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ON A CLASS OF ROBUST NONCONVEX QUADRATIC
OPTIMIZATION PROBLEMS

F. FLORES-BAZAN', Y. GARCIA?, AND A. PEREZ?

ABSTRACT. Let us consider the following robust nonconvex quadratic
optimization problem:

min leAx +a'z
1
st a< §mT(B1 + uBa)x 4 (by + 6b2) ' < B, ¥ p € [, o),V 8 € [01, 82,

where A, B, By are real symmetric matrices, 1, p2, 01,02, a, 8 € R sat-
isfying p1 < pa2, 61 < 02 and a < B. We establish the robust alternative
result; the robust S-lemma and the robust optimality for the above non-
convex problem. Nonconvex quadratic programming under uncertainty
and Robust optimization and S-lemma and Global optimality Primary:
90C20 and 90C30 and 90C26 and 90C46

1. INTRODUCTION AND BASIC NOTATION

Robust optimization arises as a deterministic approach when addressing
an optimization problem under uncertainty data. This paper revisites the
following robust optimization problem:

1 1
(1.1) min{ixTAw +a'z: a< ixTBx +b'e<B, v (B,b) € Bb},

where B, = {Bl 4+ uBs : p € [,ul,,ug]} X {bl +6by 1 6 € [51,52]}, with all
the matrices being real symmetric, a,b € R™ and «, (5, 01, 62, pt1, f1o are given
real numbers. Optimization problems that can be modeled by quadratic

functions appear, for instance, in [2, [8] 9] 10, 12].
Problem (LLI)) includes that examined in [7]:

1 1
(1.2) min {5951495 +ale: so Br+bTe <8,V (Bb) € Bb}.

Theorem 5.1 in [7] provides a characterization of robust optimality for prob-
lem (L2]) under the convexity of the set

{(xTHow,wTHlx,xTng) RS R"H},

where

o A a I Bi+ p1By by + 01b2 7, — B+ paBsy by + d2bo
0= aT 29) LT N\ +01b0)T =28 ) 2T (b 4 02b0)T —28

with v = —f(Z). Here, T is a feasible point of the robust optimization
problem (I.2]), which is either to be supposed becoming an optimal solution,
or to be optimal for deriving optimality conditions.

Certainly the presence of the matrices Hg, H1, Ho is because the authors in

[7] homogenize problem (I2]) in order to apply the Dines convexity theorem
1
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([3]) valid for quadratic forms. Finally, we realize there is a gap in the proof
of Theorem 5.1 in [7], but we were unable to find a counterexample to such
a result under their assumptions. This is discussed in detail after Theorem
in Section @ Notice that the approach employed in [7] was also applied in

.

We have to point out that problem () (and so problem (LZ)) was
studied without homogenizing the problem thanks to the convexity result
established in [4, Theorem 4.19] valid for inhomogeneous quadratic func-
tions. This allows us to impose the convexity of a set being the image of R"
via the inhomogeneous quadratic functions.

Associated to problem ([ILI), purposes of the present paper are to establish
an alternative robust result (Theorem [B]), a robust S-lemma (Theorem [
and a characterization of robust optimality (Theorem [H), for problem (LIJ).
Finally, we provide a counterexample (Example[T]) to the argument employed
in the proof of Theorem 5.1 in [7] related to problem (L.2)).

Thus, the structure of the present paper is as follows. Section [2lestablishes
the convexity of images for quadratic mappings by applying the Ramana-
Goldman criterion [II] (see also [5, Theorem 2.1 |). The main results are
presented in Section Bl and Section M revisites problem (L2]) discussed in [7].

2. A PRELIMINARY RESULT: CONVEXITY OF IMAGES

By 8™ we denote the set of symmetric matrices of order n € N with real
entries; S denotes the subset of S whose elements are positive semidefinite
matrices, and we write A = 0 if A € §%; and S7, stands for the matrices
in 8" that are positive definite, and in this case we write A = 0 if A € S .

It is our purpose to prove the convexity of images for quadratic mappings
under the Ramana-Goldman criterion [I1] (see also [5, Theorem 2.1 ]). To
that end, we are given A; € 8", b; € R", ¢; € R for i = 0,1,...,m, we set

b;r 262‘
Furthermore, let us consider the function

G(z,t) = (go(z,t),91(x,t), ..., gm(z, 1)), (2,t) € R" X R,

.

where g; is defined by g;(z,t) = (f) M; (?)

