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VARIATIONAL PRINCIPLE OF RANDOM PRESSURE
FUNCTION

RUI YANGY2, ERCAI CHEN?® AND XIAOYAO ZHOU*3

ABSTRACT. This paper aims to develop a convex analysis ap-
proach to random pressure functions of random dynamical sys-
tems. Using some convex analysis techniques and functional anal-
ysis, we establish a variational principle for random pressure func-
tion, which extends Bis et al. work (A convex analysis approach
to entropy functions, variational principles and equilibrium states,
Comm. Math. Phys. (2022) 394 215-256) and Ruelle’s work
(Statistical mechanics on a compact set with Z” action satisfying
expansiveness and specification, Trans. Amer. Math. Soc. (1973)
187 237-251) to random dynamical systems.

The present paper provides a strategy of obtaining some proper
variational principles for entropy-like quantities of dynamical sys-
tems to link the topological dynamics and ergodic theory. As ap-
plications, we establish variational principles of maximal pattern
entropy and polynomial topological entropy of zero entropy sys-
tems of Z-actions, mean dimensions of infinite entropy systems
acting by amenable groups and preimage entropy-like quantities of
non-convertible random dynamical systems.

1. INTRODUCTION

Topological entropy and measure-theoretic entropy are vital topolog-
ical invariants to understand the complexity of the dynamical systems,
which is related by so-called variational principle [Mis75]:

htop(X7 T) = sup hM(T)a
peM(X,T)
where hy,,(X,T") denotes the topological entropy of X, and h,(T") de-
notes the measure-theoretic entropy of the invariant measure p. Varia-
tional principle is a fundamental and important theorem in the theory
of topological dynamics, which allows the approaches and tools from
the ergodic theory to be invoked to study the dynamical behaviors of
topological dynamical systems. The previous work revealed that it is a
powerful tool to deal with the problems of local entropy theory, chaotic
phenomenons, multi-fractal analysis and other fields of dynamical sys-
tems. Topological pressure and its variational principle, equilibrium
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theory constitutes the hardcore part of thermodynamic formalism. In-
spired by statistical mechanics, Ruelle [Rue73] introduced the notion of
topological pressure for expansive topological dynamical systems, and
proved a variational principle for it in terms of an analogues role of
measure-theoretic entropy:

P@J%:rmx{xm+/GWL

neM(X,T)

where P(T, f) is the topological pressure of the continuous potential
[, and s(p) = inf pecx){P(T, f) — | fdp} is given by the idea of topo-
logical pressure determining the measure-theoretic entropy. Without
the additional assumptions, for any dynamical system Walters [Wal75]
established another variational principle in terms of measure-theoretic
entropy, which can be stated as follows:

PT.f) = sup {b(T)+ [ fau).
peM(X,T)

Returning to the expansive homeomorphism dynamical systems, the
fact that the entropy map p € M(X,T) — h,(T) is upper semi-
continuous reclaims h,,, (T") = s(jo) for any invariant measure po(cf.[Wal82,
Theorem 9.12]). Thus, the variational principle obtained by Walters
gives an extension of Ruelle’s result to any dynamical systems. Since
then, an important and quite active topic in dynamical systems is
how to build some proper bridges to relate the topological dynam-
ics and ergodic theory. A common approach, learned from the classi-
cal variational principle, is establishing some proper variational prin-
ciples between measure-theoretic entropy-like quantities, defined by
the measure-preserving structures, and the different types of entropy-
like quantities. See more results about the variational principles of
amenable groups [ST80, OP82], sofic groups [KL16], semi-groups [LMW18,
CRV18], weighted dynamical systems [FW16, Tsu23], partially hyper-
bolic systems [HHW17], random dynamical systems [Bog92, Kif01,
DZ15] and references therein. However, not all variants of topologi-
cal entropy enjoy the so-called variational principles since the system
may not exist invariant measures(e.g. dynamical systems acting by
semi-groups or non-autonomous dynamical systems), or difficultly for-
mulates an analogous role of measure-theoretic entropy. In this situ-
ation, one can either only obtain the partial variational principles or
establish Feng-Huang’s type of variational principles [FH12].

We address that it is the missing role of measure-theoretic entropy
that leads a more difficult task of establishing the proper variational
principles for some entropy-like quantities of dynamical systems. Very
recently, for every pressure function satisfies monotonicity, translation
invariance and convexity, which is summarized from the properties of
classical topological pressure, without involving the dynamics, for any

metric space Bis et al. [BCMP22] established an abstract variational
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principle for pressure function in terms of finitely additive probability
measures, and characterized the equilibrium measures that attains the
supremum. When the dynamics is given, the variational principles of
some pressure-like quantities and potential applications are also con-
sidered in an elaborate manner [CRV18, BCMP22, CN05]. The goal of
this paper is to develop the convex analysis approach to random pres-
sure function in context of random dynamical systems, and establish a
variational principle for it involving the invariant measures.

The dynamical systems of Z-actions, which we say deterministic dy-
namical systems, is given by a single homeomorphism map on a com-
pact metric space. However, in the real world the dynamical system
evolves as the random external perturbations by the random transfor-
mations and its iterates. The basic framework of random dynamical
systems was established by Ulam and von Neumann [UV45], and later
by Kakutani [Kak50] when they perused the classical random ergodic
theorems. The thermodynamic formalism of random dynamical sys-
tems was systematically stated in [Bog92, Arn98, Kif86, Kif01, Liu01].
In the random context, we extend the work of [Rue73, BCMP22] to
random pressure function as follows:

Theorem 1.1. Let G = Zi, k > 1, or G be a countable infinite discrete
amenable group, and let ) be a locally compact, separable metric space
with Borel o-algebra B(SY). Let T be an amenable random (or ZF)
dynamical system on compact metric space X over an ergodic measure-
preserving system (Q, B(Q),P,G). If ' is a random pressure function
on Ly(Q, C(X)), then

I'0) = ,
= el

where s(p) = mf{L(f) — [ fdp: f € LE(Q,C(X))} is a concave upper
semi-continuous function on the set of invariant probability measures
on 2 x X.

The above theorem provides a new insight on how to link ergodic
theory and topological dynamical systems through the given random
pressure function. As applications, we apply it to some certain cases,
like zero entropy systems, infinite entropy systems of deterministic dy-
namical systems, and non-invertible random dynamical systems, see
Theorem 4.1, 4.3 and 4.6. However, to obtain the variational principle
in Theorem 1.1 more difficulties are encountered in random dynamical
systems that do not arise in [BCMP22].

(1) The Riesz representation theorem does not work in our current
setting since we shall deal with random continuous function rather than

the continuous function.
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(2) The relativized method (a modification of Misiurewicz’s technique
[Mis75]), which produces invariant measure of random dynamical sys-
tems developed in [Bog92, Kif01], only works for measure-theoretic en-
tropy rather than the integral of probability measures. Besides, unlike
Z-actions, constructing an invariant measure having certain marginal
on a base system is essential.

We shall use some new ideas and introduce some new tools to over-
come the two difficulties. For (1), we will introduce a new tool called
Stone vector lattice to replace the role of Riesz representation theorem,
and show the functional generated by the separation theorem of convex
sets is a pre-integral on a bounded function space. This allows us to
produce some probability measures. For (2), to drop the compactness
of 2, we use outer measure theory and lift the probability measures
obtained in step (1) to Radon measures. Then the compactness of
Radon measures ensures us to get a probability measure by restricting
its o-algebra to Borel o-algebra. Finally, we employ Von Neumann’s L!
ergodic theorem to show the marginal of the measure is the probability
measure of base system.

The rest of this paper is organized as follows. In section 2, we clarify
the basic setting of random dynamical systems and recall some relevant
concepts. In section 3, we introduce the notion of random pressure
function and prove the Theorem 1.1. In section 4, we exhibit several
applications of the Theorem 1.1.

2. PRELIMINARY

In this section, we briefly recall the setting of amenable random
dynamical systems and related concepts. A systemic treatment con-
cerning the theories of random dynamical systems are elaborated in
several nice monographs [Arn98, Kif86, Cra02, Liu01, DZ15].

Let G be a group and A, B be two subsets of G. By |A| we denote
the cardinality of A. The symmetric difference of A and B is defined
by AAB = (A\B)U(B\A). A group G is said to be an amenable group
if there exists a sequence { F}, },,>1 of non-empty finite subsets of G such

that

TN
holds for any g € G.

