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Safe and Efficient Switching Mechanism Design for
Uncertified Linear Controller

Yiwen Lu and Yilin Mo

Abstract—Sustained research efforts have been devoted to learning
optimal controllers for linear stochastic dynamical systems with unknown
parameters, but due to the corruption of noise, learned controllers are
usually uncertified in the sense that they may destabilize the system.
To address this potential instability, we propose a ‘plug-and-play”
modification to the uncertified controller which falls back to a known
stabilizing controller when the norm of the difference between the
uncertified and the fall-back control input exceeds a certain threshold.
We show that the switching strategy is both safe and efficient, in the
sense that: 1) the linear-quadratic cost of the system is always bounded
even if original uncertified controller is destabilizing; 2) in case the
uncertified controller is stabilizing, the performance loss caused by
switching converges super-exponentially to O for Gaussian noise, while
the converging polynomially for general heavy-tailed noise. Finally, we
demonstrate the effectiveness of the proposed switching strategy via
numerical simulation on the Tennessee Eastman Process.

I. INTRODUCTION

Learning a controller from noisy data for an unknown system
has been a central topic to adaptive control and reinforcement
learning [1]], [2], [3], [4] for the past decades. A main challenge
to directly applying the learned controllers to the system is that
they are usually uncertified, in the sense it can be very difficult
to guarantee the stability of such controllers due to process and
measurement noise. One way to address this challenge is to deploy an
additional safeguard mechanism. In particular, assuming the existence
of a known stabilizing controller, empirically the safeguard may be
implemented by falling back to the stabilizing controller from the
uncertified controller, when potential safety breach is detected.

Motivated by the above intuition, this paper proposes such a
switching strategy, provides a formal safety guarantee and quan-
tifies the performance loss incurred by the safeguard mechanism,
for discrete-time Linear-Quadratic Regulation (LQR) setting with
independent and identically distributed process noise with bounded
fourth-order moment. We assume the existence of a known stabilizing
linear feedback control law u = Kox, which can be achieved either
when the system is known to be open-loop stable (in which case
Ko = 0), or through adaptive stabilization methods [3]], [6]. Given
an uncertified linear feedback control gain K, a modification to the
control law v = K,z is proposed: the controller normally applies
u = Kz, but falls back to u = Kox for ¢ consecutive steps once
|[(K1 — Ko)x|| exceeds a threshold M. The proposed strategy is
analyzed from both stability and optimality aspects. In particular, the
main results include:

1) We prove the LQ cost of the proposed controller is always
bounded, even if K, is destabilizing. This fact implies that
the proposed strategy enhances the safety of the uncertified
controller by preventing the system from being catastrophically
destabilized.

2) Provided K is stabilizing, and M,t are chosen properly, we
compare the LQ cost of the proposed strategy with that of the
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linear feedback control law v = Kz, and quantify the maxi-
mum increase in LQ cost caused by switching w.r.t. the strategy
hyper-parameters M, ¢ as merely O(t'/* exp(—constant- M?))
in the case of Gaussian process noise, which decays super-
exponentially as the switching threshold M tends to infinity. We
also discuss the extension to general noise distributions with
bounded fourth-order moments, where the above asymptotic
performance gap becomes O(t*/4M~1).

The performance of the proposed switching scheme is further vali-
dated by simulation on the Tennessee Eastman Process example. We
envision that the switching framework could be potentially applicable
in a wider range of learning-based control settings, since it may
combine the good empirical performance of learned policies and
the stability guarantees of classical controllers, and the “plug-and-
play” nature of the switching logic may minimize the required
modifications to existing learning schemes.

A preliminary version of this paper [7] has been submitted to IEEE
CDC 2022. The main contributions of the current manuscript over
the conference submission are: i) the switching scheme has been
redesigned, such that the upper bound on LQ cost (Theorem [Z) no
longer depends on K7; ii) the conclusions have been extended to
noise distributions with bounded fourth-order moments; iii) proofs
of all theoretical results are included in the current version of the
manuscript.

Related Works

Switched control systems: Supervisory algorithms have been
developed to stabilize switched linear systems [8], [9], [10], and other
nonlinear systems that are difficult to stabilize globally with a single
controller [11]], [12], [13]. However, most of the paper focuses on the
stability of the switched system, while the (near-)optimality of the
controllers are less discussed. Building upon this vein of literature,
the idea of switching between certified and uncertified controllers to
improve performance was proposed in [14]], whose scheme guarantees
global stability for general nonlinear systems under mild assumptions.
However, no quantitative analysis of the performance under switching
is provided. In contrast, we specialize our results for linear systems
and prove that switching may induce only negligible performance
loss while ensuring safety.

