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1 Introduction

The study of the initial and lateral traces of nonnegative solutions of the heat
equation was initiated by D.V. Widder. In a series of papers starting with [HW],
W1, [W2], D.V. Widder, P. Hartman and A. Winter solved the problem in the
one dimensional case for solutions of the heat equation in an infinite rod, a half
infinite rod and a finite rod. A complete treatment can be found in the book [W3].
In the case of an infinite rod, its n-dimensional version becomes the existence of
the initial trace for nonnegative solutions of the heat equation in R™. This problem
was solved and generalized to nonnegative weak solutions of second order uniformly
parabolic equations in divergence form by D.G. Aronson in [A].

For the case of a finite rod, in Theorem 6 of Chapter VIII of [W2] Wid-
der showed that every nonnegative solution of the heat equation in the domain
(0,7) x (0,7) has an integral representation in terms of three trace measures on
the parabolic boundary of the domain. These traces consist of nonnegative mea-
sures o on (0,7) x {0} and 3, v, on {0} x [0,T) and {7} x [0,T) respectively. It
was pointed out in [W3] that a((e,7/2) x {0}) and «a((7/2,7 — &) x {0}) could
be oco as € — 0 but on the other hand both 5({0} x (0,71)) and v({7} x (0,7}))
are finite for any 0 < 7T} < T'. The higher dimensional extension of a finite rod is
a bounded cylindrical domain in R™,n > 2. For a non-negative solution in such
domain with zero boundary data, the existence of an initial trace consisting of a
bottom and a corner ones was established K.M. Hui in [H].

Recently there is a lot of study of initial traces of non-negative solutions of
various parabolic equations. For example similar initial trace problem for the
positive solutions of the semilinear heat equation

u = Au — u?

in C? domain € C R" with compact boundary where ¢ > 1 was studied by M. Mar-
cus and L. Véron [MV4]. The boundary trace problem for the corresponding el-
liptic problem was also studied by M. Marcus and L. Véron in [MVI], [MV2],
IMV3]. Recently K. Hisa, K. Ishige and J. Takahashi [HIT|] proved the existence
and uniqueness of initial traces of non-negative solutions to the following semilinear
heat equation,

uy = Au + u?

on a half space of RY under the zero Dirichlet boundary condition where p > 1.
The initial trace problem for the porous medium equation was studied by

Aronson and L.A. Caffarelli [AC], K.S. Chou and Y.C. Kwong [CKI], [CK2],
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B.E.J. Dahlberg and C.E. Kenig [DK], etc. The initial trace problem for the
parabolic p-laplace equation and the doubly nonlinear parabolic equation were
studied by E. DiBenedetto and M.A. Herrero |[DiHI|, [DiH2], and K. Ishige and
J. Kinnunen [Is], [ISK], etc.

Note that in [W2] only solutions of one dimensional heat equation is studied and
in [A] no measure initial data was considered. On the other hand in this paper we
study nonnegative solutions of the heat equation in a bounded cylindrical domain
in R for any n > 1 which may not be zero along their lateral boundary. It will be
shown that such solution has an integral representation in terms of a trace triple
consisting of a bottom trace, a corner trace and a lateral trace on its parabolic
boundary. Conversely this trace triple uniquely determines the solution.

To make things precise, we introduce the following notations and definitions.
Let Q7 = Q x (0,7) where Q is a smooth bounded domain in R™ and 7" > 0. For
any x € €, let §(z) = dist(z, 092) be the distance of x from the boundary 02 of €.
Let Cg°(9) be the space of all smooth functions in © vanishing on 9§ and

meﬁz{feL;«n3Lumm&mdx<w}. (1)

We denote by

e M(£,0) the collection of all nonnegative Radon measures p on € satisfying
[ o) dute) < o
Q

e M(0) the collection of all nonnegative Radon measures on 0f2. Note that
since every Radon measure is finite on compact sets, hence all measures in
this collection are finite.

o M (092 x (0,T)) the collection of all nonnegative Radon measures v on 92 x
(0,7)) satistying v(9Q x (0,71)) < oo for all T € (0,7) .

