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Batalin-Vilkovisky structures on moduli spaces of
flat connections

Anton Alekseev* Florian Naefl Jan Pulmann? Pavol Severa’

Abstract

Let ¥ be a compact oriented 2-manifold (possibly with boundary), and
let Gs; be the linear span of free homotopy classes of closed oriented curves
on ¥ equipped with the Goldman Lie bracket [+, ]Goldman defined in terms of
intersections of curves. A theorem of Goldman gives rise to a Lie homomor-
phism ®¢V" from (Gs, [, "|Goldman) to functions on the moduli space of flat
connections Mx(G) for G = U(N),GL(N), equipped with the Atiyah-Bott
Poisson bracket.

The space Gy, also carries the Turaev Lie cobracket dyraev defined in terms
of self-intersections of curves. In this paper, we address the following natural
question: which geometric structure on moduli spaces of flat connections
corresponds to the Turaev cobracket?

We give a constructive answer to this question in the following con-
text: for G a Lie supergroup with an odd invariant scalar product on its
Lie superalgebra, and for nonempty 0%, we show that the moduli space of
flat connections M (G) carries a natural Batalin-Vilkovisky (BV) structure,
given by an explicit combinatorial Fock-Rosly formula. Furthermore, for the
queer Lie supergroup G' = Q(N), we define a BV-morphism ®°44: A Gy —
Fun(Mx(Q(N))) which replaces the Goldman map, and which captures the
information both on the Goldman bracket and on the Turaev cobracket. The
map ®°%4 is constructed using the “odd trace” function on Q(NV).
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1 Introduction

Let G be a connected Lie group, g its Lie algebra, and ¥ a connected oriented
2-dimensional manifold (possibly with boundary). We denote by

Msyx(G) = Hom(m (2),G)/G

the moduli space of flat connections on 3. Usually, the action of G on the
representation space Hom(71(X),G) is not free, and it doesn’t need to be
proper. For this reason, the space Myx(G) is often singular, and there are
various approaches to dealing with it. For the purpose of this introduction,
we will be considering the smooth part of the moduli space.

Assume that g admits an invariant scalar product. Then, by the Atiyah-
Bott Theorem [4], Mx(G) carries a canonical Poisson structure {-, -} Atiyah-Bott -
If ¥ is closed, this Poisson structure is non-degenerate, and My (G) becomes
a symplectic space.

In [14], Goldman discovered an extraodinary relation between the Atiyah-
Bott Poisson structure on My (G) and topology of oriented closed curves
on Y. In more detail, let 1,72 be two such curves on ¥ which intersect
transversally at a finite number of points. Denote their free homotopy classes
by |v1l, |72, and define the Goldman bracket by formula

(71l 2llcoldman = Y €171 pal- (1)
pPEYIMNY2

Here €, is the sign of the intersection (with respect to the orientation of )
and 1 - 72 is the oriented connected sum of v; and 72 at p.

Theorem 1 (Goldman [14]). The bracket [-,-|Goldman @ well defined, and it
gives rise to a Lie bracket on the linear span Gs; of free homotopy classes of
oriented closed curves on X.

Furthermore, let G = U(n) or GL(n), and choose v € m1(X). The Gold-
man function on Mx(G), associated to 7, is defined by

h(lel) = Tr p(v),

where p € Hom(m (%), G) is a lift of [p] € Mx(G). The function O is well
defined, and it depends only on the free homotopy class of . The following
theorem establishes a relation between Goldman brackets and Atiyah-Bott
Poisson structures:

Theorem 2 (Goldman [14]).

even even . _ even
{(P |’71 | ’ ‘72' }Atlyah_BOtt - (b“'yl | ; |72 ”Goldman :



Theorem 2 can be restated in several ways. First, it says that the map

OV (G, [+, ] aoldman) — (Fun(Ms(G)), {-, -} Atiyah-Bott)

is a Lie algebra homomorphism. Equivalently, the symmetric algebra SGy; is
naturally a Poisson algebra with [, ]Goldman €xtended to a Poisson bracket,
and the map ®°V°" extends to a homomorphism of Poisson algebras

PV ; SGy — Fun(My(G)).

If one considers polynomial functions on the moduli space, this map is actually
surjective for all N (see [21]).

Note that the class of a trivial loop (O € Gy, belongs to the center of the
Lie algebra Gs;, and that the Goldman bracket descends to the quotient space

Ged =G /RO .

In [25], Turaev showed that the space Gy, carries a natural Lie cobracket

OTuraev (|7]) = Z €p ‘71/7‘ A h/g‘
peEYNY

Here we assume that the curve v has a finite number of transverse self-
intersections which are denoted by p € v N ~. By resolving the oriented
intersection at the point p, we obtain two closed oriented curves 71’7 and 'yZ’)’ .
Similar to the definition of the Goldman bracket, €, is the sign of the inter-
section with respect to the orientation of X.

Theorem 3 (Turaev [25], Chas [9]). The triple (ggd, [, *| Goldmans OTuraev)
s an involutive Lie bialgebra. That is, dmuracy %S well defined, it is a Lie
cobracket and a Lie algebra 1-cocycle with respect to the Goldman bracket,
and the composition map |-, ]Goldman © OTuraev Vanishes.

In this paper, we address the following natural question:

Question: what is the geometric structure on the moduli space of flat
connection which corresponds to the Turaev cobracket?

We start with the following standard wisdom, see e.g. [8, Sec. 5|:

Theorem 4. Let (G, [-,-],9) be an involutive Lie bialgebra. Then, the exterior
algebra NG is naturally a Batalin-Vilkovisky (BV) algebra. That is, it carries
a unique second order differential operator A such that

A2=0, A1)=0, A(z)=6d(x), AlxAy)=A@)Ay—zAAy)+ [z,

forallx,y € G.



Our first result provides a refinement of the Atiyah-Bott Poisson struc-
tures in the case when a Lie group is replaced by a Lie supergroup, and an
invariant scalar product on the Lie algebra is replaced by an odd invariant
scalar product on the Lie superalgebra. In contrast to the even case, it is in
general necessary to consider foliated surfaces.

Theorem 5. Let G be a Lie supergroup with an odd invariant scalar product
on its Lie superalgebra, and let 2 be an oriented 2-dimensional manifold with
nonempty boundary, equipped with a foliation f. Then, the moduli space
Ms(G) carries a natural BV structure AS. Futhermore, if g = Lie(G) is a
unimodular Lie superalgebra, then AT is independent of f.

Next, we consider the case of the Lie supergroup G = Q(n). Its Lie
superalgebra q(n) is unimodular and carries an odd invariant scalar product.
Hence, moduli spaces Mx(Q(n)) carry canonical BV structures A. Elements
of Q(n) are expressions of the form

U = Ueven T 5 Uodd s

where Ueyen, Uodd € Mat, (R), and £ is an odd element with £€2 = 1. We define
an analogue of the Goldman map

4 | = @Y([0]) = otr(p(7)),

where otr(u) = Tr(ueqq). Images of elements |y| € Gy, are odd functions on
the moduli space, and we extend the map ®°94 to

o4 A GEd — Fun(Ms(Q(n))).
Our second result is given by the following theorem:

Theorem 6. The map ®° is a morphism of BV algebras with respect to
the BV structure on AGs; defined by the Goldman-Turaev Lie bialgebra ggd,
and the BV structure on Fun(Mx(Q(n))) defined by Theorem 5.

The supergroup Q(n) comes with another odd function odet, which leads
to an extension of the Goldman-Turaev Lie bialgebra to G @ H(X). The
bracket between grzed and H;(X) is given by the intersection pairing, and the
cobracket is extended by 0 to H1(¥). An extension of the map ®°44, sending
a 1-cycle [a] to the function

p — odet p(a),

is a well defined morphism of BV algebras.
Theorem 6 is an analogue of the Goldman’s result for G = U(N), GL(XV),
and it gives a constructive answer to the main question addressed in the

paper.



In order to prove these results, we use the technique introduced by Fock-
Rosly [12]. In more detail, we choose a finite set V' C 9% and consider a
subgroupoid II; (X, V) with base points V. The set of representations

Ms v (G) = Hom(II; (X, V)G),
has the property that!
Myx(G) = M27v(G)/GV.

In contrast to Mx(G), the space My, v (G) admits easy descriptions given a
choice of an embedded graph I" C 3 with the following properties: the set of
vertices of T' is V, and the surface ¥ retracts to I'. Then, My v (G) = GF,
where E is the set of edges of I'.

In this context, Fock and Rosly [12| defined a bivector {-, - }rock-Rosly On
My v (G) given by an explicit combinatorial formula. In more detail, let
5 € g®g be the canonical element with respect to the invariant scalar product

on g. Then, .
7Tgock—Rosly = 9 Z Z Sab- (2)
veEV a<beS(v)

Here S(v) is the star of the vertex v which consists of half-edges with endpoint
v, a < b refers to the order of elements of S(v) induced by the orientation of
¥, and sg is a bidifferential operator acting on pairs of functions on G¥ by
differentiating the copies of G corresponding to the half-edges a and b. The
following theorem summarises several results:

Theorem 7 (Fock-Rosly [12], Massuyeau-Turaev [18], Nie [19], Li-Bland-Sev-
era [7]). Bivectors defined on Msx v (G) by different choices of the graph T
coincide with each other. The bivector Trock-Rosly descends to Mx(G) giving

{'7 . }Atiyah-Bott .

It is worth noting that mgsck-Rosly is N0t a Poisson bivector. Instead, it has
a controllable defect in the Jacobi identity. Such bivectors are called quasi-
Poisson bivectors [1, 2], and they have many properties similar to Poisson
bivectors.

In the case when G is a Lie supergroup with an odd invariant scalar
product on its Lie superalgebra g, we introduce a canonical element ¢ € g® g.
Assuming that g is unimodular, we define a second order differential operator

on My v (G) = GE:
1
AF = 5 E E tab. (3)

veEV a<beS(v)

In comparison to equation (2), there are two differences: first, ¢ is an odd
element while s is even. Second, we view s as a bidifferential operator acting

By GV, we mean a collection of elements of G indexed by V, i.e. a morphism of sets V — G.



on a pair of functions on G¥ while we consider tq;, as a second order differential
operator acting on one function. Despite these differences, properties of Al
resemble those of the Fock-Rosly bivector:

Theorem 8. Second order differential operators defined on My v (G) by dif-
ferent choices of the graph I' coincide with each other. The operator A de-
scends to a BV operator on Mx(G).

Again, the operator A is not a BV operator. Instead, its square is non-
vanishing in a controllable way giving rise to a notion of quasi-BV operators.
To simplify the presentation, Theorem 8 is stated for the case of unimodular
Lie superalgebras. A more general statement can be found in the body of the
paper.

The structure of the paper is as follows: in Section 2, we recall the Fock-
Rosly construction. In Section 3, we describe an analogous construction of the
quasi-BV operator A for supergroups. In Section 4, we give an alternative,
topological construction of A, via intersections of curves. In Section 5, we
consider moduli spaces for the Lie supergroup Q(n) and we establish a relation
between A and the Goldman-Turaev Lie bialgebra. Appendix A is devoted
to skeletons and foliations on surfaces with boundary. Appendix B contains
information on Lie algebras and Lie superalgebras with an (even or odd)
invariant scalar product. Appendix C provides a Hopf algebra viewpoint on
the fusion operation for quasi-BV spaces.
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2 Quasi-Poisson and quasi-BV structures

In this section, we recall a description of the Poisson structure on the moduli
space of flat connections on a surface, due to Fock and Rosly [12]. We start
with some useful results on surfaces.

2.1 Surfaces
2.1.1 Skeletons

Let X be an oriented, compact surface with boundary and {p1,...,p,} =V C
0¥ a finite, non-empty subset of marked points. Recall that I1;(3, V), the
fundamental groupoid with base V, is the full subgroupoid of the fundamental
groupoid II;(X) on objects V' € . In other words, the set of objects of
I1,(3, V) is V, while morphisms p; — p; are homotopy classes of paths from
pi to pj.

