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Abstract: Let G be a graph of order n and i be an adjacency eigenvalue of G with multiplicity
k> 1. A star complement H for p in G is an induced subgraph of G of order n — k with no
eigenvalue p, and the vertex subset X = V(G — H) is called a star set for p in G. The study of
star complements and star sets provides a strong link between graph structure and linear algebra.
In this paper, we study the regular graphs with K;, (s > t > 2) as a star complement for an
eigenvalue u, especially, characterize the case of ¢ = 3 completely, obtain some properties when
t = s, and propose some problems for further study.
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1 Introduction

Let G be a simple graph with vertex set V(G) = {1,2,...,n} = [n] and edge set E(G). The
adjacency matrix of G is an n x n matrix A(G) = (a;;), where a;; = 1 if vertex i is adjacency to
vertex j, and 0 otherwise. We use the notation ¢ ~ j (i = j) to indicate that i, j are adjacent
(not-adjacent) and the notation dg(i) to indicate the degree of vertex ¢ in G. The adjacency
eigenvalues of G are just the eigenvalues of A(G). For more details on graph spectra, see [6].

Let u be an eigenvalue of G with multiplicity k. A star set for p in G is a subset X of V/(G)
such that | X| = &k and p is not an eigenvalue of G — X, where G — X is the subgraph of G induced
by X = V(G)\ X. In this situation H = G — X is called a star complement corresponding to
(. Star sets and star complements exist for any eigenvalue of a graph, and they need not to be

unique. The basic properties of star sets are established in Chapter 7 of [7].
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There is another equivalent geometric definition for star sets and star complements. Let G
be a graph with vertex set V(G) = {1,...,n} and adjacency matrix A. Let {ej,...,e,} be the
standard orthonormal basis of R", u be an eigenvalue of GG, and P be the matrix which represents
the orthogonal projection of R™ onto the eigenspace £(u) = {x € R" : A(G)x = px } of A with
respect to {ey,...,e,}. Since £(u) is spanned by the vectors Pe;(j = 1,...,n), there exists
X C V(G) such that the vectors Pe;(j € X) form a basis for £(u). Such a subset X of V(G) is
called a star set for p in G. In this situation H = G — X is called a star complement for .

For any graph G of order n with distinct eigenvalues Ay, ..., Ay, there exists a partition V(G) =
X1 U - UX,, such that X is a star set for eigenvalue A; (i = 1,...,m). Such a partition is called
a star partition of G. For any graph G, there exists at least one star partition ([10]). Each star
partition determines a basis for R™ consisting of eigenvectors of an adjacency matrix. It provides
a strong link between graph structure and linear algebra.

There are a lot of literatures about using star complements to construct and characterize
certain graphs([1, 2, 3, 8, 12, 14, 16, 18, 19, 20, 21, 22, 23, 24, 25|), especially, regular graphs
with a prescribed graph such as K; 5, K1VhEK,, K5, Kog, K114, K114, sK UK, Py (p=1),
Ky (0w=1) or K, s +tK; (1t = 1) as a star complement were well studied in the literature.
Motivated by the above research, in this paper, we introduce the fundamental properties of the
theory of star complements in Section 2, study the regular graphs with the bipartite graph K; (s >
t > 1) as a star complement for an eigenvalue ;1 in Section 3, completely characterize the regular
graphs with K54 (s > 3) as a star complement for an eigenvalue g in Section 4, study some

properties of K, s in Section 5, and propose some problems for further research.

2 Preliminaries

In this section, we introduce some results of star sets and star complements that will be re-
quired in the sequel. The following fundamental result combines the Reconstruction Theorem ([7,

Theorem 7.4.1]) with its converse ([7, Theorem 7.4.4]).

Theorem 2.1. ([7]) Let pu be an eigenvalue of G with multiplicity k, X be a set of vertices in the
graph G. Suppose that G has adjacency matrix

Ax BT
B C)



where Ax 1is the adjacency matrixz of the subgraph induced by X. Then X is a star set for p in G

if and only if u is not an eigenvalue of C' and
pul — Ax = BT (ul —C)™'B. (2.1)

In this situation, £(u) consists of the vectors

((uI - g‘)‘lBa,) ’ (22)

where ¢ € R*.

Note that if X is a star set for u, then the corresponding star complement H(= G — X) has
adjacency matrix C', and (2.1) tells us that G can be determined by u, H and the H-neighbourhood
of vertices in X, where the H-neighbourhood of the vertex u € X, denoted by Ny (u), is defined
as Ny(u) ={v|v~uveV(H)}.

It is usually convenient to apply (2.1) in the form

m(p)(ul — Ax) = B'm(u)(uI — C)™'B,
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where m(z) is the minimal polynomial of C. This is because m(u)(pud — C)~" is given explicitly

as follows.
Proposition 2.2. ([8], Proposition 0.2) Let C' be a square matriz with minimal polynomial
m(z) = 29 + cqr? + cq 2+ e+ oco.
If 1 is not an eigenvalue of C', then
m(p)(pl — C) ' = a,C%+ ag1C '+ -+ 4+ a,C + agl,
where ag =1 and for 0 < i < d, ag_; = p* + cqu'™t + cq =2 + -+ Ca_is1.

