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A NOTE ON THE CAPACITY ESTIMATE IN
METASTABILITY FOR GENERIC CONFIGURATIONS

BENNY AVELIN AND VESA JULIN

ABSTRACT. In this paper we further develop the ideas from Geometric
Function Theory initially introduced in [1], to derive capacity estimate
in metastability for arbitrary configurations. The novelty of this paper
is twofold. First, the graph theoretical connection enables us to exactly
compute the pre-factor in the capacity. Second, we complete the method
from [1] by providing an upper bound using Geometric Function Theory
together with Thompson’s principle, avoiding explicit constructions of
test functions.

1. INTRODUCTION

In this paper we continue the study of the capacity estimate from [1],
where we introduce a geometric characterization of the Eyring-Kramers for-
mula. To introduce our setting, we begin by considering the Kolmogorov
process

dX, = -VF(X;)dt +/2edB,

where F' is a non-convex potential and ¢ is a small positive number. A
formula for the expected transition time from one local minimum point to
another was proposed independently by Eyring [7] and Kramers [11] in the
context of metastability of chemical processes, and can be stated as follows.
Assume that x and y are quadratic local minima of F', separated by a unique
saddle z which is such that the Hessian has a single negative eigenvalue
A1(2). Then the expected transition time from z to y satisfies

Ee[r] ~ 2m |det(VQF(Z))l6(F(z)—F(x))/a
M(2)]\ det(V2F(x)) ’

where ~ denotes that the comparison constant tends to 1 as € - 0. The
validity of the above formula has been studied extensively, references can be
found in for instance [1, 4, 8, 12]. The first rigorous proof of the Eyring-
Kramers formula above, is by [5] using potential theory and this approach
has turned out to be fruitful.

Our main motivation to study this phenomenon, comes from non-convex
optimization, for instance, optimization of neural networks. In this setting,
the minima/saddles are in general degenerate and/or non-smooth.
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FIGURE 1. Left picture is the parallel case and the right is
the series case, x,,x, are local minimum points and z; are
saddle points.

In [1] we use the potential theoretic formulation and extend the results
of [5, 2] to more general cases, which in particular includes non-smooth crit-
ical points. As in [5], the main technical issue is to provide sharp capacity
estimates and the main result in [1] is a geometric characterization of New-
tonian capacity w.r.t. the measure e’ (@)/e gy inspired by the corresponding
characterization for conformal capacity originally proved by Gehring, [9].
In [1] we observe that the capacity depends on the configuration of the
saddle points which connect the two local minima, but we computed the
capacity only in the simple cases when the saddles are either parallel or in
series, see Fig. 1. However, for an arbitrary smooth potential the situa-
tion can be more complex and the configuration of the saddle points can
be a combination of both parallel and series cases with essentially arbitrary
complexity.

The novelty in [1] was the use of Geometric Function Theory to provide
a lower bound for the capacity. In this paper we complete this method by
providing an upper bound using Geometric Function Theory together with
Thompson’s principle, see the proof of the upper bound in Section 3.4, Proof
of Theorem 1. Our goal is to extend the capacity estimate from [1] to the
case of arbitrary configurations of critical points. We do this by discretizing
the problem where the ‘valleys’/‘islands’ around the local minimum points
are the vertices and the regions around the saddle points which we call
‘bridges’ are the edges. The local capacity of a bridge can be geometrically
characterized using the results from [1] and this defines the weights of the
edges, thus turning the problem into a capacitary problem on a graph. Con-
necting problems of this type to graphs is similar to [14], however, we did
not find this particular problem in the literature. We note that the result
in [5] covers only the case of the parallel configuration, see Fig. 1. Moreover,
the framework of geometric function theory (see [1]) makes this construction
straightforward and natural.

The capacitary problem on the graph is equivalent to the notion of an
electrical network, which was originally defined by Kirchhoff in the 1840s in
his elegant solution to the problem of replacement resistance for a network
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of resistors [10]. For a modern presentation of electrical networks and its
connection to Markov chains and Kirchhoff’s theorem, we refer to [3, 13, 15].

1.1. Assumptions and definitions. In order to state our main results we
first need to introduce our assumptions on the potential F. We remark that
our assumptions cover the case where F' is a Morse function as defined in [4,
Assumption 10.3], i.e. a C? function in which all critical points are non-
degenerate (non-degenerate Hessian with at most one negative eigenvalue).
We further remark that our assumptions cover the degenerate case studied
in [2], but we also allow for non-smooth (Lipschitz) potentials.

Let us first introduce some general terminology. Recall that a Lipschitz
function h : R - R has a critical point at t, if 0 is in the generalized gradient
of h at ¢ in the following sense,

lim sup M >0 or liminf M <0,
st s—t st s—t

where in the above we mean that both the left and the right limit satisfies
the conditions. We say that a point z of a Lipschitz function f:R"™ - R is
a critical point, if for every e e R™, |e| = 1, the function h(t) = f(z+te) has
a critical point at 0.

Given a continuous function f:R"™ - R, we say that a local minimum of
f at z is proper if there exists a 4> 0 such that for every 0 <4 < é there is a
p such that

e e
A )Z{f(z)+5, £ 0B, (2),

where B,(z) denotes an open ball with radius p centered at z (proper max-
imum is defined analogously). When the center is at the origin we use the
short notation B,. We say that a critical point z of f is a saddle point if it
is not a proper local minimum nor maximum point.

