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Abstract

We introduce the notions of generalized and weighted generalized -estimators as
unique points of sign change of some appropriate functions, and we give necessary as well as
sufficient conditions for their existence. We also derive a set of sufficient conditions under
which the so-called y-expectation function has a unique point of sign change. We present
several examples from statistical estimation theory, where our results are well-applicable.
For example, we consider the cases of empirical quantiles, empirical expectiles, some -
estimators that are important in robust statistics, and some examples from maximum
likelihood theory as well. Further, we introduce Bajraktarevié-type (in particular, quasi-
arithmetic-type) 1-estimators. Our results specialized to 1-estimators with a function
being continuous in its second variable provide new results for (usual) -estimators (also
called Z-estimators).
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1 Introduction

In statistics, M-estimators play a fundamental role, and a special subclass, the class of -
estimators (also called Z-estimators), is also in the heart of investigations. The M-estimators
(where the letter M refers to ”maximum likelihood-type”) were introduced by Huber [8,9]. Let
(X, X) be a measurable space, © be a Borel subset of R, and ¢ : X x ©® — R be a function
such that for each ¢ € ©, the function X > = +— p(x,t) is measurable with respect to the
sigma-algebra X. Let (&,)n,>1 be a sequence of i.i.d. random variables with values in X such
that the distribution of & depends on an unknown parameter @ € ©. For each n > 1, Huber
[8, 9] introduced a natural estimator of ¥} based on the observations i, ...,&, as a solution
Dy 1= @L(&, ..., &) of the following minimization problem:

n

1
(1.1) inf =~ o(&.t),

=1

provided that such a solution exits. One calls 1/9\,1 an M-estimator of the unknown parameter
¥ € © based on the i.i.d. observations i, ..., &,. For historical fidelity, we note that Huber [§]
considered the special case when X := R, © := R, and the function g depends only on z —t, i.e.,
o(z,t) == f(x —t), z € R, t € O, with some given nonconstant function f : R — R. Turning
back to the general case, under suitable regularity assumptions, the minimization problem (|1.1)
can be solved by setting the derivative of the objective function (with respect to the unknown
parameter) equal to zero:

1 n
E ZaZQ(glat) = 07 teo.
1=1

In the statistical literature, 0yp is often denoted by v, and hence in this case the M-estimator is
often called -estimator, while other authors call it a Z-estimator (the letter Z refers to ”zero”).
For a detailed exposition of M-estimators and i-estimators (Z-estimators), see, e.g., Kosorok
[12, Sections 2.2.5 and 13] or van der Vaart [20], Section 5].

Throughout this paper, let N = Z, ., Z,, Q, R, R, and R, denote the sets of positive
integers, non-negative integers, rational numbers, real numbers, non-negative real numbers and



positive real numbers, respectively. An interval © C R will be called nondegenerate if it contains
at least two distinct points. For a subset S C R, the convex hull of S (which is the smallest
interval containing S) is denoted by conv(S). For each n € N, let us also introduce the set
A, =R} \ {(0,...,0)}. All the random variables are defined on an appropriate probability
space (2, A, P).

To the best of our knowledge, the topic of existence and uniqueness of -estimators is
less addressed in the statistical literature. In the present paper, we are going to investigate
two basic problems of this field as presented below. Roughly speaking, Problem 1 is about
the existence and uniqueness of the newly introduced notions: generalized 1-estimators and
weighted generalized 1-estimators. Problem 2 is devoted to the existence and uniqueness of a
point of sign change for so-called 1-expectation functions.

Problem 1. Let X be a nonempty set, © be a nondegenerate open interval of R. Let V(X ©)
denote the class of real-valued functions v : X x © — R such that, for each x € X, there exist
ty,t_ € © such that ¢, < ¢t_ and ¥(x,ty) > 0 > ¢(x,t_). Roughly speaking, a function
¥ € U(X,0) satisfies the following property: for each z € X, the function ¢t 5 © — (z,1t)
changes sign on the interval © at least once. Given a function ¢ € ¥U(X,0), n € N and

x = (x1,...,2,) € X", let us consider the equation
(1.2) Yu(t) =Y (i t) =0, €O,
i=1