The sequence {F,},>1 is called a Fglner sequence of G. Amenable
group includes all finite groups, Abelian goups, and all finitely gener-
ated groups of sub-exponential growth. An example of non-amenable
group is the free group of rank 2. Throughout this paper, we always
assume that G is a countable infinite discrete amenable group.

Let G = Zi, or be an amenable group, and let X be a set. By an
action of G on the set X we mean a map o : G x X — X such that:

(1) aleg,x) = x for every z € X;
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(2) a(gr, (g2, 2) = algige, x) for every g1, 9, € G and z € X.

When g is fixed, we sometimes write gz := a(g, x), or T,z := a(g, z) for
convenience. If G acts continuously on the compact metric space X, we
call the pair (X, G) a G-system. Let (€, F,P) be a probability space.
If the G-action on (Q is measure-preserving, that is, P(A) = P(g~'A)
for all A € F and g € G, we call the quadruple (Q, F, P, G) a measure-
preserving system.

We always assume that the o-algebra of a topological space X, de-
noted by B(X), is the usual Borel o-algebra, which is generated by the
set of all open sets of X. Once (X,d) is a compact metric space, we
naturally associate a continuous function space C'(X) consisting of the
set of real-valued continuous functions on X, which becomes a Banach
space endowed with the supremum norm || - ||o.

An amenable random dynamical system(RDS for short) on compact
metric space (X, d) over a measure-preserving system (2, F, P, G) is
generated by a family of continuous self-mappings {1, ., : g € G,w € Q}
on X satisfying

(i) (w,z) — T,,x is measurable with respect to the product o-
algebra F @ B(X)' on Q x X;
(i) T, w is the identity map on X for all w;
(i) Ty o0 = Tygp.g1w © Ly o for all g1, 92 € G and w.

When G = Zﬁ is endowed with the usual additive operation such
that conditions (i)-(iii) hold, the system is said to be a random Z* -
dynamical system, or non-invertible random dynamical system. The
measure-preserving system (£, F, [P, G) is a model of noise, and the
G-system (X, ) is perturbed by the noise. This shall be more clear if
we let

T:GxOAxX = X, (g,w,z) = T(g,w,z) = Tg,w<x>7

which shows the G-system can be affected by randomly choosing the
continuous transformations on X. Specially, when € is a single point,
no noise is imposed in this case and hence the random dynamical system
is exactly reduced to non-random case, the previous G-system (X, G).

To investigate the dynamics of RDS, one can also associate a system
(Qx X, F®B(X),0,G) of G-action induced by skew product trans-
formation ©, on Q x X given by O4(w,z) = (9w, T ,x).

We give two examples of random dynamical systems.

Example 2.1. Let T? be 2-dimensional torus and (2, B(Q),P,0) be an
ergodic Polish system. Let f : Q — T? be a measurable map. Then we
have a random dynamical system on T? generated by the random map:

T,z = Ar + f(w),r € T?

IThat is the smallest o-algebra on 2 x X such that both the canonical projections
T : O x X = Qand 7x : Q x X — X are measurable.
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where A = <§ }) 15 a hyperbolic matriz.

Example 2.2. Let (£, 0) be the full shift over the k-symbols {1, ..., k}
with the left shift map o on the product space Q = {1,...,k}2+. Let
P be a o-invariant probability measure on 2. This gives a measure-
preserving driving system (2, B(Q),P, o). Let T™ = R™/Z™, m > 1,
be the m-dimensional torus with homeomorphism maps p;, j = 1,..., k,
on T™. Then for every w = (w1, ws, ...) the map T, : T™ — T™, given
by T,,(x) = ¢, (), and the iteration T,

T" =

w

Ton-1,0Tmo2,0---0T,, forn>1
1d, forn =20

giwe a random Z. -dynamical system.

We continue to collect several concepts related to the invariant mea-
sures of amenable random dynamical systems.

For each measurable in (w, ) and continuous in x real-valued func-
tion f on 2 x X, we set

171 = [ 11 )ldP),

where ||f(w)|le = supgex |f(w,z)|. The measurability of ||f(w)]|s
in w follows by the separability of X and the measurability of f. Let
L (Q, C(X)) denote the set of random continuous functions with || f|| <
oo. For instance, each element f belonging to L'-space L'(Q, F,P)
defines an element of LL(Q2, C(X)) by setting (w,z) — f(w); every
continuous function g € C(X) also defines an element of L}(Q2, C(X))
by setting (w, z) — g(x), and so is the multiplication of f and g given
by (w,z) — f(w)g(x). The space LL(Q,C(X)) becomes a Banach
space if we identify f and g by ||f — g|| = 0.

Let mq be the canonical projection from €2 x X to the first coordinate
Q. A probability measure on (2 x X, F ® B(X)) is said to have mar-
ginal P if the push-forward of p under mq, say (mq).u, is exactly the
probability measure P of the measure-preserving system (Q, F,P, G).
The set of such measures is denoted by Pp(€2 x X). It is well-known
that [Cra02, Proposition 3.6] any p € Pp(€2 x X) can disintegrate as
du(w, z) = dpg,(x)dP(w), where p,, is a family of conditional probability
measures on X for P-a.a w?. Equip with the space Pp(2 x X) with the
weak*-topology, that is, the smallest topology such that p — [ fdu
is continuous for all f € Ly(, C(X)), which is compact in sense of
weak*-topology [Kif01, Lemma 2.1]. The set of invariant measures,
denoted by Mp(2 x X, G), is the elements of u € Pp(§2 x X) that is
invariant w.r.t. ©, for all g € G.

2See [Cra02, Proposition 3.6] for the existence and uniqueness of disintegration.
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3. A CONVEX APPROACH TO RANDOM DYNAMICAL SYSTEMS

In this section, we aim to develop a convex analysis approach to
random pressure function of random dynamical systems, and establish
a variational principle for it.

3.1. Random pressure function. Given a deterministic system (X, T),
i.e, a continuous self-map 7" on the compact metric space X, in Wal-
ters” monograph [Wal82, Theorem 9.7, p.214] the topological pressure
P(T,-) : C(X) — R has many fundamental properties, for instances,
monotonicity, translation invariance, convexity, Lipschitz, and coho-
mology. Especially, it satisfies the following properties:

(i) Monotonicity: for any f, g € C(X) with f < ¢g,onehas P(T, f) <
P(T,g).
(ii) Translation invariance: for any f € C'(X) and ¢ € R, one has
P(T,f+¢)=P(T,f)+c.
(iii) Convexity: for any f,g € C(X)and p € [0, 1], one has P(T,pf+
(1—=p)g) <pP(T,f)+ (1 —-p)P(T,g).

In fact, the readers who are familiar with the classical thermody-
namic formalism may observe many pressure-like quantities of dynam-
ical systems under group actions still possess the same properties as
the classical topological pressure. To treat this phenomenon in a uni-
fied manner, Bis et al. [BCMP22, Definition 2.1] axiomatically defined
the pressure function® by requiring a function I' : C'(X) — R with the
properties:

(1) Monotonicity: for any f,g € C(X) with f < g, one has I'(f) <
I'(g).
(2) Tiailslation invariance: for any f € C(X) and ¢ € R, one has
C(f+c)=T(f) +ec
(3) Convexity: for any f,g € C(X) and p € [0, 1], one has T'(pf +
(1=p)g) <pI'(f) + (1 =p)T(g)-
We borrow this idea to broaden the scope of pressure-like quantities
of amenable random dynamical systems. This allows us to formu-
late more general axiomatic definition for random pressure function on

Ly(Q, C(X)).

Definition 3.1. Let T = (1,,,) be a RDS over the measure-preserving
system (0, F,P,G). A function T : L5(Q,C(X)) — R is said to be a
random pressure function if it satisfies the following conditions:
(1) Monotonicity: f < g= T(f) <T(g) Vf,g € LL(Q, C(X)).
(2) Translation invariance: T'(f +c¢) =T(f)+c Vf € LL(Q,C(X))
and c € R.

3Actually, beyond the continuous function space they define the pressure function
on a Banach space B over the field R and X is only assumed to a metric space in
a more general framework.
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(8) Converity: T'(pf + (1 — p)g) < pI'(f) + (1 — p)I'(g) Vf,g €
Ly(Q,C(X)) and p € [0,1].
<

0
(4) Lipschitz: |I(f) = T(g)l < |If — gl| Vf, g € Lp(Q2, C(X)).
(5) Semi-cohomology: T(f o ©,) < I'(f) Vf € Ly(Q,C(X)) and
geqG.
Remark 3.2. (i) The random pressure function admits the coho-

mology property if the equality in (5) of the definition holds.

