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Gain-Scheduling Controller Synthesis for Nested
Systems with Full Block Scalings

Christian A. Résinger and Carsten W. Scherer, Fellow, IEEE

Abstract—This work presents a framework to synthe-
size structured gain-scheduled controllers for structured
plants whose dynamics change according to time-varying
scheduling parameters. Both the system and the controller
are assumed to admit descriptions in terms of a linear
time-invariant system in feedback with so-called schedul-
ing blocks, which collect all scheduling parameters into a
static system. We show that such linear fractional repre-
sentations permit to exploit a so-called lifting technique in
order to handle several structured gain-scheduling design
problems. These could arise from a nested inner and outer
loop control configuration with partial or full dependence
on the scheduling variables. Our design conditions are
formulated in terms of convex linear matrix inequalities and
permit to handle multiple performance objectives.

Index Terms— Control system synthesis, linear matrix
inequalities, decentralized control, optimal scheduling.

[. INTRODUCTION

N this work, we consider gain-scheduled synthesis based

on linear fractional representations (LFRs) for the standard
configuration in Fig. 1, as motivated by the early works [1],
[2]. Here, G(A) is a linear parametrically-varying (LPV) sys-
tem affected by some matrix-valued time-varying uncertainty
A whose current value can change arbitrarily fast and is
measured online. For instance, in a concrete application, A can
represent the rotor speed of the generators of a wind turbine
[3], or the variation of the longitudinal speed in a car [4].
The philosophy of gain-scheduling synthesis [1], [2], [5]-[8]
is based on the idea to design a A-dependent controller K (A)
in Fig. 1 which achieves better performance if compared to a
robust controller that does not depend on A.

We present a flexible synthesis framework encompassing
gain-scheduled problems for different nested interconnections
of LPV systems. As inspired by [9], one specific configuration
covered by our approach is shown in Fig. 2, to which we refer
as partial gain-scheduling in the sequel. This configuration
involves an outer loop with a linear time invariant (LTI)
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Fig. 1. Gain-scheduling configuration

plant P, and a controller C5, interconnected with a gain-
scheduled inner loop consisting of an LPV system P;(A)
and a scheduled controller C;(A). Note that the outer loop
with P, and C; is affected by P;(A) and Ci(A) by one-
sided communication links & and 7, respectively. Such nested
configurations are of practical interest, e.g., in the control of
induction motors [10], where the physical constraints impose
a fast A-dependent inner loop with A being the rotor speed
of the motor, and a slow outer mechanical loop. Further, our
framework permits us to handle the case that P, = P>(A) and
Cy = C3(A) are also A-dependent in Fig. 2, which is called
triangular gain-scheduling for reasons to be seen later. Such
structures emerge, for instance, in a wind park if wind turbines
are interacting in a nested fashion and where A depends on
the wind speed and some torque coefficients [11].

Since we are interested in embedding these problems into a
unifying framework for analysis and synthesis, we show how
to translate these nested configurations into Fig. 1 by making
use of the flexibility of LFRs. This leads to controller design
problems for particularly structured G(A) and K(A). One of
the main contributions of this work is to show, for the first
time, that these structured design problems can be solved by
convex optimization techniques. This is achieved through a
general design framework for nested gain-scheduled control
problems based on linear matrix inequalities (LMIs).

Moreover, a central aspect of our design framework lies in
the flexibility for handling a combination of different criteria
in one shot, such as, e.g., stability, Hoo-and Hs-performance
objectives. Since Ha-control requires to guarantee finiteness
of the closed-loop norm, we also show how to incorporate the
recent approaches [12], [13] based on D-, positive real and
full block scalings into our framework. These works focus on
a certain structured Ho-design problem to render the direct
feedthrough term of w, — 2, zero in Fig. 1, which in turn
guarantees finiteness of the closed-loop Hz-norm by design.

On the one hand, if P;(A) and C;(A) are A-independent
LTI systems in Fig. 2, LMI solutions are given for nominal,
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Fig. 2. Nested gain-scheduling loop

nested Hoo- and Ho-design in [14], [15], while [16] uses
coupled Riccati equations to solve the Hy-case. On the other
hand, without the outer loop in Fig. 2, a gain-scheduled H .-
solution with full block scalings is given, e.g., in [17] to
design a suitable A-dependent controller Cy(A) for some
parameter-dependent plant P;(A). In order to handle the Ho-
analogue, we have recently shown in [13] how to use the so-
called lifting technique in the context of gain-scheduling. This
lifting technique embeds the original gain-scheduled problem
into some new design framework such that synthesis can be
performed using LMIs. As our main technical contribution,
we show that lifting is the key enabling technique to also
handle nested gain-scheduling. This includes Fig. 2 (partial
gain-scheduling) and triangular gain-scheduling, which turns
out to be the most challenging case since it involves coupled
A-structures between the inner and the outer loop. To the best
knowledge of the authors, no other methods exist to solve the
partial/triangular gain-scheduling problem in this generality.

The paper is organized as follows. After introducing some
notation, we illustrate the main design steps for a special Ho-
gain-scheduling problem without nested structures in Sec. II.
The exposition is tailored to the seamless extension to nested
gain-scheduling in Sec. III, with the corresponding analysis
and synthesis conditions presented for multiple objectives in
Secs. IV and V, respectively. We conclude this work by giving
an illustrative numerical example in Sec. VL.

Notation. We give the basic notations here, and particular
ones for structured matrices and inequalities in Secs. III
and IV, respectively. If Ny is the set of nonnegative integers,
NE denotes the set of p-tuples a = (a1, ..., a,) € Nf of length
la| :== a1+ --+ap. If m,n € Nfj, we denote by R™*" the set
of real |m/| x |n| matrices that carry a row/column-partition as
induced by the entries of the tuples m/n, while S™ C R™*" is
the associated subset of partitioned real symmetric matrices.
Further, I is the identity matrix, an n-partition of which being
specified as I, := diag(l,,,. .. an). We use e for irrelevant
matrix entries and col(Mi, ..., My) = (ML, ..., M)T for
vectors or matrices My, ..., M. If P € R™*™, M € R™*",
let tr(P) be the trace of P, eig(P) be the set of eigenvalues of
P, and we write (¢)T PM := MT PM and He(P) := P+PT.

Il. A SPECIAL CASE: Ho-GAIN-SCHEDULING

After giving a brief introduction of the gain-scheduled
synthesis problem, we motivate the cornerstones of our design

procedure, including the lifting technique, for the situation of
‘Ho-gain-scheduling without nested constraints.

Let us consider the standard loop for gain-scheduling in
Fig. 1. For some given value set V.= Co{Aq,...,Anx},
the convex hull of finitely many matrices A; € R™2*5a et
0 € V and assume that A lies in the set A := C([0, c0), V)
of matrix-valued, arbitrarily fast time-varying (continuous)
uncertainties. Moreover, G(A) is assumed to admit the LFR
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where A : V — R"** is an affine map and A is contained in
A; note that the dimension of A(A) might differ from that of
A. In this representation, @ — Z is the uncertainty channel,
wp — zp serves to impose performance specifications while
u — y is the channel to interconnect LPV controllers. Recall
that this encompasses standard LFRs with A(A) admitting
a block-diagonal structure with several repeated time-varying
parametric uncertainties on the diagonal [1], [2], [18]; see [18]
for a general introduction to LFRs.

Example 1: If G(A) in Fig. 1 is given as the uncertain
system () = (4’ 3)(%) with A € A where V = [—1,1],
we sequentially define w; := AZ; for ¢ = 1,2 with 2; := z,
Z9 := w; to obtain the LFR

T z

21 11)71 w1 _ A0 z1
22 W <1D2)_(0 A><22)7
Yy u

this indeed matches (1) with block-diagonal A(A) := (4 R).
Analogously to the plant, we describe the gain-scheduled
controller K (A) in Fig. 1 as an LFR

Te Te A
ZA’C = wc 5 UA}C = AC<A)2C (2)
u y

with A € A and a so-called scheduling function
Ac: VSRS A AlA).

The interconnection of (1) and (2) (through the shared
signals w and y) then admits the LFR

i:e All A12 BAl I’e R
Zc | = | A2 Aga B We |, We=Ac(A)Z (3)
Zp Ci C D Wp

with the closed-loop signals x. := col(x, x.), Ze := col(Z, 2.),
W, := col(w, w,.) and the extended scheduling block

Ac(A) = diag(A(A), A (A)) 4)

of dimension (r, 7¢) X (s, s¢). Recall that the closed-loop matri-
ces ,Zli]»7 B’i, éj, D can be obtained by standard computations,
as shown in Sec. II-C for a different scenario.
Gain-scheduling synthesis then means to design matrices
Afj, Bf, C']c, D¢ and a possibly nonlinear scheduling function
A <(.) such that the controlled system (3) satisfies a desired



performance specification for all A € A, as made precise in
the sequel. We emphasize that the controller (2) is indeed gain-
scheduled, in the sense that it requires knowledge of the value
of A.(A(t)) at each time instant ¢ > 0 for its implementation;
explicit bounds on the to-be-designed controller order and the
size of Ac(.) are given for each (nested) synthesis result. For
logical similarities, we denote the system matrices associated
to the integrator and the scheduling parameter in a similar
fashion by using different indices, as e.g., A”, B, C’ in (1).

