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Birational invariance of the Chow-Witt group
of zero-cycles

Niels Feld

Abstract

We prove that the Chow-Witt group of zero-cycles is a birational invariant
of smooth proper schemes over a base field.
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Introduction

The notion of Milnor-Witt cycle modules is introduced by the author in
over a perfect field & which, after slight changes, can be generalized to
more general base schemes (see for the case of a regular base scheme,
and for any base schemes).

The main example of a Milnor-Witt cycle module is given by the Milnor-Witt

K-theory KM (see Fel21c| [Fel21all for more details).
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To any MW-cycle module M and any k-scheme X equipped with a line bun-
dle Iy, one can associated a Rost-Schmid complex C.(X, M, lx) whose homol-
ogy groups are called the called the Chow-Witt groups with coefficient in M. In
particular, if M = K", one recovers the Chow-Witt groups CH,(X,[) (see
[Fas20l]) which are, in some sense, a quadratic refinement of the classical Chow
group CH,(X).

A well-known consequence of intersection theory is that the Chow group CHg(X)
is a birational invariant. Indeed, this was proved in full generality in characteristic 0,
and for surfaces in characteristic p > 0 in the fundamental work of Colliot-Thélene
and Coray Prop. 6.3]. The case of an algebraically closed base field can be
found in Example 16.1.11], but the proof works verbatim for an arbitrary
field.

A natural question is whether or not the birational invariance holds true for the
Chow-Witt group and, more generally, of the Chow-Witt groups with coefficients in
a Milnor-Witt cycle module). It is easy to see that the Chow-Witt group in cohomo-
logical degree zero CH is a birational invariant for smooth proper k-scheme (see
Theorem 5.6]). In homological degree zero, the question is more complex.

Following ideas of Merkurjev [KM13]], we prove that the Chow-Witt group of
zero-cycles is a birational invariant for smooth proper schemes. More generally, we
have:

Theorem 1 (see Theorem[2.2.12). The group Ay(X, M) is a birational invariant of
the smooth proper scheme X.

In particular, the Chow-Witt group of zero-cycles Gf{O (X)) is a birational invari-
ant of the smooth proper scheme X.

Outline of the paper

In Section [Tl we explain how to build a special type of Milnor-Witt cycle module
from a fix MW-module. Moreover, we define a cup product for oriented schemes.

In Section 2] we prove that the two previous constructions are compatible with
each other in some sense. This allows us to define a composition of Milnor-Witt
rational correspondences and construct an associated pushforward map. Finally,
we apply these results to prove that Chow-Witt group of zero-cycles is a birational
invariant for smooth proper schemes.

In Appendix [A] we recall the basic definitions of (cohomological) Milnor-Witt
cycle modules along with the basic maps (pushforward, pullback, etc.). We then
define the new class of oriented schemes.
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Notations and conventions

In this paper, schemes are noetherian and finite dimensional. We fix a base field] %
and put S = Spec k, and we fix a base ring of coefficients R. If not stated otherwise,
all schemes and morphisms of schemes are defined over S. A point (resp. trait,
singular trait) of S will be a morphism of schemes Spec(k) — S essentially of
finite type and such

Conventions: a morphism f : X — S (sometime denoted by X/5) is:

* essentially of finite type if f is the projective limit of a cofiltered system
(fi)ier of morphisms of finite type with affine and étale transition maps

* Ici if it is smoothable and a local complete intersection (i.e. admits a global
factorization f = p o4, p smooth and i a regular closed immersion);

* essentially Ici if it is a limit of Ici morphisms with étale transition maps.

Let X/S be a scheme essentially of finite type. We put X, the set of p-dimensional
points of X.

A point x of S is a map z : Spec(F) — S essentially of finite type and such
is a field. We also say that F is a field over S.

Given a morphism of schemes f : Y — X, we let L be its cotangent complex,
an object of D’ , (Y'), and when the latter is perfect (e.g. if f is essentially Ici), we
let 7 be its associated virtual vector bundle over Y, and by wy the determinant of
Tf.

If not stated otherwise, M is a (cohomological) Milnor-Witt cycle module, X is
an S-scheme, [ is a line bundle over X, and p, g are integers.