Let u be a classical nonnegative solution of the heat equation in Q7. We say
that a pair of measures (u, \) € M(Q,0) x M(09) is the initial trace of u if for

any ¢ € C5°(),

: Iy
tl_1>r0n+ Qgp(z)u(:)s,t)dx—/ﬂgodu—l— ma—Nd)\,



where 0/ON 1is the derivative with respect to the unit inner normal N. On the
other hand we say that a measure v € My (0 x (0,7")) is the lateral trace of w if
for any h € C.(092 x (0,T)),

T
lim/ / h(z, t)u(z,t) do(x)dt = // hdv
e=0Jo  Joq. 90 (0,T)

where Q. = {z € Q: §(2) > ¢} and h is any continuous extension of A in a tubular
neighborhood of 92 x (0,7") vanishing near ¢t = 0, 7.

Our main result is

Theorem 1.1. Let u be a nonnegative classical solution of the heat equation in
Q7. There exists (pu, \,v) € M(€,0) x M(99Q) x M, (0 x (0,T)) such that (j, \)
1s the initial trace and v s the lateral trace for uw. Moreover,

oG
wat) = [ Gt 0dut)+ [ St 00 )
Y

9G
i // on (@ Hyss) dv(y,s) V(w,t) €Qr,  (1.2)
00 x(0,t) Y

where /0N, is the derivative with respect to the unit inner normal N, at y € 09
and G(z,t;y, s) is the Green kernel of the heat equation in Q x R.

Conwversely, given any (p, \,v) € M(,8) x M(0Q) x M(0Q x (0,7)), (L2
gives a classical solution of the heat equation in QQr whose trace triple is equal to
(i, A\, v).

Along a different vein, integral representation formulas for nonnegative solu-
tions of the heat equation in bounded domains in term of the so-called kernel func-
tion were given by J.T. Kemper in [K]. His results were extended to nonnegative
solutions of uniformly parabolic divergence equations by E.B. Fabes, N. Garofalo
and S. Salsa in [FGS]. One may consult [M] by M. Murata for more recent results
in this direction.

For the related generalized porous medium equation, existence and unique-
ness of a pair of initial traces for its nonnegative solution of the initial Dirichlet
problem in a bounded smooth cylindrical domain was proved by B.E.J. Dahlberg
and C.E. Kenig in [DK]. Results on non-zero lateral traces for solutions of the
porous medium equation were obtained by K.S. Chou and Y.C. Kwong in [CK1]
and [CK2].

The plan of the paper is as follows. In section 2 we will prove the existence
of initial trace for nonnegative solution of the heat equation in bounded smooth
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cylindrical domain. In section 3 we will prove the existence of the lateral trace and
the representation formula (L2) for the solution. We will also prove Theorem [I]
in section 3.

2 Existence of initial trace

We will assume that €2 is a smooth bounded domain in R™ and wu is a nonnegative
solution of the heat equation in the cylindrical domain @) for some constant
T > 0 for the rest of the paper. We will fix a sufficiently small ¢y > 0 such that
the boundary of the subdomain

Q. ={x e Q: dist (z,00) > e}, e € [0, &

is smooth and for each z € Q\ Q,,, there is a unique z = z(z) € 0 satisfying
x = z+ 0(x)N, where 6(x) is the distance from = to 02 and N, is the unit inner
normal of J at z. The map = — (z,0(x)) € I x (0,0 forms a diffeomorphism
from Q\ ., to 92 x (0,g0]. We will extend the distance function § on Q \ ., to
a smooth positive function § on € and fix it throughout this paper. Apparently
such choice of § does not alter M (€, 7).

We first recall some basic properties of the Green kernel G(x,t;y, s) of the heat
equation (cf. [C], [I]). Note that the Green kernel G(z,t;y, s) for the heat equation
in 2 x R exists and is a continuous function in

{(z,t,y,8): 7,y €Q, —c0<s<t<oo}

which is smooth in its interior such that

e foreach (y,s) € OxR,G(-,-;y,s) > 0 satisfies the heat equation in 2x (s, 00),
vanishes on 02 x (s,00) and satisfies

llti{‘r;G(x,t;y, s)=46, VseR

in the distribution sense where d, is the delta mass at y.
e foreach (z,t) € QxR,G(x,t;-,-) satisfies the backward heat equation in 2 x
(—o0,t) and G(x,t;y,s) =0, g—](\;,;(x, t;y,s) > 0 for all (y,s) € 002 x (—o0, ).

