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BOUNDARY APPROXIMATE CONTROLLABILITY UNDER POSITIVITY
CONSTRAINTS OF LINEAR SYSTEMS

YASSINE EL GANTOUH

ABSTRACT. This paper focuses on boundary approximate controllability under positivity constraints
of a wide range of infinite-dimensional control systems. We develop frequency domain controllability
criteria. Firstly, we derive a controllability result under positivity constraints on the control for such
systems. Then, and more importantly, we provide a necessary and sufficient condition for controllability
under positivity constraints on the control and the state.

The obtained results are applied to the controllability of transportation and heat conduction net-
works. In particular, provided that the underlying graph is strongly connected, the controllability
under positivity constraints on the control/state of transport network systems is fully characterized by
a Kalman-type rank condition. For a system of heat equations with Robin boundary conditions on
a path-like network, we establish approximate controllability under positivity state-constraint with a
single positive input through the starting node. However, we prove the lack of controllability under
unilateral control-constraint.

1. INTRODUCTION

In this paper, we are concerned with boundary approximate controllability under positivity constraints
of infinite-dimensional linear systems described as

2(t) = Amz(t), t>0,
2(0) ==, (1)
(G —=T)z(t) = Ku(t), t>0,

where the state variable z(.) takes values in a Banach space X and the control function u(-) is given
in the Banach space LP([0,400);U). The maximal (differential) operator A,, : D(4,,) C X — X is
closed and densely defined, K is a bounded linear operator from U into X (both are Banach space),
and G,T' : D(A,,) — 0X are linear continuous trace operators. Such a system arises naturally as
abstract formulation of structured population models, and systems of linear partial differential and/or
delay differential equations on networks. In particular, over the past few decades, there has been a
growing interest in studying qualitative and quantitative properties of (1) (see e.g. [8, 10, 11, 12, 13, 16,
18, 19, 23, 27] and references therein). Before going further in our exposition, let us recall some basic
facts about this kind of systems and their controllability properties:

1. System (1) is well-posed in the following sense: for every x € X and u € LP([0,+00);U) there
exists a unique solution z € C([0, +o0); X) that depends continuously on the initial data = and
the control u.

2. System (1) is positively well-posed if it is well-posed and for every positive initial state x and
positive input u the state of (1) remains positive for all ¢ > 0.
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3. System (1) is said to be approximately controllable with respect to positive controls if it can be
steered from any initial data to a state arbitrarily close to a target by choosing a suitable positive
control.

4. System (1) is said to be approximately positive controllable if it can be steered from any positive
initial data to a positive state arbitrarily close to a target by choosing a suitable positive control.

The well-posedness of (1) has been investigated in several works (see, e.g., [10, 13, 16, 18, 19, 23]).
Moreover, boundary approximate positive controllability for the unperturbed system (1) (i.e., ' = 0) has
been addressed in [8]. In this latter, the authors proved a necessary and sufficient condition for this system
to be approximate positive controllable by developing the solution into an implicit variation of constant
formula [8, Eq. 3.2]. In this setting, it is clearly pointed out that some bounds on the trace operator G
lead unavoidably to non-reflexive Banach spaces. More recently in [12], the authors also addressed the
question of boundary approximate controllability with respect to positive controls for a linearized Saint-
Venant equation and a heat equation. There, the authors established that the resulting problem can be
reduced to a classic constrained controllability problem for distributed systems [26]. Note, however, that,
in this paper, the analyticity of the semigroup were necessary to obtain controllability results. Finally,
for the sake of completeness, we mention that a controllability problem under positivity constraints for
the heat equation was recently addressed in [20]. There, the authors showed that the heat equation is
controllable to any positive steady state by means of positive boundary controls, provided the control
time is large enough. Moreover, it is also proved that controllability by positive controls fails if the time
is too short, whenever the initial datum differs from the final target.

In this paper, we investigate boundary approximate controllability under positivity constraints of (1)
within the framework of positive LP-well-posed and regular linear systems introduced in [13]. Our aim is
to derive controllability criteria for (1) and to generalize and unify some previous results available in the
literature [8, 9, 17, 25, 26]. To this end, we derive necessary and sufficient conditions for the boundary
approximate controllability with respect to positive controls of the non-homogeneous boundary control
system (1). More precisely, we provide frequency domain criteria for boundary approximate controllability
under positivity constraints on the control and/or the state. This latter effort is motivated by the fact
that transfer functions of infinite-dimensional control systems provide a very clear characterization of the
qualitative and quantitative properties of boundary control systems and time-delay systems.

In particular, we have obtained the following controllability results:

(i) Firstly, we show in Theorem 2.1 that boundary approximate controllability under positivity
constraints on the control is fully characterized by a frequency domain-type test.

(ii) Secondly, in Theorem 2.2 we establish that boundary approximate controllability under positivity
constraints on the control and the state (also called boundary approximate positive controllability)
is equivalent to a frequency domain test (inequality-type test).

Ku

FIGURE 1. A closed-loop representation of (1).

The set-up of the proof of Theorems 2.1 and 2.2 is relatively simple. First, we assume that the
homogeneous system is positively well-posed (rep. well-posed). Using a perturbation result in [13] (resp.
[16]), we have that the generator of the homogeneous system coincides with the generator of the closed-

loop system associated to (1) (see Figure 1). Therefore, we express the control map of (1) in terms of the
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input-maps of the closed-loop system. This allows us to use Laplace transform arguments ([29]) and thus
obtain frequency domain tests for boundary approximate controllability under positivity constraints.

The rest of this paper is organized as follows: we state the main results of the paper in Section 2. In
Section 3, we give a brief exposition of the concept of positive LP-well-posed and regular linear systems.
Moreover, we show in this section the existence of positive mild solution of (1) (Theorem 3.1). Section
4 is devoted to the proof of the main results. The fourth section deals with the application of the
results obtained in the previous sections to specific partial differential equations (PDEs) on networks
including transport network systems with controls at internal and/or external vertices, and a system
of heat equations on a directed network with controls in Robin boundary conditions. For transport
networks, if the underlying graph is strongly connected, boundary approximate positive controllability
is fully characterized by a Kalman-type rank condition (Corollary 5.1). In particular, we obtain that
transport processes on directed cycles are approximately positive controllable with a control acting on
the starting node (Example 5.1). For a system of heat equations with Robin boundary conditions on a
path-like network, we establish approximate controllability under positivity state-constraint with a single
positive input through the starting node (Lemma 5.6). However, we prove the lack of controllability
under unilateral control-constraint (Lemma 5.5). Finally, we include in the Appendix two technical
lemmas needed for proving the Kalman-type rank characterization of boundary approximate positive
controllability of transportation networks.

2. MAIN RESULTS

Before stating the main results of this paper, we need to introduce some notations and concepts. Let
X be a real vector space and < be a partial order on this space. Then X is said to be an ordered vector
space if it satisfies the following properties:

(i) If f,ge X and f < g, then f+h<g+hforal heX.
(i) If f,g € X and f < g, then af < ag for all a > 0.