A. Problem formulation

Let us now formulate the H3-gain scheduling problem. We
assume that the direct feedthrough term of v — y in (1)
vanishes, i.e. D = 0. This assumption ensures well-posedness
of the controlled interconnection (3), and, as essential for
synthesis in Sec. II-D, renders the closed-loop matrices affinely
dependent on the controller matrices (2). As widely spread
over the existing gain-scheduling literature, we consider the
problem without any other structural constraints in the LFRs
(1), (2), i.e., the scheduling function and the describing ma-
trices are unstructured with

All Alz Bf Bl RnXn RnXr RnXmP RXm
Aoy Az BS By Rsxn Rsxr RsxmP psxm

OP Cvp Dp E RE"xn REPxr REPxmP REPxm |
1 Lo

él ég F ﬁ kan kar kamp Ok
A(A) = A being of dimension 7 X s = ra X sa,
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This is addressed as the unstructured gain-scheduling problem
and briefly expressed by

G(A) e Gy

Recall that the controlled LFR (3) is called well-posed if I —
AG(A)AQQ is non-singular for all A € V. For brevity, we call
(3) stable if the system is exponentially stable, i.e., there exist
constants « > 0 and ¢ > 0 such that every solution of (3) for
wp, = 0 and for any z.(0) € R, A € A satisfies ||z (t)] <
ce” | z.(0)]| for all ¢ > 0. Since our scaling parameter A €
A is time-varying in (3), we use the definition of the Hs-norm
for linear time-varying systems in the stochastic context [19].

Problem 1: For a given plant G(A) € Gy and v > 0, find
a controller K (A) € Ky such that the closed-loop (3) is well-
posed, stable, and such that the squared Hy-norm of w, — z,
is smaller than ~ for z.(0) = 0 and for all A € A.

and K(A) € K.

B. Closed-loop analysis for original systems

For Hs-performance, we suppose that the plant and con-
troller LFR (1), (2) are built such that, after interconnecting
Ae(A) in (3), the direct feedthrough term of w, — 2,
vanishes. In Sec. III-C, we show that our general design
procedure comes with the strong advantage that we can
enforce this condition with tailored LFRs for (1), (2). Under

this hypothesis, let us recall a well-known analysis result based
on the full block S-procedure. By using the class of multipliers

P .= {79 € S5 | (o )T7><I( ) ~0VA € V}
4)

for the extended scheduling block (4), to which we also refer
as full block scalings, we can characterize the requirements in
Problem 1 by the feasibility of two standard matrix inequalities
as follows [17].

Theorem 1: Problem 1 is solved for G(A) € Gy, K(A) €
KCy if there exist Xy = 0 and P € P, Z > 0 with tr(Z) < 1
such that the closed-loop system (3) fulfills

0 Xi0f 0 I%"” AO ;;3
ol X 0000 LML Y 2. 2L
(.> 0 0P 0 p I(’I;,TC) 0 -<O,
G0 o o) | A A Be
0 0 I (6)
—X,100 0 ,,I,@é?}i),,f,p,,j,,
@7 0P 0 N )
i) | A A
: Cl CQ

Theorem 1 forms the basis for a convex characterization of
the existence of a gain-scheduled controller (2) such that the
formulated analysis conditions are satisfied for some full block
scaling PeP. Technically, all existing scaling approaches to
obtain such gain-scheduled synthesis results are based on the
elimination of the ingredients defining the controller, as seen
for special plants in [17]. However, it is well-known that, even
for nominal synthesis, such an elimination step is infeasible
for the full H,-conditions in (6), since two inequalities are
involved which are coupled through the matrices Azl, flgz. It
is among the key contributions of this paper to overcome this
deficiency through what we call lifting for gain-scheduling.

C. Closed-loop analysis for lifted systems

The motivation for lifting is as follows. If PecPis fixed,
the anti-diagonal structure of ( /,81 %1) in (6) is essential to
obtain convex conditions for synthesizing nominal controllers
with a suitable transformation of Afj, Bf, C’j and D€ in (2), as
addressed in detail in [20], [21]. In gain-scheduling synthesis,
P is an unstructured variable and it remains fully unclear
how to modify the transformation from [20], [21] to convexify
(6). It is a decisive innovation of this paper to overcome this
trouble for (even nested) gain-scheduling synthesis by lifting
the descriptions of the system and the controller such that,
in the resulting analysis conditions, P is replaced by an anti-
diagonally structured block (7% ) with a suitable new scaling
matrix P. In our notation, we use a hat for the initial system
components (1)-(4) and the scalings (5) to distinguish them
from the lifted descriptions denoted without a hat in the sequel.

Lifting amounts to building an augmented LFR of G(A)
in (1) as follows. The uncertainty equation @ = A(A)Z in
(1) can be expressed as @ = —i + 2A(A)2 which leads to
w = A;(A)z for A€ A with

wi=z:= (Z’) A(A) = <_OIT QAI(SM). 7



By employing analogous steps for the LTI system in (1), we
arrive at an equivalent reformulation of the overall system as

T A11 Alngf Bl X
2z | | An|ABYiB, || w
z, | | OV|CY DRI E w,
y Ci|Cy i Fi0 u
All A12 0 Bf Bl
0 L, 0,00 =~
= 2A21 2A22 —Is 2E§ 232 —5*' s w:Al(A)z
Cr |Gy o ipriE |\-"
C;|Cy 01VF 1O
3

Note that the augmented uncertainty channel w — z is square
and of size |I| x |I| for the partition [ := (r, s).

Definition 1: We abbreviate (8) by G;(A) and call it lifted
LFR, while we refer to A;(A) from (7) as the lifted block.
Further, we say that G;(A) € G} if G(A) € Gi.

By defining w,:= z.:= col(t,, 2.), the controller (2) is
lifted accordingly to

. A | As, 0 B¢
N[ 0L 0o (e
e ) 7| 24g, 248, — I 2Bs | | <)
u AC AC C y (9)
celcs oD
B (=L 2A(A)
we = Ap(A)z. := ( 0 L. >zc

with a square lifted scheduling block A.(.) of dimension |I¢|x
|I¢| for the partition [° := (r€, s°). Interconnecting (8) and (9)
gives rise to the closed-loop LFR

Te A Az By Te
ze | = | A2 A2z Ba We (10
Zp Cl CQ D Wy
with z. := col(z, z.), w, := col(w, w,) and
we = A(A)z, = ding(A(A), Ac(A))ze. (1)

This leads to a key link between the initial and lifted setting.
Lemma 1 (Lifting Lemma): There exists a permutation ma-
trix IT of size |I| 4 |I°| such that Xy, Z, P € P fulfill (6),

TP I(r,rc) TP 0
@re () <o ()0

for the initial closed-loop interconnection (1)-(3) if and only
if Xy, Z, P:= %HT”PH satisfy

) =0 (12)

0 X100 0 Itppey 0 0
Xp 00 07 0 A A B
(o)T 0 0:0P: O 0 Tguey O <0,
0 0iP0; 0O Aoy Ass Bo
0 0:0 0i—~T 0 0 I (13)
X110 0! 0 Itppney O
e || e
21 22
0 00z 1 Cy Co

(.)T<7(;7g)(A€§A)>>O forall AeV (14)

for the lifted closed-loop interconnection (8)-(10). o
Proof: Let the first inequality in (12) be true for P € P.
If A € V, we infer by the definition of P the inequality

(—f(mc) Ac(A) ) T(%ﬁ) <I(mc) Ac(A) )

He

0 I(S’Sc) 0 I(s,s")
f(.)Tﬁ I(r,re) 0
_ 0( ; )(.)T75 () )

. . —I(p ey Ac(A .
By a congruence transformation with ( PR I(e( )> and if
5,5€)

inserting Ae(A) from (4), the latter inequality is equivalent to

A 2A(A) 0
(3P) L ( 0 2AC<A>) :
0 I(s,s“)
If recalling (11), this can be equivalently expressed as

0 < He

L0 0 0
L o |00 0
0<He[(27?)HAe(A)H } with 1= |0 0 as)

00 0 I

being a permutation matrix. By a congruence transformation
with II, the inequality in (15) transforms into (14) for the
multiplier P = %HTﬁH. The converse is shown by reversing
the steps. If P = %HTﬁH holds, an analogous computation
shows that (6) and the second inequality in (12) are equivalent
to (13), which is omitted for reasons of space. |

The lifting lemma can be interpreted as follows. For the
subclass of scalings P e P with (12), we can equivalently
reformulate the analysis conditions for the original inter-
connection (1)-(3) to the ones based on (13) for the lifted
interconnection (8)-(10) and multipliers satisfying (14). At the
level of the lifted systems, however, we are confronted with
a highly structured controller (9), and it is unknown how to
formulate convex conditions for synthesizing such controllers.
As a further central step, we drop the structural constraint and
synthesize, instead, an unstructured LPV controller - still with
a square scheduling block - for the lifted system. This is the
key toward convexification as exposed in detail next.

To this end, let us assume that the LPV controller is again
described as in (2), but now with r¢ = s¢ =: [¢ as motivated
above. The interconnection of (2) with (8) leads, again, to (10)
with z, := col(z, 2.), w, := col(w, w..) and scheduled as

we = Are(A)z, = diag(A(A), A(A))z.  (16)

of dimension (r,s,l¢) x (r,s,l¢). Let us now compactly
express the closed-loop matrices as

AyiBi\ _
¢, )~

A 0} BP
= 000
CTo[D?

0 B; i B ,
g AS. Bf 0 Ii0
o) (22 ( 1 > (7
0 E <CjD> C; O{F

As motivated by Lemma 1, we introduce the scaling class

P o= {Pest) | ()T(§7)(>) ~0vAe v}18
(18)



to obtain the following result.

Theorem 2: Let there exists a controller K(A) € Ky with
lc=rc=sX >0,7Z > 0with tr(Z) < 1, and P € P
such that the closed-loop system (10), (16) obtained for the
lifted system G;(A) € G} satisfies (13). Then, for this choice
of K(A), X} and Z, there exists a suitable multiplier PecP
such that the closed-loop system (3) obtained for the original
system G(A) € G; fulfills the analysis inequalities (6).