Adaptive LOR: Adaptive and learned LQR has drawn significant
research attention in recent years, for which high-probability estima-
tion error and regret bounds have been proved for methods including
optimism-in-face-of-uncertainty [15]], [16], thompson sampling [17],
policy gradient [18]], robust control based on coarse identification [[19]
and certainty equivalence [20], [21], [22], [23]. All the above
approaches, however, involve applying a linear controller learned
from finite noise-corrupted data, which has a nonzero probability
of being destabilizing. Furthermore, given a fixed length of data, the
failure probabilities of the aforementioned methods depend on either
unknown system parameters or statistics of online data, which implies
the failure probability cannot be determined a priori, and hence it
can be challenging to design an algorithm that strictly satisfies a pre-
defined specification of safety. In [24], a “cutoff” method similar to



the switching strategy described in the present paper is applied in an
attempt to establish almost sure guarantees for adaptive LQR, which
are nevertheless asymptotic in nature, and the extra cost caused by
switching is not analyzed. By contrast, this manuscript provides both
non-asymptotic and asymptotic bounds for the switching strategy.

Nonlinear controller for LOR: Nonlinearity in the control of
linear systems has been studied mainly due to practical concerns such
as saturating actuators. The performance of LQR under saturation
nonlinearity has been studied in [25], [26], [27], which are all based
on stochastic linearization, a heuristics that replaces nonlinearity with
approximately equivalent gain and bias. By contrast, the present paper
treats nonlinearity as a design choice rather than a physical constraint,
and provides rigorous performance bounds without resorting to any
heuristics.

Outline

The remainder of this paper is organized as follows: Section
introduces the problem setting and describes the proposed switching
strategy. The main results are provided in Section |lII} and Section
for Gaussian process noise and noise with bounded fourth-order
moments respectively. Section [V] validates the performance of the
proposed strategy with a industrial process example. Finally, Sec-
tion [VI] concludes the paper.

Notations

The set of nonnegative integers are denoted by N, and the set
of positive integers are denoted by N*. For a square matrix M,
p(M) denotes the spectral radius of M, and tr(M) denotes the
trace of M. For a real symmetric matrix M, M > 0 denotes
that M is positive definite. ||v|| denotes the 2-norm of a vector v
and ||M|| is the induced 2-norm of the matrix M, i.e., its largest
singular value. For P = 0, (v,w)p = vT Pw is the P-inner
product of vectors v, w, and ||v||p = ||P*/?v| is the P-norm of
a vector v. For two positive semidefinite matrices P > 0,Q > O,
IQle = IP72QP 2| = supj,y,_ [v]2- For a random
vector X, X ~ N(u,X) denotes X is Gaussian distributed with
mean g and covariance Y. IP(-) denotes the probability operator, E(-)
denotes the expectation operator, and 1g is the indicator function
of the random event E. For functions f(z), g(x) with non-negative
values, f(z) = O(g(x)) means limsup,_, . f(z)/g(z) < oo, and
f(z) = ©(g(z)) means f(x) = O(g(x)) and g(z) = O(f(a)).

II. PROBLEM FORMULATION AND PROPOSED SWITCHING
STRATEGY

Consider the following discrete-time linear plant:
Tr+1 = Az + Bug + wi, (D

where k& € N is the time index, x;, € R" is the state vector, ux, € R™
is the input vector, and wy, € R™ is the process noise. Without loss
of generality, the system is assumed to be controllable. We further
assume that the initial state o = 0, and that {wy} are independent
and identically distributed with covariance matrix W > 0.

We measure the performance of a controller ux(zo:x) in terms of
the infinite-horizon quadratic cost defined as:

T—1
1
J =limsup =E Z fomk + ufRuk. , 2)
T— o0 T k=0
where @@ > 0, R > 0 are fixed weight matrices specified by the
system operator. It is well known that the optimal controller is the
linear feedback controller of the form w(x) = K"z, where the

optimal gain K™ can be determined by solving the discrete-time
algebraic Riccati equation.

In this paper, we assume that the system and input matrices A, B
are unavailable to the system operator, and hence she cannot deter-
mine the optimal feedback gain K™. Instead, she has the following
two feedback gains:

e Primary gain K, typically learned from data, which can be
close to K™ but does not have stability guarantees;

o Fallback gain Ko, which is typically conservative but always
guaranteed to be stabilizing, i.e., p(A 4+ BKj) < 1.