1 Main constructions

1.1 The relative perverse homology

We follow §7]. In this section, we show that new Milnor-Witt cycle mod-
ules can be obtained from the Chow groups of the fibers of a morphism.

'Many results of the present paper are in fact true over a more general base scheme.
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1.1.1. Let p : @ — S be a morphism of finite type and let M be a cohomological
MW-cycle module over (). Fix [ a line bundle over (). For any field F' over .5,
denote by Q) = () X g Spec F'. We define an object function A,[p, M, ] on F(S5)

by
Aplp, M, 1] = @qez Aplp, My, 1]
where
Aplp, My, l[(F) = Ap(Qr, Mg, w0 ®1)-

Our aim is to show that A, [p, M, (] is in a natural way a Milnor-Witt cycle module
over S.

1.1.2. All the properties of Milnor-Witt cycle modules except axiom (C') hold al-
ready on complex level, i.e. for the groups C,(Qr, M). Indeed, we denote by M
the object function on F(B) defined by

]/\Z(F) - Cp(QFa M7 WZ)F/Q ® l) = @qez CP(QF’Mq’wéF/Q)'

We first describe its data as a Milnor-Witt cycle premodule. These will be denoted
by I€S5 5, COTeS, , etc. in order to distinguish them from the data resz g, coresyp) g,
etc. of M.

For a morphism of fields ¢ : £ — F, let ¢ : Qr — Qp be the induced map.

1. DATA D1 Define

oy = 0 1 Cyl Qi My, 1) — Col @i My, )
2. DATA D2 Assume ¢ finite. Define

coresrp = ¢x : Cp(Qr, My, Oq,) = Cp(Qp, My, Ogy).

3. DATA D3 Simply take the K*"-module structure on C,,(Qr, M) described
in [DEJ22| §1.4 and §5.4].

4. DATA D4 Denote by @U = @ X sSpec O,, the generic fiber () and the special
fiber Q). Define

0o+ Cp(Qr, My) = Gyt (Quiry, M)
by (@); = 0, with 9; as in [DFJ22] §5.3.13] with respect to the scheme Q..
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Theorem 1.1.3. Keeping the previous notations, the object functor M along with
these data form a Milnor-Witt cycle premodule over S.

Proof. All the required properties follow from the rules and axioms for M and from
the functorial properties studied in [DEJ22, §1.4 and §5.4]. (|

1.1.4. Now, we want to relate the differentials for the MW-cycle premodule M to
the differentials for the MW-cycle module M.

Let X — S be a scheme over S and let X = () xg X. Then for z, y in X, there
is a map

oz M(z) — M(y)
as in [DEJ22, §5.3.13]. By definition, this is a map
0y : Cp(@n(a), M) = Cp(Quqy), M)
between cycle groups with coefficients in M.

Proposition 1.1.5. Ler =,y in X be points lying over x,y € X, respectively, and

assume that T € (Qu(a))(q) and § € (Qu(y))(q)- Denote by (02)% the component of
55 with respect to T and y. Then

(05)% = 0% : My(T,wzys) — My-1(T, wyys)-

Proof. We may assume y € m(l), since otherwise both sides are trivial. The
dimension inequality p. 85] shows then y € @(1). Let v run through the
valuations of x(x) with center y in X. Moreover, let w run through the valuations
on (%) with center  in X. The restriction of any w to x(z) is one of the valuations
v. Let w € Q) be the center of w in X x x Spec O,.. Now the claim follows from

0))5 = (C,oresewymey 0 doly
>0 2o (COTES (0 /() )i © (Do)
> wa COTES (i /e (77) © COTESx(w)[se(5) OO

Zw COTES . (1) /() ©Ouw
= 05

0

It follows from [DEJ22) Proposition 1.4.6] that the data of the MW-cycle pre-
module M commute with the differentials of the complex C\(Qr, M). Passing to
homology, we obtain data D1-D4 for the object function A,[p, M].
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Theorem 1.1.6. Keeping the previous notations, the object function A,[p, M| to-
gether with these data is a Milnor-Witt cycle module over S.