Proof: Fix A € V.Then P € P implies He[PA;.(A)] =

()73 E)(A"}(A)) > 0. If recalling the structures of A;(.),

Ay(.) in (7) and (16), left-multiplying (A(ﬁ)T IOS I?C) and
right-multiplying the transpose leads to

A(A) 0 AA) 0
Hel I, 0| P T 0o = 0. (19)
0 I 0 AC(A)
In accordance with (19), let us partition P as
i Q11 Q12 Ry
‘R |
P = <2T> = | Q21 QiR (20)
' S1 52T
A" 74
and the left/right factor in (19) as <C> / <B> to infer
T, QRO A
0~ He <g> (g?) <g) —()"He| 000 | B
! STO C
After a suitable permutation and using (20), this reads as
Qu R1|Q12 0 A(A) 0
0 A.(4) <0
I 0
0 Ije

Since A € V was arbitrary, we infer P e P. Analogous
arguments applied to (13) lead to (6) for the very same P. m
As a consequence, designing a general unstructured controller
for the lifted plant based on the analysis inequalities (13) and
multipliers P € P does lead to a solution of Problem 1 for
the original plant. As the key benefit, the lifted inequalities
(13) do indeed depend on P in the desired structural fashion.

D. H,-Synthesis: Unstructured plant and controller

Let us be given G(A) € G as in (1). Following [17], the
information about the uncertainty A(A) = A is captured by
the class P, of primal scalings as

P, :={Pcsm? | (¢)"P(%) <0 and

(O)TP(ALA)) >0 forall A € V}. @b

As motivated by standard results on integral quadratic con-
straints based on graph separation [22], [23], we also make
use of the class of so-called dual scalings

P,:={Pes™) | (¢)"P({) >0 and

()" P(_a(pyr ) <0 forall AV}, 22

All this permits us to present the synthesis conditions in order
to solve Problem 1. We start by introducing the relevant design

variables. These comprise the symmetric unknowns
X, es™, Y, eS” (23)

in relation to the Lyapunov matrix AX; in (13), while the

multiplier P is related to some elements
X,eP,, Y:eP, 24)

of the primal/dual scaling class (21)/(22). Further, we take

Kll K12 Ll RnXn RnXl Rnxk
K21 K22 L2 S Rlxn Rle Rle (25)
]\41 Mg N RmMmXxn Rmxl Rka

Theorem 3: There exists a controller K (A) € K; with [ =
r®=s%and X; > 0, Z > 0 with tr(Z) < 1, P € P such that
the closed-loop system (10), (16) obtained for the lifted system
Gi(A) € Gl satisfies (13) iff there exist (23)-(25), Z = 0 with
tr(Z) < 1 fulfilling the synthesis inequalities X > 0 and

07,00 0 Ipmy 0 0
000! 0O Ay Ap By
()T 00070 0 Iy, 0] <0,
00:I0; 0O Ao Agy By
00{00;—TI 0 0 I (26)
~X100{ 0 Ity O
001 0 0 I
©" 070 o Ag Agy | X0
0 OOlZ_l C; Co

Here A;;, B;, C;, X for 4,5 = 1,2 depend affinely on the
decision variables and are defined for the lifted plant (8) as

AijY; Ay | BY

(A\w}&) = o xra,ixrer |+
Gy cry; CV | DP
jO JB Jj o 27
(1o (KijLi)(IO'O)
,0,,Eﬂ ]\4‘7 N 0 C]iF ’
A TEAY
_ ( ’ X1>’ (28)

the block D is given for reasons of space and used in Sec. V.
If (26) holds, one can construct X; = 0, P € P, and K(A) €
K, with an affine scheduling function A (.) and with [n¢| <
[n|, |1¢] < |I| such that (13) is satisfied.

The synthesis conditions (26) reflect the structure of the
lifted analysis inequalities (13) and reduce to standard LMIs
in all variables and ~ after applying the Schur complement.
Since V = Co{Ay,..., Ay} is a compact polytope and A(.)
is affine, the multiplier classes P, and P, in (21) and (22) do
admit LMI representations [17], i.e., the inequalities in (21),
(22) hold for all A € V iff they are true for all vertices A €
{Ay,...,An}. Therefore, all the conditions in Theorem 3
translate into a standard finite-dimensional LMI optimization
problem, which allows to directly minimize the bound ~.

The following constructive proof of Theorem 3 displays
the convexification mechanism by exploiting the anti-diagonal
structures with X} and P in the lifted analysis condition (13).



Proof: Necessity. Suppose that (13) holds for some X7 >
0 and some scaling X, := P € P. Due to lifting and the
resulting anti-diagonal structure, we can just push A} and X5
in (13) to the outer factors as

0700} 0 Inmey 00
1000 0 X1A11 X1A12 XIBI
()71 0001 0 0 Igp. O <0,
0010 O X2A21 X2A22 XZBQ
00i0 0i—~1 0 0 I 29)
~X1100{ 0 Inney O
#0010 0 T
(o) 0 i10i 0 XoAgr XoAgg <0
0 00iz" G G

Then the synthesis inequalities (26) are obtained as follows.
Step 1 (Factorization of Lyapunov matrix Xy).

W.Lo.g. let n¢ > |n|. As shown in [21], this assumption allows

to factorize X; of dimension |n| + |n¢| according to

X,V = Z; with Y, := (VO) Z; = (0U—> (30)

for i = 1 with the following properties: ), has full column
rank, and X;, Y7 satisfy (23). We infer 0 < le X1V =
ZTy1, which reads as X = 0 for (28) by symmetry.

Step 2 (Factorization of scaling matrix Xs).
We target to factorize X> of dimension |I| + |I¢| as in (30)
for ¢ = 2. For this purpose, we assume w.l.o.g. that [ >

|I| and introduce the partition Xy = ()53 [g) e St By
perturbation, we can successively achieve invertibility of Z5, a
full column rank of Hy := —Z5 LU, and invertibility of Xo —
ulzy 117, while (29) persists to hold. Detailed arguments are
given in the proof of the more general Theorem 6. Then A5
is invertible and ({2) := X5 ' (1) leads to (30) for i = 2.
By the block-inversion formula we infer Vo = HsY>, which
implies that ), has full column rank.
Step 3 (Elimination of scheduling function Ac(.)).

Let us now show that (24) follows from eliminating the

scheduling function A.(.) in A;.(.). For reasons of space,

we omit the arguments of the functions A;(.), Ac(.), Awc(.).
Since X, € P, an additive decomposition of A;. leads to

0 < (-)T</€2 282) (AII> = He[ XA =

“ree(n) [ erel(os)]

By performing a congruence transformation with ), and
applying the factorization (30) for ¢« = 2, we get

I ; 0\ T
The diagonal blocks read as
He[AY>] = 0 and He[X] Aj] = 0.

€2y

(33)
I, 0 I, A
—AT I, 0 I, )’
respectively, imply Y, € P, and X, € P, and we get (24).

Step 4 (Convexifying parameter transformation).
Since Y; has full column rank for ¢ = 1,2, we can apply

Congruence transformations with ( ) and

a congruence transformation with ); /yf on the -th block-
column/-row of (29) to infer with (30) that

07:00: 0 I(nn) 0 0
1000 0 ZT A 2T ApY, 288,
()T 0001} 0 0 Iy 0 <0,
0070 0 ZT Aoy V1 2T A9V 218
00{0 0j—~1I 0 0 I
—Xi00! 0 Tn ) 0
| 01i01 0 0 I
O 00l 0 || 28 Ay ZF ARy, | 0
0 i0 O.Z‘1 G C2)2
(34)
By using the closed-loop formula (17), we infer
! Ay, A, | BP
T A v.i2TR. ij¥; Aij 1 Dy
(ZiAwa,Zsz) = 0 XTA;iXxIB? |+
Gy + D CrY. e T Db
Jj=a Jj o (35)

N ?%’ Kij Li\{I 00
———————— M; N 0C;iF
for 7,7 = 1,2 and with the substitution

KijiLi\ _ (X[ AyY;i0 n
M;iN ) 0 {0

I XTB;)\ (UL A¢,v; UT Be I 10
_|_ R ] i ! .
0 I csv; o De CiY;i

Hence, (26) is true which finishes the proof of necessity.
Sufficiency. Suppose that (26) is satisfied with suitable
decision variables. Then V; := I — X 1T Y; is invertible due
to X > 0, and, by perturbation of X5, Y5 if required, the
same can be achieved for V5 := [ — X2T Ys5. Let us now set
U; := I for ¢ = 1,2 to define invertible );, Z; as in (30).

Our choice ensures symmetry of Y Z; = YI Yi X’;(r Vi Us )

since Y, X; + V;'U; = 1. After a congruence transformation
with )~ L this implies symmetry of & := Ziyfl. Further, a
similar argument shows & > 0.

By inverting the congruence transformations at the end of
Step 3, Y2 € Py and X, € P, imply (33). Since U and V5
are invertible, we can render (32) satisfied by taking A, with

XTA Yo+ AT +UFAV, = 0. (37)

This implies (31) and, hence, X5 € P. If solving (36) for the
controller matrices, we infer the validity of (34). Since V1, Vo
are square and invertible, this ensures (29), and thus (13). H

It is reassuring to extract that, after lifting, the extension of
the known convexifying controller parameter transformation
for nominal synthesis [20], [21] turns out to be successful for
gain-scheduling. As a particular feature, the coupling between
the dynamics and the scheduling blocks causes no obstruction
in this approach. Moreover, as shown in the sufficiency proof,
we can invert (36) and (37) to build the controller matrices
and the scheduling function; the construction of the scheduling
function turns out to be easier if compared to [17]. We stress
again that, without lifting, such a strategy miserably fails,
and that no other gain-scheduling design technique without
elimination and for full multipliers is available in the literature.

(36)



As a central next contribution of this work, we now show
how the proposed lifting procedure is an essential enabler to
design structured gain-scheduling for nested LPV systems.

[I. GAIN-SCHEDULING FOR STRUCTURED
INTERCONNECTIONS

Let us now turn to the nested interconnections for partial and
triangular gain-scheduling based on Fig. 2 and as described in
the introduction. Motivated by Sec. II, we show how to embed
these configurations into Fig. 1, only by introducing suitable
structural requirements on the plant/controller LFR in (1)/(2).
For this purpose, let the uncertainty class A with associated
value set 'V be defined as in Sec. II such that some element
A € A takes values in V C R"a*%a_ Moreover, we denote
by R, the set of proper transfer matrices, and introduce the
following compact notation for structured matrices.