In order to find all the graphs with a prescribed star complement H for u, we need to find all
solution Ay, B for given p and C. For any x,y € R?, where ¢ = |V (H)|, let

(x,y) =x"(ul = C)y. (2.3)

Let b, be the column of B for any u € X. By Theorem 2.1, we have



Corollary 2.3. ([10], Corollary 5.1.8 ) Suppose that u is not an eigenvalue of the graph H, where
\V(H)| = q. There exists a graph G with a star set X = {uy,ug, ..., ug} for p such that G—X = H
if and only if there exist (0, 1)-vectors by, , by,, ..., by, in RY such that

(1) (by, b,) = p for allu e X, and

-1, u~vw . .
(2) (by, b,) = { 0. woew for all pairs u,v in X.

In view of the two equations in the above corollary, we have

Lemma 2.4. ([7]) Let X be a star set for p in G, and H =G — X.

(1) If p # 0, then V(H) is a dominating set for G, that is, the H-neighbourhood of any vertex in
X are non-empty;

(2) If u ¢ {—1,0}, then V(H) is a location-dominating set for G, that is, the H-neighbourhood of

distinct vertices in X are distinct and non-empty.

It follows from (2) of Lemma 2.4 that there are only finitely regular graphs with a prescribed
star complement for p ¢ {—1,0}. If 4 = 0 and X has distinct vertices v and v with the same
neighbourhood in G, then u and v are called duplicate vertices. If p = —1 and X has distinct
vertices v and v with the same closed neighbourhood in G, then v and v are called co-duplicate
vertices (see [11]).

Recall that if the eigenspace £(u) is orthogonal to the all-1 vector j then p is called a non-main

eigenvalue. From (2.2), we have the following result.

Lemma 2.5. ([8], Proposition 0.3) The eigenvalue p is a non-main eigenvalue if and only if
(by,j)=—1 foralluelX, (2.4)

where 3 is the all-1 vector.

Lemma 2.6. ([10], Corollary 3.9.12) In an r-regular graph, all eigenvalues other than r are non-

main.

In the rest of this paper, we let H = K, (s >t > 1), (V,W) be a bipartition of the graph K, g
with V = {vy,v9,..., 0}, W = {wy,ws,...,ws}. We say that a vertex u € X is of type (a,b) if it
has a neighbours in V' and b neighbours in W. Clearly (a,b) # (0,0) and 0 <a <t, 0<b<s.

Let C be the adjacency matrix of H, then C has minimal polynomial m(z) = x(z? — ts). Since

@ is not an eigenvalue of C', we have p # 0 and p? # ts. From Proposition 2.2, we have
m(p)(pl —C)™' = C? + uC + (u* —ts)1. (2.5)
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If i is a non-main eigenvalue of G, then by (2.4) and (2.5) we have
p?(a+b) + pu(as + th) = —u(u® —ts). (2.6)
Using (2.5) to compute (b,,b,) = i, we obtain the following equation
(1 —ts)(a +b) + a’s + tb* + 2abu = p*(u* — ts). (2.7)

Let u,v be distinct vertices in X of type (a,b), (¢, d), respectively. Let p,, = |Ng(u) N Ny (v)],

ayy = 1 or 0 according as u ~ v or u » v. Using (2.5) to compute (b,, b,) = —a,, we have

(1% = 8) pup + acs + bdt + p(ad + be) = —p(p? — t8) Ay (2.8)

3 Regular graphs with K, as a star complement

An r-regular graph G with n vertices is said to be strongly regular with parameters (n,r, e, f)
if every two adjacent vertices in G have e common neighbours and every two non-adjacent vertices
have f common neighbours. For example, Petersen graph is strongly regular with parameters
(10,3,0,1).

For the regular graphs with the complete bipartite graph K, as a star complement, the case
of t = 1 was solved by Rowlinson and Tayfeh-Rezaie in 2010 ([19]), the case of t = 2, s =5 was
solved by Rowlinson and Jackson in 1999 ([18]), the case of t = 2, s # 5 was solved by Yuan,
Zhao, Liu and Chen in 2018 ([25]), and the conclusions are listed below.

Theorem 3.1. ([19]) If the r-regular graph G has K, (s > 1) as a star complement for an eigen-
value p, then one of the following holds:

(1) p==22,r=s=2and G = Kyo;

(2) p=3(-1£+5),r =s=2and G is a 5-cycle;

(3) u € N, r = s and G is strongly regular with parameters ((u2 +3u)° (U243 +1),0, p(p + 1))

Theorem 3.2. ([18, 25]) Let s > 2. If the r-regular graph G has K, as a star complement for
an eigenvalue p, then one of the following holds:

(1) p==23,r=s=3 and G = Ks3;

(2) 1 # p € Ny ,r = s and G is an r-regular graph of order (u* + 10p® + 27u% + 101) /4, where
r=plp+1)(p+4)/2.



(3) p =1, s = 5 and either G = Schyy or G is isomorphic to one of the eleven induced regular
subgraphs of Schqg.
(4) p=—-1,r=—1 (mod 2s — 1) and G = G'(r) (see [25] for specific definitions).

In this section, we consider the general case. We prove that there is no regular graph G with
Kis (s >t >1) as a star complement for yn = —t, characterize the graph G when p=r, p = —1,
and the case with all vertices in X of type (0,b) for u ¢ {—t,r,—1}. Furthermore, we propose a

question for further research.

