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Abstract

We define the notions of a compact perception pair, compactification
of a perception pair, and compactification of a space of group equivari-
ant non-expansive operators. We prove that every perception pair with
totally bounded space of measurements, which is also rich enough to
endow the common domain with a metric structure, can be isometrically
embedded in a compact perception pair. Likewise, we prove that if the
images of group equivariant non-expansive operators in a given space
form a cover for their common codomain, then the space of such operators
can be isometrically embedded in a compact space of group equivari-
ant non-expansive operators, such that the new reference perception
pairs are compactifications of the original ones having totally bounded
data sets. Meanwhile, we state some compatibility conditions for these
embeddings and show that they too are satisfied by our constructions.
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1 Introduction

The importance of equivariance in machine learning is widely recognized. The
use of equivariant operators allows one to incorporate domain knowledge into
the learning process and introduce symmetries in data space, thereby paving
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the way not only to speeding up machine learning and reducing large dimen-
sionality of data but also to the introduction of new abstract representations
[12, 13, 17, 28, 29].

From the epistemological perspective, equivariant operators can be inter-
preted as observers that transform data into (usually simpler and more
interpretable) data. In our mathematical framework, we are interested in data
observers that are represented by functional operators transforming data in
a regular and stable way, while respecting the compatibility with the action
of an underlying group G of transformations, which describes the equivalence
between data [14, 23]. The essence of group equivariant operators lies in their
commutativity with respect to the action of G, and one of the most important
regularity, viz. non-expansivity, enables one to avoid instability and divergent
behavior.

Our research focuses on the study of topological properties of these group
equivariant non-expansive operators (GENEOs, for short). Such operators can
be seen as components of a new kind of neural networks as well as selected
observers whose expertise is leveraged to improve data analysis. The use of
GENEOs opens new possibilities in applications. For example, a shallow and
interpretable neural network based on GENEOs, viz. GENEOnet, has been
recently proposed for the efficient detection of protein pockets that can host
ligands [16].

In some sense, GENEOs constitute a bridge between geometric deep learn-
ing [30, 31] and topological data analysis. They make available a mathematical
model for the concepts of agent and observer, seen from a geometrical perspec-
tive. Moreover, they present interesting links with persistent homology and
allow one to get lower bounds for the natural pseudo-distance associated with
the action of a group of homeomorphisms [14]. Furthermore, the concept of
GENEQO is useful in the architectural analysis of neural networks. Therefore,
it is natural to study the metric and topological properties of the spaces of
GENEOs. This study, coupled with our compactification results, could prove
useful for the research in artificial intelligence.

Formally speaking, GENEOs are maps between so-called perception pairs
(®, G), where ® is a set of bounded real-valued maps defined on a non-empty
set X and G is a group of ®-preserving bijections of X. The space ® represents
the signals or measurements that the observer can interpret, while G is the
equivariance group associated with the action of the observer. The space ® is
naturally endowed with a metric structure and endows X and G with suitable
pseudo-metrics or metrics. This reflects the epistemological assumption that
any information (and hence any quantitative structure) follows from physical
measurements. It is interesting to observe that some of the pseudo-metric
and topological properties of ® are propagated to X and G, but not all. For
example, if ® is totally bounded, then so are X and G [27, Theorem 1, Theorem
4], while there are simple examples of perception pairs with compact ® but
incomplete X and G [14].
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Compactness results provide us with fundamental guarantees in machine
learning. It is known that the space of all group equivariant non-expansive
operators associated with a given group homomorphism is compact whenever
the spaces of signals are compact [14, Theorem 7]. In some sense, this result
states that if the spaces of data are compact, then the space of observers is
compact too, provided that suitable topologies are used. This ensures that, for
any specified tolerance, there is always a finite set of GENEOs in the space
that can approximate the behavior of each GENEO within any acceptable
proximity.

Therefore, it is natural to seek embeddings of important mathematical
structures into compact ones. This process is called compactification in general
topology. Formally, a compact Hausdorff space K is a compactification of a
given space A if it contains a dense subspace D homeomorphic to A. In the case
of metric spaces, we require the underlying homeomorphism e : A - D C K
to be an isometry.

In view of the widely recognized importance of compactifications, we seek
conditions under which a given space F C Fa of GENEOs (F,T) : (®,G) —
(U, H), and the respective perception pairs (®,G), dom(P) = X and (¥, H),
dom(¥) =Y, can be embedded isometrically into compact ones, where Fa!
denotes the topological space of all GENEOs between the perception pairs
(®,G), (¥, H), with respect to the homomorphism T : G — H. In this article,
we ascertain which spaces of GENEOs allow us to construct the surround-
ing compact spaces of GENEQOs isometrically containing the original ones. We
prove that, in many practical applications, every perception pair and an impor-
tant class of spaces of GENEOs can be viewed as parts of compact perception
pairs and compact spaces of GENEOs.

We will be assuming that our data sets ® and ¥ are totally bounded and
are rich enough to endow X and Y, and therefore G and H respectively,
with a metric structure. Moreover, we will also assume that the collection
{F(®) | F € F C Fall} covers the data set .

Our approach, in brief, is as follows. The total boundedness of ® ensures
that X is totally bounded (Theorem 3), and therefore, its metric completion
X is compact. We extend the functions w € @ to functions ¢ : X — R on the
metric completion X (Subsection 4.1), and use the isometries g € G to define
the isometries § : X — X (Subsubsection 4.2.1). The set &, being isometric
to the totally bounded space ® is likewise totally bounded (Corollary 15),
while the set G of all g may or may not be compact despite ® being totally
bounded [14]. We, therefore, consider their closures ® and G in the complete
space C' (X ,R) and the compact space ISO(X ) of isometries of X respectively,
and, constructing successively the perception pairs (<i>, G), (<i>, G), and (i), é),
we obtain the compatible embedding of the original perception pair (®,G)
into the compact perception pair (&, &) (Subsubsection 4.2.2). If F is a space
of GENEOs (F,T) : (®,G) — (¥, H), then these perception pairs allow us to
define two suitable spaces F; C .7-';“’1 and Fy C ]—';11’2 of GENEOs (F‘,T) :
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(®,G) — (U, H) and (E, 1) : (g, G) — (3, H) respectively (Subsubsection
4.3.1 and Section 4.4). Under the covering assumption stated above, we can
define a suitable space F3 C .7:%“ of GENEOs (F,T) : (®,G) — (¥, H), while

the closure of F3 = {F': ® — ¥ | F € F} in the compact space ]:%“ serves as

the requisite compactification of the space F C ]-'%“ (Section 4.4).

While the literature concerning equivariant neural networks is already
extensive, the topological research about them is still quite limited. Until now,
most of the attention has been devoted to what is called topological machine
learning; i.e., the joint use of topology-based methods and machine learning
algorithms [6], in general terms. In this field, some research focuses on the
study of so-called intrinsic topological features, which concerns the employment
of topological features to analyze or influence the machine learning model. In
particular, some regularisation techniques have been considered, such as topo-
logical autoencoders [5, 7] (based on the idea of building networks that can
simplify the data without changing their topology) or methods to simplify the
topological complexity of the decision boundary [8]. More fundamental princi-
ples of regularisation using topological features have been investigated in [9].
The inclusion of topological features of graph neighborhoods into a standard
graph neural network (GNN) has been proposed in [10], and the employment
of GNNs to learn suitable filtrations have been examined in [4]. Furthermore,
topological techniques have also been used for model analysis in machine learn-
ing. For example, topological analysis has been applied to evaluate generative
adversarial networks (GANs) by the concept of Geometry Score [3], while
neural persistence has been introduced as a complexity measure summarizing
topological features that arise when filtrations of the neural network graphs
are calculated [2]. The topological analysis of the decision boundary of a given
classifier has been considered in [1], and the topological information encoded in
the weights of convolutional neural networks (CNNs) has been studied in [11].