(i) We address that only condition (5) involves the dynamics, while
the rest of properties are independent of the given systems.

(iii) As we have mentioned, if QO = {w} is a single point and P is
a Dirac measure 6, at w, then the RDS is reduced to the G-
system (X,G), and Li(Q, C(X)) is ezactly C(X) with supre-
mum norm. Then, in this case, condition (4) in Definition 3.1
can be removed since it can be deduced by using (1) and (2).
Indeed, given fi, fo € C(X), one has

L(f1) ST(fe +11fi = falloo) = T(f2) + 11 = folloo-

Ezxchanging the role of f1 and fs gives us the converse inequality.

3.2. The axiomatic definition of s(u). Notice that the random
pressure function is an abstract definition by summarizing the previ-
ous properties from the (random) topological pressure [Bog92, Kif01].
There is no proper measure-theoretic entropy-like quantities for us to
link it with random pressure function by variational principle. Corre-
sponding to the role of measure-theoretic entropy in classical variational
principles, we introduce an analogous counterpart of measure-theoretic
entropy by using the idea of topological pressure determining measure-
theoretic entropy.

Our definition is highly inspired by the work of Ruelle [Rue73, The-
orem 5.1, p.245] and [Wal82, BCMP22|. Let (X,T) be an expansive
dynamical system with specification property. Ruelle formulated a vari-
ational principle for topological pressure as follows:

P(T d
(T.5) = max {s(0)+ [ fdu,
where s(p) = infrecx){P(T, f) — [ fdu}. Later, without requiring
the additional conditions Walters [Wal82, Theorem 9.12] established
variational principle for any dynamical system:

PT.f) = sup {h(T)+ [ fau).
neM(X,T)

Moreover, if the topological entropy of the system is finite, he showed

that for any given invariant measure fi, the entropy map p +— h,(T)

defined on M(X,T) is upper semi-continuous (u.s.c.) at po if and

only if h,,(T") = s(uo). In other words, measure-theoretic entropy is
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completely determined by topological pressure in this case. Now we
inject the above idea to the random context.

Definition 3.3. Let T' = (1,,,) be a RDS over the measure-preserving
system (Q, F, P, G), and let T be a random pressure function on Ly(Q, C(X)).
For every p € Pp(2 x X), we define the measure-theoretic entropy of
wwrt I as

s(u) =t {0(7) ~ [ faus £ € LH@.C0))

We are in a position to provide some equivalent characterizations for
s(u) by the certain convex domains of L (9, C'(X)).

Proposition 3.4. Under the setting of Definition 3.3, for every u €
Pp(2 x X), we have

)= it f 10
- }22/ i
where
A={f € Lp(Q,C(X)) : T(=f) = 0}
and

A={f € Li(QC(X)) : T(~f) < 0}.

Proof. We first show s(p) = infye 4 [ fdp. This essentially follows from
the translation invariance of I'. Indeed, if f € A, one has

/fd,u (- / —fdp > s(u

Thus, s(p) < infreq [ fdu. If f € Lp(Q, C(X)), then D(—(T(f)—f)) =
0. This shows I'(f) — f € A and hence

~ [ sdu =t [ s

We get s(p) > infreq [ fdp.
The first equality implies that s(u) > inf ;. z [ fdu. Since Lp(Q, C(X))

is a linear space, we know that if f € LL(Q, C(X)) then its inverse el-
ement —f € Ly(Q, C(X)). This shows
s(o) = nt((F) ~ [ fdu: 1 € Lh(@.C0X)
=it {T(~f) + [ fdu: f € LHR.COX)

< inﬁ/fd,u.

feA



Let (Q,d) be a metric space. A function f : Q — R is called
compactly supported if the support

spt(f) == {w e Q: f(w) # 0}

is a compact subset of 2. The set of continuous compactly supported
functions on  is denoted by C.(€2). Note that a continuous function
f € C.(Q) if and only if there exists compact subset K C 2 such that
flovk = 0. Using this fact, C.(€2) is a real linear space.

Proposition 3.5. We have the following statements:

(1) The set of finite linear combinations of the product of character-
istic function of measurable set of Q) and continuous function on X is
dense in Lp(Q, C(X)).

(2) The set of bounded function of LL(2, C'(X)) is dense in Ly(Q, C(X)).

(8) Suppose that Q is a locally compact and separable metric space
with Borel o-algebra B(Y). Then C.(2 x X) is dense in Ly(Q, C(X)).

Proof. (1). Let f € Ly(Q, C(X)) and define the map
[ (2,F) = (C(X), B(C(X)))

given by f(w) = f(w,-) € C(X), where B(C(X)) is the Borel o-algebra
on C'(X) generated by all open balls of C'(X) formed by

B(h,r) ={g € C(X) :[lg = hllec <1}
with h € C(X),r > 0. Let E be a countable dense subset of X. Then
1£(w, ) = hloo = sup [ f(w, z) = h(x)| = sup |f(w, y) = h(y)].
T

for all w. Hence
FB(hr) ={w e Q:||f(w,) = hllw <}
= N{weQ:|f(wy) —hy| <r}erF,

yekE

which implies that f is measurable.
Let {g,, : n > 1} be a family of countable dense subset of C'(X). For
n,k > 1, we define

1
Ange =19 € C(X) |9 = galloo < 7},
By = A1y, B = Ani\ U?;ll Ajgmn > 2.

Then {f '(Bnx) : n > 1} is a measurable partition of Q. For each
k > 1, there exist positive integer n, and a P-measurable set €2, =

Q\ Uk, f=1(B) so that P(,,) < §. We set

ng
() = 30 X105, @)1(2) + X, -0,
j=1
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Therefore,

1F = | = / ) = h)tPe) + / 1/ (@) o)
< / 1£(@)||odP(w) + +

Q k
Since ||f]] < oo, one has ka || f(w)]]ocdP(w) — 0 as k goes to oo by
the absolute continuity of integrals. This shows (1).

(2) is a direct consequence of (1).

(3) Notice that the product o-algebra B(2) ® B(X) coincides with
the Borel g-algebra B(£2x X) generated by the open sets of {2 x X since
2 x X has a family of countable topology basis. Clearly, C.(Q2 x X)
is a subset of Li(Q,C(X)). By (1), it suffices to show for any f &
Li(Q,C(X)) with the form y4-g, A € B(Q2) and g € C(X), can be
approximated by the elements of C.(2 x X). € is o-compact? since
is a locally compact and separable metric space. By [ET13, Theorem
B.13, p.425], the probability measure P on € is regular in sense of

]P)(A) KCA,SIBCI(?mpact]P)(K) AC[},Illjfopen ]P)(U)
Fix ¢ > 0. Choose a compact set K and an open set U such that
K Cc ACU and P(U\K) < 557, where M = max,ex |g(x)| + 1. By
the Urysohn’s lemma for locally compact space [Rud87], there exists
f € C.(Q) such that 0 < f(w) <1, f|x = 1 and the compact support
spt(f) C U. Since f(w)g(x) = 0 for any (w,x) € Qx X \spt(f)xspt(g),
then f-g € C.(Q x X) and

g — foll = / sup [xa()g(x) — F(@)g(@)[P(w) < ¢

zeX

This shows that C.(2 x X) is a dense subset of L(Q, C'(X)). O

Using Proposition 3.5, we can equivalently write the s(u) by shrink-
ing the function space L(Q,C(X)) to compactly supported function
space C.(€2 x X) and expanding the range of ['(—-) to non-positive
values compared with Proposition 3.4.

Lemma 3.6. Suppose that Q) is a locally compact and separable met-
ric space. Let T = (1,,) be a RDS over the measure-preserving
system (2, B(Q),P,0), and let T be a random pressure function on
Ly(Q,C(X)). Then for any u € Pp(2 x X),

= inf /fdu,
feA.
where A. = {f € C.(Q x X) : T'(—f) < 0}.

