
Sn—1

By Step 1 and Step 2, we have

M K, +tL) — V(K
(1) = [ i DD 2T,

0 t—0+ t
M ~

— [ Vialls = 5l Lyas
0

— [ Vialls = sl nyds
0

Note that it is included in Steps 1 and 2 that the right-hand side is finite. O

We first show the validity of Theorem in the special case that ¢ is a constant multiple of
a characteristic function.

Theorem 4.6. Let ¢ > 0, f € LC(R™) with non-zero finite L' norm and L be a compact convex
subset of R™ with o € L. Assume f achieves its maximum at o and

lim sup —|f(7l|;+j;(0)| < 00,

for some 0 < a < 1.
Let g =cly = e ¥ for some ¢ > 0. Then,

5,(f0) = | v ()dCe(fry) + / ho(0)dC:(f: ).

Rn Sn—1

Proof. We first restrict ourselves to the case where L € 7.
We may assume without loss of generality that ¢ = 1. In this case, by (2.4), ©* = hy.
According to Theorem E.T, (£3]), and ([B.3), we have

w0 8,0 10) = [ Viallr = 5l Ly ds
0

_ / " Perp., (1 = s))ds
0
- TVL,OJq(f; ]Rn)
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By [B2) and (£4)), we have
5u7:10) = TV (58 = [ 0u(90) el e+ [ bl el "abe 0

0K
:/nhL(y)déﬁ(f;y)Jr/Snl hi(0)dC;(f5v).
(4.14)

Here, the last equality follows straightly from the definition of 5’5 and 5’5 See Definitions [I.1]
and

To see that the result still holds when L is a compact convex set with o € L, consider the body
L' = L+ B € K. Then, by using (EI4)) twice, we have

(1) = [ haCytsin)+ [ hwe)aCyriv)

Sn—1

:/ hi(y)dCe(f;y) +/ he(0)dC3(f;0)
n Sn—1

+/ y)dCE(f3y) +/Sn1 v)dCy(f;v)
:/nhL )dCe( f1y) +/sn 1hL(v dC3(f;v) + 0,(f, 1n).

(4.15)

On the other hand, note that Vl,q(K , L) is linear in L with respect to the Minkowski addition.
Therefore, by Theorem .3 we have

5Q(.fa ]-L’) :5q(f>1L)+5q(fa ]-B) (416)
The desired result now follows from combining ([EIH) and (EI6]). O
We need the following lemma from [67].
Lemma 4.7. Let f = e %, g = e € LC(R") be such that f has nonzero finite L' norm and g
1s compactly supported. Then for almost all x € R"™, we have
. (feit-g9)(x)— f(z .
tim L ECN@ =T (740 5w,
t—0t t
We are now ready to prove the promised variational formula; that is, compute the limit in
E2).

Theorem 4.8. Let ¢ > 0 and f = e~ ¢ € LC(R") with non-zero finite L' norm. Assume f
achieves its maximum at o and

/@) = 1(0)] L

lim sup P < 00,

Tr—o0

for some 0 < a < 1. Let g = e~ € LC(R"™) be compactly supported and g(o) > 0. Then,
0.9 = [ WG+ [ i 0dCf:0) (115)
- .

Proof. Let f, = f& (t g). Since g is compactly supported, there exists A > 0 such that g < Alg,
and therefore f, < f, = f & (¢ - Alg,).
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By Lemma 7]
o h=h . h—f . h—f o
t1—1>I0n+ t N tl—1>r(?+ t t1—1>I0n+ t N th (V¢)f tindf—y (ng)f
By Fatou’s lemma, we have
imint [ I g > [ (V)7 + s - 67 (V) 1 ol
t— Rn Rn

_ / (e, () = 0 ()G (fi) + T A - Ty(f)

Since g(o) > 0, we have o € K. By Theorem .G, we have
lim /g|z|q_"d:ﬂ

t—0t

:/n th(y)déﬁ(f;y)+lnA-X7q(f)+/ hic, (0)dCS(f;0).

Sn—1
Combining the above two formulas, we have

imsup [ H T paprrde < [ wr@iaCtrin - [ i G0

t—0+ Rn Sn—1

For the other direction of the inequality, define for each positive integer j, the set

1
Qj:{zeR":g(x)zj}.
Since g is compactly supported, we conclude that @); 1 K. Since g(o) > 0, for sufficiently large
J, we have o € @);. We focus on such j.

