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A transference result for Lebesgue spaces with A, weights and its
applications
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Abstract In this work we obtain a transference theorem for
Lebesgue spaces with A, weights, namely, starting from some uniform-
norm inequalities it is possible to obtain similar inequalities in Lebesgue
spaces with A, weights. This transference technic allows us to ob-
tain some weighted norm inequalities easily. Also transference result
gives possibility to use fractional difference operators in weighted
Lebesgue spaces easier than the classical known one. We can obtain
some norm-like inequalities easily as a consequence. Some important
approximation inequalities of approximation by integral functions of
finite degree can be obtained with a different proof.
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1 Introduction and main results

1.1 Preliminary Definitions

We can give some preliminary definitions to state main results. A function
w : R%— [0, 00] will be called weight if w is a measurable and positive function
almost everywhere (a.c.) on R% Define (w), := [, w(t)dt for A C R%. For a

weight w on R?, we denote by L, ., 0 < p < oo the class of Lebesgue measurable
functions f : R? — R such that

£l = ([ 17 @@ dx)l/p oo, (0<p <o),

[fllsow = 1flloe = esssupyera |f (z)],  (p = 00).

We set L, = Lp1 and || f||, = [|f]l,, and §, w(t)dt = (|A|—1) [ w(t)dt where

|A| denotes the Lebesgue measure of a set A C R?.
For 1 < p < oo and (1/p) + (1/p’) =1 we set w’ := w!™F for a weight w. A
weight w satisfies the Muckenhoupt’s condition 4,, 1 < p < oo, if

[w], = Zlépj(@rl (w)q esssupseq(w (1)) < oo, (p=1), (1)
[w], = ZueI}IQI’ (Wiglwhg <oo, (1<p<oo) (2)
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with some finite constants independent of @, where J is the class of cubes in R?
with sides parallel to coordinate axes .

Define Ao := Ui<p<ooAp. It is well known that a characterization of weights
w in the class A, is

W], = supg /{D2 M [w (3) xq ()] dy < o

where @ is any cube in R? and M is the Hardy-Littlewood maximal function.
Let Sp be the set of integrable simple functions defined on R%.

Definition 1 Let u,z € R?, w € Ay, and f € Sy. (i) Define weighted Steklov
mean

Su,wf (I) = (<w>[_1/271/2]d)71 /[1/2 1/2]d f (517 +u—+ t) w (t) dt.

(i1) Define
- (z)
= 1 )" f(x S V=
Ruwf (x _,; ; wng@w T (Sun) ' f=1
where || T|| g7,y is the operator norm of a bounded operator T : U — V.

Definition 2 For given w € A, p € [1,00) we define the class Z (p,w) ={g €
Ly wllgll, ., = 1} where as usual p' = p/(p — 1) for p € (1,00) and 1’ = oo.

Definition 3 Let w € As, p € (0,00), f € Ly . (a) Forp € [1,00) we define
Fr=Fy(u,G,p,w) = / Ruwf (2)|G(x)|w () dr, ueRY, (3)
Rd

with G € Z (p,w) .
(b) Let p € (0,1). Since, there is ag = e>  “e > 1 (see [17, p.786]) such
that, we obtain w € A, with a = ag + 0,01. Then, one can get a ¢ € (0,p) such

that w € Ay, (Take for example any q less than p/ag). Now, set r = p/q and
define

11+d[

Fr=Fy(u,G,rw) = /]Rd (Ruwf () |G(2)|w (z)dz, uecR? (4)
with G € Z (r,w) .

Let C(R?) be the class of bounded, uniformly continuous functions defined
on R? and [flle(ray := sup {If @®)]:teR?} for f e C(RY).

Remark 4 Note that, by Theorem Fy € C(R?) for w € A, p € (0,00),
and f € Ly,,.



1.2 Main results

To obtain a weighted norm inequality of the following type

1 llpe < €llglly e (5)

for 0 < p < 00, w € Au, f € Ly, we define an intermediate function as in
Definition Bl
Fy :R'=C(RY), u— Fy(u)

having properties

11y < eI Olley and 15 Ollegay < cllgll,

for some positive constants. Now, if the following uniform norm estimate

HFf (')Hc(Rd) < CHFg (')Hc(Rd)

holds, then, we obtain desired weighted norm inequality (B).