Let us then proceed to our assumption on the potential.

Definition 1.1. Let F' ¢ C%}(R") satisfy the following quadratic growth
condition

o
Co
for a constant Cy > 1. We assume that every local minimum point z of F' is
proper.

We say that F' is admissible if for every saddle point z € R™ of F' there are
convex functions g, : R - R and G, : R"! - R which have proper minimum
at 0, such that g.(0) = G,(0) = 0, and an isometry® T, : R™ - R" such that,
denoting z = (z1,2’) e R x R"! it holds

(FoTo)(@) - F(2) + g:(m1) - Go(a)] € w(ga(@1)) + (G (), (L1)
where w : [0,00) — [0,00) is a continuous and increasing function with

w(s) g,

S

F(m) > Co

limsﬁo

1Recall that a mapping T is an isometry if |T(z) -T(y)| = |z —y|- In R™, this implies
that T'(z) = Az + b, where A is an orthogonal matrix. That is, T' consists of translation b
and a rotation A.
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FIGURE 2. The neighborhood O, s of the saddle point z
(bridge) connects the sets U,, and U,,, components of

{F < F(2)-5/3).

The assumption (1.1) allows the saddle point to be degenerate, but we
do not allow branching saddles, in the sense that {f(x) < f(z)}nB,(z) can
have at most two components for small p. Note that the convex functions
g»,G, and the isometry T, depend on z, while the function w is the same
for all saddle points. As such, we denote by dg the largest number for which

w(8) < 13 for all § < 4.

Definition 1.2. Let F' € C%!(R") be admissible, then for every saddle point
z and § > 0, we define the bridge at z as

Ougi=T. ({z1 € R: ga(21) < 6} x {a' € R"™: G.(a') < 3})
where T, is the isometry from Definition 1.1. See Fig. 2.

Note that, since the saddle may be flat, we should talk about sets rather
than points. However, we adopt the convention that we always choose a
representative point from each saddle (set) and thus we may label the saddles
by points 21, 22,.... Moreover, we assume that there is a §; < §y such that
for § < 61 we have that if z; and 29 are two different saddle points, then
their neighborhoods O, 35 and O, 35 defined in Definition 1.2 are disjoint.
Furthermore, we also assume that g is small enough that for any local
minimum point z, the ball B.,(x) does not intersect any bridge or any &g
ball around any other local minimum.

We use the definitions of a geodesic length and a minimal cut originally
defined in [1], inspired by [9].

Definition 1.3. Let A, B c Q c R™ where € is a domain and AnB = @. We
denote the curve family

C(A,B;Q) = {y:7¢C([0,1];92),7(0) € A,7(1) € B}

and the family of separating sets as S(A, B; <)), where a smooth hypersurface
S ¢ R™ (possibly with boundary) is in S(A, B;Q) if every v € C(A, B;Q)
intersects S. We define the geodesic distance between A and B in ) as

d.(A, B:Q) := inf (/ e dt v e C(A, B: Q))
v
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and the minimal cut by
Vo(A, B:Q) = inf(fe*
S

We define some topological quantities.

E(z) n-1
(@) S € S(A,B;Q)).

Definition 1.4. Let x,,xz, be two local minima of an admissible F'. The
communication height between x,,x,, is defined as
F(xy;zy) = inf sup F(v(t)).
( u w) ’yEC(Bg($u)7Bs(x'w)§Rn)te[071] ( ( ))
Fixing § < 61, we denote the component of the sub-levelset {F' < F(x,;xy) +
§/3} which contains the points z,, and z,, by Us/3, and we denote

U_sj3 = {F < F(xy;7) = 0/3} nUsys. (1.2)

Furthermore, we remark that F(x,;x, ) does not depend on ¢ if € < gg. We
call the components of U_g/3 islands. For each island U we select a proper
minimum point x satisfying F(z) = miny F, and we will in the following
denote U, as the island which contains x, see Fig. 2. We denote all saddle
points in Usyz N U_5/3 by Z.

Finally we recall that the capacity of two disjoint sets A, B is defined as
cap(A, B) = inf(gA IVh2e = dw: h=11in A, he WIA(R" B)).

1.2. Construction of the electrical network.

Definition 1.5. An electrical network is a pair (G,y), where G = (V, E) is
a graph, where V are the vertices and F are the edges, the vector y € RIEI
is called the admittances.

We will now construct an electrical network based on the islands and
bridges from Definitions 1.2 and 1.4. We associate the wvertices with the
islands and for every vertex v we denote the corresponding island by U,,.
The set of all vertices is V. Furthermore, we associate the edges with the
bridges from Definition 1.2, specifically, for every saddle point z € Z in
Definition 1.4 we associate the edge e, with the bridge O, = O.s. The
set of all edges is F, vice versa we associate with e € F the corresponding
saddle point z, € Z. We say that vertices v,v’ € V are incident with an edge
e, and vice versa, if they are the ends of the edge, or in other words, the
associated islands U,,, U] intersect the bridge O, (there are at most two since
F' is admissible). An edge which is incident with only one vertex is called
a loop. We also define a cycle of the graph G to be any non-trivial closed
path for which only the first and last vertices are equal.