By a graph, we mean a 1-dimensional CW complex I'. The sets of vertices
and edges of I' are denoted VertI' and EdgesI'. For each vertex p € Vert T,
we denote by he(p) the set of half-edges of p.

Definition 1. A skeleton of ¥ is a topological embedding I' — ¥ of an
oriented graph I' such that

1. restricted to each edge e € EdgesD', the injection e — X is a smooth
embedding of manifolds with boundary,

2. the image of Vert I' equals V', with no other intersection of the image of
I' with 0%,

3. X deformation retracts to the image of I.

The edges of such skeleton then freely generate the fundamental groupoid
I1; (X, V), under composition and inversion.

Remark 1. Skeletons are closely related to ciliated graphs of [12]. Indeed,
to any skeleton we can associate a ciliated graph using the orientation of the
surface, with the cilium pointing outside of the surface. The thickening of
such graph is then homeomorphic to the original surface.

Remark 2. An alternative approach to describing the fundamental groupoid
I1; (X, V) and thus the moduli space of flat connections, would be to use tri-
angulations, or their dual uni-trivalent graphs. This approach would result in
slightly more complicated computations in Sections 2.2 and 3.2, so we have
chosen to use skeletons.

It is easy to see that one can always find a skeleton. Moreover, any two
skeletons can be connected by isotopy, edge reversions and slides. A slide is
a move of a half-edge along a neighboring edge — see Figure 1.



Proposition 1. Any two skeletons T',T' C X are connected by a finite se-
quence of isotopies, edge reversions and slides.

\-// \X\d \-»// \\7\\~
S VB A\ = N /T
4 \ \; /
I
|

~ T AN ~> X

S \

(b) Sliding the top edge along the left edge.
(a) Reversing an edge. Note that some of the marked vertices could be

identified.

Figure 1: The moves between skeletons. The solid line is the boundary 0X.

This fact seems to be known among experts, see the work of Bene [5, The-
orem 5.3] (where ¥ has one boundary component and one marked point) and
Jackson [15, Corollary 6.21] (where each boundary component has one marked
point). We present a proof of this version of the claim in Appendix A.1.

2.1.2 Foliations

For Batalin-Vilkovisky structures on moduli spaces, we will need surfaces
equipped with a 1-dimensional foliation. Since ¥ has a boundary, we will
consider foliations in the following sense:

Definition 2. By a foliation of a surface with boundary, we mean a de-
composition of X into subsets which can be extended, in each local chart
USVCRx R>p, to a smooth 1-dimensional foliation of an open sub-
set of R? containing V.

If marked points V' C 0% are chosen, a foliation is moreover required to
be tangent to the boundary at each marked point. A homotopy of foliations is
required to preserve this tangency.

Note that we don’t put any requirements on the foliation away from V,
i.e. it can be tangent to the boundary also away from V. For an example
and classification of such foliations, see Appendix A.2.

We can use a foliation to measure the number of turns of a path connecting
points of V.

Definition 3. Let v be an immersed path connecting two points of V', trans-
verse to the boundary at its endpoints. Then, we define rot, € %Z as the
number of counter-clockwise turns the foliation takes with respect to the path.



Concretely, for generic vy, there is a contribution of :I:% for each time ~y
becomes tangent to the foliation, with —% if the turn is compatible with the
orientation of the surface, as on Figure 2. Alternatively, we can pick a metric
on the surface such that ~v is perpendicular to the foliation at its endpoints.
Then the angle between # and the foliation gives a closed loop in RP'; the
rotation numbers is one half of the homotopy class of this map, where we take
as the generator the counter-clockwise turn.

NS/ NS

(a) Contribution of —% to the (b) Contribution of 5 to the ro-
rotation number tation number

Figure 2: Rotation number. The surface is oriented counter-clockwise, as depicted.

The number of rotations rot, is an invariant of regular homotopy of ~.
Moreover, it depends only on the homotopy class of the compatible foliation.
It satisfies

rot,-1 = —rot,,

where 47!

is the path v with reversed orientation.

Given two composable regular homotopy classes of paths ~1, 72, there are
two ways to compose them, depending on the order of their half-edges (see
Figure 5). The corresponding rotation numbers of the composition y27y; differ

by 1, as shown on Figure 3.

Y21
T W V2 "1 V2

O O

(@) 10ty,ry, = 1Oty + TOts, — 3 (b) Tty = TOts, + TOty, + 3

Figure 3: Rotation number of a composition

2.2 The Poisson bivector of Fock and Rosly

Let us now recall the construction of Fock and Rosly [12], of a Poisson struc-
ture on the moduli space of flat connections on a surface.



As before, let ¥ be an oriented, compact surface with boundary, and
V' a non-empty, finite set of marked points belonging to d%. Let G be a
connected Lie group, with a Lie algebra g. We will study My, v (G), the space
of principal G-bundles with a flat connection and a chosen trivialization at
V', modulo isomorphisms. Concretely, we will describe the moduli space as
the space of all groupoid homomorphisms from IT; (X, V) to G

Ms v (G) = Hom(II1 (X, V), G) .

Given a flat connection on ¥, we get an element of Hom(II;(%,V),G) as-
signing holonomy hol(y) € G to any path = in ¥ between any two points of
V. This gives an isomorphism between the moduli space of flat bundles and
Hom(IL (2, V), G).

If we choose a skeleton I' of ¥ with IV edges 71, ...,vn, we get an isomor-
phism
Ur: N 5 My y(G)

given by specifying the holonomies (hol(y1),...,hol(yy)) € G*¥. Note that
in our convention, composition of two paths 179 is a path first traversing v
and then v; so that hol(y172) = hol(y1)hol(72).

On the moduli space of flat connections, there are |V| pairwise-commuting
G (and g) actions pj,, coming from gauge transformations at points of V. They
correspond to left /right multiplication of the holonomies of paths incident at
that vertex. For example, for V' = {p}, the G-action is

(hol(v1), - .., hol(yn)) = (ghol(v1)g™",...,ghol(va)g ™).

To define the bivector field of Fock and Rosly on the moduli space, we
need to choose a skeleton I on ¥. Let us denote by he(p) the set of half-edges
incident at p € V, which is linearly ordered using the orientation of 3, see
Figure 5.

If T has edges 71, . .., vn, we can define an action of G"®) on the moduli
space My y(G) = G*V as follows. If a is a half-edge of an edge ;, and
g € G, we define (g)q: GV — G*V by

(9)a=1g X+ X Lgx---x1g if a arrives at p,

(4)

(9)a=1g x - x Ry1 x---x1g if a leaves p,

where L, or R,-1 act on the ith factor of G XN . the factor corresponding
to hol(y;). For x € g, we denote the induced Lie algebra action (x)g, i.e.
(1)q = —xft or 2 for incoming/outgoing half-edge a. Note that the action
pp is the product/sum of these actions over all half-edges incident at p, for

example pp(2) = 3 epe(p) (T)a-

10
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Figure 4: Lie group and Lie algebra Figure 5: Orientation of the surface
action associated to half-edges. gives a cyclic order on half-edges at

p. Using the boundary, we can pick
the first half-edge.

Let us now also assume that on g, there’s a nondegenerate, invariant
symmetric pairing, with inverse s € (Sym?®g)9. If e; is a basis of g, let us
write? s = se; ® ej. Recall that the Cartan element ¢ € /\3 g is defined as

1

¢(aa 6)’7) = ﬂa

([s™(8), s (1)])  for o, B, € g,

where s#: g* — g comes from the non-degenerate pairing on g.
Let us define a bivector on G*V

mhi= Y 3 s e A e )
PEV a,behe(p)
a<b
where we use the linear order of half-edges from Figure 5. Using the isomor-
phism Up: GV 5 My 1(G) we get a bivector field (¥r),mhg on the moduli
space My v (G). The following theorem then follows from the work of Fock
and Rosly [12], see also [2, 18, 19, 7] [18], Nie [19], Li-Bland-Severa [7]].

Remark 3. To define ©', we don’t have to start with an invariant pairing;
a non-necessarily-invertible element s € (Sym?(g))® is sufficient. Theorem 9
below holds in this case as well (as noticed in e.g. [7]). See also Remark 8.

Theorem 9. The bivector mpr = (¥r)«mhg on My v (G) does not depend
on the choice of the skeleton I' and is invariant under the G-action p, on
Ms v (G) for eachpe V.

Moreover,

(e, TER]/2 =) ppl0)

peV

where p acts as a trivector field on the moduli space, acting using the g-action
pp- In other words, TR is a gV -quasi-Poisson bivector on the moduli space

/1, 7).

2We use the Einstein summation convention throughout the paper.

11



Remark 4. Fock and Rosly also fix a classical r-matriz, i.e. an element
A€ /\29 satisfying [A, A]/2 = —¢. Then, the bivector mpr + ZpGV pp(A) is
Poisson.

A different way to obtain a Poisson structure is to look at the character
variety Mx. v (G)/GV, i.e. the moduli space of flat G-connections on %, with
no marked points.

We will now reprove this theorem, since a similar proof will be used in the
Section 3.2.

2.3 Proof of Theorem 9

Denote

P o

ache(p)

the Lie algebra acting at each marked point. Let tq: g — g"*® be the
inclusion associated with half-edge a. Recall that the Lie algebra actions
z +— (z), extend to a morphism from A g"*(") to multivector fields on G*V,
compatible with the wedge product and the Schouten brackets®. For example,
the element ¢4(z) € gh®® c A g"®®) is sent to the vector field (z), € X(G*N)

Moreover, if a,b are two half-edges, we can define 5,5 = Y14 (ei) A tp(€;),
so that the bivector WER is given by the image of

Y e\ @e

PEV a,behe(p) peV
a<b
Similarly, we define @gpe = 2 f7% 14 (e5) A wlej) A teler), where ¢ =

Tafijkei NejNep € /\3g uses the antisymmetric Cartan tensor f9*F =
f};ys“ s¥%. These elements satisfy a version of the Drinfeld-Kohno relations
under the Schouten bracket, see Proposition 15 in the Appendix B.1. Now
we can prove the theorem, mostly on the level of A ghe(®)

Proof of Theorem 9. From the invariance of the inner product it follows that
[()a + ()b, Sap] = O for each a, b at p, and thus s, is invariant.

To prove [Thp, ThRl/2 = >p P(@)p, we first look at each vertex p sepa-
rately. The action of ¢ at a vertex p is given by the action of

Z anbc = Z ¢aaa +3 Z (anab + éabb) +6 Z Qzabc .

a,b,c€he(p) ache(p) a,bche(p),a<b a,b,cche(p),a<b<c

3

i.e. a morphism of Gerstenhaber algebras

12
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(a) Half-edge actions a and
b get mapped to a’ and b'.

Figure 6: Choice of names for half-edges.

clockwise.

Using Proposition 15,

B’ C’

92& < Ve

/ \a
N\ 91 N1 9291
X - <
Ny Y g
o= Flro—

(b) The capital letters can correspond to more half-
edges, the action x4, for x € g, is given as a sum of
individual half-edge actions.

The orientation of the surface is counter-

1

55ap]/2 will cancel the term

we get that the term [§ 54,

3(&(1@1, + éabb) and that 6¢ae cancels with

[%gab) %gbc] + [%gaby %gac] + [%gbm %gac}

Finally, for a path ~ with half-edges a and b, one has z, =

_6¢abc + 6¢bac + 6¢bca .
—(Adyol, 7)p

and using the invariance of ¢, the term ¢q., thus cancels with ¢ppp.

To show that mwpgr is independent of I', it is enough to show that the

diffeomorphism & = \I'E/l‘Pp sends 7T1I;:R to TpR-

/ .
L. Moreover, we just need to

check this on edge reversions and slides of skeletons, c.f. Proposition 1. The
isomorphism ®: Gedges(T) —, Gedges() - corresponding to the change of edge

orientation, satisfies

0. ((2)a)

with labels for half-edge as in Figure 6a.
satisfies Inv,(z") = —2®

= and

(T)ar

This is because Inv: g — ¢!

