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Word of low complexity without uniform
frequencies

Julien Cassaigne and Idrissa Kaboré

Abstract: In this paper, we construct a uniformely recurrent infinite
word of low complexity without uniform frequencies of letters. This shows
the optimality of a bound of Boshernitzan, which gives a sufficient condition
for a uniformly recurrent infinite word to admit uniform frequencies.

Mathematics Subject Clasification: 37B10, 37A25, 68R15 .

1 Introduction

Let us consider an infinite word u over a finite alphabet. We can naturally
associate to it a subshift. The goal of this paper is to describe some ergodic
properties of this subshift. By Oxtoby theorem, we know that the subshift is
uniquely ergodic if and only if, in u, each finite word has uniform frequency.
Moreover the subshift is minimal if « is uniformly recurrent.

For a long time, people have tried to find some conditions on infinite
words which imply one of these properties. M. Keane gave in [10] a uniformly
recurrent infinite word with complexity 3n+1 (from 4-interval exchange map)
which does not possess uniform frequencies. Later, Boshernitzan, in [I],
proved that a uniformly recurrent infinite word admits uniform frequencies
if either of the following sufficient conditions is satisfied:

liminfM < 2or limsupw <3
n n
where p denotes the complexity function of u (see [3] chap. 4, by J. Cassaigne
and F. Nicolas for more details on the subject).

The bound of the second sufficient condition of Boshernitzan being al-

ready optimal by Keane’s result, our goal in his work is to establish the
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optimality of the bound of the first sufficient condition. And we succeed to
construct a uniformly recurrent infinite word without uniform frequencies,

the complexity function of which verifies lim inf M =2.

This result relates some properties of the conrllplexity function and the
ergodic measures of the subshift. This type of question has been investigated
in the last years. The goal is to bound the number of ergodic measures of
the subshift in terms of the complexity function.

Boshernitzan was the first to look at it, see [I]. During his Phd. thesis T.
Monteil, see [11] and [3] (chap. 3 by S. Ferenczi and Th. Monteil) has proved,

p(n)

the same result with different techniques: If limsup ——= = K > 2, then the

subshift has at most K — 2 ergodic measures. Since trfblis time, some results
have appeared in the same veine: V. Cyr and B. Kra have also obtained
similar results, see [6l [7]. In the first paper, they prove that the bound of
Boshernitzan is sharp. In the second one, they construct minimal subshifts
with complexity function arbitrarily close to linear but having uncountably
many ergodic measures. We can also cite M. Damron and D. Fickenscher [§]
who obtained the bound % under a condition on the bispecial words.

Nevertheless, it seems that our proof is of a different nature, with an
explicit construction of the infinite word.

After the preliminaries (section 2) we construct an infinite word which is
uniformly recurrent in section 3, then we show in section 4 that this word is
without uniform frequencies of letters and to finish we study the complexity
of this word in section 5 and give in section 6 the proof of the main statement
of section 3.

2 Preliminaries

In all that follows we consider the alphabet A = {0, 1}. Let us denote A*,
the set of the finite words on alphabet A, ¢ the empty word. For all u in
A*, |u| denotes the length (the number of letters it contains) of the word u
(le] = 0) and for any letter = of A, |u|, is the number of occurrences of the
letter  in u. We call Parikh vector of a finite word u, the vector denoted by
U and defined by IZIO :

A finite word u of iength n formed by repeating a single letter = is typ-
ically denoted x™. We define the n-th power of a finite word w as being
the concatenation of n copies of w; we denote it w™. An infinite word is an
infinite sequence of letters of . A. We denote A“ the set of infinite words on

A.



We say a finite word v is a factor of u if there exist two words u; and wus
on the alphabet A such that u = ujvus; we also say that u contains v. The
factor v is said prefix (resp. suffix) if u; (resp. us) is the empty word. For
any word u, the set of factors of length n is denoted £, (u). The set of all
factors of u is simply denoted L(u).