All constants ¢ > 0 will be some positive number such that, they depend on
the main parameters in question, and change in each occurrences.

Main theorem of this work is the following transference result.

Theorem 5 Let F be a family of couples (f, g) of nonnegative functions, d € N,
p € (0,00), w € Ay, and f € Ly . Suppose that the following uniform-norm
estimate holds

HFf ('7G7paw)HC(]Rd) < CHFH (('7G*7paw))|‘c(]1{d) (6)

for any G,G* € Z(p/q,w) where q := 1 for p € [1,00) and g € (0,p) for
p € (0,1). Then, weighted norm inequality

1fllp < cllglyw,  (fr9) €7,

holds with a positive constant ¢ := ¢(q,w,p,d).

As a corollary of Theorem [ we can easily obtain norm inequalities with
a suitable fractional difference operator (E —Vs)" with 6 > 0 in weighted
Lebesgue spaces Ly, = LP(w (x) dz) where F is the identity operator and Vj is
a suitable translation operator in Ly, ,, with w € Ax.

Theorem [3 gives several important norm-like inequalities. For example, one
can consider reverse sharp Marchaud inequality: If p € (1,00), w € A, f €
Ly, then, there are m € N and a > 1 such that

S

(B=Vars) o] (7)

p,w

1B =V3) I, > e 2702
j=0

holds for s := max{2,a} with a positive constant ¢ := ¢ (s,w,p,d) depending
only on s,w, p,d.



To obtain inequalities of type (@) with the classical extrapolation theorem
seem to be not possible. Note also that, classical direct proof of ([f)-type in-
equality ([I3l, Theorem 2.1]) is also hard to overcome for weighted spaces.

To give proof of inequality (7)) we need to obtain a version of main Theorem

Definition 6 Let B be a Banach space with norm ||-|| 5. For an m € N and
s € (0,00), we define

m m s 1/s
£ = |0 [y = (o 1)
Theorem 7 Let F be a family of couples (f, g) of nonnegative functions, d € N,
p € (1,00) and w € Ay. Suppose that there exists an a € (1,00) such that, for
any G,G* € Z (p/q,w),

HFf ('7G7p7w)||[,a < CHF(]j ('7G*7p7w)Hl;n(La) ’ (fagj) € ]:7 (8)

holds for some s > 2, and positive ¢ := ¢ (m,a, s,d) provided the left hand side
(8) is finite, where q :=1 for p € [1,00) and q € (0,p) for p € (0,1). Then

1l < clgslling, - (fr99) €F, (9)
holds with a positive ¢ := c¢(m,a, s, p,w,d) when the left-hand side (@) is finite.

Note that, other versions of main Theorem [Hlis also possible for other versions
of weighted norm inequalities.

On the other hand, by using Theorem 5] many of the basic inequalities of ap-
proximation by entire functions of finite degree can be obtained by extrapolation
argument as an alternative proof. See proof of Theorem

To prove main properties of intermediate functions F'y we need some prelim-
inary observations related to (weighted) Steklov averages.

Definition 8 Define Steklov mean, for u,x € R4, 1 < p < 00, w € A, and
feLlyw, as

Suf(ac)z/ flx4+u+t)dt.
[-1/2,1/2)¢

Theorem 9 We suppose that 1 <p < oo, w € A, and f € Ly . In this case,
for any u € R?, there holds

1Sufllpe < 3242 WP Nf],. -

Remark 10 (a) By theorem 18.3 of [38], the class Sy of integrable simple func-
tions defined on R%, is a dense subset of Ly, with 0 < p < 00, and w € Aws.

(b) By Theorems 18.3, 19.87 and Observation 7.5 of [38], we can observe
that the class C. = C. (Rd) of continuous functions of compact support, is a
dense subset of L, ., with 0 < p < 0o, and w € A. Note that, Theorem 18.3
of [38] is proved for 1 < p < oo but the same proof holds also for 0 < p < 1.