e and if we let 2; C )y and Gy, Ga, be the Green kernel of the heat equation
with respect to the cylindrical domains £2; x R and €25 x R respectively, then

Gi(z,t;y,5) < Go(x,tyy,8) Yo,y € Qs <t
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The proof of our main theorem Theorem [LLT] will be accomplished in several
lemmas. First of all, by the integral representation formula for solutions of the heat
equation in cylindrical domain (Theorem 5 of Chapter VII of [C]), v admits the
following integral representation, namely, for any (z,t) € Q. x (s,T),e € (0, &),

t
ue) = [ Glwtiyshulys) g+ [ [ St )ty ) doty) dr
Qe s JOQ. 8Ny
(2.1)
where G. is the Green kernel for the heat equation in {2, x R and d/0N,, is the
derivative with respect to the unit inner normal N, at y € 0€).. Note that both

Ge(z,t;y,s) and gg; (x,t;y, s) are positive.

Since both terms on the right hand side of (2.I]) are nonnegative, we have, for
allz € ., 0<s<t<T, 0<e<eg,

/ Ge(w, g, s)uly, s) dy < ulz,t) , (2.2)
and
/8 /896 g](\;{, (l’,t;y,T)U(y,T) da(y) dr < U(LL’,T,) . (23)

Since G.(z,t;+,-) 1 G(z,t;-,-) as € — 0, letting ¢ — 0 in (2:2]), by the monotone
convergence theorem, we have

/ Gl by, $)uly, s)dy < u(z,t) VeeQ 0<s<t<T.  (24)
Q
Lemma 2.1. For any T\ € (0,7T), we have

sup /Qu(x,t)cS(:E) dxr < 0.

0<t<Ty

Proof. We fix some zg € Q and T, € (71, 7). By ([24), we have

/ G, Tos w, s)u(w, s) dw < u(zo, Ty) V0 < s<Th. (2.5)
Q



Now for any (w, s) € (Q\ Q) x (0,T3], we have
o, To; w, 5)

Ty 2(w) 4 (W) N, 8) — G0, To; 2(w), 5)

oG
= da (x0>T2a ( ) + ad(w)Nz(w% S) da

G(
=G
- (Z N;(z(w)) gG (w0, To; z(w) + ad(w)N(w), 5) da) o(w) (2.6)

where N, = (Ny(2),---,Nn(z)) is the unit inner normal at z € 9. Since
0G/ON,(x¢, oy, s) is positive for y € 02 and s < T, and also uniformly con-
tinuous for s € (0, T7], there exist constants 0 < &1 < €9 and ¢; > 0 such that

1
01<ZN IOaT27 ( )—}—CL(S( ) 2(w)y S )S_

2.7

; Y

holds for any (w, s) € (Q\ €2,) x (0,71]. Therefore by (2.8 and (Z1), we have
c10(w) < Gwg, Ty;w, ) < c;'o(w) Yy e Q\Q.,, 0<s<Th. (2.8)

Since both d(w) and G(xg, T»;w, s) are positive and uniformly bounded above and
below by some positive constants in €., by (Z.5) and (Z8) the lemma follows. [

Lemma 2.2. For any T\ € (0,T), we have

T
sup / / u(z, 7)do(x) dr < oc.
0<e<ep 00

Proof. Let zq € Q.,, Ty € (17,T) and 0 < & < g;. Putting x = 29 and ¢t = T3 in
(23) and letting s — 0, by the monotone convergence theorem, we have

/ ! ) xo,Tmy, Tu(y, 7) do(y) dr < u(zg, Ts) . (2.9)

We now claim that there ex1sts a constant ¢; > 0 such that

0G.

ON,
Suppose the claim does not hold. Then there exist sequences {¢;}°, C (0,¢0],
{ri}2, € [0,T1], {y:}2,, such that y; € 9., for any i € ZT and

aG.,
aN Yi

(ZL’Q,TQ,’y, )>Cl, Vy€8Q5,0§7§T1,0<5§50.

(xo, To;yi, 1) — 0,  asi — oo.



Then there exists g € [0,e0], yo € 9%, 10 € [0,T1] and subsequences of {e;},
{y;}, {m}, which we may assume without loss of generality to be the sequences
themselves such that ¢; — gy, y; = yo and 7, — 7 as ¢ — oo. It follows that

oG-,

T (3, T — 0.
8Nyo(x0> 2ay0a7_0)

On the other hand since 0Gz,/ON,,(xo, T2;y, ) is positive for any y € 0, and
T € [0,71], contradiction arises and our claim holds. By (29) and the claim, the
lemma follows.