If, in addition, X is lattice with respect to the partial ordered, that is, sup{f, ¢} and inf{f, g} exist for
all f,g € X, then X is said to be a vector lattice. For an element f of a vector lattice X, the positive part
of f is defined by f; := sup{f,0}, the negative part of f by f_ :=sup{—f,0} and the absolute value of
f by |f] :==sup{f,—f}, where 0 is the zero element of X. The set of all positive elements of X, denoted
by X4, is a convex cone with vertex 0. In particular, it generates a canonical ordering < on X which is
given by: f < g if and only if g — f € X ;. A linear subspace B of a vector lattice X is said to be ideal, if
feX, geB, and |f| < |g| implies g € B. A norm complete vector lattice X such that its norm satisfies
the following property

If1<lgl = lIfIF<1lgll,

for f,g € X, is called Banach lattice. If X is a Banach lattice, its topological dual X’, endowed with the
dual norm and the dual order, is also a Banach lattice. We define the polar cone of a subset M C X by

M°={pe X', (o, f)<0, VfeM}.
We have the following density result, see [26, Proposition 2.3].

Lemma 2.1. Let X be a Banach space and M a conver cone in X with verter at the origin. Then
M = X if and only if M° = {0}.

We denote by L(F, F') the Banach algebra of all linear bounded operators from a Banach space FE to a
Banach space F. If Z is a subspace of a Banach space E, then by Pz we denote the restriction operator
of P € L(E,F). An operator P € L(F, F) is positive if and only if PE, C F} or, equivalently, if f <g
implies Pf < Pg. An everywhere defined positive operator from a Banach lattice to a normed vector
lattice is bounded, see e.g. [24, Theorem I1.5.3]. The set of all positive operators from a Banach lattice
E to another Banach lattice Y, denoted by L4 (E, F'), is a convex cone in the space L(E, F).
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Let X be a real Banach lattice and (A4, D(A)) be the generator of a Co-semigroup T := (T'(¢))¢>0 on X.
The type of T is defined by wo(A) := inf{¢t~1log ||T(¢)|| : t > 0}. We denote by p(A) the resolvent set of
A, i.e., the set of all p € C such that ulx — A is invertible with I'x denote the identity operator in X. By
R(p, A) == (ulx—A)~! the resolvent operator of A. The complement of p(A), is called the spectrum and is
denoted by o(A) := C\p(A4). The so-called spectral radius of A is defined by r(A) := sup{|p| : p € c(4)}.
Also, recall that the spectral bound s(A4) of A is defined by s(A) := sup{Rep : u € o(A)}. A linear
operator A on a Banach lattice X is called resolvent positive if there exists w € R such that (w, 00) C p(A)
and R(u, A) > 0 for each u > w. Moreover, by [4, Corollary 2.3] a Cy-semigroups on a Banach lattice
is positive if and only if the corresponding generator A is resolvent positive. On the other hand, by
X1 we denote the order Banach space D(A) endowed with the norm |z||; := ||(ulx — A)zx| for some
u € p(A). The extrapolation space associated with X and A, denoted by X_1, is the completion of X
with respect to the norm ||z||-1 := ||R(u, A)x| for x € X and some p € p(A). Note that the choice of
1 is not important, since by the resolvent equation different choices lead to equivalent norms on X; and
X_1. Moreover, we have X7 C X C X_;. The unique extension of T on X_; is a Cy-semigroup which
we denote by T_q := (T_1(t)):>0 and whose generator is denoted by A_;. For more details on positive
semigroups, see for instance [7] or [6].

Let X,0X,U be Banach lattices called the sate space, boundary space and input space, respectively.
We rewrite (1) as the following boundary input-output system

2(t) = Apz(t), t>0, 2(0) =z,
Gz(t) —v(t) = Ku(t), t>0, (2)
y(t) =Tz(t), t>0,
with the feedback law
g 3)

Moreover, let us assume that the trace operator G satisfies:

(H1) A= A,, with domain D(A) := ker G generates a Cy-semigroups T on X;
(H2) G is surjective.

According to [15, Lemma 1.2], the assumptions (H1)-(H2) imply that the domain of A,, can be decom-
posed and related to A as

D(Apm) = D(A) @ ker(ulx — Ap),  p€ p(A).

Moreover, the restriction operator leer(ulx 4,y 1s invertible and the operator
- m

D, = (G\kcrwxﬁxm))_l )
called the Dirichlet operator, exists and is bounded. Thus,
A, =A_1 + BG, (4)
since uD,v = Ap Dy, v € 0X, where B : 0X — X_; is defined by
B=(ulx —A_1)Dy,  p€p(A).

Note that B does not depends on u, due to the resolvent equation.
We are now ready to state the main controllability results of this paper. The first one highlights
boundary approximate controllability under positivity control-constraint.

Theorem 2.1. Let X,0X,U be order Banach spaces and let the assumptions (H1)—(H2) be satisfied.
Furthermore, assume that:
(H3) (A,B,L,,,) is an LP-well-posed regular triplet (with feedthrough zero) on X,0X,0X with the

identity Isx as an admissible feedback operator.
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Then, the system (1) is boundary approzimately controllable with respect to positive controls if and only
if there exists w € R such that, for all p > w, we have 1 € p(I'D,,) and

(Du(Ix =TD,)"'KU)" = {0}, (5)

The second and most important result of the present paper provides a complete description of control-
lability under positivity constraints on the control and the state.

Theorem 2.2. Let X,0X,U be Banach lattices and let the assumptions (H1)—(H2) be satisfied. Fur-

thermore, assume that K € L(U,8X) is positive and

(H3*) (A, B, F|D(A)) is a positive LP-well-posed reqular triplet (with feedthrough zero) on X,0X,0X with
Isox as a positive admissible feedback operator.

Then, the system (1) is boundary approximately positive controllable if and only if there exits w > s(A)

such that 7(T'Dy,) < 1 and for all p > w we have

N {(DH(PDM)"KU+)°, ne N} = X3. (6)

Remark 2.1. The two theorems above provide frequency-domain characterizations of the boundary ap-
proximate controllability under positivity constraints of (1). These characterizations are given in terms
of transfer functions of the input-output system (2). On the one hand, Theorem 2.1 shows that the
perturbed boundary control system (1) is boundary approximately controllable with respect to positive
controls if and only if there exists w € R such that, for all 4 > w, 1 € p(I'D,,) and the following implication
holds for all ¢ € X':

(D,(Ix —=T'D,) ' Ku,p) <0, VueUp, p>w = ¢=0.

On the other hand, Theorem 2.2 shows that, under the positivity of the operators I', D,, K, (1) is
boundary approximately positive controllable if and only if there exits w > s(A) such that »(T'D,,) < 1
and the following implication holds for all g > w and p € X:

(Du(T'D,)"Ku, p) <0, VueU,neN p>w = ¢<N0.

It is to be noted that if for some w > s(A), r(I'D,,) < 1, then (I'D,,) < 1 for all p > w as the family
(I'Dy)u>say is positive and monotonically decreasing. Finally, let us point out that in this work we
do not request any spectral properties on the operators A, in contrast to the papers [12, 26] where the
existence of a Riesz basis of generalized eigenvectors or related spectral properties are required.

3. WELL-POSEDNESS

In this section we investigate the well-posedness and positivity property for the solution of (1). To
this end, we shall use the feedback theory of positive L?-well-posed and regular linear systems developed
n [13]. In fact, let X, 0X, U be Banach lattices. For a > s(A), let L2 (R4;U) denote the space of all
functions of the form v(t) = e**u(t), where u € LP(R;U). Moreover, let L} . (Ry;U) denote the set
of positive control functions w in L} (R4;U) such that u(t) € U almost everywhere in Ry, where we
regard L} (Ry;U) as a lattice ordered Fréchet space with the seminorms being the LP norms on the
intervals [0,n], n € N.

We select the following definition.