. Thus, &, relates the two bivector fields associated

to T' and TV, because P,(sq5) = Sopr and the two bivector fields are equal

term-by-term.

For the case of the slide move of Figure 1b, we denote the half-edge as on
Figure 6b. The diffeomorphism & : Gedees(l) _y Gedees() g in this case (on

the relevant holonomies) given as (g1, g2) —

(91,9291). Thus, on vector fields

it gives
D.((7)a) = (2)ar + (Adg, (2))
Q. ((x)p) = —(Adg, ) = (Ad -1 2)p
D.((2)e) = (2)e
®.((2)a) = (x)ar + ()
®,((x)x) = (z)x» for any uppercase X

13



The relevant part (dropping terms containing only sxy for X, Y uppercase)
of the quasi-Poisson bivector field for the original graph is

SA(a+b) T S(a+b)B T Sab + SCc + ScD + SEd + SdF
and under ®,, it gets mapped to
SAra’ t Sa/B" T S(a'+Ady, ¢/)(— Adg, /) T SC'¢ T Se D + SE/(b/4d) T Sy +d)Fr-
Using (z)y = —(Adg_l1 (x))a and properties of s, we get
S(a'+Adgy ¢)(~ Adgy @) = Sa(Ady 1 b) = S(Adg, ar = —Sary = sy (6)

which gives the quasi-Poisson bivector field 77151%. Note the term s Ady, ¢/,— Adg, ¢
which is zero; it will be non-trivial in the definition of the quasi-BV operator.

We also need to consider a case where some of the marked points on Figure
1 coincide. In other words, it might happen that one of the two edges involved
is a slide move is a loop. Instead of repeating the above calculation, we recall
the so-called fusion procedure.

Figure 7: Fusion at vertices p1 and pa. Orientation of ¥ de-
termines the position of the new point.

Fusion of a surface at two points p; and ps is given by a corner-connected
sum of the two surfaces, with the two marked points replaced by one point
as on Figure 7. If we start with a surface with a skeleton, the fused surface
also has a natural skeleton, and conversely any skeleton with a loop can be
obtained by fusion which creates that loop. This becomes evident when the
surface is seen as a fattening of its skeleton, as on Figure 8.

As manifolds, the two moduli spaces are the same, however, the bivector
on the fused surface has an additional term:

Proposition 2. For a surface with a skeleton I' C X, the quasi-Poisson
structure on the surface given by fusion at two marked points p1 and po is

1 ..
I‘use T
TpR ¢ = Tpr + isl]ppl(ei) A ppsy(€5)

where py denotes the g-action at the vertez p, i.e. pp(x) = 3 epe(p)(@)a-
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Figure 8: A loop in a skeleton can be obtained via fusion.

If T and IV are two skeletons related by slide not involving loops, we know
the corresponding bivector fields (¥r).mhy and (\Ilpx)*wglR are equal for the
unfused surface. However, the fusion term

1 .
53”/0171 (el> A Ppsy (ej)

/

L . r
is independent of I". Thus, the bivector fields (¥, d)*wng“ed and mppe

are also equal, where now I'fyseq and I'f, 4 are related by a slide involving a
loop. O

2.4 Goldman Lie algebra

If we choose an Ad-invariant function f on G , there is a distinguished set of
functions fi: [p] = f(p(7)) on the moduli space My (G), where |v| is a free
homotopy class of loops* on ¥ and « its arbitrarily chosen representative in
71(X). In many cases, the Poisson bracket of these functions was described
by Goldman [14]; let us recall the case of GL,(R) with f = Tr.

Denote by Gs, = Rxf¢(X) the vector space generated by free homotopy
classes of loops on X, and by [—, —]g the Goldman Lie bracket on Gx;, given
by resolving intersections of loops (see [14, Section 3.13| or Section 5.1 below
for details).

Theorem 10. [[14, Section 3.13]] Let G = GL,(R) and let
O Gy — CF(Mx(GL(n))), 2P ([p]) == Trpy([p]) = Tr(p(7))-
Then &V 4s well defined and

even _ even even
kel = (20T PR TR,

1.e. DV s a map of Lie algebras.

4A free homotopy class a loop is a map S' — X, with two such maps identified if they can
free

be extended to a map from the cylinder St x [0,1]. Equivalently, 7i**¢(3) is the set of conjugacy
classes of m1(3), and furthermore Gy, = Ry (X)/[Rm (X), Ry (2)].
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We will describe a slight generalization of Goldman’s theorem. Our mo-
tivation is to also capture the determinant, and we will extend the Goldman
Lie algebra by the first homology H;(X) to achieve this.

Definition 4. On Gy ® H1(X,R), extend the Goldman Lie bracket by

[yl ala = ([, ad ],
[CL, b]G = (CL, b>©,
free

where |y12] € ™ (X), a,b € Hi(X,R), (a,b) is the intersection pairing on
Hi(X,R), [y] € Hi(X,R) is the homology class given by the free homotopy
class |7y| and O € Gy, is the homotopy class of the constant loop.

It is straightforward to check that the above bracket on Gy, @ Hi (X, R)
satisfies the Jacobi identity. Let us now also extend the map ®°V°": Gy, —
C®(Mx(G)).

Definition 5. Let G = GL,(R)T, the connected component of the identity.
Define ®*V": Gy, & H1(X,R) — C°(Mx(G)) by

S5 ([p]) = Tr(p(),
O ([p]) = log det(p(a)),

where |y| € " (X) and v, € T (X) is a representative of a € Hy(X) =
71 (2)2P.

Proposition 3. The map ®V" is well defined.

Proof. We need to check that two different representatives v,,7, of a give
the same function. This follows from the fact that v, = 7,C, where C is a
product of commutators, and the determinant of a commutator is equal to 1.

We can extend ®°V* from Hy(X,Z) to Hi(X,R), since ®¢¥*" is a map of
abelian groups. This follows from the fact that ~,7, is a representative for
a + b, and log det hol,,,, = logdet hol,, log det hol,, . O

Theorem 11. The map ®°V°": Gz D H; (X, R) — C®(Mx(G)) is a morphism
of Lie algebras.

Proof. Instead of Equation (5), it is more convenient to use a description of
the Poisson structure on My (G) as in |14, p. 265, Product formula]. Namely,
if f, f' are two Ad-invariant functions on G, then®

Uil faten = D7 5900 lof ((A1)pe™ )i o f ((A2)pe"),

PEY1IMNY2

5See also [12, Prop. 4.3], [16, Comment 18|, [19, Theorem 2.5] and [7, Prop. 4] for various
versions of this claim; we prove a similar statement in the odd case in Theorem 13. It is not
difficult to check that our conventions for mrr do indeed match that for the product formula
above, by considering e.g. the 1-punctured torus.
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where the sum is over all (transverse double) intersections of v; and 2, and
(A1)p, (A2), are holonomies along -1, ¥2 starting at p. The sign is given by
the orientation of ((71)p, (72)p) relative to the orientation of 3.
Let us only do the calculation for the simpler case of GL,(R). The basis
is given by elementary matrices E,g),a,8 = 1...n, and s = za’g Eap) ®
Egay- It f =Tr, we have

Orlo Tr(Ape'P@0)) = Tr(ApE(ag)) = (Ap)sas
while for f = logdet, we have
O¢lo log det(A aﬂ)) = O¢|p log det(etEmm) = Tr(E(a/g)) =0ap5. (7)

Thus, using the product formula, we get

{TI‘M logdeth |}FR = Z :t ga55’
PEYMYa

= D £ Ty = (], 0) Ty

PEYMYa

and

{log dety,, |, log det|,, | }rr = Z +04,808,0 = (a,b)n = (a,b) Tro .
PEYa M

O

Remark 5. For simplicity, we described the Goldman theorem as stated in
[14], without marked points on . See [18] and [19] for a version with marked
points.

Remark 6. One can consider the group GL,,(C) as well. Then, seen as a real
group, the above theorem holds with f = 2ReTr and with Relogdet instead
of log det.

Alternatively, one can define a holomorphic bivector field as in Equation
(5), using left-invariant holomorphic vector fields. Taking f = Tr and replac-
ing GLy(C) with its universal cover to define logdet, the above theorem then
holds as well.

3 BV operators on moduli spaces

In this section, we prove an analogue of Theorem 9 for Lie supergroups
equipped with an odd pairing on their Lie algebras.
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3.1 Lie superalgebras with an odd pairing

To get a Batalin-Vilkovisky structure on the moduli space, we will use a Lie
superalgebra g with an odd invariant pairing.

Definition 6. If g is a Lie superalgebra, an odd invariant pairing is a graded-
symmetric, non-degenerate odd map (, ): g ® g — k satisfying

(fe.y), 2) + (1), [2,2]) =0, Va,y,z € g.

A Lie superalgebra with such pairing is called odd metric. This pairing defines
a g-equivariant isomorphismb t*: Tl ® g — g* by (I @ z)(y) = (z,y), whose
inverse we will denote t .

The (odd version of the) Cartan element is defined’ as

Bla 5,7) = (=) Za((#5, t#)),

where a, 3,7 € g*.
Finally, define an odd element v € g by

(v,z) = strgad,, Vo € g.

Recall that a Lie (super)algebra is called unimodular if ad,: g — g is
traceless for all x € g. By the previous definition, a unimodularity of g is
equivalent to vanishing of v. For more details on ¢, ¢ and their coordinate
expressions, see Appendix B.2

3.2 BV structure on the moduli of flat connections

Let us now turn our attentions to moduli spaces of flat G connections, with
G a supergroup (see [26] and [10]).

Definition 7. Let ¥ be a compact, oriented surface with boundary and V C
0% a finite, non-empty set of marked points. For a supergroup G, the moduli
space of flat G-connections on (X,V) is the supermanifold

sz(G) = HomSGrpd(Hl(E, V), G) . (8)

There is a natural action of GV on this space, let us denote by p,(g) and
pp(x) the Lie group and Lie algebra actions of the pth factor. In this section,
we will define a second order differential operator on My, y(G) that will turn
this space into a so-called g"'-quasi BV manifold.

61T denotes the one-dimensional super vector space RO concentrated in the odd degree.
"The sign (—1)# is because the odd map ¢# passes through it.
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Definition 8. A supermanifold M with an action of an odd metric algebra
g is called g-quasi-BV if it is equipped with an odd, second-order, g-invariant
differential operator A satisfying

A(1)=0 and A*=¢,
where ¢ acts on M as an element of Ug.

If we choose a skeleton of I with edges ~v1,...,vn, we get an isomorphism
\I/[‘Z GXN :> ME,V(G).

This way, the abstract space of all maps of groupoids gets a concrete descrip-
tion, which we will mostly use.®

As in Section 3.2, can define, for any half-edge a, an action of the Lie
algebra g, denoted by (z), for = € g, by the equation (4), i.e. left-invariant
or minus of the right invariant vector field on the corresponding component
of GV

To define the quasi BV operator, we also need to fix a foliation of 3 as in
Definition 3, i.e. we require that the foliation is tangent to the boundary at
the marked points. Let us also choose I' such that its edges ~; are transverse
to the foliation at the marked points.

If g has odd invariant pairing as in Definition 6, denote by ¢¥/ the matrix
inverse to the matrix of the pairing t;; = (e;, e;) for a homogeneous basis e;
of g. Then we define

=2 Z —1)lt (e)ales)p+ Y %roty-(V)a7 (9)

pEV a,behe( ) vEEdgesT’
a<b

where a, is the outgoing half-edge of ~.

Remark 7. If g is unimodular, the second term of AL is zero and we don’t
need the foliation of the surface. However, if g is not unimodular, just the
first term of AV would not be invariant under slide moves, as we will see
below.

Remark 8. As in the even case (see Remark 3), the definition of A' and
Theorem 12 below are valid also in the case one starts with g and an element
t=(—Dleltiie; ne; € (N?9)9, d.e. t doesn’t have to be the inverse of an odd,
nondegenerate pairing on g.