Now, using Theorem [ we can prove the following result.

Theorem 11 We suppose that 0 < p < 00 and w € Aso. In this case, for any
u € R, and f €Sy, there holds

1Suetll, < lF. (10)
with a positive constant ¢ = c(d, p,w).
Remark 12 It is clear from its definition that R |f] > |f]-
Now, using Theorem [[1] we can prove the following result.

Theorem 13 We suppose that 0 < p < 00 and w € Aso. In this case, for any
u € R, and f € Sy, there holds

IRuwfll,,, < 4827, (11)

Theorem 14 Let0 <p < oo, w € Ay, and f € L, ,. In this case, the function
Fy defined in (3) or (@) is bounded, uniformly continuous function on R<.

2 Applications on operators

We can give several corollaries that can be obtained easily by using Theorem [5l
We define the following operators.

Definition 15 For § > 0, z,u € R? and locally integrable functions f : R —
R, we define operators

Ssuf (x) = / fz+u+s)ds, (12)
[~5/2,8/2)
Vsf(x) = Ssof (x) = /[5/2 s f(z+s)ds, (13)
Zsf (z) = / F @+ t)dt, (14)
[6/2,6]¢
Bsf (z) = / [ (z+v)dv. (15)
[0,8]¢

Theorem 16 We suppose that 1 < p < 00, w € Awo, u,v € R, and & € (0, 00).
Let an operator I represents operator f — Ss,f. In this case, for f € Ly,
there hold properties

Su,w (Ff) =T (SU,Wf) ) Ru,w (Ff) =T (Ru,wf) ) (16)

Frp=D(Fy),  0fll,0 < cllfllp. (17)

with a positive constant ¢ = ¢(d, p,w).



As a corollary of Theorem [I6l and Theorem B0 we have the following result.

Corollary 17 We suppose that 0 < p < 00, w € As and v € R4, § € (0, 00).
Let an operator I represents operator f — Ssf. In this case, for any f € Ly,
(f € Lp., NSy when 0 < p < 1), there holds

TSl < el
with a positive constant ¢ = c¢(d, p,w).

Proof of the following two results for several operators are the same with
Theorem [16] and Corollary [I7

Theorem 18 We suppose that 1 < p < 00, w € Auo, u,v € R, and § € (0,00).
If we replace the operator T' in Theorem [0, by one of the following operators
F = Sufs = Suwls f = Rowls f = Vol [ = Zof, or f — Byf then,
conclusion of Theorem[10 is remain valid.

Corollary 19 We suppose that 0 < p < 0o, w € As, u,v € R, and § € (0, 00).

If we replace the operator I' in Corollary [I7, by one of the following operators
f = Suf, [ = Svwl, [ = Rowl, [ = Vof, [ = Zuf, or [ — Buf, then,

conclusion of Corollary[I7 is remain valid.
Fractional Difference Operator can be defined as follows.

Definition 20 Let 6,k € (0,00) and define difference (E — V3)* of fractional
order k at x € RY with step J, by

(E-Ve) f(e) =3 (~1)°CE (V)" [ (x) (18)
where C¥ =1, and C* = Hflzlkf—zﬂ are binomial coefficients.
Theorem 21 We suppose that 0 < p < 00 and w € Aso. In this case, for any
0 € (0,00), and f € Sy, there holds
|E-vars|  <elfl,.. (19)
with a positive constant ¢ := ¢(s,w, p,d) depending only on s,w, p.

Theorem [H gives several important norm-like inequalities. For example, one
can consider weighted reverse sharp Marchaud inequality:

Theorem 22 Ifr € N, w € Ay, p € (1,00), 6 € (0,00), and f € L, ,, then,
there are m € N and a > 1 such that

C (20)

pb,w

(E-Vyis) "1 f

I(B-V5)" £l > ed 279
=0

holds for s := max{2,a} with a constant ¢ > 0 depending only on s,w,p,d.



3 Applications on approximation by exponen-
tial type functions

Definition 23 Let X := L? (R?) or Ly, or C (R?).