Definition 3.1. Let X, 0X, U be Banach spaces and let the assumptions (H1)—(H2) be satisfied. The
input-output system (2) is called well-posed if for some T > 0 (hence all) there exists ¢, > 0 such that the
following inequality holds for all solutions of (2):

1O+ O o o) < er (a1l + 10O 0,050 1O o.m1) ) - (7)

In view of the above definition, we then obtain the following simple characterization of well-posed
boundary input-output positive systems.



Proposition 3.1. Let X,0X,U be Banach lattices and let the assumption (H1)-(H2) be satisfied. Fur-
thermore, assume that T, T', K are positive and D,, is positive for every p > s(A). Then, the system (2)
is well-posed if:

(i) B is a positive LP-admissible control operator for A, i.e., for some (hence all) 7 > 0,
Ay = / T_1(1 — s)Bv(s)ds € X4,
0

for all v € LY (Ry;0X).
(ii) C := I'|p(ay is a positive LP-admissible observation operator for A, i.e., for some (hence all)
a>0,

/0 |CT )z |Pdt < P,

for all 0 < x € D(A) and a constant v := y(a) > 0.
(#5) For T >0, there exits a constant k := k(1) > 0 such that

1] e (j0,71;0x) < EllvllLe(0,71:0x), (8)
for 0 <v e WyP([0,7];0X) == {v e WhP([0,7];0X) : v(0) = 0}, where
(Fo)(t) :=T®w,  0<wve W, r(0,7],0X), ae. tel0,7] (9)

To proof the above proposition, we need the following lemma.

Lemma 3.1. Let X,0X be Banach lattices, let A be a densely defined resolvent positive operator and
B e L(0X,X_1). Define the vector space Z C X by

Z:=R(u,A) (X + BOX), p> s(A).
If B e L(U,X_1) is a positive control operator, then Z, endowed with the norm
[2]|Z = inf {||z]|* + |v]|* : © € X, v € X, z = R(u, A)(z + Bv)},
is a Banach Lattice.

Proof Tt is clear that the definition of Z is independent of the choice of u > s(A). Moreover, according
to Lemma 4.3.12 (ii) of [27], (Z,] - ||z) is a Banach space satisfying

7 — X.

Then, it remains to prove that Z is a vector lattice and | - ||z is a lattice norm. Indeed, let p >
s(A), let x € X and z € Z such that |z] < |z|. Then |z| < R(u,A)|z1] + R(p, A_1)Blv1|, since
z = R(u, A)z1 + R(p, A_1)Bv; for some z; € X and v; € 0X. By virtue of the decomposition property
(see e.g [24, Proposition II.1.6]), there exist 1 € R(u, A)([—z1,21]) and z2 € R(u, A_1)B([—v1,v1])
satisfying ¢ = w1 + x2. Therefore there exist y; € [—21,21] and y2 € [—v1,v1] such that 1 = R(u, A)yr
and z3 = R(p, A)Bys. It follows that € Z and hence Z is a vector sublattice (as ideals are automatically
lattice subspaces). Moreover, the fact that B is positive and the norm on X,0X are lattice norms yield
that || - ||z is a lattice norm. O

Proof of Proposition 3.1 Let A := (An)|ker ¢ generate a positive Co-semigroup T on X and assume that
the operators G,I', K are positive such that the operator G is surjective. In view of Definition 3.1, we
have to verify that the estimate (7) holds. According to [13, Section 4], this is the same as characterizing
the operators A,,, G, T for which (A, B, C) is a positive LP-well-posed triplet on X,90X,0X. Since B is a
positive LP-admissible control operator for A, then ®2 L ([0,00); 0X) C X4 for all 7 > 0. So, assuming
that (without loss of generality) 0 € p(A) and using an integration by parts argument, one can show that

d4y = Dou(r) — B0 € Zy,

for all 0 < v € WyP([0,7],0X) and 7 > 0. In particular, we get that for every 7 > 0 we have
Range @f C Z, since Z is a Banach lattice (Lemma 3.1). Therefore, the operator F is well-defined. Now,
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using a reasoning analog to [13, Proposition 2.2], we show that the estimate (8) yields that (A, B,C) is
a positive LP-well-posed triplet on X, 9X,0X. This ends the proof. 0

Remark 3.1. We underline that the extended operator F is positive and bounded on £(L?([0,7]; X)) for
each 7 > 0. In particular, the extended output function y of the system (2) satisfies

0 <y(t;z,v) = CAT(t)z + (Fo)(t), and a.e. t > 0.

for all (z,v) € X4 x Ly, ,([0,00);0X), where Cy is the Yosida extension of C' with respect to A and

its domain denoted by D(Cy), consists of all z € X for which lim CuR(u, A)z exists. The operator F
00

is called the extended input-output control operator of (A, B,C'). Moreover, there exist a > s(A) and a

unique bounded analytic function H : C, — £L(U,Y) such that

§(n) = CR(p, A)x + H(p)o(p), (10)
for any (z,v) € X x Ly, (R;0X) N LE(Ry;0X) and pp € C, := {u € C: Rep > a}. Here H denotes

the transfer function of (A4, B,C) (or ), see [27, Chap. 4] for more details. If, in addition, we have
(1) imgey—sto00 Y*H(u)v = 0for allv € 0X and y* € (0X)', then (A, B, C) is a positive LP-well-posed
weakly regular triplet (with feedthrough zero), where (0.X)* is the dual of X
(i) limRey— 400 H(p)v = 0 in 90X for all v € 0X, then (A4, B,C) is a positive LP-well-posed strongly
regular triplet (with feedthrough zero).
According to [13, Theorem 4.9], we have strong regularity and weak regularity of a positive LP-well-posed
triplet are equivalent. In particular, we simply say that (A4, B,C) is a positive regular triplet. In this
case, we have 0 < ®;v € D(Cy) and 0 < (Fv)(t) = CA®v for any v € Ly, , (R4,0X) and a.e. ¢ > 0. In
particular, we have that the state trajectory and the output function of (2) satisfy 0 < z(¢;x,v) € D(Cy)

and 0 < y(t;z,v) = Caz(t;x,v) for any x € X4, v € Lfoc7+(R+, 0X) and a.e. t > 0, see [13, Section 4].

We also recall the following concept of positive admissible feedback operator, see [13, Lemma 4.1].

Definition 3.2. Let X,0X be Banach lattices, let (A, B,C) be a positive LP-well-posed regular triplet on
X,0X,0X. We say that the identity Ipx is a positive admissible feedback operator for (A, B,C) if and
only if r(F) < 1.

We end this section by the well-posedness of (1) when the operators involved in (1) are positive.