Let
1

gj:.;le, and ‘f],t:f@tg]

Note that f;; < f;. Arguing the same way as before, we have

lim inf / f bt pypongy > / (0" (y) — ha, (1)) dC5(f ) + 0 - Vi),

t—0+
and _
lim /Mmq—ndx
t—0+ t
= [ b,y =i - Th)+ [ ha,(0aC(si0)
R" n—1

Adding the above two formulas, we have
liminf/u|x|q_"dz > V¥ (y) dé’;(f;y)+/ hQ.(v)dés(f;v).
t—0+ t R Sn—1 / a
Letting 7 — 0o, by the monotone convergence theorem, we have
lim inf / " T garar > [ () dCe(fig) + / hic, (0)ACE (3 0).
t—07+ t Rn gn—1

This completes the proof. O
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We remark here that the hypothesis (Z12)) in Theorem [£.5] (and consequently (@I7) in Theorem
1) is not the best hypothesis. In particular, we show that if the level sets of f near the origin
are uniformly in “good shape”, then Theorem still holds when L € K7'.

For K € K7, define

rg =max{r >0:rB C K}
and
Rx =min{r > 0: K C rB}.
Proposition 4.9. Let f € LC(R") with non-zero finite L' norm and L € K. Assume [ achieves

its mazimum at o. If there exist eg > 0 and C' > 0 such that for almost all f(o) —eo < s < f(0),
we have

Rip>s
1< 2= oo (4.19)
Tif>s]

then
o(f,1L) = / Vig([f > s],L)ds < cc.
0

Proof. Denote f(o) by M and Ky = [f > s]. Like in the proof of Theorem (1] it is sufficient to
show

lim N Vq(KS i) - %(Ks)ds = /M lim VoK, +2L) = Vq(KS)dS (4.20)
t—0+ M—egg t M—egg t—0t t ’ '
and
lim v %(KS +tL) - %(Ks)ds = /M_€0 lim %(KS +tL) - %(Ks)ds (4.21)
t—0+ J t 0 t—0+ t ' .

Note that the latter follows in the same way as before. Hence, we only need to justify (Z20]).
By ([@I9), it is simple to see that for almost all s € (M — g9, M) and t € (0,1), we have

Ry

+tL

ERELLA RS Cl
T'Ks+tL

for some C; > 0 independent of s and t. Consequently, there exist ¢o > 0 independent of s and

t such that
x

Coy < VKS_HL(I’) . < 1, (422)

|z]

for almost all z € (K +tL).
Let g(t; s) be as defined in the proof of Theorem 5l By the same argument, we have

g(t;s) —g(0; ) L/“ ho(v) =~
= Y 4C (K, +0L,v),
t Sgn—1 th+9L(U) q( U)

where 0 € [0,t] and is dependent on s. By the fact that L € K and ([@22]), there exists C3 > 0
independent of ¢ and s such that

t;s) — g(0; _
g(t: s) tg( ) < ¢ / A (w)du. (4.23)
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When ¢ > 1, by ([£23) and the fact that K, +60L C K+ L C Ky—, + L whenever t € (0,1)
and s € (M — g9, M), we have

q(t; 8);9(0; s) ch/ ! (w)du < Cs.

gn1 M—eo+L

for some Cy > 0. Equation (£20) then follows from the bounded convergence theorem.
Let us now concentrate on the case ¢ € (0,1). By the fact that f is positive in a neighborhood
of the origin, there exists c5 > 0 such that

flx) = M2,

for all |x| < ¢5. By log-concavity of f, we have

fy) =1 ((1 - %) O+% (%Cs))
vl

lyl M\ e
> M [ =
> ()

_ vl

— M -2,
for every 0 < |y| < ¢5. Consequently, there exist dp > 0 and Cg > 0 such that for all s €
(M — 6o, M), we have

K¢ D Cy(log M —log s)B.

