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KOLLÁR’S PACKAGE FOR TWISTED SAITO’S S-SHEAVES

JUNCHAO SHENTU AND CHEN ZHAO

Abstract. We generalize Kollár’s conjecture (including torsion freeness, injectivity the-
orem, vanishing theorem and decomposition theorem) to Saito’s S-sheaves twisted by
a Q-divisor. This gives a uniform treatment for various kinds of Kollár’s package in
different topics in complex geometry. As a consequence we prove Kollár’s package of
pluricanonical bundles twisted by a certain multiplier ideal sheaf. The method of the
present paper is L2-theoretic.

1. Introduction

Let f : X → Y be a proper morphism between complex spaces1 such that Y is irre-
ducible and each irreducible component of X is mapped onto Y . We say that a coherent
sheaf F on X satisfies Kollár’s package with respect to f if the following statements
hold.

Torsion Freeness: Rqf∗(F ) is torsion free for every q ≥ 0 and vanishes if q >
dimX − dimY .

Injectivity Theorem: If L is a semipositive holomorphic line bundle on X so that
L⊗l admits a nonzero holomorphic global section s for some l > 0, then the
canonical morphism

Rqf∗(×s) : Rqf∗(F ⊗ L⊗k) → Rqf∗(F ⊗ L⊗(k+l))

is injective for every q ≥ 0 and every k ≥ 1.
Vanishing Theorem: If Y is a projective algebraic variety and L is an ample line

bundle on Y , then

Hq(Y,Rpf∗(F )⊗ L) = 0, ∀q > 0, ∀p ≥ 0.

Decomposition Theorem: Assume moreover that X is a compact Kähler space.
Then Rf∗(F ) splits in the derived category D(Y ) of OY -modules, i.e.

Rf∗(F ) ≃
⊕

q

Rqf∗(F )[−q] ∈ D(Y ).

As a consequence, the spectral sequence

Epq
2 : Hp(Y,Rqf∗(F )) ⇒ Hp+q(X,F )

degenerates at the E2 page.

1All the complex spaces are assumed to be separated, reduced, paracompact, countable at infinity and
of pure dimension throughout the present paper. We would like to point out that the complex spaces are
allowed to be reducible.
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These statements date back to J. Kollár [5, 6], who shows that the dualizing sheaf ωX

satisfies Kollár’s package when X is smooth projective and Y is projective. Aiming
at various geometric applications, Kollár’s results have been further generalized in two
directions.

The first direction is to show Kollár’s package for the dualizing sheaf twisted by a Q-
divisor, or a multiplier ideal sheaf more generally. These kinds of (ad-hoc) Kollár’s package
have applications in E. Viehweg’s works on the quasi-projective moduli of polarized man-
ifolds [21, 22], O. Fujino’s project of minimal model program for log-canonical varieties
[3] and Kollár-Kovács’ splitting criterion for du Bois singularities [7], etc. Besides, K.
Takegoshi [20] proves Kollár’s package for the dualizing sheaf twisted by a Nakano semi-
positive vector bundle. The injectivity theorem for the dualizing sheaf twisted by a general
multiplier ideal sheaf has been investigated by S. Matsumura [8] and Fujino-Matsumura
[4]. However the complete proof of the Kollár’s package (listed as above) for the dualizing
sheaf twisted by a multiplier ideal sheaf is still missing.

The other direction is to generalize Kollár’s package to certain Hodge theoretic objects
such as variations of Hodge structure and Hodge modules. Assume that f : X → Y is
a morphism between projective varieties. Let V be an R-polarized variation of Hodge
structure on some dense Zariski open subset Xo ⊂ Xreg of the regular loci Xreg. M. Saito
[15] constructs a coherent sheaf SX(V) and shows that SX(V) satisfies Kollár’s package
with respect to f . When V is the trivial variation of Hodge structure, SX(V) ≃ ωX .
Saito’s work gives an affirmative answer to Kollár’s conjecture [6, §4]. Together with
other deep results of Hodge modules, Kollár’s package for SX(V) plays important roles in
the series works of Popa-Schnell [12–14]. Recently the authors of the present paper [17]
generalize Saito’s result to the context of non-abelian Hodge theory.