Theorem 3.1. Let X, X, U be Banach lattices and let the assumptions (H1), (H2) and (H3') be
satisfied. Then the operator A : D(A) — X defined by

A=A, D(A) ={x € D(A,,) : Gz =Ta},

generates a positive Cy-semigroup T on X. Moreover, if K € L, (U,0X), then the system (1) has a

unique mild solution z satisfying
t

0<z(t) =Tt +/ T_1(t — s)BKu(s)ds

0 (11)
=T (t)r + ®/AKu,

for allt >0, z € X; and u € L (Ry;U). In particular, the perturbed boundary value control system (1)
is positively well-posed. Furthermore, for p > s(A),

- o —

51) = R, Ao+ (@4u) (), with (®4u)(n) = R(p, A_1) BKa(p),
for all w € L (Ry;U), where 4 denote the Laplace transform of u.
Proof By using the representation (4), the boundary input-output system (2) can be reformulated as
the following distributed-parameter system

{ #(t) = A_12(t) + Bu(t) + BKu(t), t>0, 2(0) ==,

y(t) = Cz(t),  t>0, (12)



where we recall that C' := I'\, ., and B = (u — A_1)D, (u > s(A)). Therefore, according to [13,
Theorem 4.2], the system (12) with the feedback law (3) is equivalent to the following open-loop system

2(t) = (A_1 + BCy)z(t) + BKu(t), t>0,
2(0) =z,
since (A, B, C) is a positive LP-well-posed regular triplet with the identity Ipx as a positive admissible

feedback operator. In view of [13, Theorem 4.2], the perturbed boundary control system (1) has a unique
mild solution z satisfying

0 < z(t) € D(Cy), Vze Xy, andae t >0
0<z(t) =T #)x + fg T_1(t — s)BKu(s)ds,
forallt > 0,z € Xy andu € L% (Ry;U), where T is the positive Co-semigroup generated by (A_1+BC}y).

Moreover, according to [13, Theorem 4.3], we have A = (A_1 + BCy). The last claim follows by applying
Laplace transform to both side of (11). This completes the proof. O

(13)

4. PROOF OF THE MAIN RESULTS

In this section, we give the proof of the main results of this paper. Firstly, we recall that the system
(1) is given by
2(t) = Apz(t), t>0,
2(0) = =,
(G =T)z(t) = Ku(t), t>0.
Moreover, to (1) we associate the following linear (differential) operator
A=A, D(A) ={zx e D(A,): Gzr=Tax}.

4.1. Proof of Theorem 2.1. Under the assumptions (A1)-(A3) and according to [16, Theorem 4.3,
the operator A generate a Cp-semigroup 7 on X and the state trajectory of (1) satisfies the following
variation of constant formula

2(tx,u) = T(t)z + 07 Ku, t >0,

forallz € X and v e L?

loc

(R4; U), where we recall that
t
ARy = / T_1(t — s)BKu(s)ds.

0

So, given a prescribed time 7 > 0, we shall be concerned with the final state
2(m;zu) = T(T)z + A Ku,

and the following space of reachable states from the origin with respect to positive controls in time 7
RY+ = {2(1;0,u) :ue LE([0,7];U)}.

Then, the concept of boundary approximate controllability with respect to positive controls in finite time
is defined as follows.

Definition 4.1. Let the assumptions of Theorem 2.1 be satisfied. We say that the system (1) is boundary
approximately controllable with respect to positive controls if the reachable set from the origin in finite
time
RY+ = | RY*
7>0
={2€ X |37 > 0and u € L% ([0, 70); U) such that z = &% Ku},

1s dense in X.



Proof Theorem 2.1 In view of Definition 4.1 the system (1) is boundary approximately controllable
with respect to positive controls if and only if RU+ is dense in X. Notice that RU+ is a convex cone with
0€ RY+.

Let > w > wo(A) and ¢ € X’. Assume that RV+ = X and

(Ix — D) "' D, Kit(pr). ) <0, Vue Ll (Ry;U). (14)

By the uniqueness of the Laplace transform ([5, Theorem 1.7.3]), one can see that (14) implies that
(/0 T_1(T — s)BKu(s)ds, p) <0, Vue L) \(Ry;U), 7>0, (15)

since
R(u, A1)z = (Ix — D) ' R(p, A1)z, Vze X .
Therefore, by virtue of Lemma 2.1, we get that ¢ =0 (as RU+ = X).
Conversely, let us assume that there exists w € R such that 1 € p(l"DM) and (5) holds for all p > w.

Furthermore, we assume that RU+ # X. Then, according to Lemma 2.1, there exists 0 # ¢ € X' such
that (15) holds. Taking the Laplace transform in (15), we get

(B(p, A1) BKi(p), ) <0,
or equivalently,
((Ix = DuD) ™ R, A1) BKa(u), ) < 0.
It follows that ¢ € ((IX - DMI‘)_lDuKUJr)Of contradiction—. Furthermore, for w € R such that 1 €
p(I'D,,) for all u > w, we have
(Ix =D, *R(p, A1) BKu = (Ix — D,I')"'D,Ku
=D,(Iox —T'D,) ' Ku,

for all w € Uy and p > w. This completes the proof. O

4.2. Proof of Theorem 2.2. Here, we assume that the operators involved in (1) are all positive. As
such, we focus our attention on its boundary approximate controllability with respect to positive controls.
As the states are confined to the positive orthant, one need to consider another concept of approximate
controllability of (1), namely approximate positive controllability introduced in [25]. Indeed, let us
consider the following space of reachable positive states from the origin in time 7 with respect to positive
controls

RE = {z(r;0,u) u e LE([0,7;U)}.
Then the concept of boundary approximate positive controllability in finite time is defined as follows.

Definition 4.2. Let the assumptions of Theorem 2.2 be satisfied. We say that the system (1) is boundary
approzimately positive controllable if the reachable set from the origin in finite time

R = RS
7>0
={z€ Xy |37 >0andu € L: ([0,70); U) such that z = &7 Ku},

is dense in X 4.

Proof of Theorem 2.2 Tt follows from Theorem 3.1 that the system (1) has a unique positive mild
solution z satisfying the following variation of constant formula

0<z(t) = T(t)x + o1 K,

forallt >0, z € X and v € L (Ry;U), where we recall that 7 is the Co-semigroup generated by A.
9



Now, let 1 > max{w, s(A)} and ¢ € X’. Assume that (1) is boundary approximately positive con-
trollable and ((Iox — D,I') "' D, Ku(p), ) < 0 for all uw € L? | (Ry;U). The uniqueness of the Laplace
transform yields that

</ T_1(r — s)BKu(s)ds,cp> <0,
0
for all w € L}, , ([0,00);U) and 7 > 0, since
R(p, A)z=(Ix — D, I) 'R(p, A1)z,  VzeX 14 ((=X:NnX_9).

It follows that ¢ <0 as Rt = X ).
Conversely, let us assume that there exits w > s(A) such that »(I'D,,) < 1 and the following implication
holds for all ¢ € X':

((Ix = D) ' DuKu, ) <0, Vue Uy, p>max{w,s(A)} = ¢ <0.

Moreover, assume that R+ # X . Then, by Hahn-Banach Theorem there exist z; € X \RT,0 # ¢ € X'
and 8 € R such that

(@7 Ku, 0) < B < (21, 9), (16)
for all w € L}, , (Ry;U) and 7 > 0. On the other hand, let v € Uy and define the following sequence of
functions:

0, ifo<t<i
n(t) == o - -’
un(?) {nv, 1f%<t.