Proof. The rules for the data of the MW-cycle premodule A, [p, M| are immediate
from the rules for M. Moreover, axiom (FD) for M and Proposition[[.L.3show that
(FD) holds for M and thus for A, |p, M]. It remains to verify axiom (C).

Consider the map

Co(Que)) —= Cp1(Quie)) ® Brexvy Co(Qua)) ® Cpit (Quag)) — Cop(Quiae))

defined by 0; = 07 with 97 as in [DFJ22, §5.3.13] with respect to the scheme
@ X X (we have shortened the notation by omitting M).
By Proposition[L.T.3] we are reduced to show § o d = 0. It suffices to check that

(5 o 5); =0forz e (Q,{(g))(q) and y € (Qﬁ(mo))(q) with y € @(2) (here @ is the
closure of z in X). The dimension inequality p- 85] shows

72 (Qu©)a-1) Y Ua(@ri) @) Y (@) a)
with Z = Q(y). We are done by axiom (C) for M. 0

Definition 1.1.7. Keeping the previous notations, the Milnor-Witt cycle module
A,[p, M] is called the p-th relative perverse homology of M with respect to p.

Remark 1.1.8. One should also obtain the results present in §8]. In par-
ticular, the MW-cycle module A,[p, M] could be used to give another proof of the
homotopy invariance of the Rost-Schmid complex.

1.2 The cup product

1.2.1. We follow ideas of Merkurjev . We work over a base field k. We fix
M a Milnor-Witt cycle module over k.

1.2.2. Let M x N — P be a bilinear pairing of MW-cycle modules over k. Let X, Y
and Z be smooth schemes over k with Y irreducible smooth and proper. Denote by
A:Y — Y x Y the diagonal map. Let ¢ be an integer and [ x (resp. ly, [}, and I))
a line bundle over X (resp. Y, Y, and Z). Assume that wy ), ® ly ® I\, ~ Oy.

We have a U-product

Ut A (X XY, M, lx ®1ly) @ A,(Y x Z, Ny, li, 1) —
AT-‘rp—dy (X X Zv Ps+q+dy7 lX ® lZ)

defined as the composition



A (X XY, M, lx ®@1ly) @ A,(Y X Z, Ny, Iy @17)
X

Arip(X XY XY X Z, Pyrglx @ ly @ Uy @ 1))

(IdX ®A®Idz)*

Aripay (X XY X Z, Poygiay, Ix Quy @ ly @1y @ 1Y)

~

AT+p—dy (X XY x Z7 P8+q+dy7 lX X l/Z)

TX Z %

Ar+p—dy(X X Z, Poygraylx ® l’)

where x is the cross product (see [Fel21bl, Section 10]), A : Y — Y x Y is the
diagonal embedding and 7y, : X XY x Z — X x Z is the projection. The
pushforward px z, is well-defined because Y is smooth and proper.

1.2.3. In particular, taking N = M = P = KMV [y = w}/(/k, ly = Oy, li, = w¥/k,
l'y = Oy, r = —s and p = —¢, we have the product

Ut CH, (X x Y,w¥s) ® CH,(Y x Z,wY,5) = CHoppay (X x Z,wYg)

which could be taken as the composition law for the category of Milnor-Witt in-
tegral correspondences Cor with objects the smooth proper schemes over k and
morphisms

Homg, (X, V) = @, CHy, (X; x Y, wYq).

where X; are irreducible (connected) components of X with d; = dim Xj.

2 Milnor-Witt rational correspondences

Let X be a smooth and proper k-scheme and [x (resp. ly) a line bundle over X
(resp. Y). There is a canonical map of complexes

@M : Cp(X X Y, Mq,lX X ly) — CP(X, A()D/, Mq,ly],lx),

that takes an elements in M(z,w. ® lx|, ® ly|,) for z € (X x Y), to zero if
dimension of the projection x of z in X is strictly less than p, and identically to
itself otherwise. In the latter case, we consider z as a point of dimension 0 in
Y, := Y,(») under the inclusion Y, C X x Y. Thus, Oy, “ignores” points in
X x Y that lose dimension being projected to X.