Therefore, (£23) and the fact that 0 < ¢ < 1 in combination with K, C K, + 0L, show that for
each s € (M — 69, M),

t: o .
g( 78) . 9(078) S C3/ p(}{—sl(u)du S C7(10gM o IOgS)q_l,
Sn—1

for some C7 > 0. Note that

M
/ (log M —log 5)? *ds < oc.
M—dg

Hence, by the dominated convergence theorem, we conclude the validity of (4.20) with &, replaced
by do. Note that (Z2I]) holds with gy replaced by dy as well—via the exact same argument.
Therefore, we derive the desired result. U

Remark 4.10. We remark here that since in the proof of Theorem [{.8 we required [EIT) only
for the ability to apply Theorem [{.6, by Proposition [{.9, we conclude that with the additional
assumption that the origin is an interior point of the support of g, Theorem[].8 continues to hold

with (AI7) replaced by [@I9). In particular, hypothesis (AI9) allows for log-concave functions
such as

f(z) = e Ml

where K € K. It is of great interest to see whether assumptions like [EIT) and EI) can be
dropped altogether.

A few additional remarks are in order:
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(1) Theorem .8 justifies why we referred to Cg(f;-) and C;(f;) as the Euclidean and spher-
ical dual curvature measures for log-concave functions. In particular, when f and g are
characteristic functions of convex bodies containing the origin in their respective interiors,
(BI]) recovers its convex geometric counterpart (L2]).

(2) Since ¢ is convex and therefore almost everywhere differentiable in the support of f,

the measure 5’5( f:+) is well-defined. Notice that its total measure is equal to V,(f).

Therefore, by Proposition 211 as long as f is in £!, the measure 5;( f;) is always finite.
(3) Since f is log-concave, its support Ky is necessarily convex and therefore it makes sense
to write vk ,. However, even with the assumption that f € L', it might not be the case

that the measure 55( f;-) is finite. To see this, simply take the example where Ky has
a facet that contains the origin in the relative interior. In that case, the density |z|?"
will have a non-integrable singularity at the origin in that subspace when ¢ < 1. This
counterexample suggests that we must impose some condition on f such that f “contains
the origin in the interior”. With the additional assumption that Ky contains the origin
in its interior, one may show that 5’5( f;-) is always a finite measure.

(4) When f = 1k is the characteristic function of a convex body K € K”, the Euclidean dual

curvature measure C¢(f;-) reduces to a point mass concentrated at the origin and
Co(fi) = Crg(K, ).

(5) Let us emphasize again that although the weight function w, = |z|?" is the only type
of weight functions treated in this section, many results presented here can be shown
for other weight functions (with only small changes). In particular, the Gaussian weight
function is one of the many weight functions that can be used here to replace w,. We

mention that in the setting of convex bodies, a variational formula for the Gaussian
volume and its corresponding Gaussian Minkowski problem was previously studied by

the authors in [49].

5. THE MINKOWSKI PROBLEM FOR Cg

The purpose of this section is to study the following Minkowski problem for the Euclidean

dual curvature measure of log-concave functions.

We will restrict our attention to the even case—the prescribed measure p in (7)) is even and

we are restricting our solution set to all even functions f € LC(R").

5.1. The variational structure. In this subsection, we convert the solvability of (L) into the
existence of a minimizer to a minimization problem.

We recall the following result in [68, Proposition 2.1].

Proposition 5.1 ( [68]). Let ¢,( : R* — (—o00,00] be lower semi-continuous functions. As-
sume ¢ is bounded from below and ((0),$(0) < oco. Then at every point xog € R™ where ¢* is
differentiable, we have

0 x _ *
51|, (¢ + 1) (x0) = —C (V™ (w0)).

Note that in [68, Proposition 2.1], the derivative is stated as a one-sided derivative. However,

for ¢ € C.(R™), one can consider —( and immediately get that the derivative is double-sided.

We will require the following variational formula.
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Lemma 5.2. Let f € LC(R"™) be an even function and q > 0. Suppose [ has non-zero finite
(¢ — n)-th moment and takes the form f = e=? for some ¢ € CVX(R"). For ¢ € C.(R"™), define
¢i(x) = (¢" +1¢)" (@),

and
filz) = e,
Then, we have

a
dt

Vi) = | ((Vo@lal" @) de = | C@)aCi(fiy).

t=0 Rn

Proof. We note that the second equality follows directly from the definition of 5’5( f;+) and
therefore only the first equality needs a proof.
By the fact the f is even, Proposition (., and the remark immediately below it, we have

Opu(z)|  _ —((Vo(2)),

t=0

ot

almost everywhere in R”.
For simplicity, write

hi(z) = 2" fil).
Since ¢ € C.(R™), there exists M > 0 such that || < M. Therefore, we have
¢" = [t|M < ¢" +1¢ < ¢" + [t|M.

