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ON THE FOURIER COEFFICIENTS OF WORD MAPS ON UNITARY GROUPS

NIR AVNI AND ITAY GLAZER

In memory of Steve Zelditch

ABsTRACT. Given a word w(z1,...,zr), i.6., an element in the free group on r elements, and an
integer d > 1, we study the characteristic polynomial of the random matrix w(Xi,..., X,), where
X, are Haar-random independent d x d unitary matrices. If ¢, (X) denotes the m-th coeflicient of
the characteristic polynomial of X, our main theorem implies that there is a positive constant e(w),

depending only on w, such that

m

1—e(w)
|E<cm<w<xl,...,xr>>>|§<d> ,

for every d and every 1 < m < d.

Our main computational tool is the Weingarten Calculus, which allows us to express integrals on
unitary groups such as the expectation above, as certain sums on symmetric groups. We exploit a
hidden symmetry to find cancellations in the sum expressing E (¢, (w)). These cancellations, coming

from averaging a Weingarten function over cosets, follow from Schur’s orthogonality relations.

1. INTRODUCTION

Let w be a word on r letters, i.e., an element in the free group on the letters z1,...,z,. Let X1,..., X,
be random d X d unitary matrices, chosen independently at random according to the Haar probability
measure, and consider the random matrix w(X7,..., X,), obtained by substituting X; for z; in w.
For example, if w = mlxzxflxz_l, then w(Xq, X3) = X1X2X1_1X2_1. In this paper, we study the
distribution of the characteristic polynomial of w(Xq, ..., X,).

To set notation, given a d x d-matrix A and 1 < m < d, let ¢,,(A) be the coefficient of t—™
in the characteristic polynomial det(t - Id — A) of A. Note that ¢, (A) = (=1)"tr (A™ A), where
AN"A: N"CT — A" C? is the m-th exterior power of A. If A is unitary, all eigenvalues have
absolute value 1, so we get the trivial bound |¢,,(A)| < (i)

Our main theorem is the following:

Theorem 1.1. For every non-trivial word w € F,., there exists a constant e(w) > 0 such that

E (e (X1, X)) < <d>2(16(w»,

m

for every d and every 1 < m < d. In particular, we have

E (Jem (w(Xy,...,Xp))]) < <d>1€(w).

m

Remark 1.2.

(1) In the proof of Theorem [T}, we show that, if the length of w is £ and d > (25¢)7, then one
can take e(w) = & (25¢)7%. We believe ¢(w)~! can be taken to be a polynomial in ¢, for
d>,1.
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(2) On the other hand, it follows from [ET15, Theorem 5.2| that, for a fixed d, one has to take

e(w) < e=VZ, for some arbitrarily long words, even for m = 1.

Theorem [[.1] relies on the following:

Theorem 1.3. For every m, ¢ € N, every d > mt, and every word w € F, of length ¢, one has:
(1.1) E (ycm (w(Xl,...,Xr))\z) < (220™.

In particular, if d > (220)m, we have

E(|cm (w(Xl,...,Xr))|2) < <d>.

m

In addition, we show that similar bounds hold for symmetric powers:

Theorem 1.4. For every £ € N, every d > m{, and every word w € F,. of length £, one has:
E <|tr (Sym™w(X, ... ,X,,))|2) < (160)™.

In particular, if d > (16¢)‘m, we have

d+m—1

E(]tr (Symmw(Xl,...,Xr))\Q) < < "

> = dim Sym™C¢,
and by the Cauchy-Schwarz inequality,
1
|E (tr (Sym™w(X71,...,X,)))| < <dim Symm(Cd> ’.

Remark 1.5. Theorem [[.4] is an analogue of Theorem [L.3 It is also an analogue of Theorem [L1] for
m at most linear in d. Contrary to exterior powers, the methods of this paper are insufficient for
finding bounds similar to Theorem [[1] for |E (tr (Sym™w(X71,...,X,)))|, in the regime where m is

superlinear in d.

1.1. Related work. Word maps on unitary groups and their eigenvalues have been extensively stud-

ied in the past few decades.

The case w = z, namely, the study of a Haar-random unitary matrix X, also known as the Circular
Unitary Ensemble (CUE), is an important object of study in random matrix theory (see e.g. [AGZ10,
Mec19| and the references within). The joint density of the eigenvalues of X is given by the Weyl
Integration Formula [Wey39|. Schur’s orthogonality relations immediately imply that E (]cm(X )\2> =
1 for all 1 < m < d. Various other properties of the characteristic polynomial of a random unitary
matrix X have been extensively studied (see e.g. [KS00, HKOO01, [(CFK ™03, [DG06, BG06, BHNY0S,
ABBI17, ICMN18| [PZ18]).

Diaconis and Shahshahani [DS94] have shown that, for a fixed m € N, the sequence of random
variables tr(X),tr(X?),...,tr(X™) converges in distribution, as d — oo, to a sequence of independent
complex normal random variables. For the proof, which relies on the moment method, they computed

the joint moments of those random variables and showed that

m m
(12) E Htr(Xj)ajtr(YJ)bj = da b Hjaja,j!,
j=1 J=1

for d > Z;nzl(aj—l—bj) j. The rate of convergence was later shown to be super-exponential by Johansson

[Joh97].
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When w = z¢, (I2) gives a formula for the moments of traces, and one can use Newton’s identities

relating elementary symmetric polynomials and power sums, to deduce that

E ( cm(Xf)r) = (Jor (Sym™w) ) = <e+ m— 1>,

m
for d > 2m/ (see Appendix [Al). In [Rai97, [Rai03], Rains partially extended (2] for small d and gave
an explicit formula for the joint density of the eigenvalues of X* (see [Rai03, Theorem 1.3]).

We now move to general words w € F,.. The case m = 1, namely, the asymptotics as d — oo of the
distribution of the random variable tr (w(X1,..., X,)), was studied in the context of Voiculescu’s free
probability (see e.g. [VDN92, IMS17]). In particular, in [Voi9TIl [R06, MSS07] it was shown that, for
a fixed w € F,, the sequence of random variables tr (w(Xy,...,X,)), for d = 1,2,..., converges in
distribution, as d — oo, to a complex normal random variable (with suitable normalization). As a
direct consequence, for a fixed m € N, the random variables ¢, (w(X1,...,X,)) converge, as d — 00,
to a certain explicit polynomial of Gaussian random variables. This is done in Appendix[A] Corollary
A4 following [DGOG].

In [MP19], Magee and Puder have shown that E (tr (w(X1, ..., X,))) coincides with a rational function
of d, if d is sufficiently large, and bounded its degree in terms of the commutator length of w. They
also found a geometric interpretation for the coefficients of the expansion of that rational function as
a power series in d~!, see [MP19, Corollaries 1.8 and 1.11]. See [Bro24] for additional work in this

direction.

1.2. Ideas of proofs. With a few exceptions, the results stated in §L.1] are asymptotic in d, but not
uniform in both m and d. We will try to explain some of the challenges in proving results that are
uniform in m, while explaining the idea of the proof of Theorem [l

Our main tool (which is also used in the papers [R06, MSS07, MP19] above) to study integrals on
unitary groups is the Weingarten Calculus ([Wei78,[Col03L [CS06]). Roughly speaking, the Weingarten
Calculus utilizes the Schur—Weyl Duality to express integrals on unitary groups as sums of so called
Weingarten functions over symmetric groups. In our case, in order to prove Theorem [T we need to

estimate the integral

(1.3) E (jen()l?) = |

Using Weingarten calculus (Theorem 2.12]), we express (L3)) as a finite sum

tr (/\mw(Xl,...,Xr)>‘2dX1...er.

T
d

(1.4) > F(my,...,mo) [ Wel (mimiiL),

(7r1,...,7r27n)€1_[1221 szi i=1

where ¢1,...,09, € N and F : H?; Sme; — 7 are related to combinatorial properties of w, and each
ng) : Sme; — Riis a Weingarten function (see Definition [2.10). There are two main difficulties when
dealing with sums such as () in the region when m is unbounded:

(1) While the asymptotics of Weingarten functions Wg, : S,, — R are well understood when
d > m (see [Col03 Section 2.2| and [CM17, Therem 1.1]), much less is known in the regime
where m is comparable with d.

(2) Even if we have a good understanding of a single Weingarten function, the number of sum-

mands in (L4]) is large and it is not enough to bound each individual Weingarten function.

Luckily, there are plenty of cancellations in the sum (I4)). To understand these cancellations, we
identify a symmetry of (IL4]). More precisely, we find a group H acting on H?;l Spme; such that F is
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equivariant with respect to H, and such that the contribution of any H-orbit to the sum (L4 is a
product of terms, each of which has the form

m'lei Z sght (hh/) ngli) (h,ﬂihﬂijrlr) )
C hwesh

(1.5)

where sgn(z) is the sign of # and the sum is over the Young subgroup S% C S,,., see Corollary
Weingarten functions are class functions, so they are linear combinations of irreducible characters of
Sme,. Explicitly, we have (see [CS06, Eq. (13)]):

1

2

(1.6) we' (o) = > xa(l) (o) € Sy,

. gd g (m€)|2 (1) X)\ g bl g mfﬂ
Y Akme;Le(N)<d PA

where each \ is a partition of m¢; with at most d parts and x and p) are the corresponding irreducible
characters of Sy, and Uy, respectively. The cancellations that we get in the sum (L5 come from
averaging irreducible characters of S, over Sf;;'—cosets. Sf;;’ is a large subgroup of Sy, so these
cancellations will be significant as well. For example, all terms in (6] for which A has more than ¢;

columns vanish. See Lemmas 2.7 and 28] for the precise bounds.