Definition 2: 1If some 2-tuple a = (aj,az) € N3 has an
zero component, the notational convention (a1,0) = a1 and
(0,a2) = as is used in the sequel. For a, b € N2,

R((lx"s = {(E ) € Jij € Raiij}

then denotes the set of lower triangular 2 x 2 block-matrices in
a partition corresponding to a and b, including the following
natural versions for degenerate cases:

Raxb

a1xb ,_ m(a1,0)xb axby ax(0,bz)
R(c[}) T R(:g) ) R(o) — R( ) 5

azxb ,_ mp(0,a2)xb axby . max(b1,0)
R =Rey R =Ry

Example 2: With Definition 2 we have

11000053 R(LDX(@D g2 (LD«
011228 1 el Vo, ) :
140550 R.5) RY>Z 0

A. Classes G,, K, : Partial gain-scheduling

We consider Fig. 2 for partial gain-scheduling with the LPV
system P;(A) being described as the LFR

2 2 AN
¢ | =P p2 (w) Ww=A%  (38)
Y1 Py opp ) \"

where u; — y is of size k1 X mq and Pfj are LTI operators
identified with their transfer matrices, ie., P’ € R,. If we
partition P, € R, with uy — yo of size ka X mgy such that
y2 = (P P22) (¢ ), the interconnection with (38) yields

2 Pl pi2 i
w = P P32 o uy |, W= Az (39)
w) \PEPPEPE PP \us

The lower-triangular structure results from the one-sided signal
flow for ¢ in Fig. 2. For well-posedness of the controller
feedback loop, let us assume that P72, P32 P! are strictly
proper. By proceeding in a row-by-row fashion for the transfer
matrix in (39), the latter assumption permits us to construct
state-space descriptions with the structure

. 1 T2
X1 = . —
= o w T2 - o000 w
“ )T ur |’ (y2>_<0000> Uy
U

and of McMillan degree n; and ne, respectively. This leads
to an overall state-space description of (39) with the structure

T e (jeie( T
To Oeleiee T2
Z | =] e0|eie0 w |, w=AZ (40)
v e0[e00 || w1
Y2 0ele00 Uz

Then, (40) subsumes to the setting of Fig. 1 after appending
some performance channel w, — z, to (40), and if restricting
the structure of the plant LFR (1) for G(A) to

An A BY By R RET Ry R

AQl A22 B/ BQ RSXTL RSXT RSXmP Rsxm

CP CP Dp E Rk”Xn Rkpxr Rkpxmp R{cp)Xm

o aro) ey wy e
and A:V 5 R™A(A) = A.

41

Here we use x := col(z1,x3), u = col(ui,us), y :=
col(y1, y2) resulting in

n:(nlanQ); m:(mlamQ)v k:(klak2)7 (42)

and we view the block-diagonal sub-matrices in (40) as being
lower triangular, while the definition of A(.) leads to the
choice r := ra, s := sa. Note that the performance channel
wy, — %, is determined by the underlying control problem in
practice. Since this channel is not required to carry a particular
structure in our approach, we can consider the associated
matrices B C Dp E Fin (41) as being unstructured.

If translatmg the nested loop of C1(A) and C5 in Fig. 2 to
the one in Fig. 1 in an analogous fashion, we obtain the LFR
for K(A) in (2), but now with the structural requirements

e e De n®xn® pn°xr® pn®xk

All A12 Bl IR(-0>)< R( R<.O>)<k

Ag, Ag, Bs | € | RL;™ RECRY

Cl 02 Dc Rmxn Rmxr Rmxk (43)

(29 )

and A.: VR A AL(A)
for the to-be-designed matrices with suitable block partitions
ne € NZ and r¢, s¢ € Ny and some scheduling function
Ac(.). In the sequel, we compactly express the structural
requirements in (41) and (43) by writing

G(A)€ Gy and K(A) € Ks.

(29

B. Classes Gs, K3: Triangular gain-scheduling

For triangular gain-scheduling, recall that we consider again
Fig. 2, but now with P, = P5(A) and Cy = C3(A) also
depending on A € A. If following the modeling procedure in
Sec. III-A, this translates to Fig. 1 with G(A) in (1) satisfying

A A DD P nxn nxr nxmP nxm
A Arp Bif By Rioy Rioy R ) IR

o A B 00 | | R B RO mn
C’f C’g Dp E R}gl’xn Rkpxr RkPme Rﬁp-)xm

¢ e r o)\l =l w0

A e A0
and A:V—)R(:XQ>, A(A) = (0 A)

(44)



with (42), where the size ra X sa of A requires us to choose

(SA7 SA). 45)

Due to the A-dependency in the outer loop of Fig. 2, all
matrices in (44) except those related to the performance
channel are triangular, while A() is diagonally repeated.
Further, K (A) in Fig. 1 results from connecting C (A) with
C3(A). This is described in the state-space as in (2) for

r=(r1y,r2) = (ra,ra) and s = (s1, $2) 1=

nxn® pn®xr® pntxk
All A12 Bl R 00))( R<.0>Z R o();k
Agy As, Bs | € | RLp™ Rig™ Riyg,
Cl 02 Dc Rmxn Rmxr Rn.zx)k (46)

(2 () (a9

A - rexs® A — A%l(A) 0 )
and A.:V— Ri.0)” AL(A): ( £ (M) Ag,(A)
with to-be-designed triangular matrices, partitions n¢, r¢, s¢ €
N2 and the scheduling function A, (.). Note that it is required
to enforce the triangular structure of Ac() in order to realize
the one-sided controller communication structure in Fig. 2. In
the sequel, we shortly refer to (44) and (46) as

G(A) € Gz and K(A) e Ks.

C. Classes G4, K4: Zero feedthrough for H,-control

For Hy-synthesis in Sec. II based on Fig. 1, finiteness of the
closed-loop norm is only assured if the direct feedthrough term
of w, — z, vanishes. However, since the initial closed-loop
(3) depends nonlinearly on A, this cannot be systematically
enforced by Theorem 3.

Our approach offers the following remedy. We assume that
the direct feedthrough term of the LPV system G(A) is zero.
Following [13], [12], one can then construct an LFR for G(A)
in (1) which has a structured uncertainty channel according to

All A12 B Bl Rnrxn ]RZ?:)T Rnxm“ RnXxm
Aoy A B By | | R RO R R
ct Ch Dr E RE"xn RE X"

Rk xm
Ci Cy F D R R%j;" RF*m?

A A A0
. TXSs —
with AV — R[S, A(A) = (O A)'

(47)

Here, the partitions r, s € N2 are again defined by (45)
according to the dimension of A. Similarly, one can enforce
that the direct feedthrough term for the controller K(A)
vanishes, by working in (2) with the structured LFR

A5, A, B R7 X0 R <7 ]R”CX’“

As, Ag, Bs | € | Ry Rf:a’x)r, Ry, "

cy C§ D¢ Rm*n° ]R('?OTT 0

A e As(A) 0
and AC:V%RT,OXS,ACA::<AH >
" A= Ag (a) Asy(a)
(48)

for to-be-determined dimensions n¢ € Ny, ¢, s¢ € Ng and a
triangular scheduling block. If closing the loops (1), (2) for
(47), (48), a short calculation indeed shows

:)- o) ()= () ()

(49)

with A-dependent matrices ea. Then it is guaranteed in a
structural fashion that the direct feedthrough term of w, — 2,
for the plant-controller interconnection (49) vanishes identi-
cally. We compactly express (47), (48) by writing

G(A) € Gy and K(A) c Ky.

IV. ANALYSIS FOR VARIOUS INTERCONNECTIONS

For all the plant/controller classes G;//C; in Sec. III, we now
present the precise problem formulation and the corresponding
analysis conditions in parallel to Secs. II.A - II. C. Also for the
closed-loops with G;/IC;, the Hs-criterion can be formulated
as in Problem 1. Instead, to illustrate the flexibility to handle
multiple objectives, the subsequent results are shown for H -
design with a bound on the Ls-gain as an objective for linear
time-varying systems (see [17] for a precise definition).

Problem 2: If G(A) € G;, find a controller K(A) € K;
such that the controlled LFR (3) is well-posed, stable, and,
for z.(0) = 0, the squared Lo-gain of w, — z, is smaller
than some given v > 0 for all A € A.

Let us formulate the corresponding analysis conditions with
a compact yet insightful notation for matrix inequalities. If
X1, Xo, Y are square matrices and A;;, B;, C;, D are matri-
ces with compatible dimensions for i, 7 = 1, 2, the expression

Alj B4
£<X1,X2,Y; <A2j Bz)) <0
¢, D

abbreviates the matrix inequality
T

I 00 I 00
,401,1,,4;,2,%, X000 401,1,,4;,2,%;

0 1X50 <0. (50
A Agy By | \ 5757y ) | Az Az By C
00 1 00 1
01 OQ D Cl CQ D

The first three arguments of £(.) constitute the diagonal blocks
of the middle matrix in (50), while the sub-matrices of the last
argument are collected in the outer factor of (50) according
to the induced partitions. Here, X; and Y are associated with
the block rows (A;1, A2, B;) and (C1,C5, D) for i = 1,2,
respectively. Note that the column partition and the dimensions
of the identity matrices in the outer factor of (50) are uniquely
determined since X; and Y are square. For example, if
(C1,C3) € RE*® then D has the dimension k x (dim(Y) — k).

If the closed-loop scaling class P is again defined as in (5),
the analogon of Theorem 1 for the H.-cost reads as follows.

Theorem 4: Problem 2 is solved for G(A) € G;, K(A) €
IC; if there exist X7 = 0 and P € P such that the associated
closed-loop system (3) satisfies

. Avj B

ﬁ((/\?] /\(’)1)’7)7(—31(1))7<42] Bg)) < 0. (A-Hoo)
é; D

We emphasize that the analysis inequalities in Theorem 1
can as well be compactly expressed as
Alj 81

e(ch o)) <o

Alj
1), Azj < 0.
¢

(A-Hoa)



This observation makes it possible to routinely translate all
Hoo-synthesis results into the corresponding versions for the
‘Ho-cost, which is omitted for reasons of space.