Since Legendre transform reverses the order, we have

¢ — [t|]M = (¢" + [t|]M)" < (¢" + ()" < (¢" — [t|{M)" = ¢ + [t| M.
Using the above estimates, we have the existence of C' > 0, such that
hi(z) — h(z) e ?t(@) _ e=9(@)

t t

etIM 1 e~lIM _q
max :
t t

< 20‘x|q—ne—¢(x)’

= laf

< |x|q—n6—¢(x)

for sufficiently small |¢|. Therefore, by the dominated convergence theorem, we have

d ~ 0
=[G n

= [ cTotaal (@)

O

Let A > 0 be an arbitrary number and p be a nonzero even finite Borel measure on R"™.
Consider the following optimization problem

inf{ Gdp: V(e ) > A,p > 0,6 € L), ¢ is an even function} . (5.1)
Rn
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The following lemma shows that the Euler-Lagrange equation of the above constrained opti-
mization problem implies the existence of a solution to ([L7]).

Lemma 5.3. Let ¢ > 0 and p be a non-zero even finite Borel measure on R™ that is not
concentrated in any proper subspace. If an even function ¢y € CVX(R") is such that ¢o € L' (),
(]30(0) > O,

V,(e=%) = A, for some A >0,

and
Podp = inf{ odp Vq(e_d’*) >A,¢>0,¢0¢€ L), d is an even function} ,
Rn Rn

then N

= Cg(f()a ')9
where W

1% e
= — e 0
e

Moreover, fo € L.
Proof. Let ¢ € C.(R"™) be an even function. Set
¢i(x) = do(z) + 1¢(2)

and N

A(t) = V(™).
The fact that A(¢) is finite for small || comes from Proposition 22 the fact that ¢ € L£'(u),
and that u is a finite measure not concentrated in any proper subspaces. Set

$i(x) = du(x) — In A(t) + In A.

It is simple to notice that

Vil ) = Tyl 57 = 4

Since ¢ € C.(R"), there exists M > 0 such that || < M. This implies that
A(t) < Vy(em%)eldM — AeltM,

Thus, the choice of (Zt implies that when |¢| is sufficiently small, we have
1 > do(0) — 2/t M > 0.

Such &S} satisfies the constraints of the optimization problem. Since ¢, is the minimizer and
0o = ¢g, by Lemma [5.2]

d ~
0= a|_, S O
— [ ¢@ydute) - o)
Rn A

= | C@dn@) = | (@)l (fos)
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where fy = e~ %t Iu=(4) " Since ¢ is arbitrary in C.(R™), this implies that
= CS (fos-)-

To see that f, € L£!, note that since p is not concentrated in any proper subspaces and

b0 € L), we conclude that ¢y is finite in a neighborhood of the origin. The fact that f, € £!
now follows from the Proposition with ¢ = n. O

Note that although the requirement ¢ > 0 in the constraints of the optimization problem is
a closed condition, to make the Euler Lagrange equation equal to 0, we have to establish that
the minimizer actually satisfies a stronger condition (¢o > 0). This will be done in the next
subsection.

5.2. Existence of a minimizer. This section is dedicated to showing the existence of a mini-
mizer to (B.]) under the assumption that g is an even measure.

It turns out that the C° estimates here are closely related to the estimates of the dual quer-
massintegrals of level sets of convex functions. This is perhaps not surprising, given that in
the case of characteristic functions, the (¢ — n)-th moment of a log-concave function reduces to
the ¢-th dual quermassintegral of a convex body. The following lemma reveals the simple fact
that if the images of the orthogonal projections of a set of convex bodies onto a k-dimensional
subspace, where k = 1,...,n— 1, are uniformly bounded, then their ¢-th dual quermassintegrals
are uniformly bounded when ¢ < k.