After we bound the average contribution of each H-orbit in the sum (L4]) by a function C'(m,d, w),
we bound (L4) by |Z|-C(m,d,w) for some finite set Z. This becomes a counting problem, which we
solve in {6l see Proposition

The proof of Theorem [LT] occupies Sections M [l [l and [71 Since the combinatorics of general words
is a bit complicated, we prove a simplified version of Theorem [L3] for the special case of the Engel
word [[z,y],y] in §8l The proof for this special case contains the main ideas of the paper, while being

easier to understand.

1.3. Further discussion and some open questions. The results of this paper fit in the larger
framework of the study of word measures and their Fourier coefficients.

Let G be a compact group, and let ug be the Haar probability measure on G. To each word
w(zy,...,x,) € F. we associate the corresponding word map wg : G — G, defined by (g1,...,9,) —
w(g1,---,9r). The pushforward measure (wg)«(ug;) is called the word measure 7, ¢ associated with
w and G. Let Irr(G) be the set of irreducible characters of G. The Fourier coefficient of 7, g at
p € Irr(G) is

(1.7) Quw,Gp = /r plw(zy,. .., x))ug = /Gp(y)Tw,(;.

If w# 1 and G is a compact semisimple Lie group, then by Borel’s theorem [Bor83|, the map wg :
G" — (G is a submersion outside a proper subvariety in G". It follows that 7, ¢ is absolutely continuous
with respect to pug and, therefore, 7, ¢ = fu,a'1Gg, where fy, ¢ € LY(G) is the Radon-Nikodym
density. In this case, fy,.q = Zpehr(G) Qw.G.p - P-

In [LST19, Theorem 4|, Larsen, Shalev, and Tiep proved uniform L°°-mixing time for convolutions

of word measures on sufficiently large finite simple groups. From this, the following can be deduced:

Theorem 1.6. For every w € F,., there exists N(w) € N such that if G is a finite simple group with

at least N(w) elements, then
(1.8) ’aw,G,p’ < (dimp)l_f(w)’

for e(w) = C - £(w)~™* and some absolute constant C.

The proof of Theorem is given at the end of {7l
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We believe that a similar statement should be true for compact semisimple Lie groups.

Conjecture 1.7. For every 1 # w € F,., there exists e(w) > 0 such that, for every compact connected
semisimple Lie group G and every p € Irr(G),

’aw,va’ < (dim P)lie(w)-

It is natural to estimate ¢(w) in terms of the length ¢(w) of the word w. For simple groups of bounded
rank, Item (2) of Remark (i.e. [ET15, Theorem 5.2|) shows that there are arbitrarily long words
w for which e(w) cannot be larger than e~ V") However, we believe that better Fourier decay can

be achieved for the high rank case.

Question 1.8. Can one take e(w) to be a polynomial in {(w), if rk(G) >y 17

Theorem [I1] gives evidence to Conjecture [L7 for G = SU, and the collection of fundamental rep-
resentations {\™ Cd}fnzl. Indeed, for every p € Irr(Uy), since |p(AA)| = |p(A)| for A € SU,; and
X € Uy, and since py, is the pushforward of py, X psy, by the multiplication map (X, A) — AA, we
have,

(1.9) |awsu,pl> < Exy..x,esU, (|P(w(X1, e ,Xr))IQ)
=E(x1, X1, (A, X, )ESUgx Uy <\P (WA, .. A w(Xy, ... ,Xr))\z)

“En, %), X0estats (10 @KL A X)) = Bu, (o (w(Xa, . X))

4
Theorem [[.4] deals with another family of irreducible representations {Symm(Cd}gZ (1166) J, giving

further evidence for Conjecture [L.7

Verifying Conjecture [L7 will imply that, for every word w, the random walks induced by the collection
of measures {ng}G, where G runs over all compact connected simple Lie groups, admit a uniform
L*°-mixing time. Namely, using [GLMI12, Theorem 1], it will show the existence of ¢(w) € N such
that
7_>kt(w)
(1.10) G| <12,
el
oo

for every compact connected simple Lie group G. By the above discussion, t(w) grows at least
exponentially with \/é(—w) under no restriction on the rank. If the condition (II0) is replaced by the

condition that T:;t(g}) has bounded density, one might hope for polynomial bounds.

Question 1.9. Let 1 # w € F.. Can one find t(w) € N such that for every compact connected
semisimple Lie group G, T:)tgu) has bounded density with respect to ug? can t(w) be chosen to have

polynomial dependence on ¢(w)?

Question [[L9 can be seen as an analytic specialization of a geometric phenomenon. Let ¢ : X — Y
be a polynomial map between smooth Q-varieties. We say that ¢ is (FRS) if it is flat and its fibers
all have rational singularities. In [AA16, Theorem 3.4], Aizenbud and the first author showed that
if ¢ is (FRS), then for every non-Archimedean local field F' and every smooth, compactly supported
measure g on X (F), the pushforward ¢,pu has bounded density. This result was extended in |[Reil
to the Archimedean case, F' = R or C, and, moreover, if one runs over a large enough family of
local fields, the condition of (FRS) is in fact necessary as well for the densities of pushforwards to be
bounded (see [AA16l Theorem 3.4] and [GHS| Corollary 6.2]).

To rephrase Question [[L9in geometric term, we further need the following notion from [GH19. IGH21].
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Definition 1.10 (|[GH19, Definition 1.1]). Let ¢ : X — G and ¢ : ¥ — G be morphisms from

algebraic varieties X, Y to an algebraic group GG. We define their convolution by

pxp: X XY =G, (z,y) = p(z) - (y).

We denote by ¢** : X¥ — G the k-fold convolution of o with itself.

Based on the above discussion, a positive answer to the following question will answer Question [[L9]

positively.

Question 1.11 ([GH24l Question 1.15]). Can we find o, C > 0 such that, for every w € F,. of length
£ and every simple algebraic group G, the word map wgcga is (FRS)?

In [GHI19, IGH21], Yotam Hendel and the second author and have shown that any dominant map
¢ : X — G from a smooth variety to a connected algebraic group becomes (FRS) after sufficiently
many self-convolutions. Concrete bounds were given in [GHS, Corollary 1.9]. Based on these results,
we prove Conjecture [[L7] and answer Question for the bounded rank case (see Proposition [.2)).

To conclude the discussion, we remark that a positive answer for Question [[.I1] will answer Question
[ for compact semisimple p-adic groups as well. A significant progress in this direction was done
in the work [GH24], by Yotam Hendel and the second author, where singularities of word maps on

semisimple Lie algebras and algebraic groups were studied.

1.4. Conventions and notations.

(1) We denote the set {1,..., N} by [N].

(2) For a finite set X, we denote the symmetric group on X by Sym(X) and the space of functions
f: X —>ChyC[X].

(3) We write (—1)7 for the sign of a permutation o.

(4) For a group G, a representation is a pair (7, V'), with 7 : G — GL(V') a homomorphism. We
denote the character of (7, V) by x, and denote its dual by (7", V").

Acknowledgement. We thank Rami Aizenbud, Yotam Hendel, Michael Larsen, Michael Magee, Doron
Puder, Yotam Shomroni, Ofer Zeitouni and Steve Zelditch for useful conversations. We thank the
referees for their useful comments and for improving the readability of the paper. NA was supported
by NSF grant DMS-1902041, IG was supported by AMS-Simons travel grant, and both of us were
supported by BSF grant 2018201.

2. PRELIMINARIES

2.1. Some facts in representation theory. For a compact group G, we denote the set of irreducible
complex characters of G by Irr(G). Given a subgroup H < G and a character x € Irr(H), we denote
the induction of x to G by Indgx. We normalize the Haar measure to be a probability measure
and denote the expectation with respect to the Haar measure by E. The standard inner product on
functions on G is {f1, f2)g = Ef1ifo.

2.1.1. Representation theory of the symmetric group. Given m € N, a partition of m is a non-
increasing sequence A = (Ay,.., A\x) of non-negative integers that sum to m. In this case, we write
A F m. Two partitions are equivalent if they differ only by a string of 0’s at the end. A partition
A= (\1,., Ak), with A\ > 0, is graphically encoded by a Young diagram, which is a finite collection
of boxes (or cells) arranged in k left-justified rows, where the j-th row has A; boxes. The length ¢(\)
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of a partition A F m is the number of non-zero parts A; or equivalently the number of rows in the
corresponding Young diagram.
The irreducible representations of S, are in bijection with partitions A = m. We write x) € Irr(S,,)
for the corresponding character. For each cell (7, j) in the Young diagram of A, the hook length hy(i,7)
is the number of cells (a,b) in the Young diagram of A such that either a =i and b > j, or a > ¢ and
b = j. The hook-length formula states that

m!

B H(i,j)e)\ ha(i, ) .

(2.1) xa(1)

Definition 2.1.

(1) Fix a Young Diagram A and let n € N. An n-expansion of X is any Young diagram obtained
by adding n boxes to A in such a way that no two boxes are added in the same column.

(2) Given a partition A = (A1,..., ;) F k and a partition p = (u1,..., 1) F [, a pu-expansion of
A is defined to be a p,-expansion of a f,_1-expansion of a - - - of a uj-expansion of the Young
diagram of A. For a p-expansion of A, we label the boxes added in the ji,-expansion by the
number j and order the boxes lexicographically by their position, first from top to bottom and
then from right to left. We say that a p-expansion of A is strict if, for every p € {1,...,ls —1}
and every box t, the number of boxes coming before ¢t that are labeled p is greater than or

equal to the number of boxes coming before ¢ that are labeled (p + 1).

Theorem 2.2 (Littlewood-Richardson rule, [Mac95, 1.9]). Let A -k and p = m. Then,
Sk4m
Indg'l’s (Xa ® xu) = @ NpwXvs
vEk+m

where Ny, is the number of strict u-expansions of A that are a Young diagram of the partition v.

We will need the following consequence of Theorem

Lemma 2.3. Letl € Z>o and identify St, with its image in the standard embedding S, < Sy. Then,
each x, € Irr(S,,) appearing in Indgf’”(l) (resp., Indgf’” (sgn)) corresponds to a partition v = ml with

at most | rows (resp., | columns).