We study various compatibility properties of O ;.
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2.1 Cross products

Let M x N — P be a bilinear pairing of MW-cycle modules over k. For a smooth
scheme Y over k and [y a line bundle over Y, we can define a pairing

M x AplY, N, ly] — AolY, P, ly]
in an obvious way.

Lemma 2.1.1. For X,Y, Z smooth k-schemes, and lx (resp. ly, ly) a line bundle
over X (resp. Y, Z), the following diagram is commutative:

Cp(Xa quJX) ®Cr(y X Z, NsalY ®ZZ) —X>CP+T(X XY x Z7 Pq+37lX ®lY ®ZZ)

lIdX@N l@p

Cp(X7 Mqu lX) & C,-(YAQ[Z, N97 lZ]a lY) —X) p+r(X X Y7 AO[Z7 Pq+57 ZZL ZX & lY)

Proof. Let x € X, and p € C,(X, My, lx). Consider the following commutative
diagram

Co(Y x Z,N,,ly @ 1y) O C, (Y, Ao[Z, Ny, 7], ly)
Co((Y X Z)ay Nayly @ 1) On Cy(Ya, Ao[Z, Ny, 1], Iy)
Cp_H«((Y X Z)E,Pq_i_s,l)(@ly@lz) or Cp—',-r(}/zmAO[Zu Pq-‘rsalZ]?lX ®ly)

Coppr (X XY X Z, Py, lx @y ®lz) e, o (X X Y, Ao[Z, Pyis, 2], Ix ® ly)

where 7, : Y, — Y and 7, : (X xY), — X x Y are the natural projections,
m,, and m/, are the multiplications by i, and i, : Y, — X x Y and i} : (¥ X
Z), — X x Y x Z are the inclusions. By the definition of the cross product, the
compositions in the two rows of the diagram are the multiplications by .

O

2.1.2. PULLBACK MAPS Let f : Z — X be a regular closed embedding of smooth
schemes of dimension s and [ a line bundle over X. We denote by N, the normal
bundle over Z. For an smooth scheme Y, the closed embedding

f'=fxIdy : ZxY - X xY
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is also regular and the normal bundle Nxy,zxy is isomorphic to Nx,7z x Y.
Lemma 2.1.3. The following diagram is commutative:

f/*

Ay (X X Y, M, 1) Aps(Z X Y, My_, 1 @ wY)

lQM leM

Ap(X, AglY, M) 1) L Ay (2, AV, M) L © w)).

Proof. Letmy : G, x X — X and 7y : G, x X x Y — X x Y be the natural
projections. The following diagram

(™)

Co(X XY, My, 1) == 1 (G x X X Y, M,_1,1)

\LG)]M \LG)]M

Col(X, AolY, My}, 1) == Ci1 (Grn x X, AoV, My 1], 1)

1S commutative.

Let ¢ be the coordinate function on G,,,. The map ©,, commutes with the mul-
tiplication by ¢, i.e. the following diagram

Co(G X X X Y, My, 1) — e O (G X X Y, My, D)

l@)M l@)M

Co(G % X, AgY, M), 1) — € (G % X, Ao[Y, M), 1)

1S commutative.

Let D = D(X,Z) be the deformation space of the embedding f (see e.g.
§10]). There is a closed embedding ¢ : Ny, — D with the open com-
plement j : G,, x X — D. Then D' = D x Y is the deformation space
D(X x Y, Z x Y') with the closed embedding

i =1x Idy . NXXY/ZXY — D'

and the open complement j' = j x Idy : G, x X xY — D',
The commutative diagram with exact rows
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induces the commutative diagram

Cp(G X X X Y, My, 1) —2—C, 1(Nx/z X Y, M,, 1)
\LG)]M l@)M
Co(Gumn x X, Ao[Y, M), 1) "> Gt (Nxyz, Aol My, 1).
Finally, we also have the commutative diagram
Cp(Z X Y, Myl @ wyll) —— Cppy (Nxyz X Y, My, 1)
lGM lGM
Cp(Z, AQ[Y, Mq], [® W}/) 7r_’*> p+s(NX/Za AO[Y> Mq—S]? l)

where 7 : Nx,7 — Z is the canonical projection and s its relative dimension (7 is a
quasi-isomorphism by homotopy invariance). By the definition of the pullback map
(see Section 7]), the result follows from the composition of the previous
commutative square. ]

Remark 2.1.4. The previous lemma could be stated at the level of complexes with
the use of Rost’s coordinations or by using the homotopy complex defined in
§2.2], but we do not need this generality.