More generally, for n € N, £ = (z1,...,2,) € X" and A = (A1,...,\,) € A,,, we also consider
the weighted equation

(1.3) Yealt) =Y Aoz, 1) =0, teoO.
=1

The basic question we are going to investigate now is to find necessary as well as sufficient
conditions for the unique solvability of the equations and , respectively. In a broader
context, we are going to find necessary as well as sufficient conditions for the existence of a
point of sign change (see Definition for the functions 1)y and v, introduced by
and , respectively. It will turn out that the points of sign change in question are unique
provided that they exist, and one can call them as a generalized 1)-estimator and weighted
generalized 1-estimator, respectively, for some unknown parameter in © based on the realization
(x1,...,2,) € X™ and weights (A1,...,\,) € A,,.

Problem 2. Let (X, X') be a measurable space, © be a nondegenerate open interval of R, and
1 X x © — R be a measurable function in its first variable, i.e., for each t € ©, the mapping
X 3 x> 1(z,t) is measurable with respect to the sigma-algebra X'. Further, let € : Q@ — X be
a random variable defined on a probability space (€2, .A,P) such that E(|1(£,t)]) < oo for each
t € ©. We investigate the question of existence and uniqueness of a point of sign change (see
Definition for the function

(1.4) O 5t E((E,1)).



In the literature, we could not find a name for the function , however, we may call it as
a Y-expectation function. Under appropriate conditions, the -estimator (Z-estimator) based
on ii.d. observations &1, ...,&, is supposed to 'well-estimate’ the zero of the function ([1.4)),
provided that it exists uniquely, for more details, see, e.g., Kosorok [12, Sections 2.2.5 and 13].

In what follows, we discuss the connections between the Problems 1 and 2 introduced above.
Under appropriate conditions, the generalized ¢-estimator based on i.i.d. observations &1, ..., &,
is supposed to 'well-estimate’ the point of sign change of the function , provided that it
exists. In this paper, we do not investigate this question, it could be a topic of future research.
Further, note that if £ is a simple random variable such that P(§ = ;) = p;, i = 1,...,n, where
neN, (x,...,z,) € X" and p1,...,pp 2 0, p1+---+p, = 1, then E(¢(&,t)) = D0 pivd (24, 1),
t € ©, and hence, in this special case, Problem 2 is a special case of Problem 1.

To mention some papers related to Problem 1, we can refer, for example, to Huber [8]
Lemma 1], Tibshirani [I9] and Ali and Tibshirani [I]. Tibshirani [I9] considered the lasso
problem, which is also known as the ¢;-penalized linear regression. The lasso estimator is a
popular tool in the theory of sparse linear regression, mathematically, it is a solution of a not
necessarily strictly convex minimization problem, where a penalty term being the ¢;-norm of
the coefficient vector comes into play. Tibshirani [19] studied the question of uniqueness of the
lasso estimator. Recently, Ali and Tibshirani [I] have studied the uniqueness of a generalized
lasso estimator, where the penalty term in the corresponding minimization problem is the ¢;-
norm of a (penalty) matrix times the coefficient vector. To mention further papers related
to Problem 2, we can refer to Huber [8, Lemma 2], Clarke [4] (for details, see Remark [3.6)),
Mathieu [I4] (for details, see Examples[3.5|and [4.4)), and to the very recent paper of Dimitriadis
et al. [0 Propositions S1, S2 and S3], in which the authors, in particular, considered solvability
of the equation E(¢({,n,t)) =0, t € O, where ¢ : R x R x © — R is a measurable function,
© is a (non-empty) open parameter set of R, and ((,7) is a response-regression pair in some
regression model.

Section [2[ is about the existence and uniqueness of (weighted) generalized w-estimators
(Problem 1). First, we introduce the required terminology: the notions of point of sign change
and level of increase for a real-valued function defined on a non-degenerate open interval (see
Definitions [2.1{ and [2.6)), and the notions of properties (7},) and (T2) for a function in ¥ (X, O)
(see Definition but we also present below). We say that a function ¢ € U(X, ©) possesses
the property (T?) for some n € N and X = (\1,...,\,) € A, if there exists a mapping ﬁi‘w :
X" — O such that, for each £ = (xq,...,2,) € X" and t € O,

>0 ift <), (@),
<0 ift>9) ,(z).