The purpose of the present article is to show that Kollár’s package holds for Saito’s
S-sheaves twisted by a multiplier ideal sheaf associated with a Q-divisor. This gives a
uniform and systematic treatment for various Kollár’s package twisted by a Q-divisor.
This package contains new results even in the case of the dualizing sheaf twisted by a
multiplier ideal sheaf. The main tool is the abstract Kollár’s package established in [17].

1.1. Main result. Before stating the main results let us recall Saito’s construction of
SX(V), with two generalizations:

(1) We generalize Saito’s construction to complex variations of Hodge structure. In
particular we do not make assumptions on the local monodromy. This is interesting
in the view of nonabelian Hodge theory because complex variations of Hodge
structure are precisely the C∗ fixed points on the moduli space of certain tame
harmonic bundles ([19, Theorem 8], [9, Proposition 1.9]).

(2) We generalize Saito’s construction with respect to the Deligne-Manin prolonga-
tions of the variation of Hodge structure with indices other than (−1, 0]. This
is a combination of Saito’s SX(V) with the multiplier ideal sheaf associated to a
boundary Q-divisor.

Let X be a complex space. Let V = (V,∇, {Vp,q}, Q) be a polarized complex variation
of Hodge structure (Definition 3.1) on some dense regular Zariski open subset Xo of X .
Let A be an effective Q-Cartier divisor on X . We define a coherent sheaf SX(V,−A) as
follows.
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Log smooth case: Assume that X is smooth, E := X\Xo is a simple normal
crossing divisor and supp(A) ⊂ E. Denote by E = ∪l

i=1Ei the irreducible decom-

position and denote A =
∑l

i=1 riEi with r1, . . . , rl ∈ Q≥0. Let r = (r1, . . . , rl).
Let V>r−1 be the Deligne-Manin prolongation with indices > r− 1. It is a locally
free OX-module extending V such that ∇ induces a connection with logarithmic
singularities

∇ : V>r−1 → V>r−1 ⊗ ΩX(logE)

where the real part of the eigenvalues of the residue of ∇ along Ei belongs to
(ri − 1, ri] for each i. Let j : Xo → X be the open immersion. Denote S(V) :=
Vpmax,k−pmax where pmax = max{p|Vp,k−p 6= 0}. Define

SX(V,−A) := ωX ⊗ (j∗S(V) ∩ V>r−1) .

General case: Let π : X̃ → X be a proper bimeromorphic morphism such that
πo := π|π−1(Xo\supp(A)) : π−1(Xo\supp(A)) → Xo\supp(A) is biholomorphic and
the exceptional loci E := π−1((X\Xo) ∪ supp(A))) is a simple normal crossing
divisor. Then

SX(V,−A) ≃ π∗
(
SX̃(π

o∗V,−π∗A)
)
.(1.1)

When A = ∅, SX(V, ∅) is canonically isomorphic to Saito’s SX(V) (see [15], at least when
V is R-polarizable). The main result of the present article is

Theorem 1.1. (1) SX(V,−A) is a torsion free coherent sheaf on X which is inde-

pendent of the choice of the desingularization π : X̃ → X.
(2) Let f : X → Y be a locally Kähler proper morphism between complex spaces such

that Y is irreducible and each irreducible component of X is mapped onto Y . Let
L be a line bundle on X such that some multiple mL = B + D where B is a
semipositive line bundle and D is an effective Cartier divisor on X. Let F be an
arbitrary Nakano-semipositive vector bundle on X. Then SX(V,− 1

m
D) ⊗ F ⊗ L

satisfies Kollár’s package with respect to f .

1.2. Multiplier Grauert-Riemenschneider sheaf. When V = CXreg is the trivial vari-
ation of Hodge structure, SX(CXreg ,−A) is exactly the Grauert-Riemenschneider sheaf
twisted by the multiplier ideal sheaf associated with A. This is called the multiplier ideals
by Viehweg [21,22] and it also appear in the Nadel vanishing theorem on complex spaces
[2]. Let us recall its construction for the convenience of readers.