Proof. We prove the statement for the trivial representation 1 by induction on [. The proof for sgn
is similar. The character 1 of S, corresponds to the partition A consisting of one row of length m.
By the induction hypothesis, we may assume that Ind;:j (1) = @ul—mj My Xy, With my, >0 only if 1
has at most j rows, for all j < I. Hence we can write
Sm. Sm S Sm
(2.2) Indg"! (1) = Indg™ 5 (Indg" ey = myIndg™ g (X ® 1)
puEm(l—1)
By Theorem and since a strict A-expansion of p increases the number of rows by at most one, the

lemma follows. O

2.1.2. Representation theory of the unitary group. The irreducible representations of Uy can be iden-
tified with the irreducible rational representations of GL4(C). More precisely, the restriction map
p — plu, induces a bijection Irr(GL4(C)) — Irr(Ug). Moreover, the set Irr(Ug) is in bijection with
the set A of dominant weights,

A::{()\l,...,)\d):)\12...2)\01, )\Z’GZ}.

We denote the representation corresponding to A € A by (px, V). The irreducible representations

e Nl N e
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are called the fundamental representations, and we have \" C% ~ Vi1.,...1,0,...,0), With 1 appearing m
times. In particular, the standard representation C? is Vi1,0,...,0)- Note that /\d C? is the determinant
representation xget. We identify a weight A € A such that Ay > 0 with a partition (A1,...,\g).

Remark 2.4 ([FH91L, 1.6, Exc. 6.4]). For each A = (A1,...,Aq) F m,

xa(1) - H(i,j)e)\(d +J—1)
m!

(2.3) pA(1) =

where (i,j) are the coordinates of the cells in the Young diagram with shape .

)

Given A, i1 € A, the irreducible subrepresentations of py®p,, are determined by the Littlewood-Richardson

rule as follows.

Theorem 2.5 (Littlewood-Richardson rule, see e.g. [FH91l 1.6, Eq. (6.7)]). Let A\, n € A and suppose
that A\q, j1g > 0. Let Ny, be the coefficients from Theorem [2.2. Then:

A Pu = @ N)\;wpu
vivg>0

Remark 2.6. For A\, u € A, set A= A— (Mg -y Ag) and = — (pgy ..., pg). Then py = ngt Py
and p, = xh< - pyr, and hence by Theorem 2T one has:

+ A+
(2.4) PA & Py = ngt Md/’A ® Pii = Xget e EB NP

2.1.3. Aweraging characters over cosets.

Lemma 2.7. Let G be a finite group, let (w,V') be an irreducible representation of G, let H < G be

a subgroup, and let A be any one-dimensional character of H. Then, for every g € G,

heH

In particular, if (X=|m,\) iz =0, then >, g A (h)Xxx(gh) = 0.

Proof. Write 7| = @Z]\L | m with each (m;, V) an irreducible representation of H. For each i and
n e H,

(Z AL (h)mi(h) )m (1) = A (hymi(hh!) = AN (R )mi(h)

heH heH heH
—Z)\ (W~ h)mi(h Z)\ h)mi(h'h) = m;(h') (Z)\ >
heH heH heH

By Schur’s lemma, >,y A~ (h)m;(h) is a scalar matrix « - Iy,, for some o € C. Hence,

(2.5) a-xmu):tr(Zrl(h) ) AT ) =

heH
Let L:={v eV :m(h)v =A(h) v, Yh € H} be the subspace of (H, \)-equivariant vectors in V' and
let L be an H-invariant subspace of V with V = L& L+. By @), themap A := Y, .y A" (h)7(h) €
End(V) satisfies A|;. = 0 and A|p = |H|- I;. Take an orthonormal basis v,...,vx for V with
L= {(v,...,on), L™ = (var41,...,vn). Then:

> AT () (gh) i <Z A~ ) V3, V)

heH i=1 heH

|H| i Xr = A

0 else

M

> (m(g)vi,vi)

i=1

= |H| < M|H],
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and the lemma follows. O

The following lemma gives a different estimate on the average of a character over a coset, and this
estimate is sharper when the double coset HgH is large. We will not need these alternative estimates,
but we thought it could be useful to state them.

Lemma 2.8. Let G be a finite group, and let H < G be a subgroup. Then, for each x € Irr(G) and
each g € G,

‘rHr 2, x(h

Proof. Let G be a finite group. For each x € Irr(G), we denote by (m,,V,) the representation

_ bely-le?
|HgH|1/2 X(1)1/2

corresponding to x. The non-commutative Fourier transform (see e.g. |Appld] Section 2.3]) is

the map F : C[G] — @Xelrr(c End(V,) defined by f — f f(X) (G where f( ) =
xelrr

1
ﬁZg'eG f(g)my(g™1). We denote by ||flly = <ﬁ pppme ’f(g')’2>2- Similarly, for a collection
of endomorphisms (Ay)yenr(c) € Dyem(e) End(Vy), with Ay € End(Vy), we define

NI

H(AX)XEIH(G’)HQ = Z X(l) ' HAXH%IS 5

x€lrr(G)

where [|Ay g = tr(Ay - A;)% is the Hilbert-Schmidt norm on End(Vj). The Plancherel Theorem
(see e.g. [Appl4 Theorem 2.3.1(2)]), states that

26) 170 = /7],

Let Ypgm = |HgH|1HgH For each y € Irr(G), one has
— 1 _
Vg (X) Z Vg (g)m (g ™) = el Y. mdld .
e HgH[O] 2
The square of the L?-norm of zp HgH is given by:

2 1 1 1
(2.7) [Wrguls = Vugu(9'))” = &= = :
e aTe]l g% g |G| g,EZHg,H |HgH|*> |HgH||G]

Let vy,...,vp be an orthonormal basis of VXH = {veVy:my(h)v=wv, Yh € H} with respect to

some G-invariant inner product (, ) on V,, with M = (x,1)y. Let (VXH )J' be the orthogonal com-
plement to VXH in Vy. In the proof of Lemma 27, in the case that A = 1, we have seen that

0 if v e (VH)"
(2.8) S m(h)w = ifve (V)

In particular, we have

< Z Wx(gl_l)-vav> = ’If;?’ < Z Wx(hlg_lh)-vav> = % <( Z Wx(h,))-(z Wx(g_lh)-v),v>

g/GHgH h/,hEH Wel =
: L
Hyll 0 ifve (VH
=i <Z Mo e, 3 wX<h’>v> - L e
|H | heH heH |HgH| (m\ (97" )v,v) ifve V7
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Hence,
(2.9)
—|? 1 -1 : X(1) < -1 2
s, = 2 x0gmma 2 w6 = X igp X lmd il
x€Irr(G) g’ €HgH HS x€lrr(G) 1,7=1
By [26), 27) is equal to (2.9), hence,
1 ’ M ’ M 2
o 2 x| = [Somda )| €M 30 (7))
heH i=1 i=1
M
- M |G|
<M Ty (g 1 Vi, U 2 < )

where the first equality follows from (2.8]), and the first inequality follows from Cauchy—Schwarz
inequality. (]

2.2. Weingarten calculus. In §2.1.1] we stated that each partition A F m with ¢(\) < d
induces two different representations, p) € Irr(Uy) and x» € Irr(S,,). There is a deeper connection
between py and y) coming from the Schur—Weyl duality: the space ((Cd)®m carries a natural action
of Ug X Sy, where A € Uy acts diagonally A. (v1 @ -+ @ vy,) = Av; ® -+ ® Ay, and o € S, acts by
0. (V1 ® - Quy) = Vg(1) @ *** ® Ug(p). The Schur-Weyl duality can be phrased as follows.

Theorem 2.9 (Schur—Weyl duality, [Wey39]). The space ((Cd) Em s a multiplicity-free representation
of Ug X Sp,. The decomposition of ((Cd) “™ into irreducible components is given by

(2.10) ((Cd>®m = P men

Arm,e(N\)<d
There are two special functions on Sy, which come from (2.I0]). Firstly, writing ¢(¢) for the number of
disjoint cycles in o € S, the character of (Cd)®m as a representation of S, is the function o — d(?).

Recall we have an isomorphism of algebras C[Sy,] ~ €,.,,, End(Vy, ), where the multiplication in
C[Sn] is the convolution operation fi  fo(y) := > ,cq f(x)g(z'y). We denote by Cqy[Sy] the
subalgebra corresponding to Ame(ny<d End(Vy, ).

Definition 2.10 (JCS06, Proposition 2.3|). Let d € N. The Weingarten function Wg, : Sy, — C is
the inverse of the function d“(®) in the ring Cy[Sy,]. It has the following Fourier expansion:

_ b xam? -
(2.11) Wealo) = —p Akm%)gd () xA(0).

Remark 2.11. Since in this paper we only consider Wg (o) for d’ = d, we write Wg instead of Wg,.

The Weingarten Calculus, developed in [Wei78l [Col03] [CS06] utilizes the Schur-Weyl duality to
express integrals on unitary groups as finite sums of Weingarten functions on symmetric groups. One

formulation is the following theorem by Collins and Sniady:

Theorem 2.12 (|CS06, Corollary 2.4]). Let (i1,...,%m), (G1s--ydm), (@ yil,), and (1,...,j5,)
be tuples of integers in [d]. Then:

Exeu, (Xz‘l,jl K - Xl gy Xz';n,j;n>

-1
(212) = Z 5’i17i;(1) e 6’lmylg(m)6]1ﬂfr(1) e 5JM7J.I,.(m) ’ ng(o- )
o, TESm
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We will use a coordinate-free version of Theorem [2.12] which we proceed to state.
Definition 2.13. Let €2 be a set.