Ideally, the system operator would want to use K; as much as
possible, as it usually admits a better performance. However, since
K is not necessarily stabilizing, a switching strategy is deployed in
pursuit of both safety and performance of the system. The block
diagram of the closed-loop system under the proposed switching
strategy is shown in Fig. |1} and the switching logic is described in
Algorithm [1] In plain words, the proposed switched control strategy
is normally applying v = Kz, while falling back to u = Koz for
t consecutive steps once ||(K1 — Ko)z|| exceeds a threshold M.

Switched Control Strategy
(Algorithm 1)

Switching
logic

|

u Plant T

(eq. (1))

2’71

.

Fig. 1: Block diagram of the closed-loop system under the proposed
switching strategy. The controller selects © = K1z when £ = 0 and
u = Koz when £ > 0, where € is an internal counter determined by
the switching logic.

Algorithm 1 Proposed switched control strategy

Input: Current state x, primary gain K, fallback gain Ko, current
counter value &, switching threshold M, dwell time ¢
Output: Control input u, next counter value &’
1: if £ > 0 then
2 u + Kox
3: else
4 if ||(K1 — Ko)z|| > M then
5: E+—t,u <+ Koz
6 else
7: u <+ Kiz
8: & + max{¢ — 1,0}

III. MAIN THEORETICAL RESULTS

This section is devoted to proving the stability of the proposed
switching strategy as well as quantifying performance loss it incurs.
It is assumed throughout this section that the process noise obeys a
Gaussian distribution, i.e., wi ~ ./\/(()7 w).



A. Upper Bound on the LQ Cost

In this subsection, we prove that when M and t are fixed, the
LQ cost associated with the proposed switched controller is always
bounded, regardless of the choice of the underlying primary gain
K1 and hyper-parameters M,t. Notice that naively implementing
the linear controller u = K;x without the switching results in an
infinite LQ cost when K is destabilizing. As a result, the proposed
switching strategy ensures the stability of the closed-loop system.

Since the fallback gain K| is stabilizing, there exists Py > 0 that
satisfies the discrete-time Lyapunov equation

(A+ BKo)"Po(A+ BKy) — Po+Q+ Kj RKo =0, (3)
and hence there exists 0 < pg < 1 such that
(A+ BKo)"Py(A + BKy) < poP. @)

The following lemma constructs a quadratic Lyapunov function from
Py and states that the Lyapunov function has bounded expectation:

Lemma 1. Assuming that po, Py satisfy @), let Vo, = fooxk,

then it holds for any k that

4(1 + po) (M?[| B||?[| Pol| + tr(W Po))
(1= po)?

EVo,r < . (&)

Based on the fact that the LQ cost can be upper bounded in terms
of the expectation of the quadratic Lyapunov function V; j defined
above, we have the following theorem:

Theorem 2. Assuming that Py, po satisfy @) and @), the LQ cost
defined in @) satisfies

81+ po) |BI21I o] 2 8Lt o) tr(WR)
‘]5( 1 po)? ““R”)M+ 0 po)?

(6)

Proof. By definition of .J, we only need to prove E(||zx |3+ ||ux| %)
is not greater than the RHS of () for any k. Notice that

2 2 2 2 2
lekllo + llurllr = llerllgrxr ri, + lurllr — [Kozklr
< lzkll By + llukllz — [ Kowwl|: )

By the switching strategy, it holds ur, = Koxr+Aug, where Auy :=
(K1 — Ko)xrl{u, =K a,} satisfies ||Aux|| < M, and hence,

lukllr < | Kowxlln + M|RI"?,
which implies
lusllf = | Koze |7 < 2MI|R|"?|| Koz r + M?||R|
< 2M||R||"? ||zl py + MR- ®)
Substituting () into (7), we get
lzillG +lluxllR < (lzellr, +MIRIMY?)? < 2(]|ze]| B, + M| R]).

)
Taking the expectation on both sides of (@) and applying Lemma m
the conclusion follows. O

B. Upper bound on performance loss caused by switching

In this subsection, we quantify the extra LQ cost caused by the
conservativeness of switching when K is stabilizing. Let JX1 denote
the LQ cost associated with the closed-loop system under the linear
controller v = Kz, and JX1M?t denote the LQ cost associated
with the closed-loop system under our proposed switched controller
with primary gain K; and hyper-parameters M,t. To quantify the

behavior of the system under switching, we resort to a common
quadratic Lyapunov function for A+ BK; and (A + BKy)*, which
always exists for sufficiently large dwell time ¢. Formally speaking,
the following inequalities holds:

T
{(A + BK1)"P(A+ BK1) < pP, 10y

((A+ BKo)")TP(A + BKy)" < pP,

where 0 < p < 1 and P > 0. Notice that p, P that satisfy the first
inequality always exist due to the stability of A + BK;, and given
p, P, the quantity ¢ that satisfy the second inequality exists since
lim;— 00 (A + BKp)" = 0 by the stability of A + BKj.