Log smooth case: Assume that X is smooth and supp(A) is a simple normal cross-
ing divisor. Then

KX(−A) := ωX ⊗ OX(−⌊A⌋).
General case: Let π : X̃ → X be a proper bimeromorphic morphism such that

πo := π|π−1(Xo\supp(A)) : π−1(Xo\supp(A)) → Xo\supp(A) is biholomorphic and
the exceptional loci E := π−1((X\Xo) ∪ supp(A))) is a simple normal crossing
divisor. Then

KX(−A) := π∗
(
KX̃(−π∗A)

)
.(1.2)

Certainly KX(−A) ≃ SX(CXreg ,−A) and one has

KX(−A) ≃ ωX ⊗ I (−A)
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when X is smooth (I (−A) is the multiplier ideal sheaf associated with A). In this case,
by Theorem 1.1 one has the following.

Theorem 1.2. Let f : X → Y be a locally Kähler proper morphism between complex
spaces, such that Y is irreducible and each irreducible component of X is mapped onto Y .
Let L be a line bundle such that some multiple mL = B + D where B is a semipositive
line bundle and D is an effective Cartier divisor on X. Let F be an arbitrary Nakano-
semipositive vector bundle on X. Then KX(− 1

m
D)⊗F ⊗L satisfies Kollár’s package with

respect to f .

Theorem 1.2 has an application to Kollár’s package of pluricanonical bundles.

Corollary 1.3. Let f : X → Y be a morphism from a compact Kähler manifold to an
analytic space. Assume that ω⊗km

X ≃ A⊗OX(D), k,m > 0 where A is a semipositive line
bundle (e.g. a semiample line bundle) and D is an effective Cartier divisor. Let F be an
arbitrary Nakano-semipositive vector bundle on X. Then KX(− 1

m
D)⊗ ω⊗k

X ⊗ F satisfies

Kollár’s package with respect to f . In particular if ωX is semipositive, then ω⊗k
X ⊗ F

satisfies Kollár’s package with respect to f for every k ≥ 1.

2. Abstract Kollár’s package

In this section we recall the abstract Kollár’s package established in [17].
Let X be a complex space of dimension n and Xo ⊂ Xreg a dense Zariski open subset.

Let (E, h) be a hermitian vector bundle onXo. Define the OX-module SX(E, h) as follows.
Let U ⊂ X be an open subset. SX(E, h)(U) is the space of holomorphic E-valued (n, 0)-
forms α on U ∩ Xo such that for every point x ∈ U , there is a neighborhood Vx of x so
that ∫

Vx∩Xo

α ∧ α < ∞.

Lemma 2.1. (Functoriality,[17, Proposition 2.5]) Let π : X ′ → X be a proper holomor-
phic map between complex spaces which is biholomorphic over Xo. Then

π∗SX′(π∗E, π∗h) = SX(E, h).

Lemma 2.2. ([17, Lemma 2.6]) Let (F, hF ) be a hermitian vector bundle on X (in par-
ticular hF is smooth on X). Then

SX(E, h)⊗ F ≃ SX(E ⊗ F, h⊗ hF ).

Definition 2.3. (E, h) is tame on X if, for every point x ∈ X , there is an open neigh-

borhood U containing x, a proper bimeromorphic morphism π : Ũ → U which is biholo-

morphic over U ∩Xo, and a hermitian vector bundle (Q, hQ) on Ũ such that

(1) π∗E|π−1(Xo∩U) ⊂ Q|π−1(Xo∩U) as a subsheaf.
(2) There is a hermitian metric h′

Q onQ|π−1(Xo∩U) so that h
′
Q|π∗E ∼ π∗h on π−1(Xo∩U)

and

(
r∑

i=1

‖π∗fi‖2)chQ . h′
Q(2.1)

for some c ∈ R. Here {f1, . . . , fr} is an arbitrary set of local generators of the

ideal sheaf defining Ũ\π−1(Xo) ⊂ Ũ .
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The tameness condition (2.1) is independent of the choice of the set of local generators.
In the present paper, a tame hermitian vector bundle (E, h) is constructed as a subsheaf
of the underlying holomorphic bundle of a variation of Hodge structure. This is a special
case of tame harmonic bundles in the sense of Simpson [19] and Mochizuki [10, 11]. In
this case, Condition (2.1) comes from the theory of degeneration of variation of Hodge
structure [1].