2.1.5. PUSHFORWARD MAPS Let f : X — Z be a map of smooth schemes (over
k). and [ a line bundle over Z. For an oriented smooth scheme Y, set

fl=fxIdy : X xY - ZxY.

Lemma 2.1.6. The following diagram
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Co(X X Y, M, 1) —L 0 (Z x Y, M,, 1)

lQM lQM

Cy(X, AglY, M,], 1)~ G, (Z, Ao, M), 1),

s commutative.

Proof. Letu € (X X Y)yy, a € M(k(u),w, ®1). Setv = f'(u) € Zx Y. If
dim(v) < p then (f]),(a) = 0. In this case, the dimension of the projection y of u
in Y is less than p and hence (©,/),(a) = 0.

Assume that dim(v) = p. Then k(u)/k(v) is a finite field extension and

b= (f)ula) = cores,(y)/uw) (@) € M(k(v),w, ®@1).
If dim(y) < p, then (©,/),(a) =0, and ©,(b) = 0.
Assume that dim(y) = p, then
(@M o fi)u(a) = Coresﬁ(u)/n(v)(a) =b

considered as an element of Ay[Y, M,|(k(2),w, ® 1) = Ao(Y., M, 1), where z is
the image of v in Z. On the other hand,

(f+ 0 Onr)ula) = ¢.(a),

where ¢ : Y, — Y, is the natural map (where x is the image of u in X) and is
considered as an element of Ay[Y, M,|(k(2),w, ®[). It remains to notice that

bi(a) = cores,(y)/nw) (@) = b.

2.2 Rational correspondences

Let Y and Z be smooth schemes over k. Assume Y irreducible and denote by
dy the dimension of Y .By Lemma 211} for the pairing M x K" — M and
“X =Y we have the commutative diagram

Ag(Y, M) @ CHyy (Y % Z,wy,)) ——= Agy (V X Y X Z, M_qy +q, 0.1,
lld ®®KMW l/QM

Ao(Y, My) ® Aay (Y, Aol Z, KYGT ] wyl ) —= Aay (Y X Y, Ao[Z, My 1g), 0. p1)-

Let A : Y — Y X Y be the diagonal embedding and A" = A ® Idz. By Lemma
the following diagram
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Agy (Y XY X Z, M_gy 4wy ) == Ao(Y x Z,M,) .

lGM l@)M

Aay (Y XY, Ao[Z, M_ay 1], 0¥ ) === Ao (Y, Ao[Z, M)

is commutative.
Finally, assume that the structure map f : Y — Spec k is proper and denote by
' =1Idx xf. Lemmal[2.1.6limplies that the following diagram

I

AQ(Y X Z, Mq) AQ(Z, Mq)

Ao(Y, Ag[Z, M,)) L~ Ay(Spec k, A[Z, M,)]).

1S commutative.

Proposition 2.2.1. Let Y and Z be smooth schemes over k, Y an irreducible smooth
and proper, and M an MW-cycle module over k. Then the pairing

Ut Ag(Y, M,) ® CHy, (Y % Z,wY,,) — Ao(Z, M,)

is trivial on all cycles in Gf{dy (Y x Z,wy ) that are not dominant over Y . In other
words, the U-product factors through a natural pairing

Ut Ag(Y, My) @ CHo(Zugyy, wy, ) — Ao(Z, My)

Proof. This follows from composing all three diagrams and taking into account that
Aay (Y, Aol Z, K—Md‘;‘f/]7 w¥/k) = é\I:IO(ZH(Y% w¥/k>’