Before proving the main result, we need a supporting theorem,
which quantifies the tail bound for an exponentially weighted sum of
potentially dependent random variables with Gaussian-like tails:

Theorem 3. Let {X;} be a sequence of random variables that satisfy
P(X; >a) <Ci exp(—C’za2)for any i =0,1,... and any a > 0,
where C1, Ca are positive constants. Let Sj, = Zf:o gk_iXi, where
0 < o < 1, then for any a > 202_1/2(1 — 0"*)7, it holds

P(Sk >a) < cy exp (—C’ga2) , (11

where Cy = 2C; (min{o ™! — 1,1})7%, Cy = (1 — /?)%Ch.

Remark 4. Notice that if X;s are jointly Gaussian distributed, then
(TT) can be trivially proved by computing the covariance of Sy, which
is also Gaussian. In essence, Theorem [3] serves as an extension of
the result for jointly Gaussian random variables, by allowing non-
Gaussian random variables with Gaussian-like tail distribution, and
removing any restriction on the joint distribution between random
variables.

By leveraging Theorem [3] we can bound the fourth moment of the
state x as well as the probability of the switching:

Theorem 5. Assume that Py, po satisfy @) and @), and that p, P,t
satisfy (T0). Let W = >-2° ((A+ BKo)"W((A + BKo)")", K =
| Ky — Koll, and ao = (SnllW | PIIIP~)/2(1 = p/4) 7. If the
threshold M > aolC is large enough, then the following statements
hold:

1) The fourth moments of xy, is bounded:

Ellaillp, < 8(QlPollE + (n* + 20)|Pollfp—1),  (12)

where
o 0OV P)) + (L= p)(n* 4+ 2m) [P
(1=p)(1-p?) ’

2) The probability of not using feedback gain K, satisfies:

P(uk ;é Klibk) S tE(M/’C),

an (1 o p1/4)2 9
= vo— exp | — = )
P 2n[|WI[[ PP~
which decays super-exponentially w.r.t. the threshold M.

We are now ready to state the main theorem of this subsection:

Theorem 6. With po, Po, p, P, a0, W,K, Q, & defined the same as
in Theorem 3] assuming that the dwell time t satisfies (I0) and the
threshold M > aokC, it holds that

JKI,M,t

— JKY < 201056 + (CF + C3)G, (13)



where

G = Ca(tE(M/K)Y*, C1 = /x(WP)|Qul[p/(1 - p),

Co = AullllQillre Y- I1ATll@rs  Cs = A2l F5 I,

5=0
Ca =24 (Q| Rl + (n* + 2n) | Poll 1),
Q1= Q+K1TRK1,A1 = A+ BK;,
A1 = B(Ko — K1), As= K, RKo — K{ RK;.

Proof. Let o = xo and Tx+1 = A1&r + wy, then
=
Ki _ Jim o Bl |12
J = Jim kz_o A

On the other hand, we have

T—-1

. 1
JKI,M,t — hmsup f Z ]E[J,‘ZQI}C + ufRukL

T— o0 k=0

and therefore we only need to prove E[z} Qzy +uj Rui] —E||Zx[3,
is no greater than the RHS of (I3) for any k. Notice that

i Qe + u Rur — |[#kl[G, = lzella, — [#xlG, + ok Azzilr,,

where Fj, = {uy # K1z} denotes the event that the fallback mode
is active and the gain K; is not applied at step k. We will next bound
Ellzk|3, — EllZx]|s, and E(zf Azziklr,) respectively.

a) Bounding E||zx||g, — El|#k ||, : Notice that

rr = A1xp—1 +wk—1 + Mixkalp, o,

and by recursively applying this expansion, we get

k—1
zp = Ao + Y AT N (ws + Avas1p,)
s=0
k-1

— a3 AT A,

s=0
Hence,

k—1

lzellor < lEellor + [A1llor Y IAT > oy losler 1k, -
s=0

From the fact that E(3°" | X;)? < (31, v/EX?)? for any random
variables X1, ..., X,, we have

Ellarlla, < <\/E||f?kllél+

k—1 2
k—s—
1ALl lI@1llr D 14T E[||a:s|?301ps]>
s=0

where by Cauchy-Schwarz inequality and Theorem [3] it holds
E [llsl1},1r.] < Ellaslls,) *PE)* < G

for any s. Furthermore, we have E|| 74|, < C} guaranteed by (T0).
Hence,

Ellzkllg, — Ellix]g, < 201026 +C56°.

b) Bounding E(foga:klpk): Notice
zr Aoxrlp, < || Aclll|lzk)®1r, < Csllzklpy 1,
Following a similar argument to part (a), we can get
E(zt Azarlr,) = C3G°.