We thus have a graph G = (V, E'), and we orient it arbitrarily (i.e. we orient
each edge of GG arbitrarily by assigning an arrow on it pointing towards one
of its two ends). In order to have an electrical network we need to define
admittance y. for e € E. Now, let e € E, which is not a loop, and let v_,v, € V
be its incident vertices. Define the connected set Q. = O,, su U, uU,, and
the admittance

Y, = evs(Bs(xvf)a Be(xm); Qe)ew
‘ de (B:(74_), Be (20, ); Q)

(1.3)
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From the geometric characterization of capacity in [1], we see that the ad-
mittance of the edge e is the pre-factor of the capacity of (B:(z,_), B:(xy,))
in Q. If e is a loop we set y. = 0. We have thus constructed our electrical
network (G,y) which consists of the graph G and the admittance vector
Y€ RIEI

1.3. The Main Result. We begin with some notation and recalling some
results from [1].

For functions f and g, which depend continuously on € > 0, we adopt the
notation

f(e) = g(e)

when there exists a constant C' depending only on the data of the problem
such that
(1-Cn(e))f(e) <g(e) < (1+Cii(e)) f (),

where 7)(+) is an increasing and continuous function 7(-) : [0,00) — [0, 00)
with limso7(-) =0. We remark that in the following the function 7 is the
one from Proposition 1.6 and Lemma 3.4. For us the explicit form will not
be important but can be found in [1] and we merely note that 7 is sublinear
and depends on the Lipschitz constant of F' inside Us, the dimension and
the function w from (1.1).

We need the above notation in order to relate the geodesic distance and
the minimal cut from Definition 1.3 to the convex functions g,,G, from
Definition 1.2, which is stated in the following proposition (for the proof
see [1, Proposition 4.1-4.2]):

Proposition 1.6. Let v_,v, € V' be incident vertices connected with edge
ee€FE and let 0 < € < g9. Denote x,_,x,, the corresponding proper local
minimum points and let z. be the corresponding saddle, then

F(ze) _92¢ (1)
dE(BE(xU—)7BE(xU+);Qe) ~e € [1%6 E dyl,

and
_F(ze) Gz W)
Ve(Bo(), Belws i) = e [ ey,
where g..,G,, are the functions in Definition 1.2.
We need the definition of a spanning tree for Kirchhoft’s formula.

Definition 1.7. Let G = (V,E) be a graph. We say that G’ is a spanning
subgraph of G if V(G') = V(G) and E(G') c E(G) (i.e. the same vertices
but only a subset of the edges). A tree is a connected graph which does not
contain cycles and a spanning tree of G is a spanning subgraph of G that
is a tree. We denote the set of all spanning trees of G by T(G). Finally,
for two vertices v,w € V' we let G/vw denote the graph obtained by merging
the vertices v and w together into a single vertex.

We are now ready to state our main theorem.

Theorem 1. Let F' be admissible as in Definition 1.1, let x, and x,, be
local minimum points of F and let (G,y) be the electrical network as in



A NOTE ON THE CAPACITY ESTIMATE IN METASTABILITY 7

Section 1.2. Let u,w be the associated vertices in V. Then the capacity is
given by

T(G;

cop(Be(,). Bo() = iy os,
where

T(Giy)= ), (Hye). (1.4)

G'eT(G) eeG’

Theorem 1, together with the formula (1.3), provide the characterization
of the capacity in the general case where the critical points may have any
configuration.

2. PRELIMINARIES ON GRAPH THEORY AND ELECTRICAL NETWORKS

In this section we recall some basic results in graph theory. For an intro-
duction to the topic we refer to [3, 13, 15].
The signed incidence matrix D of the oriented graph G = (V, E) is the
|V| x |E| matrix with entries
+1 if e points into v but not out
Dye =1-1 if e points out of v but not in
0  otherwise.

Let y be a vector of admittances defined in Section 1.2. Let Y be the |E|x|E]
diagonal matrix that has y as its entries, i.e., Y = diag(y. : e € E). We also
define the weighted Laplacian matrix as L = DY DT

We begin by recalling the weighted Matrix-Tree theorem, see [15, Theo-
rem 5|, which relates the quantity (1.4) to the weighted Laplacian matrix.

Proposition 2.1. Let G = (V, E) be an oriented graph and let D,Y and L
be as above. Then, for anyveV

T(G;y) =det L(v | v)

where L(v | v) is L with the row and column corresponding to v removed

and T(G;y) is defined in (1.4).

Let us recall Kirchhoff’s theorem, see [15, Theorem 8|, which relates
the right-hand side of the formula in Theorem 1 to the solution of a linear
system.

Proposition 2.2. Let G = (V, E) be an oriented graph, (G,y) the electrical
network, and let L be the corresponding weighted Laplacian matriz. Fiz
u,w € V and let the vector ¢ € R, with the component @y =0, be the
solution to the system

L(P = 6w7
where 8y, is a vector with 1 in the position of w and 0 otherwise. Then the
component ., is given by
T(G/uw;y)
Pw= " AN
T(G:y)
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The classical interpretation of Kirchhoff’s theorem is that of a network
of resistors (the admittance is the inverse of the resistance), where we have
grounded one end of the network (¢, =0) and let 1 Ampere of current flow
through it (right-hand side d,,). Then the voltage at the exiting node ¢y,
is given by the formula above. This allowed Kirchhoff ([10]) to solve the
problem of replacement resistance which in this case is just (.