(1) A symmetric partition ® of  is a partition Q = | |_, A; U| |I_; B;, where |4;| = |B;|.
(2) Given a symmetric partition ® = (A4y,..., 4., B1,...,By), let

So = {¥ € Sym(®) : $(A;) = By, S(B) = A}
(3) If ¥ € S, then X2(A;) = A; and we define Wg(X?) = [T—, Wg(X?|4,).
Proposition 2.14. Let ® = (A, B) be a symmetric partition of Q and let F, H : Q — [d]. Then

Exev, | [ Xrwnw 11 Xetnw | =B | I Xpwomew 1] Xowrw | = D Wg(22).

€A yeEB z€EA yeEB YeSe: H=FoX%
- = =, =
Proof. Identify A= {1,...,m} and B~ {-1,...,—m}andlet i, j, ¢’, j' € [d]™ be

= P(K) o= H(K) i = H(—k) J, = F(—h)
Then, by Theorem 2.12]

Excu, | [ Xrw e [ X7 P | = Exeu, (Xz‘l,jl o X g Xl 1 "Xi;n,j;n>
€A yeB
_ -1
= D Gty il Sy iy WEOTIT).
U,TESm
For 0,7 € S, let ¥, 7) € Sym(AU B) = Sym ({-m,...,—1,1,...,m}) be the permutation
—7(x rzeil,...,m
( ) ) —1
o (—x) xe{-1,...,—m}.
2 ~ _
The map (0, 7) = X5, is a bijection S;, = S and the condition §;, L <0, it o) 6]1737(1) . 5jm7j7(m) =

2

1 is equivalent to H = F o X, ). Finally, the permutation (Z(UJ)) acts on A as o7, and the

result follows. O

Corollary 2.15. Let & = (Ay,..., A, By, ..
[d]. Then

., By) be a symmetric partition of Q and let F, H : Q —

T

E\IL{ II ®0rwme I X rwmw | | = >, We(E?).

i=1 \z€A; yeB; YeSe: H=FoX
3. THE ENGEL WORD AS A MODEL CASE

“Those who run to long words are mainly the unskillful and tasteless; they confuse

pomposity with dignity, flaccidity with ease, and bulk with force.’

In this section we prove the following simplified version of Theorem [[J] for the Engel word. We
chose the Engel word since it is short enough to make the proof easier to digest, while at same time

complicated enough so that the proof contains most of the key ideas in the paper.

Theorem 3.1. Let X,Y be independent random variables with respect to the normalized Haar measure

on Ug. For every d > 2m, one has:

E (e ([[X,Y],Y]) < 217™,

lHw Fowler, A Dictionary of Modern English Usage, 1965.
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Let w = [[z,],y] = xyz~lyxy 'z =y ~! be the Engel word. We would like to compute E (tr A™ w(X,Y)).
Denote Z,, 4 := {a1 < ... < an, : a; € [d]}, and note that

(3.) HUNC S S)END DD DICVETE & S FIINTIETIO & o PP

E)EImyd TESm

We have
— 1 —1
’LU(X,Y)aiaﬂ_(i) = Z Xal,D YD,,CZXC Az YA ,bi Xb ,Ci Y thB YBl,aTr(Z)
bi,ci,di,Ai,Bi,Ci,Di€[d]
(3.2) = Z Xai,DiXbi,CiXAi,CiXBi,dz'YAi,biYDi,CiYaw(i)7Bini,C¢'

bi,ci,di,Ai,B; ,Ci,Di€[d]
The group S,, acts on [d]™ by o(7); = 7071@) for any 0 € Sy, and ¥ € [d]™. Similarly,
given ¥, % € [d™ and 7 € Son, we denote by (U, ) the element in [d]?™ given by (¥, W); =
v, ifi<m
E?i_m ifm<i1<2m
17, Xo, ., for ¥, € [d™, we have:
(3.3)

(A )) = 37 Z S (X 53X 2 X3 285 7) (%38 2Y 2V ) -

a EIm d b m TESm

, and denote by (7, W); = (¥, W)T_W-). In particular, writing X 4 =

We now rewrite the expected value of (3.3) using Weingarten calculus. For this, define:

. . (Z’g) :Jl(?’?)’ (?’7) 271(3,8)
S(ﬁ,,B) = {(0'1,0'2,’7'1,’7'2) € ng : (?,7) _ 0_2(2’3), (3,8) _ 7_2(?’?) ,

and

(34) 7= {(7,...,3,01,02,71,72) € T % [d]™ %S4+ (01,00, 71,7) € S(T, .. .,B)}.

Lemma 3.2. We have:

35) E <tr A" wix, Y)) - 3 3 (1) We(oy ') We(oy L (r x Id)m).
(@ yoons D01 402,71 ,72) €2 TESm

Proof. Using Weingarten calculus, i.e., Theorem 2.12] and (3.3),

E <tr /\m w(X’Y)> = > >, DT > 0@ B)or (A 8) 9B.8) e, d) Velor 1)

E’G_Tm,d ? Be[d}m 7T€Sm 0’175277—177—2652m
(36) (7 D)oy (n- 1(7),7) 0%, 2) (B, Wg(ay 'a).

Applying the change of coordinate o9 := (7 x Id) o g3, and observing that 52_1(77*1(7),7) =

oy (d, 7), ([B6) becomes:
Bl ATwxn) = 3T 3 CUTWeler ) Welo (< I, O

_)
(d,...,D,01,02,71,m2)EZ wESm

In order to bound (1)), we consider a natural action of SZn on Z, and find a suitable change of
coordinates such that the average of the product of the Weingarten functions in ([B.5) over any S -
orbit is equal to a product of averages of individual Weingarten functions over cosets (see ([B.8])). We
then use Lemma 27 to estimate the contribution in (B.3)) of each S/ -orbit. To conclude the estimates
of (B.3)), we will further provide estimates for |Z]|.
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We first describe the action of S7. The element (m,7.,...,7p) € S;, acts on (7,,3) by
%
(@, m(b), (T, ... ,WD(B)) and it acts on (01, 09,71, 72) by:

Ulr—>(7TAX7TB)oalo(Id><7Tb1

)

T (e x mg) oy o (mp! X mg)
oy (Id x mg) ooz 0 (m* x mph)
T (T X To) o2 0 (my P x w ).

This gives rise to an action of S7, on Z. The action on the input of the Weingarten functions becomes

-1

(3.7) Wg((np! x ngtmy)or H(mytme x m5tma)m) and We(m, tra x 7. twp)oy Hrmp x m) tne) ),

where we used the conjugacy invariance of Wg to move permutations from right to left. Consider
the bijection v : S8 — S8 defined by (z1,...,7s) — (¥1,71%2,...,7122---xg). Under the change
of coordinates (0p,0.,04,0,0c,04,085,0) == v~ (7p,7e, ma, Ty, 70, T, TR, 7 1), the summation of
([335) over an ST -orbit splits into a product of two separate sums:

1

Z (=1)"Wg((rpt x ngtmy)or H(my e x mptma)T)We(my, tra x m) twp)oy Hrmp x w7t ne) )

(ﬂ'D,...,ﬂ')ESS

= Y (=DPOWe((05' x 05" )or (05 x 05 )T)We(9, ! x 0oy (07 x 071)m)
(GD,...,G)ES;‘TL

(3.8)

= Y (~U)"hWg(moy'nim) Y (1) We(naoy ' nhT).

n1,m €S2, n2,n5€S2,

We can now use the Fourier expansion of Wg (2.11]) and the estimates in §2.1.3] to bound the contri-
bution of an ST -orbit in Z to ([3.5):

Proposition 3.3. Let v := (%, e 3,51,52,7'1,7'2) € Z and let O := STV be its S -orbit. Then,

1 % 1 d\ 2

(39) @ Z Z Wg 0'1 Tl)Wg(0'2 (7'(' X Id)’TQ) < W <2m> .
(..., 72)€OH TESm,

Proof. By the Orbit-Stabilizer Theorem, the LHS of (3.9)) is the same as summing over all (7p,...,7m5) €

S” and dividing by m!”. By (3.8)), the LHS of (39) is equal to

1

ml!7

S (CU)MWe(mar niA) Y (1) We(pay hT)| -
n,m €57, n2,1M5 €S53,
Note that (Som,Sm X Sp) is a sgn-twisted Gelfand pair, that is, the representation Indggmsgn is
multiplicity-free. By Frobenius reciprocity, each irreducible subrepresentation (Vy,m)) of Indgf%:”sgn
has a unique (S2,, sgn)-invariant unit vector, so <X Al 52, sgn> g =1 By Lemma[2.7] for each o € S,

we have

m? if Ty — Indsémsgn
(3.10) > (=) (ho)| < m!? (xalsz . sgn) o, = S T
hes?, m 0 otherwise.
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By Lemma 23] it follows that m) < Indgémsgn if and only if the young diagram of A - 2m has at

most two columns. Combining with (810), we have:

(3.11) > D™ hamer A =] D (=D > (=D xa(my 'ni)

m.n, €S2, meESz, mesz,

m!* if \F 2m, X has < 2 columns
< DD (FD)Mxalmey nim)| < 7 - ’

n €S, |meSE,

By (211), (311, [23), and by our assumption that d > 2m, we have

0 otherwise.

/ ~_ X)\l / ~_ ~
> (W na; )| = G| D > (CDMamey i)

n1,m €S2, A-2m (1 n,m €S2,
< m!4 Z xa(1)? _ ml4 Z xa(1)
~(@m)? AF2m, A has <2 columns A1) (2m)! AF2m, A has <2 columns H(lﬁj)@\(d +Jj—1)
- mit 1 3 (D) = mit dimIndgmsgn _mP ( d >1
2m)! d-----(d—2m+1) N2 A e 22 columns 2m)!!d-----(d=2m+1) (2m)!\2m
This concludes the proposition. O

We now turn to the last ingredient in the proof of Theorem BTl
Definition 3.4. Let f: S — [d] be a function on a set S. We define the shape vy : [d] — N of f as

I/f:(Vﬁl,.. I/f7 = |f | ...,|f71(d)|),
and denote v¢! := ngl V-

Proposition 3.5. Let Z be as in (3.4). Then:

asn () ()

Proof. We need to count all the possible tuples (?, B , 01,09, T1, T

2 Z. Suppose we have
%
already fixed @ and the shapes vy ve and v of b ? and 7, where b ,7, 7 are considered as a

) in

functions [m] — [d]. Given this data
(1) There are W options for T 7, "d with the above shapes.