Lemma 5.4. Letk=1,...,n—1, and 0 < g < k. For each R > 0, there exists C' > 0, such
that for all K € K satisfying

P.K C B(R)N¢,  for some k-dim subspace & C R", (5.2)
we have B
V,i(K) < C.
Here, we use P¢K to denote the image of the orthogonal projection of K onto §.
Proof. By (5.2)), we have

K € B(VZR) U [PK x (€"\ B(R))] C B(V2R) U[(B(R) N &) x (¢-\ B(R))]

V.(K) < / / )T dHE ()M (=) + / |1
E\B(R) B(/2R)
/ 2T (2) / () + S (V2Ry
EL\B(R) q

B(R)

::035/ PR dp 4+ = (er)
R

Hence,

zci;m+gwﬁﬂ
k—q q

For K € K7, we write

<l
s}
—~

=
S~—

Il
VRS
Q|
T

|
>
N»Q
—~
IS
S~—

Q

IS
~__

Q=
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for the normalized version of dual quermassintegrals.
A quick application of Lemma .4 gives the following Blaschke-Santalé type estimates for
normalized dual quermassintegrals. This is a special case of Theorem 3.1 in [21].

Lemma 5.5. Let K be an origin-symmetric convex body in R™. If ¢ € (0,1) and p > 0, then
there exists C' > 0 independent of K such that

VK"V, (K) < C. (5.3)
Proof. Let vy € S*! be such that

hK*(UO) = véljls’}lnl h’K*( )

Note that the functional V,(K*)V,(K) is invariant under rescaling of K. Therefore, by rescaling,
we may assume hg«(vg) = 1. hlS by the choice of vy, implies

B C K7,
and consequently,
K C B. (5.4)
Moreover,
PSK* C BNg,

where & = span{vg}. Equation (53] follows from Lemma 54l and (&.4).

By integrating (in a certain way) over level sets of a log-concave function, Lemma [5.5 readily
implies the following Blaschke-Santal6 type inequality for log-concave functions.

Lemma 5.6. Let ¢ € CVX(R") be an even function with ¢(o) = 0. Assume ¢ is finite in a
neighborhood of the origin and lim,|—, ¢(z) = co. Suppose ¢ > 0 and 0 < p < 1. There exists
C > 0, independent of ¢, such that

</n \xlq‘”e—w(z)dx) (/OOO e V,([p < t])th) < C

Proof. Recall that, for convenience, when no confusion arises, a constant C' > 0 might change
from line to line (or even within the same line).
By Proposition 2.2] since ¢ is finite in a neighborhood of the origin, we have

/ 2|7 e @ < 0.

By the definition of the Legendre-Fenchel transform, we have

¢*(x) = sup{(z,y) — d(y)} = —d(0) =

Furthermore, we have for any s, > 0,
[¢" < s] C (s+1)[p <1]".

The proof of this fact can be found, for example, in the proof of Theorem 2.1 in [3]. Note
that since ¢ is finite in a neighborhood of the origin and ¢(0o) = 0, we conclude that for each
t > 0, the sublevel set [¢ < t] contains the origin in the interior. On the other hand, since
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limy,| 00 () = 00, the level set [¢ < t] is bounded. Lemma now implies the existence of
C' > 0 such that

Vi([¢" <s]) < (s + V([0 < 1) S Cls +)V([o < 1)
By definition of V,, we have

/[¢*< } |z|9™"dx < C(s + t)qvp([¢ <)) (5.5)
Set
F(s) = e f[¢*gs] 2| "dz, if s >0
0, otherwise,
and
oy = 4 Vallo <), =0
- 0, otherwise,
and

Hz) = {\/Ue—x(zx)%, if 2 >0,

0, otherwise.
Then, (5.3]) implies that for any s, > 0,

H Gs + %t) —VCe ' (s+1) > F ()2 G (1)

It is simple to check that the above inequality is also true when s or t is negative, in which case
the right-hand side of the inequality is 0.
Therefore, by the Prékopa-Leindler inequality, we have

([ [ i) ([T <ara) <o ([Towtar) <c. oo

The fact that ¢* > 0 and layer-cake representation now imply

/ |x|q_"e_¢*(x)dx:/ / |1’|q_"d1’dt:/ e_s/ |x| T " dxds.
R 0 Jlemom>y 0 [6*<s)

This, when combined with (B.0]), gives the desired estimate. O
The above lemma immediately implies the following comparison.