Combining the above two parts, we obtain the desired conclusion.
O

The below corollary indicates that under proper choice of ¢, the
performance loss caused by switching can decay super-exponentially
M is enlarged:

Corollary 7. When K is held constant, and M, t are varied, it holds
JECME 7Ky — ot exp(—cM?)) (14)

as M — oo, t — oo,t1/4exp(—cM2) — 0, where ¢ =

(1= M4/ (16| W ([ PI[L P~ 1]y — Koll?) is a system-dependent
constant.

IV. EXTENSION TO NOISE DISTRIBUTIONS WITH BOUNDED
FOURTH-ORDER MOMENTS

In this section, instead of Gaussian distributed noise, the theoretical
results are extended to the case where the process noise {wy} is i.i.d.
according to a distribution that is heavier-tailed with bounded fourth-
order moment.

Assumption 8. The process noise {wy} is i.i.d. with:

Ewp =0, E(wpwi) =W, Efwy|*= pa.

On one hand, Theorem [2] still holds since its proof only requires
Fwy, = 0 and E(wyw}) = W. On the other hand, Theorems
and [6] which rely on the sub-Gaussian tail, need to be adjusted. The
following theorem parallels Theorem [5}

Theorem 9. Assume that Py, po satisfy @) and @), that p, P,t
satisfy (I0), and that Assumption [§| holds. Let

W= i(A + BKo) W ((A+ BKy)")"

and

fia— [Pollpa ,  2po tr(W Py)
L=p§ (1= p§)(1—po)
If | K1 — Ko|| < K, then the following statements hold:

1) The fourth moments of xy, is bounded:
Ellzkl|7, < 8(QlPolb + fia), (15)

where ~ ) 5 -
- Gp(tr(WP)?) + (1 = p)lIPI3yiua

Q = )
(1—p)(1—=p?)
2) The probability of not using feedback gain K, satisfies:

P(uk 7& lek) S tP(M/ICL

where 0 -

| P, fia
(L= p"/H4(1 — p)at’
which decays polynomially w.r.t. the threshold M.

Pla) =

The following theorem parallels Theorem [6}

Theorem 10. Under Assumption @ with po, Po, p, P,W,K,ﬂ4,
O, P defined the same as in Theorem and C1,C,C3 defined



the same as in Theorem [6] assuming that the dwell time t satisfies
(I0), it holds that

JECME _ 7Ky < 90,0y 4 (CF + C3)E2,

where ~ ~
G =254 (Q||Pol| + fua) /(P (M)

Proof. The proof parallels that of Theorem [Bl except that the bound
on (]E||x5||}1)0)1/4P(F3)1/4 should be G in place of G. O

Corollary 11. Under Assumption [8| when K is held constant, and
M, t are varied, it holds

JELME K

=O(t"*/M) (16)

asM—>oo,t—>oo,t1/4/M—>O.

V. NUMERICAL SIMULATION

This section demonstrates the safety guarantee and near-optimality
of the proposed switching scheme by simulation on the Tennessee
Eastman Process (TEP) [28], which is a commonly used process
control system. In this simulation, we consider a simplified version
of TEP similar to the one in [29] with full-state-feedback. The system
has state dimension n = 8 and input dimension m = 4. The system
is open-loop stable, and therefore the fallback controller is chosen as
Ko = 0. The LQ weight matrices are chosen as Q = I, R = I, and
the process noise distribution is chosen to be wy ~ N (0, I).

A. Destabilizing K1

In this subsection, the primary feedback gain is chosen as K =
K* +0.331,,1Z, where K* is the optimal gain, such that p(A +
BK;) =~ 1.01. The trajectories of state norms with and without
switching are compared in Fig. Pa] from which it can be observed
that the proposed switching strategy prevents the state from exploding
exponentially.

B. Stabilizing K1

In this subsection, the primary feedback gain is chosen to be the
optimal gain, i.e., K1 = K. The trajectories of state norms with
and without switching are compared in Fig. 2b] To quantify the
relationship between the performance loss and the threshold M, we
fix K1 = K* and t = 10, and increase M from 0.4 to 3.1. We
evaluate the performance loss J K*Myt 1 for each M , where J*
is the optimal cost, by the empirical average of 10° trajectories, each
of which has a length of 103. The empirical relative performance
gap (JE Mt _ J*)/J* against M is plotted in a double-log plot
in Fig. B] It can be observed that the performance gap converges
to zero faster than a straight line (i.e., exponential convergence)
as the switching threshold M increases, which validates the super-
exponential convergence property proved in Corollary [7]

VI. CONCLUSION

This paper introduces a plug-and-play switching strategy which en-
hances the safety of uncertified linear state-feedback controllers. The
strategy guarantees an upper bound on the LQ cost. Furthermore, the
extra cost caused by switching as the switching threshold increases
is quantified as decaying super-exponentially when the process noise
is Gaussian, and decaying polynomially when the process noise
obeys a heavy-tailed distribution with bounded fourth-order moments.
Future directions include extending the switching strategy with near-
optimality guarantee to more general classes of systems.