8The functor from supermanifolds to sets, given by
X = HomGrOupOid (Hl (Ea V), HomSuperMﬂd(Xa G))

is representable by each of these moduli spaces constructed using I". This gives an alternative
definition of the moduli space My v (G).
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Theorem 12. The operator A := (V). Al on My y(G) is independent
of the choice of I' compatible with the foliation and does not change under
homotopy of the foliation.

Futhermore, A satisfies all the properties of Definition 8 and thus equips
Ms v (G) with a structure of a gV -quasi BV manifold.

The proof will be similar to the proof in Section 2.3. Now, instead of mul-
tivector fields, we work with differential operators, and thus the Gerstenhaber
algebra A g"e(®) will be replaced by the associative algebra Ughe(®),

Proof. Let us define to, € Ughe® by (—1)|ei‘t"j€a(ez~)%(ej), where ¢,: g —
g"*(®) is the inclusion into the ath copy. Similarly, @ape = ¢™¥% 14 (ex)tp(ey)tc(e)
and 7, = 14(v) (see Proposition 16 for the definition of ¢*¥*). The operator
AT can be then written as the action of

A=Y S0t 74,

pEV a,behe(p) vEEdges T’
a<b

These elements have properties similar to those of s, and anbc in the even
case, which are collected in Proposition 17 in Appendix B.2. Using this
result, we can just follow the proof of Theorem 9 without many modifications.
For example, the invariance of A w.r.t. the action of g¥ follows from the
invariance of £ and 7. Since v is central, it does not enter into the calculation
of A% =[A,A]/2 and we can repeat the arguments of Section 2.3 verbatim.

The invariance of A under edge inversion is as before, using Inv, ((x)¥) =
—(2)®. The additional term v, = v*, is sent to Inv,(v') = —vft =

= —v —vl
since v is G-invariant. This minus sign is canceled by rot., -1 = —rot,,.

For the slide, the formulas expressing the action of ® = \I'IT,l\IJr on the
vector fields are still correct. However, the term —%t Adg, (¢/),Adg, (¢') from equa-
tion (6) is not zero, but gives —v /4 = Djy /4. This counters the discrepancy
between

ot ot rot rot rot
P 'YIV+ ’Y2V — 711//—1— Wll//—i- ’YQV,
* ( 5 Vd 5 W 5 Vd 5 Vb 5 Wb

and

10ty vy + IOty vy = rot., v rot., + rot,, + %l/b/ .
2 2 2
where ~; is the path with holonomy g; in the Figure 6b.
Finally, the fusion works as before. The foliation on the fused surface
is extended as on Figure 9. The paths acquire no additional rotation with
respect to this new foliation, so we again have

20



Figure 9: Fusion of a foliated surface at vertices py and po.

Proposition 4. For a surface with a skeleton I' C X, the quasi BV structure
on the surface given by fusion at two marked points p1 and ps s

1 g
Alfused — AT + 5(—1)'6"“‘15”Pp1 (ei)pm (6j> ’

where py denotes the g-action at the vertez p, i.e. pp(x) = 3 epe(p)(@)a-

Then if we have a loop in I', we can always see the surface as a fusion
of a different surface, where the loop is split. Moreover, the surface retracts
to a thickening of its skeleton, on which the foliation is as on Figure 10 (see
Appendix A.2). Thus, the foliation on the fused surface can be obtained from
the foliation of the unfused surface by deformation, with rotation numbers
unchanged.

Figure 10: A loop in a skeleton of a foliated surface can be obtained via fusion.

If a slide move contains a loop, we have that operators Alunfused and
ATluntused give the same A on the moduli space of the unfused surface, and
the additional term from fusion does not depend on I'. O

For more details on fusion of quasi-BV manifolds, see Appendix C.
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4 Topological interpretation of A

In this section, we give a topological interpretation of the operator A, in
terms of chords at intersections of loops on the surface.

4.1 Curves and chords

We start by introducing a class of functions on the moduli space, given by
evaluating functions on GG on holonomies along paths in > and their deriva-
tives using chords. Such functions appeared before in [3], we present a version
adapted to supergroups.

First, the case without chords is simply given by assigning holonomies to
paths in 3. For any path v on ¥ connecting two points of V', we have a
map hol,: My y(G) — G giving the holonomy of along . This map, by
definition, depends only on the homotopy class of v fixing the endpoints.

Definition 9. Let v1,...,7 be k paths between points of V.. Then we define
holy,, ., : O(G*F) — O(Ms v (G))

as the pullback along the map Mx,v(G) — G** given by the product of maps
hOLﬁ : ng(G) — G.

This map only depends on the homotopy class of the paths? ;. If we
choose a skeleton, with N edges, we get a map O(G**) — O(G*VN), as
illustrated on the following example.

Example 1. If v is the boundary loop and ei,es are the two generators of
the fundamental group as on the Figure 11a, then we have v = 62_1
and thus the map hol, is given by the diagram on Figure 11b.

There are two ways to read this diagram, dual to each other. From top
to bottom, it is built from structure maps of a (super)group, i.e. the two
strands correspond to the two copies of G, they are followed by two diagonal
maps G — G X G and the group multiplication in the correct order, with bars
signifying inverses.

—1
€1 €261

From bottom to top, it can be seen as a diagram in the symmetric monoidal
category of vector superspaces. It is built from structure maps of the (super)
Hopf algebra O(QG), i.e. an iterated coproduct, followed by the antipode (the
bar), symmetry and the product of the Hopf algebra. Denoting the coproduct,
antipode, symmetry and product by (1,5, 7 and m, this can be written as

(mem)o(1@7®1)o(r®7)0(5%221%2)o0W: O(G) = O(G) ® O(G),
where W = (0@ 191 o (O® 1) o 0.

9By such homotopy we mean a continuous map [0, 1] x ([0, 1]-F)

the k paths.

— ¥ fixing the endpoints of
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O(G x G) = O(Ms, 1,4(G))

O(G)

(a) A punctured torus with a loop. (b) The corresponding map hol,.

Figure 11: Interpreting loops on a surface as functions on the moduli space.

Let us now assume that the Lie algebra g of G is odd metric. Then we can
define functions assigned to paths with one chord, by acting with ¢t € g® g
at the chord endpoints on the outgoing half-edges.

Definition 10. Let v1,...,7: be as before and let us choose a path § on X
connecting two points on y1 U --- U ~g, a so-called chord.

Then we define h01§Y17---7’Yk IR O(G*F) — O(Ms v (Q)) as follows: First,
we deform the paths so that the endpoints of & are in 'V, as on Figure 12

Figure 12: Moving endpoints of a chord to a marked point.

This gives us a map hol': My, v (G) — G**+3) because of the additional
holonomy along the chord and the two subdivisions. In the case when the

chord connects 2 different paths, we define hol‘s71 as on Figure 15.

sVl
O(Msv(Q))
hol’
o 1, 1, 1,1, 1 T
// O Y1 M Y2 Y2 W3- Uk
4 6 1"
M
/ €.
V2 y
!
g ! s
| O(G)®*

Figure 13: Definition of a chord connecting two paths.
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If the chord lies one path, we define holﬂsﬂ,m% as on Figure 14. Finally,
we require that changing the orientation of the chord is equivalent to multi-
plication by —1.

I O(G)=*

Figure 14: Definition of a chord connecting two points on one path. Oppositely oriented
chord would result in —1 times the above diagram.

The symbol Y is the odd tensor (—1)|ei‘tijei ®ej: I —g®g. We use the
adjoint action g — g ® O(G) to (co)act by the holonomy along 6. The Lie
algebra action g @ O(G) — O(QG) is by left-invariant vector fields.

A wuseful rule of thumb is that we act on the half-edge of v leaving the
chord endpoint. Intuitively, one of the endpoints of the chord is acted on
by the holonomy along the chord. Specifically, note that the chord is a path
lying on ¥, and chords with different homotopy classes will act differently.

Remark 9. In the case of usual Lie algebra, one would write the first map,
evaluated at fi @ fo € O(G x G), as

%:S] o f1 ({e) oy

o (st

t1=0 to=0

where we use § or vy to denote the holonomies along the respective loops

In the graded case, the diagram should be read from the bottom to top, as
a diagram in the category of supervector spaces. The grey lines represent the
Lie algebra g, the black lines the super Hopf algebra O(G), and the dotted line
represents I1 = RY0. The adjoint action g — g ® O(G) would correspond in
the even case to the map sending x € g to the g-valued function g — Ady x.

Proposition 5. The map holfsh’mmc only depends on the homotopy classes of
the curves (the endpoints of the chord only move along the path they belong
to), and is independent of how we deformed the endpoints of the chord to
V. Changing the orientation of the chord multiplies the corresponding hol
function by —1.
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Proof. Choosing a different path for a chord endpoint, possibly ending at a
different marked vertex, multiplies the holonomy along § by a well-defined
holonomy g € G (computed from the new vertex to the old vertex). Let us
treat only the case when the starting point of the chord is moved, since the
case of the endpoint follows by reversing the direction. The new holonomy
along the moved chord is given by ¢ followed by the holonomy along the old
chord, i.e. 6 — 6g. The two holonomies 7/, 4" change to ¢~ 14" and 7”g. All
of these actions cancel out due to the invariance of ¢, i.e.

6 g ,yll ,y/ 6 g ,YH ,y/ 5 g ,yll ,yl 5 lg ,yll ,yl

where the additional holonomy g is highlighted in red.
The dependence on orientation of the chord follows from the invariance
and antisymmetry of . O

Moreover, we can construct such functions assigned to homotopy classes
of free loops, provided they are

Moreover, we can get a function on My 1/(G) from a loop in 3, provided
that it is assigned a function invariant under conjugation by G.

Proposition 6. Restrict hol‘s . be the subspace of functions on G*k which
are invariant under conjugatzon of the ith factor. Then this map depend only
on the free homotopy class of v;, i.e. it is independent on v € V and of the
representative in conjugacy classes in wi (%, v).

Proof. Changing how the loop ~; is deformed to a based loop (also possibly
changing the base point) conjugates the holonomy, under which the function
f is invariant. The case when there is a chord on ~; is analogous; the case
when both endpoints lie on ~; is slightly more involved, and follows from a
suitable version of the equation

fildetiche! Malea) = fi(bet AMsle)g deteic)

with the holonomies a, b, ¢, d as on Figure 15. O

4.2 Quasi-BV structure on holonomies

We can now express the action of the BV operator on these functions coming
from chords. We will from now on assume that all the families of paths have a
finite number of transverse double (possibly self-) intersections and no other
intersections. We also assume that the curves intersect the boundary only at
their endpoints, which lie in V', and that they become tangent to the foliation
in a finite number of points only.
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/\7

Figure 15: Notation for holonomies for conjugation invariance.

Definition 11. For any collection v1,...,v, of paths on X, let p be an in-
tersection or self-intersection point. Let us place a chord connecting the two
segments near p as on Figure 16a for an intersection in the interior of ¥ and
as on Figure 160 for an intersection at the boundary.

(a) )

Figure 16: Rules for adding chords at intersections in the interior and at the boundary.
The surface orientation is counter-clockwise.

Define a function on the moduli space given by the sum over all intersec-
tion points
P 1 ;
> Apholfy o, + Sholy, 0 > roty, v (10)
p k

where A, is 1 if the intersection is in the interior of the surface and 1/2 if the
intersection is at the boundary. The second sum is over all paths, acting with
the vector v € g as a left-invariant vector field on the ith copy of G in G**.

The second sum can be seen as adding a rot.,-multiple of a short chord
on each path ~, as we will see it the proof of the following proposition.

Proposition 7. The above function does not change if we move the individual
paths ~y; by homotopy.