Theorem 2.4. ([17, Proposition 2.9 and §4]) Let f : X → Y be a proper locally Kähler
morphism from a complex space X to an irreducible complex space Y . Assume that every
irreducible component of X is mapped onto Y , Xo ⊂ Xreg is a dense Zariski open subset
and (E, h) is a hermitian vector bundle on Xo with Nakano semipositive curvature. As-
sume that (E, h) is tame on X. Then SX(E, h) is a coherent sheaf which satisfies Kollár’s
package with respect to f : X → Y .

3. Twisted Saito’s S-sheaf and its Kollár package

3.1. Complex variation of Hodge structure.

Definition 3.1. [18, §8] Let Xo be a complex manifold. Denote by A 0
Xo the sheaf of C∞

functions on Xo. A polarized complex variation of Hodge structure on Xo of weight k is a
flat holomorphic connection (V,∇) on Xo together with a decomposition V ⊗OXo A 0

Xo =⊕
p+q=k Vp,q of C∞ bundles and a flat hermitian form Q on V such that

(1) The hermitian form hQ which equals (−1)pQ on Vp,q is a hermitian metric on the
C∞ complex vector bundle V ⊗OXo A 0

Xo .
(2) The decomposition V ⊗OXo A 0

Xo =
⊕

p+q=k Vp,q is orthogonal with respect to hQ.

(3) The Griffiths transversality condition

∇(Vp,q) ⊂ A
0,1(Vp+1,q−1)⊕ A

1,0(Vp,q)⊕ A
0,1(Vp,q)⊕ A

1,0(Vp−1,q+1)(3.1)

holds for every p and q. Here A i,j(Vp,q) denotes the sheaf of smooth (i, j)-forms
with values in Vp,q.

Denote S(V) := Vpmax,k−pmax where pmax = max{p|Vp,k−p 6= 0}.
Let X be a complex manifold and ∪l

i=1Ei = E := X\Xo ⊂ X a simple normal crossing
divisor where E1, . . . , El are irreducible components. Let (V,∇, {Vp,q}, Q) be a polarized
complex variation of Hodge structure on Xo := X\E. There is a system of prolongations
of V. Let a = (a1, . . . , al) ∈ Rl. Let V>a be the Deligne-Manin prolongation with indices
> a. It is a locally free OX-module extending V such that ∇ induces a connection with
logarithmic singularities

∇ : V>a → V>a ⊗ ΩX(logE)

whose real part of the eigenvalues of the residue of ∇ along Ei belongs to (ai, ai + 1].
Denote

RX(V) := V>−1 ∩ j∗(S(V))

where j : Xo → X is the open immersion and −1 = (−1, . . . ,−1). By the nilpotent orbit
theorem [1] RX(V) is a subbundle of V>−1, i.e. both RX(V) and V>−1/RX(V) are locally
free.
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3.2. L2-adapted local frame on RX(V). Let V = (V,∇, {Vp,q}, Q) be a polarized
complex variation of Hodge structure over (∆∗)n × ∆m. Denote by hQ the associated
Hodge metric. Let s1, . . . , sn be holomorphic coordinates of (∆∗)n and denote Di :=
{si = 0} ⊂ ∆n+m. Let Ni be the unipotent part of ResDi

∇ and let

p : Hn ×∆m → (∆∗)n ×∆m,

(z1, . . . , zn, w1, . . . , wm) 7→ (e2π
√
−1z1 , . . . , e2π

√
−1zn, w1, . . . , wm)

be the universal covering. Let W (1) = W (N1), . . . ,W
(n) = W (N1 + · · · + Nn) be the

monodromy weight filtrations (centered at 0) on V := Γ(Hn×∆m, p∗V)p∗∇. The following
norm estimate for flat sections is proved by Cattani-Kaplan-Schmid [1, Theorem 5.21]
for the case when V has quasi-unipotent local monodromy and by Mochizuki [10, Part 3,
Chapter 13] for the general case.