Proposition 3.3. There is not an r-regular graph G with K5 (s >t > 1) as a star complement

for u = —t.

Proof. Let u = —t. Since p? # ts, we have s # t and then s > t. Let u € X be a vertex of type
(a,b), thus (a,b) # (0,0) and 0 < a <t, 0 <b<s.

If t = 1, from Theorem 2.2 of [19], there is no r-regular graph G with K ; as a star complement
for p = —1.

If t > 2, by Lemma 2.6, we know that p = —t is a non-main eigenvalue of G, and by (2.6), we
have

t(t —s)(a—1t)=0. (3.1)

Since s >t and ¢ > 2, (3.1) implies that a = ¢, and thus s(b — t?) = b? — tb — t3 + t? by (2.7).
If b =12, then t* — 2t3 4+ 2 = 0, thus ¢t = 0 or 1, a contradiction.

If b # 1%, then s = Po=tt® —j g2 PR 4 024 1f < 12, then s < —2,/2(1 — 1)? +
b(t—1)2

2t? —t = ¢, which contradicts with s > ¢. Thus b > t* and s— (b+t—1) =

> (. Considering

=i
degrees, we have
da(v1) = dg(vg) = -+ = dg(v) = s+ | X],
and
de(u) <a+b+|X|—-1=b+t—1+|X]|, ue X.
Hence, dg(vy) = dg(ve) = - -+ = dg(vy) > de(u) which contradicts to the regularity of G.

Combining the above arguments, there is not an r-regular graph G with K;; (s >t > 1) as a

star complement for p = —t. 0O

Theorem 3.4. If the r-reqular graph G has K s (s >t > 1) as a star complement for an eigenvalue
p=r,thens=t=1,G=Csorr=s=t+1, G= Ki11441.
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Proof. Since p is not an eigenvalue of H = K, (s >t > 1), we have p # 0 and p? # ts. By
Lemma 2.4, V(K ;) is a location-dominating set, and so G is connected.

By G is r-regular and connected, u = r, we know &£ = 1 and then |X| = 1. Since G is regular,

we have dg(v1) = dg(v2) = -+ = dg(vy). Let X = {u}. Then either u ~ vy, u ~ vq, ... ,u ~ v, Or
UV, U X Vg, .., U % Vg
If ur~ vy, un~ v, ..o u~ vy, then dg(v) = dg(ve) = - -+ = dg(ve) = s + 1, which implies that

dg(u) = s+ 1. It follows that the vertex u is adjacent to s — ¢ + 1(> 1) vertices of W, and thus

t=1bydg(w) =dg(ws) = -+ = dg(ws). Since dg(w,) =t + 1 =dg(vy), we have s =t =1 and
G = (Cs.

If w oo vy, uoe vy, ..., uo vy in view of the regularity, we have dg(u) = dg(vy) = dg(ve) =
-+ =dg(v;) = s, and then dg(w,) = dg(wy) = - -+ = dg(ws) =t + 1. Hence we have s =r =t+1

and G = Kypq441.0

Let H = K;,, (V,W) be a bipartition of the graph K;, with V' = {vy,vq,..., 0.}, W =
{wy,wq,...,ws}. We obtain an r-regular graph G(r) with V(G(r)) = X UV(H), X = V; U
UV, UWL U -+ U W, where V; is the set of vertices of type (1,s) adjacent to v; € V with
Vil =(r+1)(s—1)/(ts—1) — 1, V; induces a clique for 1 <i < ¢, W; is the set of vertices of type
(t,1) adjacent to w; € W with |[W;| = (r+1)(t—1)/(ts—1) — 1, W; induces a clique for 1 <i < s.
For any i, j, each vertex in V; is adjacent to all vertices in W;.

The greatest common divisor of a and b is denoted by ged(a,b). For p = —1, we have the

following theorem.

Theorem 3.5. If G is an r-reqular graph with H = K5 (s >t > 2) as a star complement for an

eigenvalue —1, then r = —1 (modﬁ) and G = G(r).

Proof. Since K, is connected and V (K} ) is a dominating set (see Lemma 2.4), we know G is
connected. Let H = K, , (V,W) be a bipartition of the graph K, as above. Let u € X be a
vertex of type (a,b), thus (a,b) # (0,0) and 0 < a <t¢,0<b<s. Let p=—11n (2.7), so that

(1 —ts)(a+b—1)+a’*s +tb* — 2ab = 0. (3.2)
By Lemma 2.6, we know that © = —1 is a non-main eigenvalue of G, thus from (2.6), we have
l—ts+a(s—1)+bt—1)=0. (3.3)



Combining (3.2) and (3.3), if @ = 1, then b = s; if a = ¢, then b = 1; if 1 < a < ¢, then
b=a—-t+1, s=2—-torb=%, s= % It is obvious that s =2 —t or s = % contradicts with
s € Z. Therefore, the possible types of vertices in X are (1,s), (¢,1), and the feasible solution of

(2.8) are shown in Table 1.

Y

(a,0) (c;d) @uw  Puv
(,s) (1,s) 0 s
(,s) (1,s) 1  s+1
(t,1) (1) 0 ¢
1) (1) 1 t+1
(1,s) (1) 1 2

Table 1: The feasible solution of (2.8)

We observe that when u, v are of different types, they must be adjacent; when u, v are of the
same type, u ~ v if and only if they have the same H-neighbourhoods, and thus u,v are co-
duplicate vertices. We can add arbitrarily many co-duplicate vertices when constructing graphs
with a prescribed star complement for —1.