Given an electrical network (G,y) we may define a discrete Dirichlet
capacity between two vertices vy, v,, € V as

i L
¢€Rm;sr§111=%;¢m=0< )

where L is the weighted Laplacian matrix. Then the minimizer of the above

problem is inversely related to Kirchhoff’s theorem, Proposition 2.2. For
more information, see [3].

Lemma 2.3. Let (G,y) be the electrical network from Section 1.2 and let
L be the Laplacian matriz. Then it holds

T(G;
min (L, ) = _TGy)
@eR™;p1=1;00/n=0 T(G/vlvm; y)
The minimizer is given by the unique solution with the boundary conditions
©®m =0, 1 =1 to the linear system
LQD = )\((51 - 6m)
where 81 = (1,0,...,0) and 8,, = (0,...,0,1) are vectors of length m and \

is the value of the minimum problem.

Proof. Recall that L = DY DT where D is the signed incidence matrix and
Y is the admittance matrix. Let us first reduce the problem. Note that the
constraint ¢,, = 0 implies that we may remove the last row of D (call it
D_) and the last entry of ¢ (call it ¢_) and note that DTp_ = DT¢. Let
L_=D_YD? = L(v,, | v,) and note that similar reasoning gives that

(L) = (L, p).
By the Lagrange multiplier method we get

L,(p, = )\(51
(- =1,
where 61 = (1,0,...). Note that by Proposition 2.1 we know that det(L_) =

T(G;y) # 0 which gives that the above system has a unique solution. From
the above we get that the value of the minimum is given as

(Lo @) = (L, ) = \. (2.1)
Next, we note that ¢/ is a solution to the linear system in Proposition 2.2,
as such we get

I(Gfuwiy) o1 1
T(G;y) AN
which together with (2.1) finishes the proof. O

We also need the following dual formulation of the minimization problem
in Lemma 2.3.
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Lemma 2.4. Let G = (V,E) be an oriented graph, where V = (v1,...,0m),
let D be the signed incidence matriz, L the Laplacian matriz, and let Y be
the admittance matriz. Then it holds

1
A’
where X is the value of the minimization problem from Lemma 2.3, i.e.,

min(<y—1j,j> . jeRIPl Dj=g —5m) - (2.2)

A= i L .
‘P€Rm§g111:%?90m:0< )

We point out that one may interpret the minimization problem (2.2) as

a discrete version of Thompson’s principle.

Proof. Let j € RIFl be the minimizer of (2.2). The first variation of the
minimization problem implies that (Y4, e) = 0 for all e € R¥l with De =0,
ie.,

Y15 e Ker*(D). (2.3)
Recall that the solution to the minimization problem in Lemma 2.3 satisfies

01 -0 =ML =XA"'DYDTp =D\ YD)

as such j = )\_1YDT$ will according to the above satisfy the constraint
Dj =8y - 8,,. Then, 5 —j = o€ Ker(D) and it holds trivially (D", a) =0
since, DTy € Ker* (D). Moreover, by (2.3) it holds (Y ~'j,a) = 0, thus

(Yla,a) =(A'DTp a) - (Y7',a) = 0.
Since Y ! is positive definite we obtain a = 0, that is
MYy DTp =5
The result then follows from Lemma 2.3 as

-1 T T T
(V1. 5) = (YZVYD YD ) (DYD o) 1
A2 A2 A

O

2.1. Simplification of the electrical network. The formula in the state-
ment of Theorem 1 given by Kirchhoff’s formula is precise, but if the graph
contains many cycles and loops, it may be unnecessarily cumbersome to cal-
culate. In the next two lemmas we consider the case when the formula in
Theorem 1 can be simplified.

Consider a graph G = (V, E'). A cut vertez is a vertex, that when removed
from G will increase the number of components. A biconnected graph is a
graph with no cut vertices. A biconnected component of a graph G is a
maximal biconnected subgraph.

Lemma 2.5. Let G = (V, E) be a graph with a biconnected component G =
(Vi, Eq) and let Go = (Va, E3) be a subgraph of G such that they intersect in
one cut vertez v € V and G = G1 U Ga. Then if y € RIEl is the admittance
vector, y1 =y|g, and y2 =y|g,, it holds

T(Gyy) =T(G1:y1)T (G2 y2).



10 AVELIN AND JULIN

FicUure 3. Example of the graph decomposition in Proposi-
tion 2.6. Here the subgraph corresponding to the blue edges
is the biconnected component and the red edges correspond
to the graph Gj.

Proof. By the definition of biconnected components, and since G1,Go in-
tersect only in v, we can by reordering the vertices write the Laplacian
matrix L = DY D7 such that the first rows/columns correspond to the ver-
tices in Gy. Then L with the column and row corresponding to v removed
(L(v | v)) has a block diagonal structure with the blocks Ly = Lg, (v | v)
and Lo = Lg, (v | v). Now, since det(L) = det(L;)det(Ls) the claim follows
by applying Proposition 2.1 on all matrices. U

We can use the above lemma to simplify the computation of Kirchhoff’s
theorem in the presence of irrelevant biconnected components, see Fig. 3.