Theorem 3.2. For any 0 6= v ∈ GrW
(n)

ln
· · ·GrW

(1)

l1
V , one has

|v|2hQ
∼
(
log |s1|
log |s2|

)l1

· · · (− log |sn|)ln

over any region of the form{
(s1, . . . sn, w1, . . . , wm) ∈ (∆∗)n ×∆m

∣∣∣∣
log |s1|
log |s2|

> ǫ, . . . ,− log |sn| > ǫ, (w1, . . . , wm) ∈ K

}

for any ǫ > 0 and an arbitrary compact subset K ⊂ ∆m .

The rest of this part is devoted to the norm estimate of the singular hermitian metric
hQ on RX(V).

Lemma 3.3. Assume that n = 1. Then W−1(N1) ∩ RX(V)0 = 0.

Proof. Assume that W−1(N1) ∩ RX(V)0 6= 0. Let k be the weight of V. Let l =
max{l|W−l(N1) ∩ RX(V)0 6= 0}. Then l ≥ 1. By [16, 6.16], the decomposition V>−1 ≃⊕

p+q=k j∗Vp,q∩V>−1 induces a pure Hodge structure of weightm+k onWm(N1)/Wm−1(N1).
Moreover

N l : Wl(N1)/Wl−1(N1) → W−l(N1)/W−l−1(N1)(3.2)

is an isomorphism of type (−l,−l). Denote S(V) = Vp,k−p. By the definition of l, any
nonzero element α ∈ W−l(N1) ∩ RX(V)0 induces a nonzero [α] ∈ W−l(N1)/W−l−1(N1) of
Hodge type (p, k − l − p). Since (3.2) is an isomorphism, there is β ∈ Wl(N1)/Wl−1(N1)
of Hodge type (p+ l, k − p) such that N l(β) = [α]. However, β = 0 since Fp+l = 0. This
contradicts to the fact that [α] 6= 0. W−1(N1) ∩ RX(V)0 therefore has to be zero. �

Denote by Ti the local monodromy operator of V around Di. Since T1, . . . , Tn are
pairwise commutative, there is a finite decomposition

V>−1|0 =
⊕

−1<α1,...,αn≤0

Vα1,...,αn

such that (Ti − e2π
√
−1αiId) is unipotent on Vα1,...,αn

for each i = 1, . . . , n.
Let

v1, . . . , vN ∈ RX(V)|0 ∩
⋃

−1<α1,...,αn≤0

Vα1,...,αn
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be an orthogonal basis of RX(V)|0 ≃ Γ(Hn, p∗S(V))p
∗∇. Then ṽ1, . . . , ṽN that are deter-

mined by

ṽj := exp

(
n∑

i=1

log zi(αiId +Ni)

)
vj if vj ∈ Vα1,...,αn

, ∀j = 1, . . . , N(3.3)

form a frame of V>−1∩ j∗S(V). To be precise, we always use the notation αEi
(ṽj) instead

of αi in (3.3). By (3.3) we acquire that

|ṽj|2hQ
∼
∣∣∣∣∣

n∏

i=1

z
αEi

(ṽj )

i exp

(
n∑

i=1

Ni log zi

)
vj

∣∣∣∣∣

2

hQ

∼ |vj|2hQ

n∏

i=1

|zi|2αEi
(ṽj ), j = 1, . . . , N

where αEi
(ṽj) ∈ (−1, 0], ∀i = 1, . . . n.

By Theorem 3.2 and Lemma 3.3 one has

|vj|2hQ
∼
(
log |s1|
log |s2|

)l1

· · · (− log |sn|)ln , l1 ≤ l2 ≤ · · · ≤ ln−1,

over any region of the form
{
(s1, . . . sn, w1, . . . , wm) ∈ (∆∗)n ×∆m

∣∣∣∣
log |s1|
log |s2|

> ǫ, . . . ,− log |sn| > ǫ, (w1, . . . , wm) ∈ K

}

for any ǫ > 0 and an arbitrary compact subset K ⊂ ∆m. Therefore we obtain that

1 . |vj| . |z1 · · · zr|−ǫ, ∀ǫ > 0.