However, we stress that the development of the theory of GENEOs dif-
fers greatly from these lines of research, which are not focused on equivariance
concerning arbitrary transformation groups and do not study the topology of
suitable operator spaces, but most of them consider the properties of single
techniques and applications. In other words, the approach we are interested in
is devoted to studying the topological properties of a space of equivariant oper-
ators as a whole. In this mathematical setting, the compactification problem
can arise and admit resolution.

This paper is structured as follows. In Section 2, we introduce basic
concepts and give formal definitions. Section 3 is devoted to summarizing
important results on topological groups and GENEQOs that will be used in our
constructions. Our compactification results are proved in Section 4. A brief
discussion and an appendix containing some supplementary material conclude
the paper.
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2 The Mathematical Setting

Let X be a non-empty set and consider the normed vector space (R, | - |ls0),
where

Ry = {¢: X — R | ¢ is bounded},
and || - [|co denotes the usual uniform norm. Any metric subspace (®, Dg) of
RX, where

Da(p1,92) = [lp1 — ¢2/lcc = sup |p1(x) — pa(x)|, for every p1,p2 € @
reX

endows X with the topology induced by the extended pseudo-metric

Dx (w1, 22) := sup |p(x1) — p(w2)] .
ped

The space X is interpreted as the space where one makes measurements, and
the elements ¢ of ® are called admissible measurements or signals. The func-
tion spaces ® are sometimes called data sets. Moreover, we set dom(®) :=
X.

In our model, self-maps of the space X have an important role to play.

Definition 1 A map g : X — X is said to be a ®—operation if the composite
function g is an element of ® for every ¢ € ®. A bijective ®—operation is called an
invertible ®— operation if g_1 is also a ®—operation.

The set of all invertible ®—operations is denoted by Aute(X); i.e.,
Aute(X) :={g: X — X | g is a bijection, and ¢g, pg~' € ®, for all ¢ € ®},

and forms a group under the function composition. It acts on the space ®
through the right action

p:®x Aute(X) = @, (p,9) — @g.

We say that a bijection f : X — X is an isometry of X if Dx(f(z), f(y)) =
Dx(x,y), for every x,y € X, and denote the set of all isometries of X by
Iso(X).

Let C(X, X) D Iso(X) denote the set of all continuous functions f : X —
X. The following pseudo-metric will be used frequently in the sequel.

doo(f,g9) = SEEDX(f(x)’g(x))7 for every f,g € C(X, X).

If @ is rich enough to endow X with a metric structure, instead of a pseudo-
metric one, then d, is an extended metric, and is called the metric of uniform
convergence on C(X, X).
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Definition 2 If G is a subgroup of Autg(X), then (®, Q) is called a perception pair.

Definition 3 We say that a perception pair (®, G) with dom(®) = X is compact if
®, G, and X are all compact.

The data set ® endows Autg(X) with a pseudo-metric structure where the
(extended) pseudo-distance Dy is given by

Daw(f,9) == sup Da(pf,pyg), for every f,g € Aute(X).
we

Conversely, each group G C Aute(X) induces on the space ® a pseudo-
metric dg : & x & —» R:

da(p1, p2) = glgg Dg(p1,p29), for every 1,2 € .

We call dg the natural pseudo-distance associated with the group G. This
pseudo-metric represents the ground truth in our model and allows us to com-
pare functions in the sense that it vanishes for the pairs of functions that are
equivalent with respect to the action of the group G representing the data
similarities useful for the observer [19-21].

It is known that each invertible ®—operation is an isometry with respect
to Dx; that is, Aute(X) C Iso(X) [14, Proposition 2]. But do, does not endow
the space (Aute(X), Dayt) with any additional pseudo-metric structure:

Daui(f,9) = sup Da(of, ¢g)
ped

= sup sup |of(z) — pg(z)|
pePreX

= sup Dx(f(x),g(z))
xeX

= doo(fag)a

for all f,g € Aute(X). So, do coincides with the pseudo-distance Dyt on
Aute (X); that is
doo|Autq>(X) = Daus-
In general, Dayt is an extended pseudo-metric. But when (X, Dx) is a
metric space, then so is (G, Dayt): If g, h € G are distinct functions, then there
is an z¢ € X such that g(xg) # h(zg). Since Dx is a metric,

0 < Dx(g(a0), o)) < sup Dx(9(x), h(w)) = doo(g, 1) = Dasue(9, h),

whence Day: is a metric as well.
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Definition 4 Let (®,G) and (U, H) be perception pairs with dom(®) = X and
dom(¥) =Y, and T : G — H be a group homomorphism. A map F : & — ¥ is said
to be a group equivariant non-expansive operator (GENEO) with respect to T if

F(pog)=F(p)oT(g), for every ¢ € &,g € G,

and
[F(p1) — F(p2)lloeo < [lo1 — p2lloo, for every ¢1,¢2 € @.

A map F : & — U satisfying the first condition is called T'— equivariant or a
group equivariant operator (GEQO), and it is called non-expansive if it satisfies
the second condition. For the sake of conciseness, we often write a GENEO as
(B,T): (?,G) = (¥, H).

The set F2!! of all GENEOs (F,T) : (®,G) — (¥, H) corresponding to a
group homomorphism 7' : G — H is a metric space with the distance function
given by

Dceneo(Fi1, Fy) = sup Dy (Fi(p), F2(¢)), for every Fy, Fy € F'.
ped

The natural pseudo-distance allows us to define another pseudo-metric on
this space:

DGENEO,H(FI; FQ) = sug dH(Fl (QD), FQ(QD)), for every Fl, Fy e ]_—%ll.
we

The spaces F C F2'' of GENEOs prove instrumental in comparing data.
For example, one can consider the following pseudo-metric:

Dr.a(p1,2) i= sup Du(F(p1), F(p2)), for every p1,¢5 € ©.
FeF

Conti et al. (2022) [18] give examples demonstrating how the use of
GENEOEs increases our ability to distinguish between data.

Our objective is to obtain isometric embeddings of perception pairs and of
the spaces of GENEOs into compact ones while retaining the metric properties
of the original spaces. The reader is referred to [14, 27] for further details about
the concepts we have so far introduced in this section.

We will assume in Section 4 that the data set ® is rich enough to endow the
common domain X with a metric structure. The first step towards construct-
ing our compactifications, under this assumption, is to consider the metric
completion of X. It is well known that every metric space (M, Djs) admits a
unique metric completion (M , D 1) up to homeomorphisms. We can assume

that the completion M contains M:; i.e., we have the inclusion

j:M—>M,
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and the metric D iy 1 given by

Dy (2,9) = lim Dy(@n, Yn),

n—oo

2

where 2,9 € M ,and (Zn)neN, (Yn)nen are arbitrary sequences in M converging
to & and gy respectively.

3 Basic results on topological groups and group
equivariant non-expansive operators

We recall the following results from [14, 26, 27] which will be used frequently
in the sequel. The proofs of the results that appear only in [27] will be given
in Section A for the sake of completeness.