Vea(t) = Z Aith(zi, 1) {

In case of \; = 1,7 = 1,...,n (or equivalently, in case of equal positive weights), the prop-
erty (T)) is called property (7;,). As the first main result of our paper, in Theorem [2.10]
necessary as well as sufficient conditions are given for the properties (7)) and (T}). After
Theorem we present some properties of the property (7). For example, Proposition m



is about a connection between the property (7},) and the strictly %—increasingness of some ap-
propriately defined functions, and in Proposition we establish a ’grouping’ property of the
property (7). Examples [2.16} 2.17| and [2.20| highlight the role of the conditions in Theorem

and in Proposition [2.14 We also introduce a class of Bajraktarevié-type (in particular,
quasi-arithmetic-type) 1¢-estimators (motivated by the representation of Bajraktarevi¢ means

as special deviation means) for which our results are well-applicable, see Example [2.19]

Section [3|is devoted to study the existence and uniqueness of the point of sign change of the
W-expectation function given in ((1.4)) (Problem 2). As the second main result of our paper, in
Theorem [B.1], we give a set of sufficient conditions in order that the i-expectation function in
question have a unique point of sign change. We apply our results for y-expectation functions,
when 9 is a Bajraktarevié-type function (see Example and Proposition , and when 1)
has the form used by Mathieu [14] (see Example and Proposition [3.5). In Remark [3.6]
restricted to a one-dimensional parameter set, we recall Theorem 3.2 in Clarke [4] on the local
uniqueness of a root of the function . We will see that the assumptions of Theorem 3.2 in
Clarke [4] are much more involved and quite different compared to those of our Theorem

In Section[d we present several examples from statistical estimation theory that demonstrate
the applicability of our results in Sections [2] and [3] These examples may be divided into three
main groups. The first group of examples includes several well-known descriptive statistics that
can be considered as special i-estimators. Namely, the empirical median (Example , the
empirical quantiles (Example and the empirical expectiles (Example . In particular,
in Proposition [4.2| we show that, given n > 2, the function ¢ corresponding to the empirical
a-quantile has the property (75,) if and only if v ¢ {2, ..., %=1}, The second group of examples
contains the class of ¢-estimators recently used by Mathieu [14] (Example [£.4), and some -
estimators that are important in robust statistics. In particular, in Proposition 4.4, we derive
necessary and sufficient conditions under which the function 1 used in Mathieu [I4] has the
property (T7) for each n € N and A € A,,. We emphasize that in all the above examples, we
investigate the existence and uniqueness of (weighted) generalized 1)-estimators, compared to
the existing results that addressed ¢-estimators (Z-estimators). The third group of examples
demonstrates the applicability of Theorem together with Proposition for proving
existence and uniqueness of solutions of likelihood equations. In Example [4.5] we consider
the maximum likelihood estimator (MLE) of one of the parameters of a normally distributed
random variable supposing that its other parameter is known. In Example 4.7] we consider a
mixture density function of the standard normally density function and the density function
of a normally distributed random variable with mean m € R and variance o? > 0 with equal
weights %, and we study the solutions of the likelihood equation for m provided that ¢ is known.

Sections o] [6] and [7] are devoted to the proofs of the results in Sections[2] [3|and [ respectively.

Finally, we summarize the novelties of the paper. We extensively discuss that, up to our
knowledge, only few results are available for the existence and uniqueness of -estimators
and of the roots of ¥-expectation functions, and our paper can be considered as a theoretical
contribution to this field. Another important feature of our paper is that we present a broad



variety of examples from statistical estimation theory, where our results can be well-applied.

2 Notions and results on the existence and uniqueness
of weighted generalized y-estimators

To investigate Problem 1 presented in the Introduction, we introduce the required terminology.
First, we introduce the notion of a point of sign change for real-valued functions defined on an
open interval.

2.1 Definition. Let © be a nondegenerate open interval of R. For a function f : © — R,
consider the following three level sets

O :={t €O : f(t) > 0}, O :={t€O: f(t) =0}, Orc0:={t € O: f(t) <0}.
We say that ¥ € © is a point of sign change (of decreasing type) for f if
f(t) >0 fort<d, and f(t) <0 fort>9.