The local frame (ṽ1, . . . , ṽN ) is L
2-adapted in the sense of S. Zucker [23, page 433].

Definition 3.4. Let (E, h) be a vector bundle with a possibly singular hermitian metric
h on a hermitian manifold (X, ds20). A holomorphic local frame (v1, . . . , vN) of E is called

L2-adapted if, for every set of measurable functions {f1, . . . , fN},
∑N

i=1 fivi is locally
square integrable if and only if fivi is locally square integrable for each i = 1, . . . , N .

To see that (ṽ1, . . . , ṽN) is L
2-adapted, let us consider the measurable functions f1, . . . , fN .

If
N∑

j=1

fj ṽj = exp

(
n∑

i=1

Ni log zi

)(
N∑

j=1

fj

n∏

i=1

|zi|αEi
(ṽj )vj

)

is locally square integrable, then

N∑

j=1

fj

n∏

i=1

|zi|αEi
(ṽj)vj

is locally square integrable because the entries of the matrix exp (−∑n

i=1Ni log zi) are

L∞-bounded. Since (v1, . . . , vN) is an orthogonal basis, |fj ṽj|hQ
∼ ∏n

i=1 |zi|αEi
(ṽj)|fjvj |hQ

is locally square integrable for each j = 1, . . . , N .
In conclusion, we obtain the following proposition.
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Proposition 3.5. Let (X, ds20) be a hermitian manifold and E a normal crossing divisor
on X. Let V be a polarized complex variation of Hodge structure on Xo := X\E. Then
there is an L2-adapted holomorphic local frame (ṽ1, . . . , ṽN) of RX(V) at every point x ∈
E. There are moreover αEi

(ṽj) ∈ (−1, 0], i = 1, . . . , r, j = 1, . . . , N and positive real
functions λj ∈ C∞(X\E), j = 1, . . . , N such that

|ṽj|2 ∼ λj

r∏

i=1

|zi|2αEi
(ṽj), ∀j = 1, . . . , N(3.4)

and
1 . λj . |z1 · · · zr|−ǫ, ∀ǫ > 0

for each j = 1, . . . , N . Here z1, · · · , zn are holomorphic local coordinates on X so that
Ei = {zi = 0}, i = 1, · · · r and E = {z1 · · · zr = 0}.
3.3. Twisted Saito’s S-sheaf. Let X be a complex space and Xo ⊂ Xreg a dense
Zariski open subset. Let V = (V,∇, {Vp,q}, Q) be a polarized complex variation of Hodge
structure on Xo. Let A be an effective Q-Cartier divisor on X . We define a coherent
sheaf SX(V,−A) as follows.

Log smooth case: Assume that X is smooth, E := X\Xo is a simple normal
crossing divisor and supp(A) ⊂ E. Denote by E = ∪l

i=1Ei the irreducible decom-

position and denote A =
∑l

i=1 riEi with r1, . . . , rl ∈ Q≥0. Let r = (r1, . . . , rl).
Let V>r−1 be the Deligne-Manin prolongation with indices > r− 1. It is a locally
free OX-module extending V such that ∇ induces a connection with logarithmic
singularities

∇ : V>r−1 → V>r−1 ⊗ ΩX(logE)

where the real part of the eigenvalues of the residue of ∇ along Ei belongs to
(ri − 1, ri] for each i. Let j : Xo → X be the open immersion. Denote S(V) :=
Vpmax,k−pmax where pmax = max{p|Vp,k−p 6= 0}. Define

SX(V,−A) := ωX ⊗ (j∗S(V) ∩ V>r−1) .