]
Lemma 2.3. For any Ty € (0,7T), we have
T
/ / u(zx,t) dr dt < oo.
o Ja
Proof. For any 0 < € < gq, let . be the solution of
—Ap =1 in Q.
4 (2.10)
e(x) =0 Vz e ..

According to elliptic theory (cf. [GT], [Wi]), by decreasing ey if necessary, there
exists a constant Cy > 0 such that

Cy < O (y) <Cy' Yy e, e € (0,g). (2.11)
ON,
Moreover
(2) < Co.(z) < Cé(x) Vo e Q. (2.12)

for some constant C' > 0 where d.(x) = dist(z, 9€2.). Multiplying the heat equation
by ¢. and integrating over €. x (¢,7}), we have

/Qu(x,Tl)<p€(x)d:c—/ u(z, t)pe(x) de

£ QE
Ty Ty 880
= Ap. dz dt ° do dt. 2.1
/t /Eu o, dx +/t /émgu&N o (2.13)

By [210), (Z1I), 212), 2I3) and Lemma 211, we have
T1 Tl
C'g/ / u(z,t)do(z)dt < Cs —i—/ / u(z,t) dedt (2.14)
t Joo. t .
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for some constant C5 > 0 independent of € € (0,¢¢). Now using the coarea formula

[EG], we have

d g
—— gdr = / do(x
& Jo, o, T3] ©7)

where .
o(z) = / u(w,7) dr
t

and noting that
|Vo(z)| > Cy VaeQ\ Qg

for some constant Cy > 0, by [2.14) we get

—diic;(@ < C5G(e) + Cs (2.15)

for some constant C5 > 0 independent of € € (0, ey) where

G(s):/tT/ wdz dt.

Integrating (ZI3]) from ¢ to €y, we have

T T
/ / wdz dt < @079 / / wdx dt + 3078, (2.16)
t R t Jag,

Letting first ¢ — 0 and then ¢ — 0 in (2.I6]), the lemma follows. O

Lemma 2.4. There exists a Radon measure v € Mg(02 x (0,T)) satisfying

e—0t

T 3
lim / u(z, 7)h(z, ) do(z) dr = // hdv YO <T,<T (2.17)
0o Joa. 20X (0,T1)

for any bounded continuous function h on 0 x (0,T) where h is any bounded
continuous extension of h in a tubular neighbourhood of 9 x (0,T). Moreover the
measure v s uniquely given by

T
// hdy:/ /U(MMWEVSJFSMer) dx dt (2.18)
0% (0,T) 0 JQ

for any h € C,(0Q2 x (0,T)) where h is a continuous extension of h to Q x (0,T)
vanishing near t = 0, T, such that h is constant along each inner normal direction

of O in (Q\ Q) x (0,7T).
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Proof. For every bounded continuous function h on 992 x (0,7"), we extend it to a
bounded continuous function & on (Q\ Q.,) x (0,T) such that & is constant along
each inner normal direction of Q2. In view of Lemma 2.2 it suffices to prove the
lemma by taking & to be .

First we fix T; € (0,7). For each ¢ € (0,¢¢], define a linear functional A, on
Ce(092 x (0,T7)) by

Ach = /Tl/ W, )u(x, 7)do(x)dr  Yh € C.(99 x (0,T1)).
0o Joo.

By Lemma 2.2] we have
[Ah| < Cllhllz= VR € C(09 x (0,T1)).