(2) There are (2m)!? options for o9 and 75.

(3) There are at most (2;;?)2 options for choosing 7, ([m]) and o ([m]), as subsets of [2m]. Note
that we count both valid and invalid options.

(4) After fixing the subsets 7, !([m]) and oy([m]), there are at most vz !lv—! options for 7 and

y?! options for o.

mi3(2m)2vo v ! (2m)2 _ m!7(2m)4 options

Summarizing the above items, we get there are at most

1/—»'1/7'1/7' m
for (7 B ,01,09,T1,T2) € Z with the initial data ? v Vg, Vg Note that there are (d) possible
options for @ , and (d+fn1 1) options for Vs vas Vg ThlS gives the desired upper bound. O

We can now finish the proof of Theorem Bl
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Proof of Theorem [31l Note that for every kK > 1 and n > k we have

k—1 . k

n\k n—j n n n\k .

3.12 <_> < ) = <~ <_) ,
(312) k _H<k—]> (k:)_k!_k ¢

J=0
where the rightmost inequality follows from Stirling’s approximation. By Lemma and by Propo-
sitions 3.3l and B.5]

& (e \"w(x, )| =12 % 3 S (—1) " Welor ) - Welog (7 x 1d)m)

_)
(d,...,D,01,02,11,72)EZ wESm

(3.13) §|Z|.m<2§in>2§ <27Zz>2<i) (d;m>3<2§ln)2.

By (313), (312), by the inequality (2;:) < 22m and by our assumption that d > 2m,

m 4m 4m d\™ (d+m\3m Tm dm d\4m
o) O e
(zm) (zm)

Remark 3.6. The current proof of Proposition depends on the special structure of the Engel word.

One can give a slightly more complicated argument, which can be easily generalized for every word

w (this is done in §0]). Here are the main ideas of this alternative argument.

We encode the expression
(3.14) X, DYD7CX(;}1YA7bXb,CYa;X(;’gYI;}L
from (B.2), graphically, by the 4 x 4 matrix

C D

(3.15)

B A

which is constructed as follows. The rows and columns are indexed by x,y,2~',y~!. We order the
rows by <y < y~! < 27! and order the columns by 27! < y~! <y < 2. To find the (x,y~!)-entry
of this matrix (i.e. the (1,2)-entry), we look for the subword XY ~! in (814 and record the letter of
the common index, which is C. All other entries are determined in similar fashion. Note that we do

not have elements in the main diagonal since w is cyclically reduced.

We denote 1 = 711, 79 = T9, N3 = 02_1, N4 = 01_1. Note that 7; sends the ith row of ([BI3) into
a permuted copy of its ¢th column. The alternative counting argument in Proposition goes as
follows. We fix the upper triangular part, i.e., 8,3,7,? (instead of 7,7,7,7 in the proof
above). We then choose 1; (with 2m! options), which gives us ?, 7 and, in particular, reveals the
second row. Next, we choose all possible 7 : (?, 7) — (ﬁ, 8), taking into consideration the fact
that 8 is already known. We then proceed to the next row and guess 13, taking into consideration
that we already know 3 At this point, the vectors 7, ?, e 8, B and the permutations 11, 72,73
are known, and the number of options for 74 is determined by the shapes of E), b . This argument
will be generalized in 6l for arbitrary words, where, instead of a 4 x 4 matrix, we will have a 2r x 2r
matrix and, each time we choose 71, ...,n;, the k 4+ 1-st row is revealed, allowing us to proceed by

induction.
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4. REWRITING THEOREM [I.3] USING WEINGARTEN CALCULUS

In this section, we rewrite the expression E (|tr A" w(Xy,... ,Xr)|2) of Theorem [[.3] as a finite sum

of Weingarten functions.

Let ¢,m,d,w be as in Theorem [[L3] We may assume that w is cyclically reduced, i.e., it does not
contain a subword of the form xjxj_l and the first and last letters of w are not inverse of each other.
For u € [/], let
a if the u'™ letter of w is z,
w(u) =

—a if the u'® letter of w is 27!

If we denote x_, = 2%, then w =[], Tyy(u)- We write w~! for the inverse word,
(4.1) wli= T ()T —p(b—1) """ T—1-

We start by noting that

(42) E ( tr (A" w(xi,. . X)) (2>

E (tr </\mw(X1,...,Xr)) tr </\mw(X1,...,Xr))>
E (m« </\mw(X1,...,XT)) tr (/\mw_l(Xl,...,Xr)» .

Define T € Sym([¢] x [m]) by

(u+1,k) u#/t

(4.3) T(u, k) = b T,

Recall that Z,,, ¢ = {a1 < ... < am : a; € [d]}. We have

tr </\m w(Xl, ... 7X7")) = Z Z (_1)7r H w(Xla cee 7Xr)ak,a7r(k)
k=1

7€Im,d TESm
4

= > > ] > 1T Kuw) 0,0

@ €Ly q TESM k=1 Fri[e+1]—d) u=1
fr(D)=ag, fx (£+1):aﬂ-(k)

= Z Z:(—l)7r Z H (Xw(u))f(u,k),f(u—l—l,k)

@ €L 0 TESm FleA1) x[m)—[d] (w,k)E[E] x [m]
FOLE) =y, fO+LE)=a, ) VK

= Z (=" Z H (Xw(u))f(u,k),f(qul,k)

TESm F:+1]x [m]—[d] (u,k)€[l] x[m)]
fU+LE)=f(1,m (k")) VK
f(1,—) increasing

(4.4) = > X T (%) pasy rdnw)

meSym({¢}x[m]) F:[{]x[m]—[d] (u,k)€[l]x[m)]
F(1,—) increasing

where in the last equality we use the natural embedding Sym({¢} x [m]) < Sym([¢] x [m]) obtained
by acting trivially on [¢ — 1] x [m]. Applying this to w™!, we get

(4.5)

tr /\ w(Xla cee aXT) = Z (_1)7r Z H (Xw_l(u))F’(u,k),F’(fw’(u,k)) :

' €Sym ({€}x[m]) F': ] x[m]—[d] (u,k)€[l]x[m]
’(1,—) increasing
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Set Q= [2] x [{] x [m], Qs = {s} x {u} x [m], and for v € Q, define

" e v = e
Define T' € Sym(Q2) by
(4.6) T(s,u, k) := (s,T(u,k)).
By combining ([@4]) and (£5]), we get

(4.7
‘tr/\mw(Xl, Xy

= Z (_1)7r7r Z H Y,F(Trr' (7)) *

(71—77‘-/)6]._[,3:1 Sym(ﬂs,l) F: Q_> VGQ
F(1,1,—-)i 1ncreasmg
F(2,1,—) increasing

The map 7+ TnT~! is an isomorphism Sym(Q; ) — Sym(Qs 1), for s € [2]. Hence,

o\ w(Xy,.. LX) g > (=)™ > Il x V) F(rm/T(3))

(W,W’)ESym(Ql,l)XSym(QQ,l) F:Q—[d] YEQ
F(1,1,—) increasing
F(2,1,—) increasing

= > (- > [T ) F((rr) - 1T(7))

(m,m")eSym(Q1,1) xSym(Q2,1) F:Q—[d] vEN
F(1,1,—) increasing
F(2,1,—) increasing

(4.8) = > (=™ > 1T Xae) Frn'y),F(T(7))
(m,m")eSym(£21,1) xSym(Q2,1) F:Q—[d] YEQ

Fom(1,1,—) increasing
For’(2,1,—) increasing

where, in the last equality, we replaced F' by F o (7’ 77)71.

Let & = (Ay,...,A,,B1,...,B;) be the partition given by

(49) Ai= {(S’u’ k) | {E(S’u’ k) = Z} B; = {(S’Ua k) | w(S’U, k) = _i} :
For each (7, 7") € Sym(€1,1) x Sym(£2 1), set
F:0-5[d], DeSe
(410) Zﬂ-,ﬂ/ = {(F, E) ! For(1,1,—),For’(2,1,—) increasing}
FoT=Forn'oX

The sets Z r are disjoint. We denote
(4.11) 7 = U A
!
Remark 4.1. Note that we have a map Z — Sym(Q; 1) x Sym(€21) sending (F, X) to the unique pair
(mp, ) such that (F,X) € Z,_ .
Rewriting (£.8)) using Weingarten calculus (Corollary [2Z15]), we have:

Proposition 4.2. Let w € F, be a cyclically reduced word. Then:

(4.12) E(tr(/\mw(Xl,...,Xr)MQ): S (C1)TEWe(5?),

(F.X)eZ

5. ESTIMATING THE CONTRIBUTION OF A SINGLE ORBIT IN Z

In this section we introduce an action of H := [] ,yepxjg Sym(sw) on Z, and estimate (EI2)
restricted to each H-orbit. The action can be described as follows.
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For every (s,u) € [2] x [¢], the group Sym(€2,) acts on Z in the following way: if u # 1, the action
of mg, € Sym(Qs ) is

(5.1) Tsu-(F,X) = (Fomg b, msuoXoT 'n, 1T)

s,u
If s € [2] and 7g; € Sym(€s 1), then

(5.2) ms1.(F, X)) = (Fom,{,X o T '7 |T).

The above group actions commute, which gives rise to an action of H. Note that (7 1, 772,1).Z7mr/ =
Zny imimaqnt- I u# 1, then Tou-(Lrnt) = Ln gl

Definition 5.1. For each u,v € [¢], we define * :Sym(Qs,) x Sym(£,) — Sym(Qs ) by

. qu—u U—v
(5.3) Tou* Moy =1 "Tg T T .