It is crucial to recognize that our notational preparation
in Sec. II-C allows us to easily apply the lifting technique
for all structured plant and controller pairs G;/K;. The lifted
plant LFR for G; is again given by (7), (8) and abbreviated
as G! analogously to Definition 1. Notice that the respective
structural properties of G; are inherited by G!. However, as
motivated in Sec. II-C, we do not lift the controller. Instead,
we design controllers with their required original structure,
but with a square scheduling block of dimension |{¢|, for the
respective lifted system G!. Note that the analysis conditions
for the associated closed-loop LFR (10), (16) are obtained by
simply dropping the hats of the matrices in the outer factors
of (A-H.), and by replacing P € P with (37 ) for P € P.

This strategy leads to a valid controller for the original
unlifted plant G; as well, which is formulated as follows, and
proved in parallel to Theorem 2.

Theorem 5: If there exists a structured controller K (A) €
IC; with [¢ = r¢ = s¢, X1 = 0 and P € P, such that the
closed-loop system (10), (16) for G;(A) € G! satisfies

Alj B1
E((;?l B (B8 (73" 1) <«gz_j g)) <0, (L-Hx)

then (A-H) holds for the closed-loop system (3) obtained
for G(A) € G; interconnected with the very same controller
K(A) € K; and for some full block scaling P € P.

In Sec. V we clarify that lifting is, once again, the key
enabler for the convexification of synthesizing structured con-
trollers for structured plants.

V. A FRAMEWORK FOR GAIN-SCHEDULED SYNTHESIS

Let us develop our novel synthesis framework for all classes
G;/K; from Sec. III. Motivated by the unstructured Hs-setting
in Sec. II-D, we expect the lifted analysis conditions (L-H o)
in Theorem 5 to be matched to the H.-synthesis conditions

Avj By
L((%),(%), (73" 9); (f}: %» <0 and X0,

J (S-Hoo)
where A;;, B;, C;, D and X depend affinely on some new
decision variables. We first show the result for triangular
gain-scheduling with 3 in Sec. V-A, which is the main
synthesis result in this paper. This will be specialized to
Ko, K4 in Secs. V-B and V-C, respectively. This procedure
has the advantage to exhibit the complexity of the designs as
reflected in the size and structure of the decision variables. For
this purpose, we employ the following projection operators in
relation to the subspaces R(s9), R(.q) in Definition 2.

Definition 3: For partitioned matrices (71! 72), (/1 J2),
we define the projection .Z49)(.) onto their lower part, %/(gs)(.)
onto their strict upper part, and %,,., onto their right part as

Loy (i 02) = (R )y gy (7)== (87%),
Bo (11 32) 1= (01).

In the sequel, we employ several structured unknowns con-
sisting of decision variables and constant blocks. To display

the convexification mechanism, we use boldface notations for
the variable parts to differentiate them from those matrices
which are constant; recall from Sec. II that matrices with a
hat might carry a specific sub-structure by themselves.

We close this chapter by showing possible extensions of
our framework in Sec. V-D, while discussing the question of
optimality in the lifted setting in Sec. V-E.

A. Synthesis for Gs, K3: Triangular gain-scheduling

Let us motivate the choice of the design variables by
putting an emphasis on the relevant modifications if compared
to unstructured gain-scheduling in Sec. II-D. For triangular
gain-scheduling with G3/K3, we have to structurally restrict
the plant/controller LFRs (1)/(2) to (44)/(46), which involves
triangular matrices both in the control and uncertainty channel.
In the subsequent construction, we take inspiration from the
nominal triangular controller design procedure in [15], [24].
For compact notations, let us introduce the partitions

b= (blabQ) = (|l|7 |”)7
v = (v1,v2) = (|I], [I]).
Instead of (23), we now choose the decision variables

X;:= (X2 X3) eR"™, Y, :=(Y1Yz) e R (52)

a = (a1, a2) == (|nl,n]),

u = (u1,uz) := (|nl,|nl),

(S

with unstructured symmetric matrices X3, Y7 € S” and sub-
structured coupled blocks

X, X0 Z7.
Xy =7, = 22 R™*™
2 <X2> ( 0 I, ) S ’

Ys I 0
Y = N = ni c Rnxn,
2 <Y2> (—Z22 Y22>

where Xoo € S™, Yoo € S™2 are symmetric and the shared
variable Zoo € R™2*™ ig general. Note that the latter parti-
tions are motivated by the 2 x 2-block triangular structure of
the state-matrix A, € R?ﬁ)" of the lifted plant G;(A) € Gi,
as inherited from the one of the original system G(A) € Gs.
For the quick identification of structural dependencies, bold
and non-bold notations are used for sub-matrices according to
whether they are genuine variables or fixed, respectively. In
the synthesis conditions, (28) is replaced by

(53)

Y1 Y, I
Xi=| Y] YiXy X] | €Stm02), (54)
I X2 X3
- T 5
- T % X X22 0
where it is noted that Y3 X = ( o? <X: = ("3 vp)

is symmetric and depends affinely on the decision variables.
Therefore, X = 0 in (S-H,) does indeed constitute an LMI.

Let us now introduce a novel collection of decision variables
that correspond to the multiplier P in (L-H,) and is adapted
to the lifted LFR. Recall that the uncertainty channel of the
initial plant LFR (44) comprises the triangular matrix Agy €
R(SXO; This allows us to express Ags in the lifted LFR (8) as

I, 0{ 0 0
L, 0\ | o01,i0 o0

Ago = (2A22 _Is> e 0 1_151 0 ) (55)
° oi 0 -1



a 2 x 2 block triangular matrix with a refined sub-partition

1= (r,s) = ((r1,72), (81, 82))- (56)

Analogously to the doubling of the column length in (52) if
compared to the unstructured case, the 2 x 2 block-triangular
structure of Ass in (55) motivates to also double the column
length |I| of the multiplier variables (24) in unstructured
synthesis. Recalling (51), we hence pick

Xo:= (P P3) R, Yy:=(Q1Qz2) R (57)

with [ x [-dimensional sub-blocks P;, Q;. As in Sec. II-D,
we impose the constraints P3 € P, and Q1 € P4 with the
primal/dual scaling class (21)/(22), but with the difference that
P, /P, are now defined for G3 in relation to the structured
uncertainty block A(A) = (% R)- In view of the hierarchical
structure of Ao in (55), we use the structured square variables

1?2 P22 R§2§P23 Rgz
P2 0 17. } O O Ixl

Py = | = frt e R,

2 1?3 Pso R233P33 Rgg
Py 0 00 I,
Q2 L, 0, 0 0
| Q| _ | —R22 Q22— Ra3 Q23 Ix1

Q2 — Qg = 0 0 i 181 0 S R

Qs —Rs32 Q32/—R33 Q33

according to [ and its sub-partition in (56), where

Py Pos (r1,51) (sz Qza) (ra,52)
c S 1,51 , e S 2,52 ,
(P32 P33) Qs2 Q33 (59)

1l22 1123 (r2,s82)%x(7r1,81)
c R(r2:52 1,81)
(ll32 1133)

As a counterpart to X > 0 for (54) involving Yng, the
synthesis conditions also involve the multiplier constraint

He [PgAl(A)Qz] =0 forall AeV.  (60)

Note that (58) and (59) are coupled similarly to (53), but
now with a specific sub-structure having the key benefit that
(60) is actually affine in the decision variables. Indeed, with
the definition (7) of A;(A) involving A(A) for G, this is
extracted from

PgAl( )Qz—PT( -1, 2A(A))Q2_

(B (&) -(2) (&)= e (d)

and our convention to differentiate bold from non-bold blocks.

As in Sec. II-D, our design relies on a convexifying param-
eter transformation matching the controller matrices to new
decision variables. As seen for nominal triangular design [15],
[24], such a transformation can be made applicable to preserve
triangular structures. Based on the choice (52)-(53), (57)-(59),
our lifting approach even shows this fact for triangular gain-
scheduling. To this end, we match the triangular controller
matrices (46) for K3 to the triangular unknowns

K11 K12 L1 R?Xu Raxv Ra:ég
Kj Koz Ly | € R?X? R?Xl)) be (61)
Ml ]\4’2 N Rmxu anxv Rmxk

(29 7@ TG

with the partitions defined by (51).
Lastly, for a compact exposition and by using (51), we

introduce the structured matrices
e ._ Ob1 Xmy B 2
Ongml 0b2 Xmo ’

0 B
Be = a] Xmi 1 ) , B
! (0(12><m1 O(IQXTVLQ 2
e Okyxur  C1 ) <0k e )
Cy = 1 1 , Cs .= 1 Xv1 :
1 (Okzxul Oko xus Oky xvr Okgxcus
(62)
in here, the blocks B; and C are extracted from B; € R?X)’”,
By € (" and Cy € Rf.f,;l, Cy € RY) in the lifted LFR (8)

according to
(C’J> — ('0) =
[ e o -

(owBZ) = <:(.)> = B; and
l (63)

The main result for triangular gain-scheduling then reads as
follows.