Clearly, we have u,, € L}, , (Ry;U). So, for p > max{w, s(A)} and taking Laplace transform in (16),
((Ix = DuF)ilDuKﬂn(ﬂ)aS@ < B < {21, 9).
Thus,

oo

Ix —D,I)"'D,Kn e Mudt,p ) < B
Iz I3

1

n

and hence,
o 1
<(IX — DHF)‘lDuK/ e_”tvdt,g0> < =B,
1 n
with the right-hand side converging to 0 as n — oco. Then,
(Ix — D,I)"'D,Kv,¢) <0.
Therefore, ¢ € ((Ix — DHI‘)_lDuKUJF)O and 0 < (z1,¢) (as 0 € R"), a contradiction. Finally, for
w > s(A) such that r(I'D,,) < 1, we have
(Ix = D,I')'R(u,A_1)BKu = D,(Isx —TD,) 'Ku
=D, > (D,)"Ku,
for all u € Uy and p > w, where we have used the Neumann series representation of (Ilgx — I'D,)~".
Thus,
((Ix = DuD) ' DuKUL)” = ({(Du(TD)"KUL)°, me N},
and this ends the proof. O

5. APPLICATION

In this section we illustrate our abstract results through two relevant applications of PDEs on networks.
Such evolutionary systems on networks have been studied by many authors, in particular we refer to the
monograph [21] and the proceedings [1].
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5.1. Flows on closed networks. Let us consider the following system of transport equations on a

network:
gtzj(t x,v) = vaa zj(t,z,v) + g (x,v).2;(t, z,v), t>0, (z,v) € Qy,
(Sr) z(0,z,v) = fj(x v) >0, (z, v) € Q,, (IC)
00zt 1) = wij > uprdk(zk)(£0,) + > baw(t,.), t >0, (BC)
keM leN.
fori e {l,....,N}:=N,j€e{l,....M} =M and !l € {1,...,n} := N, with M > N > n, where we
set ©; := [0, 1] X [Umin, Umax]. The corresponding transport equations are defined on the edges of a finite

graph G, whose edges are normalized and identified with the interval [0, 1] with endpoints ”glued” to the
graph structure. The connection of such edges being described by the coeflicients Zf]“t, 1m € {0,1}. The
flow velocity along the edges is determined by the function v, whereas its absorption is determined by the
functions ¢; (-, ). The boundary condition (BC) determines the propagation of the flow along the various
components of the network. The weights 0 < w;; < 1 express the proportion of mass being redistributed
into the edges and the non-local operators Ji describe the scattering at the vertices. Moreover, for
1,1 € N x N, the coefficients b;; > 0 denotes the entries of the input matrix K and u; > 0 denotes the
input functions at the vertices. The system (X1n) is a generalization of the transport network in ([14]).

Next, we are concerned with the well-posedness and boundary approximate controllability with respect
to positive controls of (Xtn). To this end, we need to recall some notation from graph theory. Here and
in the following, we consider a finite connected metric graph G = (V,E) and a flow on it (the latter is
described by (Xtn)). The graph G is composed by N € N vertices a1, ...,ay, and by m € N edges
e1, ...,ey which are normalized so as to be identified with the interval [0, 1]. Each edge is parameterized
contrary to the direction of the flow on them, i.e., the material flows from 1 to 0. The topology of
the graph G is described by the incidence matrix Z = Z°% — I where Z°% and Z'* are the outgoing
incidence matriz and the incoming incidence matriz of G having entries

€; €;

J
.r V;, @— .
Zgjut = 1, if " , 2N = 1

0, ifnot, 0, ifnot,

respectively. Replacing 1 by w;; > 0 in the definition of sz“t, we obtain the so-called weighted outgoing
incidence matrix Z9" := (w;; f]“t) In this cases, G is called a weighted graph and its topology is described
via the weighted transposed adjacency matrix A := Z(Z2*)T given by, for i,k € N,
. Vi ej V;
(A= § Wepy i 3¢, To—=ve , (a7)
0, if not.

In the rest of this section, for 1 < p < 400, let us consider the Banach spaces (Y, [ - ||v,), (Xp., |- |lx,)
and (Wp, || - [lw,) defined by

Y = L2 ([wmin, vmax)M, £, = Zj” L1 —
Xy =L2([0,1],Yp), lell? == fy e, )% da,
0X, = LP([vmin, Vmax]) ™ ||9H§Xp = Ej:l ||f‘]||Lp(['Umin7'Umax]),
W, =WE(0,1]:Y,),  IfIG, = IF1%, + 10:£1%,-
Moreover, let us consider the following operators
Anf = 00uf +a()f, 18)

D(An) ={f=(fj)jem € Wy : f(1,v) € Range (Z"")" },
where ¢(-,-) := diag (¢(,-))jem. Moreover, we set J = diag(Jx)xeam where the scattering operators Jy
are given by

Je(fr)(x,v) = /Umax Ok (z,0,0") fre(x,0")do, (z,0) € U, [ € Xy, (19)

min
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where £}, € LY (Qk X [Umin, Umax]) for every k € M. We select
Gf:=T°f(1,"), Tf:=T™Tf)0,-), v E [VminsVmax), f € W,. (20)
We also introduce the input space U := L?([Umin, Umax])™ and the control operator K is given by

(Ku)i(t,) = > bau(t,:), Vi€ N, t>0,
leN,
where b;; > 0 for all 4,1 € N x N..
With the above notation, one can rewrite the system (Y1) as

2(t) = Amz(t), t>0,
z(0) =z,
(G-T)z(t) = Ku(t), t>0,

where z(t) = (2 (L, ) jem, [ = (f;(;-))jem and u(t) = (wi(t, -))ien. -
In order to apply the results of the previous sections, let us introduce the following assumptions:
(A1) 0 < vmin < v < Upax and g;(+,-) € L*(Q;) for every j € M.
(A2) Each vertex has at least one outgoing edge.
(A3) The weights w;; satisfy >\ wij =1, Vi€ N.
In the above, (A1) specifies the transport process along each edges, (A2) is equivalent to the statement
that Z°% is surjective, while (A3) implies that the free delay boundary condition (BC) exhibits standard
Kirchhoff conditions and the matrix A is column stochastic. Note also that, under the condition (A1) it

is not difficult to prove that the operator (4, ker G) generates a strongly continuous positive semigroup
(T'(t))e=0 on X, given by

T ) (20) = { SJ a3 (0o )do £ (0 4 o), ir:fo—t’— vt <1, (21)
for all f € X, (z,v) € Q; and j € M.
Lemma 5.1. Let the assumptions (A1)-(A3) be satisfied. Then the operator
A=An, D(A)={fe€DAy): I°If)(1,v) =T"™JTf)(0,v) }. (22)

generates a positive Cy-semigroup T on X,. Moreover, for pg > s(A) such that r(A(uo)) < 1, we have
R(p, A) = (Ix, + Dyu(lox, — A(n) "' T)R(u, A), (23)

for all pp > po, where we set A(p) :=TI'D,, with

1 qj(o,v)—p
(Dpg)(z,v) =ele 0 ZWijgi(U),
ieN
a5 (o,v)—p

(R(p, A)f)j(w,0) = [y eld 40 f(y, v)dy,
for all g € 0X,, (z,v) € Q; and j € M.