4A metric space is called o-compact if it is a countable union of compact subsets.
11



Proof. 1t follows from the Proposition 3.4 that we only need to show

s = it [ fau= int [ sy
feA feA.
for any € Pp(Q x X). Fix p € Pp(Q x X). The map f — [ fduis
continuous. Indeed, for fi, fo € LL(Q,C(X)), one has

|/}¢u—/}wmsiL[QﬁwJ»—hmumwm@mmm

S/Wﬁ—mwmmwm

= |[f1 = LI

Let f € A and v > 0. The Proposition 3.5,(3) allows us to choose
a sequence {f,} of the compactly supported continuous functions of
L3(Q,C(X)) such that f, — f+ 2. Then we get

/fndu—>/f+%dﬂ,

and the Lipschitz property and translation property of I' yields that
Y
D(~f,) = T(=(f +2)) <0

Thus, for sufficiently large N one has fy € A, and [ fndp < [ fdp+ry.
So inf,c 5. J fdu < [ fdp. This implies the desired inequality. O

3.3. Variational principle of random pressure function. In this
subsection, we give the proof of Theorem 1.1.

3.3.1. Some auxiliary tools. Notice that s(u) is pretty different from
the (fiber) measure-theoretic entropy. Therefore, the previous method
considered in [Rue73, Wal82, Kif01, BCMP22] can not be directly ap-
plied to the present case since we are dealing with the integral of in-
variant measures rather than measure-theoretic entropy. Besides, we
also need to give a different construction of invariant measure whose
marginal is P in random situation, which is not involved in the deter-
ministic systems.
The difficult part for us is to get the inequality:

o) < .
O erii e @

The central problem is how to construct a linear functional using the
information of random pressure function and relate it with a probability
measure on ) x X having margin P?

It can be done by the following steps:
(a) We use separation theorem of convex sets to get a linear functional;
(b) We introduce Stone vector lattice to deal with random continuous
functions, and use pre-integral to replace the role of Riesz representa-

tion theorem;
12



(¢) We introduce outer measure theory to overcome some problems
caused by the convergence of M (€2 x X), and obtain a probability
measure with margin P on €2 satisfying the desired inequality.
Before that, we first invoke the aforementioned three powerful tools.
The following separation theorem of convex sets presented in [DS88,
p.417] allows us to separate two disjoint closed convex sets by a proper
linear functional.

Lemma 3.7. Let V be a local convex linear topological space. Suppose
that K1, Ky are disjoint closed convex subsets and Ky is compact. Then
there exists a continuous real-valued linear functional L on 'V such that
L(z) < L(y) for any x € Ky andy € K.

) x X is a locally compact metric space by the assumption of {2 in
Theorem 1.1. Although we can apply Riesz representation theorem to
produce a Radon measure on €2 x X whose weak* convergence holds for
all f € C.(Q2xX), the compositions of compactly supported continuous
functions on €2 x X and the iterations of ©, may not belong to C. (2 x
X) since the skew product transformation ©, is only measurable. To
overcome this difficulty, we shall introduce pre-integral to replace the
role of Riesz representation theorem.

By £ we denote a family of real-valued functions on the set X. L is
said to be a vector lattice if L is

(i) a linear space;

(ii)) fVg:=max{f,g} € L,V f,g € L.
Additionally, £ is said to be a Stone vector lattice if L is a vector lattice
and fA1:=min{f, 1} € L for all f € L.

Given a set X and the vector lattice £ on X, the function L from £
to R is said to be a pre-integral if L is linear, positive, and L(f,) | 0
whenever f, € £ and f,(z) 0 for all x € X.

The following lemma comes from [Dud04, Theorem 4.5.2], which is
an analogue of the previous Riesz representation theorem in a more
general context.

Lemma 3.8. Let X be a set and L be a pre-integral on a Stone vector
lattice L. Then there exists a measure pn on (X, o(L)) such that for all
fecr

L(f) = /fdu,

where o (L) is the smallest o-algebra on X such that all functions in L
are measurable.

By means of pre-integral, one can obtain a measure on locally com-
pact metric space €2 x X. To get an invariant measure, a common trick
is considering a standard iterations of the measure under ©. However,
the usual convergence of weak-topology endowed for Borel probabil-

ity measures on compact sets does not work for the current setting.
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We place hope on some kind of convergence for locally compact metric
space arising in outer measure theory to overcome this obstruction.
We proceed to present some useful concepts and results given in outer
measure theory [Fol99, Mat95, Sim18|. Given a set X, a set function
p: 2% — [0, 00] is said to be an outer measure on X if u satisfies the
following conditions:
(i) (D) =05
(ii) p(A) < pu(B), vV AC B;
(iti) V Ay € X, 5 > 1, (U2, 45) < 57577 j(Ay).
For instance, the usual Lebesgue measure on R™; the counting measure
on the set X given by u(A) = #A for any finite subset A of X and
1(A) = oo otherwise. If a subset A C X satisfies Carathéodory’s
condition, that is, for any S C X,

1(A) = p(ANS) + p(A\S),

then A is called a p-measurable set. Specially, an outer measure p on
a metric space X is called Borel-reqular if all Borel sets of X are u-
measurable sets, and for any A C X, there exists a Borel set B D A
such that p(B) = p(A).
Now let X be a locally compact metric space. An outer measure u

is called a Radon measure if the following conditions are satisfied:

(i) p is Borel-regular;

(ii) p(K) is finite for each compact set K C X;

i)
(iii) for any A C X, u(A) = UopglgCU,u(U);
(iv)

for any open set U C X, pu(U) = sup w(K).
Kcompact, KCU

One says that a sequence of Radon measures {p, }22, on X converges

weakly p if

tim [ fdp, = / fdp

n—o0
for all ¢ € C.(X).
Using Urysohn’s lemma of locally compact metric space, one can
deduce from the definition of Radon measure that the following:

Lemma 3.9. [Mat95, Theorem 1.24] Let X be a locally compact metric
space. Suppose that {p,}22 1 and p are Radon measures on X such that
W weakly converges jn. Then

(i) for any open set O C X, liminf, . 1, (O) > p(O);

(i1) for any compact subset K C X, limsup,,_, . ptn(K) < p(K).

The following lemma provides a criterion whether a sequence of
Radon measures may admit a sub-sequence converging weakly to some
Radon measures.

Lemma 3.10. [Sim18, Theorem 5.15] Let X be a locally compact and

o-compact metric space. Let {1,}5°, be a sequence of Radon measures
14



on X with the property that sup,,~, pun(K) < oo for each compact set K
of X. Then there exists a subsequence { pin, }x>1 which weakly converges
to a Radon measure p on X.

Carathéodory’s theorem [Fol99, Proposition 1.11] says that the set
of all g-measurable sets of X, denoted by o(u), is a o-algebra. Then a
Radon measure (with u(X) = 1) restricts to its Borel o-algebra gives
us a Borel (probability) measure. Conversely, once there is a Borel
(probability) measure, we can obtain a Radon measure as follows:

Lemma 3.11. Let X be a locally compact, separable metric space and
1 be a Borel probability measure on X. For any A C X, we define
WA = inf  u(B).

BeB(X),ACB
Then

(i) u* is a Radon measure on X ;
(i1) If f is a p-integrable function on X, then

(3-1) /fduz/fdu*-

Proof. (i) Clearly, p* is an outer measure on X. By [Sim18, Lemma
5.9], to show that p* is a Radon measure on X it suffices to show

(a) each open set of X is a countable union of compact sets of X;

(b) u* takes finite value for compact sets of X;

(c) p* is a Borel-regular outer measure on X.

Since each open set of X is a Fj-set and any closed set of o-compact
metric space X is still o-compact, then each open set can be expressed
as a countable union of some compact sets of X. For any A C X and
n > 1, one can choose a Borel set B,, D A such that pu(B,) < p*(A)+2+.
We set B = N,,>1B,. Then

W (A) < i (B) < u(B) < w*(A) +

which implies that p*(A) = p*(B). Now assume that A € B(X) and
S C X. Then there exists a Borel set S; D S such that p*(S) = p*(S1).
Noting that ;*|g(x) = p, this yields that
p(S) = p(S1) = p(S1 N A) + p(Si1\A)
= p*(S1NA) + p7(S1\A)
> @t (SN A) + p(S\A).
On the other hand, we have p*(S) < p*(S N A)+ p*(S\A) by the
countable sub-additivity of outer measure p*. So p* is Borel-regular.
This shows p* is a Radon measure on X.
(ii) Recall that the integral [ fdu* of f w.r.t. p* is defined on the

measure space (X, o(p*), f1*|»(u+)) as the the classical measure theory

done. Each p-measurable function f on X is also p*-measurable since
15



o(p*) D B(X). Then the equality (3-1) can be obtained by using the
fact p*|px)y = p and a standard approximation technique used in real
analysis. O

3.3.2. Proof of Theorem 1.1.

Proof. The translation invariance of I shows that I'(—I'(0)) = I'(0) —
['(0) = 0. By Proposition 3.4, for all 1 € Pp(Q2 x X) we have s(u) <
JT(0)dp = T'(0). This implies

sup () <1(0).
HEMp(2XX,G)

To get the converse inequality

(3:2) ro)< s s(p),
HEMp(Qx X,G)

we need to show for any € > 0, there exists u € Mp(Q2 x X, G) such
that I'(0) — € < s(u). By Proposition 3.6, this is equivalent to show

(3-3) inf /fd,u+/cdu+e>0,

feA:
where A, = {f € C.(Q x X) : T(—f) <0} and ¢ := —I'(0). Equip the
bounded function space
Ly(Q,C(X)) ={f € Lp(Q,C(X)) : f is bounded on Q x X}
with subspace topology inherited from L'(Q2, (X)), and define

={f € Ly(Q,C(X)) : T(~f) < 0}.
Clearly, A. C A,. The convexity and Lipschitz property of I tells us A,
is a closed convex subset of Lj(Q, C(X )) Notice that I'(¢) = 0. Then
—(c+ %) ¢ Ay and hence —c ¢ A, + . Consider the disjoint closed

convex subsets K7 = {—c} and K, = Ab + 5. By Lemma 3.7, there
exists a continuous real-valued linear functional L on L} (€, C'(X)) such
that for any f € A, + 3,

(3-4) L(f) > L(—c).