Proposition 2.6. Consider the graph G = (V,E) and let Y be the admit-
tance matriz. Assume that G = G1 U Ga, where G1 is a biconnected com-
ponent and G1,Gs intersect in a cut vertex v € V. Then if u,w € Vo, it
holds
T(Gyy)  T(Gay2)
T(Gluw;y)  T(Gofuw;ys)

The main consequence of Proposition 2.6 is that, using the terminology
from [1], only the vertices in V5 are relevant. We also point out that this is
related to the definition of a gate in [5]. In particular, referring to Kirchhoff’s
theorem, a consequence of the above is that the voltage ¢ is constant on the
biconnected components and is thus redundant.

A consequence of Lemma 2.3 is that edges with small admittance does
not contribute total capacity unless they significantly alter the topology of
the graph:

Lemma 2.7 (Deletion of edge). Let (G,y) be the electrical network as in
Lemma 2.3. Let e € E and define G' = (V, E ~{e}), then it holds
TGhy) . TGy _ T(Ghy)
T(G'[(vivm)iy) ~ T(G/(vivm);y) ~ T(G'/(vivm);y)

Proof. Let Y' be the diagonal matrix Y with the entry corresponding to ¥,
replaced by 0. Then we immediately have

i DY'DT < i DY D"
¢eRM;g111=%;¢m=0< r0) < ¢6Rm;glll=%;som=0< 2l

T Ye

which proves the first inequality. For the second, note that for any edge
ee E, let v_,v, € V be the incident vertices, then |p(v-) —¢(v,)| <1, hence



A NOTE ON THE CAPACITY ESTIMATE IN METASTABILITY 11

for any y having each component bounded by 1 satisfies
(DY DT, ) <(DY'D 0, ) +ye
which proves the last inequality. O

3. PROOF OF THE MAIN THEOREM

The proof of the main theorem consists of an upper and a lower bound
of the capacity. The lower bound uses the electrical network defined in Sec-
tion 1.2 and the variational definition of capacity, similar to the proof in [1].
For simple networks the lower bound follows from the variational character-
ization of capacity together with the fundamental theorem of calculus.

For the upper bound, we provide a novel proof using ideas from Geometric
Function Theory together with Thompson’s principle which is in a sense dual
to the lower bound. In this case, for simple networks the upper bound follows
from Thompson’s principle together with the divergence theorem. For the
general case we need an alternative construction of the electrical network.

3.1. Alternative construction of the electrical network. We will con-
struct the alternative electrical network using the domain Us/s (see Defini-
tion 1.4), instead of using the components of U_s/3 as in Section 1.2. To this
aim, for a saddle point z € Z, we define the surface

S. =T, ({0} x {&' e R : G.(2') < 5}), (3.1)

where T}, is from Definition 1.1. The set Us/s is connected, but the surfaces
S, in (3.1) divide it into different components, which we will associate with
vertices, see Fig. 5. Define
Qsy3 = Uspz~ U S (3.2)
zeZ
We will now provide two technical lemmas. The first says that any path
connecting two local minimum points in U_g/3 necessarily passes through a
surface S, for some z in the set of saddles Z, where we recall that Z denotes
the saddle points inside Usj3 \ U_s5/3. The second lemma states that U_s/3
and {15/3 have the same number of components and {25/3 defines exactly the
same graph G = (V| E) as in Section 1.2.

Lemma 3.1. Let U, and Uy be two different components of U_s/3 and
let v € C(Uy,Uy;Usyz). Then there is a critical point z € Z such that the
intersection v([0,1]) N S, is non-empty.

Proof. W.L.O.G. we assume F(zy;Zy) = 0. Fix 49 € C(Uy,Uy;Usj3) and
denote v ~ 70 when 7 is homotopy equivalent to o in Us/3. Define
FE,, = inf sup F(v(1)).
770 te[0,1]

Then there is a critical point z of F' such that F(z) = F, and a continuous
path 77 ~ 9 such that v;(¢) = z for some ¢ € (0,1). We may choose the
coordinates in R" such that z = 0 and S, = Sg = {0} x {2’ e R*1: G(2') < 6}.

Note that Sy is a convex hypersurface with boundary 9Sp = {0} x {2’ €
R™1 : G(2') = 6}, and note that 3Sy is homeomorphic to S*2. Since F
is admissible it follows from (1.1) that F'(x) > F'(0) + 2§/3 on x € 0S5y and
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therefore since F'(0) > —=§/3 we have 95y ¢ R" \ Uy/3. In particular, if v is
a path in U/ then it does not intersect 95y, and if v ~ 7o then v has to
intersect Sp. The claim then follows from 1 ~ 7. O

Lemma 3.2. The set Qg3 defined in (3.2) has the same components as
U_s3 defined in (1.2). To be more precise, if Q' is a component of Q5/3 then
there is exactly one component, say U’, of U_s/3 such that U'cQ.

Proof. W.L.O.G. we assume F(xy;x,) = 0. Let us fix a component Q' of
Q5/3. Since F' is admissible, then for any z € Z, we see from the definition of
S, in (3.1) that F(x) > F(2) for all x € S,, and hence S, nU_s/3 = @. Thus,
there is a component U’ of U_s/3 such that U' c Q. Let us also note that
U’ is the only component of U_sj3 which is in Y, since if there was another
component U" then a curve v € C(U',U";Q") c C(U',U";Uy3) necessarily
intersects one S, by Lemma 3.1. O

We will localize the capacity of the sets A = B.(x,) and B = B.(zy) in
Us/s by defining

cap(A, B; Us3) = inf(g fU VhP?e € do:h=11n A he WEA(R™ B)).