2.2 Remark. Note that, if ¥ € © is a point of sign change for f, then . and O are
nonempty sets and sup O = inf Oyo = ). Furthermore, there can exist at most one element
¥ € © which is a point of sign change for f. If f is continuous at a point 1 of sign change, then
f(¥) = 0, moreover O;_y = {¥}. Conversely, as an easy consequence of the Bolzano theorem,
if f:© — R is continuous, the sets O~ and Oy are nonempty and f has a unique zero
Y € 0, ie., ©rg = {V} holds, then 9 is a point of sign change either for f or for (—f). The
continuity of f, however, is not necessary for the existence of a point of sign change for f. For
example, if f is strictly decreasing and the sets ©¢- and O, are nonempty, then it is easy
to see that there exists a point of sign change for f. O

2.3 Definition. We say that a function ¢ € U(X,0O)

(i) is continuous in its second variable if, for each x € X, the mapping © > t — (x,t) is
continuous.

(7i) possesses the property (7,) (briefly, ¥ is a T,,-function) for some n € N if there exists a
mapping Uy X™ — O such that, for each x = (xq,...,2,) € X" and t € O,

o N >0 ift < Vpy(T),
(2.1) %(t)_;w “t){<0 if t > U, (),

that is, for each x € X", the value U, 4(x) is a point of sign change for the function
Yg. If there is no confusion, instead of ¥, we simply write ¥,,. We may call ¥y, ,(x)
as a generalized -estimator for some unknown parameter in © based on the realization
x=(r1,...,1,) € X"



(i4i) possesses the property (T2) for some n € Nand A = (\y,...,\,) € A, (briefly, ¢ is a T2
function) if there exists a mapping 19271/) : X™ — © such that, for each x = (z1,...,2,) €
X" andt e 0O,

i >0 ift<9 (z),

— <0 ift> 19n7w(a:),
that is, for each x € X™, the value ﬁﬁ}w(x) 1s a point of sign change for the function
Yz x. If there is no confusion, instead of ﬁﬁ’w we simply write V). We may call 19;\%1/)(:1:)
as a weighted generalized -estimator for some unknown parameter in © based on the
realization © = (1, ...,x,) € X" and weights (A1, ..., \,) € A,.

In the next remark, we present some basic facts about the properties (7},) and (T?) given
in Definition 2.3 which can be easily checked.

2.4 Remark. (i) If ¢ is a T),-function for some n € N, then for each zi,...,z, € X, the
equation (|1.2)) can have at most one solution.

(i) If ¢ is continuous in its second variable and is a T),-function for some n € N, then
t = Up(1,...,2,) is the unique solution to (L.2)), and is called the t-estimator (Z-estimator)
based on the observations x1,...,x, € X. In particular, if ¢ is continuous in its second variable
and is a Tj-function, then, for each = € X, the equation ¢(x,t) = 0, ¢t € ©, has a unique solution

’(91(1‘)

i) If Ay = --- = \, > 0 with some n € N, then 9 = g, . 0
n,2y
In the next remark, we point out an invariance property of the properties (7},) and (T?)
given in Definition [2.3]

2.5 Remark. We introduce a notion of equivalence in ¥(X,©) as follows. We say that the
maps ¥, ¢ € V(X,0) are equivalent (denoted as ¢ ~ ¢) if there exists a positive function
h:© — R such that ¢ (x,t) = h(t)p(z,t) is valid for all (z,t) € X x ©. It is easy to see that ~
is an equivalence relation on (X, 0), furthermore, the properties (T;,) and (T) are invariant
with respect to this equivalence, that is, if ¥ ~ ¢ and ¢ possesses the property (7},) (or the
property (72)), then ¢ also enjoys this property and 9,,, = ¥, 4 (resp. 192#7 = 1927 ) a

2.6 Definition. Let © be a nondegenerate open interval of R and f : © — R be a function.
We say that y € R is a level of increase for f if the relations u € © and y < f(u) imply that
y < f(v) for allv € © with u < v.