(i) We define G, (X) as the class of entire function of exponential type o > 0
that belongs to X, namely, g € G, (X) iff suppg (y) C{y : |y| <o} andge X”
where g is the Fourier transform of g.

We set Gy (p) :=Go (L? (R?)), Go (pw) := Go (Lpw), and G, (C) := G, (C (RY)).

(11) The best approzimation in L, ., by functions of exponential type is given
by

A,(f)x o= ity — glx : 9 € G (). (1)

Let Ao(f)p-':Ad(f)LP(Rd)a Ao(f)p,w::Ao(f)Lp,w and Ao(f)C-':Aa(f)C(Rd)-
Definition 24 Leto >0,1<p<o0, f€ LP (Rd),

d
1 cos (ot;) — cos (20t;) d
= _d H ) t € R ;

7
and
Vo (x — d R¢
J(f,o 7Td/ (x —u) f(u)du, xz€R
be the de la Valée Poussin operator ([23, pp. 304-306; (11)]).

Theorem 25 ([25, pp. 304-306]) It is known that, if f € L? (R?), 1 < p < oo,
then,

(i) J(f,0) € Gao (),

(ii) J (9o, 0) = go for any g, € Go (p),

(i) ||J (f,0) ||, ®aey < cllfllz,@®a)-

Theorem 26 We suppose that 0 < p < co and w € As. In this case, for any
€ (0,00), and f € Ly (f € Lpw NSy when 0 < p < 1), there holds

Ae (Do < ellT=Vaso)" 11, (22)
with some constant ¢ > 0 depending p,w,d only.

After the results of S. N. Bernstein [8] 1912], some systematic studies on
approximation by exponential functions of degree< o for d = 1 or d > 1,
continued by A. F. Timan [32], N. I. Akhieser [2], S. M. Nikolski [25], I. I.
Ibragimov [18], H. Triebel [35], P. L. Butzer, H. J. Schmeisser and W. Sickel
[30], R. M. Trigub and E. S. Belinsky [36]. These reference books contain several
inequalities of exponential functions of degree< o in spaces LP(RY) with 1 <
p < 0o. Some other works also include results of approximation by exponential
functions of degree< o. See for example, [4], [6], [10], [12], [13], [14], [15], [16],
22], [24], [26], [27], [31], [28], [34], [33], [37]. For periodic weAd,, 1 < p < oo
and periodic f € L, ., (d = 1) some results on trigonometric approximation are
known. See e.g. [11, [3], [B], [7], [23], [19], [20], [39].



4 Proofs

Suppose that @ (z,e) denotes the cube with center z and sidelenght 2¢.
Definition 27 ([I1, Def. 4.4.2; pp: 115-116]) (a) A family ¥ of measurable
sets U C R? is called locally N-finite (N € N) if

ZU@D xu (z) <N

almost everywhere in R where xyr is the characteristic function of the set U.
(b) A family ¥ of open bounded sets U C R? is locally 1-finite if and only if
the sets U € U are pairwise disjoint.

Definition 28 Suppose that B is a Banach space on R with norm |-|| 5. We
set, for f € B, r € N and § > 0,

At If = gl + 67 A9l 5} = Kar (.67, B).

where Af = fo,z0 + oo + fogz, 15 Laplace transform and A" is rth iterate of A.
Lemma 29 ([38, Theorem 16.14]) Let 1 < p < 0o, w be a weight, f € Ly, and
g € Ly . In this case, Holder’s inequality

/Rd [f(@)g(@)|w () dz < || fll,. 9], . (23)

holds.

Theorem 30 ([9]) Let F be a family of couples (f,g) of nonnegative functions
and d € N. Suppose that, for some py € (0,00) and for every weight w € Ay
there holds inequality

faPw@dse [ g@Pe@dn (LoeF (@
Rd Rd

provided the left hand side is finite. Then, for all p € (0,00) and all w € Aw,

f @) w(x)de < c / g(@)w(@)dr, (f.9)€F, (25)
R4 R4

holds when the left-hand side is finite.