Proof First, observe that J > 0 as £; € L5°(£2j X [Umin, Umax]) for all j € M. To prove the generation
of (A, D(A)) on X, we shall use [13, Theorem 4.3]. In fact, let A be the restriction operator of A,, on
ker G, i.e. A = (An) kerq. Then, by (21), the operator A is clearly densely defined resolvent positive.
On the other hand, in view of the assumption (A1), the operator G is surjective. Moreover, by a simple
computation we get that the Dirichlet operator D,, associated to G is given by

qj(o,v)—p
! 4—do

D, = diag(e/ Jiem ® (L"), Rep>q:= —inf|q;]o,

12



where ® denotes the tensor product. Now, let us define the operators C' := I'|yer ¢ and B = (u— Ay,) D
for 4 > ¢. Using the injectivity of Laplace transform one can show

(®Ag)j(z,v) = (fot T 1(t — s)Bg(s)ds) (x,v)
1 95 (o,v) o1t
=Y ien el wjigi(PEE) L ) (t)

for all ¢ € LP(R4;0X,),t > 0, (z,0) € Q; and j € M. So, for every t > 0 we have & €
L (LP(R4;0X,), X,) and hence B is a positive LP-admissible control operator for A. Moreover, for
I<a<s 1

we have
«

/ ICT (@) f 1, dt < N (vinax — Vanin)? sup [|£; 2 (PoPaer lasll) 2
0 JEM

for all 0 < f € D(A), where we have used Hélder’s inequality for % + % = 1. Then, C is a positive
LP-admissible observation operator for A. Furthermore, for g € WHP(R,0X,) with g(0) = 0 = §(0), we

have
(Fg)x(t) (C ‘1>2“9

'Umax 1 4j (d v ) t'U/ _
= ZZ%;/ 05(0, 0,0 )elo o w4 o 1, oo (E)d',
Umin

j=1i=1

for t > 0 and k € A/. With this explicit expression of the input-output control operator F and according
to [13, Proposition 4.3], it is not difficult to see that (A, B,C) is a positive LP-well-posed triplet on
Xp,0Xp,0X,. In addition, for A > 0 and g > ¢ such that g # X, using a computation involving the
resolvent identity (we omit the details) we obtain

A»EIEOO ACR(M\, A)D,g=TD,g, Vg€ 0X,.

It follows that D,, C D(Cy) and (Ca)|p(a,,) = L', where Cy is the Yosida extension of C := I'|p(4) with
respect to A. In particular, (A B, C) is a positive LP-well-posed regular triplet. On the other hand, for
t . Thus, according to [13, Lemma 4.1.], Ipx, : 0X, — 0X, is a positive
adm1551b1e feedback operator for (A, B,C). Therefore, according to [13, Theorem 4.3], A generates a
positive Co-semigroup 7 on X,,. a

Under the assumptions of Lemma 5.1 and according to Theorem 3.1, we get that the transport network
system (Xtn) is positively well-posed and hence it has a unique positive mild solution z(-) : Ry — X,

satisfying
0<z(t) e D(Cy) for a.e. t>0
0<z(t; f,u) = f—|—f0 t)(t — s)BKu(s)ds := T(t)f + ®u,
forallt >0, f € (X,)+ and u € L (Ry,U). Moreover, for w > 0 (large enough), we have r(A(w)) < 1.
Then, according to Theorem 2.2, the system (X1y) is boundary approximately positive controllable if
and only if,
({DA™(WEUL)?, meN}=(X,)}, Vu>w. (24)

Furthermore, if g; = 0, we obtain a more compact criteria as follows.

Theorem 5.1. Assume that g; = 0 for all j € M and let the assumptions (A1)-(A3) be satisfied. Then,
the system (X1n) is boundary approzimately positive controllable if and only if
N{ (@) A" (wKUL) T, meNp = (%)%, Ya= o (25)
for some o > 0 sufficiently large. Here, the operator A(u) is given by
o) = 3 S [ 60,000 F 0 Pwg) ao'
JEMIEN Umin

for allk € N and g € 0X,,.
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Proof Note that, for p,q € [1,4+00), we have
Lp([07 1]7 YZD) = Lp([07 1]) ® Y;D and Lq([07 1]7 YZZ) = Lq([ov 1]) ® (Y;J)Iv
see e.g. [22, Section 2.2.3]. Then, for % + % =1, we have
(Xp)T o= —(Xp)} = LE([0,1]) ® (¥p)3.- (26)

To prove our claim we will use Theorem 2.2. Indeed, using the explicit expression of A(u) we get

K
JAGI| < re™ 5,

where k is a generic constant depending on vmin, Umax, £ and the exponent p. Thus, ||A(n)|] — 0 as
1 — 00. So, there exists po > 0 large enough such that ||A(u)|| < 1 for all g > pug.

Now, let > po and v € [Umin, Vmax] be fixed. It follows from (24) and (26) that (Xtn) is boundary
approximately positive controllable if and only if

MDA WETL)®, meN} = (L4(0,1) © (%,)3), Va2 uo. (27)
The explicit expression of D,, together with Lemma .2 further yield that (31n) is boundary approximately
positive controllable if and only if the condition (25) holds. This ends the proof. O

In particular, for a simple transport process we have the following Kalman-type rank condition.

Corollary 5.1. Let the assumptions (A2)-(A3) be satisfied and let assume that g; =0, ¢; =1 for all
j € M. If the underlying graph G is strongly connected, then (X1n) is boundary boundary approzimately
positive controllable if and only if

@ (Zg")"A"KUy, m=0,1,...,M —1) =RY, (28)
where A is the weighted transposed adjacency matriz of G, see (17).
Proof Observe that, in this case, we have A(u) = e~ A. Then,
A < e ¥ A <1,

for all u > 0. Therefore, according to Theorem 5.1, (X1y) is boundary boundary approximately positive
controllable if and only if the following implication holds for all » € L7((0,1), RM):

((Ix“t)Te*m%AmKU,@ <0, VueR}, meN, p>0 = ¢<0,
or, equivalently, if
(Z&"YTA™Ku, ) <0, VueRY, meN, p>0 = ¢<0.

On the other hand, by virtue of Cayley-Hamilton theorem, the power of A™ for all m > M are linear
combinations of the lower power, i.e., there exist real coefficients a,,, m € {0,1,..., M — 1} such that

AM — Mil amA™.
m=0

Moreover, the fact that the graph G is strongly connected yields that the matrix A is positive irreducible
and hence the coefficients a,, are nonegative. It follows that, the transport network systems (Xty) is
boundary approximately positive controllable if and only if the condition (28) holds. O

Ezample 5.1. Here we consider a transport process on an (N, N)-directed cycle with a control acting on
the starting node described as

2 2(t,x) = c2z(t, @), t>0, z€(0,1),
(Enp)§ 2(0,z) = f(x) >0, xz € (0,1), (IC)
z(t,1) = Az(t,0) + Ku(t), t>0, (BC)
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FIGURE 2. The system of transport equations (Xnp) on a cycle with a single input
(represented by the read circle) acting on the starting node vy.

where ¢ := diag(c;)jem with ¢; > 0 forall j € M € {1,...,N}, K € L(RY) with (K)1; = b > 0 and
(K);; = 0 otherwise, and A is the transposed adjacency matrix of the (N, N)-directed cycle.
Let X = L'([0,1])", 0X = RY, U = R and let us consider the operator A,, : D(4,,) — X defined by

A f = cO.f, D(A,,) == Wwhi([0,1])V. (29)
Moreover, we define the boundary operators G and I" as follow
Gf:=fQ), Tf=A4f0), [few"(0,1])".

It follows from Lemma 5.1 that the system (Xnp) is positively well-posed. In addition, we have that an
(N, N)-directed cycle is strongly connected and

@ (A"KRy, m=0,1,...,N—1)=RY.
Therefore, according to Corollary 5.1, the system (Xnp) is boundary approximately positive controllable.

5.2. Heat conduction networks. We consider the following system of M > 2 coupled heat equations
with controls in Robin boundary conditions,

0 02 <

az(t,x) = c@z(t,x) —qz(t,z), t>0,z€(0,1),

z(0,z) = h(x) > 0, z € (0,1), (IC)
(Zn) Q0

a—z(t, 1) = Bz(¢,0) + Ku(t), t>0, (BC)

%z(t,()) =0.