Lemma 1. Let A; € 8™, ¢; € R, b; e R", i =0,1,...,m be as above. Set
F(.%') - (fo(x)a fl(x)7 s 7fm(x))7 F(x) - (70('%')771('%')7 s 77771('%'))

If F(R™) and F(R™) are convex then G(R"*1) is convex.

Proof. Set A := F(R") and A := F(R") and Q := G(R""!).
As A is convex, by the convexity criterion due to Ramana-Goldman (see
also [5, Theorem 2.1]), A + A = A. We easily get that for (z,t) € R*+L,

.
(?) M; <f> =z Az + 2tbiTx +2¢it?, i =0,1,...,m.

M; = <Ai bi ) Jfilz) = 2T A+ 2]z, fi(x) =2 Az, x € R™

By setting 7 = 2(co, c1, ..., ¢y ), we obtain
(2.3) A+yCQ.
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Let z1 = G(z1,t1), 22 = G(x2,t2) be any elements in  and let A € ]0,1].
We distinguish three cases.
(i): t1 # 0 and t3 # 0. Then, 21 = t2(F(z1/t1) +7) and 2o = t3(F(x2/t2) +

7)-
The convexity of A implies that

1-A
N2+ (1— N2
At2 (1— )2
T+ (-8 M+ (1= M1
Taking into account (2.3)) and the fact the €2 is a cone, we obtain
A+ (1 =Nz eRiy(A+7) CQ.

YRRV

F(.%'l/tl)—i- F(m'g/tg)—i-ﬁGA—i-T.

(ii): t1 =ty = 0. Then, 21, 20 € A, and because of the convexity of A, we
get
)\(21 + (1 — )\)2’2) GKQ Q.
(iii): t; # 0 and t = 0. Then, since A is a cone,
Azi+ (1= N)ze € MT(A+7) + MTA C AT (A+7) C Q.
This completes the proof that 2 is convex. O O

Part (a) of the following result is exactly Theorem 2.3 (i) in [2], and (b)
is a consequence of the previous lemma.

Corollary 2. Let the same hypotheses of Lemmalll be satisfied. Let p; € R,
fori=1,....m. Ifn>m+1, Ag € ST, A; = piAg fori=1,...,m, then
(a) F(R™) and F(R™) are convex.
(b) G(R™1) is conver.

Proof. By assumption on A;, we can apply [2l Theorem 2.3 (i)] to obtain the
convexity of F(R™) and F(R™). Then, (b) follows from Lemmal 0O O

3. THE MAIN RESULTS

Denote the function:

flx) = %xTAx +a'x

and let us define the following matrices in S"*1:

B A a B B, by + 6bsy . By 0
Hy = <aT 27>, W(,\) = <(b1 L ob) T —2A > , Wo = <0T 0>,

and set
Wi, = W(1,B); Wa, =W (s, 8); Wi, = W(d1,); Wa, =W (d2, ).
The following set will play an important role in the following.
1

. 1 1
Qw = {(‘yTHOZ/, max _yT(W1B +pWa)y), max _yT(W2B + uWa)y,
2 pE[p1 2] 2 €l iz
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(3.4)

1 1
— min —yT(Wla—i—MWg)y, —  min —yT(Wga —|—,uW2)y> jy € R"+1}+in‘c Ri.
p€lp1,p2] 2 HE|p1,p2]

By Corollary 1 in [6], Qu is convex if the set

Q, = {(yTHoy,yT(Wlﬁ +,u1W2)y,yT(W26 + M1W2)y,yT(W13 W)y,

y" (Way+p2Wa)y, —y " (Wi, +mWa)y, —y " (Wa, +uaWa)y, —y " (Wi, +p2Wa)y,
—y' (W, + MQWQ)y) Yy € R"“} +int R,

is so.