Proposition 1 [27, Proposition 1.2.10] Each function ¢ € ® is non-expansive, and
hence uniformly continuous with respect to Dx .

Therefore, the topology 7p, induced by Dx is finer than the initial topol-
ogy Tin on X, which is the coarsest topology on X with respect to which all
the signals ¢ € ® are continuous.

Theorem 2 [14, Supplementary Methods: Theorem 2.1] If ® is totally bounded, then
TDy coincides with Ti,.

Theorem 3 [27, Theorem 1] If ® is totally bounded, then so is (X,Dx).
Proposition 4 [14, Proposition 2] Autg(X) C Iso(X).

That is, each g € G C Aute(X) is an isometry of X.
Recall that a subgroup of a topological group is topological, and

Proposition 5 [26] If A is a subgroup of a topological group G, then clg(A) is also
a subgroup, and hence a topological subgroup of G.

This proposition will be used in conjunction with

Theorem 6 [14, Supplementary Methods: Theorem 2.7] Autg(X) is a topological
group and the action p: ® X Autg(X) — P is continuous.

Theorem 7 [27, Theorem 4] If ® is totally bounded, then so is (G, Dayt)-
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Proposition 8 [27, Proposition 1.2.20] If (X, Dx) is a compact metric space, then
(Iso(X), doo) is also compact.

Theorem 9 [27, Theorem 5] If ® C ]Rg( and (X,Dx) are both compact metric
spaces, then Autg(X) is closed in Iso(X), and hence compact.

Theorem 10 [14, Theorem 7] The space (]—"%H,DGENEO) of GENEOs (F,T) :
(®,G) — (Y, H) is compact whenever the spaces ® and VU are compact.

4 Our compactification results

Let (®,G), dom(®) = X and (¥, H), dom(¥) = Y be perception pairs and
F C F2' where F2! denotes, as usual, the space of all GENEOs (F,T) :
(®,G) — (¥, H) with respect to a fixed homomorphism T': G — H.

In this section we will be assuming that

i) ® and ¥ are totally bounded, and are rich enough to endow each of X and
Y with metric structures;
i1) the collection of sets {F(®) | F' € F} covers W.

We know that even if & and ¥ are compact, let alone being totally bounded,
X,G,Y, and H need not be compact [14], though .7-'%“ is indeed compact in
that case. Moreover, an arbitrary subspace F of .7-'%“ need not necessarily be
compact either. Since compactness is an important property, as it provides
us with essential guarantees in machine learning context, it is natural to pre-
fer compact spaces in practical applications. We therefore ask: If compactness
of X,G,Y, and H is not guaranteed even by the compactness of data sets
® and P, let alone their total boundedness, can we at least prove that these
spaces can be isometrically and densely embedded in compact ones while the
corresponding sought after compact spaces preserve the former mutual rela-
tions between the original spaces? That is, can we find compactifications of
perception pairs? Furthermore, can we find compactifications of the spaces of
GENEOs? These notions need being made precise, which we do in the sequel,
and prove that our assumptions are sufficient to grant the answer to this
question in the affirmative.

Somewhat formally, given the perception pairs (®,G), dom(®) = X and
(U, H), dom(¥) = Y and a space F C F of GENEOs (F,T) : (®,G) —
(U, H) with respect to a fixed homomorphism T : G — H, we assume that the
data sets ® and ¥ are totally bounded and rich enough to endow X and Y
with metric structures, and the collection {F(®) | F' € F} covers the space V.
Under these assumptions, we find perception pairs (®*,G*), dom(®*) = X*
and (U*, H*), dom(¥*) = Y* a space F* C F2l of GENEOs (F*,T*) :
(®*,G*) — (U*, H*) with respect to a fixed homomorphism T* : G* — H*,
and isometric embeddings j; : X — X*, jo : Y — Y* i1 : & —» ®* 45y :
U > U* k :G—> G ke : H— H* and f : F — F*. We require that
the spaces ®*, G*, X*, U* H* Y* and F* are all compact, and the following
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commutativity conditions are satisfied: i1 (¢) o j1 = ¢ for every ¢ € @, is(¢)) o
jo =1 for every ¥ € U; ki(g) 0 j1 = j1 o g for every g € G, ka(h) o jo =jaoh
for every h € H; iso F = f(F)oi; for every F € F; and kg o T = T* o k.

These compatibility conditions formalize the requirement that the spaces
® G, X,¥,H,Y and F do not lose any of their metric or topological properties
while being viewed as subspaces of ®*, G*, X* , U* H* Y™ and F* respectively.
In this case, we say that (®*,G*), dom(®*) = X* is a compactification of
the perception pair (®,G), dom(®) = X, and F* is a compactification of
the space F of GENEOs. We will give formal definitions in the forthcoming
subsections. Our assumptions here are mild; in many practical applications,
they are already satisfied.

Precisely, the intermediary results and constructions in Subsections 4.1
and 4.2 are aimed at proving that every perception pair (®,G), dom(®) =
X, with totally bounded ® endowing X with a metric structure, admits a
compactification (®*, G*), dom(®*) = X*. Similarly, the Subsections 4.3 and
4.4 are devoted to proving that every space F C Fal of GENEOs (F,T) :
(®,G) — (¥, H) with dom(®) = X and dom(¥) =Y such that the collection
{F(®) | F € F} covers ¥ admits a compactification F*, provided the data
sets ® and ¥ are totally bounded and endow X and Y with metric structures.
Again, this proof will require several auxiliary constructions and corresponding
results.

In order to set the stage for the requisite compactification of the perception
pair (®, @), dom(®) = X, we consider the unique metric completion X of X,
and assume that X C X Since X is totally bounded by Theorem 3, X is
totally bounded by virtue of the isometric embedding j : X — X, and hence
compact. This serves as the sought after X* in our construction. Then we use
the measurements ¢ € ® and isometries g € G to define the measurements ¢ :
® — R on the compact space X and its corresponding isometries § : X = X.

4.1 The Extension of Signals
It can easily be proved that

Proposition 11 Let (M,dps) be a metric space, and S a subset of M. Then every
non-expansive map f: S — R admits a unique non-expansive extension f: S — R.

Since each ¢ € ® is non-expansive by Proposition 1, we have

Corollary 12 FEach signal ¢ € © can be uniquely extended to a non-ezpansive signal
@: X = R, where X is the completion of X = dom(®), by setting

¢(&) = lim ¢(zn),

for any arbitrary sequence (xn)necn 1 X that converges to & € X.
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Let us put
d:={¢p: X >R |pecd}

Since the extensions ¢: X 5 Rof signals ¢ € ® are unique, we get a one-
to-one correspondence i: ¢ — d between signals in ® and signals in P given
by

PP

The notations Rg( , ISO(X ), doo and Autg (X ) are self-explanatory. Clearly,
d CRE.

The set ® of extended signals induces the pseudo-metric D¢ on the
completion X given by

Dy (z,y) == sup p(z) — )], z,yeX.
ped

At this point, the completion X appears to be equipped with the previously
defined metric bX associated with the completion, and the pseudo-metric
Dy. It is worth investigating their relationship. We will prove later in this
subsection that these seemingly distinct functions are in fact numerically equal
on X , thereby establishing in addition that D¢ is in fact a metric.