Here, z;(t, x) represents the heat distribution at time ¢ > 0 and location = € (0,1) on an edge ej, where
c = diag(cj)jem, q := diag(g;)jem with ¢j, ¢; > 0 for all j € M :={1,...,M}. The coupling between
the M heat equations is determined by the matrix B € L(RM RM) where we impose K € L(R",RM)
with n < M and 0 < u € L? . denotes the control matrix and the control vector, respectively.

In order to apply the results of the previous sections, let X = L2([0,1])M, 0X = RM, U = R" and
define the operator A, as

Amh = cOph — qh, D(A,,) :={h € W22([0,1)™ : 9,h(0) =01}, (30)
where ¢ := diag(c;)jem and ¢ := diag(g;)jem. Moreover, the boundary operators are given by
Gh:=09,h(1),  Th:=Bh(0), heW?*(0,1)M.

With the above notation, the system (Xy) is rewritten in the form (1).
15



Lemma 5.2. Let assume that c;, q; > 0 for j € M. Then the operator

A=Ay, D(A):={heW>?*([0,1)M: 0,h(1) =0, 9,h(0) =0}, (31)
generates a uniformly exponentially stable positive Cy-semigroup T on X given by
—+oo
(T(t)h); =Y e+ {hy, on) o (32)
k=0

for all j € M, where \j, = —q; — ¢;jk*n% and ¢; (z) = cos(knz) for z € [0,1].

Proof To prove our claim we shall consider only one index j € M and in a similar way we deduce that
of any j € M. Indeed, let j € M be fixed and let h; € D(A;) such that (Ah); = 0, then we have

{cjamhj<x> (g7 + Ahy(2) =0, w € (0,1),
hj(1) = h;(0) = 0.
So, solving the above eigenvalue problem, we get eigenvalues

Nk = —qj —cjk*t?,  k€EN, (33)

and eigenfunctions ¢; x(x) = cos(kmz) for z € (0,1). Then (¢, x)ken is an orthonormal basis in L2([0, 1]).
Moreover, for every g € L*([0,1]) such that (Ah); = g, we have

¢j0zzhj(z) — qjhj(z) = g(x), x € (0,1),
hj(1) = h;(0) = 0.

which has the unique solution

hj(z) =

1. , _
Jo sinh (\/Z—j.(l — y)) c; g(y)dy _
q,
cosh(y/ %)
— /% sinh ( Z—J) !
. 71 z .
+ (1 / Z—;) / sinh (, / g—j(x - y)) cj_lg(y)dy.
0
Thus, 0 € p(A;) and hence A; is diagonalizable, see [28, Proposition 2.6.2]. Therefore, we get
1
R(u, Aj)hy =Y o hy i) 2 0
ken P T Adk
for all h; € L3 ([0,1]) and Re pp > —g;. Moreover, from (33), we have
snge)\j,k < —qj, VjeM.
Hence, according to [28, Proposition 2.6.5], the operator (A, ker G) generates a positive Cyp-semigroup T

on (L*([0,1]))* given by (32) and wo(A) = sup, sup;, Re Ajx. In addition, from (33) we have

wo(A) < —supg; <0.
JEM
Therefore, T is an uniformly exponentially stable positive semigroup. This completes the proof. |

Lemma 5.3. Let assume that c;, q¢; > 0 for j € M. Then the operator
A= Amu D('A) = {f € D(Am) : 6mf(1) = Bf(o) }7 (34)

generates a positive Co-semigroup T = (T(t))i>0 on (L([0,1]))™. Moreover, the system ($n) has a
unique mald solution satisfying

2(t) = T(t)h + /Ot T_1(t — s)BKu(s)ds, t>0, (35)
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forallh € X andu € L*(R,,U). In addition, if K is positive, then z € X for every initial data h € X
and every input u € L3 (Ry,U).

Proof To prove that A as defined in (34) generates a positive Co-semigroup on (L?([0,1]))*, we shall
use Theorem 3.1. In fact, it is clear that the operator G (:= §; ® 9,) is surjective and by a simple
computation we obtain that the Dirichlet operator D, associated to G is given by

(Dyd)(x) = diag (§;(2));epd: Rep>— SUp ;1= fi (36)
cosh M—%x
&(x) = ( : ) (37)

pta; Sinh( u+q]'>
Cj Cj

for all d € RM and x € [0, 1]. Obviously, D,, is positive for all Re u > fi. On the other hand, according to
Lemma 5.2, we have the operator (A, ker G) generates a positive Co-semigroup T on (L3([0, 1]))M given
by (32). So, in view of Theorem 3.1, it remains to show that (A, B, |k @) is a positive L2-well-posed
regular triplet on (L2([0,1]))M,RM ,RM . In fact, let C := [kerqs let @ >0and 0 < h € D(A). Then,

/ | CT ()Rt = / BT ()R (0) et
0

o N +oo 2
< [ XX ety
7j=1 k 0
M +oco 2 2
o 3 D S
=1 k=0 k=0
M 4oco
< sup [{(h;, n)]
Z]GM 2(qj +¢j k27r2 lekzo 7
Since
+oo 1
— < oo, VijieM,
kZ:O 2(q; + cjk?m?) J

then there exists y(a) > 0 such that

/0 |CT(&)h)|2dt < ~(a) 22,

for all 0 < h € D(A)(:= ker G). Thus, C is a positive L?-admissible observation operator for A. On the
other hand, it is easy to see that the operator A (see (31)) is self adjoint and the operator B*, the adjoint
operator of B := —A_1 Dy, is given by

B*h=h(1), Vhe (DA)).

Similar argument to the admissiblity of C, it can be verified that B* is positive L2-admissible observation
operator for A. Hence, by duality (see e.g, [28, Theorem 4.4.3]), we get that B is a positive L2-admissible
control operator for A. The explicit expression of the operator D, (see (36)) further yields that the
transfer function of (A, B,T'| ke ) is given by

A(p) ==TD, = Bdiag (&(0)),cp,  YRep > fi. (38)

Thus, A is analytic, bounded and positive for all Rep > fi. Moreover, we have limpges4o00 A(p) =

0, and hence according to Remark 3.1 (A, B,T|xer¢) is a positive L2-well-posed regular triplet on

(L2([0,1])M RM RM_ Tt follows that there exists g > 0 large enough such that [|A(ug)| < 1 and

hence 7(A(p0)) < 1. Then, in view of [13, Lemma 4.1] the identity Ir~ is a positive admissible feedback

operator for (A, B,T'|ie ). Therefore, according to Theorem 3.1, the operator A from (34) generates
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a positive Co-semigroup T := (T(¢)):>0 on X and the system of heat equations (Xy) has a unique mild
solution on X given by the variation of constant formula (35), which is positive if K is positive. g

Lemma 5.4. Let assume that ¢;, g > 0 for j € M. Then, the system of heat equations (Xn) is
approzimately controllable with respect to positive controls if and only if

N{ @A™ GERY)", meN}={0},  Yu>p, (30)
for some pg > 0 large enough.

Proof According to the proof of Lemma 5.3, there exists po > 0 large enough such that r(A(uo)) < 1.
Thus, for all p1 > po we have r(A(p)) < 1, since the family (A(u)),>,, is positive and monotonically
decreasing. By using Theorem 2.1 together with the Neumann series representation of (I — A(u))™! we
obtain that the system (Xy) is approximately controllable with respect to positive controls if and only if
the condition (39) holds for all & > . O

Ezample 5.2. Here we consider a system of heat equations on a (3, 3)-directed path (i.e., constituting of
3-directed edges connecting 3-vertices) with a control acting on the starting node described as

2
%z(t,x) = c%z(t,x) —qz(t,x), t>0, z€(0,1),
z(0,z) = h(z) > 0, z€(0,1), (IC)
(EHpath) 0
6—z(t, 1) = Bz(t,0) + Ku(t), t>0, (BC)
—2z(t,0) =0
31:2( 0) ’
where the coupling matrix B and the control matrix K are given by, respectively,
0 0 O b 0 0
B=|1 0 0)J], K=|00 0], ©beR"
0 1 0 0 0 0
u(t) 21(0, t) 22(07 t)

FIGURE 3. The line graph representation of the system of heat equations (Xy_,,,)-

We have the following negative controllability result.