Proof. We need to check invariance with respect to the three Reidemeister
moves (see [19, Proof of Prop. 2.11]).
RI: At the intersection, we get a short chord:
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From Definition 10, such chord acts by (—1)I¢/t4 (e;)(e;) = /2, see also
Proposition 17. This cancels with —v/” /2 coming from the full clockwise turn
the path undertakes.

RII: We get a cancellation

which holds by the invariance and antisymmetry of the chord. Other possible
cases follow since changing the orientation of any of the paths multiplies the
whole equation by —1. If one of the intersection points is at the boundary,
the situation is analogous.

RIII: The following identity holds term by term. Again, changing the
orientation of any of the paths multiplies the terms where a chord lies on
that path by —1.

R R

Theorem 13. Let v1,...,7v, be as before. Then

1 .
Aoholy,, 4, = Z Ap holéﬁy__,ﬁk + §h01717---77k ZTOWVL’Z' (11)
p k

where the right hand side is defined in Definition 11

The formula (11) completely determines the quasi BV operator, since we
can get any function on the moduli space via holonomies.

Corollary 1. The quasi BV operator acting on My, v (G)/G, is equal to the
quasi BV operator on M y\(}(G). Specifically, there is a canonical BV op-
erator on O(Msx(Q)), i.e. on the G*V-invariant functions in O(Ms v (G)).
The choice of V is arbitrary. In general the foliation must be deformed to be
compatible with V', which is always possible, see Figure 17.
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Figure 17: Deforming a foliation to be compatible with a new marked point.

Proof of Theorem 13. Both sides of Equation (11) are maps
O(G*) = O(Ms v (G)).

The left hand side, evaluated on a tensor product of k functions on G, is
equal to the BV operator from Theorem 12 acting on the function on the
moduli space given by evaluating these k functions on the k£ holonomies along
Vs eee s Vi

The right hand side is equal to a similar function given by the holonomies,
together with one chord for each intersection of ~y; (plus the term containing
rotations of ~;.)

Let us describe the strategy of the proof. We will start with the left hand
side of (11). We have an explicit formula (9) for the quasi-BV operator, once
we choose a skeleton I'. If we deform the paths v; to intersect only near the
vertices of I' (the marked points), the action of the first term of (9) can be
rewritten in terms of chords from Definition 10. These chords will act on any
pair of path segments meeting at a marked point. Analyzing the possible
positions of such pairs of path segments, we will show that if the paths don’t
intersect, these chords will cancel each other; if the paths do intersect, we
recover the intersection formula (10).

Let us start with Aohol,, . -, . For a chosen skeleton I', hol, . ,, is given
(from bottom to top) by applying the iterated coproduct on each component
of O(G**), then a permutation of these factors, and finally by multiplying
together factors corresponding to the same edge of I'.

Both sides of equation (11) are homotopy invariant. Thus, the above mor-
phism can be visualized by retracting the surface, and with it the paths ~,
to I'. Moreover, we can arrange all the intersections to take place in a small
neighborhood of the vertices of V' and such that each pair of paths going
through the vertex neighborhood intersects at most once in this neighbor-
hood, as on Figure 18.

The operator A in Aohol,, . ., (defined in (9), ignoring the rotation term
and signs for a moment) acts on pairs of half-edges of I'. By Leibniz rule, we
get at each vertex a sum

1,
Z ihOI’ZYIrJ--v'Yk

1<j,i,j not in the same half-edge of T"
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Figure 18: Paths intersecting only near a marked point v.

over all half-edges of the part of 1, ...,~ incident to the vertex. The chord
i — j connects the two half-edges i and j and comes from the term %4, of A.

We can remove the condition that ¢ and j do not follow the same half-edge
of I'. Indeed, the above sum is equal to

i—]
ZhOIM,---ﬁk’

1<j

where the added terms cancel with terms from neighboring vertices by the
invariance and antisymmetry of ¢.

The sum above contains chords connecting half-edges of paths close to
marked points. Every chord connects either two consecutive half-edges in a
path (i.e. lies on one path segment), or connects two different segments of
(possibly the same) path going through the marked point. Splitting the above
sum, we get

1 1
Z 5(1 to 4 chords between these two segments) + 3 Z hol?, .. (12)
e

e17#e2

The first term is a sum over all pairs of segments of paths ; going through
v, and for each such pair, we collect all chord that connect them. In the second
term, we get a “short” chord placed on the segment e (at the marked point),
which equals the action of +v/2. Together with the rotation part of A, it
combines to give the second term of the RHS of (11), since at each vertex the
path undergoes an extra 1/2 turn in addition to the rotation along edges of
r.

Signs: If a half-edge ' arrives at the vertex v, the element x € g coming
from the chord t4;, acts as ™% on that holonomy:; for an outgoing edge 7",
acts by z, see the Figure la. However, for a function of the product 7"+,
the equality 22" = 2% holds. We can thus move every action to act by left
invariant vector fields on the outgoing half-edge, as in Definition 10, with a
minus sign for each chord acting on an incoming edge. Let us now apply this

rule.
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In the case where the chord lies on one path segment, we get a % times the

short chord, as picture on Figure 19 The orientation of the chord is given by

Figure 19: A chord lying on one path segment from the second sum in (12).

the order of half-edges, as in equation (9), with the minus sign as discussed
above. This gives an action of —v/4, which is consistent with the counter-
clockwise half-turn, as on Figure 2.

- - +
e )

&1 W% LI B T<

B —_———— e B
- - +

e e e e

2
—_——

Figure 20: Case with two traversing paths.

Next, we treat the sums over pairs of segments from Equation (12) case
by case. If two path segments meet near the marked point v, none, one or
both of them start on end at v. In all cases, we will show that we recover the
intersection rule from Definition 11:

1. If neither of the paths starts nor ends at the marked point, there are 4
chords. There are three different ways to connect 4 half-edges to 2 path
segments, two in which the paths don’t intersect and one in which they
do. These four possibilities are shown on Figure 20.

The first two lines, without an intersection of the segments, vanish.
In the last line, the first two terms cancel, but the other two chords
add up. This corresponds to the chord that comes from two paths
intersecting from Definition 11. The direction is correct (chord leaves
the first outgoing half-edge) and the sum of two chords cancels with the
factor 3 in Equation (12).
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2. If one path starts or ends at v, we get the three cases shown on Figure
21. As before, we get a non-zero contribution only in the last case,
which, after multiplying by % from (12), has the correct factor of +1.

Figure 21: Case with one path ending at the marked point.

3. If both paths start or end at v, there is only one term, shown on Figure
22. Together with the factor % from (12), we get an agreement with
Definition 11.

Figure 22: Case with both paths ending at the marked point.

The remaining cases, in which the paths are oriented differently, follow from
the above calculations: changing an orientation of one of the paths changes
signs on both sides of the equation. O

4.3 Another formula for the quasi-BV operator

We will now present two more formulas for the quasi-BV operator in terms of
the surface. Their role is to make the role of the foliation clearer. Concretely,
in the formula (10), the term containing the rotation numbers rot, has to be
added by hand to the sum over all intersections. If we instead consider inter-
section of the collection of paths ~1,...,v, and the same collection, shifted in
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the direction of the foliation, we will obtain the rotation numbers automati-
cally. We will first consider a case of a general foliation, and then a simpler
situation of an orientable foliation (see Appendix A.2).

We will shift the paths v; in the direction of the foliation. For each path
v, there are two possible choices for the direction of this shift.

Definition 12. Let v1,...,v; as before. Choose a direction of a small shift
for each ~; such that the shifted and unshifted paths all intersect transversally
in double points. If a path ~y; intersects a shifted path ’yjﬁh in p, the point p
has a preimage on the original path vy;, let us call it pg. See Figure 23, with
the shifted path shown in red.

Figure 23: Rule for chords at the intersection of a shifted (red) and an unshifted (black)
path

Then, we define a function on the moduli space by averaging over all
possible choices of the directions of shifts, and for each choice by summing
over all intersections of shifted and unshifted paths, with o chord going from

po top X 1
¥ S Sapholr (13)
2k possible shifts pEYMySh

where the sign oy, is +1 iff the half-edges leaving p, ordered (shifted, unshifted),
are compatible with the orientation of the surface.

Proposition 8. The function (13) from the above definition is equal to A o
h01’717~--,7k'

Proof. An intersection point p occurs either where two path segments inter-
sect, or when the path becomes tangent to the foliation. For brevity, let us
denote the choice of directions of the shifts by C.

In the first case, if the intersection happens away from the boundary, we
get (see Figure 24), for each C, two chords at the intersection, with all the 2
or 4 possible shifts giving the same answer.

Together with the factor % from Equation (13), we get an agreement with
Definition 11.
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Figure 24: Definition 12 applied near an intersection in the interior of 3.

If the intersection happens on the boundary, it is either an intersection of
two different paths, or a self-intersection. In the first case, the four cases on
Figure 25 appear for different C.

SR/

Figure 25: Definition 12 applied near an intersection at the boundary of 3.

Here, we already oriented the chord to absorb the possible sign «; the
terms also carry a factor %

If the segments meeting at the boundary belong to the same path, there
are two cases to distinguish: If the foliation makes an odd number of turns
along the path, we get the left column of the above figure, and for an even

number of turns, we get the right column of the above figure.

Finally, if the path becomes tangent to the foliation, there is a contribution
only in the cases if it looks like a local extremum, see Figure 26.

Figure 26: Definition 12 when a path becomes tangent to the foliation.

This short chord, together with the factor %, acts by v/4, as expected
(compare with the proof of Proposition 7)

Since all of these cases have the same frequency among all possible C', we
see that the average number of chords is % in all three cases, which recovers the
factor A, from Definition 11. As before, the cases with different orientations
of the intersecting segments follow from these, since changing an orientation
multiplies the term by —1. O
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However, the foliation is orientable!®, i.e. we can consistently choose a
direction of the shift, we can remove the symmetrization from Equation (13)

Definition 13. Let v1,...,v be as in Definition 12 and assume that the
foliation of X is orientable. Choose one such orientation, shift all paths ~
along this vector field and define, as before, a function by summing over all
intersections of the shifted and unshifted paths.

1
> Gepholi . (14)
pEYNysh
The sign oy and the chord direction is as in Definition 12.

Proposition 9. The function (14) from the above definition is equal to A o
hol,, .. ~.- Specifically, it does not depend on the sign of the orientation of
the foliation.

Proof. The proof is similar to the proof of Proposition 8, only the foliation is
now oriented, which excludes the cases in right column, when the intersection
happens at the boundary. The remaining cases recover Definition 11 without
averaging. O

5 Goldman-Turaev Lie bialgebra and Q(n)

In this section, we specialize to G = Q(n), the queer Lie supergroup. This will
allow us to relate the Goldman-Turaev Lie bialgebra with the BV operator
on the moduli space of flat connections, extending the correspondence of the
Goldman bracket and the Atiyah-Bott Poisson structure [14].

5.1 The Lie supergroup Q(n)

Let us recall the definition of the queer Lie supergroup Q(n) (see [17, §1.8]
for more details).

Definition 14. For n > 1, define the following associative algebra

Gas(n) = Mat, (R) @ R[g]/(gg - 1)

This algebra is Zso-graded by setting & to be odd. The odd function otr on
Gas(n) is defined by
otr(X +&Y)=TrY

and is cyclically symmetrict! otr(A;As) = otr(AzA4;).

10See Appendix A.2.
1 The usual Koszul sign (—1)"4‘1"4|2 is equal to +1, since A; and As have opposite parity.
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We define Q(n), to be the Lie supergroup of invertible elements associated
to qas(n). Its Lie superalgebra, denoted q(n), is the space gas(n) with the
bracket given by the graded commutator. The odd trace makes q(n) into an
odd metric Lie algebra, with pairing given by A1 ® As — otr(A;As).

The Lie superalgebra ¢(n) is unimodular, see Proposition 11 and Remark
10.

5.2 Goldman-Turaev Lie bialgebra

Any collection of k loops 7; on X gives a function on the moduli space
My v(Q(n)), by taking a product of the odd traces of holonomies along ~;.
Our goal is now to study the action of the BV operator A on such functions,
to which end we need to recall the Goldman-Turaev Lie bialgebra.