Proof of Theorem [Ql Let ¥ be 1-finite family of open bounded cubes @Q; of
R? having Lebesgue measure 1 and with sides parallel to coordinate axes, such
that (U;Q;) U A = R? for some null-set A. Since u € R? there exists m € Z¢
such that m < u < (m + 2). Let @ +m be translation of the cube @ by vector
m. We set (Q; + m)jE = (Qi—1 UQ; UQi+1) + m. Then

p

I1Suflb, = / f{ flz+u+t)dt| w(z)de

Qi€YQ, 1_1/2,1/2)
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= 3d [7]1 / |f(t)| w(t) Z XQi—14+m (t) + Z XQi+m (t) + Z XQit1+m (t) dt
Rd

QieQ QieQ Qi€Q

<3 ), [ 1]l =37 )
R4

as required. m

Proof of Theorem [MII  Let w € A,. (a) First, we consider the case
p € (1,00). Suppose that f € L, ,,. Then, there is ap = R IS | (see [T,
p.786]) such that, for p > ag, we have w € A;. Setting a = ap + 0,01 we obtain
wE A,.

(1°) If @ < p/, then, w € A, and, hence, w'™? € A,. By Theorem [ for
any u € R?, there holds Sy, : Ly <> Ly and Sy @ Ly, y1-» < Ly, ,1-». Now,
following step by step the proof of Theorem 1.1 of [2I, p.369] of Jawerth, we
find that Sy, : Lpw — Ly, for any u € R4,

(2°) If @ > p/, then, w € A, and, hence, w'~* € A,/. By Theorem[] for any
u € R?, there holds S, : Low = Lq and Sy, : Ly r-ar = Ly o Again,
following step by step the proof of Theorem 1.1 of |21 p.369] of Jawerth, we
find that Sy : Lg/w < Lo/ for any u € R¢. Since Suw * Loow = Loow
and Sy ¢ Lo/ w < La/ o, using Marcinkiewicz interpolation theorem, for any
p € (a',00) we get Sy : Lpw <> Ly for any u € RY. Namely, for a > p/, we
have Sy, : Lpw — Ly, for any u € R9, as desired.

(b) We consider the case w € A, p € (0,00) and f € L, . This case follows
from (a) and extrapolation result Theorem B30 m
Proof of Theorem I3l Let 0 < p < 00, w € Ay and p* = min {1, p}. Then,

*

p 1
1
<2) e
pw k=0

* k P* *
IRuw I, = (Swa) I <211

1
> g (Suw)" f
k=0

|

Proof of Theorem [I4. (a) By Remark [[0(b), C. is a dense subset of L, .
First we consider the case 0 < p < 1 and prove that Fy (u) is bounded and
uniformly continuous on R? for functions H € C,, where ¢,a,r and G is from
Definition B with G € L+, and [|G|,, , = 1. Boundedness of Fy (-) is easy
consequence of the Holder’s inequality (IBI) and Theorem [13] Indeed:

[P (u)] < /Rd Ruwf (@)|"G(2)|w () do < |Ruwflly, 1G], < oo

On the other hand, note that H is uniformly continuous on R%, see e.g. Lemma
23.42 of [38, pp.557-558] for d = 1. Take ¢ > 0 and uy, ug, x € R%. Then, for
this e, there exists a 6 = ¢ (¢) > 0 such that

gl/q

|H (uy +x) — H (ug + )| <
27 (14 @)gupprr )

10



when |u; — ug| < 4. Then,

|Frr (u1) -Fr (ug)] < /Rd Ry wH ()" -Rouy o H ()] |G(2)| w (2) d

<27 / R oH (@) R o H (@)|"|G(2)|w (x) da
supp

20-1¢ € <w>suppH

T o) [ el s 2 (14 ()it

suppH

||GH7‘/7M <Eé&.