5/3

(3.3)
In the above minimization problem we do not have any boundary condition
on QUss3. Thus, it follows from a classical result of calculus of variations

(see [6, Sec 2.4]) that the minimizer h4 g of (3.3) satisfies the natural bound-

ary condition, VBA,B -n =0 on the smooth part of dUs3.
It is easy to see that for the localization (3.3) it holds

cap(A, B) > cap(A4, B;Usy3) > (1 - Cij(e)) cap(A, B), (3.4)

where 7 is as in Section 1.3. Indeed, the first inequality in (3.4) is trivial.
For the second we take BA,B to be the minimizer of (3.3) and we recall
the rough capacity bound from [1, Lemma 3.2], i.e., there exists constants
c1,¢2,q1,q2 such that

et e F@uTn)le < cap( A, B) < cpe®e F(@uivnlle, (3.5)

We choose a cut-off function 0 < ¢ <1 such that ¢ =1 in Uss, ¢ = 0 outside
Us/3 and |V(| < C, where C' depends on § and on the Lipschitz constant of
the potential F'. Then, using Young’s inequality, the maximum principle
and (3.5) we get

cap(A, B;Uss) Zer |VfLAJg|2C26_g dz
5/3

3 ~ 9 _F 2 249 _F
> — V(h esdx——f V(|°h% e = dx
=2y, [P 50) - ), [VPHE

26(1_26)-/R |V(BA,BC)|2€7§ dx_geféefF(muJ?w)/E
" €
> (1-C1(e))cap(4, B),

where the last inequality follows from the sub-linearity of 7.
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3.2. Thompson’s principle. The construction of the network via (3.2)
is suitable for the dual definition of the capacity via Thompson’s principle.
This is done by defining a class of vector fields, denoted by M, where X € M
if X e W1’°°(U5/3 N (Au B);R™) and satisfies

divX =0 in Uss\ (Au B),
X-n=0 on AUs3 (3.6)
Joa X -n=1.

We note that the set M is non-empty, since the vector field X = CeVieyh AB,
where C = (cap(A, B;Us/3)) ™", belongs to M. Then we have the following
(see e.g. [12])

1 F
= inf e/ o X2e?dx:X€M). 3.7
cap(A, B;Us;s) ( Ug/gx(AuB>| | (3.7)

Let G' = (V, E) be the graph constructed as above using the domain ;3
defined in (3.2) and let X € M. We construct a current j : E - R associated
with X as follows. Let us fix a vertex v € V \ {u,w} and let U, be the
associated component of the domain {25/3. Denote the edges incident with
v by e € E, c E and the associated surface defined in (3.1) by S, = S,,.
The boundary dU, is contained in OUss3 U (Ueek, Se)- Recall that v # u,w,

therefore divX = 0 in U,, and we have by the divergence theorem and by
X -n =0 on dUs3 that

oz—f div(X)d =f X ndH™ ! = fX- aHl. (3.8
lev()x . ndH ZSe ndH (3.8)

ecFy

We define the value of j at e € F, as

) € [o X -ndH" !, if e points into v,
j(e) = {_ Js. (3.9)

6fse X -ndH" !, if e points out of v.

We define the current similarly also at edges incident with u and w. If we
label the edges as e, ..., e we have a vector j € Rl which has components
Jk = j(ex). By construction and by (3.8) j satisfies the so-called Kirchhoff’s
current law, which means that at every vertex the current flowing in equals
the current flowing out. We may write this simply as (see [15])

Dj:(sl_(sm

where we have labeled the vertices as v1,...,v, with v1 = v and v,, = w,
and &1 and &,, are as in Lemma 2.3.

3.3. Technical lemmas. Before we prove the main theorem we recall the
following lemma from [1].

Lemma 3.3. Let F' be admissible. Let x,,x,, be as in Definition 1.4 and as-
sume that communication height from Definition 1.4 is zero, i.e., F(xy;xy) =
0. If Uy is a component of U_gjo = {F < =6/2}, then

348

OgCth(mu),Bs(mw) <Ce 16,

v

for small enough € < gg.
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Proof. The proof is almost the same as in [1, Lemma 3.5], but we repeat it
for the reader’s convenience. Let us denote u := hp_(4,),B.(z,,) for short.

Recall that U, is a component, of U_sj2 = {F < =0/2}. Since F is Lipschitz
continuous, we find a Lipschitz domain D, such that

UycD,cU s ={F<-%}
9

and the Poincaré inequality holds in D, with a constant that depends on

|F|con, e,
f |u—uDv|2d:USC/ \Vul? de,
D, Dy

where up, denotes the average of v in D,,. We use the rough capacity bound
(3.5) and D, c U_g5/9 to deduce

/ |Vl dx < o f |Vu|267§ dx
D, D,
1 -4 g-1 _ 48
<e e 9 cap(Be(xy), Be (1)) < Ce¥ e 0.

Fix a point zq € U,. Then by Harnack’s inequality [1, Lemma 2.7] it holds

1/2 . 1/2
sup |u-up,|< (][ lu—up,* dx) <Ce 2 (f lu—up,[* dm) .
Be(z0) 2B (o) D;

In conclusion, we have (since ¢ < €q)

a-l-n 26 _36
sup |u—up,|<e 2 e 9 <Ce 6.
Bs(xO)
The claim follows from the fact that xq is arbitrary point in U,. O

We also need the following lemma which relates the function 7 to w in
the assumption (1.1). This lemma can be found in [1, Lemma 3.9].