Recall from Section 2.4 that Gy, = Rﬂ{ree is the R-vector space generated
by homotopy classes of free loops in an oriented surface 3. The following two
operations were defined by Goldman and Turaev [14, 25].

Definition 15. Let 71, 2 be two immersed loops on Y representing their
classes |71|, |y2| € Gy with transversal double intersections. Their Goldman
bracket is given by a sum over their intersections

[l helle = Bp[>< - > <]

where we modify the loops only in a small disc around p, connecting them
into one loop. The sign By is +1 iff the two tangent vectors (41, %2) at p agree
with the orientation of X.

The Turaev cobracket of |y1| is defined as a sum over all self-intersections

of m
drlm| = > >< ” > <

p self-intersection of v1

where we see the resulting two loops as lying in G A\Gyx,, with the first loop being
the one starting to the right (this is fized by the orientation of the surface).

Goldman proved [14] that (Gsx, [, -]g) is a well-defined Lie algebra. More-
over, the constant loop is in the center of |-, ] and on the quotient ggd =
Gy /RO, the above bracket and cobracket give a well-defined Lie bialge-
bra by a result of Turaev [25]. Moreover, (G4 [ ]g,dT) is involutive, i.e.
[,:]g o 01 = 0, by a result of Chas [9]. Therefore, one can define a BV op-
erator on the commutative superalgebra /\ggd using the following standard

result.

35



Proposition 10 (|8, Sec. 5|). Let (G,[-,],d) be an involutive Lie bialgebra.
Define an operator Al19 on the commutative superalgebra AG by

A[.’.]’é([El, L. 7$n) = Z(—l)i+j+1[$i, J,']].’El U 7 i'] ... Iy
1<j
+ Z(—l)i_lxl co0(xg) g,
Al1e(1) =0,

where x; € G and we omit the symbol N.
Then A9 makes AG into a Batalin-Vilkovisky algebra'?.

5.3 The odd Goldman map

As we mentioned above, collection of loops v1,...,v, on 3 defines a function
on My y(Q(n)) by taking the product of odd traces of all the holonomies.
Since this function depends on the order of the loops «; only up to the sign
of a permutation, we get a map ®°4d: A GEd — O(My v (Q(n))). We will
now show that this map intertwines the natural BV operators on both sides,
defined in Proposition 10 and Theorem 12, respectively.

Theorem 14. Let ®°94: A G — O(Myx v (Q(n))) be the algebra map de-
fined by sending the generators vy to hol,(otr). Then

Ao (I)odd _ (I)odd o A[-,-](;,26T7 (15)
i.e. 4 4s a map of (quasi-)BV algebras.

Note that in order to get an agreement, we need to use 27 as a cobracket
on gr;d in Proposition 10.

Proof. It will be simpler to consider, instead of the supergroup (n), a more
general unimodular Lie supergroup G obtained as the supergroup of invertible
elements of an associative superalgebra A with an invariant, non-degenerate
odd trace otr. Similarly to q(n), let us denote by {e;} a basis of A and
by {¢'} the dual basis of A*. Let us also introduce the structure constants
ci?j by e;e; = cfjek, cyclically-symmetric coefficients t;,. ;, = otre; ...e;,
and the inverse of the pairing t = (—1)/%/tVe; ® e; € A ® A with tt, =
0. In our conventions for supegroups, we have for the coproduct U¢' =
(—1)|¢j‘|¢k|c§-kqﬁj ® ¢* and for the left action of A, seen as a Lie algebra of G,

()b’ = (—1)leelc, .

12There are two conventions for a definition of a BV algebra used in literature, either with
A(zy) = A(2)y + (=) zA(y) + {z,y} or with A(zy) = A(z)y + (=1)"zAy) + (~1)"Ha, y}.
The bracket {-,-} is then either graded-symmetric or satisfies {y, z} = (—1){l+Dy+D+1ry 01
respectively. We use the first convention.
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Both sides of Equation (15) are a sum over all (possibly self-) intersections
of loops; we will prove the equality (15) term-by-term. Morevoer, we can
permute both sides such that the BV operators act on the first two loops for
the case of an intersection, or the first loop in the case of a self-intersection.
Let us treat these cases separately.

O(Msy(G))
hol’

T BT

B! J2
iotr iotr
(a) A chord at an intersection (b) The corresponding function
of two loops on the moduli space

Figure 27: The term of the LHS of (15) corresponding to an intersection of two loops.

........................ O(Msv(G))
' hol’
N W
."A_. .,»". :Otl‘
(a) A resolution of intersection (b) The corresponding function
from the Goldman bracket on the moduli space

Figure 28: The term of the RHS of (15) corresponding to an intersection of two loops.

intersection of two loops: Using Theorem 13, we get on the LHS of
(15) the chord diagram as shown on Figure 27a. Using Definition 10, this
term is equal to the function on Figure 27b. The RHS of (15) is given by the
Goldman bracket from Definition 15, i.e. the holonomy of the loop on Figure
28a. This loop is (up to cyclic permutation) equal to vjv/~v4v4 which gives
the function on Figure 28b.

Our goal is to prove the equality of the two function on Figures 27b and
28b. Let us consider the parts of the diagrams below the box marked hol’,
which can be seen as odd elements of (A*)®* C O(G)®*. Concretely, from
Figure 27b we get

(—1)leeltlenlzbr ity (ea)i o’ @ ¢ @ (en) 6" @ ¢,
while from Figure 28b we get
tind' ® ¢ @ ¢" @ ¢,
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The equality of these tensors can be proven directly using the invariance of
the odd trace. Alternatively, we can see both sides as maps A®* — I193 = [T,
and prove the identity diagramatically (taking care with signs), getting

To obtain the left-most diagram, we use the fact that acting by (e,)“ on

a linear function corresponds to right-multiplication by e,. Then, the first
equality follows from the invariance of the odd trace, while the second equality
follows from cancellation of the pairing e; ® e; + t;; = otr(e;e;) and ¢t =
(—1)|ei‘tij€i & €.

O(Msv(G))

(b) The corresponding function
(a) A chord at a self- on the moduli space, from Def-
mntersection. wnation 11.

Figure 29: The term of the LHS of (15) corresponding to a self-intersection.

self-intersection: Here, the situation is analogous, with the loops and
corresponding functions shown on Figures 29 and 30. These give the following
elements of (A*)®3:

(1) ol 0 5 (e0) 6 © (1)) @ oF

and . ' '
(1)1t 6" @ ¢F @ oF

respectively. Again, one can proceed in coordinates, or diagramatically:

i otr




(a) A resolution of intersection
from the Turaev cobracket. The
factor 2 is introduced in (15).
The loop on the right is the first (b) The corresponding function
one in the wedge product. on the moduli space.

Figure 30: The term of the RHS of (15) corresponding to a self-intersection.

The last equality does not hold in general, but for G = Q(n) follows from the
identity

_ unit (16)

)
otr

A

which is proven in Proposition 11. O

Proposition 11. In the algebra gas(n), the identity (16) holds.

Proof. In the notation of the proof of Theorem 14, the identity reads

1 ab :
(el — g,

where ujej € (as(n) is the unit of the algebra and e,e;ep, = czm.bej are the
structure constants of the iterated product.

For gas(1), we have t = 1 ® £ — £ ® 1, and the identity holds since

Sl E e ()M 6 1) = 1 Lotr(E)1,

_%(1.1.5_5.1.1)zoéotr(l)l.

The algebra g,s(n) is obtained by tensoring gas(1) with the algebra Mat, (R),
which satisfies ), S®E, X Ey = Tr(X)1,xn where E, is a basis of Mat,,(R)
and S% the inverse to Tr(E,Ep). This is true because a basis F, consists of
elementary matrices, with a = (af3) being a pair of indices. Then the matrix
product S®E,XE} is a matrix with X 3p on the position (o, ) and zeros
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elsewhere, and summing over all @ and § gives the identity matrix times the
trace of X.

The tensor product of two such algebras again satisfies (16), which is
immediate diagramatically

Here ¢a5(1) is represented by the solid line and Mat, (R) by the dash-dotted
line. O

Remark 10. Given an associative superalgebra where the identity (16) holds,
its commutator Lie superalgebra is unimodular. This can be seen by precom-
posing the identity (16) with the unit.

5.4 0Odd determinants and H;(%)

Let us extend the Lie bialgebra structure from gged to Qrzed ® Hy(X,R), as in
Section 2.4.

Definition 16. On G4 @ H,(X), define a Lie bracket [-,-]g as in Definition
4, with ) = 0. The cobracket o is extended from o1 by 0 on Hi(X).

It is easy to check that one obtains again an involutive Lie bialgebra, and
thus A (G4 & H; (3, R)) becomes a BV algebra using Proposition 10.

The role of the function logdet from Section 2.4 will be played by the
following function:

Definition 17. The odd determinant odet: Q(n) — 11 is the odd function on
Q(n) defined by
Tr(X 1Y)
odet(X +&Y) = > (XY (17)
7>1 odd J
The odd determinant satisfies
odet(GH) = odet(G) + odet(H), (18)
and thus is invariant {17, Theorem 1.8.5].

Proposition 12. Define an algebra map

o4 A (G @ Hi(Z,R)) = O(Msv(Q(n))),

40



by extending ®°9 vig }
3°44(q) = hol,, (odet),

where 7y, € T1(X) represents a € Hy(X) = w1 (2)*. Then ®° is a map of
(quasi-)BV algebras, with respect to A on O(Msy(Q(n))) and Al+16:2T op
A (Gl Hy(3, R)).

Proof. Let us start by stating the odd analogue!® of Equation (7): an element
x € q(n) = T.Q(n), i.e. a derivative at the group identity e € Q(n), satisfies

x(odet) = —otrz. (19)

This is easily seen from Definition 17: only the term 7 = 1 of the sum
(17) is linear in the odd coordinate, and can have a non-zero contribution
when evaluated at e € Q(n). The sign comes from our convention for the
isomorphism q(n) = TeQ(n); we identify = € q(n) with the derivation at e
given as ¢' — (—1)1?'l¢¢(z).

Equations (18) and (19) imply, for the left-invariant action of x € q(n)
2 odet = —otrz, (20)

i.e. a constant function on @(n). Similarly, again using (18), we get

/Lgiet /Ldet

Now, we can prove that the extended map ®°3 is a map of quasi-BV
algebras. There are three new cases to consider, containing loops =, for
a€ Hi(X,R)

self-intersection of a loop v,: The cobracket is extended by zero to the
first homology. Similarly, a chord acting on a triple coproduct of odet is zero,
since at least one leg of the chord will differentiate the constant function.

an intersection of two loops v, v,:. The Goldman bracket is extended
to H1(X,R) by zero. On the other hand, the chord acting on two functions
odet will give a function proportional to (—1)!¢/#% otr(e;) otr(e;). Since either
e; or e; are even, their odd trace is 0 and the function corresponding to the
chord also vanishes.

an intersection of ~, with ~: This is the only nonzero term, let us
analyze the two terms similarly as in the proof of Theorem 14. The chord and
the corresponding function is shown on Figure 31. The extended Goldman

— otr

\
\
\
\
H
H
H

lodet

13Equation (7) says, in other terms, that the Lie algebra morphism Tr: gl(n) — R is the
differential of the Lie group morphism logdet: GL,(R)T — R. Similarly, (19) says that the
Lie superalgebra morphism otr: q(n) — II is the differential of the Lie supergroup morphism
odet: Q(n) — II.
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bracket [, a] contributes just -, for a positive intersection. Using (20) in
Figure 31b, we get the following element of O(Q(n))®4

(—1)lealtleelt1pabt, (e ) bp' @ ¢ @ otr(ey) @ 1, (21)
where 1 € O(Q(n)) is the constant function equal to 1. If we choose a basis!4

of gas(n) as E(ap) and £F(,g), the element ¢ can be written as
t= 2 Plop) @ EB(a) — EE(ap) © E(pa)-
a,B=1

Then, in Equation (21), only the first term of the above sum contributes, and
only when o = 3, i.e. we get the left-invariant action of the identity matrix
>« E(aa), which acts trivially

tij (X g Blaa) ' © ¢ @ 1@ 1 =t¢' ® ¢! @1® 1.