Theorem 3. (A robust alternative result) Let A, By, Bo € 8™, a,by,by € R"
and 7y, o, B, i1, b2, 01,02 € R, with py < po, 61 < §o and o < . Assume
that Quw is convex. Then, exactly one of the two following assertions hold:

1 1
(@) 3z e R": imTAx +a'z+v<0,a< ixT(Bl + puBa)x + (b1 +

6b2)T$ <B,Vue [Ml,/LQ], Ve [61,52].
(6) 3 (Ao, A1y A2) € RIN{O}, 3 i, g € [p1, 2], 3 80, 0p € [01,00] - YV €
]Rn

1 1
Ao <§xTA36 +a'x+ ’y) + A1 <§96T(B1 + pgBa)z + (b1 + 5552)T96 — ﬁ)—i—

1
Y= (527 (Bi + paB2)a + (by + daba) T2) ) 2 0,
where o + p1g = p1 + p2-
In addition, we observe that (b) may be written equivalently as
AoA + )\1(31 + MﬁBg) — )\Q(Bl + ,U,aBg) > 0 and
Jz e R": ()\QA+)\1(Bl—i-ung)—)\z(Bl—i-/LaBQ))T—i-)\oa—i-)\l(b1+5gbz)+)\2(bl+5ab2) =0.

Proof. Tt is obvious that both statements (a) and (b) cannot be fulfilled si-
multaneously. Thus, we must check that if (a) does not hold, (b) does.

Step 1: The homogenization system. If (a) does not hold, then there
exists no x € R™ such that for all u € [u1, uo] and all § € [d1, 02]

1 1
§xTA:c +a'z+~<0, §xT(Bl + uBy)x + (by + 0by) "z < B,

1
- <§xT(B1 + pBa)x + (by + 5b2)Tac> < —au

By setting By = {B1 + uBy : p € [u1, 2]} x {by + 0by : 0 € [01,02]}, the
previous is equivalent to the nonexistence of x € R™ such that

1 1
§mTAx +a'z+v<0, max{imTBx +b'x—f: (B,b) € Bb} <0,

1
— min {ixTBm +b'z—a:(Bb) e Bb} < 0.
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We claim that the following homogeneous system in R+

(3.5)
1 1
§xTAx +ta'x+ 2~ < 0, max {ixTBx +tb x— 28 (B,b) € Bb} <0,

1
(3.6) — min {§xTBx +tb 'z —t2a: (B,b) € Bb} <0

has no solution. If, on the contrary, there was a solution (%,%) € R™*! such
that

1 _ } 1 _ }
§§TAE +%a T+ <0, max {§ETB§ +' T T8 (Bb) € Bb} <0,

1 _ i}
— min {ifTBerthE —Pa:(B,b) e Bb} <0,

we immediately reach a contradiction in case t # 0. So, suppose that ¢ = 0.
Then, the system (B3)-(@.0]) reduces to

1 1
§_TAE <0, max {ifT(Bl +uBo)T € [,ul,,ug]} <0,

1 _
— min {?UT(B1 + puBo)T : p € [ul,ug]} <0,

which is impossible to hold. Thus, the claim is proved.

On the other hand, observe that for every (z,t) € R" x R, the minimum and
maximum values in (3.0)-(B.6]) are achieved in, at least, one of the extreme
points of the rectangle [u1, 2] x [01,d2], that is, in one of the elements
(B1 + p1B2,by + 01b2), (B1 + p1Ba, by + d2b2), (B1 + peBa, by + 1ba) or
(B1 + peBa,by + d2b2). Then, the nonexistence of solution to the system
(B3)-(BE8) is equivalent to the nonexistence of y € R™! solution to the
system

1
Sy Hoy <0

1
max {in(Wlﬁ +uWa)y: pe [MhﬂQ]} <0,
} <0,

1
max {in(W% +uWa)y 1 p € [p, po]

(1
—mm{in(Wla +uWa)y: pe [m,uz]} <0,

2
This means that (0,0,0,0,0) ¢ Q.
Step 2: A first use of a separation result. Since Qyy is convex, there
exist (Ao, A1, A2, Az, A1) € R3\{0} such that for all y € R™!

(1
—mm{—yT(Wza +uWa)y: pe [ul,uz]} <0.