Now we partition the vertices in X. Let V; be the set of vertices of type (1,s) in X adjacent to
v; € V., W; be the set of vertices of type (t,1) in X adjacent to w; € W. Then any two vertices in
Vi (W;) are co-duplicate vertices. We do not exclude the possibility that some of the sets V;, W;
are empty. Then for any v; € V', we have dg(v;) = s+ |Vi| + ZS: |W;|; and for any w; € W, we have

i=1
t
da(w;) =t + 3 [Vi| + [Wil.
i=1
Since G is r-regular, we have |Vi| = |Va| = -+ = |V}| by dg(v1) = dg(ve) = -+ = dg(v;) and
|[Wh| = |Wa| =--- = |W,| by dg(wy) = dg(ws) = - -+ = dg(ws). Then we have

r=dg(v1) =s+ |Vi|+s-|Wi| and r = dg(wy) =t +t - [V4]| + |W].

It turns out that
(s—=1)(r+1)
ts —1

(t—1)(r+1)
ts —1

V1| = —1, || = - 1.

Since V1] € N, |W;| € N and

ged(t —1,ts — 1) = ged(s — 1,ts — 1) = ged(t — 1,5 — 1),

ts—1

W). Consequently we obtain an r-regular graph G(r). O

we have r = —1 (mod

Remark 3.6. Note that if V' =V, U{v;}, v; € V and W} = W, U{w;}, w; € W, then each of
sets V¥, W induces a clique in G(r).
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Next, we consider the case p ¢ {—1,—t,r}. The following lemma lists all possible types of

vertices in X.

Lemma 3.7. Let G be a graph with H = K, (s >t > 1) as a star complement for . If v is a
non-main eigenvalue of G and p ¢ {—1,—t}, then the possible types of vertices in the star set X

are (a, “H“:%), where 0 < a <t—1 and a # —pu.

Proof. Let u € X be a vertex of type (a,b), thus (a,b) # (0,0) and 0 < a < ¢, 0<b <s. By
(2.6), (2.7) and p ¢ {0,—1, —t}, we have: (1) a=1t,b=—pu, s = ”’72; (2)a=—u, b= “72, s = “72;

h= —ap b= w3+tu®—tata?

(3) 0<a<i-1,a 7& —Hs {S _ _£ _opt +(2t—-_&-gi)u 3+(2a+t2) 2+ (2a% —at) p+a?t— at2
t - (t—a)p+at—a?

an eigenvalue of H, we have u? # ts. Thus the possible types of vertices in the star set X are

Since 4 is not

3 2_ 2
(CL, 1) +th£ +;a+a ) 0

For u ¢ {—1,—t,r}, we consider the case a = 0 in the following by Lemma 3.7.

Theorem 3.8. If the r-reqular graph G has Kys (s > t > 1) as a star complement for p ¢
{=1,—t,r} and all vertices in X are of type (0,b), then one of the following holds:
DHp=-rr=s=t+1and G= Ki11411;

(2) p=2(-1£V6),t=1,r=5=2 and G is a 5-cycle;

(3) w € Ny,r = s and G is an r-reqular graph of order p (u+ 2t + 1) (u® + 2tpu + p +t* — t) /12,
where v = p (u® + 2t + pu + t2) /t.

Proof. Since p is not an eigenvalue of K, ¢, we have p # 0 and p? # ts. By Lemma 2.4, V(K ) is

a location-dominating set, and so GG is connected. Then by a = 0 and Lemma 3.7, we have

b= p"+tpu,
s=p(p?+2tu+ p+12) /t.
Now we consider H = Ky 24204442y and all vertices in X are of type (0, % + tp). Then
r = s. Counting the edges between X and V(H), we have |X| (u® +tu) = s(r —t). Thus

r—t) 1
| X = (M(Tu)zt—z(;ﬂ+2tu+u+t2)(ﬂ2+tu+u—t)- (3.4)

Case 1: |X|=1.

Then (u+t+1) (p® + (2t + Dp? + (£2 — t)u — t2) = 0 from (3.4). When 3 + (2t + 1) p? + (¢2 —
t)u—t*> =0, then p ¢ Z and thus r = & (u? + 2t + p + %) — 1 (3 + (2t + 1)p® + (£ —t)p — t?) =
p+t ¢ Z, a contradiction. When y= —(t + 1), thenr =s=t+1and G = K;;1411.
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Case 2: |X| > 2.
We apply the compatibility condition (2.8) to vertices u,v in X, we find that

o tu, U v,
s = {@ T, (3.5)

If t = 1 and X induces a clique then | X|—1 = r —p? — u, whence (u+1)(p+2)(u*+p—1) = 0.
Thus either y = —2, 7 = s =t+1 =2 and G = K5, which belongs to case (1), or u = 3(—1£/5)
and we have case (2) ([19]).

Otherwise, it follows from (3.5) that u € N, and G is pu (u? + 2tp + p + t*) /t-regular of order
pp =+ 2t 4+ 1) (1% 4+ 2tp + p+ 12 — t) /t* with Ky 240004 p42)¢ 85 a star complement for . O

In [19], Rowlinson gave a lemma to determine whether a connected r-regular graph with K 4

as a star complement is a strongly regular graph. Now we extend it to K ;.