O(Msv(G))
L4 hol’
e A T
v o -
jotr Eodet
(a) A chord at an intersection (b) The corresponding function
of two loops v and g on the moduli space

Figure 31: The term corresponding to an intersection of two loops v and 7,.

O

5.5 Surjectivity of the map $°
In this section, we investigate which (algebraic) functions on the moduli space
without marked points are in the image of the maps ®°44 and Ppodd,

Let us briefly recall the even case. The even analogue of ®°99 is the
extension of ®¢V*" (defined in Theorem 10) to an algebra map SymGs, —
O(Mx(GL(n))). The image of this extension is generated by traces of ar-
bitrary holonomies. Choosing a set of generators of 71 (%) with holonomies

denoted by Aj,..., Ay, this image is generated by traces of monomials in
A:I:l A:I:l
1Ay

HRecall that E(op) are the elementary matrices.
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By [21], any function on the space Mat,(R)*" polynomial in the matrix
entries and invariant under simultaneous conjugation by GL(n) is a product
of traces of monomials in the matrices.

If we restrict to the space GL(n)*™ /GL(n), the algebraic functions we
consider are polynomials in the matrix entries and the inverses of the de-
terminants of A;, invariant under simultaneous conjugation. This algebra is
equal to the image of the extension of ®¢V¢": this follows from the fact that
the additional generators det A, ! can be written as a polynomial in traces of
powers of Ai_l.

Let us now turn to the odd case. The image of ®°99 is generated by

odd traces of arbitrary holonomies, while the image of ®°44 has additional
generators for odd determinants of holonomies.

A natural class of algebraic functions on the moduli space Mx(GL(n)) &
Q(n)*N /Q(n) is given by invariant polynomials of matrix entries and inverses
of determinants of their even parts. It was proven by Berele [6] that all
functions on gas(n)*" polynomial in entries and invariant under simultaneous
conjugation by Q(n) are products of odd traces of monomials of matrices!.
However, restricting to invertible matrices, already for N = n = 1 we see that
not all algebraic functions are coming from odd traces. Indeed, denoting by
a and da even and the odd coordinate

A=a+&da € Q1)

we get otr A* = ka*'da, and we need to include the odd determinant
odet A = a~'da, which is also invariant. Thus, we are led to the following
conjecture.

Conjecture 1. The algebra of all algebraic functions on

Mz (Q(n)) = (Q(n)*™)/Q(n)

1s generated by odd traces of products of matrices and their inverses, and by
the odd determinants of the N matrices.

Proposition 13. For n =1, the conjecture is true.

Proof. On Q(1)*Y, we denote the even coordinates a; and the odd coordi-
nates da;. It is enough to look at invariants under ¢(1), since odd traces and
determinants are already (1) invariant. The even part of ¢(1) acts trivially,
the odd part acts via

[€,a+ &da] = 2da.

In other words, on Q(1)*", ¢ acts as the odd vector field

0

BInvariants under conjugation by Q(n) were also studied by Sergeev [23, 22] and Shander [24]
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Invariant functions on Q(1)*"V are thus the same thing as closed differential
forms on the complement of coordinate hyperplanes of RY | polynomial in the
coordinates and their inverses. We will freely go between function on Q(1)*V
and such differential forms.

The odd trace of the ith matrix A; = a; + £da; is equal to da;, its odd
determinant equals da;/a;. More generally, let f be a non-commutative poly-
nomial in N variables, then

F(A1,..., AN) = a + &da

for some function o = f(ay,...,ay) + forms of degree > 2. This is true
because it holds for the matrices A; and remains true for product of such
matrices of that form

(a1 + &dar)(ag + Edag) = (g + dardas) + E(andas + daias).

The cohomology of the algebra of non-constant algebraic functions on
Q(1) with respect to d is one-dimensional, generated by da/a. Thus, any
q(1) invariant function on Q(1)*" can be written as a product of functions
da;/a; plus an exact term. The term da;/a; is equal to the product of odd
determinants, we thus need to treat exact forms.

Let 3 = M + 8@ 4+ .. be an exact form with ) an i-form. We
can always write %) = d(3 ) 1j=k—1 Brdar) = 32 5—x—1 d(Br)dar for some
functions A7, I = (I1,...,I;_1) is a multi-index of length k — 1. Then, if )
vanish for ¢ < k, the k-th form component of

B — otr(B(A)) otr(A) .. otr( A1)

vanishes. Here otr(/57(A)) is obtained by replacing a; by A;, whose 1-form
part does not depend on the chosen order.

Working order by order, we finally write any invariant function as a prod-
uct of odd determinants plus sum of products of odd traces. O

Remark 11. In the even case, the kernels of the maps ®V" are non-empty
for every n; however their intersection over n € N is empty, as shown by
FEtingof [11]. It would be interesting to study an analogous question for Q(n).
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A Skeletons and foliations

A.1 Skeletons

Proof of Proposition 1. We start by replacing the skeleton by a homotopy
equivalent graph embedded in ¥. Specifically, we arbitrarily resolve each
marked point p, with valence n(p), to a binary tree with a root at p and n(p)
leaves. This way, the skeleton T is transformed into a uni-trivalent graph I'
in 3, dual to a triangulation. In general, let us consider a uni-trivalent graph

I in the surface such that
1. the univalent vertices are mapped bijectively to V,
2. the trivalent vertices are mapped to the interior of ¥, and
3. % deformation retracts to I

To go back from such uni-trivalent graph to a (possibly different) skeleton,
we need to choose a subset 1" of edges of T, let’s call them red, such that their
complement r \ T is a spanning forest'%, with one tree rooted at each marked
point. Then, contracting the trees to their roots, the red edges become a
skeleton of the surface.

We will now proceed in two steps. First, we will prove that for a fixed
uni-trivalent graph, any two choices of red edges give skeletons that can be
related by slides. Then, we will use a result of Penner 20| relating different
uni-trivalent graphs via flips.

With two choices T',U of the sets of red edges on the same uni-trivalent
graph T, let us denote the two complementary forests by (Tpy,---,Tp,) and
(Up,,--.,Up,), where we enumerated their trees by their roots. One of the
red edges eg in T" must be in U, for some p € V (otherwise T'= U). Let us
consider the union of ey with the forest T’ \ T. This subgraph will not be a
forest anymore, but this additional edge'”

1. either created a loop v in a tree 7T}, or

2. it connected Tj, with some other tree T}, creating a path between 7y
between p; and p;.

In both cases, the path ~ has to contain an edge e; that belongs to U. This
implies that e; # eg, as eg € U, C I'\ U. Thus, considering 7" := T\ {eg} U

16Recall that a spanning forest of a graph is a subgraph consisting of a disjoint union of trees

that contains all vertices of the graph.

17Spanning tree is equivalently characterized by the property that addition of any edge creates
a single loop [|]. For spanning forests, the result we use follows by joining all the roots of the trees
to a new vertex, creating a spanning tree of this enlarged graph. Then, adding an edge creates a
loop in this spanning tree, which might or might not pass through the new vertex, giving the two

possibilities.
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{e1}, we obtain a new red set, i.e. a set of edges such that T'\ 7" is a forest
rooted at V.

Repeating this move, we transform 7" to U, since each such move subtracts
2 from the finite number ), |T),, A Up,|.

For the skeletons corresponding to the forests, this move corresponds to
the slide, along eq, of the red half-edges between the removed red edge ey and
the added red edge eq, as encountered along v. On Figure 32, we show the
case when « is a loop. The case when the added edge connects two trees is
analogous.

f f
€0 h €0 h
e €1
root J root J
€o
f
b f
root J OOt

Figure 32: Replacing the red edge eq with e;. On the top, the red edges and the black forest
are shown. On the bottom, the forest is contracted to show the corresponding skeletons.
The half-edges g, f and h undergo a slide along ey, because they are between ey and eq.

€1

J

Now, let us turn to relating different uni-trivalent graphs. We will use the
fact that any two uni-trivalent graphs as above are related by a sequence of
flips, i.e. moves as on Figure 33.

For surfaces with marked points on the boundary, this claim follows from
the work of Penner [20]. There, the boundary components of ¥ without
marked points are represented as punctures, and the univalent vertices of
the uni-trivalent graph are also allowed to lie on these punctures, in addition
to the marked points. Any two such Penner graphs are then related by
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>_< i ><
Figure 33: Flip move. The edge in the middle has to connect two distinct trivalent vertices.

a sequence of isotopies, flips and so-called quasi-flips [20, Definition 5.5.7,
Corollary 5.5.10], which are moves involving an edge ending on a puncture,

depicted on Figure 34.

Figure 34: Quasi-flip. The edge in the middle has to connect a trivalent vertexr and a
puncture.

To get our kind of a uni-trivalent graph from such Penner graph, we can
replace the punctured vertex by a “tadpole” graph, as on Figure 35.

Figure 35: Replacing punctured vertices with trivalent graphs.

A general uni-trivalent graph might not be isotopic to one coming from
a Penner graph, as the loop around a boundary component without marked
points might contain more than one trivalent vertex. However, using flips,
we can transform it to such graph. Then, the quasi-flip can be implemented
using two ordinary flips, see Figure 36. Thus, any two uni-trivalent graphs
we consider are connected via flips.

Finally, let us explain how the flips interact with the skeletons. For a flip
along an edge, we can find a spanning forest containing such edge, by adding
this edge to the forest and removing another edge from a newly formed loop
or path connecting marked points. If this new loop or path contains only the
one edge, this edge is not valid for flips.

However, flip along an edge contained in the spanning forest has no effect
on the corresponding skeleton. Thus, we can relate any two skeletons, re-
placed by uni-trivalent graphs with red edges, by moving red edges and flips
along non-red edges. Since moving of red edges corresponds to slides and flips
along non-red edges don’t change the skeleton, the proposition is proven. [
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O~ O~
Figure 86: A quasi-flip can be implemented as a sequence of two flips

A.2 Foliations

An example of a foliated surface, with multiple paths and their rotation num-
bers, is shown below in Figure 37 Now, we classify foliations on surfaces with

Figure 87: A foliation of a sphere with three punctures. The
top path has rotation number —%, the bottom path 0.

boundary and marked points.

Proposition 14. If T is a skeleton of 32, then a homotopy class of foliations
is uniquely specified by choosing the rotation number for each edge of I'. Con-
versely, for any choice of half-integers for edges of I', there exists a foliation,
with these rotation numbers.

Proof. existence: Realize each vertex of the skeleton as the following foliated
coupon:

For any r € %Z, construct a strip with r rotations of the foliation by embed-
ding it in a horizontally-foliated plane as a spiral; the case of r = —3/2 is
shown below:
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Finally, glue together these strips and the coupons, which is possible as the
foliations agree on the dotted intervals.

uniqueness: If we fix one foliation and a metric on ¥, foliations are
in bijection with based maps ¥/V — S!. Homotopy classes of these maps
are classified by specifying the degree of the map along each edge of I'; as
X/V~T/V. 0

Let us remark that 1-dimensional foliations are in 1-1 correspondence
with 1-dimensional distributions in 7’3, tangent to 0% at V. This follows
from the Frobenius theorem. If there exists a nowhere-vanishing section of
such distribution, then the corresponding foliation is called orientable. Not
all foliations are orientable, i.e. it is not always possible to choose a non-
vanishing vector field tangent to the foliation; the foliation on Figure 37 is
such non-orientable example.

Orientable foliations also arise from framings such that the first component
of the framing is tangent to 0% at V. To each orientable foliation, there is
unique-up-to homotopy such framing compatible with the orientation of .