Definition 2.1. Let u be an infinite word on the alphabet A = {0, 1}. A
factor v of u is said to be

e a right special factor if vO and v1 are both factors of u, and a left special
factor if Ov and 1v are both factors of u.

e a bispecial factor of u if v is simultaneously a right special factor and
a left special factor of u.

e a stronq bispecial factor of u if Ov0, Ovl, 1v0, 1lvl are factors of u and
a weak bispecial factor if uniquely 0v0 and 1vl, or Ovl and 1v0, are
factors of u.

e an ordinary bispecial factor of u if v is a bispecial factor of u which is
neither strong nor weak.

An infinite word u is said to be recurrent if any factor of u appears
infinitely often. An infinite word wu is uniformly recurrent if for all n € N,
there exists N such that any factor of u of length N contains all the factors
of u of length n.

Definition 2.2. Let u be an infinite word on an alphabet A. The complexity
function of u is a function counting the number of distinct factor of u of
length n for any given n. It is denoted p and so that:

p(”) =#L, (u)

Let us denote s and b the functions respectively called first difference
and second difference of the complexity of u; they are defined as follows:
s(n) =p(n+1) —p(n) and b(n) =s(n+ 1) —s(n).

On a binary alphabet the function s counts the number of special factors
for a given length in u. Let us denote m the map from L(u) to {—1, 0, +1}
defined by

—1 if v is weak bispecial
Vo € L(u), m(v) = ¢ +1 if v is strong bispecial
0  otherwise



The following formula was given by the first author in [5]:

Vn >0, s(n) =1+ Z m(w) =1+ Z m (w).
w € L(u) w bispecial
lw| <n lw| <n

This relation allows to compute the complexity p(n) provided when we
are able to describe the set of strong and weak bispecial factors of the binary
infinite word w.

Definition 2.3. Two bispecial factors v and w of an infinite word u on
the alphabet {0, 1} are said to have the same type if they are all strong,
weak, or ordinary. In other words the bispecial v and w have the same if
m(v) = m(w).

Definition 2.4. ([3/ chap. 7, by S. Ferinczi and T. Monteil) Let u be an
infinite word on an alphabet A.

o We say that u admits frequencies if for any factor w , and any sequence

(un) of prefizes of u such that lim, ., = 00, then lim,, ‘ml“” exists.

o We say that u admits uniform frequencies if for any factor w, and any
sequence (uy,) of factors of u such that lim,,_,., = oo, then lim, ‘]Z:'L"”
er1sts.

In [10], M. Keane gave an example of a uniformly recurrent infinite word
with complexity 3n + 1 which does not possess uniform frequencies. Later,
Boshernitzan [I] obtained the following results:

Theorem 2.1. Let u be an infinite word on an alphabet A. Then, u ad-
mits uniform frequencies if its complexity function verifies at least one of the
following conditions:

p(n)

e liminf ——= < 2,
n

p(n)

e limsup ——= < 3.
n

The example of Keane enssures that constant 3 is optimal in the second
condition, i.e., it cannot be replaced with a larger constant.



3 Construction of a class of uniformly recurrent
words

Let (I;), (m;), (n;) be three integer sequences which are strictly increasing
and verify the following conditions:

o lz <m; < n;,

° T increases exponentially to 400,
i
— increases exponentially to +o0.

my

Let us define in A* two sequences (u;) and (v;) in the following way:
ug = 0, v9p = 1 and for all i € N, u;; = u’;“vll and vy = w;"v;". The
sequence (u;) converges towards an infinite word u.

For i > 1, consider the substitution o; defined by ;(0) = 0mi1%, oy(1) =
0™i1™. Then, we have

U; = 0090109 . .. O'i_l(O) and V; = 000109 ... O'i_l(l).
Theorem 3.1. Any infinite word u so defined is uniformly recurrent.

The proof is given at the end of this paper.