We first obtain a Borel probability measure [ on (2 x X, B(2x X))
such that for every f € Ll(Q C(

(3:5) / Fd

Let f >0 and A > 0. By the translatlon invariance and monotonicity
of I', one has

P(=(Af +1+T(0))) = T(=Af) =1 -T(0)
<T(0)—1-T(0)= —1 < 0.
(f) + L1 +T(0) + 5) by (3-4) and the linearity of

letting A — oo we get L(—c) = —oo. This implies
16
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that L(f) must be non-negative. So L is a positive linear functional.
Let {g,(w, )}, be a sequence of L}(Q, C(X)) such that g,(w,z) is
pointwise decreasing to 0 for any fixed (w,z) € Q2 x X. For every fixed
w, one has the function sequences {g,(w)}, on X, given by g¢,(w) :=
gn(w, ), is pointwise decreasing to 0 for all x € X. By Dini’s theorem,
one has g, (w) converges uniformly 0 for each fixed w, i.e., ||gn(w)|| 4 O.
Then Levi’s monotone convergence theorem gives us

lim [|gn — 0| = lim / 92 ()| dP(e) = 0.
n—oo n—oo

Since L is positive, continuous and L(0) = 0, this yields that L(g,) { 0.
Since L is positive and can take non-zero value for some f, we choose
g € Li(Q,C(X)) with 0 < g < 1 such that L(g) > 0. Then

L(1)=L(g)+ L(1 —g) > 0.

To sum up, % is a pre-integral on Stone vector lattice L} (2, C(X)).
By Lemma 3.8, there exists a probability measure jo on (2x X, (L} (2, C(X)))

such that for every f € LI(Q C( ),

(3:6) / Fdo

Since each element in L; (Q, C(X)) is measurable in (w,z), the o-
algebra o(Li(Q, C(X)) generated by the functions of L} (Q,C(X)) is
contained in the product o-algebra B(€2) ® B(X). On the other hand,
let A € B(2) and B be a closed subset of X. We set g,(w,z) :=
xa(w) - by(z) € Li(Q,C(X)), where b,(z) = 1 — min{nd(z, B), 1}.
Then lim,, o, gn(w, ) = xa(w)xp(z) for all (w, x). Therefore, Ax B €
o(Ly(Q,C(X)). This shows that o(Ly(Q2,C(X)) = B(2) & B(X) =
B(2 x X), namely pg is a Borel probability measure on 2 x X.

Next, we construct an invariant probability measure on €2 x X with
marginal P. Let f € L}(Q,C(X)) and g € G. Then

£ 004l = [ sup (g, Tyu)aB) < [ I17(00)l|dP) = 1]

by the fact P is G-invariant. So f o ©, belongs to L;(Q, C(X)). By
(3:6) and the linearity of L, for all f € L}(Q,C(X)), one has

L(lF_ln\ deFn
- /fd|F| S (0,00

gEF,

(3-7)

for any family of Folner sequences {F, },>1 of G. Then

>_®,

gGF

Hn
nl



is a sequence of Borel probability measures on 2 x X. For any A C
1 x X, we define

3 (A) it ua(B).

n BEB(QIXX),BDA

By Lemma 3.11, {y} },>1 is a sequence of Radon measures on € x X.
Since p} (K) = p,(K) <1 for each compact set K of 2 x X and every
n > 1, then by Lemma 3.10, without loss of generality we may assume
that u; converges to a Radon measure p* on 2 x X. Notice that p* is
Borel-regular. The measure

= 1| Baxx)

which is a restriction of p©* on B(2 x X), is a Borel measure on 2 x X.

We need to show € Mp(Q x X, G). Let L'(Q, B(2),P) denote the
usual L'-space with norm || - ||p1. Given f € L'(Q, B(Q),P), by setting
flisyxx = f(w) for every w, this yields a function f € LL(Q, C(X)).
Clearly, xa = xaxx for any A € B(Q). Let {F,},>1 be a Fglner
sequence of GG. By L'-mean ergodic theorem [KL16, Theorem 4.23],
one has

[ Zong—P<A>||:/| LS w0 g(w) — PA)dP()

1
:HW > xaog—P(A)||pr = 0,n — oc.

g€Fn
The continuity of L implies that
(3-8)
L X gern Xa©0y) Ly Yger, X4 ©9)
lim = lim =P(A).
n—oo L(1) n—oo L(1)

Let K be a compact subset of 2. Since p,|5@xx) = pin for each n, one

has

(3-9)
‘ LY XK ©0y) 4, ¢
by (3-8) .. R Fa 9) by (37) . .
by Lemma 3.9
= limsup u, (K x X) < pr(K x X) =p(K x X).
n—o0
By [ET13, Theorem B.13, p.425], P is regular, that is, for any A € B(£2)
(3-10) P(A) = sup P(K) < u(A x X), by (3-9).

KCA,K is compact

The similar arguments give us P(A) > u(A x X). Thus P(A) = p(A x
X) for all A € B(Q2). Specially, we have u(Q2 x X) = 1. This shows
(7))« = P and hence p € Pp(2 x X).

18



The remaining is to show p is ©4-invariant for all g € G. For every

f € C.(2 x X), one has

Lt Soer, £ ©©5)
_ . [Fr| £<gEFy, 9) by (37) .
B - [ S

by Lemma 3.11,(ii)

lim [ fdu,

n—o0

= [ taw = [ san.

Let f € L}(Q,C(X)) and choose f, € C.(Q x X) such that || f — f.|| <
L(1)e

by Proposition 3.5,(3), where ||L|| is the operator norm of L. By

3[| L]
(3-11), for sufficiently large n,
L(p7 Xger, f+0
| |Fn‘ ZGFn /f*du| - €
So
e sen /o8 /fd | < (M Zer 72 6) L(wF—Wdean 2%,
L(1) Lm
L{z7 Xger,
|—= Le /fdM|+|/fdu /fdﬂl
< €.
This shows that
(-
(3-12) lim (i Z"EF" / i

holds for all f € L;(Q,C(X)). Let h € G and f € Li(Q,C(X)).
Replacing f by f o ©, in (3-12), we have

[ foudu~ [ anl - lim sl Y 706

EthAFn
LI I R EAE,
<1 —
=05 L) ||

Note that C.(Q x X) is dense in Lp(Q, C(X)). Sois L} (2, C(X)). A

standard approximation approach shows that [ f o ©,du = [ fdu for

all f e Lp(Q,C(X)) and h € G. This shows u € Mp(Q x X, G).
Finally, we show p exactly satisfies inequality (3-3):

inf /fd,u+/cdu+e>0.
feA.
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For each f € A.and g € G, one has foB, € A, by the semi-cohomology
of I'. It follows from (3-11) that

v

inf L(f).

(3-13) / fdp = lim L(f°9O,) o

oo \F |21

which implies that s(u) > ﬁ infgeAb L(g) by Proposition 3.6. There-
fore, one has

() + [ cdt e ﬁ it ;(f)ﬁé% v

1 €
T all,, LD+ L) + 5> 0.by (3+4)

Recall that Pp(2 x X) is endowed with the weak*-topology, which
is compact. It is easy to see that Mp(Q2 X X, @) is a non-empty closed

subset of Pp(2 x X). Since s(u) is upper semi-continuous concave
function on Mp(2 x X, G), then the set

Moo (T, T) = {p € Ma( x X, G) : T(0) = s(u)}

is a non-empty compact convex subset of Mp(2 x X, G). Thus, the
supremum can be attained for some invariant measures. 0

Suppose that Q@ = {w} is a single point, and G = Z%, or G is an
amenable group continuously acting on the compact metric space X
with continuous self-maps {7, : g € G} on X. If the pressure function
[': C(X) — R satisfies the following properties:

(1) Monotonicity: f <g=T'(f) <TI'(g) Vf,g € C(X).