Lemma 3.9. Let G be a connected r-reqular graph with u(# r) as an eigenvalue of multiplicity k.
Suppose that |V(G)| =k +t+s. Ifk+t+s—1>r, then

2
(kpt+1)°

k+t —r? =kt —
(k+t+s)r—r w3120

with equality if and only if G is strongly regular.

Proof. Since k 4+t + s — 1 > r, neither G nor G is complete. Let y,...,0,,,1 be the eigenvalue
of G other than p and r. We have

s+t—1 s+t—1
Z 0; + kp+r =0 and Z 07 + kp® +1r* = (k+t+s)r

i=1 i=1

s+t—1

It follows that if § = . +i_1 2 6;, then
s+t—1 s+t—1
7 i ku +r)?
0, — 0)* = 67 — t—1)0 = (k+1t —Z—kz—(—>0.
;< ) Zl P (st =10 = (kb s)r =t =yt = T >

Equality holds if and only if ; = 0 (i € [s+t—1]), equivalently G has just three distinct eigenvalue.
By [9, Theorem 1.2.20], a non-complete connected regular graph is strongly regular if and only if

it has exactly three distinct eigenvalues. The proof is completed. [

Remark 3.10. From Lemma 3.9, we know that the r-reqular graph G in (3) of Theorem 3.8 is

strongly regular when t = 1, and the graph G isn’t strongly regular when t > 2.
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For the cases 1 < a <t —1, we cannot give a characterization. Thus we propose a question for

further research.

Question 3.11. Let s>t > 1, u ¢ {—1,—t,r} and1 < a <t—1. Can we give a characterization

of the r-regular graphs with K; s as a star complement?

4 Regular graphs with K3, as a star complement

In this section, we completely solve Question 3.11 when ¢t = 3. Since the cases when u €
{—1,—3,7} have been solved in Section 3, we consider the cases u ¢ {—1, —3,7} in the following.
Let G be an r-regular graph with H = K3 (s > 3) as a star complement for u ¢ {—1,—3,7}.
Then p # 0 and p? # 3s for p is not an eigenvalue of K3,. By Lemma 3.7, the possible types of

vertices in X are shown in Table 2:

Type (a,b) S
I (0, p* + 3p) p(p® + T +9)/3
I (L2 +2u=2) (p+2)(p*+4p—3)/2

3 2 4 3 2
we+3pc—2 W +13 0 +21—6
mo (2,

Table 2: The possible types of vertices in X

Lemma 4.1. Let G be a graph with H = K34 (s > 3) as a star complement for u. If p is a
non-main eigenvalue of G and p ¢ {—1,—3}, then all the vertices in the star set X are of the

same type, say, Type I, Type II or Type III.

Proof. Now we show it is impossible that there are two or three types of vertices in X.
Case 1. There exist vertices of Type I and Type III in X.
From Table 2, we have

T, pt T+ 132 + 2 — 6
s 3u(u+ w+9) 1o

with solution 4 = —3, —1 or 1. Since p ¢ {—1,—3}, we have u = 1, and thus s = 17/3, a
contraction.
Case 2. There exist vertices of Type II and Type IIT in X.

From Table 2, we have

w4+ T 130 + 20— 6
o+ 2

1
s=5(n+2)(1" +4p—3) =

11



with solution p = —3 or 0, a contraction.
Case 3. There exist vertices of Type I and Type IT in X.
By Case 1 and Case 2, we know there does not exist vertices of Type III in X.

By Table 2, we have
Lo s 1 2
s =g+ Tp+9) =5 +2)(p" +4u = 3)

with solution p = —3 or 2. Since p # —3, we have p = 2, and thus s = 18. The vertices in X are
of type (0,10), (1,6). From (2.8), Table 3 is obtained.

a,

o

Q v puv
4
2

0
1
0 2
1
0
1

Y

9

Y

~— — — —

0
—11/5
—21/5

)

?

(
(
(
(
(
(

Y

—_0 O O O
SO = = = =

(a,b) )
(0,10 )
(0,10 )
(0,10 0)
(0,10 0
(1,6) )
(1,6) )

Y

Table 3: The possible adjacency of vertices in X

For any two vertices of type (1,6), (1,6) in X, p,, ¢ Z, so there is at most one vertex of type
(1,6) in X. For any two vertices of type (0,10), (0,10) in X, p,, = 0 or 2. Since s = 18, there
are at most two vertices of type (0,10) in X, and p,, = 2 if there are two vertices of type (0, 10).
Therefore, X has at most three vertices.

Let V(K318) = VUW with |V| = 3, [W| = 18. For any v; € V and w; € W, we have
dg(v;) > 18 and dg(w;) < 3 + 3 = 6, which contradicts with the regularity of G.

The proof is completed. [

Now we define three special graphs G, Gy and G5 (see Figure 1) as follows. Clearly, the graph
G, is a 4-regular graph of order 9, its spectrum is [—3, —22 0% 13, 4]; G5 is a 5-regular graph of
order 12, its spectrum is [—33, —1%2,15 5]; G5 is a 6-regular graph of order 15, its spectrum is
[—35,1%,6]. By Lemma 3.9, we know that G| and G, isn’t strongly regular while G3 is strongly
regular with parameters (15,6,1,3).