Theorem 6: There exists a structured controller K(A) €
K3 with [¢ = ¢ = s¢ and A} = 0, P € P, such that
the closed-loop system (10), (16) obtained for G;(A) € GL
satisfies (L-H ) iff there exists Lyapunov variables (52)-(53)
specifying (54), multiplier variables (57)-(59) and controller
variables (61) fulfilling (S-Hoo) and (60) with A;;, B;, C;, D
defined by (27) for N := N and

Li = Ly + %) (B{N), M;:= Mj + %y
Kij = Ky + Uy (XT AijYy)+

+ Uy (Bi M) + %) (LiC5) —

N o

5>(NCJE)’

B{NC5.
(64)
If (S-H) and (60) are satisfied, one can construct X; > 0,
P € P, and K(A) € K3 with an affine triangular scheduling
function A,(A) such that (L-H..) holds, while the size of
the state and scheduling matrix Afl and /152 of the controller
K (A) are bounded by 2|n| x 2|n| and 2|I| x 2|I|, respectively.
The constructive proof of Theorem 6 is given in the Ap-
pendix. In the sufficiency part, we derive explicit formulas for
the controller matrices (Step 3) and for AC(A) (Step 2).
Since A(.) is affine and V = Co{Ay,...,Ax}, recall
that the constraints P3 € P,, Q1 € P, admit an LMI
representation. Similarly, (60) can be equivalently replaced by
He [PQAZ(A)QZ} = 0 forall A € {Ay,...,Ay)}. Hence,
Theorem 6 leads to a finite dimensional LMI test, since all
variables enter in an affine fashion as is easily checked also
for those expressions that have not yet been considered. E.g.,

Uys)(X{ A12Ys) = (8 Xg‘%l?Q?) with
) L \T . .
X§A12Q2:X5(A12 OnXS)QZI (?:) AlQ(gZ)

is indeed affine in X5 and Q2 since A1 € RT,O is triangular.

Let us finally emphasize that by now standard relaxation
strategies permit us to easily extend our results to value sets
V that are semi-algebraic, for example [25], [26].

B. Synthesis for G, K, Partially scheduled nested loop

For Go/Ko we consider the plant/controller LFRs in (1)/(2)
with (41)/(43), respectively. As for G3/Ks, all matrices in the
control channels are 2 x 2 block triangular. In contrast, the



uncertainty channels carry no partition as in the unstructured
design with G1//C;. This motivates to choose the structured
design variables for the Lyapunov part as in Sec. V-A, i.e.,
X1, Y7 as in (52)-(53) with X in (54). On the other hand, we
rely for the scaling part on the choice in Sec. II-D, i.e.,

X9 =Py € Pp7 Y; = Ql ePy

with the primal/dual scaling class (21)/(22) for A(A) = A.
In a fashion analogous to the design results for 3, ;, we
take controller variables that match the structure of Ko, i.e.,

REG Ry RO

(65)

Kll K12 Ll
Ky Koy Ly | € | RIS RIIx Rl (66)
M, M, N Rm?u Rmxul Rmxk

(20 (@) (%)

with a, u € Ng as in (51). The next result with Bf, Cf
from (62) can be shown by directly simplifying the proof of
Theorem 6; we drop the details for brevity.

Theorem 7: There exists a structured controller K (A) €
ICy with [¢ = ¢ = s and X} = 0, P € P, such that
the closed-loop system (10), (16) obtained for G;(A) € G
satisfies (L-H,) iff there exists Lyapunov variables (52)-
(53) specifying (54), multiplier variables (65) and controller
variables (66) fulfilling (S-H,) with A;;, B;, C;, D defined
by (27) for N := N, for (64) if (i,7) = (1,1), and for

Ly :=La, My := M, K3 := Ki2, Ky := Kaa,
Koy i= Ko + Zo4(XT A1 Y1) + R0y (L2C5).

If (S-Ho) is satisfied, one can construct X; = 0, P € P, and
K(A) € Ky with an affine scheduling function A.(A) such
that (L-H ) holds, while the size of the state and scheduling
matrix A$, and AS, of the controller K (A) are bounded by
2|n| x 2|n| and |I] x |I|, respectively.

Let us now clarify that (67) is a direct specialization of (64)
for fully triangular synthesis. Indeed, the controller variables
(61) specialize to (66) with

b= (b1, b2) := (|I],0) (111, 0).

Moreover, since all blocks in (64) inherit the partition of (61),
vo = 0 implies %(gs)(.) = 0 for Kya, Kz and My, while
by = 0 shows Z(gs)(.) = Z(04)(.) for K31 and L. In (62), we
note that C5 = 0 due to (68). We also have B5 = 0, since
the initial LFR for Go involves Bg IS Rf.f))m, which implies
Bs € Rl.x(,;” for the lifted LFR (8) and thus BQ =0 in (63).

Also note that (44) for G specializes to (41) for Gy with
ro = sy = 0. The latter implies Py = (g:i gﬁg) and
Q2 = I, ) in (58). Due to (60), this shows P> € P,
in correspondence with (65).

Hence, the partial gain-scheduling problem can be viewed as
located between triangular and unstructured gain-scheduling,
with the bound for the dimension |I¢| of the scheduling block
being reduced from 2|!| to |!| if compared to Theorem 6.

(67)

and v = (vy,v2) := (68)

C. Synthesis for G4, K4: Zero feedthrough term

The plant/controller LFRs (1)/(2) are given for G4/K4 by
(47)/(48). In contrast to Sec. V-B, the control channel carries
no particular structure, while the scheduling channel involves

(truncated) triangular matrices. Hence, let us take variables for
the Lyapunov part as for unstructured design in Sec. II-D, i.e.,

X1 :=X3€ Sn, Y1 =Y € Sn, (69)

while using (28) for X. For the scaling part, this motivates
to define X5, Y5 as in Sec. V-A, i.e., the structured variables
(57)-(59) with coupling condition (60). In analogy to Iy, o
and /Cs, let us pick the controller variables

Ki1 K12 Ly RInlxn| Rln.lxv Inl>xk
Ko Koz Lo | € [ RO R RESE (70)
M1 ]\42 N Rmxln‘ RMXv 0

(00)

for b, v € N3 in (51) to reflect the sparsity structure of K.

Theorem 8: There exists a structured controller K(A) €
K4 with [¢ = ¢ = ¢ and X; = 0, P € P, such
that the closed-loop system (10), (16) obtained for G;(A) €
Gl satisfies (L-Hoo) iff there exist Lyapunov variables (69)
specifying (28), multiplier variables (57)-(59), and controller
variables (70) fulfilling (S-Hoo) and (60) with A;;, B;, C;, D
defined by (27) for N := N and

Li=Li, M;:=M; K;=Kiif (i,
Koy 1= Kag + W) (XJ A2sYo).

3) # (2,2),

(71)
If (S-Ho) is satisfied, one can construct X; = 0, P € P,
and K (A) € K4 with an affine triangular scheduling function
AC(A) such that (L-H.) holds, while the size of the state
and scheduling matrix A, and AS, of the controller K (A)
are bounded by |n| x |n| and 2|I| x 2], respectively.
Analogously to Sec. V-B, (64) specializes to (71). Indeed, with

a= (alan) = (07|n|)7 U= (ulauQ) = (|TL|,0),

k:(klka):(kaQ)v m:(mlamQ):(mlvO)v
we note that the controller variables (61) reduce to (70), we get
Bf =0 and C¥ = 0 in (62), and %“0 (.) = 0 in (64) except
for Kys. The proof of Theorem 8 is omitted for brevity since
it proceeds along the lines of the one for Theorem 6. Instead,
we emphasize that the unstructured control channel for G, /K4
allows to perform synthesis with a controller of McMillan
in Theorem 6.

D. Direct extensions

The compact presentation of our framework allows to
easily combine results. For instance, if we aim to solve the
triangular H,-gain-scheduling problem, while simultaneously
guaranteeing a finite closed-loop Ha-norm, we use the Ho-
analogon of the synthesis inequalities in (S-H), i.e.

c(o 0. o (2 ) <o
(500000 () <o

while restricting the plant/controller LFRs (1)/(2) to G3 N

G4/K3 N 4. For instance, K3 N K4 means to work with
controller matrices that are structured as in

Rn “xn® Rn “xre R™ ‘xk

(S-Ho)

A11 A§2 B1 (’DX) ('OX) (’Dx)k
S 'IL S 7" S

A21 AS2 B2 e R ()) R( ll) R(()ll)

CC C2 DC Rmx’ﬂ R’H;LXT‘ 0

(22 )



and a triangular scheduling function A, : V — Rf,(.,x)“’ ; the
intersected structures for B2, 02 naturally follow from K3/K4
with (46)/(48) if viewing (48) in the partitions k, m € N%. In
view of the triangular structure in the control and uncertainty
channel, we then choose the variables X;, Y; as for the
triangular case in Sec. V-A, while replacing (61) with

Raxu Raxv Ran

K1 K2 Ly (2) il
Ko K2z Lz | € | R R’g.xog) Rb@
Ml ]\4’2 N anxu R’mxu O

() @8

The corresponding synthesis result can then be formulated as
in Theorem 6.

Furthermore, our synthesis results for partial and triangular
gain-scheduling based on the nested configuration in Fig. 2
can be easily generalized to a hierarchical structure consisting
of a finite number of an arbitrary number of subsystems.
This requires to adapt the projection terms (67) and (64),
respectively, according to the parameter transformation in [24].
Finally, the lifting procedure and our synthesis results can be
directly applied to other performance specifications, such as
the generalized Hs-cost based on the analysis result in [17].

E. On the relation of original with lifted gain-scheduling

The lifting approach permits us to solve structured gain-
scheduling synthesis problems beyond single-objective H
design [17]. For the latter, however, the question arises whether
lifting introduces any conservatism. For all classes G;/C;, i =
1,...,4, this is answered in the negative in this section.

Theorem 9: Let vy; opr denote the optimal H..-bound that is
achievable for G;/IC; with the class of multipliers in P which
satisfy (12). Similarly, let ’yf-yopt be such an optimal H~-bound
for G!/KC; with the multiplier class P. Then ~} . < i opi-

Proof: It suffices to give the proof for G3/K3. Choose
any v > 7 opt- Then there exist A3 >~ 0, P € P with (12)
and a controller K(A) € K35 which achieve (A-H,) for the
interconnection with the original plant G(A) € Gs. By the
Lifting Lemma 1 and if recalling the definition of P in (18),
there exists a multiplier P € P such that (L-H,) holds for
the same ~ and for the lifted closed loop system (8)-(10).