O

2.2.2. Keeping the previous notations, for Z irreducible smooth scheme over £, the
diagram

Agy (X X Y, My,w¥),) ® CHyy (Y x Z,wy, ) —2= Agy (X x Z, My, wY,)

|

Ao(Ye(x), MQ’W}/(/k) ® 61/{dy(y X Z, va//k) - Ao(Zi(x), MQ’W}/(/k)

|

Ao(Ye(x), Mfﬁw}/(/k) ® CHO(ZR(Y)7W¥/k> - Ao(Zix), Mfﬁw}/(/k)
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is commutative.
2.2.3. In particular, we have a well defined pairing
U: é\ﬁo(yﬁ(x), w)v(/k) ® é\i:IO(ZH(Y)a W}\ﬁ/k) — é\fIO(ZH(X)a w}/(/k)

that can be taken for the composition law in the category of Milnor-Witt rational

correspondences R/ai;\C/or(k) whose objects are the smooth proper schemes over &
and morphisms are given by

Hongi;E/or(k) (X,Y) =D, CHo(Yex,), w}/(/k>’

where X; are all irreducible (connected) components of X .
There is an obvious functor

= : Cor(k) — RatCor(k).

Theorem 2.2.4. For an MW-cycle module M, there exists a well-defined covariant
functor

RatCor(k) — /b, X — Ag(X,M),a — — Ua.

More precisely, the functor (/3\0/1'(14:) — RatCor(k) factors through =.
Proof. This follows from Proposition 2.2.11 O

Remark 2.2.5. Assuming one works with oriented (see [A.2.2)) smooth proper k-
schemes, then there is also a contravariant functor given by a — ‘a U —. We won’t
need this result.

226.If (a: X ~Y) € HomRﬁor(k) (X,Y) is a MW-rational correspondence

between two smooth proper k-schemes, we have a natural pushforward morphism
Qy © A()(X, M) — Ao(Y, M)

Remark 2.2.7. If o et 3 are two composable Milnor-Witt rational correspondences,
then

(OzOﬁ)* = a, 0 .

2.2.8. Let f : X --» Y be arational morphism of irreducible smooth k-schemes. It
defines a rational point of Y, over x(X') and hence a morphism in Hom —~ ®) (X,Y)
that we denote by [f] : X ~» Y. In fact, the rational correspondence [f] is the im-
age of the class of the (transposed of the) graph of f (as in Chapter 2,

§4.3]) under the natural map

13



é\ﬁdx (X X Y, wX/k) — é\f—IO(YH(X)an/k‘)‘

Lemma 2.2.9. Let k/k be a finite type extension of fields. Let f : X --+ Y be a
rational morphism of smooth proper k-schemes and let v € X be a rational point
such that f(x) is defined. Denote by [x] € CHo(X, w, ) the 0-cycle associated to
x. Then

in CHy(Y, Wi /k)-

Proof. Let ' C X x Y be the graph of f. The preimage of {x} x I' under the
morphism Ay ® Idy : X XY — X x X x Y is the reduced scheme {z} x {f(x)}.
Hence

[f1([2]) = [2] U [f] = m(Ax @ Tdy)*([2] x [I]) = mu([z] x [f(2)]) = [f(2)]
where 7 : X X Y — Y is the projection. (|

Corollary 2.2.10. Let f : X --» Y and g : Y --+ Z be composable rational
morphisms of smooth proper schemes and let h : X --+ Z be the composition of f

and g. Then [g] o [f] = [h] in HomRﬁor(k) (X, Z2).

Proof. Let y be the rational point of Y, (x) corresponding to f. By assumption, the
rational morphism g,,(x) : Yi(x) --* Zu(x) is defined at y. By Lemma[2.2.91 (with
“h = k(X)X =Yx)", Y = Zyx) and “f = g.(x)”) we see that the compo-
sition of correspondences f and g takes [y] to [g.(x)(y)] € (/]Y{O(Z,{( x), Wx/y)- Note
that the latter class corresponds to h. (|

Corollary 2.2.11. For any two composable rational morphisms f : X --+Y and
g Y --» Z of smooth proper schemes, we have

lgo fle = lglv o [f]s
Proof. This is a consequence of Corollary [2.2.10 O

Theorem 2.2.12. The group Ao(X, M) is a birational invariant of the smooth
proper scheme X. -

In particular, the Chow-Witt group of zero-cycles CHy(X) is a birational in-
variant of the smooth proper scheme X.