—  Not switched
— Switched (using K)
--- Switched (using K)

=
B
50 75 100
k
(a) Destabilizing K3
—  Not switched
— Switched (using K)
--- Switched (using K)
6,
=
B 4+
3,
2,
1,
Ot . ‘ : .
0 25 50 I6) 100

(b) Stabilizing K

Fig. 2: Comparison of trajectories of state norms with and without
switching, under the same realization of process noise. Parameters of
the switching strategy are set to be M = 1,¢ = 10.

100,

1073 L

(jK*J\/[,t _ J*)/]*

10‘0‘0 1d().5

M

Fig. 3: Double-log plot of relative performance gap against switching
threshold M: super-exponential convergence to zero.
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APPENDIX A
PROOF OF LEMMA[T]

Proof. From the switching strategy, it holds

Tht1 = Aok + di + wi,

where Ag = A + BKy, and dp = B(Kl — KO)mkl{uk:Klzk}
satisfies ||dy|| < M| B||, and hence ||dk|lp, < M| BJ|Pol*/?.
Therefore, it holds

Vost1 = |zrt1l By < ([Aozklpy + lldi + wilp)”
= (14 0)[|[Aozkllp, + (14 0~ Y)ldi + wil[7,,

< (14 0)poVo + (1407 )||di + wil|h, a7

where o = (p; ' — 1)/2, and the last inequality follows from ().
Notice

Elldi + wr |, < E(|dkllpy + llwel py)?

<2(E||dul?, + Ellwel?,) < 2(M||BI*|[Poll + t(W Fy)) = B,

where the last inequality follows from the fact that E|lw |3, =
tr(E(wiwi ) Py) = tr(W Py). Therefore, it follows from (T7) that

EVok+1 < (1+0)poEVok + (1 +0 B,

and therefore by induction on k it holds

1+07Y)B
EVor < ————F——. 18
e P v (18)
Substituting the expressions for o and B into (I8) leads to the
conclusion. O
APPENDIX B

PROOF OF THEOREM[3]
Proof. Let us choose o = 0'/2, then for any a > 0, considering the

fact that a = >°°° o*(1 — o)a, it holds

k k
{Sk >a} C {Z 0" TIX > Zak_i(l - U)a}

i=0

c L Xi 2 (1 = o) = 1 2 (0/0) (1 - 0)a}
i=0 i=0

and hence,

P(|Sk] = a) < G2 > 57,
=0

where 8 = exp(—(1 — 0)2Caa?) € (0,1/2] since a > 2C; /*(1 —
o)t and a = (0/0)> = p~* > 1. Next we only need to prove

o ool 26
= E < —F/—.
5 i:O/B ~ min{a—1,1}

By Bernoulli’s inequality, for 7 > 1,

Y

a'—1=(1+a-1)'-1<

1+ila—1)—1=i(a—1),

and o’ — 1 < i(a — 1) also holds for i = 0. Hence

S=p3 "t <pYy e = _/;M.
1=0 1=0

When 0 < 8 <1/2 and 1 < a < 2, by Bernoulli’s inequality,
Bl =41 <14 (a-1)(B- D),
and hence,
1-8"'>(a-1)(1-B) < (a—1)/2,

which implies S < 23/(a — 1). Noticing that S decreases mono-
tonically as « increases, when a > 1, we always have S <
26/ min{a — 1, 1}. O



APPENDIX C
PROOF OF THEOREM[3]

A. Supporting lemmas

By combining the ¢ consecutive steps of applying the fallback gain
into a single step, we can transform the original system into a new
linear time-varying system which is stable with a common Lyapunov
function defined by p, P in (I0). To be specific, denote the state
sequence of the transformed system by {&; = x;(;)}, which is a
subsequence of the state sequence {zj} of the original closed-loop
system, indexed by

. L i)+ 1 wi) = Kz,
1(0)=0,i(j+1) = 19
© U+ {z(]) +t otherwise. (19
It follows that the transformed system evolves as
Fjy1 = Aj7; + 0y, (20)
where /ij, w; are defined as:
i JATBEL gy = Kz, o
’ (A+ BKy)", otherwise,
= KT
"Dj — wliﬂ) . ul(ﬂ) ) 1m1(ﬂ)’ (22)
> (A4 BKo)" " Twi(jy4r—1 otherwise.