Therefore by the Riesz representation theorem (Theorem 7.2.8 of [Ca]), there exists
a Radon measure v, on 092 x (0,77) such that

Ach = // hdv. Vhe C.O90 x (0,T}))
o0 x(0,T)
T B
N / / (2, TYu(z, ) do(z) dr = / / hdv. Vhe Cy(09 x (0,T1)).
0 00 o0 x(0,T)
(2.19)

We now choose a sequence of monotone increasing functions {h;}32; C C.(09 x
(0,71)), 0 < h; <1 for any i € Z™, satisfying

hi(z,t)=1 Vo edQ,i<t<Ty—1icZ".
Putting A = h; in (2.19) and letting i — oo, by Lemma 2.2 we have

sup (092 x (0,77)) < o0. (2.20)

0<e<eo

The measure v, depends on T;. However, by letting 77 T it is clear that we
could define a Radon measure, still denoted by v. in M(9 x (0,7")) so that (2:20)
remains valid for any 0 < 77 < T and

//E)QX(OT)MV& = /OT /m Tz, tyu(z,t) do(z)dt  Yh € C.(AQ x (0,T)). (2.21)

By (2.20) and weak compactness any sequence {g;}32; C (0,&o), ; — 0 as j — oo,
has a subsequence which we may assume without loss of generality to be the
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sequence itself that converges weakly to v as j — oo for some v € M (92 x (0,T)).

That is
lim // hdv., = // hdv Vhe C(09 x (0,T))
I J Jaax(0,T) 0% (0,T)

v(0Q x (0,77)) < sup v.(02 x (0,71)) <oco YO<T) <T.

0<e<ep

and

We now claim that the limit v is unique. In order to prove this claim we extend
h to a bounded continuous function on Q x (0, T') vanishing near ¢t = 0, 7. For any
e € (0,e0), let n.(x,t) = (5(x) —e)h(z,t). For any ¢ € (0,50), multiplying the heat
equation for u by 7. and integrating over €. x (0,7), by integration by parts, we
have

/ : / u [iAS(z) + 2V - VB(x) + (3(z) — ) A + (§(x) — )] du dt

= //89 u(x, t)h aa](\s]()do'()d
://m u(w, R, 1) do(x) dt (2.22)

where 0/ON is the derivative with respect to the unit inner normal N at 0.
Since
hAS(z) =Vh-Vé(z) =0 VzeQ\Q.,,

by ([2.22)), we have

/T/ (uhAS(z) + 2uVh - Vi(z)) dxdt

[ e [(B) AT+ (3(0) — B

/ / u(z, t)h(z,t)do(x)dt V0 < e < . (2.23)
20

Putting ¢ = ¢; in ([2.23)) and letting j — oo, by Lemma and the Lebesgue
dominated convergence theorem, we get (2Z.I8). Hence the measure v is uniquely
determined by (2I8)) and the claim holds. Since the sequence {¢;}52, is arbitrary,
v. converges weakly to v as € — 0. This together with ([2221]) implies that v is the
lateral trace of w.

Finally, since v is finite on 92 x (0, T7) for any 0 < 7} < T', by an approximation
argument, one can show that (2.I7) holds not only for any h € C.(092 x (0,T))
but also for any bounded continuous functions on 9€2 x (0,7"). O
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Lemma 2.5. There exists (1, \) € M(2,0)x M(0) such that for anyn € C5°(Q),

we have

. B on
tl_1>r0n+ Qu(:v,t)n(:v)dx—/ﬂndu—l— aﬂa—Nd)\ (2.24)

where O/ON is the derivative with respect to the unit inner normal N at 0S).
Proof. For any t € (0,7), 0 < e < g, let
we(z,t) == Go(u(, 1) (z) == | Go(x,y)u(y,t)dy VYo € Q.
Qe

and

w(z,t) == Gu(-,1))(z) == /QG(x,y)u(y,t) dy VreQ (2.25)

be the Green potential of u(-,¢) with respect to the domain 2. and €2 respectively
where G(z,y), G(x,y), are the Green functions for the Laplacian —A on Q, €.,
respectively. Then w. > 0 on Q.. By elliptic regularity theory |GT], for each
0 <t<T, w,is a classical solution of

—Aw, =u(-,t) in Q.
w, =0 on 0f).

and w(-,t) is a classical solution of
—Aw(-,t) =u(-,t) in Q. (2.26)

Now by Theorem 2.3 of [Wi] for any = € €, there exists a constant C' > 0 such
that
G(z,y) < Co(y)lz —y|'™ Yo,y e Q. (2.27)

Since for any x,y € Q, G.(x,y) increases to G(z,y) as ¢ — 0, by (2.217), Lemma[2T]
and the Lebesgue dominated convergence theorem, w.(z,t) increases to w(z,t) as
e — 0forany z € Q,0 <t <T. Hence by (2.28), ([2:27) and a direct computation,
we get

lw(, )| oy < c/ w(a,)(x)de YO <t<T (2.28)
Q

for some constant C' > 0. Now

We y = Gs(ut) = Gs(Au> = —U(LL’, t) =+ 20 g]G\;Z (SL’, y>u(y7 t) dO'(y) (229)

Integrating (2.29) over (t1,t2), 0 < t; <ty < Ty < T, we have

13



(z,t2) +/t1 xy) (y,7)do(y) dr

8(25
& 8G
< we(x,t +/ :
(x,t1) e 8Ny(

1

z,y)uly, 7)do(y) dr .