1 1 1
Ao <—yTH0y> +A1 < max —yT(WlB + ,uWQ)y> +A2 < max —yT(WgB + ,qu)Z/) +
2 peE(p,p2] peEp,p2]

1 1
Xs (— min —yT<Wla+MW2>y)+A4 <— min —yT(WzaJrqu)y)ZO-
HE[p1,p2] pHE[p1,p2] 2
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Since each of the minimum or maximum values are achieved in either p; or
L2, we obtain for all y € R?t1,

1 1 1
Ao <§yTH0y> + M <maX {i’yT(Wlﬁ + 1 Wa)y, §yT(W15 + M2W2)y}> +
1 1
Az | max 3Y (Wa, + 11 Wa)y, Y (Way + p2Wa)y ¢ | +
(14 1.
Az | —min g oy (Wi, +mWa)y, 5y (Wi, + peWa)y o ) +

. [1 1
A\ (— min {in(WQQ + iWa)y, §yT(W2a + M2W2)y}> > 0.

Thus, there is no y € R™*! solution to the system:

1
§yT <)\0H0+)\1(W1ﬁ —|—M1W2)+)\2(W23 +M1W2)—)\3(W1ﬁ —|—M2W2)—)\4(W23 —|—,u2W2)) y < 0;

1
in <>\0Ho+)\1(Wlﬁ+M2W2)+)\2(W25+M2W2)—>\3(W15+/~61W2)—)\4(W26+M1W2))y <0.
This means that (0,0) & Q9, where

2 = {<yT()\0H0 + M H1, + AoHio, — AsHa1, — MHa o)y,

y' (NoHo + MHz1, +AoHo2, — AsHyia, — >\4H1,26)y> ETNS Rn+1}7
with
Wi, +uWa = Hya,, Wiy + peWa = Ha g,
Wa, +uiWa = Hy,,  Way + p2Wa = Ha oy,
Wi, +uiWa = Hyp,, Wi, +peWo = Ha g,
Wo, +miWe = Hyo, Wa, +pusWs = Hso,.

Step 3: A second use of a separation result and conclusion. By the
Dines theorem, 2 is convex. Thus, there exists (£1,&) € R2\{0} such that
for all y € R**1,

&y’ <>\0Ho +MHi1, +AoHi2, — AsHa 1, — )\4H2,25)y

+oy! ()\OHO + MHo 1, +XoHo, — AsHii, — )\4H172ﬁ>y > 0.
In particular, for y = (z,1) with € R™, and by setting
Ao = Ao(€1 4 &2), A= (M1 +X) (& + &), A2 = (A3 + Ag)(&1 + &2),
& + Sopn CGipa+ S o A6+ Ao A3l + Aydy
pp="—F—F s pa="—7 5 — 0p=—F 1, anddy = —,
§1+ &2 §1+ &2 AL+ A2 A3+ g
one gets (Ao, A1, A2) € RIN{0}, g, pra € [p11, 2], 0p, 00 € [01,02] and

— /1 — /1
Ao <§$TACU +a'z+ 7) + A\ <§xT(Bl + pgBo)r + (b1 + 65b2)—r3: — ﬁ>—|—

- 1
o <a - <§mT(B1 Vo Bo)z + (b + Mn)%)) >0 VaxeR"

where fiq + pt5 = pt1 + p2. This proves that (b) holds. O O
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Theorem 4. (A robust S-lemma) Let A, By,By € 8™, a,b;,by € R™ and
vy, B, 1, po, 01,02 € R, with p1 < po, 01 < do and o < B. Assume that
Quw is convex and that there exists xg € R™ satisfying

(3.7)

1
o< 5m3(31 + uBg)xo + (by + 6bo) "o < B, ¥ p € [p1, p2), ¥ 8 € [01,09].
Then, the following two assertions are equivalent:
1
(a) a < §$T(B1+M32)$+(bl+5bz)T€U < B,V p€ [, po), Vo € (61,0,

1
= §mTAx +a'z+~y>0.

(b) 3 ()\1,)\2) S Ri,ﬂ Koy U3 € [Ml,ug],a 5@756 S [(51,52] Vo eR”

1 1
§xTA:c +a'z+ v+ M (ixT(Bl + pgBa)x + (b1 + 55b2)Taz — ﬁ>+

1
Ao <a — <§xT(B1 + paB2)x + (b1 + 5abg)Tx>) >0,
where fio + pig = p1 + pia-

Proof. Clearly (b) = (a).

Assume now that (a) is satisfied. Then (a) in Theorem Bl does not hold.
Thus (b) of the same theorem fulfills, but then A is strictly positive because
of (B.1), which implies the desired result. O O

We are now ready to establish a characterization of optimality for the

problem (LT).