Lemma 5.5. Let assume that cj, q; > 0 for j € M :={1,2,3}. Then, the system heat equations (X, )
is not approrimately controllable with respect to a positive control acting on the starting node.

Proof In view of Lemma 5.4, (¥y,,,,) is boundary approximately controllable with respect to positive
controls if and only if

N{D.A™ (KR, meN}={0},  Vu> po, (40)
for some pp > 0 large enough, where
A(p) :=TD, = Bdiag (£;(0)),_; 5 5 (41)

for any d € R® , x € [0,1] and Rep > —supg;. Let u > po, then by a direct computation we obtain
JEM

0 0
A% (p) = 0 0 0], and A™(p) =0, VYm>3.
0 0

18



Therefore, the condition (40) is equivalent to the following implication:

(Hu, h) <0, YVueRy = h=0, (42)
where the operator H is given by
&1(x)bu
(Hu)(z) = &a(x)€1(0)bu , VueRy, z € (0,1). (43)
&3(2)€2(0)£1(0)bu

Therefore, (Xn,,.,)
if, for all p > po,

(€1()b, p1.k) <0, (€2(-)€1(0)b, p2,1) < 0, and (£3(-)€2(0)£1(0)b, w3.%) < 0, (44)

for k € N, where ;. (for j =1,2,3) is a Riesz basis in (L?(0,1))3 (see Lemma 5.2). Moreover, a simple
computation using the explicit expression of the function & (-) yields

is boundary approximately controllable with respect to positive controls if and only

1)k
(€&1()b, p1,8) = ﬁl)(lm)?b’ keN. (45)

Therefore,

<§1(-)b, Qpl,k> <0, VEk e N, n > Lo,
which is impossible as b € R*. This indicates that the heat equation on a path-like network is not
approximately controllable with respect to a positive control acting on the starting node. O

However, for positive input matrices, the following result shows that the system of heat equations
(XH,a ) is boundary approximately positive controllable.

Lemma 5.6. Let assume that cj, ¢; > 0 and b > 0 for j € M. Then the system (Xn,,,,) is boundary
approximately positive controllable.

Proof Let p > po with pg > 0 large enough as in Lemma 5.5. Then, according to Theorem 2.2 and
using the Neumann series representation of (I — A(u))~! together with the computations from the proof
of Lemma 5.5, we get that the system (Xy) is approximate positive controllable if and only if

(Hu,h) <0, VueR, = h<O0, (46)

where H is given by (43).
To prove the claim of the lemma, we will argue by contradiction. In fact, let us assume that (Hu, h) <0
for all w € Ry and h > 0. Then, according to the calculations in the proof of Lemma 5.5, we obtain

<§1()b, (p17k><h1, 901,k> < O, VkeN and <h,1, @17k> > 0, VEk e N.
Thus, for even k € N we obtain that:

b
—(ha, = )b, hi, <0.
ZE (lm)2< 1, 01k) = (€1(1)b, 1.k) (1, P1.k)
As b > 0 we get (h1,¢1,%k) <0 which is a contradiction. Therefore, the implication (46) holds and hence
the system of heat equations (X, ) is approximately positive controllable. O

Remark 5.1. Note that the results of Lemmas 5.5 and 5.6 seem to be natural. Indeed, in Lemma 5.5,
we want to achieve a dense subspace of the entire state space (L?(0,1))3 by means of a positive control
input through the leading (first) heat equation so that the boundary temperature of the first heat is fed
into the boundary heat flux of the next one and so on. Therefore, the latter controllability property
seems impossible, because the solutions of the heat equation (X, )
initial heat distribution. On the other hand, Lemma 5.6 yields that if we start with positive initial heat
distributions, we can reach approximately all positive heat distributions of (Xy
input through the leading heat equation.

remain positive for any positive

batn) DY @ positive control
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6. CONCLUSIONS

In this paper, we obtained some general boundary approximate controllability criteria of infinite-
dimensional control systems under positivity constraints . These results unify and extend some existing
results to more general cases. Moreover, it has been shown that from our general results, some computable
formulas can be derived easily. For instance, assuming that the underlying graph is strongly connected,
we obtained a Kalman-type rank condition for the boundary approximate controllability under positivity
constraints on the control and state of transportation networks. An example of a system of transport
equations on a cycle-like network with a single positive input acting on the starting node is also given.
Furthermore, we proved the positivity of a coupled heat equations with controls in Robin boundary
conditions. In particular, for a system of heat equations on a path-like network with a control acting on
the leading heat equation, we established the approximate controllability under positivity constraints on
the control and state. However, we showed the lack of controllability under unilateral control-constraint.

Despite the fact that the applications have been focused on transport and heat systems, we conjecture
that other potential candidates to these applications are more general parabolic equations and systems,
hyperbolic systems and delayed systems.

APPENDIX

Here, we provide an appendix on technical lemmas needed for the proof of Corollary 5.1.
The following result introduce a modification of the so called Szasz-Mirakjan operator, cf. [3].

Lemma .1. Let f € Cp([0,400)) := {f € C([0,400)) : Ta > 0,5 > 0 suchthat |f(z)] < de**} and
define

M, (f;2) == *”“”Zf TE) @), nzl a0, (47)

where o(z) = (1 —z) for x € [0,1] and ¢(z) =0 for x > 1. Then the operators M, are linear positive
and for every f € Cp(]0, +00)) we have

lim M,f=f, uniformly on [0, 1].

n—-4o0o

Proof To prove our claim we will use the Korovkin theorem, see e.g. [3]. To this end, we have to prove
that the operators M,, preserve the functions 1, ¢(x), (¢(z))?. Indeed, a simple computation shows

Mu(Liz) =1, Malp(z);z) = ¢(2),

and

Mo ((p(@)% ) = "9 Z o

= (p(a))? + %s@(iv),

where we have used the fact that p?(p~1(x)) = 2%. Therefore, from [3, Theorem 4.1], we get that
lim M,f=/f

n—-+oo

uniformly on [0, 1]. O
The last lemma at the hand, one can derive the following density result.

Lemma .2. Let p € [1,00) and v > 0 be fized. Then we have

@ (e—%<1—->, ne N) = L% ([0,1]. (48)
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Proof Let p,q € [1,00) with % + % =1 and let g € L9(]0, 1]) such that fol e~ w12 g(z)dx > 0 for all
n € N. Let 0 < f € C([0,1]) and define the function

fx), = el01],

MO = G, s

Then 0 < h € C(]0, +0)) and

/0 (Mph)(x)g(z)dz > 0.

The continuity of f, Lemma .1 and the dominated convergence theorem further yield

1
/0 f@)g@)de =0, V0 < fec(o,)).

Moreover, since the positive cone in C([0, 1]) is dense in L% ([0,1]), we get that

1
/0 f@g@)dr >0, Vf e I2(0,1)),
and hence g > 0. O
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