Letting ¢ — 0, we have

w(w, ty) + // oG (
= 0% (ta,11) ONy
oG
<w(x,t1) + //
(#.10) oax(t,, 1) ON, (

Let 0 < Ty < T'. This inequality shows that for each x € (2, the function

,y) dv(y, 7)

) dv(y, ) YO <ty <ty <Ty <T.

oG
A=)+ ([ ) vy
8QX(t,T1) Y

is decreasing in ¢. Hence for each x € Q, H*(x) := lim;_,o H(x,t) exists. Since

0
Jy)dv(y, T
//BQX(O,Tl) aNy( ) dvly. )
exists and is finite, we conclude that
w*(z) = lim w(z,1)

t—0+

exists. Letting ¢t — 0 in (228)), by Lemma 21, w* € L'(Q).
Sinice by Theorem 2.3 of [Wi] there exists a constant C' > 0 such that
VG, y)l < Clo—y|'™ Va,y e,

we have

J (//( (#.0) (7)) do < OO (0.) <00 W<t <T.

Hence we have

/|w w(z,t)| dr
< [t - meoias [ ([ /mw’wg—]@@’y) ity ) do

g/ \H*(2) — H(z, )| dz + Cu(09 x (0,1)).
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Letting ¢ — 0, we have

lim/Q |w*(x) — w(x,t)|dx = 0. (2.30)

t—0

By (224]) for each 0 <t < T', w(-,t) is superharmonic in Q. Hence w* is superhar-
monic in €.

The rest of the proof follows from the arguments based on the proof of theorem
7 in [DK]. First of all, by ([2.:25]), (230), Lemma 2.1 and the Fubini Theorem, for

any n € C§°(€2), we have

/Qu(:c,t)n(:c) de = — /Q (/Q G(z,y)An(y) dy) u(z,t) de

_ _/Q </Q G(z,y)u(x, 1) d:c) An(y) dy

:—/w(x,t)An(:L’) dx

Q

- - / w'Andr ast— 0. (2.31)
Q

On the other hand by the Riesz representation theorem for superharmonic func-
tions [He], there exists p € M(€2,0) and a nonnegative harmonic function A in 2
such that

w(z) = /QG(:E, y)du+ h(z) Ve Q, (2.32)

where G(x,y) is the Green function for the Laplacian —A in Q. Applying Martin
representation theorem [He] to h, there exists A € M(9€) such that

h(xz) = ., gﬁy (x,y)d\(y) Yz e Q. (2.33)

By 231)),([232), [233) and an argument similar to the proof of Theorem 7 of [DK]
we get (224) and the lemma follows.

O

3 Existence of the lateral trace and the repre-
sentation formula

In this section we will prove Theorem [L.Il The existence of lateral trace and initial
trace have been established in Lemma [2.4] and Lemma 2.5l respectively. It remains

to prove (L2)).
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Lemma 3.1. Forany x € Q, 0 <s <t <T, we have

¢ oG oG
lim// —(x,t;y, T)u(y, 7) do dT:// —(x, t;y, 1) dv(y, 7).
Ly . 8Ny( Y, T)uly,7) do(y) . 8Ny( Y, 7) dv(y, 7)

Proof. Let x € Q and 0 < 6, < (t —s)/3. We choose 0 < £; < min(eg, d(x)/2) and
let 0 < € < ;. Then we have

o oty oty ir— [ St vty

895

t51
3 /m
=0 aG // oG
x, t;, y,T)do(y)dr — x,ty, 7)dv(y, T
[ ] et ndtar— [ Sy ity

¢ oG B
+ “(x,ty, T)u(y, 7) do d7‘+// z ty, 7)dv(y, T
/t—61 00 a]Vy( Y ) (y ) (y) OO (t—31 ,t) 8N ( Y7 ) (y )