It is now crucial to observe that the lifted structured con-
troller (9) can be again considered as an element of 3. Indeed,

if recalling the structures 245, = (29), 2A.(A) = (29),

and ¢ = (r§,r§), s¢ = (s§,s5), the matrices zﬁgz —I.e
and (‘é?‘c QAIigA)) read as
L. 010 0 ~ILe o1 0 0
e —J.i0 O 0 Iei O O
L 1!
070 il 0 and 0 e Tl e
e 0 e I 0 0! 0 Ig

after swapping the second and third block row/column. This
illustrates that a simple permutation of the signals in the
scheduling channel of (9) leads to a description of the lifted
controller with a 2 x 2 lower block triangular structure as
required for elements in K3 according to (46).

Therefore, the performance bound v can indeed be achieved
for some P € P and some K(A) € K3 interconnected with

the lifted plant (8), which shows ”yé’opt < 7. Since v with
¥ > Yi,0pt Was arbitrary, the proof is finished. ]

This result for the class G1/K; and the H..-cost shows
that the lifting approach is not more conservative than the
one proposed in [17]. Moreover, even if it was possible to
convexify gain-scheduled synthesis for the classes Go/Ko,
G3/K3 or the Ha-cost directly, we can still conclude that lifting
would not lead to more conservative results.

V1. NUMERICAL EXAMPLE

Let us consider the nested configuration in Fig. 2 for
triangular gain-scheduling, i.e., also the outer loop is scheduled
as Py = P2(A), Cp = Ca(A ) If A e [-1,1], let P (A) and
P5(A) be given by

21 1 0.95—0.8 s—1 @

€)== 1 1 (ull), Wy = A% and
Y1 s 2

s e

Z2 1 —0.95+3.9 0.6s+2.4 0 o ~
(yg) = s—l( —st+4 3 s—1 u; , W2 = Ay,

respectively. By proceeding as in Sec. III-A for partial gain-
scheduling, this leads to the system description

200 1 01 0

T T 01/ 0 10 1 T

| = o | =109 o1 0 @

03] 0-0.9/00.6

y u 201 00 0 u
13/ 0 —1i0 0

with @ = A(A)2 for A(A) := (4 Q) which belongs to the
class Gz withn=r=s=m —k—( 1), m? = kP = 0.

Based on Matlab’s Robust Control Toolbox, let us perform
a standard S/KS-design, i.e., an Ho-design for bounding the
weighted sensitivity and control sensitivity transfer matrices S
and K S, respectively. To this end, we consider the plant

@ Ay | A 10! By .

z B As1 | Aaa 101 By 77 (A0,
€ = —Cy|—-CyiIi—=D w, , W= 0A z
u 0] 0 o1 |\

Y —Cy|—-CqyiIi—D

with the performance output z,, := col(e, u) which collects the
tracking error e and the control input u. The corresponding
weights are taken as w.(s) := 25@% and w,(s) :=
10%5110( 1 2), respectively. The resulting weighted plant is
the LFR G(A) € G3 used for synthesis.

The goal is the construction of a triangular gain-scheduled
controller K;(A) € K3 solving Problem 2. This is compared
to an unstructured gain-scheduled controller K, (A) € K
which results from viewing G(A) as an unstructured plant in
G1. We compute the optimal Lo-gain bound 7y based on the
LMIs in Theorem 6, whose implementation is facilitated by
using [27] in conjunction with our description of the structured
variables and the constraints. The corresponding controller is
determined for the increased bound 1.05 ey to improve the
numerical conditioning of the controller construction.

By using the solver MOSEK, the design for K, (A) guar-
antees an Lo-gain bound of o = 6.58, while that for K;(A)
leads to the higher value of -, = 11.11. The difference is
the prize to be paid for designing a triangular controller.



The resulting closed-loop frequency responses of w, — ¢
are shown in Fig. 3 for the triangular (full) and the unstructured
(dashed) design, if A takes the values —1 (purple), O (blue)
and 1 (red), respectively. The inverse weight w, (scaled with
Yopt = 11.11) is shown as a black dashed-dotted curve,
while the responses of w, — u are omitted for brevity. The
associated controller magnitude responses for K;(A) (full) and
K, (A) (dashed) are given in Fig. 4 and exhibit the triangular
controller structure of K;(A).

The highly varying characteristics of the underlying open-
loop plant (not shown to save space) is reflected by the fact that
the controller gains in the (2,2)/(1,1)-components change from
higher/lower to lower/higher values (for lower frequencies)
when moving the parameter from A = —1 (purple) to A =1
(red). This induces the opposite behavior for the sensitivity
plots in Fig. 3. Apart from and despite the fact that the
structured design achieves an exact decoupling of outer loop
references from the inner loop, both designs exhibit similar
characteristics in terms of their sensitivity magnitude plots.

In Fig. 5, we compare the time-domain tracking behavior for
K (A) with that for K,,(A) with A(¢) := sin(nt/100) (black,
dashed) and w,, = col(0, ) for rs(t) := 0.5 square(27t/25)
(black, full) generated by the Matlab command square. Note
that the reference only acts on P>(A) in the outer loop (see
Fig. 2) and Fig. 5 depicts the two outputs y; (upper) and y-
(lower) for K;(A) (blue) and for K, (A) (red), respectively.

Both designs lead to a similar tracking behavior, while the
exact suppression of the outer loop reference signal in the inner
loop is violated for K,,(A) (upper, red). These plots once again
reflect the change of the characteristics of P,(A) from an
unstable minimum-phase (A = —1) to a non-minimum-phase
(A = 1) system, in accordance with the different peaking
behavior of the (2,2) block of the corresponding sensitivity
transfer function in Fig. 3.

Let us finally compare these designs with those for partial
gain-scheduling where P, is taken as P»(0) and Cy is a
A-independent controller in Fig. 2. The resulting frequency
response plots in Fig. 3 (dotted) exhibit a closed-loop system
which match those for K;(A) in the (1,1) block for the
parameters A € {—1,0,1}, while they resemble those for
K;(0) (blue) in the (2,2) block.

Remark 1: The lifting approach goes through if replacing
W = —i + 2A(A)2 with & = —p + (1 + 1)A(A)Z for
some parameter 4 > 0 and adapting the lifted block/LFR
in (7)/(8) accordingly. However, this modification causes no
improvements in our numerical example.

VIl. CONCLUSIONS

We have presented a lifting technique that allows us to de-
velop a direct synthesis framework for nested gain-scheduling
with multiple objectives using full block scalings. Based on a
novel structured factorization of these scalings, this approach
is shown to be successful for solving the partial and triangular
gain-scheduling problem related to a nested inner and outer
loop configuration. A future goal is the extension to more
complicated hierarchical structures and the investigation of
numerical advantages of the lifting technique over existing
LMI controller design approaches.
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Fig. 3. Closed-loop frequency magnitude responses of wp — e for
triangular (full), unstructured (dashed), partial (dotted) gain-scheduling
computed for A = —1 (purple), A = 0 (blue) and A =1 (red), and the
scaled inverse weight for the triangular design (black, dashed-dotted).
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Fig. 4. Frequency magnitude responses of the triangular gain-
scheduled controller K¢(A) (full) and the unstructured gain-scheduled
controller K, (A) (dashed) computed for A = —1 (purple), A = 0
(blue) and A = 1 (red).

APPENDIX
PROOF OF THEOREM 6

Necessity. Suppose that (L-H,) in Theorem 5 holds with
some X; > 0, some scaling X5 := P € P, and for the closed-
loop system (10), (16) obtained for the lifted LFR G;(A) € G4
and some controller K (A) € K3 with [¢ = r¢ = s°. We infer

01y (01y (—A10Y. [ A b
L (10)7(10)7( g 1); X2C42J' X2D52 < 0. (72)

In the first steps, we properly factorize X; according to (30)
where the structures of X;, Y;, U;, V; depend on G3, K3 and
on the structure of the lifted LFR.
Step 1 (Factorization of Lyapunov matrix X7).

In G3/KC3, the plant/controller matrices related to the control
channel are triangular, which motivates to use the factorization
in [14], [15] for convexification. By assuming w.l.o.g. that
n§ > |n| and n§ > |n|, it is shown in these papers that there
exists a factorization (30) for + = 1 such that ); has full
column rank and such that the factors admit the structure

(73)
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Fig. 5. Responses yi1 (upper) and y2 (lower) for gain-scheduling with
K¢ (A) (blue) and K., (A) (red). The lower plot contains the scheduling
signal A (black, dashed) and the square reference rs (black, full).

with variables defined as in (52)-(53), and with triangular
matrices V; € RZL:C(.,);“, Ul e RE”:T];’C with u, a in (51). As
in Step 1 of the proof of Theorem 3, we get Zf'); = 0. By
symmetry, the latter reads as X > 0 with (54).

Step 2 (Factorization of scaling matrix Xs).
For X, we construct a novel factorization which is shown to
be the right choice for G3/K3. First, if € > 0, note that the LFR
of K(A) with its specific structure in (46) does not change
if increasing the size of the scheduling channel by diagonally
extending /1’2 with —¢I, A <(A) with eI, and X5 with eI,
while properly increasing A127 Agl, BS, C’§ by zero blocks.
Therefore, we can assume w.l.o.g. that I§ > |I| and [§ > ||
for the components of {¢ = (I$,15) defining the partition of
the controller’s scheduling block, while (L-H,) and X5 €
P remain to be true. Then we can partition X5 according to

(lllv( ials)) = (|l|7lc) as
P3| Sfy S5 i
,,,,,, Psis
Xy = | S13iZ11 Z12 | = (szl> 74
S931 291 Z22 :
We first target at the factorization
I Tl LiD Py
Xo| Tin 010 | =1 0i512 513 (75)
T T2210 0: 0 So3

Since (L-Ho) and the scaling inequality He[X2A;.(A)] > 0
for A € V are strict and since V is compact, we can suc-
cessively infer invertibility of Zso, Z; by perturbing Zso, Z11
such that (L-H) and X3 € P stay valid.