Thus conclusion of Theorem [I4] follows on C..
For the case f € L, ., there exists an H € C. so that

51/q
21/q (1 4 2Q4Q/P)1/q

If = Hl,. <

for any £ > 0. Therefore
|Fy (u1) = Fy (ug)| < |Fy (w1) — Far (u1)[ +
+|Fu (u1) — Fu (u2)| + [Fa (uz) — F (uz2)]

<2 [ Ry f (@) Ry o H (0G0 0 () o+ 5+

27 [ Ry H (@) R @) Gl)| ) d

- - €
<2 Ruswo (F = H)llg o + 277 [Ruso (F = )l + 5
< 9949/P || F — HI|? 3 < 2q4q/?4 3 < .8 =&

As a result we have Fy € C(R?). In the case 1 < p < oo, proof of Fy € C(R?) is
the same with minor modification of above proof. m

Proof of Theorem Bl  Let 0 < p < 00, w € A, and 0 < f,g € Lp,,. If
gl = Ifll,0 o N9l = Ifll,. = 0, then, result [25) is obvious. So we
assumne that (g1, 17, > 0'ani gl # /£l Case (1°): Let 1< p< oo
and we define, for g € L, ., function

F, (u,Go,p,w) = / Ruwg (2)|Go(z)|w (z)dz, ue R?
R4

with Gy € Z (p,w) and use this to obtain

1y lloqge) = H [ R @) [Gola)| e ()
R c(re)

11



< sup [ [Ruwyg (@)]|Go(@)|w (x)da < sup [[Ruwgll,, 1Goll,y o <cllgll,.. -
uweRd JRA u€eRd

On the other hand, for any € > 0 (see e.g. Theorem 18.4 of [38]) we can
choose appropriately an G. € Z (p,w) satisfying

| 1 @16 @)oo @) de = £l ~e.
and one can find

IFs (0, Gerplegusy = 1Fy (0.Gesp)] = [ Roof (2)[Gul)| ) d

> [ 1@)/6@)|w () da =11, ¢

By hypothesis, we get, for any € > 0,

11l =& < M1Ff (5 Gespy )l oray < ¢l1Fy (- Go, s w)lloray < C gl - (26)

Now taking as e — 0+ we find || f||

we get |l o, < 2Clgll, .,
Case (2°): Case p € (0 1) can be obtained using the same procedure given

in the Case (1°) with small modifications.

Fllen = | [, (Rua @)’
Rd

< sup [Ruwglll, |[Gof| |, <elgll
UGR rh,w

<Clgll,., - Inthe general case f,g € Ly

p,w —

éo(x)‘ w (z) dx

C(R4)

On the other hand, for any & > 0 and appropriately chosen G, € Z (r,w)
with

f (@)
Rd

2)|w (@) do = |72, ~

one can find

| (- Ge. )Hamsz(onz [ (Roct @)*16 @)l ) da

/ @16 @)|w () dz > [f]2, - <.

Then by hypothesis, for any € > 0,

g N
1llp =& = HFf (.’ Gg,p,w> HC(Rd) = C‘

Fy (. Gop )|y < €l

If we take ¢ — 04, then we obtain desired result ||f|| w < Clgll,,, - For the
general case f,g € Ly, we get || f|,,, <2C|gll, .,

p,w —

12



Proof of Theorem Equalities in (I6) is follow from definitions:

SuwSsnd 0= (@crjrm) ™ [ Sl CHutowdr
[—1/2,1/2]¢

= (W) 1/2,1/9)” / / (Fut+t+v+s)dsw(t)dt

[-1/2,1/2]% [-6/2,5/2)¢

= / (<w>[_1/271/2}d)_1 / fl+u+t+v+s)w(t)dids

[—5/2,6/2]¢ [—1/2,1/2]¢
_ / Suwf (-4 v+ 5) ds=S5.0Sunf (). (27)
[-5/2,6/2]¢

Second equality in () is follow from (27). Equality in ({IT7) follows from (I6l)
and ([B). Now we give the proof of inequality in (I7). Since Fs, ,=Ss.Ff, we
get by (26) that

150 fll 0 < || Fss..