E[1+]2—|—13—|—I4. (31)

u(y, ) do(y)dr

oG
z, 7 7T>_8Ny(x7t7y77—)

+

Since by Lemma [2.2]
sup (092 x (0,1)) < oo, (3.2)

€€(0,e0)

we have

I <v.(0Q x (s,t—01)) max |V, (G —Go)(z,t;y,7)|

s<7t<t—61
Y€,
< .
¢ max |Vy(G = Ge)(@, t;y,7)|
yEINe
—0 as € — 0. (3.3)
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Next,

:Ety, Tu(y, ) do(y) dr

00

/ | 990, 8Nz(y v (@t 2(y), T)uly, T) do(y) dr

oG
SL’tZTdI/€ZT // r,tyz,7)dv(z, T
'/Lﬂx(st 01) ) 00X (s,t—01) aN ( ) ( )

oG oG
s<T<t—01 (81\@ (#.6y,7) = M(x’t’ Z(y)’T))'
yEINe

oG oG
+// x,t 2, T)dv-(z, T —// r,tyz,7)dv(z, T
‘ 0% (5,t—01) 8Nz( ) (=) O (s5,t—61) aNz( vtz )

<v. (092 x (s,t —01)) max

oG oG
< il . Y .
<C max_ (aNy (z,t;9,7) TN (z,t; Z(y),T))
yEINe
oG oG
+ —(x,t; 2, 7)dv.(z, T —// —(x,t;z,7)dv(z,7)|.
)//as)x(s,t_al) 8]\72( ) dve(z7) D0 (5,t—51) 8Nz( ) dv(z7)

—0 as e — 0. (3.4)

Finally, since for any y € 0€). we have |z — y| > d(z)/2 which together with the
result of [H| implies that

G, C _C26%(
W(:c,t;y,T)g 7 1>n_1€ Cztif(), Vye o, 0<7<t,0<e<e (3.5)
Y —T) 2
and 96 o ,
Cod“(x
W(I,t;y,T)Sme_ 2757‘£) , Vy€09,0<7‘<t, (36)
Y _

for some positive constants C; and Cy. Therefore by (3.2), (BH) and (3.0), given
any small ¢’ > 0, we can choose d; sufficiently small such that

0252(1) 0262(00)

Cie
[3 +[4 S// DN st Yy, T // N dv (va)
o x(t—oyt) (t—T) 2 o0x (t—o1.t) (t — T) 2
SCCLQ€/, (37)

for some constant C' > 0 where

ap = v(0Q x (0,t)) + sup v (02 x (0,t)) < o0

e€(0,e0)
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By 1), B3), B and B, we have

¢ oG oG
limsup/ “(x,t;y, Tu(y, 7) do(y dT—// —(x, t;y, 7)dv(y, T
wsup | [ ] aNy( July, ) do(y) oo aNy( Jdv(y, )
S C&OEI. (38)
Letting ¢/ — 0 in (B.8) and the lemma follows. O

We are now ready to prove Theorem L1l

Proof of Theorem 1.1k First of all, by letting ¢ — 0 in (1), with the help of
Lemma 3], we have for any x € Qand 0 <7 <t < T,

uet) = [ Gty g+ [ S wtiy.s) dvly.)
0 aax (rt) ONy
:/G(x,t;y,O)u(y,T) dy—i—/(G(x,t;w,T)—G(x,t;w,O))u(w,T) dw
Q Q
oG
+ —(z,t;y,s)dv(y, s
[ g 5, 03D 09
=Ji + Jo + Js. (3.9)

By Lemma 2.5 we have

G
lim J; = / Glatiy 0 du) + [ SE@tn0dy) . G10)
By the monotone convergence theorem, we have
lim J5 = // (x,t;y,s)dv(y, s) . (3.11)
70 09 (0,t)
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Finally for any z € Q, 0 <7 < £ <t < T, we have

/u(w,T)/ Gs(x,t;w, s) dsdw‘
Q 0

/ u(w,r)/ Gs(z,t;w, s) ds dw
Q

€0

/ wT// (2, t; 2(w) + ad(w) Ny, $) ds da dw
0\,

SC’T/Q u(w, 7)6(w) dw

€0

R // () 2 0 520) + a8 N o) d dado

<C’7'/Q (w, 7)0(w) dw

—0 as7—=0 (3.12)

Jy =

<

+

+

where N, = (Ny(2),---, Np(z)) is the unit inner normal on 0f2 for any z € 0f.