Theorem 4.2. Let s > 3, G be an r-regular graph with Ks 5 as a star complement for an eigenvalue
. Then one of the following holds:

(1) p=—-1,r=—1 (mod (jlez)) and G = G(r), where G(r) is defined in Theorem 3.5;

2 p=x4, r=s=4and G = Ky4;

12



12

Figure 1: Regular graphs Gy, G, G35 of Theorem 4.2

(3) w € Ny, r = s and G is an r-reqular graph of order p(p + 7)(1n + 6)(pw + 1)/9, where r =

p(p? + T+ 9)/3;
A p=1,s=3,andG=G, (r=4), G=Gy (r=>5) or G= Gs (r =6) (see Figure 1).

Proof. By Theorem 3.5 and p = —1, we have (1) holds.

By Theorem 3.4 and =, we have s =7 =4 and G = K, 4.

If w ¢ {—1,r}, then u is non-main. From Proposition 3.3, we know p # —3. Since p is not
an eigenvalue of H = K3, we have p # 0 and p? # 3s. By Lemma 2.4, V(Kj3) is a location-
dominating set, and so G is connected. Let V(K3,) = VU W with |V| = 3, |[W| = s. Denote
the vertices in V and W by vy, v9, v3 and wq, ws, ..., ws, respectively. In the following, we suppose
that u # {—1,r,—3,0} and pu* # 3s. From Table 2, there are only three possible types of vertex

in X. By Lemma 4.1, we know all the vertices in X are of the same type, and we consider the

13



following three cases:
Case 1. The vertices in X are of Type 1.

Then (1) or (3) of Theorem 3.8 holds by s > 3, say, either 4 = —4, r = s =4 and G = K4, or
p€ Ny and G is p(p® + 7+ 9) /3-regular of order pu(p+ 7)(p+ 6) (1 + 1)/9 with Kj (us17,2404)/3
as a star complement for p.

Combining the above case of © = r, result (2) or (3) holds.

Case 2. The vertices in X are of Type II.

Then H = Kj (,49)(u2+4u—3)/2 and all vertices in X are of type (1, p? +2p — 2). Applying the

compatibility condition (2.8) to vertices u,v of X, since yu # —3, we find that

_ H_la U~
Puv = {2u—1, U . (4.1)

By regularity of G, we have dg(v1) = dg(ve) = dg(vs). This implies the vertices in X are

equally divided into three parts, and each vertex in V' is adjacent to every vertex of one part, so
r=s+|X|/3. (4.2)

Now we compute the edges between X and V(H) by two ways, and we have
| X| (u® +2p—1) =3(r — s) + s(r — 3). (4.3)

By (4.2), (4.3) and s = (u+2)(p? +4p — 3)/2, we have (p+3)(n—1)(n—2) |X| = =3 (n+2)(p* +
dp —3)(pw+3) (e — 1)( +4). Since p # —3, we consider the following three subcases.
Subcase 2.1. pu # 1, 2.

Then

X] = =50+ 20 + 40 =35 = 851+ ).

Since | X| € Z and s € Z, we have p € Q. Notice that p is an algebraic integer, then p € Z. From
(4.1), we know that p € N4 \ {1,2}. Thus | X| < 0, a contradiction.
Subcase 2.2. u = 2.

Then s = w = 18, H = K315 and all vertices in X are of type (1,6). By (4.2) and
(4.3), we obtain 0 = 270, it is a contradiction.
Subcase 2.3. u=1.

Then s = 3, H = K33 with V = {v,v9,v3}, W = {wy,we, w3} and all vertices in X are of

type (1,1). Thus [X| < (3)(3) = 9. From (4.1), we have

0, u~w,

14



Since G and H are regular, X induces a r’-regular graph, denoted by G[X].

Claim 1. The graph G[X] cannot contain Si, Sy or S3 as an induced subgraph (see Figure 2).
Proof. 1f G[X] contains S; as an induced subgraph, without loss of generality, we suppose that
uy ~ v1,u; ~ wy. Then by (4.4), puuy = Pujus = Pusus = 0, and thus vertices uq, usz and uy are
adjacent to one vertex in V'\ {v;} and one vertex in W\ {w; } such that puyu, = Pugus = Pusus = 1,
it is impossible.

If G[X] contains Sy as an induced subgraph, since the vertices us, ug and u; are adjacent in
pairs, by (4.4), without loss of generality, we can suppose that us ~ vy, us ~ wy,ug ~ Vg, Ug ~
Wy, Uy ~ V3, Uy ~ Wsz. Since ug ~ ug,ug ~ Uy, by (4.4), vertex ug is adjacent to vertices in
V(K33) \ {ve, wa,v3,w3}. Thus the H-neighbourhood of us and ug is the same, a contradiction.