The next two lemmas are two properties of the transformed system
that will pave the way for proving Theorem [3}

Lemma 12. Let f/] = J?JTP@, then it holds for any j that

EV}? < Q, (23)
where Q is defined in Theorem [3]
Proof. From (I0) and (ZI), it follows that
Vir < pVs + 5, (24)

where n; = 20} PA;#; + w! Pw;. From E(w! PA;i;) =
E(E(w;|Z;) PA];r]) =0, it follows that En; —tr(]E(wﬂI}jT)P) <
tr(W P), and hence

EV; < tr(WP)/(1 - p).

To proceed, we square and take the expectations on both sides of (24),
and obtain

EV/, < p°BV] + 2pE(V;n;) + Enj. (26)

a) Bound on E(Vjn;):
E(Vin;) = 2B(@; PA;E;V;) + E(@] Pa;V;),
where:
o BE(0] PA;3;V;) = B(E(W;|2;)" PA;;V;) =0,
o E(w! Piw;V;) = tr(E( V) )E(w;w!)P) = tr(WP)-EV;, since
w; is independent of V.
Hence,

E(V;n;) < tr(WP)EV;. 7)

b) Bound on Enf
En; =4E(&] A} P, PA;i;)+
AE(w] PA;& ;] P;) + E(w] P, Piy),
where we can bound each term respectively as follows:
o BE(@@] A] Piyi] PA;z;) = tr(E(w;w] )P) - B(&] A] PA;
Z;) < ptr(WP)IEVJ since w; is mdependent of & Z; and AJ,

o E(w! PA;i;0f Pij) = tr{E[A;,;E(w0] Pw;w) | x;)]} =0
by symmetry;

o E(0] Pioj ~TPwJ) = Ellwallp < NPII% - ]Ellwyl\
HPHW Ev? = (n —|—2n)\|PHW 1, where v ~ x?2 (n).
Hence,

En} < 4ptr(WP)EV; + (n® + 2n) || P||% -1 (28)

The conclusion follows from substituting 27), @28) and 23)
into (23) and applying induction. O

Lemma 13. For a > ao, it holds for any j that
P(z;] = a) < &(a),
where ag, E(a) are defined in Theorem

;(l)(Hl:;sl+l A;)d;. From (I0) and 1), it

ﬁ AT>u~;

r=s+1

Proof. Notice #; = 37
follows that

%5l P =

i—1
ZP1/2 <

s=0

IN

j—1 j—1
sz(j—s—l)/Qpl/Qws < ]Zp(j_s_l)/2|‘@8||P-
s=0 s=0

By @2), it holds ws|Fs—1 ~ N(0,W,), where Fs_1 is the o-
algebra generated by 4y, ..., ws—1, and Wy € {W,31°1(A +
BKo)"W ((A+ BKo)")"}; in either case, it holds W, < W.
Hence, by a concentration bound on Gaussian random vectors [30}
Lemma 3.1], it holds for any s and any a > O that

P(||@s]lp > a) < 2nexp(—a®/(2nl|W ||| P]))-

Invoking Theorem [3| with o = p'/2
(1/4,1), it follows that

, and assuming w.l.o.g. that p €

~ 4n (1 *P1/4)2 5
P(||z;|lp > a) < exp (— = a
(sl = 0 oy 2n)|W |1 P]|
for any a > aop.
Meanwhile, it holds

{12511 > a} € {||&;]lp > al|PY| Y2},

from which the conclusion follows. O

B. Proof of Theorem [3]

Now we are ready to prove Theorem 5] whose contents are restated
below:

(29)
(30)

Ellzklk, < 8(QPollp + (n* + 2n) || PolF-1),
Proof. The proof is devoted to translating properties of the trans-
formed state sequence {Z;} back into properties of the original
state sequence {zx}. In what follows we shall prove 29) and (B0)
respectively.
a) Proof of @9): Let j = sup{s € N | i(s) < k}, i.e., &, is
the last state in the transformed state sequence that occurs no later
than z. Consequently,

a2k = (A+ BKo)* "Dz, 4+ ;.
From (B), it follows that
< p(k*i(j))/ﬂ

|Z51l 2o + l@illpe < 1251l pe + ;1o -

< (a* +

[z |l 7

Hence, applying the power means inequality ((a + b)/2)*
b*)/2, and taking the expectation on both sides, we have