Proof. This is an immediate consequence of Corollary 2.2.111 O
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Example 2.2.13. According to [Fas20, §5], we know that (/]\I;IO(PZ) = GW(k) for
any natural number n.

In particular, we recover the computations of ﬁIO(Qn) where (), is an n-
dimensional split quadric (see [HXZ20, Corollary 9.5]).

Example 2.2.14. If M is KM (the Milnor-Witt K-theory), then we recover the fact
that the Chow group of zero-cycles CH(.X) is a birational invariant of the smooth
proper scheme X.

A Appendix

A.1 Cohomological Milnor-Witt cycle modules

Definition A.1.1. 1. If S is a scheme, call an S-field the spectrum of a field
essentially of finite type over S, and a morphism of S-fields an S-morphism
between the underlying schemes. The collection of S-fields together with
morphisms of S-fields defines a category which we denote by Fg. We say
that a morphism of S-fields is finite (resp. separable) if the underlying field
extension is finite (resp. separable).

In what follows, we will denote for example f : Spec F' — Spec E' a mor-
phism of S-fields, and ¢ : E© — F’ the underlying field extension.

An S-valuation on an S-field Spec F'is a discrete valuation v on £’ such that
Im(O(S) — F) C O,. We denote by (v) the residue field, m, the valuation
ideal and N,, = m/m?.

2. Let S be a scheme and let R be a commutative ring with unit. An R-linear
cohomological Milnor-Witt cycle premodule over S is a functor from Fg
to the category of Z-graded R-modules

M : (Fs) — Mod%

A.l.1.
Spec E — M(E) ( 2

for which we denote by M, (E) the n-the graded piece, together with the
following functorialities and relations:

Functorialities:

(D1) For a morphism of S-fields f : Spec FF — Spec F or (equivalently)
¢ EE— F, amap of degree 0

"= ¢.=respp: M(E) — M(F); (A.1.1.b)
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(D3) For an S-field Spec E and an element z € KMV (E), a map of degree
m

Yo : M(E) — M(E) (A.1.1.0)

making M (E) a left module over the lax monoidal functor K" (E)
(i.e. we have v, o v, = v;., and y; = Id).

The axiom allows us to define, for every S-field Spec £ and every 1-
dimensional E-vector space L, a graded R-module

where R[L*] is the free R-module generated by the non-zero elements of L,
and the group algebra R[E*] acts on M (FE) via u — (u) thanks to[(D3)]

(D2) For a finite morphism of S-fields f : Spec ' — Spec For ¢ : £ — F),
a map of degree 0

fi=¢' = coresp/p : M(F,wp/p) — M(E); (A.l.1.e)
(D4) For an S-field Spec E and an S-valuation v on E, a map of degree —1
Dy : M(E) — M(x(v), N)). (A.1.1.9)

Relations: We refer to [Fel20|, Definition 3.1] for the list of relations.

A.1.2. Fix M a Milnor-Witt cycle premodule. If X is any scheme, let x, y be any
points in X. We can define a map

02+ My(K(2), Wawyn) = Mo—1(K(Y), W)/

thanks to and

Definition A.1.3. (see [Fel20, Definition 4.2])
A Milnor-Witt cycle module M over k is a Milnor-Witt cycle premodule M
which satisfies the following conditions [[FD)] and [(C)]

(FD) FINITE SUPPORT OF DIVISORS. Let X be a normal scheme and p be an

element of M (£x, x). Then 0, (p) = 0 for all but finitely many z € X1,

(C) CLOSEDNESS. Let X be integral and local of dimension 2. Then

0= 02 005 M(k(Ex), wa(exy/n) — M(5(0), Wao /i)

zeX @)
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where £ is the generic point and z the closed point of X.