Theorem 5. (Characterizing robust optimality) Let A, By, By € 8", a,by,bs €
R™ and «a, B, p1, po, 01,02 € R, with p1 < po, 01 < 09 and a < B. Let T be
feasible for problem (L)) and put v = —f(T). Assume that Qw is convex,
and the Slater-type condition B0) holds. Then, T is optimal if, and only
if there exist (A1, \2) € ]R%_, Has 18 € [, p2], 6o, d5 € [01,02] such that the
following statements are satisfied:

(a) (A + M(B1 + pgB2) — Xo(B1 + ,uaB2))f = —(a + A (b1 + 0gb2) —
Na(br + Gaba) );

1
(b) M <§§T(Bl + MﬁBg)T + (b1 + 55()2)T§ — ,3) = 0;

1
)\2 (Oé — (§ET(B1 + ,UJ(;MB2)j + (bl + 5ab2)—r§)> = 07
() A4+ M (B1+ pgBa) — Ao(B1 + paB2) = 0.

Proof. The necessary condition follows from Theorem Ml where ~ is substi-
tuted by —f(Z). Indeed, if T is optimal then (a) in Theorem [ holds, which
means that (b) of the same theorem is also satisfied. This finally implies the
desired statements.

The sufficiency part is already standard since (c¢) implies the convexity of
the function

1 1
W) = S Avtaa = (@) + M (535(31 + g Ba)x + (b + 8by) T — ﬁ>—|—
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1
Ao <a — (—xT(Bl + paBa)x + (b + 5ab2)Tx>> ,

2
and (a) and (b) allow us to prove that T is in fact a solution to problem
CI). U O
4. REVISITING THE CASE o = —00

We consider the problem:

(4.8)

1
min ixTAx +a'z

1
s.t. §xT(Bl + ,U,BQ)"E + (bl + 5b2)T < /85 v ne [Ml,,UQ],V S [51562]7

where A, By, By are real symmetric matrices, p1, p2, 5 € R satisfying p1 <
2, 01 < d2. This problem was also discussed in [7], and actually this paper
motivated our study.

By looking at carefully the proof of Theorem [B, we immediately realize
that in case there is no lower bound in the inequality constraint, all the
terms where « appears, actually dissapear: they are superfluous. Hence,
the set Qyy reduces to

(/1 1 1
Q= {(—yTHoy, max —y' (Wi, +uWa)y), max —yT(W23+MW2)?/) :
2 pE[p1,p2] 2 pE[p1,p2] 2

(4.9) y e R"“} +int R3

Thus, by Corollary 1 in [6], Qﬁ, is convex if the set

O = {(yTHoy,yT(Wlﬂ + W)y, y ' (Wa, + maWa)y,y ' (Wi, + paWa)y,
yT(Wgﬁ + ,qug)y) Ty € R”“} + int Ri.

Theorem 6. Let the data be as described above. Let T be feasible for problem

H3R) and put v = —f(T). Assume that Qﬁ, is conver, and the Slater-type
condition: there exists xg € R™ such that

1
(4.10) 51’8—(31 —i—,U,BQ).%'O + (b1 +562)T.%'0 < B,V JIAS [Ml,,u,g], Ve [51, 52]

is satisfied. Then, T is optimal if, and only if there exist A > 0, u € [u1, po),
d € [01,02] such that the following statements are satisfied:

(b) A (%ET(Bl + uB2)T + (by + 0by) T — 5) — 0,
() A+ AX(By + puBs) = 0.

We recall that 1
a
HO - <CLT 27) Y

with v = — f(Z) as in the previous theorem. Set
Hy = Hya,, Hy = H9,,Hy = H12,, Hy= Ha1,.
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The authors in [7, Theorem 5.1] proved the same result expressed in Theorem
under the convexity of the set

(4.11) {(yTHOy,yTHly,yTH2y> DY E R"+1} + int Ri;
whereas ours requires the convexity of
Of = {<yTHoy,yTH1y,yTsz,yTHgy,yTH4y) L ye R"H} + int RY.