Similar to the proof of Sy, it’s obvious that G[X] cannot contain S5 as an induced subgraph. O

By G[X] is r’-regular and (4.2), for any v € X, dg(u) = 2+ 1" =r = 3+ |X|/3. Then
2<7r' =1+1|X|/3<4by|X|<09.
If " =2, then | X| =3, G[X]| = (5, G = G, by (4.4);

If v = 3, then |X| = 6 and G[X] is connected since the minimum degree of G[X] is equal to
X1
-
3). Since Ay contains S; as an induced subgraph, by Claim 1, G[X] 2 As. Then G[X] = A;, and

By [13], there are two non-isomorphic connected 3-regular graphs with 6 vertices (see Figure

the graph Gy in Figure 1 is the only non-isomorphic graph satisfying (4.4).

u
u 5

51

us

(a) Sy (b) S» (c) Ss (a) A (b) Az

) ) Figure 3: 3-regular graphs on 6 vertices.
Figure 2: induced subgraph

If " = 4, then |X| = 9 and G[X] is connected since the minimum degree of G[X] is equal
to L%J By [13], there are 16 non-isomorphic connected 4-regular graphs with 9 vertices (see
Figure 4). Since B;(i € {2,...,12}) contain S; as an induced subgraph, graph Bj3 contain S; as
an induced subgraph, graph B;(j € {14,15,16}) contain Sy as an induced subgraph, by Claim 1,
we have G[X| 2 B;(i € {2,...,16}). So G[X] = By, and the graph G5 in Figure 1 is the only

15



non-isomorphic graph satisfying (4.4).
Combining the proof of Subcase 2.3, (4) holds.

(a) Bl (b) B2 (C) Bg (d) B4 (e) B5
(g) Br (h) Bs (i) By

(j) Bio (k) B (1) Bi2

Figure 4: 4-regular graphs on 9 vertices

Case 3. The vertices in X are of Type III.
Then H = Ks (ya17,541352+2u—6)/(u+2) and all vertices in X are of type (2, (11*+3u* —2)/(u+2)).
Since pu # —3, by (2.8), we have

2
e :

Then (u+2) | 2 by puy € Z. Noting that p,, > 0 and p ¢ {—1,—3,0}, it is impossible. Therefore,

there is not an r-regular graph with K3, as a star complement in this case.

Combining the above argument, we complete the proof. [J

5 Regular graphs with K, as a star complement

By (4) of Theorem 4.2, we know that there are three regular graphs with K33 as a star
complement for p1 = 1. In the following, we will study some properties of regular graphs with K ,
as a star complement for an eigenvalue u, and then give a sharp upper bound for the multiplicity

k of p.
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Since p is not an eigenvalue of K, we have y # 0 and p # £s. When p = —1, we have
r=—1(mod (s + 1)) and G = G(r) by Theorem 3.5. So we discuss the case when u ¢ {—1,0} in
the following.

Proposition 5.1. Let s > 2 and G be an r-regular graph with K, s as a star complement for an
eigenvalue p, where u ¢ {—1,0}. Then

(1) p € Z and |u| < s.

(2) If w =1, then s =3 and G = Gy, Gy or Gs.

(3) If all vertices in the star set X are of the same type, then G is an r-reqular graph of order
2+ 1)(E —1).

Proof. Clearly, there is no regular graph G with K, as a star complement for © = r by Theorem
3.4. Thus p is a non-main eigenvalue. Let ¢ = s in (2.6), we have 0 < a +b = s — u < 2s, thus
p € Zand —s < p < s. Since p # £s, we have |u| < s, (1) holds.

Since t = s, by (2.6) and (2.7), we have a = 21, b = 23 or a = x9, b = 1 where

s — A/~ (s + ) 2u2 + p —s) oy STH V(s w2+ —s)
2 T 2

I =

(5.1)

Since a,b € Z, —(s+ u)(2u* + pu—s) = (s — p?)* — (u? + p)? must be a perfect square. Thus, when
=1, (s —1)> — 4 must be a perfect square, so s = 3, and thus the graphs Gy, G» and G3 (see
Figure 1) are the regular graphs with K333 as a star complement for o = 1 by (4) of Theorem 4.2,
(2) holds.

Let u € X be a vertex of type (a,b). Since G is r-regular with K, as a star complement and
all vertices in X are of the same type, we have a = b. By (2.6) and (2.7), we have a = b= s = —p
ora=>b=pu?s=2u*+p.

Ifa=b=s=—pu,then |[X|=1,r=2s=1+s. Thus s =1 and u = —1, a contradiction.

If a =0=pu?s = 2u®+ u, counting the edges between X and V(H) in two ways, we have
(@+b)-|X]=2s(r —s). Thus [V(G)| = [X]+2s = (2u+ 1)(; — 1), (3) holds. [

Remark 5.2. In fact, there are a lot of reqular graphs with H = K, 5 as a star complement. For
example, when p = —2, it follows from (5.1) that (s —4)? — 4 must be a perfect square, thus s = 2
or 6.

When s = 2, we have a =b=2 by (5.1). Thus |X| =1 by Lemma 2.4. In this situation, G is

not reqular.
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4, u~v

" Since
6, u~wv.

But when s = 6, we have a = b =4 by (5.1). From (2.8), we have py, = {

| X|-8=12(r — 6), we have | X| = @ € Z, and then r is even.

Let (V,W) be the bipartition of H = Kg¢g with V = {v1,ve,- -+ ,v6}, W = {wy,wa, -+ ,we}.

If r = 8, then |X| = 3. The graph G4 defined as follows is a reqular graph with Kgg
as a star complement for p = —2: X = {u,us,us}, V(Gy) = V(H) U X, G4[X] = 3K,
and Ng(uqy) = {v1,v2,v3, 04, w1, wo, w3, ws}, Ny(uz) = {vs, vy, vs, v, w3, Wy, ws, we}, Npy(us) =
{v1, v, U5, Vg, Wy, Wa, ws, we }. The spectrum of Gy is [—6, —23,08,22 §].