(2) Translation invariance: I'(f 4+ ¢) = T'(f) + ¢ Vf € C(X) and
ceR.

(3) Convexity: I'(pf+(1—p)g) < pL'(f)+(1—-p)'(g) Vf. g € C(X)
and p € [0, 1].

(4) Semi-cohomology: I'(foT,) <T'(f) Vf € C(X) and g € G,

then, by Theorem 1.1, we can obtain the following variational principle
of pressure function for dynamical systems of G-actions.

Theorem 3.12. Let G = Zi, k> 1, or G be an amenable group con-
tinuously acting on the compact metric space (X, d). If ' is a pressure
function on C(X), then
I'0) = max s
(0)=  max  s(n),
where s(p) = nf{T(f) — [ fdu: f € C(X)} is a concave upper semi-
continuous function on the set of G-invariant Borel probability mea-

sures M(X, G).
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4. SOME APPLICATIONS OF MAIN RESULT

In this section, we exhibit several applications of the Theorem 1.1,
and formulate the new variational principles of the entropy-like quan-
tities of dynamical systems, including some entropy-like quantities of
the zero and infinite entropy systems, and preimage entropy-like quan-
tities of non-invertible random dynamical systems. The main results
are Theorem 4.1, 4.3 and 4.6.

4.1. Zero entropy systems. According to the possible value of topo-
logical entropy, dynamical systems can divided into zero entropy sys-
tems, finite entropy systems and infinite entropy systems. Although
the zero entropy systems are viewed as a class of “simple” system with
lower topological complexity, it may possess the complicated dynamical
behaviors detecting by some zero entropy-like quantities, for instance,
topological sequence entropy, maximal pattern entropy, and polynomial
topological entropy are such candidates.

In this subsection, we are interested in the connections between the
topological and ergodic aspects of zero entropy-systems, and we estab-
lish variational principles for these zero entropy-like quantities.

We first review the precise definitions of the aforementioned zero
entropy-like quantities.

4.1.1. Topological sequence entropy. Let (X,T) be a topological dy-
namical system (TDS for short), where X is a compact metric space
with a metric d and 7" : X — X is a homeomorphism map. Given
a sequence S = {ig, i1, --} C Z>o of non-negative integers with iy <
iy < -+ /0o, we define the Bowen metric d7 w.r.t. the sequence S as

S _ 7 7
dn(z,y) = max d(T(x),T"(y))

for any x,y € X.

A set F is an (n,e, S)-separated set of X if d2(z,y) > € for any
distinct x,y € F. Let f € C(X). The topological sequence pressure
w.r.t. S is defined by

]_ n—1 i
Ps(T, f) = lim lim sup — log sup { g im0 f(T72))
€E—
er

n—oo 1 FCX >

where the supremum is taken over the set of (n, ¢, S)-separated sets of

X.

By letting f = 0 and hfgp
logical sequence entropy of X w.r.t. S.

For any such sequence S, Goodman [Goo74, Theorem 3.1] estab-

lished the partial variational principle of topological sequence entropy:

sup  fp(T') < hiy,, (T),
HEM(X,T)

(T) := Ps(T,0), we call h

top

(T") the topo-
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where hﬁ (T') is the measure-theoretic sequence entropy of pu w.r.t. S
introduced by Kushnirenko [Kus67], and for some TDSs the strict in-
equality can occur.(cf.[Goo74, Section 5])

Taking the supremum S over all sub-sequences of non-negative in-
tegers, the supremum of the topological sequence pressure of f is given
by

P*(Taf) = SgpPS(Taf)

Letting f be zero potential and hj, (T, X) = P*(T,0), we call
hi,, (T, X') mazimal pattern entropy(or supremum of topological sequence
entropy)® of X.

We proceed to recall another topological invariant introduced by
Katok and Thouvenot [KT97], which is useful for classifying the zero

entropy-systems.

4.1.2. Polynomial topological entropy. Let (X,T) be a TDS and f €
C(X) be a continuous potential. Let [u] denote the smallest integer
greater than u. We define polynomial topological pressure of f as

log sup {Z Byt iz
FcX e F

1
P, (T, f) = lim lim sup ]

=0 psoo lOgN

where the supremum ranges over the set of (n, €)-separated sets of X°.

In definition of polynomial topological pressure, we only consider the
Birkhoff sum of  whose time begins with 0 and ends with [logn| rather
than n as we have done for the classical topological pressure. Such a
formulation is to guarantee that the polynomial topological pressure
P (T,-) : C(X) — R satisfies the translation invariance P, (T, f +
c)=Pu(T, f)+c.

When f = 0 is zero potential, we call hfgll,(T, X) = Pyu(T,0) the
polynomial topological entropy of X . It seems that a proper variational
principle for polynomial topological entropy is still missing for lasting
a long time due to the lack of the role of measure-theoretic entropy.
Therefore, we have the following question:

Question 1: how to define proper measure-theoretic entropy-like quan-
tities such that the variational principles hold for maximal pattern en-
tropy and polynomial topological entropy?

Tn [HY09], for any TDS (X,T), Huang and Ye defined the maximal pattern
entropy of X, and proved that it is equal to the supremum of topological sequence
entropy over all subsequences of non-negative integers, which explains the reason
why we call hy, (T, X) the maximal pattern entropy.

6Namely, the (n, €, S)-separated sets of X by considering S = Z>.

Tt is also called slow entropy in the original literature [KT97].
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4.1.3. Variational principle of zero entropy-like quantities. It is imme-
diate to check from the definitions that both P*(T,-) and P,y (T),-)
are pressure functions on C'(X). Thus, by Theorem 3.12 we have the
following variational principles:

Theorem 4.1. Let (X,T) be a TDS.
(i) If htop( X) < o0, then
hiop(T, X) = max hy(T),

top peEM(X,T)
where W (T) = infjeox) {P(T, f) — [ fdu}.
(1) [fhpOl(T X) < o0, then

top
pol
htop

(T,X)= max h"Y(T),

peM(x,1) ¥
where hﬁ“l(T) = inf recox) {Ppar(T, f) — [ fdu}.
4.2. Infinite entropy systems.

4.2.1. Mean dimensions of Z-actions. Contrary to the zero entropy
systems, infinite entropy systems admit the quiet complicated dynam-
ics, while we get no extra information about the systems except the
entropy is infinite. To capture the topological complexity of infinite
entropy systems, mean dimension, introduced by Gromov [Gro99], and
metric mean dimension, introduced by Lindenstrauss and Weiss [LW00],
are two vital quantities for us to understand the geometric structures
and topological structures of infinite entropy systems. Recall that the
classical variational principle states that the topological entropy is the
supremum of the measure-theoretic entropy over the set of invariant
measures, that is,
hiop(X,T) = sup h,(T).
neM(X,T)

It is the missing role of measure-theoretic counterpart in infinite en-
tropy systems that prevents us to obtain some proper variational prin-
ciples for mean dimension and metric mean dimension. Very recently,
Lindenstrauss and Tsukamoto’s pioneering work [LT18] gave the first
analogue of classical variational principle. More precisely, by inject-
ing the rate-distortion theory into ergodic theory, for any TDS (X, T")
with a metric d they established the following variational principle for
(upper) metric mean dimension:

mdim (7, X, d) = lim sup sup R, (€)
e—0 108 T ueM(X,T)

where mdim,, (7', X, d) denotes upper metric mean dimension of X, and

R, 1 (€) denotes L>-rate distortion dimension of p. See [CDZ22] for

an extension of this result. We remark that a counter-example is given
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in [LT18, Section VIII] to show the order of sup ¢ s (x,7) and limsup,_,,
can not be exchanged. Thus, the variational principle

_ 1
mdimy, (7, X,d) = sup {limsupl—lRu,Loo(e)}

peEM(X,T) e=0 108 <

does not hold for any TDS.
One says that a TDS (X, T') admits marker property if for any N > 0
there exists an open set U C X with the property that

UNT"U =0,1<n<N,and X = U,T"U.