A.1.4. Let M be a Milnor-Witt cycle module over k. We can form a (cohomolog-
ical) Rost-Schmid cycle complex C. (X, M, 1) such that for any integer p,q € Z,
and any line bundle [ over X:

Cp(X, My, 1) = Dx,, Mpyq(K(2), Wr(o)/k @ ljz)- (A.14.2)
We denote by A, (X, M,, 1) is the homology of C. (X, M,,[) in degree i.
Remark A.1.5. Taking M = KM W we obtain
Ai(Xv M_, l) = éﬁi(X> l)
where the right-hand-side is known as the Chow-Witt group of X.

A.1.6. Fix M a Milnor-Witt cycle module and fix X a k-scheme with a dimensional
pinning. We recall the basic maps that one can define on the cohomological Rost-
Schmid complex.

A.1.7. PUSHFORWARD Let f : Y — X be a k-morphism of schemes. We have
fet Cp(Y, My, 1) = Cp(X, M,, 1)

as follows. If x = f(y) and if x(y) is finite over s (), then (f,)% = cores.()/u(z)-
Otherwise, (f.)? = 0.

A.1.8. PULLBACK Let f : Y — X be an essentially smooth morphism of schemes
of relative dimension s. Suppose Y connected. Define

I Cu(X, My, 1) — Coy (Y, My, 1 ® wy)

as follows. If f(y) = x, then (f')7 = res,(,)/n(). Otherwise, (f')7 = 0. If Y is not

connected, take the sum over each connected component.

A.1.9. MULTIPLICATION WITH UNITS Let a4, ..., a, be global units in O%. De-
fine

(a1, -y an] : Co(X, My 1) = Co(X, My, 1)

as follows. Let z be in X,y and p € M(k(x), *). We consider [a;(x), ..., an(x)] as
an element of K" (k(2)). If # = y, thenput [ay, . . ., a,]%(p) = [a1(2), ..., an(x)]:
p). Otherwise, put [ay, . .., a,];(p) = 0.

A.1.10. MULTIPLICATION WITH 7 Define
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n: Cp(X, My, 1) = Cp(X, My_1,1)
as follows. If z = y, then 175 (p) = 7, (p). Otherwise, n; (p) = 0.

A.1.11. BOUNDARY MAPS Let X be a scheme of finite type over k, leti : 7 — X
be a closed immersion and let j : U = X \ Z — X be the inclusion of the open
complement. We have a map

0=205 : Cp(U My, ) — Cp_1(Z, My, ).
which is called the boundary map for the closed immersion i : 7 — X.
A.1.12. A pairing N x M — P between MW-cycle modules is given by maps
M,(E,l) @ NJ(E,I') = Pyry(E, I 1)

which are compatible with the data [DT)..., (see Definition 3.21] for
more details).

A.1.13. PRODUCT If M x N — P is a pairing of Milnor-Witt cycle modules, then
there is a product map

Co(X, M, 1) x Co(Y, Ny ') = Coan(X X Y, Pyys, 1O 1)
where X, Y are smooth schemes over & (see also [Fel20, §11]).

Remark A.1.14. The previous basic maps commute with the differentials of the
Rost-Schmid complex and thus induce morphisms on the homology.

A.2 Oriented schemes

A.2.1. The notion of oriented real vector bundles was extended to the algebraic
setting by Barges-Morel in [?]. We introduce a new category of oriented schemes.
We refer to Appendix §6.1] for similar results.

Definition A.2.2. Let X/S be a scheme. An orientation of X is an isomorphism
o wy/s — 152, where [y is an invertible sheaf over X.

An oriented S-scheme (X, ox : wx/s — l?f) is the data of a scheme X /S and
an orientation ox : wy/s — [$°,

A morphism of oriented schemes (Y, oy : wy;g — 1$%) — (X,0x : Wwx/s —
19?) is the data of an S-morphism f : Y — X along with an isomorphism of
invertible sheaves 152 ~ f~1$? ® w; which makes the following diagram

18



wyys — fTwx/s @ wy
\Lo’y lo’x@ldwf

1§ = UL

commutative.
Denote by orSchm the category of oriented schemes (along with morphisms of
oriented schemes).

Remark A2.3. Let (X,0x : wx/s — 1$?) be an oriented scheme. By abuse of
notation, we omit the orientation and simply write X.
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