By (89), BI10), (B1I) and BI12), (L2) follows.

To prove the converse part of the theorem, given (i, A\, v) € M(£2,§) x M(09Q) x
M (092 x (0,7)), let u be given by (L2)) and

)
vy (z, t) :/QG(JJ,t;y,O) du(y) + G (x t;y,0)d\(y) Vr € Q,t >0,

0
oG
vo(z, 1) :// —(z,t;y,8) dv(y, s) VeeQ0<t<T
o0 x(0,t aNy

where 0/0N,, is the derivative with respect to the unit inner normal N, at y € 0€Q.
Then

u(z,t) = vi(x,t) +ve(x,t) VY(x,t) € Qr.
By the results of and standard parabolic theory ([F], [LSU]), v; € CY(Q x
(0,00)) satisfies
vy =Av;  in Q x (0,00)

{ vy =0 on 092 x (0, 00)
and
lim vlndx—/ndu+ 9 ax vy e c2(@).

o0 ON

t—0

Hence v; has initial traces (pu, \) and zero lateral trace. Thus it suffices to prove
that vy satisfies the heat equation in Q7, has initial traces (0,0) and lateral trace
v.
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We choose a sequence v; where dv; = ¢, dodt,p; € C(0Q x [0,T7]), such that

lim hdyj:/ hdv Whe COQx [0,T1]),0< Ty < T,
20 (0,T1)

7720 Jaqux (0,11)

Let

G
vy (z,t) = // ——(z,t;y,8)pjdods Ve € Q,0<t<T,j€Z". (3.13)
00 x(0,t) aNy

By standard parabolic theory each vy ; € C*1(Q x (0,00)) is a classical solution of
the heat equation in 7 with initial traces (0, 0) and lateral value ¢;. Hence vy ; has
(0,0,v;) as its trace triple for any j € Z*. Moreover, for each (z,t) € Qr, ve;(z,t)
converges to va(x,t) as j — oo and for each ¢t € (0,7"), v (-, t) converges to vy(-, t)
in L'(Q) as j — oo. Also for each T1 € (0,T) the sequence {[|vy;||11(qr)}521 are
uniformly bounded . Without loss of generality we may assume that v ; converges
weakly to v, in each QQp, as j — oo for any 0 < T} < T'. Since vy ; satisfies the
heat equation in ()7, we have

T
/ /Uz,j(% +Ap)dedt =0, VpeCX(Qr),jeL"
0 Q

T
= //vg(ameAgo)dxdt:O, Vo € CX(Qr) as j — oo.
o Ja

Hence v, is a weak solution of the heat equation. Thus by standard by parabolic
theory [LSU] w is a classical solution of the heat equation in Qr.

Next, let v/ be the lateral trace of v5. Then by Lemma 2.4 for any h € C,(0€2 X
(0,77)), we have

T
/ / hdy = / / vs [RAD + 2T - V5 + AR + 0] dedt  (3.14)
Q% (0,T) 0o Jo

where h is a continuous extension of h to Q x (0, T) vanishing near t = 0, T, such
that h is constant along each inner normal direction of 92 in (Q\ 0,) x (0, 7).

On the other hand, since the lateral trace of v, ; is v;, by putting u = v, ; and
v = v; in ([218) and letting j — oo, we get for any h € C.(02 x (0,T)), v satisfies
[2I8) with u = vy snd h being a continuous extension of h to Q x (0, T') vanishing
near t = 0,7, such that h is constant along each inner normal direction of 92 in

(Q\ Q) x (0,7). Hence by [ZI8) and BI4), v = v.
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Multiplying the heat equation satisfied by vy ; with some n € C5°(Q), by inte-
gration by parts, we have

voj(x,t)n dx—/ /v Andmds—l—// Pj T do dt

/ 2)( 2,7 90 JaN

= /vg(x,t d{E—/ /ngndzds—l—// —dl/ as j — oo
Q 00 x(0,t)

= lim [ vy(z, t)n(x)dz = 0.

t—0 Q

Hence the initial trace of vy is (0,0) and the theorem follows. O
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