4 The word u is without uniform frequencies

Lemma 4.1. For all 7 > 1 we have:

—1 —1
|| myo m;li

|vi j
Proof. e Lower bound on |ui+1‘0.
|41]
Firstly, we have for all i > 0, |u;| < |v;] since |ug| = |vg| = 1 and w; is a
strict prefix of v; for ¢ > 1. Then [vi = mi-a[tiz| + i1 |vical < M1 since
|| M1 |Uim| + Lo |viq] lis

li_1 < mni_q for i > 1.
As

[wit1]o = mi|wilo + Lilvilo > maluslo



and

v4

| ;]

we deduce the following inequalities:

n;_
[wir1] < |ugl <mi +li#>

lz—l
and .
‘Uz‘+1|o li mi—y |Uz"o
Ao s [ 2 .
lwis1] — m; Ly ||
Thus
-1
|wilo > |U1|0H@g1 <1+ lj”j—l) _
ugl = Jug] mlj_
e Lower bound on |vi+1|1.
Vi1

We have
[vir1r = mifui|v+nilvils 2> nglogls and [vig | = mafw|+nglv| < ol (mi 4 ng)

since |u;| < |v;]. So

|’Uz+1|1 n; |'Uz|1
|vz+1| mi+nz |vz|
Hence .
il it (14 2
|vil . i
O
In the rest of the paper we need to fix
l; = 22'2i+4, m; = 28'2i, and n; = 210'2i, for i > 0. (%)

Then the inequalities of Lemma [£.] become:

|uilo : 1
1. > ———
| — T 427
o ilt o 1
Sl T 2
So we get



Lemma 4.2.

i i ; 1
Vi>1, min(|u o Ml) > IT

wl " ol ) = T2
Then we have the following lemma:

Lemma 4.3.
|Uz‘|o n |Ui|1
| ] |vi]

Vi e N,

3
> —.
-2

Proof. e For ¢ = 0, the inequality is evident.

A 1
e Fori > 1, write: P; = H}le. The sequence (F;) is decreasing
1
and satisfies the following induction formula: P, = WPZ
. . 4 1
Let us show, by induction, that gPi =1 g1
4 1
We h Py = )
e have sh =155
Assuming that for some ¢ > 0, §PZ- = =T it follows :
4 4 1 1 1 1
gPi—H = ng X 1+ 2271 = 1 — 92t X 1+ 22+ = 1 _ 9-2i+2"
50 3 1
b= i
Hence, with Lemma we get
luilo | |vily 3 1 3
2X =X ————— > —,
|ul\ |’UZ‘ - 4 1-— 272”1 -2

O
Lemma 4.4. The letters of the word u do not admit unform frequencies.

Proof. 1f the letters of u possessed uniform frequencies, then the frequen-
cies of 0 and 1, respectively denoted f,(0) and f,(1), should verify f,(0) =

lim; o % £,(1) = lim;_s0 % and f,(0) + f,(1) = 1. That is contradic-
U; V;
tory with Lemma [4.3] O



5 Complexity of u

To estimate the complexity of u we are going to observe its bispecial factors.

Notation 5.1. Let h, i € N. We denote ugh) the finite word o,0p 110012 - .. 0pyi—1(0)
(h) (©

and u™ the infinite word lim; oo u; . However u, ) and u© are simply de-

noted respectively u; and u.

Definition 5.1. A factor of u™ is said to be short if it does not contain 10
as a factor. A factor of u™ which is not short is said to be long.

Lemma 5.1. (Synchronization lemma): Let w be a long factor of u™. Then
there exist x, y € A and v € A* such that zvy is a factor of ughﬂ)
w = sop, (v) p, where s is a non-empty suffiz of op(x), and p is a non-empty

prefic of oy (y). Moreover, the triple (s, v, p) is unique.

and

Proof. Since w is long, it cannot occur inside the image of one letter. Any
occurrence of w in u is therefore of the form soy,(v)p, so existence follows.
Uniqueness is consequence of the fact that 10 occurs in u™ only at the

border between to images of letters under oy,. O
Lemma 5.2. 1. The short and strong bispecial factors of u™ are ¢ and
1,

2. The short and weak bispecial factors of u™ are 0™~ and 1"+~ 1.

Proof. Let us first observe that in «®, the factor 01 is always preceded by
10™»~1. Therefore a bispecial factor containing 01 must also contain 10 and
is long.