Lemma 5.7. Let ¢ € CVX(R") be an even function with ¢(0o) = 0 and p be a nonzero even
finite Borel measure not concentrated in any proper subspace. Suppose ¢ > 0 and ¢ € L*(u).
There exist Cy > 0 and Cy < 0, independent of ¢ such that

odp > OV (e797) + Cy. (5.7)

Rn
Proof. It
V(e™) =0,
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or equivalently ¢* is almost everywhere +o0o, there is nothing to prove. Therefore, we may assume
that ¢* is finite in a neighborhood of the origin, and by Proposition 2.2 we have that

/ e @ dr < 0o,
or equivalently, ¢ — oo as |z| — oc.
We first note that since p is not concentrated in any proper subspaces, there exists ¢; > 0 such
that

[ N aldnt) > e,

for every u € S™ 1.
Set

K ={zeR": ¢(z) < 1}.

Since ¢ € L'(u) is even and p is not concentrated in any proper subspace, we have that ¢ is finite
in a neighborhood of o. Therefore, by the fact that ¢(o) = 0, we have that K is a symmetric
closed convex set that contains the origin in its interior.

Let rx be such that

rxg =sup{r >0:rB C K}.

The facts that ¢ — oo when |z| — oo imply that K # R™. Therefore 0 < rx < oco. Note
that since K is closed, there exists ug € S"~! such that rguy € K. This in turn implies that
hK(U()) =TK.

We fix now an arbitrary x € R" with |[(x,ug)| > 2rx. We consider 2’ = |<§Z§>‘x. Note that
by choice of x, we have |(z’,ug)| > rx. This implies that 2’ ¢ K and therefore ¢(z') > 1. By
convexity of ¢, we now have

1< ¢(z) = o ((1 - ﬁ) o+ ﬁx) < %qﬁ(m).

Hence, for every x € R", we have

1
o) +1 2 5 —[(z, o).

Integrating with respect to u, we have
pdp > ! K MNdp(z) — [p] = = |1l (5.8)
— T,U - — — |l .
R™ H 2TK R™ 0 H a 2TK H

We now estimate the right-hand side of (5.7]). By Lemma[5.6] there exist 0 < p < 1 and ¢3 > 0
such that

o -1

V(e ) < ¢y (/ e 'V,([p < t])th) . (5.9)
0

Note that by the convexity of ¢ and since ¢(0) = 0, we have

[0 <t] DK,
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for t < 1. Therefore, we have

e ) 1
/ e "V, ([p < t])dt > / e "V, (tK)dt
0 0

1
V,(K)1 / e "tdt
0

(5.10)
1
>V, (rgB)* / e ttidt
0
= 037”([](7
for some c3 > 0.
Combining (5.9)) and (5.I0)), for some ¢4 > 0, we have
1
Vi) <
'K
By (5.8), we have the existence of ¢; > 0 such that
1 1
/¢d“ > csVy' (e7) — || = V" (e77) + O,
for some C; > 0 and Cy < 0. O

In [33] Lemma 17|, Cordero-Erausquin and Klartag demonstrated that, if ¢, is a sequence of
nonnegative convex functions with uniform £'(x) bound and ¢y,(0) = 0, then one may construct
a subsequence ¢y; and a nonnegative convex function ¢ such that the L' (1) norm of ¢ is bounded

from above by the lower limit of the £(z) norm of the subsequence while V,(e™®") is bounded

from below by the upper limit of Vn(e_%j ). As observed by Rotem [68], the assumption ¢x(0) = 0
is only used to know that ¢x(Ax) is increasing in A on (0, 1) and this is trivially true when ¢, is
even. Upon further inspection of the proof, it is not hard to see that such a “selection theorem”
holds for any ¢ > 0. We state the following generalized version without providing a proof.

Lemma 5.8 ( [33]). Let ¢ > 0 and p be a non-zero even finite Borel measure on R™. Assume
is not concentrated in any proper subspace. If ¢ € CVX(R™) is non-negative, even and

sup | ¢rdp < 00,
k Rn

then, there exists a subsequence ¢, and a non-negative, even, convex function ¢ € LY(p) such
that

pdp < liminf/ Gr,dp, and Vq(e_d’*) > lim sup ‘7(1(6_(;521'). (5.11)
J—00 R

Rn j—)oo

We are now ready to show the existence of a minimizer to (B.1I).