Observe that if y € R is a level of increase for f, then the inverse image f~*({y}) is either
empty or a singleton. In general, the converse of the previous statement is not true. To give a
counterexample, let us consider the function f : © — R given by f(¢) := 1 if ¥ € © is rational,
and f(0) := 0 if ¥ € © is irrational. Then f~*({1}) =0, but 1 is not a level of increase for f.



In the following lemma, we establish a connection between the notions of point of sign
change and level of increase.

2.7 Lemma. Let © be a nondegenerate open interval of R, f : © — R be a function, and
y € R. Then y is a level of increase for f if and only if one of the following assertions holds:

(i) y < f on ©.
(i1) y > f on ©.
(i1i) There exists a point of sign change for the function y — f.

2.8 Lemma. Let © be a nondegenerate open interval and f : © — R be a function. If the
levels of increase for f form a dense subsetl in the convexr hull of f(©), then f is increasing.
The function f is strictly increasing if and only if every element of f(©) is a level of increase
for f. Furthermore, if g : H — R s a strictly increasing function, where H is a set containing
f(©), and y € H is level of increase for f, then g(y) is a level of increase for go f.

We recall also a definition due to Péles [16]: given a nondegenerate open interval © of R and
e > 0, a function f: © — R satisfying the inequality f(u) < f(v) + e for all u < v, u,v € O is
called e-increasing. If the inequality is strict for all u < v, u,v € ©, then f is said to be strictly
e-increasing. We note that Péles [16l Theorem 3] offers the following simple characterization:
a function f : © — R is e-increasing if and only if there exists an increasing function g : © — R

such that || ~ glla == sUpyco |/ (1) — glu)] < 5.

The next lemma describes a connection between levels of increase for a function f: © — R
and its e-increasingness property.

2.9 Lemma. Let © be a nondegenerate open interval, let n € N and let yo < --- < y, be
real numbers. Assume that yq,...,Yy,—1 are levels of increase for a function f : © — R and
f(©) C [yo,yn]. Then f is strictly e-increasing with € :== max{y; — Yo, -+, Yn — Yn—1}-

Now, we state our first main result by presenting necessary as well as sufficient conditions
for the properties (7,) and (T7) .

2.10 Theorem. Let X be a nonempty set, © be a nondegenerate open interval of R, and
Y € V(X,0) be a Ti-function.

(i) If ¥ is a TQ(AI”\2)-functi0n for some (A, X2) € (0,00)?, then, for each x,y € X with

V1(z) < V1(y), the numbers —i; and i—f are levels of increase for the function
bz, t)

2.3 P (x), Y (y)) 2t — — .

(2.3) (V1(2), V1(y)) oD

(i1) Ifv is a Trgh"””\")-functz'on for somen € N\{1} and (A1,...,\,) € (0,00)", then, for each
z,y € X with ¥1(z) < 91(y), the numbers A;\in—ﬁ";\n and %, ked{l,...,n—1},
are levels of increase for the function (2.3)).

8



(111) If 1 is a T,-function for some n € N\ {1}, then, for each x,y € X with ¥1(x) < V¥1(y),
the elements of the set {2 |k € {1,...,n — 1}} are levels of increase for the function
23

(iv) If is a T, -function for infinitely many n € N, then for each x,y € X with ¥1(x) < V1(y),
the function 1s increasing. In addition, if for each m € N there exists n € N such
that m divides n and ¢ is a T,-function, then, for each x,y € X with ¥1(x) < ¥1(y),
every positive rational number is a level of increase for the function .

(v) If ¢ is a T)-function for each X € Ay, then for each x,y € X with ¥1(x) < 91(y), the
function 15 strictly increasing.

(vi) If, for each x € X, the equality (x,91(x)) = 0 holds and, for each x,y € X with
V1(x) < 91(y), the function is strictly increasing, then 1 is a TX-function for each
neNand X € A,,.

Note that if ¢ € ¥(X,0) is continuous in its second variable, then the assertion (vi) of
Theorem [2.10] provides a sufficient condition for the existence and uniqueness of a (usual)
1-estimator.

The following statement establishes two equivalent conditions for ¢ having the property
(T?) for each n € N and X € A,,.