Then the short bispecial factors are all of the form 0% or 1%, k > 0. We see
that e is strong bispecial (extensions 00, 01, 10, 11); 0F (0 < k < my, — 1) is
ordinary bispecial (extensions 00%0, 00*1, 10%0), as well as 1¥ (1 < k < ny—1,
k # 15,); 1™ is strong bispecial (extensions 010, 01'+1, 110, 11'1); 0™»~1 is
weak bispecial (extensions 00™»~!1 and 10™»~10), as well as 1"+~ 0™ and
1™ are not special, and 0% (k > mj;) and 1% (k > n) are not factors. O

Lemma 5.3. Let w be a factor of u™. Then the following assertions are
equivalent:

(1) w is a long bispecial factor of u™.

(2) There exists a bispecial factor v of u"™) such that w = 74 (v) where
on(v) = gy, (v)0melln,

Moreover v and w have the same type and |v| < |w|.



Proof. First, let us observe this fact: If a finite word v is a factor of u**1) then
on(v) = 1y (v)0m™r 1l is a factor of u™. Now, let us consider a bispecial
factor v of u"*Y). Therefore the words &,(0v), &,(1v), 74 (v0) and &y, (v1) are
factors of u®; moreover 054 (v) and 153, (v) are respectively suffix of the first
two words whereas 7 (v)0 and 0y, (v)1 are respectively prefix of the last two
words. Hence, the word w = (v) is bispecial in 4, and m(w) > m(v).

Conversely, let w be a long bispecial factor of u®). Then, according to the
synchronization lemma, we can write w uniquely in the form soy,(v)p where
s and p are respectively non-empty suffix and prefix of images of letters.

As Ow and 1w are factors of u™, and o, (v)p starts with 0, it follows
that 0s0 and 1s0 are factors of u(. This is only possible if s = 1 (
s =1 with 1 < k < I, or I, < k < ny, are excluded since 0s0 ¢ L (u(h));
s = 0F1" with 1 < k < my, and s = 0¥1™ with 0 < k < m,, are excluded
since 1s0 ¢ L (u(h)); and s = 0™ 1% and s = 0™»1™ are excluded since
0s0 ¢ £ (u™)).

Similarly, 1p0 and 1pl are factors of ™, and this is only possible if
p = 0" 1. Therefore w = 7,(v).

If w extends as awb with a, b € A, then v also extends as avb. Therefore
m(v) > m(w). It follows that m(v) = m(w): v and w have the same type.
Moreover, it is clear that |v| < |w]. O

In fact, long bispecial factors of u® are the images by &, of the “less
long” bispecial factors of u"*Y. Thus, step by step, any non-ordinary bis-
pecial factor w of u™ of given type, will be write in the following form
GhOhst .- Onyio1(v) where v is a short bispecial factor of u"*%) with the
same type.

We will call bispecial factors of rank 4, (i > 0) of u”, and write a
(h) (k)
¢, d;

() 30

i

the following words

(R) o~ ~ ~ (R) o~ ~ ~ [
a; ' = OpOns1 - Onyiz1(€), b = OnOns1 ... Opgio1(17F7),
h) ~ A~ ~ my 1 —1 (h) ~ A~ ~ oy —1
C; :O'hO'thl...O'thl',l(O htd ) and dz :O'hO'thl...O'thi,l(l hati )

The short bispecial 5( 1, 0mn=1 and 1™~ of u® are the bispecial factors
of rank 0, a(()h), b(()h), coh), and d(()h).

The non-ordinary bispecial factors of u are therefore a; = az(o), b; = b§°’,
C;, = C(O), dl = d(o)

Definition 5.2. Let v, w € A* and V, W be their corresponding Parikh
vectors. Let us say that V' is less than W and write V- < W when |v|, < |w],
for alla € A and |v| < |w].



Proposition 5.1. Let v, w, v/, w' be four words such that v' = 7;(v) and
w' =a;(w). Then
VW=V <W.