Ellarlk, < 8(ElZ;]I7, + Elld; k),

where:



« E||@;]|5 < Q by Lemma [12} and hence E||7;]|%, < Q| Pol|?:
. ]E\ij\lpo IPo 12 BT 14— < I1Po[13 - E? = (n® +
2")HP0HW 1 Where v~ x3(n).
Combining the above two items leads to the conclusion.

b) Proof of @B0): Let I = {k € N|3j € Ns.t.i(j) = k},
i.e., I is the index set for states that occur in the transformed state
sequence. A sufficient and necessary condition for ur # Kixk is
that exactly one of xx, Tr—1,...,Tr—++1 belongs to the transformed
state sequence and triggers the switching rule, and hence,

t—1
{uk 75 K11‘k} - U{”(Kl — Ko)mkf-,-H > MJC —TE I}
=0

For each event in the RHS above, we have

]P(H(Kl — K0)$k77—|‘ >M,k—71€ ])
=P(||lzs—-|| > M/K | k-7 )Pk —T€I)
<B(llei—r|| > M/K |k~ 7 € 1).
Since P(||z;]] > M/K) < E(M/K) for any j according to
Lemma([13] and k—7 € I indicates 1 belongs to {Z;}, it follows
that P(||zx—-|| > M/K | k—7 € 1) < E(M/K). Taking the union
bound over 7 = 0,1,...,t — 1, we reach the conclusion. O

APPENDIX D
PROOF OF THEOREM[9]

In this appendix, we adopt the same definition of {Z;},{A;} and

{w;} as in (D9 to 22).

A. Supporting lemmas
Lemma 14. Under Assumption @ it holds

_ 1P| pa
1—pp

2p0 tI‘(Wpo)
(1=p3)(L=po)

Eljajl|7, < fua

Proof. Let v = Zf;é A'v;, where v; 4 wy independently. Accord-
ing to the definition of {w;} in @2), it holds E||@;||5, < E|v|/E,
for any j. It holds for the above defined v that
ol = (v" Pov)®
t

1t t

L g

1t—

[un

vf (ANT PyAlv;) (v (AF)T Py Alwy),
0 l:O

(]

I
=
B
Il

J

o
Il
= o

('UZT(AL) PyA* vz)

<
Il

t—1t—1
> i (AN PoA'v) (v (A))T PoAMvy) + L
i=0 j=0
JF#i
t—1 t—1t—1
7 2 2
< odloille, + D> e il llvs 12, + L,
1=0 i= 0].7’&(‘)
JF

where L consists of terms that are linear w.r.t. at least one of v;, and
hence EL = 0 since Ev; = 0 and {v;} are mutually independent.
Therefore,
t—1t—1
Ellvl[p, < Zpglﬂ‘l\lvz\lpo +D > 05 Ellvill B Ellv | 7,

1=0 7=0
J#i

<Zp 1o+ 3 203+ g2 (W Py) = i,
i=0

and hence E|[@;|5, < fia for any j. O

Lemma 15. Under Assumption (8| let f/J = @-TP&':]', then it holds for
any j that ~ ~
EV}' <0,

where Q is defined in Theorem @

(€Y

Proof. This proof parallels that of Lemma[T2] and the only difference

is the bound on E(w] Pw;w] Ptw;): now by Lemman it holds
E(d; Pyis; Piss) = Elld;|p < ||P| s,

from which the conclusion follows. O

Lemma 16. Under Assumption [} for any a > 0, it holds for any j
that
P(1Z;] = a) < P(a),

where P(a) is defined in Theorem [9]
Proof. Similarly to the proof of Lemma [I3] it holds

i—1
- i—s—1)/2)| .~
12511 <> pY 72 i

s=0
By Markov’s inequality, for any a > 0, it holds
P(|@s]lp > a) < Eds|*/a® < fall PliE, /a*,

where the last inequality follows from Lemma. 4 Now let o = p 14,
Considering the fact that a > Z] s~ 53=571(1 — ¢)a, it holds

s=0

B(l5sr <) < S BU 2, p > 0= (1 - o)a)

j—1

<fa|| Pl (1= p/ ")ty p
s=0

<fiall Pl (1= p ) (1= p) .

B. Proof of Theorem E
Proof. This proof parallels Theorem[3} but the following bounds need
to be updated:

o E|Z]5, < Q|| Po||% for any j, according to Lemma

o E|w;||p, < fia for any j, according to Lernrna

e P(Jlxp—r|| > M/K | k—7€I) <P(M/K) for any k and T,

according to Lemma

Substituting the above bounds into the proof of Theorem [3] in
Appendix leads to the conclusion. O
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