Before proceeding, we record another general proposition, omitting the easy
proof, which will be used frequently in the paper:

Proposition 13 Let K be a compact topological space and A be dense in K. If f is
a continuous real-valued function on K, then

sup f(K) = sup f(A).
We are ready now to prove the following theorem:

Theorem 14 The correspondence i: ® — d is an isometry.

Proof The map i is surjective by construction; it will suffice to prove that it preserves
distances, i.e.,

li(p1) = i(@2)lloo = llo1 — P20,
for any 1,2 € ®. Since X is dense in the compact topological space X, and
i(¢) = ¢ is an extension of ¢ € &, by Proposition 13 we have

lli(p1) —i(p2)lloc := sup [@1(x) — Pa(z)]

zeX

= sup |p1(z) — p2(z)]
zeX

= sup [p1(z) — p2(z)]
rzeX

=: lo1 — ¥2|loo,

for any @1, @2 € ®. Therefore, i is an isometry. |
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Corollary 15 The space P of extended signals is totally bounded.

Remark 1 Let us consider the isometry i : ® — ® and the inclusion j : X < X. Since
@ extends ¢, the following natural commutativity condition holds for each ¢ € ®:

i(p)oj =

The total boundedness of ® allows us to prove the following crucial
statement.

Proposition 16 On X, Dy = DX

Proof Since d is totally bounded, D y induces on X the initial topology with respect

to @ by Theorem 2. Moreover, by Corollary 12 the functions in d are continuous
with respect to D¢ as well. Hence, the topology induced by Dy is finer than the
topology induced by D . This directly implies that D¢ is a continuous function

with respect to ﬁf(' Then, we have

where 2,9 € X, and (@n)nen, (Yn)nen are sequences in X converging to # and §
respectively, with reference to the topology induced by D . |

So, D is a metric. As pointed out in Section 2, this directly implies that
the pseudo-metric ﬁAut induced by ® on Aut@()i' ) is also a metric.

4.2 The Isometries of the Completions

We now turn to the construction of an auxiliary topological group G <

Autg (X)), isometric to the given group G C Autg(X), whose closure G* = G

in the compact space Iso(X), finally, serves our purposes.

4.2.1 The Induced Bijections
Each g € G C Aute(X) C Iso(X) induces a self-map g : X — X on the metric
completion X by the following association:

(&) = lim_g(zn),
where (2,)nen is a sequence in X converging to & € X. The sequence
(9(zn))nen is a Cauchy sequence since ¢ is an isometry by Proposition 4. Also,
if (yn)nen is another sequence in X converging to &, then as g is an isometry,
we have

0= lim Dx(zn,yn) = lim Dx(g(zn),g(yn)),

n—0o0 n—oo
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whence
9(yn) = lim g(zn)

as well. So, the function & — lim,,_,~ g(z,) is well defined.
Moreover, note that §|x = g.

Proposition 17 The map g : X 5 X is bijective for every g € G, and g‘l =g L

Proof Let #1,%9 € X with £1 # 29, and (z1,n)nen and (r2,,)nen be sequences in
X converging respectively to £; and Zo9. As g is an isometry,

0# Dy (d1,22) == Jim Dx (21,0, 2,n)
= lim Dx(g9(z1,n), 9(x2,n))
n—oo

=: D (9(#1), 3(22)),
whence §(#1) # §(22) and § is injective.

As for surjectivity, let g € G. If § € X, then there is a sequence (yn)nen in X such
that yn — §in X. As g~ ! exists, we can put zn = g_l(yn)7 for each n € N. Since g~ !
is an isometry and (yn)nen is a Cauchy sequence, (xn)nen too is a Cauchy sequence;
so it converges to some & € X. Of course, §(£) := limp—oo g(Tn) = limn— 0o yn = 7,
and hence § is surjective.

Also, the equality §(&) = § just proved can be rewritten as

1, .
9 (@) =2

But at the same time, as g_1 € G, by definition we have
-1

A P | o .
971 (@) =g~ (lim yn) = lim g~ (yn) = lim zn = 2.

By the arbitrariness of § € X, we get

The following important property will be used frequently in the sequel.

Proposition 18 For each ¢ € ® and each g € G,

o~

Pg = pg.

Proof As g € Aute(X), pg € ®@. So, if & € X and (zn)nen is a sequence in X
converging to &, we compute:

¢9(2) = ¢(9(2))
= &( lim_g(zn))

n—oo

lim (g(zn))

n—oo

= lim_pg(zn)
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= @g( lim_an)
= p9(2).
By the arbitrariness of &, we have the proposed equality. O

Corollary 19 For each g € G, § € Autg (X X) C Iso(X).

Proof Let ¢ € . As g € G C Autg(X), pg € ®; so, p§ = g € ® by Proposition
18; whence § is a Ci>—operatlon Since 7! = g—1
Proposition 18 again to g~ Le G, we infer that g g1
g € Autg (X).

The inclusion Autg (X) C Iso(X) is stated in Proposition 4. O

(ProppsMon 17), by applying
is a ®—operation too; whence

Proposition 20 For each g,h € G,
gh = gh.

Proof Let & € X, and (ﬁUn)peN be a sequence in X converging to & in X. Then, by
recalling the definitions of h and g, we have

gh(2) = §(h(2))
= §( lim_h(zn))
= lim_g(h(zn)
= nli_>moo gh(zn)
= gh(@),
whence by the arbitrariness of &, the proposition is proved. O

Let us put R R R
G={§:X—>X|geG}

Remark 2 Clearly, 15; =idg € G.

Corollary 21 The set G is a subgroup of Autg, (X).

Proof It will suffice to show that G is closed under composition and computation of
the inverse. The first property follows from Proposition 20, since if g,h € @, then
Gh = gh € (. The second property follows from Proposition 17, since if § € G, then

gt —gleG O
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Remark 8 Corollary 21 implicitly states that (®,3) is a perception pair.

Note that Autg (X (), and therefore G C Auty (X ), are pseudo-metric spaces
with the pseudo-metric Day : Autg, (X X) x Aut; #(X) = R given by

Dawi(g, ) := sup D (¢4, ¢h), for every g, h € Autg(X).
peD

Moreover,

Daut(§, h) := sup Dg (29, ¢h)
ped
= Sup sup @9 )—85(
40€<I> zeX

= sup sup |p(g(2)) — sﬁ(ﬁ(ﬁ))’
2eX ped

= sup D (§(2), h(#)).
zeX

~—

Therefore, if §, h € Auty (X) and Day(g, ) = 0, then D¢ (§(2), h(i)) =0
for every & € X. Since endows X with the metric structure induced by the
coinciding metrics D ¢ and D ¢ (Proposition 16), §(2) = h(z) for every & € X,
and hence § = h. It follows that G, and therefore G C Aut(i,(f( ), are metric
spaces.

Proposition 22 The correspondence k: G — G given by k(g) := g is an isometry.

Proof The map k is injective: If g,h € G differ at some z € X, §(z) # ﬁ(a:) as well,
and k(g) = § # h = k(h). Also, the definition of G immediately implies that k is
surjective.

We show that k preserves distances. By Corollary 19, the real-valued function
f: X — R defined by setting

f(@) == D¢ (3(#), h(2)), for every & € X,

is continuous for every § and hin G , since each isometry is by definition a continuous
map.
Let g, h € G; then by Propositions 13, we have

Daut(,h) = sup D (3(2), h(@))

zeX

= sup D (§(z), h(x))
reX

= sup Dx(g(QT)yh(x))
reX

=: Daut(9, h),

as required. O
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Corollary 23 If G is complete, then G is compact.