Proof. Assume that V' < W. Then, |v|o < |wlo, |v]1 < |w|i, and |v| < |w|.
On the one hand, we have |v'|p = m; (Jv] + 1) and |w'|o = m; (Jw| + 1); hence
[v'|[o < |w'|op. On the other hand, we have |v'|; = [;|v]o + ni|v|1 + 2[; and
w1 = Li|lwlo + niw|y + 20; so [v]; < |w'|;. Finally, |[V'| = [v'|o + [v']1 <
[w'lo + |w'y = |w']1. O
Lemma 5.4. For alli > 0, let A;, B;, C;, D; be the Parikh vectors corre-
sponding to the non-ordinary bispecial factors of u, a;, b;, ¢;, d;. Then, we

have
Vi > 1, D, < B; <CZ' <Ai+1 < D;

Proof. Applying 7;_; on the words bo , Co , 0 ( (ZH)) = 140mi1k, and dg)

we get the following words

( déi*l) — ]_ni,lfl

R U L U
Cglil) — 1l (Omifllli 1)m Omzflllzfl
QD =l (gmer i) (Ow—lllrl)mi (0=l gt gl
)"

dgi—l) = 1l-1 (Omifllnz 1 Omiflllifl,

\

The Parikh vectors corresponding to these words are:

’
(i-1) _ 0
DO - TLZ 1 — ]_
-1 [ mim (L + 1
Bl B T — 1l + 2lz 1
(-1 m@m@ 1
Cl N z 1 mz + 1
A(@;U _ m, 1 m, + 2l —+ 1)
2 lz 1 ml + 2 + 21; iMi—1
(i-1) m;—1ny;
\ Dl N (nl 1 _1 +2l2 1

From () we have
i1l + Loy < lLioymy, my+ 20+ 1 < ng, Lioymy + 204l <ni—q (n; — 1).
It follows the inequalities:

Déi*1)<Bf*1)<Cfi*1)<A§*1)<D¥*1)

10



Applying 7;_» on the words d(()ifl), bgifl), cgifl), agfl), and dgiil) we get the
words dgliQ), bgd), CS*Q’, a:(,f*Q), and dg*Q); By Proposition 5.1 it results the
following inqualities:

DV <« B < o < AU < D)
And so on, after the i-th iteration we get:

DY < BY < ¢ < A9, < DO

Lemma 5.5.
Vi > 0, |bs] < e < aipa] < [di] <[bisl.

Proof. e For i > 1, the inequalities |b;| < |¢;| < |a;1] < |di| < |biy1]| follows
from Lemma [5.4]
e For ¢ = 0, recall that

‘b0| = l(), ‘Co| = mo—l, \al\ = 210+m0, |d0‘ = 7’1,0—1 and ‘bl‘ = ll (mo + n0)+m0+2l0.

So
bo| < |co| < lax| < |do| < [b1].

Lemma 5.6. The function s associated to the word u verifies:

1 ifn=0
VneN, s(n) =4 2 #nelUsol el lainllUlldil, |bz‘+1H> U 10, [bo]]
3 ifn € Upo (Il ledl) U lasal. 1dil)).

Proof. Let n € N. We know that a;, b;, ¢;, and d;, © > 0 are the only bispecial
factors of u which are strong or weak. Hence, we have

s(n)= 1+ w bispecial m (w)
lw| <n
=1+#{i>0:|a;| <n}
+#{i>0:|b;| <n}
—#{i>0:|¢| <n}
—#{i>0:d;| <n}.

11



Since for m €]0, |by|[ there is not strong or weak bispecial factor of u with
length m we have,

for 0 <n <|by|, s(n) =1+ Z m(w)=1+m(e) = 2.
w bispecial
lw| <n-—1

Suppose n > |by|. Then, there exists i € N such that n € [|b;], [bis1][-
Since the sequences |a;|, |b;|, |¢;|, and |d;| are increasing we are in one of the
following cases:
on € [|bi], lc][, thens(n) =14+ (i+ 1)+ (i+1) —(2) — (i) = 3.
e n € [lc, |aip1|[, thens(n) =1+ G+ 1)+ (i+1)—(i+1
o n € [|lai1|, |di][, then s(n) =1+ (i+2)+(t+1)—(i+1
o n € |[|d, |bis1]], thens(n) =14+ (1+2)+(i+1)—(i+1)

Theorem 5.2. The complexity function p of u verifies:
Vn > 1, p(n) < 3n+ 1.