)

Note that * is associative.

Let h := H(&u) 7s,u € H and denote h = H(s,u)#(l,l),(Q,l) Tsu- Then h.X = hoX oT 'h=IT. Since

\ng is invariant under conjugation in H,
We ((h.(2))?) = Wg (¥, 0 Do Wy0 %),
where W), = T~'h=!Th € H. On each Qg u, ¥y, has the following form:

Lemma 5.2. We have
T v ;T  ifu=1
S B | »
Unla,., = Tout1 *Tsu  fu1,¢
715_11 * g 0 ifu==«¢.

Corollary 5.3. Let (ﬁ, f) be a representative of an H-orbit (’)(ﬁ 5
(5.4)

LY e -l Y oMW (rSla kL)

‘O(ﬁ,g) (F.D)E0p 5, i=1 hie],_, Sym(Qe)
R el Tgm—; Sym(Qs w)

s with (g, 7%) = (Id,1d). Then:

Proof. For each h = H(s,u) msu € H, write v(h) := (—1)™1721. Consider the bijection ¢ : H — H,
) <H(s,u) 7Ts7u> = H(s,u) 05, where, for s = 1,2,

(Os2,. .., 050,051) = (g2, Mg 2 % Mg 3, ..., M2 %k %M, Mgk -+ %kTgp%Ts1),
and observe that v(¢(h)) = (—=1)" = (=1)7'»"'T_ Further note that

—1 11
(T % - * Mg yp1)  *Tgok - - kTgy =1 T, w1l

and hence W) = H( o) Tﬁlﬂ';iT . Changing variables using ¢, the left hand side of (5.4)) is:

. N 1
‘H‘Z Wg(‘l’hoZo\I’hoZ):WZV@/}( We | [T 7' 1T020HT T %
heH heH (s,u)

:mlzzz 1)'We H”S“OEOH%“OE

heH (s,u) (s,u)

r
= ﬁ Z(—l)hHWg H 7Ts,ui\“Bi H ﬂ-s,ui‘Ai ,

heH 1=1 (s,u):w=1 (s,u):w=—1
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where in each line above, h = H(S u) Ts,u- O

Corollary 5.4. Set {; := ";"l for each i € [r]. Then the following holds:

m Z]
£ X1, X)) )(
r(/\ WXy >—med d— m€+1)
Proof. By Proposition 2] Corollary B3] Equation (2.I7]), Lemma 2.7, and by Equation (2.3)),

E<tr</\mw(X1,...,Xr))‘2>: S (1) Wg(52)

-y o TR

(5.5) E (

<Y Il X 0w (Simnsi)

(ﬁ,f)e =1 | hi€]]g_,; Sym(Qs,u)
hel Lo ; Sym(Qa )

T 'Qg 2
xx(1)
< X, SgI
R m'% H (m;)? ZS , < st m pa(1)
(F,2)ez AFml; iy, CInd zn *(sgn)
S T

m

{xn sgn) e xa(1)

ml
(5.6) _1Zl ) .
A=mly o gIndSZ *(sgn)

m

Note that the irreducible characters x, in Ind (sgn) correspond to Young diagrams A - m#; with

at most ¢; columns. If the columns of A\ are of lengths J1 = ... 2 Ju; then

57) [ (d+b—a)>de--(d=ji+1) e (d—jot1)-ooood-- (d—jo,+1) > d--- (d—mbi+1).
(a,b)eX

Combining (5.6]) with (5.7)) implies the corollary. O

6. ESTIMATES ON |Z|

In this section we give upper bounds on |Z|, defined in ([@IT]). We first set some notation. For each
0+#1i,j€[—rr], set

T(A; . > 0

RiIZ{VGQ:[Donl(W):i}: (i) ,

T(B_Z) 1 <0
_ 4 Bj j>0
Ci={yeQ:m(y)=—j}=4q " ",
A,j 7 <0

Vij i ={yeQ: WoT '(y) =d,w(y)=—j} =R NCj.
Following Remark B.6] it is helpful to picture a 2r x 2r matrix, whose (7, j)-th entry is the set Vj;,

with R_,.,..., R, correspond to rows, and C_,,...,C, correspond to columns. Denote

o B Y]
m m m
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Observe that ¢; = (_;, {; ; = {;; and note that ¢; = % if ¢ > 0, so that (6] extends the definition

of £; in Corollary 5.4l For each 0 # j € [—r, 7] set
+ . . — +
cf = Jvi;, ¢ =t
1<j J
For each i € [r] and each X € Sp, denote n; := T o (X71) g, and n_; := T o (X~1) | 4,. Notice that
1:(C;) = R; for all i. Define the following sets:

(6.2) Wi ={(F:Q—=1[d,YeSs): FoT =FoX},

and
W= {(F,¥) e W : F(s,1,—) is one-to-one Vs € [2]}.

Proposition 6.1. We have

d+ml . (mly,)!
Z:WgW’g( >me! —_—
Z| = W| < |W'| vl )og[_r 5 mlon)!

Proof. The map (F,X) — (Fonprhy, X oT 'rprlT) is a bijection between Z and W, giving the
first equality. Clearly, [W| < |[W'|.

In order to prove the last inequality, we use the map ® : W’ — {f : Cy — [d]}, sending (F, X) € W’
to F|c, . We estimate |[W’| by analyzing the fibers of ®. Let f € ®, (W) and suppose it has a shape
vy (see Definition B.4). We write v; ; for the shapes of f‘cj We reveal (F, X) € ®,*(f) row by row,
starting with the —r-th row R_, and making sure that, in each step, F'o T|T—1(Rk) =Fo E|T—1(Rk)>
or, equivalently, F|p, = F o 771;1‘1%&-

(1) There are at most (mf_,)! options for n_,. Note that R_, C Cy and hence by (6.2), the
choice of n_, determines F|c_, . At this point, F|g___, is determined as well.
(2) Note that C’frﬂ = V_,; —ry1. There are at most:

(a) ( ml—pi1 ) options for the sets n,r+1(CiLr+1) and 7777«+1(Cf7’+1\cir+1)'

m€77‘777‘+1
(b) (m(f—y41 — ¢—y —_r41))! options for ?77T+1|C_T+1\Cirr+1 : C,r+1\Cirr+1 — 777r+1(07r+1\0fr+1).

(¢) (V—rq1,4)! options for n_py1 : CF 1 = n_pyr (CF, ).
(3) More generally, assume, by induction, that we have fixed ()

r+1

i<k> and, thus, we have already
determined F|g, for i <k, F|c, for i <k, and F|c, . Then there are at most:
(a) (Ziizﬁwi,k) options for the sets n;,(C;") and i (Cp\Cy).

(b) (m(lx — 3,1, k)" options for nk‘Ck\C,j : Ce\C = mi(CR\CY).
(c) (vk,+)! options for 77k|CI:r 1 CF = ().

After choosing 17—, ...,n,, we have determined F. Furthermore, since Shk=—p Vk+ = Vi, WE have

[T045=—r (W, +)! < vyl Hence,

|21 ()] < H ((Z mé > (m(fk —Z&,k)>!(7/k,+)!>

o — i<k Mlik i<k
- (ml)! - (ml)!
(6.3) = (Vg )l < vyl —_
AL vt D=t I s ey
Since |C4| = mt, we have
0)!
(6.4) Hf € & (W'): f is of shape 1/+}‘ < (m ') ,

Vy.
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and there are at most (dfn?z) possible shapes v;. Combining (6.3]) and (6.4) we conclude:

{W’{ < Z Hf € ., (W'): f is of shape V+H : “pll(f)‘

! (mﬁk)' d+ml m 4 (mﬁk)'
H (Zi<km€i7k)! S< mt >( v H (Zz‘<km€i7k)!. .

0#£k=—r 0#£k=—r

7. PROOF OF THEOREMS [[.1] AND

In this section we use the results of Sections [l Bl and [ to prove Theorems [[L1] and [[L3l We end the
section with the proof of Theorem

Proof of Theorem [[.3. Assume that d = am for a > ¢ > 2. By ([312]), we have:

) () = (i) 2 o

d+mt a+0\™ ., am™(2e)™
o (e

ml

We remind the reader the definition of ¢; and ¢; ; in (6.1). Concretely, for each 0 # 4,5 € [—r,r|, ¢;
is the combined number of appearances of the letter x; (with the convention that x_; = :cz_l) in w

1»

and w™ !, and ¢; j is the combined number of appearances of the string “:cl-:c; in w and in w™!. In

particular, we have Y., ¢; = ¢, {;; = 0 and Zo#ie[ﬂ’r] l; p = {1, and therefore:
(7.3)

d---(d—mt;+1 d---(d—mf+1) and = < 2™k,
H )2 ( ) (Zi<k mfz}k)! (Zi>k mfz’,k)! > ik ik

By Corollary [5.4], Proposition 6.1 and by (Z3), (Z1) and (Z.2), we obtain:

([ (A" w0 0) ) = S T

<<d+ m€> . (m?)! 1 H (mty)!
> ml H::l d--- (d — mfz + 1) m!( Ok r (Zz<k mgl7k)'

- <d + m€> = (mf)! Mo i mbin)! H (my,)!

ml (d—ml+1) mlt 0dhms (X ickmlip) (X iag mlig)!
d+ m/ d\ me eymtgme . g2mt me
< . . < < <
_< i > <m€> m' Z H 2 mt. 2 (8el) (220)™
0#k=—r
Finally, note that if d > (22¢)%m then (220)™ < ()™ < (4. O

We now turn to the proof of Theorem [[.TI We first deal with the case when the rank is bounded (and

prove Conjecture [[L7] in this case) and then prove Theorem [Tl in the unbounded case.