Proof Recall that the space ® of admissible signals was assumed to be totally
bounded; whence by Theorem 7, GG is totally bounded, and being complete by hypoth-
esis, it is compact. As k : G — G is an isometry, G is compact as well. (]

Remark 4 The assumption here that G is complete cannot be removed. It is easy
to give an example of a perception pair (®,G) where ® is compact but G is not
complete [14]. For example, if ® is the compact space of all 1-Lipschitz functions from
X =5 ={(z,y) e R? : 22 + 4% = 1} to [0,1], and G is the group of all rotations
parq of X of 2mq radians with ¢ a rational number, then the topological group G is
not complete. Moreover, in this case X = X, and the topological group G=0Gis
not compact either.

It is easy to see that the embeddings j : X — Xandk:G— G satisfy the
following natural commutativity condition.

Proposition 24 For each g € G,

k(g)ej=joy.
That is, for each g € G and each x € X,
g(x) = g(x).

Remark 5 We observe that § is the only map in Autg (X X) with §|x = g. It is indeed
easy to show that for any g € Autg (X \) such that g|X = g, the equality g(&) = §(&)
holds for every # € X.

Before proceeding, we stress that while X , by definition, is a complete
topological space, the topological spaces ® and G, in general, are not complete.

4.2.2 The Embedding of Perception Pairs

We are now ready to show that every perception pair (®, &), dom(®) = X can
be embedded in a compact perception pair (®*, G*), dom(®*) = X*, provided
that the space ® of signals is totally bounded and (X, D x ) is a metric space.

We have so far obtained only an isometric image G of G. The group G
is chosen arbitrarily; so G and G may or may not be closed in Aute(X) and
Autg(X) respectively. Similarly, the space <i> being isometric to P, need not,
necessarily be compact. However, the space C(X R) is complete; so, <I> the
closure of @ in C(X R), being closed, is complete as well. Also, P, belng

isometric to the totally bounded space ® (Theorem 14), is totally bounded7
and so is its closure. Consequently,
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Proposition 25 The metric space g - Ri( is compact.

The data set ® endows X with a pseudo-metric structure where the pseudo-
distance is given by

D (21, 22) := sup [@(21) — P(22)], for every 1,22 € X.

ped

Proposition 26 On X, D4 =Dyg; so Dy is a metric.

Proof Let #1,# € X. By applying Proposition 13 to the continuous function f(%) :=
[@(21) — B(Z2)], we get:

D ¢ (21, %2) := sup [@(21) — (22)]
ped
— sup |p(#1) — G(a2)|
peD
=: D¢ (#1,22).
As Z1,20 € X are arbitrary, we have the proposed equality. O

In view of Proposition 26, the symbol Iso(X) can be used without any
ambiguity about the underlying metric.

By Theorem 6, the set Autz(X) C Iso(X) of all invertible g—operations isa
topological group with respect to the topology induced by the pseudo-distance

DAut : Autg(X) X Aut;()&) — R:

BAut (g,h) = sup Dg(@ 0g,poh), for every g,h € Autg(f().
ped

Ifg,h e Autg(f(), then

BAut (gv E) = SuB Dg(@ © ya ¢ o E)
ped
= sup sup [@(g(2)) — B(h(2))|
@E‘i’ zeX

zeX

= sup D (g(2), h()).
eX
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Therefore, if BAut@,E) = 0, then D (g(2),h(2)) = 0 for every & €
Since DX is a metric, g(Z) = h(&) for every & € X, whence g = h.

X.
So,
(Autg (X X), Daut) is a metric space.

Proposition 27 Every g € Auti)(f() is a d—operation.

Proof Let 7 € & and ge Auti)(f(). We show that $g € .
There is a sequence (@n)nen in ® such that $n — P. As g is a bijection of X by
Proposition 4, we have
[6ng —@dlloc = l[&n — Plloo;
whence $n§ — g in the space C(X,R). As g is a d—operation, (¢nd)nen is a
sequence in the space ® C C(X, R). Consequently, gg € b, a

Corollary 28 G C Autg (X) C Autg(f()‘

Proof The first inclusion is given by Corollary 21. As for the second, let § € Aut <B(X ).
By Proposition 27, g is a b operation As Autg (X X) is a group, g~ ! € Autg (X X),
and again by Proposition 27, is a ®—operation. Consequently, § € Aut+ ( X), and by
the arbitrariness of §, we have the second inclusion. |

Remark 6 Corollary 28 implicitly states that (P, G‘) is a perception pair.

Let G and Aut & X) respectively denote the closures of G and Auté(X )
in the space Iso(X) of all isometries of (X D). Recall that the topology
on Iso(X) is given by the restriction to Iso( X) of the metric dos defined
on C(X,X) by setting doo(f, g) = sup;cx D5 (f(2),9(2)), for every f,g €
C (X X ). Note also that the isometries of 22' with respect to the metric D¢
coincide with those induced by the metric D ¢ (Proposition 26).

Corollary 29 G C Autg (X X) C Aut—( X) C Iso(X).

Proof The last inclusion is given by Proposition 4. As we have seen at the beginning of

Section 4, X is pompact and ® is compact by Proposition 25. It follows from Theorem
9 that Autg(X) is a closed subspace of Iso(X). Since G C Aut; (X ) C Aut= ( X)

(Corollary 28), we have the first two inclusions.
]
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Remark 7 Corollary 29 directly implies that the closure of G in Autg(f( ) coincides

with 5, i.c., with the closure of G in the space Iso(X). Similarly the closure of

Autg (X) in Autg(X) coincides with Autg (X).

Incidentally, Proposition 8 and Corollary 29 also give that the spaces G
and Aut(i,(f( ) are compact.

Proposition 30 The groups G and G are both topological subgroups of the compact
group Autg(X ).

Proof By Corollary 29, we have G C G - Autg(f(). By Theorem 6, Autg(f() is a

topological group. So, G and 5, being sgbgroups of a topological group are likewise
topological. The compactness of Autg(X ) is given by Theorem 9. (]

We can now state

Theorem 31 Given any perception pair (®,G), dom(®) = X with totally bounded
® endowing X with a metric structure, the perception pair (Ci), G), dom(i)) =X is
compact.

Proof Propositions 25 and 30 together give the assertion. O

Definition 5 We say that the perception pair (®,G) with dom(®) = X is isomet-
rically embedded into the perception pair (®*,G*) with dom(®*) = X™ if there are
isometric embeddings j* : X — X*, " : ® — ®* and k¥ : G — G* such that the
images j*(X), i*(®), and k*(G) are all dense in X*, ®*, and G* respectively, and
the following commutativity conditions are satisfied: i*(¢) o 7* = ¢ for every ¢ € ®
and k*(g) o j* = j* og for every g € G. If (®*,G") is compact, it is said to be a
compactification of (¥, G).

With this definition at our disposal, we summarize

Theorem 32 Every perception pair (®,G), dom(®) = X, with totally bounded ®
endowing X with a metric structure, admits a compactification (*,G*), dom(®*) =
X*.