Proof. By Lemmal5.6, s(n) < 3 foralln > 0. So, p(n) = p(0)+>_"_{ s(m)
p(0) +3(n) =3n+ 1.

IRV

Proposition 5.3. Let v, w, V', w' be four finite words such that v' = 7;(v)
and w' = o;(w). Then for all A > 0 we have:

sl () = )

Proof. Assume that W > \ |V + (i)] Since [v'|g = m; (| + 1) and |[v'|; =
li‘U|0 -+ 'I’LZ"U|1 -+ QZZ then:

r [Ty My |U|0 my;
v () (o) + G-

In the same way, we write W’ (it suffices to replace V' with W in the previous
formula). It follows,

vl (O] = () (R0 = - () - ()

Since
1 m; m;
W > AV + A (1> and (1 —\) (211-) > —\ (252‘)

12



it follows that:
e ()] =2 | () (1) Gt =2 G ) = ()

This proposition allows to prove the following lemma:

Lemma 5.7.
Vi >0, Biy1 >l |:Di + (1)}

Proof. Let us choose an integer ¢« > 1. Then, we have bﬁ” = 0; <b(()i+1)) =
1t (0’”‘”1”2’)”+1 0mi1l and d(()i) = 1™~1 the corresponding Parikh vectors are:

@ [ ligimi +my G0 0 ' .
By’ = ( Liams + 2li) and Dy’ = (nl B 1). It follows the inequality:

i i 1

By regressive induction on j < 4, suppose that:

. . 1
Bz‘(i)1_j > li—i—l |:D§]_)j + (1):|

and Dz(f )j are respectively Parikh vectors of the words )

where BY) 1

Biv1j
and dz(]_)j.
Thus, by Proposition [5.3]

- - 1
Bz'(iz—)j > it [ij_j+)1 + <1)}

since Bi(i;i)j and Dz(i ;i)l are respectively Parikh vectors of bgigi)] =01 (bgi)k j>

and 475, =51 (d2)) . So,

Bz‘(i)kj > lita {ng)j + (1)} ;07 <0
In the inequality above, we find the lemma by making 7 = 0. O

Theorem 5.4. The complexity function p of u verifies lim inf & =2
n

13



Proof. We have s(n) = 2 for |d;| <n < |b;+1]. So

P (|bisa]) = p (Idi) + 2 (|bia] — |dil) -
By Lemma B.6, we have p(n) < 3n+ 1 and we deduce that:

P (bisi]) = 2fbia]| + 1+ 7—|bisa]
it+1

. 1
smce Bi+1 > li—l—l |:Dz + (1):| > li—l—lDi- So

|bi41 bis1| i i00 b1l
Thus, lim inf p(n) = 2, since s(n) > 2 (for all n > 1) implies lim inf p(n) >

n n
2. U

6 Proof of theorem [3.1]

Now, with Notation [5.Jl we are able to explain the proof of Theorem 3.1

Proof. Let us show that for ¢+ > 0, there exists N; such that any factor of u
of length N; contains the prefix u;. Indeed, v does not contain 170+,

e For ¢+ = 0 any factor of u of length Ny = ng + 1 contains the prefix
0= Uug-. .

e For i > 1, any factor of u® of length NO(Z) = n; + 1 contains the prefix
0= u(()z) of u™. Thus, any factor of u~1 of length

Nl(ifl) _ (mifl + nifl) (NéZ) 4 1)

(i-1)

contains ;1 (0) = u;

By regressive induction on 7, suppose that for j < i—1, there exists Nl-(z )J

such that any factor of u) of length Ni(z )] contains the word ugj_)j Then, any
factor of uU~1 of length

: Gy —,0-b
contains ;_q (uifj = U

So, for 0 < 57 < ¢ — 1, there exists Ni@j such that any factor of ul) of
length Ni(f )j contains the word ugj_) i

Consequently, letting N; = Ni(o), it follows that any factor of u = u(® of
length N; contains the word u;. This completes the proof. O

14
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