B Lie algebras with a pairing

B.1 Ordinary Lie algebras with a pairing

Let g be an ordinary Lie algebra with a symmetric, invariant pairing. Let
he(p) be an ordered set.
Recall from Section 2.3 the elements

Sap = s 1a(e) A 1y(e;) € N2ghe®)

and .
Pabe = ﬂf”kba(ei) A tp(ef) A teler) € A3ghel),

Let us now collect some useful properties of these two elements of A ghe(®).

Proposition 15 (Properties of s). We have 54 = —8pq and anbc is symmetric
w.r.t. permutation of its labels. For a # b

[Eab’ §ab] = 24(Q~5aab + gEabb) )

and for a,b and c different,
[galn §bc] = _24&abc-

Finally, for a, b, ¢ and d all distinct, [Sqp, Scq] = 0.
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Proof. The symmetry properties follow from (anti-)symmetry of s and ¢“*.
Next,
[§ab, gab] = tijtkl(ba([ei, ek]) VAN Lb(ej) N Lb(el) + La(ei) A La(ek) A Lb([ej, el]))
= ™ a(em) A uw(es) Auler) + [ a(ed) A valer) A uy(en)
= 24dash + 24P aab -

For one common index, we have

[§ab, §bc} = tijtlea(ei) A Lb([ej, ek]) AN Lc(el)

_ fnilba(ei) A Lb(en) A Lc(el) = —24éabc .

B.2 Lie superalgebras with an odd pairing

Let us denote by e; a homogeneous basis of an odd metric Lie algebra g as in
Definition 6. Denote t;; = (t;,t;) and [e;, e;] = fikjek. Then we can express ¢
and v from Definition 6 in coordinates and also define an invariant element
in /\2 g inverse to the pairing on g.

Proposition 16.
1. The Cartan element ¢ is invariant and graded-symmetric and thus de-
fines an element ¢ € (Sym3g)9. In coordinates, we have
<_1)\ey\
24

¢ = "V ere e, = t””jffktkzexeyez, (22)

where t¥9 is the matriz inverse to tij
2. The element (—1)¢ltie; A ej € N* g is g-invariant.

3. The element (—1)|ei|tijf£ek € g is equal to v and is in the center of g.
Proof. 1. From the definition of ¢, we have
d(a,, B) = (=1)IHFDUBHEDFIHNI=IBl 6o 8 ~) = (=DIPINg(a, 8, 7),
From the invariance of the pairing we have for any x,y,z € g
(@, [y, 2]) = =(=1)"¥([y, 2], ) = (=, [z,9)]).
Thus, ¢(av, 8,7) o< (=1)Bl(t#a, [t# 3, t#4]) satisfies

o(B,7,a) = (1) Plg(a, B,7) = (~1)(a, B,7)

which means ¢ is symmetric (since |a| + |5] + |7] 242 ) for the result

to be non-zero).
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The invariance follows from this as

(fw, 2], [y, 2)) + (=1 @, [w, [y, =]])
= ([w. =, [y, 2]) + (=)"F(Jy, 2], [, w]) .

Now just use that ¢(ad;(a® S ®+)) is (up to a numerical factor) equal
to (-, [-,*]) evaluated on ad,(t"a ® t# @ t7+)

Evaluating ¢ on three basis elements of g*, we get
B(e®, ¥, e%) = (_1)|€yHez|¢(ey761"ez)
1 ~ . 1 . .
= (—1)leslFleylleal+ ﬂey([t“ei,t”ej]) = (—1)lesltleylleal+ ﬂt“ff’jtjz,
where we used that ¢ = (—1)leilleil$J% = $J%. This corresponds to the for-
mula ¢ = (—1)|ey|+1itxjffktkzeﬁeyez, since pairing this with e*, e¥, e*

gives
1 .
1 x 2 z k
(_1)\6y\+ tlex|(ley|+lez)+leylle |24txjf]ykt z

and these two signs are equal, since |e;| + |ey| + |e;| = 0. Note that
the sign (—1)lesl(evlt+lezD+levllezl is the Koszul sign from the pairing of
er ®ey Ve, with e @ e¥ ® e*.

. It follows from a direct calculation, using the symmetry of ¢, that
adek(—1)|ei|tijei Nej = (—1)'“6‘48 thed™Vey Ney =0

Alternatively, see Remark 12

. By definition, v is equal to vie; = (—1)'?’6| fEtlie;. From the symmetry
of ¢%¥%, we get (—1)|ek|t”fl’; = (—1)|ek|f;ltlk, which gives

(—1)lerlgit gl = (—1)lexl ]2k

Because the Lie bracket commutes with the action of g, we get that
v = (—1)l4lti[e;, e;] is invariant by the previous point.
O

Recall that II is the vector space RO and IIg := II ® g. The implicit

Koszul sign from commuting with II allows us to state the above result more
invariantly.

Remark 12. One can use the isomorphism g* = Ilg and the décalage iso-
morphism A" (Ilg) = Sym"(g) to clarify the previous proposition. The map
TRy 2z (x,y, z]) is graded antisymmetric, and thus can be seen as an el-
ement of /\3 (g). Using the following sequence of g-equivariant isomorphisms,

3 3
Mo \(g) =T /\(g) = Sym*(g),
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this element is mapped to —¢. Similarly, the odd pairing lives in Sym?(g*) =
Sym?(Ilg) = A*(g); tijeled gets sent to (—1)lltie; Aej, on which we can
apply the Lie bracket to get v.

Note that we can map ¢ to Ug using the symmetrization map. Explicitly,

. _1)leyl .
¢ as an element of Ug is equal to ¢*™¥*e ey e, = %t“ﬁktkzemeyez.

_ Let us also prove the odd analogue of Proposition 17 for elements v, t and
¢, defined in the proof of Theorem 12. The only added feature is that Z4q is
not zero.

Proposition 17 (Properties of t). We have oy = —tpy for a # b and te, =
ta(V)/2. The element ¢ape is symmetric w.r.t. permutation of its labels. Both
are invariant under the diagonal action of g.

Fora#1b 3 3
[taby tab] = 24(¢aab + d)abb) )

and for a,b and c different,

[Fabs o] = —24abe-
Finally, for a, b, ¢ and d all distinct, [tay,teq] = 0.
Proof of Proposition 17. For t,,, we get
*1)‘ei|tijba(ei)ba(ej)
— D)l 19 (1a(ei)ales) — talej)taler)
o (0 ).

2?aa:(
(

Let us calculate only [tap, tpe):

[fabagbc] = (_1>|ei|+‘ek‘tijtkl[/a(ei)bb([eﬁek])bc(el)
— (—1)|€i|+‘eﬂ'|+|em‘t”f]’7gt’“%a(ei)ab(em)ac(el)

= —24¢)imlLa(ei)Lb(em)Lc(el)-

The calculation for [tu, tep] is analogous. O

Remark 13. The elements s/t and ¢ satisfy similar relations, as shown in
Proposition 15 and 17. This can be seen as having a morphism to /\ghe(p) or
Ughe®) from a super analogue of the Drinfeld-Kohno Lie algebra, which we
will call Poaa(n).

The algebra poaa(n) is generated by odd elements {tap}qpeq1,...ny and even
elements {Gaaa fae1,....n}» Where taa, Paaa are central and tqy satisfy tee = —tap
fora#b and

[tab; tac + tbc] = 07 [taba tcd] =0
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for a,b,c or a,b,c,d all distinct. The elements Ggap + Gapp and Gape can be
defined as the commutators of t’s; the relation [tap, tac + toe] = 0 tells us that
Dape 1S symmetric.

A Z-graded version of this algebra, without the central elements, appears
in the study of rational cohomology of the little n-discs operad for odd n, see
[18, Part II, Section 14.1.1 and Theorem 14.1.14]

C Hopf-like algebras governing the fusion of
quasi-BV structures

We can characterize g-quasi-BV manifolds as being manifolds with action of
an algebra H9 by differential operators, which we define below. Then, the
fusion of quasi-BV manifolds is captured by a coproduct-like structure on
these algebras.

Definition 18. Let (g,t) be a quadratic Lie algebra. Define
HP=Uge UKkA),

where the odd generator A (graded) commutes with the Lie algebra g and
satisfies
2 _ L ik 3
A% = Ef] eiejer € Sym”(g) C Ug.
He7"¢ Afijk = (—l)k‘*jkffbt“itbj‘ is graded symmetric, so one can write the image
of f”keiejek i Ug as just f”keiejek.

The coproduct is defined as

0(6) =¢E@1+1Q¢E, whereé €y,
OA)=AR1+10 A+ (—1)te; ®e;.
The antipode turns out to be the reqular antipode for & € g and
S(A) =-A—vw.

Finally, let us introduce an additional filtration on H®, which is the usual
filtration on Ug and where A increases filtration degree by 2.

On a supermanifold M with g-action, A should correspond to a quasi-BV
Delta:

Proposition 18. The above definition makes H? into a Hopf algebra.

A g-quasi-BV structure on M is equivalently given by an algebra map
H® — DiffOp(M) which preserves parity, filtration and sends & and A to
operators annihilating the constant function 1 € O(M).
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We will denote the image of A by A again.

Proof. This means that elements of g are mapped to vector fields and A is
mapped to an odd second-order differential operator, such that M has an
action of g and g-invariant operator A whose square is given by the action

by ¢ € Ug. 0

C.1 Fusion

We will now introduce two algebra maps between these Hopf algebras. For
moduli spaces of flat connections, these maps will be

Definition 19. Let g,b,b12 be odd metric Lie superalgebras. Let
. HI9h _y 7/900Dh

be the algebra map defined by sending A to A + (—1)eitéjei ® ej, where the
second term is an element of g® g C U(g)*? = U(g @ g), and by sending an
element £ € g to (§,€) €g D g.

Let

i HH1®h2 _y ®fo)2

be the algebra map defined by sending A to A®14+1® A and by sending
m €bh1 tom @1 and nz € b to 1 @ns.

A fusion at g of a g ® g D h-quasi-BV manifold M is defined by the com-
position

7990 5, 9409990 _, DifOp(M).

A fusion at g of a g® bh1-quasi-BV manifold and g® ho-quasi-BV manifold
s defined by the composition

7{99H1Dh2 ﬂ H{IEN1 o 7y0Bh2 DiffOp(M ) @ DiffOp(N) — DiffOp(M x N).

Proposition 19. The maps O and i are well defined. The fusion is associa-
tive in the sense that the following diagram commutes

qqeoh O g/0®a0h

o o

7{9PeBh O 7{9DISeDh

where in Uy o: HIDIDY _y 4 8D8D9EY  the index specifies on which g we act.

Proof. For the maps [J and i, the only nontrivial identity (CJ(A))? = O(A2).
This is a calculation analogous to the one in the proof of Proposition 18
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Both legs of the associativity diagram act as a triple coproduct on g,
identity on h and on A, they give

AmAR191+10ARI+1IQ1I®A
+ (Dl e @l+e®l®e +1@e ®e;).

O

Remark 14. For h; = hy = 0, the composition i o O is the coproduct O on
HS.

Finally, we give a topological interpretation to the maps [ and 1.

Proposition 20. Let H998%h DiffOp(My; 1.1 (G)) be the quasi-BV
structure from Theorem 12, with the two g actions corresponding to the two
points p,p’. Then the g ® h-quasi-BV structure on the surface given by fusion
of p,p’ into p” is given by the composition

HIEY 2y 19299y DIfOp(My, g0 1(G)) = DIffOp(Ms; g .. 1(G))-

Similarly, if £1,Vi and Yo, Vo are two surfaces with corresponding g¥1-2-
quasi-BV structures, then the quasi-BV structure on (31U, V1UVL) is given
by the composition

708072 L 90" g 40"
— Diﬁop(MEth (G) X MEz,Vz (G)) = DiHOP(MZ1LI22,V1LIV2 (G))

Proof. The additional term from Proposition 4 comes from (A) = A +
(—1)%tje; @ ej. For the disjoint union of surfaces, the quasi-BV operators
are simply added together. O
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