Proof Put ®* := & and G* := & in Theorem 31. d
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4.3 GENEOs and Completions

Our next goal is to construct compactifications of the spaces F C Fal
of GENEOs (F,T) : (®,G) — (V,H) with the property that the images
F(®),F € F form a cover for the data set ¥, while maintaining the assump-
tions that ® and ¥ are totally bounded and endow X and Y with metric
structures. We have shown, under these assumptions, that the perception
pairs (®,G), dom(®) = X and (¥, H), dom(¥) =Y can be embedded nicely
into the perception pairs (®,G), dom(®) = X and (¥, H), dom(¥) = Y,
respectively, through the compatible isometries (ji,7j2) : (X,Y) — (X ,Y),
(i1,i2) = (®, %) = (®,¥), and (k1,k2) : (G, H) — (G, H), and are now in a
position to use the GENEOs (F,T) : (®,G) — (¥, H) to define new GENEOs
(F,T) : (®,G) — (U, H). Our construction will be further extended to the

GENEOs (F,T) : (8,G) — (¥, H) and (F,T) : (®,G) — (¥, H) later.
4.3.1 The Induced GENEOs
Let (F,T): (®,G) — (¥, H) be a GENEO in F C F2l. We put

F(@) = F(p),
and . o
T(g) :==T(g),

where p € &, g € G, and F € F C F¥.

The maps F:® 5 UandT:G — H are clearly well defined, since the
maps i1 : ® — & (taking ¢ to @) and k1 : G — G (taking g to g) are injective.
Moreover,

Remark 8 The map E is injective if and only if F € F is an injection. As ip : ¥ — ¥
is injective, we have

~ N o — —

F(¢1) = F(¥2) = F(p1) = F(p2) <= F(p1) = F(p2),

for every @1, p2 € ®. The injectivity of i1 : & — <i>, together with these equivalences,
gives the assertion.

Recalling Propositions 18 and 20, we prove

Proposition 33 The map F:® =V is a GENEO with respect to T:G—H.

Proof 1t is easy to see that T:G—> Hisa group homomorphism: If a,b € G, then

T(ab) = T(ab)

= T'(ab)
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— T(a)T(b)

= T(a)T(b)
= T(a)T(b).
Similarly, if ¢ € &, g € G, and F' € F, we have:

So, F' is T—equivariant. . A
Now, let ¢1,p2 € ®. As iy : & — ® and iy : ¥ — ¥ are isometries (Theorem 14)
and F : & — WV is non-expansive,

Dy (F(#1), F(#2)) =

whence F' is non-expansive.

Let us put o R
Fr:={F: 92—V |FeF}
and define a map f; : F — F1 by setting

fl(F) = F.

The set ]—';H’l D Fi of all GENEOs from (®,G) to (¥, H) with respect to
the homomorphism 7' : G — H is a metric space with the distance function
D pnro given by

Dépnpo(F', F") i= sup Dy (F'(¢), F"()), for every F', F" € F2l'!.
peD

Proposition 34 The correspondence f1 : F — F1 is an isometry with respect to the
distances DgENgo and D%}ENEO

Proof The map f1 is surjective by construction. Let Fy, > € F be distinct GENEOs;
i.e., there is a ¢ € ® such that F(p) # Fa(p). As iz : ¥ — U is injective, F;(p) :=
Fi(p) # Fa(p) =: F2(9), whence f1(F1) := Fy # Fp =: fi(F2), and fi1 : F — Fi is
injective.
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We now show that fi preserves distances. If F1, Fo € F, by applying Proposition
13 to the real-valued continuous function f(¢) := Dy, (I ( ), Fa($)), we get
Déengo(F1, Fp) = sup Dy (F1(¢), F2(¢))
gaE<I>
= sup Dy (F1(2), Fa(9))
ped
= sup Dy (Fi(¢), F2())
ped
= sup Dy (Fi(p), F2(y))
ped

=: Dgengo (F1, F2),
as iz : U — ¥is an isometry by Theorem 14. So, the bijection fi is an isometry.
O

From the definitions of " and T, it is already clear that the following
natural commutativity conditions are trivially satisfied:

Proposition 35 For each F € F,
g0 F = f1(F)oiy, (ie, @ = F(¢) for every ¢ € @)

and

kooT =Tok (i.e., f(;) =T(g) for every g € G).

4.4 Compactification of the Spaces of GENEOs

We can now extend our construction from (F T): (®,G) = (U, H) to (E T):

(<I> G) — (\I! H) and (F T) (<I> G) (U, H) successively, while maintaining
the assumptions of Section 4.3. First, we show that F: & — ¥ induces a non-

expansive T—equlvarlant map F:d \I! then we will use the assumption that
the family of sets {F'(®) | ' € F} covers ¥ to define a group homomorphism

TG — H with respect to which a " remains equivariant.

Let us define a map F:® — U as follows. Let ¢ € <I> then there is a
sequence (@p)neN in ® such that »n — @ with respect to the uniform norm.

As F is non-expansive, (F(gbn))neN is a Cauchy sequence in U C \i'; so it

converges to some E in the complete space 0. Let us put

(@) = 1.

That is,

F(lim ¢n):= lim F(p,).
n—oo n—oo
Note that since F is non-expansive, the map F does not depend on the

sequence (@n)nen converging to P, and is therefore well defined. Moreover,
Flg=F
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Proposition 36 The map F:dVisa GENEO with respect to T : G — H.

Proof Let By, 3y € ®; then there are sequences (@1,n)neN and (P2,n)nen in d such
that @1, — @1 and @2, — Y. Recalling that ' is non-expansive, we compute:

|F@) - F@)| = | Jim £(prn) — Jim Plgan)]|

n—00

lim ‘F(gﬁl,n) - F(¢27H)H
oo

n—oo
< nlgmoo |‘¢1,n - ('22"””00
-
=% — @2”007

S0, Fis non-expansive.
Let T € ® and § € G. Then there is a sequence (¢n)nen in @ such that ¢, — 3
with respect to the uniform norm; consequently, Png — ©g. As I is T'—equivariant

(Proposition 33) and the action of H on W is continuous (Theorem 6), we have
F(@og) =F(lim ¢nog)

= lim F(nog)

n—oo

= lim (F(¢n)oT(§))

n—00
= (lim_F(pn)) 0T(9)
= F(@)oT(9),

whence E is T—equivariant and the proposition is proved. O

Let us put I
fzzz{ﬁzé—>¢/|Fef},
and define a map f5 : F1 — F2 by setting
fo(F) = F.
The set ]—';11’2 D F, of all GENEOs from (5, G) to (6, H) with respect to

the homomorphism 7' : G — H is a metric space with the distance function
D% pnro given by

Dgpxpo (F', F") := sup Dy (F'(p), F" (%)), for every F/,F" € 7,
Fed

Proposition 37 The correspondence fo : F1 — Fa is an isomelry with respect to
the distances D%}ENEO and DéENEO-
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Proof The map fo : F1 — JFo is surjective by construction. Also, if Fl,é'g c F
are distinct, i.e., there is a ¢ € ® with Fy (@) # Fa(3), then fo(F1)(p) = F1(@) #
Fo(p) = fo(F»)(@) since we respectively have F1|<i> = [} and F2|<i> = Fy; whence
f2(F1)(@) # f2(F2)(¢) and f is injective as well.