Further, by partitioning Zy = Z, " as Zp in (74), the block-
inversion formula shows 1nvert1b111ty of Z;; for j = 1,2. In
particular, since Sj3 is tall due to IS > |I| and since Zj; is
invertible, we can successively perturb Ss3, S7 such that

H, = —([l; O)lel and Hy := —Z25503 (76)

have full column rank and (L-H), X2 € P stay true.
Moreover, perturbing Ps allows to infer invertibility of

P3 — S?lel and P3 - S%ZQQSQ:; (77)

without violating (L-H~,) and X5 € P. E.g., with the original
P53 we can choose ¢ € R arbitrarily close to zero such that

—¢ ¢ eig(Ps — SileSl) U eig(Ps — 5%2225’23) (78)

and then replace P3 with Ps 4 ¢1.
Invertibility of (77) and of Z;, Zo implies the same for A5

T .
and ( Ps 533 ), which allows us to define
Sa3 Za2

This leads to (75) with suitable blocks 5'”
Next we show that there exists Pa, Q2 as in (58) satisfying

ToP; = Q2. (80)

For this purpose, let ITI € R'*! be the permutation matrix for
which the second and third block row of

07, and I [Pa - 53“3222523}
are swapped in the partition [ = (r1, 72, $1, $2), and define

5 AT 5 pT ~
(8:8) =nnn’, (0 ) =[P - ShZnsy |1
8D
of dimension ((r1,s1),(r2,52)). Let us observe that by ad-
joining eig(Ps) to the right-hand side of (78), (81) allows
to modify the above perturbation of Ps in order to achieve
invertibility of (77) and of 153. Further, due to (79), the block-

inversion formula shows Ty = [ P3 _ 523 222 323] 1 n d thus
Q1 QT _ (P PT L1

is invertible by construction. By 1nspect10n we get

nrn” (97 -4 = (0,60 0007 ) 8
and we can choose
(11322 11;23) — Ql_la (822 823> =
32 33 32 33
(Ra: Ray) = —QQ1
as in (59) to define Pp, Q2 through (58). Clearly, (82)
transforms into (80) after left/right-multiplication with IT7 /TL.
Setting Q4 := 77 and right-multiplying the second block
column of (75) with P, while using (80) leads to the factor-
ization of X5 as in (30) for ¢+ = 2 and with

(Y2> B ,,C%;,,%g <X2> ="
). o) NS g

By construction, note that (57)-(59) hold and that the partitions
of Vp € Rl.oxv, Ul e RPX o) can be expressed with v, bin (51).
Let us convmce ourse(lves that ) has full column rank. By
construction, H; in (76) has full column rank. By the block-
inversion formula, (79) implies that T} is invertible and, hence,
T;; = H;T; has full column rank as well. Therefore, this
holds for the right-factor of X5 in (75). Since Ps is as well
invertible, we conclude that )5 has full column rank.
Step 3 (Elimination of scheduling function A,).
As in Step 3 of the proof of Theorem 3, we omit the arguments
of Ay(.), As(.), Ae(.) and infer (32) from X, € P. With the
partitions of X5, Y5 in (83), let us note that

Qs — Q2Q7'Q3,

(83)

; A1Qy 0 1.0
te| (g ) au(vain) | = we( " FIAG 0
2 J31 J32 iP3TAl

(84)



holds with blocks J;; = J;;(A;, AT') that depend on A; and
AIT, respectlvely Moreover, since Us, V5, A are triangular,
we infer U] AV, € Rb;g;’ This implies that the diagonal
blocks of (32) are exactly given by those of (84), and hence

He[AQ1] > 0, He[P2TAlQ2} > 0, He {PSTAI} = 0. (85)

Therefore, we conclude (60), while Q1 € P4 and Ps € P,

follow from (85) as shown in Step 3 of the proof of Theorem 3.
Step 4 (Convexifying parameter transformation).

Since Y; has full column rank, let us use congruence trans-

formations with Y; / ))Z.T on the ¢-th block-column/-row of (72)

together with the factorization (30) to infer

2T ALY 27 By
‘C(((I) 6)7 ((} 6)7 ( 31 ?) (ZzT-AZJyJ Z, BZ)) = 0.
] y] D
As in Step 4 of the proof of Theorem 3, we can express
the matrices in the outer factor as (35) after performing the
substitution (36). We observe that N = D¢ =N already has
the desired structure (61). Moreover, let us define

Kij = 2y (Kij), Li:= Loy (Li), My = Loy (M)
(86)
to trivially infer the structure (61).
In order to finish the necessity proof, it remains to show
(64). In view of K(A) € K3 with (46), all controller matrices
are lower block-triangular. The same is true for UL, V; by

construction. This implies
Uy (UT A5V) = 0, Uy (U] BY) =0, sy (C5V;) =0

(87)
Hence, by exploiting (86), (87), and linearity of %gs)(.), we

can express (36) as

L; = L; + %ygs)(L;) = L; + %y (X! B;N),

M; = M; + Uy (My) = My + U (NCY),
and K;; = Kyj + %qgs)(Kij). This yields
Ky = Kig o+ Uy (XL AGY;) + Uy (KT BM
+ U3 (LiC5Y;) — 02/(05>(XiTBiNCij)_

Let us next show that the non-linear expressions (88), (89)
can indeed be turned into (64) for the new decision variables.
As a consequence of the particular structure of (53), (63), we
infer

XI'B =B, and CYy=0C) (90)
by a direct computation. At this point it is crucial to see, with
the structure of the lifted LFR (8), that we can introduce the
partitions By € Rglrl)+sl’52)xm and Cy € RFX (02 tlsh g

(29)
directly shows

BQ _ ((.)) c R(|r\+sl,52)><m2 and CVZ _ Rklx(rl,r2+|s\)

(e0) €

in (63). By exploiting the structure of Py, Q2 in (58), this
implies the following relations in analogy to (90):

PlIB, and C2Qs = Cs. 91)
Now, due to By, C’; in (62), we infer from (90) and (91) that

:BQ

Uy (X[ Bi) = Bf and - %) (C}Y5)

by a direct computation. This leads to the key relations

X{ Bi = Bf + Z30)(X[ By) and C;Y; = Cf + L30)(C;Y)).
92)
Analogously to nominal p-block triangular synthesis [24, eqgs.
(22)-(24)], it suffices to apply (92) and projection rules for
U3y, Z(30) to express the projection terms in (88), (89) as

W) (X{ BiN) = %) (Bi N), ©93)
Uy (NCjY) = Uy (N C),
and
Uy (X BiM;) + Uy (LiC;Y5) = Uy (XT BiNC;Y;) =
= Uy (B My) + gy (1) =~ Uy (BENC).

Due to %g;)(BfNC5) = B{NCY, we immediately infer
(64). In order to avoid duplications, let us only display
this mechanism for %(gs(NC;Y}). Indeed, by using (92)
combined with the linearity of %/(gs(.), the simple identity

(8
38)

N = Z;0)(IN) together with %(4s) 0 Z(49) = 0 gives
U ya) (N C;Y) = U ) (N CF)+ U ) (L29) (N) L129) (CY)))
=gz (NC3)

which is (93). All this finishes the necessity proof.

Sufficiency. Let (S-Ho,) and (60) be feasible.

Step 1 (Construction of Lyapunov matrix Xy, multiplier X5)
As in the sufficiency proof of Theorem 3, choose invertible
blocks U;, V; of the matrices V;, Z; in (30) such that Y Z; =

YiEYIXeVIUL) i symmetric for X, Y; from (52), (57).

I X, v e
In particular, as motivated by the factorizations (30) with (73),
(83), we ensure the right triangular structure of U;, V;.

This is achieved for 7 = 1 as in the nominal case [15, proof
of Theorem 2] by taking the lower triangular matrices

T .__ In 0 L YT X Y1 0
Up = (o ) ™MVi=U T xTy, x, - XTIy,

which are proven to be invertible in [15] due to X > 0.
If i = 2, we infer symmetry of V] Z, by taking, as for
1 =1, the 2|l| x 2|!| lower triangular matrices
r._ (10 _(Q3 —P3Qx 0
Uy = (O Il) and V5 := ( I—P3TQ1 P2—P3TQ2>'
By perturbation of X5, Y5 and compactness of V, we can infer
invertibility of V5 such that the strict inequalities in (S-Ho),
(60) and for P3 € P, Q1 € Py persist to hold forall A € V.
Since U;, V; are invertible, the same is true for );, Z; in
(30). After congruence transformation with y;l, we infer
symmetry of X; := Ziyi_l and validity of the factorization in
(30). In particular, Y] Z; = X = 0 directly implies &X; > 0.
Step 2 (Construction of scheduling function Ac).
We drop again the arguments of A;(.), A.(.), A.(.) and recall
(84) with entries J;; = J;; (A, AT) € R™*! depending on A,
and AZT. As in the proof of Theorem 3, Q1 € Py and Ps € P,
imply the first and last inequality in (85), while the second one
holds due to (60). Since Us, V5 are invertible and triangular,
let us choose A, := Uy T(72* © )V, as the scheduling

J31 J32
function; by definition of J;;, we get the explicit formula

A :_UT(PgAszL Qz A 0 )Vl
¢ 2 PiANQ: + AT PiAQ:+ATP ) 2



This shows affine dependence of AC on A,AAT since A; is
affinely dependent on A. For this choice of A., (32) reads as

diag (He[AlQl], He {PgAle} ,He [PgAl} ) =0

and is indeed satisfied for all A € V due to (85). Hence, a
congruence transformation involving YV, ! leads back to (31)
by using (30) for ¢ = 2. Thus, X5 € P.

Step 3 (Construction of controller matrices).
Due to the structure of the design variables, we can verify
(93), (94) as in the necessity part. Hence, (64) leads to (88),

(89). Since Uj;, V; are invertible and triangular, we can define
Ay = U7 T Loy (Ko — XTAGY) — XTBiM;—
— LiC;Yj + X{ BiNC;Y;)Vi,
Bt = U " Loy (Li — XPB;N),
C¢ =L (M; - NC;Y;)V;! and  D°:=N

to infer the desired controller structure of /3 in (46) and (87).
Moreover, these choices and (88), (89) imply the validity of

the relation (36). Congruence transformations with y;l and
the factorizations (30) lead back to (L-Ho). [ |
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