For instance, aperiodic minimal systems and their extensions have
marker property. This property was used to obtain the Voronoi tiling
of Z* [GLT16, Section 4], which was extensively used to deal with the
embedding problems of dynamical systems. For systems with marker
property, Lindenstruass and Weiss [LT19] also proved the variational
principle for mean dimension:

1
mdim(X,7)= min su limsup —R €),
( ) de9(X) HGM&T) P log £ it (€)
where mdim(X, 7T") denotes the mean dimension of X, R, ;1(€) denotes
Lt-rate distortion dimension of 1, and 2(X) is the set of all compatible
metrics on the topology of X. We remark that in [LT19] it holds that
for any TDS
1
mdim(X,7) < inf = sup limsup —5 R, 11(€)

deZ(X) peM(X,T) €0 log%

< inf mdimy(T, X, d),
de7(X)
then to get the desired equality the marker property is imposed to find
the metric such that mdim(X,7T) = mdimy, (7T, X, d)°. Voronoi tiling
is still not developed yet for amenable groups since the structure of the
group does not supply an easy generalization of the variational principle
to amenable groups. Besides, since the marker property implies non-
aperiodicity, while a“simple” example: the full shift on [0, 1]% with
a metric given by d(z,y) = >, 2 ™|z, — y,|, has lots of periodic
points such that Lindenstrauss-Tsukamoto’s variational principle holds
for mean dimension:
mdim (o, [0, 1]%, d) = lim sup %RM,LI(G) =1,
e—0 10g p
where p = L%, and L is the Lebesgue measure on [0, 1].
Based on these facts, we pose the following question:

8Due to the pretty lengthy definitions, we refer the readers to [LT18] for the
precise definitions of L' and L*°- rate distortion functions.
9Tt is an open problem posed in [GLT16, LT19] whether for any TDS (X, T),
there exists a metric on X such that mdim(X,7T) = mdim (T, X, d).
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Question 2: For any G-system (X, G), without assuming the marker
property, how to define proper measure-theoretic entropy-like quantities
such that the variational principles hold for mean dimension and metric
mean dimension?

4.2.2. Mean dimensions of G-actions. We first introduce the mean di-
mension with potential of G-actions. Let (X, G) be a G-system. Denote
by F(G) the set of non-empty finite subsets of G. Given an open open
cover U of X, we define ord,(U) = >, xv(x) — 1 for every z € X
and

D(U) = minord(V),

VU
where the infimum is taken over all finite open cover of X that refines
U, and ord(V) = max,cx ord, (V) is the order of V.

Let F € F(G) and define Up = Vyerpg 'U. Then the function
F € F(G) — D(Ur) satisfies the condition of Ornstein-Weiss theorem
[OW8T] and hence there exists a negative number(only depending on G
and the map), which we denote it by mdim(G,U), such that the limit

lim D<UF")

n—00 |Fn|

exists and does not depend on the choice of Fglner sequences {F, },>1
of G. Then the mean dimension of X is defined by

mdim(X, G) = sup mdim(G,U),
u

where the supremum is taken over all finite open covers of X.

To apply our main result, we need to define a notion called mean
dimension with potential, however we do not follow Tsukamoto’s ap-
proach [Tsu20, p.4] since it does not satisfy the desired convexity when
the mean dimension with potential is regarded as a function on C(X).

Fix a Folner sequence {F,},>; of G. The set of finite open cover
V that refines U and attains the minimal D(UE,) is denoted by P,.
Let f be a continuous potential on X. Let F' € F(G) and define
Sk () = 3 e, f(gx) as the Birkhoff sum of z w.r.t. F. We set

mdim (G, f,U;{F,}) := limsup sup ord(f,V),
n—oo |Fn| VeP,
where ord(f,V) = max,ex{ord,(V) + Sg, f(z)}. We define the mean

dimension of X with potential f as

mdim(X, G, f; {F,}) = sgp mdim (G, f,U;{F.}).

It is easy to see that mdim(X,G) = mdim(X, G, 0; {F,}) if f is zero
potential.
Next, we follow Tsukamoto’s approach [Tsu20] to define the metric

mean with potential of G-actions. Let F' € F(G) and d be a metric on
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X. The Bowen metric w.r.t. F'is given by
d = d .
F(:an) r?eag( (nggy)

Aset E C X isa (dp,e€)-separated set if dp(x,y) > € for any z,y € F
with x # y. Let ¢ > 0 and f € C(X). We put

Pr(X, f,de) = sup{z eSPI@) - B is a (dp, €)-separated set of X}.
zeE

Then the metric mean dimension of X with potential f194s given by

1
mdimy (G, X, f,d) = limsup — limsup ——
e—0 og E n—o00 |F |

Letting f = 0 and mdim, (G, X, d) := mdimy (G, X,0,d), we call
mdim, (G, X, d) the metric mean dimension of X.

log Pr, (X, flog ,d,€).

4.2.3. Variational principles of infinite entropy-like quantities.

Proposition 4.2. Let (X, G) be a G-system. Then mdim(G, -,U; {F,})
and mdimy, (G, X, -, d) are two pressure functions on C(X).

Proof. For every Fglner sequence {F,} of G, we show the quantity
mdim(G, -, U; {F,}) is a pressure function. The remaining statements
can be similarly verified. By the definition, we only need to check the
cohomology.

Let {F,} be a Folner sequence of G. Fix g € G and V € P,,. Then

ord(fog,V) = Igle%?({ordx())) + Sy, f(2)}
< max{ord, (V) + 57, £(2)} + [9FuAF - 1 fll

This implies that mdim(G, f o g,U;{F,}) < mdim(G, f,U;{F,}) for
all g € G. O

Therefore, we can apply the Theorem 3.12 to the two types of pres-
sure functions and obtain the following variational principles for mean
dimensions whose forms are more close to the classical ones, which do
not assume that the marker property.

Theorem 4.3. Let (X, G) be a G-system.
(1) If mdim(X, G) < oo, then for every Folner sequence {F,,} of G

mdim(X,G) = ueg\l/ll?)}((G) mdim,, (X, G; {F,}),
where mdim, (X, G;{F,}) = infrecon{mdim(X, G, f; {F.}) —
J fdu}.

10Actually, by some more effort one can show the quantity mdimas (G, X, f, d) is
independent of the choice of Fglner sequence {F,} of G.
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(i) If mdimy, (G, X,d) < oo, then

mdimy, (G, X,d) = max mdimy (G, p, X, d),
HEM(X,G)

where mdim (G, p1, X, d) = inf ey {mdimy (G, X, f,d)— [ fdu}.
4.3. Non-invertible RDSs.

4.3.1. Preimage entropies and variational principles of 7" -action. We
review some progress of variational principles for preimage entropy-like
quantities. A general fact is if 7" is a homeomorphism map, then the
topological entropies of the forward orbits and backward orbits coin-
cide, that i8, hup(T, X) = hip(T, X). For non-invertible map 7' on
X, the cardinality of the iterated preimage set T "x of x is in general
not a single point and even uncountable, so the backward orbits may
possess pretty complicated preimage structures. To describe how “non-
invertible” a system is and how “non-invertibility” contributes to the
entropy, many types of preimage entropy-like quantities were intro-
duced and investigated from the topological and measure-theoretical
viewpoints through the growth rate of preimages and the condition
entropy [LP92, Hur95, NP99, CNO05, WZ21, WZ22].

Cheng and Newhouse [CN05] defined topological preimage entropy
of X as

1
Bpre(T) = limlimsup — sup logs, (T, T *z,¢),
=0 nooo M ogzeX,k>n
where s, (T, Z, €) denotes the maximal cardinality of the (n, €)-separated
sets of a non-empty subset Z of X, and established a variational prin-
ciple for it in terms of measure-theoretic preimage entropy:

hpre(T) - sup hpre,u(T)-
peM(X,T)
where hyreu(T) = supaepy Ppreu(T, @) = supgep, Jgﬂolo%h“<0én|87>7

and B~ = N5,/ B is the infinite past o-algebra related to the Borel
o-algebra B. Unfortunately, the recent work in [W23, SYZ23] posed
some examples showing that the Cheng-Newhouse’s variational princi-
ple fails, that is, there exists TDSs such that sup,ex7) Ppreu(T) <
hyre(T'). Now, turning eyes to two kind of pointwise preimage entropy:

1
hp(T) = lim lim sup —sup log s, (T, T "z, €),

=0 00 MNgex

1
hy(T') = sup lim limsup — log s, (T, T "z, €).