If 1, Fo € Fo Cf*?‘?

function f(@) := D= (Fl( ), F2( )), we get

by applying Proposition 13 to the real-valued continuous

D&pnEo (FLFQ) = sup Dz (Fl @), F2 (@))

<p€<I>
_ Z‘éﬁ D- (F (@), P (sa))

1 L
=: DGENEO (Fl,Fz) :
as Dy, and DE both are restrictions of the distance induced by the uniform norm on

]Rby to U and ¥ respectively. So, the bijection f2 is an isometry. (]

As E|q> = F for each F € F, by Proposition 35 we have

Proposition 38 For each F € F,

igo F'=(f20 fi(F))ois.
That is, for every ¢ € ®,

Let us now utilize the assumption that {F(®) | ' € F} covers ¥ to define
a homomorphism T: G — H. First we need

Definition 6 We say that a space F C Fil of GENEOs (F,T) : (,G) — (¥, H)
is collectionwise surjective if for each 1 € \If there exist an Fw € Fand a g, € @
such that Fyy (@) = ¥; that is, Upc r F(®) = V.

The key property of collectionwise surjective spaces of GENEOs is given in

Theorem 39 If the space F C F' of GENEOs (F,T) : (®,G) — (U, H) is
collectionwise surjective, then the homomorphism T is non-expansive.

Proof Let a,b € G; then as F is collectionwise surjective and each F' € F is a
GENEO, we have

Dau(T(a), T (b)) := sup Dy (T (a), YT'(b))
pew
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= sup Dy (Fy(py)T(a), Fy(py)T (D))
Yew

= sup Dy (Fy(pya), Fy(pyb))
YEW

< sup Dy (0ya, qb)
Yew

< sup Dy (pa, pb)
ped

= Daut (a7 b)
O

For the rest of this section, the spaces F C .7:%“ will be assumed to be
collectionwise surjective. Clearly, F1 := {F' : ® — U | F € F} is collectionwise

surjective whenever F is so, since Fw(g&w) =Fy(py) = 9 for every ¢ € 0.
Theorem 39 implies

Corollary 40 The homomorphism T:G— His non-expansive.

Corollary 40 allows us to define a map T:G— H unambiguously: Let
ge G and (gn)nen be a sequence in G that converges to g in G. As 7' is non-
expansive and H is a complete metric space, the sequence (T(Qn))neN in H

converges to a unique element h € H. We put

T7(g) := h.

That is, .
T(hm gn) — lim T'(jn).

n— oo n—oo

Note that T|G = T. So, the commutativity condition ko o T =T o k; (i.e

—

T(g) = T(§) for every g € G) in Proposition 35 can be rephrased as

*)

Proposition 41 kyoT = To k1 (e, T/(;) =T(§) for every g € G).
We observe that the map T:G—H preserves the group structure:

Theorem 42 The function ? : 5 — E s a group homomorphism.

Proof Let @,b € G, and (an)nen, (I;n)nEN be sequences in (¢ converging respectively

to @,b in G. Recalling the continuity of the composition of functions on Aut <B(X )
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and Autg (Y) (Theorem 6) and the definition of ?, we compute
T (ab) =T Jim_an lim bn)
=T ( lim_anbn)

n—0o0

= lim T(&ni)n)

n—o0
= nli_>moo T(an)T(bn)
= lim_ T(an) Jim T(bn)
=7 (lim_an) T ( lim by)
= T@T(®).
Therefore, ? is a group homomorphism. O

The next claim allows us to pass from T'—equivariance to T'—equivariance.

Theorem 43 FEvery GENEO F € Fy C ]-—;]1’2 18 %—equivarz’ant as well. Hence

(f,?) : (g, E) — (E,E) is a GENEO for each F € F.

Proof Let g € g,ﬁ € 5, and (gn)nen be a sequence in G converging to g. Recalling

the fact that F' is a GENEO for T' (and in particular a non-expansive, and hence
continuous, map) by Proposition 36, the continuity of the actions of Autg(X) and

Autg(Y) respectively on & and ¥ (Theorem 6), and the definition of ?, we compute

F(pg) = F (% lim_in)
= (i, n)
= lim F(2gn)

= lim F(@)7T(3n)

n—oo

3|

~ F(7) lim T(3.)

@7 (1im_gn)

Il
=]

@)T(9)-

=3

d

Because of Theorems 42 and 43, we can now consider F2 as a set of
GENEOs from (@, G) to (li/, ﬁ) with respect to 7', and denote this set by

F3 to make clear that we are taking the homomorphism T instead of 7.
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The set ]-'%“ D F3 of all GENEOs from (g, 5) to (6, E) with respect to T

is a metric space with the distance function D3 pygo given by

Dipnpo(F', F") = SHEDE(F/@%F”(@), F',F" e }—%1].
ped

Moreover, since the data sets ® and ¥ are compact, the space (]—'%“, D uneo)

is compact as well [14, Theorem 7]. Consequently,

Proposition 44 The closure cl(F3) of F3 C ]—"%H in the compact space .7-"%“ 18
compact.

As the definitions of D gnpo and Dgpnpo do not depend on the reference

homomorphisms T and T respectively, we observe that the identity from JFs
to F3 is an isometry.
Propositions 34 and 37 together give

Proposition 45 The correspondence f : F — F3 given by
f=faoh

18 an isometry.
Therefore, we can rephrase Proposition 38 as

Proposition 46 For each F € F,

9o F' = f(F)oiy (ie., F(p) = F(p) for every p € ®).

We can now state the main result in this paper by introducing the following
definition:

Definition 7 A compact space F* C Fill of GENEOs (F*,T*) : (®*,G*) —
(¢*, H*) with dom(®*) = X* and dom(¥*) = Y™ is said to be a compactification
of a space F C Fal of GENEOs (F,T) : (®,G) — (¥, H) with dom(®) = X and
dom(¥) =Y, if the perception pairs (®*,G*) and (®*,G*) are compactifications of
(®,G) and (¥, H) respectively, and there is an isometric embedding f of F in F*
as a dense subspace, such that the following commutativity conditions are satisfied:
igo F'= f(F)oij, foreach F € F,and ko o T =T o k.

Theorem 47 Every collectionwise surjective space F C f%“ of GENEOs (F,T) :
(®,G) = (¥, H) with dom(®) = X and dom(¥) =Y admits a compactification F*,
provided the data sets ® and ¥ are totally bounded and endow X and Y with metric
structures.
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Proof 1t follows from Theorem 32 and Propositions 41, 44, 45, and 46, by setting
F*:=F, T*:=T, and F* := cl(F3) C f%“. 0

5 Discussion

In this paper, we have shown that when the spaces of measurements are totally
bounded and large enough to ensure that any two points can be distinguished
by our measurements, we can always assume that we are considering compact
perception pairs and compact spaces of GENEOs, provided that the set of
our operators is collectionwise surjective. This result makes available a sound
basis for further research concerning spaces of GENEQOs, and paves the way
for possible applications of the theory.

Of course, the computation costs might be higher while working with com-
pactifications, but that should not be considered to be a drawback. In fact, in
practical applications, one does not necessarily need to work with compacti-
fications in an explicitly concrete manner. The mere recognition that certain
spaces of GENEOs can be nicely embedded in compact ones is all that one
needs most of the time.

Our research has raised several questions as well. For example, it is not
clear whether the assumption of collectionwise surjectivity could be removed or
made milder. Furthermore, we could wonder if our approach could be extended
to the case when X and Y are endowed with a pseudo-metric instead of a metric
structure, thereby extending the range of applicability of our constructions.
We are planning to follow these lines of research in the near future.
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Appendix A Supplementary Proofs

For the sake of completeness, we recall here the proofs of some results reported
in Section 3 that have been given only in [27].