Lemma 5.9. Let ¢ > 0 and p be a non-zero even finite Borel measure on R™. Suppose p is not
concentrated in any proper subspace and [y, |x|dp(x) < oo. For sufficiently large A > 0, there
exists an even function ¢y € CVX(R™) such that ¢g € L (1), do(0) > 0,

V,(e7%) = A,
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and
(ﬁod,u = inf {
Rn

Proof. Let ¢, > 0 be such that

ody ‘7[1(6_‘1’*) > A ¢>0,¢0€ L), d is an even function} . (5.12)

RTL

/ |z|T"dx = 1.
Blen)

C=c, |x|dp > 0.
Rn
By the condition on p, it is simple to see that C'is finite.
We choose a fixed A > 0 such that

lu|In A+ C < CL A7 + Oy, (5.13)

where C7, Cy are from Lemma [5.7] and depend only on p and ¢. It is simple to see that such an
A exists and in fact, all sufficiently large A > 0 satisfies (B13]).
Let ¢ be a minimizing sequence; that is, we have ¢y > 0, ¢ € L1(11), ¢y is even,

Vy(e7%) > A,

Set

and

lim ¢rdp = inf {

k—oo Rn

Notice that

ody 17(1(6_"5*) > A, ¢>0,0€ L), is an even function} .

R

k> @k,
and since ¢ > 0, we have ¢;* > 0. Moreover, note that (¢;*)* = ¢;. Therefore, we may without
loss of generality, assume that ¢, € CVX(R").
We claim now that

sup [ ¢rdp < 0. (5.14)
k R
To see this, set
I'(z) =InA+ ¢,z
It is simple to compute that
["(x) = 15, (z) —In A,

where
- 0, ifxe B(e),
Blen) (7) = {oo, otherwise.
Moreover,
Vo(e™) = A,

according to the choice of ¢,. Note that I'(x) is positive and even. Moreover,

/ F(z)dp = |p|In A+ C,

Since ¢y, is a minimizing sequence, we conclude (5.14)).
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By Lemma B.8, there exists a subsequence ¢, and a non-negative even convex function ¢
such that (5I1) holds. In particular, this suggests that ¢q is a minimizer to (12]). By possibly
replacing ¢g by ¢§*, we may assume that ¢y € CVX(R").

It remains to show that ¢¢(0) > 0 and

V,(e7%) = A. (5.15)

To see the former, we argue by contradiction. Assume ¢y(0) = 0. Therefore, we may conclude
by using Lemma [5.7] that

lu|lInA+C > Godp > C1Vy?

Rn
This is a contradiction to (B.13).
To show (B.I5), if it was not the case, we set

Po = do — <.
Note that for sufficiently small £ > 0, we have qz?o > (0 thanks to ¢g(0) > 0. Moreover,
Va(e ) = eV (™) > 4,

for sufficiently small € > 0. However, it is trivial to see

Godp < [ ody,

R” R”
which contradicts the minimality of ¢. 0

Lemmas and 5.9 now immediately solve the Minkowski problem ([L.7).

(e7%) + Cy > C1 AT + Cs.

Theorem 5.10. Let ¢ > 0 and p be a non-zero even finite Borel measure on R™. Suppose i is not
concentrated in any proper subspace and [g, |z|du(x) < co. There exists an even f, € LC(R™)
with nonzero finite LY norm such that

= C(fo:").

To complete this section, we show that the assumption that

/n 2ldu(z) < %

is necessary in Theorem [5.10 We require the following basic lemma about log-concave functions.

Lemma 5.11. Suppose f: R — [0,00) is a log-concave function. If
Jim f(t) =0, (5.16)
then, for each tg > 0, we have
[ 1r i <asu s
[t|>to [t[>to

Proof. Since f is log-concave, it is locally Lipschitz in the interior of the interval in which it
is positive. Moreover, it is unimodal. Therefore, by (5I6) and the fundamental theorem of
calculus, we have

Z;Lﬂmﬁ§2wpﬂm

t>to
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and
[ i <2 s g0
t<—to t<—to
Combining the above two inequality gives us the desired result. O

Theorem 5.12. Let ¢ > 0 and f € LC(R™) be with nonzero finite L' norm. If Ky, the support
of f, contains the origin as an interior point, then

|2[dCE(f;2) = | |V f(2)]- || "dz < 0. (5.17)
R R”
In particular, (517) is valid for even f € LC(R™) with nonzero finite L* norm.