General case: Let π : X̃ → X be a proper bimeromorphic morphism such that
πo := π|π−1(Xo\supp(A)) : π−1(Xo\supp(A)) → Xo\supp(A) is biholomorphic and
the exceptional loci E := π−1((X\Xo) ∪ supp(A))) is a simple normal crossing
divisor. Then

SX(V,−A) ≃ π∗
(
S
X̃
(πo∗V,−π∗A)

)
.(3.5)

Let L be a line bundle such that some multiple mL = B +D where B is a semipositive
line bundle and D is an effective Cartier divisor on X . Let hB be a hermitian metric on
B with semipositive curvature and hD the unique singular hermitian metric on OX(D)
determined by the effective divisor D. hD is a singular hermitian metric, smooth over
X\D, defined as follows. Let s ∈ H0(X,OX(D)) be the defining section of D and let h0 be
an arbitrary smooth hermitian metric on OX(D). Then hD is defined by |ξ|hD

= |ξ|h0/|s|h0

which is independent of the choice of h0. Denote hL := (hBhD)
1
m . The main result of this

section is

Theorem 3.6. SX(V,− 1
m
D)⊗ L ≃ SX(S(V)⊗ L, hQhL). In particular SX(V,− 1

m
D) is

independent of the choice of the desingularization π : X̃ → X.
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Proof. By Lemma 2.1, the proof can be reduced to the log smooth case, that is, X is
smooth, E := X\Xo is a simple normal crossing divisor and supp(D) ⊂ E. Denote
j : Xo := X\E → X to be the inclusion. We are going to show that

SX(V,−
1

m
D)⊗ L = SX(S(V)⊗ L, hQhL)

as subsheaves of ωX ⊗ j∗(S(V))⊗ L. Since the problem is local, we assume that X = ∆n

is the polydisc. Denote E := {z1 · · · zl = 0} where Ei := {zi = 0} for each i = 1, . . . , l.
Let V = (V,∇, {Vp,q}, hQ) be a polarized complex variation of Hodge structure on Xo.
Let 0 = (0, . . . , 0) ∈ X and let (ṽ1, . . . , ṽN) be an L2-adapted local frame of RX(V) at 0
as in Proposition 3.5. Let f1, . . . , fN ∈ (j∗OXo)0 and let e be the local frame of L at 0.
We are going to prove that

N∑

i=1

fi[ṽidz1 ∧ · · · ∧ dzn ⊗ e]0 ∈ SX(S(V)⊗ L, hQhL)0

if and only if

fi ∈ OX

(
−

l∑

j=1

⌊ ri
m

− αEj
(ṽi)⌋Ej

)
0

for every i = 1, . . . , N .
Denote ds20 =

∑n

i=1 dzidz̄i. Since (ṽ1, . . . , ṽN) is an L2-adapted frame as in Proposition
3.5, the integral

∫
|

N∑

i=1

fiṽidz1 ∧ · · · ∧ dzn|2|e|2hL
volds20 =

∫
|

N∑

i=1

fiṽi|2|e|2hL
volds20

is finite near 0 if and only if
∫

|fiṽi|2|e|2hL
volds20 ∼

∫
|fi|2

r∏

j=1

|zj|2αEj
(ṽi)− 2ri

m λivolds20(3.6)

is finite near 0 for every i = 1, . . . , N . Here λi is a positive real function so that

1 . λi . |z1 · · · zr|−ǫ, ∀ǫ > 0.(3.7)

Denote
vj(f) := min{l|fl 6= 0 in the Laurant expansion f =

∑

i∈Z
fiz

i
j}.

By Lemma 3.7, the local integrability of (3.6) is equivalent to that

vj(fi) + αEi
(ṽj)−

ri
m

> −1, ∀j = 1, . . . , l.(3.8)

This is equivalent to

vj(fi) ≥ ⌊−αEi
(ṽj) +

ri
m
⌋, ∀j = 1, . . . , l.(3.9)

As a consequence, SX(S(V)⊗ L, hQhL)0 is generated by

dz1 ∧ · · · ∧ dzn ⊗ e⊗ exp

(
n∑

i=1

log zi(⌊−αEi
(ṽj) +

ri
m
⌋Id +Ni)

)
ṽj , ∀j = 1, . . . , N.
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These are exactly the generators of ωX ⊗ L ⊗ (j∗(S(V)) ∩ V> r

m
−1) at 0. The proof is

finished. �

The proof of the following lemma is omitted.