Proof of Proposition 1 Let ¢ € ® and z1,z2 € X. Then

lp(z1) — p(x2)| < sup ' (21) = ¢/ (22)|] = Dx (21, 22).

p'e
So ¢ : X — R is non-expansive. |

Proof of Theorem 8 1t suffices to show that every sequence (z;)icy in X admits a
Cauchy subsequence [24]. Let us consider an arbitrary sequence (z;);en in X and
an arbitrarily small € > 0. Since ® is totally bounded, we can find a finite subset
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®. = {¢1,...,pn} such that ® = |JI_; Ba(p;,¢), where Bg(p,e) = {¢ € @ :
Dg (¢, ) < €}. In particular, we can say that for any ¢ € ® there exists i € O:
such that ||¢ — ¢pzllc < €. Now, we consider the real sequence (p1(;))ien that
is bounded because all the functions in ® are bounded. From Bolzano-Weierstrass
Theorem it follows that we can extract a convergent subsequence (¢1(;),))neN-
Then we consider the sequence (¢2(z;,))nen. Since g2 is bounded, we can extract
a convergent subsequence (¢2(z;,, ))ten. We can repeat the same argument for any
@1 € ®c. Thus, we obtain a subsequence (zp; ) jen of (#;);en, such that (¢ (xp;))jen
is a real convergent sequence for any k € {1,...,n}, and hence a Cauchy sequence
in R. Moreover, since ®. is a finite set, there exists an index 7 such that for any
ke {1,...,n} we have that

lok (zp,) — er(xp,)| <e, forallr,s=>7.
We observe that 7 does not depend on k, but only on € and ..
In order to prove that (xp;);jen is a Cauchy sequence in X, we observe that for
any r,s € N and any ¢ € ®, by choosing a k such that ||¢ — pi|lcc < € we have:

lo(@p,) — p(zp,)| = lp(@p,) — vr(p,.) + or(Tp,) — i (@p,) + Pr(Tp,) — P(Tp,)]
<lp(@p,.) — vr(zp,)| + ok (p,.) — Pr(Tp)] + |0k (Tp.) — ©(Tp.)]
< e = @rlloo + ek (@p,) = i (@p. )| + llok — Plloo-
It follows that |p(zp,) — ¢(xp,)| < 3¢ for every ¢ € ® and every r,s > 7. Thus,

SUPyea [P(Tp,) — ¢(Tp,)| = Dx (Tp,,zp,) < 3e. Hence, the subsequence (zp;)jeN is
a Cauchy sequence in X, and the theorem is proved.

Proof of Theorem 7 Let (g;);en be a sequence in G and take a real number ¢ > 0.
Given that @ is totally bounded, we can find a finite subset ®. = {¢1, ..., ¢n} such
that for every ¢ € ® there exists ¢j, € P for which Dg (¢p, @) < €.

Let us consider the sequence (p1¢;)ien in ®. Since @ is totally bounded, we
can extract a Cauchy subsequence (¢19i, )ren [24]. Then we consider the sequence
(¢29i), )nen- Again, we can extract a Cauchy subsequence (¢29;,, )ten. We can repeat
the same argument for any ¢ € ®.. Thus, we are able to extract a subsequence
(9i;)jen of (gi)ien such that (¢rg;;)jen is a Cauchy sequence for any k € {1,...,n}.
For the finiteness of set @, we can find an index 7 such that for any k € {1,...,n}

Do (¢19i,, ¢r9:,) <&, for every s,r > J.
In order to prove that (g;;);en is a Cauchy sequence, we observe that for any
€ ®, any ¢ € &, and any r,s € N we have

Do (¢9i,,%9:i,) < Da(#i,, Pr9i,) + Do(@r9i,., ox9:,) + Do (ergi,, i)
= Do(p, k) + Do (¢ki,, Pr9i,) + Da(@k, ¢).-
We observe that 7 does not depend on ¢, but only on € and ®.. By choosing a
o € ®c such that Dg (g, ) < €, we get Dg (g, pgi,) < 3¢ for every ¢ € ® and

every r,s > 7. Thus, Daut(9i,,9:,) < 3¢. Hence, the sequence (g;,);jen is a Cauchy
sequence. Therefore, G is totally bounded. ]

Proof of Proposition 8 Let C(X, X) denote the metric space of all continuous self-
maps of X with respect to the metric de given by

doo(f,g) == 51615( Dx (f(x),g(x)), for every f,g € C(X, X).
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It suffices to show that Iso(X) is closed in C(X, X), as it is relatively compact by
Arzela-Ascoli theorem [25]. Let (f;);en be a sequence in Iso(X) that converges to
some f € C(X, X); we show that f € Iso(X). Note that f(z) = lim;_, o f;(z) with
respect to Dx, for each z € X; indeed,

0 < lim Dx(f(z), fi(z)) < lim doo(f, fi) = 0.
So,
Dx(f(z), f(y)) = Dx(lim fi(z), lim fi(y))
= lim Dx(fi(z), fi(y))

= lim Dx(z,y)

11— 00
= Dx (z,y),

whence f preserves Dx.

It immediately follows that f is injective. As for surjectivity, let zg be an
arbitrary point of X; we show that zg € f(X). Consider the sequence (zn)neN
defined by setting z,+1 := f(zn). Since X is compact, (zn)pen admits a converg-
ing subsequence (Zn;);cN. Let € > 0 be an arbitrary real number. Then there is
an ng € N such that Dx(xn;,zn;) < € for every i,j > ng. If n; > n;, then
Dx(xn;,zn;) = Dx(x0,%n;—n,;), as f preserves Dx. Hence, Dx(zo, f(X)) :=
inf,er(x) Dx(20,2) < Dx (%0, Zn;—n,;) = Dx(%n;, ¥n;) < €. From the arbitrariness
of g, it follows that Dx(zg, f(X)) = 0. As f preserves Dy, it is continuous, and
f(X) then is compact. In particular, f(X) is closed, and hence zg € f(X). a

Proof of Theorem 9 For the sake of conciseness, we will rephrase the proof given
in [27]. Consider the collection H of all non-empty compact subsets of the space
NE(X,R) of all real-valued non-expansive functions on (X, Dx ), endowed with the
distance induced by the uniform norm. Of course, by Proposition 1, NE(X,R) D ®.
We know that (H,ds) is a metric space, where dy; is the usual Hausdorff distance
[22]. If g € Iso(X), then the map Ry : & — Ri( that takes ¢ to ¢g is continuous (it
indeed preserves the max-morm distance), and hence ®g := {¢g, p € ®} € H.
We now observe that if g, h € Iso(X), then

dy (Pg, Ph) ;== max < sup inf - , sup inf -
(g, 2h) {mgw@hw ke, sup inf wm}

= max < sup inf — hl|oo, sup inf —)h
{wew@lle@g Yhl|oo wew@wg Yhlso

< max { sup |log — @hlloo, sup [vg — whloo}
ped Pped

= sup ||pg — vhllco

ped

= sup sup |pg(z) — ph(z)]
pedreX

= sup sup |pg(z) — ph(z)]
reEX peP

= sup Dx(g(x),h(x))
reX
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Therefore, the map x : Iso(X) — H that takes g to g is non-expansive and hence

continuous. Since Autg(X) = x 1 (®), such a group is the preimage of a closed set
under a continuous function. It follows that it is closed in Iso(X), and hence compact.

d
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