Proof. We first consider the case where ¢ € (0,n].

Since Ky contains the origin as an interior point, the function f is Lipschitz in B(r) for some
ro > 0. Denote the Lipschitz constant of f inside B(rg) by A > 0. This implies that inside B(ry),
we have |V f| < A almost everywhere. Therefore,

/ IV f(z)|-|z|""dx < A/ |z|9™"dx < o0.
B(ro)

B(ro)
Therefore, to show (5I7), we only need to show

/ IVf(x)|- x| "dr < 0.
B(ro)e

In particular, since

|Vf<x>|=\/(§j<>) ot (L) Z

without loss of generality, it is sufficient to show

Ll
B(ro)©

8@

x| < oo,

3. @)

We write x = (y,t) € R"! x R. Note that since f € £!, then f — 0 as |z| — oo. Therefore,
since 0 < ¢ < n, by Lemma [5.11]

/B(m W)

S(/ / / )‘ (y.t ‘Iy, |97 " dtdy
B(ro/2)enR™—1 B(ro/2)NRn—1 RVER

2
0 xf
tf sup F(y.1) - [yl dy + /
B(ro/2)°enRn—1 tER 2 B(m/2 )NRe=1 S [t]> 37,

x| dx

or
ot

IA

(y,t) ‘ dtdy

n V3
§4/ sup f(y,t) - ly|* "dy + 4 (7 / sup f(y,t)dy
B(ro/2)cnRn—1 teR B(ro/2)NRn—1 teR
<4 / sup £(y,1) - ly|""dy + C,
B(ro/2)cnR7—1 teR

(5.18)
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for some positive constant C' depending on ry and sup f. Since f € L', if we write f = =%, we

have
lim inf M > 0.

In particular, this implies the existence of ¢y > 0 and M > 0 such that for all |(y,t)| > M, we
have
(b(yv t) > CO|(y7 t)‘ (519)
The desired result follows from combining (5I8) and (5.19).
Let us now consider the case ¢ > n.
We first note that

/ V5 (@) - fe"de < M2 / Vi@)lde < M2 [ 1V f(@)]dr < oo,
B(M?) B(M?) Rn

where the last inequality follows from the previously established case ¢ = n. Therefore, we only
need to show

/ IV f(x)]-|z|T"dx < oo. (5.20)
B(MQ)C
Note that,
af
x)| - |z|T"dx
Lo 5@l
=2 / o] (@)| - |2|" "dx
W ata B+ )\B() | 0Tn
S (5.21)
<> v | OF ()| s
Pay® BU+1\B(k) | 0Tn
o0 . a
S Z(l{?—i-l)fI—n </ / —|—/ / ) '—f(y,t)‘dtdy
k=M? B+N\BGr-DIR 1 oo JB—1)rRA-1 Sy vE/ | O
For the first term, by (.19), we have
Z (k+ 1)Q—n/ / )g(y’ t)' dtdy
k=M? [B(k+1)\B(k—1)]NR*—1 J —co ot
<4 (bt 1)q_n/ sup f(y, t)dy
k=M? [B(k+1)\B(k—1)]NRn—1 t€R 50
<43 (k41 / ool g
k=M? [B(k+1)\B(k—1)]NR"~1

§4C Z (]{; + 1)Q—ne—co(k—1)(k + 1)n—1 < 00.
k=M?
For the second term, by using Lemma [E.T1] again, we have

/|tz¢E %

a—(y,t)‘dt <4 sup f(y,1),
t1>VE
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and consequently, by (E.19),

[e.9]

> (k+ 1)‘1‘"/ / of (y,t)’dtdy
k= M2 B(k—1)nR2=1 J|t|>VE ot

<4y (bt 1)q_"/ sup f(y,t)dy
ko= M2 B(k—1)nR7—1 WZ\/E

s (5.23)
<4 (k+1)rm / e~VEdy

Payy® B(k—1)NRn—1

=4C Y (k+ 1) (k= 1)" e oVF < .

k=M?

Equation (520) now follows from (5.21)), (522)), and (E23)). O

1]
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