We believe that there is a gap in the proof of Theorem 5.1 in [7]. More pre-
cisely, the authors assert in page 221 of the same paper that the nonexistence
of solution to the system (notice that our g is —f in [7])

(4.12)

1 1
§xTAx +ta'z + >y < 0, max {ixTBx +tb'x—t23: (B,b) € Bb} <0,

implies that
1+ 1+
(413) Sy Hoy <0 and Vp€lu, ] gy Wi+ W)y <0,

has no solution. This is not necessarily true as Example [ below shows. We
recall that

1) — 0
By by + 1Z2 Iu2,u1 by
Wi = S1l — 6 27 M and
(by + sz)T —28
Ho — H1
0y — O
B, 2 1 by
Wy = 5y — 61 M2 — 1
H2 — H1

Example 7. Letn > 5. Taking A=1,, By =By =2I,,a=b = by =s:=
(L,1,...,1) e R", py = =1, pp =1, 61 = =1, 62 = 1 and B = 1, Problem
(L3]) takes the form

(4.14)

1 " 1 n
min - ||z|* + Zfﬂ =z +s|*- =
2 gt 2 2

1=1

Let us define the functions

1 n 1 n
f@) =gl + 3 i = glla+ sl - 3
=1

g(@,p,8) = L+ el + (1 +0) Y 2~ 1.
i=1
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Then, problem ([ALI4) is equivalent to

min f(z)
1
(4.15) s.t. ||z||? — 5 <0
- 1
(4.16) D Ti=5 =0
i=1
= 1
(4.17) l||? + le —5<0.
1=

Let C be the set of constraints, that is, those x satisfying (EID)-@IT). It
18 clear that C is convex and compact. Thus, the unique solution to problem

[#I4) s the projection of —s on C, which is T = —

s. Hence, T is a

V2n
1
robust solution to problem ([EI4]). In this case, v = —f(T) = g 1 By

identifying the matrices involved in Theorem[f], we get

(L, s\ , (0 0\ .  [4, 2s\
HO_(ST 27>’H1_<0T _2>7H2_<28T _2>7

(0 2s\. (AL, 0
H3_<23T 2ﬁ>’ H4_<0T 25)'
Since

21,
(418) —2H0+(—2—2’)/)H1 —|—H2 = (0-{—1 (2)> - O,

applying [10, Theorem 2.1 | we have that
(4.19) {(yTHoy,yTHly,yTsz> L y€ R"H}

is convex. This means, according to [7], that (LI4) is reqular with respect to
Z. Also, by taking o = 0, we have g(xg, 1, 0) < 0, for all p,d € [—1,1]. So,
we have all the conditions of [7, Theorem 5.1] are satisfied. From the first
part of the proof of [1, Theorem 5.1] we have that the following homogeneous

system in R" T ([@I2) has no solution.
Coming back to our example, we obtain

2I, s (21, s
Wl_(sT _2> (deg—<8T 0>.

Then, the following homogeneous system in R"1 (see ([@I3)))

12\ " x 12\ x
5(75) H0<t><0cdeu€[—1,1], §<t> (W1+MW2)<t><O,

becomes
T
I, s T
(5 2)(2) <om

(4.20) % (f
@21)  Vpel-11), % <f>T <2(1 R (1J_r2“)3> <”Lf> <.
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We will see that such a system admits a solution, contradicting the asser-
tion made in page 221 of [1] about the nonexistence of solution to the same
system. Indeed, for (—s,1) € R*"™! [@20) reduces to

)
1 /—s I, s -5 _1 _1 n 1 )
5<1) (J %)<1>—5““+?”—5(‘”+ 3 1) <0

whereas [L2I]) becomes: for all p € [—1,1],

T
1 /-—s 21+ p)I, 1+p)s\ (—s 1
5(1) (é+uﬁ% UH19) () = st~ (pn—2) = 1
This proves our claim.

Observe that taking in Corollary [2: m = 4, Ay = L., p1 = p3 = 4,
p2 =ps =0, a0 =sa1 =a3 =0, a2 =a4 =25, ¢g =7, 1 =c2 =—1,
c3 = ¢4 = B we obtain that

{(yTHoy,yTH1y,yTsz,yTH3y’yTH4y) Y€ Rnﬂ} R

is a convex set, which is required in our Theorem [@, providing the charac-
terization of robust optimality for our example. O

Clearly, the previous example only shows there is a gap in the proof of
Theorem 5.1 in [7]. We were unable to construct a real counterexample to
that result under the convexity either of the set given in (AIT]) or in (£I9]).
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