Lemma 3.4. Assume that G : R¥ - R is a convex function which has a
proper minimum at the origin and let w be the increasing function from
(1.1). Then for a fized 6 <0y and for any € < g it holds

G(

(=) (=) w(G(=x)) z)
(=i [ P ans [t Rt E R b @) [ a

for a continuous an increasing function 1 with 1(0) = 0, which depends on
w and on the dimension.

3.4. Proof of the main theorem. We prove the main theorem by provid-
ing sharp lower bounds for the variation definition of the capacity and for
(3.7), which is in some sense the dual of the argument in [12].

Proof of Theorem 1. Consider two local minima x,,x,, let A = B.(xy,)
and B = B.(xy), and let hy p be the capacitary potential for the capaci-
tor (A, B). By rescaling we may assume that communication height from
Definition 1.4 is zero, i.e., F'(zy;xy) = 0.
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0.
O
U’U- U’U+
U W

Oe

FIGURE 4. The bridge O, connects the sets (7U+ and Uv_.
The smaller cylindrical bridge O, has its lateral boundaries
inside U,,, v U,,_.

Lower bound: Let (G,y) be the electrical network from Section 1.2, and

label the vertices as V' = {v1,...,vm}, where vy = u, v, = w. We need to
show that T(G:y)
- 'Y
AB)>(1-C —
cap (A B) 2 (1 Ci(e)) e

where 7) is as in Section 1.3.

Let ¢ : V - R be a function such that ¢(v) = ha p(z,) where v € V and
1, is the associated minimum point. Let U, be the component of {F < -§/2}
which contains x,. By Lemma 3.3 we have

oscy (ha,B) < Ce s forallveV.
Therefore, ¢ satisfies
lhap - (v)| < Ceies in U, forveV. (3.10)

Consider an edge e € F, which is not a loop, and let v_,v, be the two
incident vertices in V. Denote the associated minimum points as x_, z,, the
associated islands as U_, U, respectively and the saddle point as z.. We may
assume that z, = 0 and that the bridge is given by

Oc=0.,5={y1:9(y1) <0} x{y' : G(y') <3}

Let us consider a domain (see Fig. 4)
Oc = {y1 1 g(y1) <8} x {y/ : G(y") < §/100}
and denote for 7> 0 the surface
Sy =41} x {y’ : G(y’) < §/100}.

We denote the lateral boundary of O, by Te == {y1 : g(y1) = 6} x {y/ :
G(y") < 0/100} and note that I'. = S, U S, for 71 < 0 < 75 which satisfy
g(11) = g(m2) = 0. Recall that we assume F(z.) = F'(0) < §/3 and therefore
by the definition of O, and assumption (1.1) it holds for all y € I'. that

<d/3 =0 <§/100 <§/100 <§/100

F(y) < F(0)-g(y)+G(y) +w(g(y)) +w(G(Y)) < 3
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In other words, the lateral boundary I'c is contained in the sublevel-set
{F <-0/2} and the inequality in (3.10) holds there.
Let us next prove that it holds

« _EQ) _5
(1= Cil(@) (p(v-) = (0 )y <2 [ [Vhaple™ dy+CeT, (312)

where the admittance y. is defined in (1.3). To this aim we fix 3" € {y :
G(y") < §/100}, let 71 < 0 < 75 be such that g(71) = g(72) = § and notice that
(75,9") € T¢, for i = 1,2. Using the fundamental theorem of calculus and
(3.10) we get

30
lo(v-) = p(v,)| = CeT16< < |ha p(T2,y") = hap(T1,Y)]
< f{M} 10y, ha,B(y1,y")|dyr

F(y) F(y)

= [ [Vha(yr,y')|e” 2= e 2= dys.
{g<o}

By Cauchy-Schwarz inequality we have

(ple-) = (o)) - 20 ¥ < ( Sy IR ) ( o™ )
for (y1,y") € {g <0} x {G < §/100}. The assumption (1.1) implies
F(y) <F(0) - g(y1) + w(g(y)) + G(y) + w(G W)

© o . G w(GW) . . .
Dividing the above estimate by e e e and integrating over 3’ yields

GGWH _w(EE) us
S ) (1) (o) - 20
(./{G<5/100}e € y') ((p(vo) = p(v4))? —2Ce™5<)

_F) _9(y1) wlwy)) F(0)
<( [ WhasPe ay)( [ ety )t
Oe {g<d}

Using Lemma 3.4 and Proposition 1.6 it holds

F(0) —9(y1) w(g(y1)) R F(0) -9(y1)
e - / e = e = dy1<(1+7n(e))e = fe = dy
{g<6} R

< (1+Ci(e)) de(Be(2-), Be(2+); Qe),

and, trivially
—9(v1) w(g(y1)) —€
e" < e - dylzf ez dy; > cl{g < e}l
f{g<5} {g<e} | |

Since g is Lipschitz and ¢(0) = 0 we have (—ce,ce) c {g <€} for some ¢, and
therefore |{g < €}| > ce. Again, by Lemma 3.4 and Proposition 1.6 we get
_E©O)