Definition 7.1. Given w; € F,, and wy € F,,, we denote by w; * wa € Fj 4, their concatenation.

For example, if w = [z,y], then w*w = [x,y] - [z, w].

We remind the reader the for a compact group G, and a word w € F;., we denote by 7, ¢ := (wa)« (1)
the word measure associated to w and G, and the Fourier coefficient of 7, ¢ at p € Irr(G) is aw,G,p =
fGT w(T, ..., ) e = fG p(y)Tw,c. If G is a compact connected semisimple Lie group, by [Bor83],

the map wg : G" — G is a submersion outside a proper subvariety in G". It follows that in this case,
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or e.g. when G is a finite group, 7, g is absolutely continuous with respect to u, and we can write
Tw,G = fw,cpa, With f, o € LY(G). Since Tw,G 1S conjugate invariant, f,, ¢ is a class function, and
it can be written as a linear combination of characters fi, ¢ =>_ pelrr(G) Qw,Gp * P

By Definition [Z1], we see that Ty ww,, ¢ = Tw,,G * Tws,c for every wy € F,, and wy € F,,. Since

d
pL* py = p”ll(’f)Q - p1 for every p1, pa € Irr(G), we have:
a 7G’7 i a 7G7
(7'4) Qwrxwz,G,p = / p(g)Tw1*w27G’(g) - / p(g)Twl,G *ng,G(g) = P TP,
G G p(1)

Proposition 7.2. For every 1 # w € F, and d € N, there exists e(d,w) > 0 such that:

(1) For every compact connected semisimple Lie group G of rank d and every p € Irr(G), we have

|aw,G,p| < P(l)l_e(d’w) .

(2) In particular, for every 1 < m <d,

Ey, ( tr </\mw(X1,...,XT))‘2> = Esu, <tr (/\mw(Xl,...,Xr)MQ) < (i)Q<1_E(d7w>).

Proof. We first prove Item (1). Fix w € F, and a compact connected semisimple Lie group G. Let

Tw,G = fuw,cpc be the word measure. By (Z4)), and since a,,-1 ¢ , = Gu,G,p for each p € Irr(G), we

have

|aw Gp’2
7.5 _ — WPl
( ) Aysw—1,G,p ,0(1)

1 we may assume that all Fourier coefficients ay,q,p are in R>q.

Replacing w by w * w™
It follows from [GHS, Theorem 1.1] that f, ¢ € L'*(G) for some ¢ = €(G,w) > 0. By Young’s
convolution inequality, it follows that quG € L™(G) for all t > to(G,w) = {%—‘ (see e.g. [GHS,
Section 1.1, end of p.3]). In particular, by (Z4]), we deduce that:

falo(1) = Z p(1)> 700l < oo
pelrr(G)

Since ay,q,p, > 0, we deduce that a,g, < p(l)l_m for all but finitely many p € Irr(G). To
deal with the remaining finitely many (non-trivial) representations of G, we simply use the bound
aw,c,p < p(1), which follows e.g. by the Ito-Kawada equidistribution theorem [KI40] (see also [App14]
Theorem 4.6.3]), since Supp(7y,c) generates G. Since there are only finitely many compact semisimple

connected Lie groups of rank d, this implies Item (1).

Note that the character pim) ® pE/W) of the representation \" C?® (A" (Cd)v of SU, is given by

tr (A™(A)[%. Since p1my @ pymy is a sum of irreducible characters, by applying the It6-Kawada
am) (1m)

equidistribution theorem to each irreducible character, for each 1 < m < d, we have

d

m

m 2
Esu, (‘tr (/\ (w(Xl,...,Xr))>‘ > = Esy, (p(lm) ®p(v1m)(w(X1,...,Xr))> < pamy@plmy (1) = (
Since there are only finitely many such m’s, this implies Item (2). O
Theorem [Tl now follows from Proposition and the following Theorem.

Theorem 7.3. For every ¢ € N, there exist €(£),C(£) > 0 such that, for every d > C({), every
1 <m <d, and every word w € F, of length {, one has:

E ( tr (/\mw(Xl,...,Xr)>‘2> < <i>2<16(£)).

In order to prove Theorem [[.3] we need the following technical lemma.
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Lemma 7.4. Let H(z) = —xlog(x) — (1 — x)log(1 — ) be the binary entropy function. Then:

9dH () d
(1) For every d € N and every 0 < z < 1 such that dx € N, we have Vsdz(1_2) < (:vd) <
9dH (z) < 2dH( )
wdz(l—x)

(2) Let 0 < 6 < % Then for every b € [4, %], a € [6,b], and d > (%4 such that bd, ad, d are integers,

one has: )
(0= ()

Proof. Ttem (1) follows e.g. from [CT06, Lemma 17.5.1]. The Taylor series of H(z) around 1/2 is

1 o= (1—22)*
(7.6) H@)=1-375 nzl (n(zn —)1) '

Since H'(x) = log(+=%), H(z) is monotone increasing in (0,1/2), and therefore,

xT

o — 2n __ _ 2n
H(b) ~ H(b— a) > H(b) ~ H(b—6) = 21;(2“ 2b+§(‘52>n_1§1 2b) )

1
n2

Since d > (%4 > 16, we have Ogd(d) <

d dH (b—a) d(H(b—a)—H (b)) d —2d5% +log(d d
< @) < \/ — a < og(d)
<(b—a)d> <2 < 4/8db(1 — b)2 bd <2 bd

82

a2 [ d aney\ i [ d d\'"Em _ a\'""
<2 = (27 < < )
=2 <bd> <2 ) (bd) = <bd> = (bd) H

Proof of Theorem [T.3. Since \™V ~ </\d_m V>V ® Xdet, We may assume that 2m < d. Let 6(¢) :=
(25¢)7¢, let C(¢) = 6(£)~7, and suppose that d > C(¢). By Theorem [[3, we may assume that
d < 5(¢)"'m, and, in particular, m > §(¢)~5. As in the proof of Proposition [[.2] by replacing w by
wx w !, we may assume that ay,u,, € R>q for all p € Irr(Uy). By Theorem 5, we have for all

d.
CS bR

> (46% + 46(1 — 2b)) > 26°.

((1—2b+26)* — (1 —2b)?) =

2 2In2

—_ =

< 2. Combining with Item (1), we have:

S

/\CV@)/\CV\/ ~ </\CV®/\dcv> ®X(;elt Z@V)‘(J’)’

j=0
where \(;) = (1,...,1,0,...,0,—1,...,—1), with —1 and 1 appearing j times. Moreover, VA(C) is the
2 3/2
largest irreducible subrepresentation of A“V ® A“V"Y, and we have py (1) > ?11(‘01) > (ﬁ) 2 By

Theorem [[3], and since all ay,u, , are non-negative, if ¢ < [§(£)d] < (22¢)~‘d, then
- d
E (pr o) £ 3 (g 0) = Eopevapevs o) =B ([(opev ew)”) = (1) < o, (07
=0

t
Applying the last inequality for w*?, recalling that Aot Uyp = % for all p € Irr(Uy), we get
(7.7)

E < tr </\M(£)d] w*(X1,. ..

Note that, for each §(¢)d < m < 4, A™V is a subrepresentation of /\ ORI A" —Od Y 5o
|4

T ( A" V)v o ( /\w(e)d] 5 ( /\w(e)d] V>V> o ( /\m—rsmd] Ve < /\m—rsmd] V>V> .

2 [6(6)d] [6(6)d] ©
*9 -2
) E(mmow )S Z Pay (1) S}:j_z<2
= st

Jj=0
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Finally, by the positivity of the Fourier coefficients of w, by (7)), by Lemma [T4] (note that m >
[6(¢)d]) and by [B.I2) (note that 6(£)*m > 1),

E ( tr (/\mw*g(Xl,...,Xr)) ‘2> <E ( tr (/\M(Z)dw w(X1, ... ,Xr)>
x (‘tr </\M(z>cﬂ w*g(Xl,-..,Xr)> 2) . (m_ %w)dw)g

<2(,, fcfsw)cn)Q < %@)2_%(@2 < <i>2_w.

By BI2), m+ 1< 22Vm < (i)Q/W for each m < %l Hence,

1 d\ 2 d 2(1—\/%) d 2-25(£)3
. 1) > —— > > .
e () ()

Consequently, we get

(E (prny o)) = E (b3, 007°) o2 (1 <E (\tr (A" w (X1, X)) 12) Pry (1)°

2

2 3
and thus E (pA(m) o w) < p,\(m)(l)lf%. Taking €(/) := 50 ond using m +1 < (¢ )25(2) we get

72
=

fr </\mw(X1,...,Xr))‘2> :g]ﬂ«:(m(j) ow> < (mﬂ)(i)Z_W) _ (@z(l—e(m. _

We end the section with a proof of Theorem

Proof of Theorem [LA. Let w € F,. Denote w := w * w™!. Recall that To,¢ = fao,qia and note that
for every t € N,

fora = faa
Applying [LSTT19, Theorem 4|, there are C’, M (w) € N such that, for N(w) := C"¢(w)* and for every
finite simple group G of size > M (w), one has

N(w)
CL~7G’ * N
Y oreem]=| X g gD = [fave o) - 1| = [75670 1] < 1
1#p€lrr(G) P 1#£p€lrr(G)
2
where the first equality follows from (Z4)). Since agg, = |a“;)’g’)” | > 0, we deduce that for each
1 # p € Irr(G)
N(w)
awg o™ _ fow N ) GwGs )
PPN (12N 0 N1 =
from which the theorem follows for € = -~ = . O

N(w) C'e(w)*
8. FOURIER COEFFICIENTS OF SYMMETRIC POWERS

In this section, we prove Theorem [[L4l Denote J,,, 4 = {c1 < ... < ¢y 1 ¢ € [d]}. We first claim that,
for each A € End(C?) and m > 1,

tr (Sym™A I Z ZAala Ay

m TESm

m—[d
tr (/\ o0 w(Xy,... ,Xr)>

)
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Indeed, for each @ € Jm,d, let v= be the shape of @ (see Definition B4) and set

A | ,,_>| D oy @ Bee .