C(RY) — ||St5,va||c(Rd) < ||Ff||c(Rd) < CHpr,w-

[
Proof of Theorem I} (1°) Let p € (1,00). Since Fy,; = V5 (Fy), we get
Fuyysp = (Vs)® (Fy) for any s € N. For any N € N, we have

N S
Fon cneervays = D y_o(~1)CL (Vo) (F),

E(
HFE o (=1)=Ck(V5)® fH c@ HZS 0 )2C¢ (Vs)® (Fy)

c (k)
SZ ‘Ok‘ ”Ff”c (R4) < ”Fch ]Rd)"'z 1+k || f||c R4)

< CHFch(Rd)

C(R4)

by |C§| < cps™17F (|29, p.14, (1.51)]). Now using Corollary M9 and Theorem [l
we obtain

|E-vo)'s]| = tim HZ L CCE (W)

N—o00

p,w

= lim HZ _ (FDCE(Ve)" (Fy)

N —o00

< Ii s
< m ‘FE o(~1)7CE (V) e

< 2! ||F,»||C<Rd> < |l

(2°) For general case p € (0,0), we use (1°) and Theorem [30 to finish proof.
[
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Proof of Theorem [Tl Let 1 < p < 00, w € A, and (f,g;) € F with f,g; €
Ly, If ng”lﬂl(Lp = [ £ll,., = O, then, result @) is obvious. So we assume
that ||gj||lm(Lp ) [ fll,., > 0. Since w € Ax, there is ag = 2" W > 1 (17

p.786]) such that, we obtain w € A, with a = a9 + 0,01. Let ¥ be 1-finite
family of open bounded cubes Q; of R? having Lebesgue measure 1, such that
(U;Q;) U A = R? for some null-set A. Then,

I RACIETEDS

/Q ‘Fq;' (“)’a du
Q. e¥ i

< S [ Clalora =gl S [ va =l

Qiev Qiev

| Fy,

n

In this case

s \1/s
)

m s 1/s
= (X lailly) =l .-
On the other hand,

1/a 1/a
1Epll,, = </ |Fy (u)l“du) > (/ |Fy (u)l“du> 2 £l -
R4 [0,1]¢

Combining these inequalities we get

171, < ellFollip oy = (O, 1]

£l < WEAN L, < el Follmr,) < cllglipw (28)

pow)

[
Proof of Theorem Let r € N, w € As, p € (1,00), § € (0,00), and

f € Ly . Then there is ap = "Wl > 1 ([I7, p.786]) such that, we obtain
w € A, with a = ag + 0,01. Then there exist m € N such that

Lz 3 27 K (Ff, (275)%* ,La> :

=0

(-1 (Fp)|

for s = max{a,2}. On the other hand, we know that

1B = Vo) (Fplly, = Kar (Fy, 6%, La) ~ |[(B = T5)*" (Fy)|

Lo

As a consequence,

I(E-Va) (Fp)lly, = e 2792

Jj=0

s e
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From the last inequality and Theorem [7] we obtain (20). m
Proof of Theorem It is enough to proof

Azg (f)p() <c H(I - ‘/1/(20))7" pr() : (29)

Let g, be an exponential type entire function of degree < o, belonging to
C(RY), as the best approximation of Fy € C(R?). Since Fy(;,) = J (Fy,0)
and J (9o, 0) = go, there holds

Aze (f)pu < IIfF =T (fi0)ll, 0 <c ||Ff—J(f,<7)||c(Rd) =cl|Fy - FJ(f,a)Hc(Rd)

=c|Fy - J(Ffva)Hc(Rd) =c||Ff— 9o+ 90 — J(Ffug)”c(Rd)
=cl|Ff—go +J(90,0) — J(F.qu)Hc(Rd) =c||Fy — 9o +J (9o — Ffva)”c(Rd)
< (Ao (Ff)c(Rd) + Ay (Ff)c(Rd)) =cAs (Ff)c(Rd) :

Therefore
AQU (f)p)w S CAG’ (Fj)C(Rd) S (& S c

(I B Tﬁ)% (Fp) C(R%)

(I B V%)T (Fy) HC(]Rd)

=c HF(I—Vl/@g))TfHC(Rd) sc H (I - Vl/(zg))r f”p,w :
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