Lemma 3.7. Let f be a holomorphic function on ∆∗ := {z ∈ C|0 < |z| < 1} and a ∈ R.
Then ∫

|z|< 1
2

|f |2|z|2adzdz̄ < ∞

if and only if v(f) + a > −1. Here

v(f) := min{l|fl 6= 0 in the Laurant expansion f =
∑

i∈Z
fiz

i}.

3.4. Kollár package. In this section we prove the main theorem (Theorem 1.1) of the
present paper. Let X be a complex space and Xo ⊂ Xreg a dense Zariski open subset.
Let V := (V,∇, {Vp,q}, Q) be a polarized complex variation of Hodge structure of weight
k on Xo. Let

∇ = θ + ∂ + ∂̄ + θ

be the decomposition according to (3.1). For the reason of degrees, S(V) is a holomorphic
subbundle of V and θ(S(V)) = 0.

Lemma 3.8. (S(V), hQ) is a Nakano semipositive vector bundle which is tame on X.

Proof. To see that (S(V), hQ) is Nakano semipositive, we take the decomposition

∇ = θ + ∂ + ∂̄ + θ

according to (3.1). Since θ(S(V)) = 0, it follows from Griffiths’ curvature formula

Θh(S(V)) + θ ∧ θ + θ ∧ θ = 0

that √
−1Θh(S(V)) = −

√
−1θ ∧ θ ≥Nak 0.

To prove the tameness we use Deligne’s extension. Since the problem is local, we assume

that there is a desingularization π : X̃ → X such that π is biholomorphic over Xo and
D := π−1(X\Xo) is a simple normal crossing divisor. By abuse of notations we identify
Xo and π−1(Xo). There is an inclusion S(V) ⊂ V>−1|Xo . Let z1, . . . , zn be holomorphic
local coordinates such that Di = {zi = 0}, i = 1, . . . , k and D = {z1 · · · zk = 0}. By
Theorem 3.2, one has the norm estimate

|z1 · · · zk||s|h0 . |s|h(3.10)

for any holomorphic local section s of V>−1. Here h0 is an arbitrary (smooth) hermitian
metric on V>−1. This shows that (S(V), hQ) is tame. �

Theorem 3.9. Let X be a complex space and Xo ⊂ Xreg a dense Zariski open subset.
Let V := (V,∇, {Vp,q}, Q) be a polarized complex variation of Hodge structure of weight
k on Xo. Let L be a line bundle such that some multiple mL = A + D where A is a
semipositive line bundle and D is an effective Cartier divisor on X. Let F be an arbitrary
Nakano-semipositive vector bundle on X. Then SX(V,− 1

m
D) ⊗ F ⊗ L satisfies Kollár’s

package with respect to any locally Kähler proper morphism f : X → Y such that Y is
irreducible and each irreducible component of X is mapped onto Y .
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Proof. Let hA be a hermitian metric on A with semipositive curvature and hD the sin-
gular hermitian metric on OX(D) determined by the effective divisor D. Denote hL :=

(hAhD)
1
m . Then

√
−1ΘhL

(L)|X\D =

√
−1

m
ΘhA

(A)|X\D ≥ 0.

Hence (L|U , hL|U) has semipositive curvature and is tame on X . Therefore by Lemma 3.8
(S(V)⊗L⊗F |U , hQhLhF |U) has semipositive curvature on U = Xo\supp(D) and is tame
on X . By Lemma 2.2, Theorem 2.4 and Theorem 3.6 we obtain that SX(V,− 1

m
D)⊗F ⊗

L ≃ SX(S(V) ⊗ L ⊗ F |U , hQhLhF |U) satisfies Kollár’s package with respect to f : X →
Y . �
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[7] J. Kollár and S. J. Kovács, Log canonical singularities are Du Bois, J. Amer. Math. Soc. 23 (2010),

no. 3, 791–813. MR2629988
[8] S.-i. Matsumura, Injectivity theorems with multiplier ideal sheaves for higher direct images under

kähler morphisms, Arxiv: 1607.05554.
[9] T. Mochizuki, Kobayashi-Hitchin correspondence for tame harmonic bundles and an application,
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