TESm

Then {vo}zc7 | is an orthonormal basis for Sym™ (CY). Given A € End(C?), we have:

1
tr (SymmA) = Z <A.’U?, ’U?> = Z m Z <Aec7\—(1) . &® Aecﬂ.(m) ) ecn’(l) ®X...Q ecﬂ/(m)>
CE€Tma CE€Tma 7,1 €Sm
Z Z (Aee, ®...® Ae,, Copy @ -+ @ ecﬂ(m)>
?ejm d . TESm
Z Z Acrenq)  Aeme Z Z Aarann) * Aananin),
CETm, d nESm m! @ eld)™ 7€Sm
where the last equality follows since s, Acie, REE Acne., (m) 18 Invariant under permuting ci, . .., Cmp,

and since there are %’, vectors @ € [d]™ of a shape v—. In particular, for any word w,

1
(8.1)  tr(Sym™w(Xy,..., X)) = — ST wXn X aany WX X aman -
'ae[d]MWGSm

Proposition 8.1. Let w € F,. be a cyclically reduced word. With ®,T,Q, ., as in 4, we have:

1 —
(8.2) E (Jir (Sym™ (X1, X)) = =5 Y Wa(z?),
' (W,W’,F,Z)EZ

where

, F:Q—[d], €S
Z =3 (m,n",F, X)) : m,n'€Sym(Q1,1)xSym(Qa,1)
FoT=Fonn'oX

Proof. Similarly to ([£4)), we have

tr (Sym™w(X1,...,X;)) = - Z Z (Xw(u))f(u,k),f(uﬂ,k)
TeldmmESm  filtlx[ml—[d  (uk)E[]x[m]

f(lvk):akyf(z+17k):a7r(k)

= Z Z H (Xw(u))p(u,k),p(fw(u,k)) :

me€Sym({£}x[m]) F:[€]x[m]—[d] (u,k)€E[€] X [m]
Consequently, as in (48], we have:
m 2\ _ 1
E (Jtr (Sym™w(X1,.... X)) = —5 3 S T Ka0) siamry iy -
(m,m")eSym (Q1,1) xSym(Q2,1) F:Q—[d] vEQ

The Proposition now follows from Corollary O

We next define an action of H := T[], ,)epyxjq Sym({s,u) on Z in the same way as in §5 For
(s,u) € [2] x ([(]\{1}) and 7, € Sym (Qs.,,),

Ts,u- (7T,7T',F, E) = (7'(' ' Form,

s,u?

! WSUOEOT T, 1T)
and if (71,1,m2,1) € Sym(Qy,1) x Sym(Qs,1),
(m1,1,m21) - (7‘(‘, ' F, E) = (71'1,171', moam, Fo Wi%ﬂi%, YoT~ 71'1 171'2 %T)

Proof of Theorem[1.7]. The proof is similar to the proof of Theorem [[L3l The only difference is that
Sme;
now, summing over the H-orbit kills all representations that do not appear in Indsliz'(l), rather

m

. . Sme; . . .
than the representations not in Indsziz' (sgn). By Lemma [23] the irreducible subrepresentations

m
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Sime, .- .
X of IndS[izl(l) correspond to partitions A = (A1,...,A,) with at most ¢; rows, and, therefore,

H(avb)@\(d%—b—a) > (d—£)™%. As in Corollary 5.3 and (5.6)), the average of \/Z\Tg(Zz) over an H-orbit
H.(%,;’, ﬁ, 2) is bounded by

1 T ~ ~
Il X We(Slmn )
' i=1 hienﬁ:i Sym(ﬂsﬂi)
h’-el_[wf_,’ Sym(ﬂs,u)

ml ; a0 gl 1 1
(8.3) mw H > Miaperd+b—a) S d— o

)\I—m& 0 Cind Sme; i(1)

m

Denote Zm/ = {(F7 ) (ma X)) € Z} Since ZId’Id = W', Proposition implies that
~ ~ d +mt a )
(8.4) ‘Z‘ :m!2‘ZId71d‘ :m!Q‘W/‘ gm!2< m )(mf)! H (m—k)'
mt 0£k=—r (zz<k mgivk)'
As in the proof of Theorem [[3] if d > m#, then

. 9 1 2 1
E (|tr (Sym™w(Xy,...,X;))] ) =2 Z Wg(2?) ‘Z‘ 142 (d — £)m?
(m,7! \F, X)) € ez

T

(d+mb)---(d+1) (mly)!
< (d — O)Imt 07;_[_71 (Zz<k m@i,k‘)!

d ‘
< 4mZ£mZ meg 4mZ£m222mé 16/ O
vt 1] (m& /2 (160)™

APPENDIX A. FOURIER COEFFICIENTS OF THE POWER WORD AND A DIACONIS—SHAHSHAHANI
TYPE RESULT

In this Appendix, we formulate two results. The first is a computation of the Fourier coefficients of
the power word w = ! for representations py € Irr (Uy), where A (see Remark [2.6]) has at most 2%
boxes. The second is a Diaconis—Shahshahani type result for the m-th coefficient of the characteristic
polynomial of a word w in random unitary matrices. Both statements are consequences of known

results.

Proposition A.1. Let w = 2! be the I-th power word. Then, for every m € N and every d > 2ml,
(1) We have

E <|P>\ ° w|2> — Z 9 xa(0)?,

0ESm

for all \&b m. In particular, E (’pA o wl| ) <™.

(2) We have
E (‘m« (A" w) (2> = (Jtr (Sym™w) ) = (l + " 1).

Proof. For every matrix A € Uy and every p - m, set

(A1) tr, (A) := Htr(Aj)aJ
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where p = (19 -.-m®m) is the partition m = (14+...4+1)+ ...+ (m+...+m). The functions
—_————— —_——

a1 times ay, times
tr,, correspond to the power-sums symmetric functions p,. Given X = m, the character py(A) is a

Schur polynomial in the eigenvalues of A, and, hence, it can be expressed in terms of tr,(A) via the
following formula (see e.g. [Mac95, 1.7, page 114]),

(A.2) OEDY H,i“i -t

where y(p) is the value of the character x) € Irr(Sy,) on the elements with cycle type p. In addition,
by (LZ), for every pair of partitions p = (1% ---m®) and ' = (1% --- mP») of m, we have:

(A.3) E(trM(Xl)trul(Yl)) Htr XX | = H )% a;.
J=1 J=1

Combining (A22)) and ([A.3]), and using the fact that the number of permutations o € S,, of cycle type

w= (19 ---mom) is we obtain:

m!
T i a
[T, a1

E (|tr, (X w)
E (‘m <Xl) ‘2> = %‘XA(M)‘Q <1§;nua ,jaj)) % lﬂim 1o

(A4) =— Ly T ol 10 |y Z 1) |xa(o

ukEm ! c€Sm

j=1%j 'Ja]

The second claim of Item (1) follows from Schur orthogonality and the inequality 14(7) < ™.

For Ttem (2), note that tr (A" w) = pm) 0w and tr (Sym™w) = pg,1y o w. The corresponding
characters of Sy, are the sign and the trivial characters. Thus, (A.4)) becomes

 (Jor (A" )]") =& (1 (symw?) =B, (1) = m'zl ]lk:<z+2_1>,

m
where i is the number of permutations of m elements with exactly & disjoint cycles, also known

as the unsigned Stirling number of the first kind. The last equality follows e.g. from [GKP94, Equation
(6.11)]. This concludes Item (2). O

We next prove a Diaconis—Shahshahani type result. We first recall the following proposition, which
is a consequence of [MSSQ07, Theorem 2| and |[R06, Theorem 4.1] (see also [MP19, Corollary 1.13]).

Proposition A.2. Let w € Fy, and let p = (19 ---m), p/ = (1% ... mbm) be partitions of m. Let
p(w) € N be such that w = uP) with u € F, a non-power. Then:

m m
. -1 . N s b .
(A.5) dl;r{:oEUd (trp(w)try (w™)) = dhjgoEUd Htr(w])aﬂtr(w IVl = H a;!(jp(w
s .
Since the joint moments of tr(w!), ..., tr(w™) converge, as d — 0o, to the joint moments of indepen-
dent complex normal random variables, an application of the moment method (as was done in [DS94]
for w = z, and later in [R06, MSS07] for a general word) implies

Corollary A.3 (JR06, Theorem 4.1], [MSSO? Theorem 2]). The random variables tr( by, tr(w™)
converge in distribution to \/p(w)Z1,...,\/mp(w)Zy,, as d — oo, where Z1,. .., Zy, are independent

complex normal variables.
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In [DGO6], Diaconis and Gamburd combined Corollary [A.3]for w = 2 (namely [DS94]), together with
Newton’s identities relating elementary and power sum symmetric functions to give a formula for the

limit behavior of the random variables tr A" X with X is a random unitary matrix in Uy. Repeating

the argument for a general word w yields the following description of dlim tru, A" w.
—r 00

Corollary A.4 (cf. [DGO6, Proposition 4|). Let w € F, be a word and let m € N. Then the sequence

of random variables try, N\ w converges in distribution, as d — oo, to the polynomial in the normal

variables Zy, ..., Ly given by:

—det
m

Vp(w)Zy 1 0 0

V2p(w) Zs p(w)Zy 2 0
(m — 1)p(w) Zym—1 (m —2)p(w) Zym—2 (m=3)p(w)Zy-s ... (m—1)

P Zp, = Dp@) Zus = Dp@) Zus .. P2

Example A.5. Let m = 3. Then for every Borel set A C C,

3
lim P (u«Ud N w(Xi,... X,) € A> = P (f(Z1, 22, Z3) € A),

d—00

where Z1, Zo, Z3 are i.i.d normal variables, and
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