If r = 10, then |X| = 6. The graph G5 defined as follows is a regular graph with K¢g as a
star complement for p = —2: X = {uy,ua,...,us}, V(Gs) = V(H) U X, G5[X]| = Cq with the
edge set {ujug, Uss, Uiy, Usls, Usle, Uy }, and Ny (uy) = {v1, vg, V3, Vg, W1, We, w3, ws}, Ny(ug) =
{2, v3, V4, V5, Wa, w3, wa, w5}, Ny(uz) = {v3,va, Vs, V6, w3, Wa, ws, we}, Ny(ua) = {v1,v4, 05, v6, w1,
wy, ws, we}, Ny(us) = {v1, va, v, Vg, W1, Wo, ws, we}, Ny(ug) = {v1,va, v3, Vg, W1, W, w3, ws}. The
spectrum of G5 is [—6, —26 06 12, 3%, 10].

Since | X| < 3(q+1)(q — 2) = 65, where ¢ = [V(H)]| ([4]), there are various choices of r. It
can be predicted that there are a lot of graphs that satisfy the conditions. Then the commonalities

of the regular graphs with K4 as a star complement seems to be an interesting question worth

studying.

It is shown in [17] that if G is a connected r-regular graph of order n with p ¢ {—1,0} as an
eigenvalue of multiplicity k and r > 2, ¢ = n—Fk, then k < %(T —1)g. In the following, we will show

that when G has K,, (¢ = 2s > 2) as a star complement for p1, then k < s(r —s) = q(r — %) <

2
T(r—1)q.

For subsets U’, V' of V(G), we write E(V',U’) for the set of edges between U’ and V’. The
authors of [5] have determined all the graphs with a star set X for which E(X, X) is a perfect

matching. The result is as follows.

Theorem 5.3. ([5]) Let G be a graph with X as a star set for an eigenvalue p. If E(X,X) is a
perfect matching, then one of the following holds:
(1) G=Ksy and p==+1; (2) G=Cy and p = 0; (3) G is the Petersen graph and p = 1.

Theorem 5.4. Let G be an r-reqular graph of order n with Ky as a star complement for the
eigenvalue p ¢ {—1,0} of multiplicity k. Then k < s(r — s), equivalently n < s(r — s + 2), with
equality if and only if p =1, G = G1,Gy or Gs (see Figure 1).
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Proof. Let H = K, and V(H) = VUW with |V| = |[W| = s. By Lemma 2.4, V(K,) is a
location-dominating set, and so G is connected. By Lemma 2.4, we have |Ng(u)| > 1. Thus
k= 1X] € Soex INg ()] = [E(X, )| = 25(r — 5).

When the equality holds, we have |Ny(u)| = 1 for all v € X. Since the neighbourhoods
Ng(u) (v € X) are distinct, any vertex in H has at most one adjacent vertex in X, thus 2s =
|X| > |X| = 2s(r — s) which means r < s+ 1. On the other hand, we have r > s+ 1 by G
is r-regular and connected. Thus r» = s + 1 and then |X| = 2s. Therefore F(X, X) is a perfect
matching, but there is no such graph G by Theorem 5.3.

Let t = s in (2.6), we find that |Ny(u)] = ¢ +b = s — p is a constant, which means
|INg(u)| = |Ng(ug)| for any wy,us € X. Therefore, we have |Ny(u)| > 2 for any v € X and
2k < 3 |Ny(u)] = |E(X, X)| = 2s(r — s), equivalently n < s(r — s+ 2), with equality if and only
if |N;(€153| = 2 for any u € X.

If n = s(r—s+2), we have 4 = s — 2 and the possible types for the vertices in X are
(1,1),(0,2),(2,0).

If there are two vertices of type (0,2) (or (2,0)) in X, then it follows from (2.8) that p,, =
{@’ Z r: :’ By (2) of Lemma 2.4, we have p,, # 2, then p,, = 0 or 1, it is a contradiction
with s € Z,. Therefore, there is at most one vertex of type (0,2) (or (2,0)).

If there is one vertex of type (2,0) and one vertex of type (0,2) in X, then it follows from (2.8)

s—2
== wuew, L L
that py, = {82f451 4 Clearly, py, =0, s =2, and u = 0, it is a contradiction. Therefore,
G

the vertex of type (2,0) and the vertex of type (0,2) cannot exist at the same time in X.

Suppose that X contains a vertex of type (0,2) (or (2,0)), then |E(X,V)| # |E(X,W)|, a

1, U % v,
3—s5, u~w.
If forany u,v € X, u~v,thenr =2and H = K, ;,G = (Csandthuss = land pp = s—2 = —1,

contradiction. Thus all vertices in X are of type (1, 1). From (2.8), we have p,, =

a contradiction.
If there exists u,v € X such that u ~ v, then 3 —s=0or 1 by (2) of Lemma 2.4. If 3—s =1,
then s =2 and p = 0, a contradiction. If 3 —s =0, then s =3, p =1 and thus G = G1, G5 or Gj3

(see Figure 1) by (4) of Theorem 4.2.
The proof is completed. [
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