2eX 0 nosoo N
For systems with uniform separation of preimages'', Wu and Zhu [WZ21,
Theorem B, Corollary A.1] established variational principles for it in

HIf for some €g > 0, d(z,y) < € and T'(z) = T(y) implies that z = y.
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terms of pointwise measure-theoretic preimage entropy:

hy(T) = hpy(T) = sup Ay, (1) < 00,
neM(X,T)

where Ry, (T) = supyepy, Pmu(T, @) = sup,ep, limsup =k, (a"|T~"B).
n—o0

In the context of non-invertible RDS, Wang et al. [WWZ23, Theorem
B] extended the partial result in [WZ21] to random pointwise preimage
pressure Py (7) f), yet the corresponding variational principle is still
vacant for another random pointwise preimage pressure Py, (7', f).

4.3.2. Preimage entropies-like quantities of non-invertible RDSs. We
assume that G = Z,. A random Z, dynamical system(non-invertible
RDS) over (Q, F,P,0) is generated by mappings T, : X — X with
iterates

T {Tgnlw oTyn—2,0---0T1,, forn>1

n id, forn =0

such that (w,z) — T,z is measurable and x +— T,z is continuous for
all w.

We define a family of Bowen metrics {d¥ : n € Nyw € Q} on X,
where ' '

0<j<n—

for any z,y € X. Given f € LL(Q, C(X)), we set
n—1 n—1
Suf(w,x) =) fo®(w,z)=> f(('w, Tix).
=0 =0

Let E be a non-empty set of X. A set F' C F is an (w, n, €)-separated
set if d¥(x,y) > e for any z,y € F with x # y. Let s, (T, E,w, €) denote
the maximal cardinality of (w,n, €)-separated sets of F.

Topological preimage entropy was firstly introduced by Cheng and
Newhouse [CN05] and was extended to topological preimage pressure
by Zeng et al. [ZYZO07], which were further investigated by the several
authors for non-invertible RDSs [Z07, MC09, ZLL09]. We define

Ppre,n(Ta fa w, €, k)

= sup sup{ E S @) Fis an (w, n, €)-separated set of T, %z}
zeX
yeF

The quantity Py.en(T, f,w, €, k) is measurable in w [ZLL09, Lemma
2.1]. Then we set

1

P,.o(T, f,€) = limsup — sup / log Ppren(T, f,w, €, k)dP(w).
n—oo 1 k>n

The random topological preimage pressure of f is defined by
P;re(Ta f) = lg% Ppre(T7 fa 6)'
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Letting f = 0 and A}, (T) = P;,..(T,0), we call hy. (T) random
topological preimage entropy of X.

A pointwise approach is considered to define pointwisee preimage
entropy by Hurley [Hur95]. See also [WZ21, LWZ20, WWZ23] for the
extension of pointwise preimage entropies in both Z -actions and non-

invertible RDSs. We put
Ppre,n(Ta f7 W, T, 6)
= sup{z S I@Y) - B is an (w, n, €)-separated set of T, "x}.
yer

In [WWZ23], Wang, Wu and Zhu showed that both the quantities
Pen(T, fow,x,€) and sup,e x Ppren(T, f,w, x, €) are measurable in w.
This allows us to define

1
Prem(T, f,€) = limsup — /log sup Ppren(T, fow, x, €)dP(w),
n

n—o0 zeX

1
Prep(T, f,€) = sup limsup — /log Poren(T, fow, x,€)dP(w).
n

reX n—oo

The random pointwise preimage pressures of f are defined by
P;re,m<T7 f) = 11_{% Ppre,m<T7 [y 5)7
PreplT £) = i Py (T £, 6)

Letting f =0, h,.,.(T) == P}, . (T,0) and b}, (T) = P!, (T,0),

pre,m pre;m prep prep
we call by (T), by, (T) random topological preimage entropies of X.

For any f € Ly(Q, C(X)), it is clear that
Bore (T f) < Pore (T, ) < Po(T' f),

pre,p

and the three types of preimage topological pressures do not depend
on the choice of the compatible metrics on X.

4.3.3. Variational principles of preimage entropy-like quantities. We
show the preimage pressures-like quantities are random pressure func-
tions on L (2, C(X)).

Proposition 4.4. Let T = (T,,) be a RDS over the measure-preserving
system (Q,F,P,0). Let f,g € Lp(Q,C(X)). Then P}, (T,-) satisfies
the following statements:

(1) Do (T) = | f1] < Ppo (T f) < hay o (T) + || 1]

(2) Ppo(T,-) : Lp(Q,C(X)) — R U {oc} is either finite value or
constantly oo.

(8) (monotonicity) If f < g, then Py (T, f) < Py..(T, g).

(4) (translation invariance) Py, (T, f +c) = Py (T, f) + ¢ for any

c € R.
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(5) (Lipschitz and convezity) If hy,. . (T') < oo, then

| Bore (T f) = Pre (T, 9)| < [1f = gl
and P} (T, ) is convex on Lyp(Q, C(X)).
(6) (cohomology) Pe(T. f+900 —g)=F,.(T,[).

Furthermore, the above properties are also valid for

prep(T ) P;rem(T )

Proof. These properties can be essentially directly verified by defini-
tions. Due to the completeness, we only give a sketch for Py (7).
(1-2). It follows from the inequality
X0 WO Py o (T,0,w,6,k) < Pren(T, f,w, €, k)
< X% Hf(m“)‘“"’PI,,nem(T, 0,w,¢€ k).

for any k > n and w € Q2.
(5). Let 0 <e< 1,k >n and w € Q. Then

Ppren(T, frw, e, k) < By H(ffg)(ea'w)uoopprevn(T’g’w’ e k),

P
which implies that Py (T, f) < Py (T, g) + [|f — g]|. Exchanging the
role of f and g one has

P;re(Tug> < P;re<T7f)+ Hf_gH

Let p € [0,1], and let E be an (w,n, ¢)-separated set of T *z. Ap-
plying Holder’s inequality;,

Z epSnf(w y)+(1 p Sng w y Z Snf(w y (Z eSng(va))(lfp)’
yekE yekE yekE

which yields that P* (T, pf+(1—p)g) < pre(T H+Q—=p) P (T, g).

pre pre
(6) Let F' be an (w, n, €)-separated set of T *x. Notice that for every
(w,z) and 0 < € < 1,

Z(l/e)s"(f+9°®_g)(“’y) — Z(1/6)Snf(w,y)—f—g(@"w,T:}y)—g(w,y).
yer yeF
Then the result holds by considering the inequality
3 (1/e)5n o=@l -glox

yel

< Z(l/e)Sn(Hgo@fg)(w,y)
yeF

<37 (1/€)Se sl o)l

zeF
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Definition 4.5. Let T' = (1},) be a RDS over the measure-preserving
system with by (T) < oo. For any pn € Pp(2 X X)), we respectively de-
fine the measure-theoretic preimage entropy, measure-theoretic point-

wise preimage entropies of u

e o(T) = (P, (T, f) — / fdu: | e LHQ. (X)),
B () = f (Pl (T, f) — / fdu: | € IMQ.C(X))},

B (1) = i0t{P (T ) — [ fd: £ € LH(@.COO)).

Based on the Proposition 4.4 and Theorem 1.1, one can formulate
the following variational principles of random preimage entropy-like
quantities without requiring the uniform separation of preimages.

Theorem 4.6. Let Q) be a locally compact and separable metric space
with Borel o-algebra B(Y). Let T = (T,,) be a random Z, dynamical
system over an ergodic measure-preserving system (Q,B(Q2),P,0). If
h,..(T) < oo, then

pre
h* (T = h: (T
pre( ) ;LEM?%S?X,G) pre,,u( )7
R (T = n* (T
orep( L) Leatnax ou(1),
Bpern(T) = max_ hy (T).

HEMB(Qx X,G)

Remark 4.7. (i) When Q is a single point, for systems with the

property of uniform separation of preimages, Li, Wu and Zhu
[LWZ20, Theorem A, Proposition 4.2] showed that

o (T) = 0f Py (T f) — / fdu: f e O,
= inf{Ppe,p(T, f) — /fdu 1 f e C(X)}

where Pyrem(T, f), Porep(T, f) are point-wise preimage pressure
of f respectively.

Hence, the Definition 4.3 is compatible with h,, ,(T) under
77" -actions, which also provides a strategy to extend the varia-
tional principles of pointwise preimage entropies given in [WZ21]
to any finite preimage entropy systems without assuming the
condition of the uniform separation of preimages.
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