G _w(GE)) F(0) -Gy
e e / eiTye*Tydy' >(1-n(e))e = f e e dy’
{G<8/100} Rn-1

> (1-C0(e)) Va(Be(2-), Be(w4); L),

and trivially we also get

-G -w(GE))
[ e e o dy' < |{G < 8}|.
(G<5/100}

Recalling that F'(0) < §/3, this together with the above estimates and the
definition of the admittance y. (1.3) imply the inequality (3.12).
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Since (3.12) holds for all e € E' we can sum the inequalities over e and
rephrase the sum using the signed incidence matrix D and the admittance
matrix Y. To this aim, let ¢ be the vector (¢(v1),...,¢(vy)), where v1 = u
and v, = w, and for an edge e € F, let ve-,ve+ be the incident vertices.
Then since D is the |V|x|E| signed incidence matrix, we have for the edges

(61, e ,ek)
DTSD = (Sp(vei’) - Qp(vef)’ s ’Qp(vez) - @(Ue;)).

Furthermore, by the definition of the admittance matrix Y we have that

YD o = ((p(ver) = 0(ve-)ers - - (0 (ver) = 9(ve) ey )-

Recalling that (3.12) holds for every edge e € E, we get since sets O, are
disjoint, that

(1—C“ T 9 _E@) _5
NENDY D p) <e | |Vhap[e™™= dy+Ce 2

<cap(A,B) + Ce 2.

Now note that, the rough capacity bound (3.5) implies that cap(A, B) >
c1e9. By construction, it holds ¢1 = ¢(u) =1 and ¢,, = p(w) = 0, therefore
Lemma 2.3 completes the proof of the lower bound.

Upper bound: We prove the upper bound by a similar argument by provid-
ing a lower bound in the dual characterization (3.7). Indeed, by the second
inequality in (3.4) this provides an upper bound for the global capacity. Let
us fix a vector field X € M, where M is defined via conditions (3.6), and
construct the associated current j € RI®l as in Section 3.1. The construction
implies that j satisfies Kirchhoff’s current law Dj = 61 — d,,,, and therefore
it holds by Lemma 2.3 and Lemma 2.4 that

T(Gluw;y)
T(Gy)

In order to conclude the proof, it is enough to show that at every edge
e € F it holds

(Y'5.5)>

.9

F o
6] X%e=dx > (1-Ch(e =< 3.13
OemU5/3| | ( 7( ))ye (3.13)

where O, = O, 5 denotes the associated bridge. To this aim we may choose
the coordinates in R” such that

Oc ={x1:g(x1) <6} x {2’ : G(2") < §}.
For every |7| < §/100 redefine
Sy ={7r} x{2' : G(z") < 6}, (3.14)
and note that by the definition of j in (3.9) it holds

/ X ey dH™ !
So

where ¢é; is the first coordinate vector of R™. Let us fix 0 < 7 < §/100 and
consider the domain (see Fig. 5)

O, ={21:0<g(x1) <7} x{z': G(a') < 6}

€

= |el, (3.15)
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Us/s Us/s

FIGURE 5. The set S, and the domain OT separate the do-
main Us/3 into different components.

and denote the ‘cylindrical’ boundary by
Y,={z1:0<g(z) <7}hx{z": G(z') = 6}.

Arguing as in (3.11) we deduce that F > §/3 on X, and therefore ¥, c
(U(g/g)c. Note that the ‘lateral’ boundary of Oy is the union of Sy and S
defined in (3.14). By (3.6) X is divergence free, and thus we obtain by the
divergence theorem that

0= [. div(X) da
OeﬁU(;/g

=f ) X-nd%"’1+f X-nd%"’1+f X -ndi™ .
U ;37O So S:

Again by (3.6) we have X -n = 0 on dUy3, and since the normal on the
lateral boundary, Sy and S;, points in direction of é;, we have by (3.15)

f X ey dy™! f X ey dH™ !
Sr So

We may apply the same argument to 7 < 0 to deduce the above equality for
all |7| < 6/100.
We proceed by the Cauchy-Schwarz inequality

. 1 . 1

2 2
f X & dH™ ge(f |X|2e?d7-["’1) (f e’?d”l—["’l) .
S, S, S:

By assumption (1.1) we have

F(y) 2 F(0) - g(y1) -w(g(y1)) + G(y) -w(G(Y))
thus by Lemma 3.4 and Proposition 1.6 it holds

_F _ g(r) w(g(m) _F(0) G w(GE)
fesd%"lgese = e sf{ }e = e =« di
S, G<6

(1) w(g(r)) _F() G
<(1+i(e))e’ s e s e [R e
-

< (1+Ci(e))e T e P VL(BL (), Bo(w); ).

9 =&

= |je|'

|je| =€
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Hence, by the three previous inequalities we have

)
Je 79(7') 7“’(9(")) N 2] 2 F n—-1
e = e = <(1+Cnle))e Xl|7e= dH"™".
Vo(Ba(2-), Be(w: )i %) (L+ A J X

Integrating over 7 € (-4/100,6/100) and using Lemma 3.4 and Proposi-

tion 1.6 we get
er—@d&(Ba(x—)7BE(x+);Qe) <
‘ Vo(Be(z-), Be(24); Q)

(1+Ci(e))e? fo IX et da.

Inequality (3.13) then follows from the definition of y. in (1.3). O
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