2.11 Corollary. Let X be a nonempty set, © be a nondegenerate open interval of R, and
Y € VU(X,0) be a Ty-function such that, for each x € X, the equality ¥ (x,91(x)) = 0 holds.

Then the following assertions are equivalent:

(i) For each x,y € X with ¥1(x) < 91(y), the function (2.3) is strictly increasing.
(i) For each X € Ay, the function ¢ has property (Ts).
(iii) For eachn € N and X € A,,, the function v has property (T>).

In the next proposition, we provide a sufficient condition (which does not involve the con-
dition ¢ (z,9;(x)) = 0 for all z € X) under which ¢ has the property (T?) for each n € N and
AEA,.

2.12 Proposition. Let X be a nonempty set, © be a nondegenerate open interval of R, and
€ VU (X,0) be a Ti-function.

(i) If for each x € X, the function © > t — (x,t) is (strictly) decreasing, then for each
z,y € X with V1(x) < V1(y), the function (2.3)) is (strictly) increasing.

(i1) If for each x € X, the function © >t — (x,t) is strictly decreasing, then for eachn € N
and X € A, the function ¢ has property (T2).

The next proposition establishes a connection between the property (7},) and the strictly
%—increasingness of some appropriately defined functions.



2.13 Proposition. Let X be a nonempty set, © be a nondegenerate open interval of R, and
Y € U(X,0) be a T\ -function. If ¥ is a T,-function for some n € N\ {1}, then, for each
x,y € X with ¥1(x) < ¥1(y), the function

Yz, 1)

(2.4) (Va2), W) >t = e D

18 strictly %—incr@asz’ng.

The following two results describe the hierarchy among the properties (7},),en and establish
a kind of "grouping’ property of the property (7).

2.14 Proposition. Let X be a nonempty set, © be a nondegenerate open interval of R, and
€ U(X,0). If ¢ is a T,-function for some n € N, then ¢ is a T,,-function for any m €
{1,...,n} that divides n.

2.15 Proposition. Let X be a nonempty set, © be a nondegenerate open interval of R, and
Y € U(X,0) be a T)-function, where n € N and X = (Ay,...,\,) € A,. Let m € {1,...,n}
and Hy, ..., H,, be nonempty pairwise disjoint subsets of {1,...,n} such that HyU---U H,, =
{1,...,n}. For each o € {1,...,m}, define jio := ey Ni. Then p = (p1,..., ftm) € Ap,
and 1 is a TF -function.

Note that Proposition implies Proposition . Indeed, let ¢» € U(X,0) be a T),-
function with some n € N. If m is a divisor of n, then n = km with some k € N, and hence
H; ={(-1k+1,...,jk}, j =1,...,m, are nonempty pairwise disjoint subsets such that
HyU---UH, ={1,...,n}. With the choice A := (Ay,...,\,) := (1,...,1) € A,, we have
Y is a TA-function and o = k, « € {1,...,m}. Hence Proposition yields that v is a
TH-function. Since p,, @ € {1,...,m}, are all the same positive constant k, we have v is a T,-
function as well. Further, we note that Proposition [2.15| may be useful to see, for example, that

the property (Tngl’AQ”\S)) of ¢ implies the property (T2(/\1+A2,/\3)) of 1, where (A, A2, A\3) € As.
The next example demonstrates that the property (73) can already fail to hold.

2.16 Example. Let m € N, X = {z,...,2,}, © := R and let wy,...,w, > 0. Define
Y: X X0 — R by

Y(,t) = {w hr=t ie{l,...,m}.

Then v is a Ty-function and ¥, (z;) = 4 holds for all i € {1,...,m}. One can easily see that the
property (1) holds if and only if we have w; # w; for all distinct 4,5 € {1,...,m}, Indeed, if
1 <i<j<m, then

w, +w; >0 ift <,
(i, t) +(x5,t) = § —w; +w; ifi <t<j,
—w; —w; <0 if j <t

10



This function has a point of sign change if and only if w; # w;, as desired. We also get that if
¥ is a Th-function, then

7 if w; > wi,
Va(xi, 25) = Va(xj, 75) = { ’

j if w; < wWj.

Furthermore, ¥9(x;, x;) = ¥1(x;) =i for all i € {1,...,m}. O

In what follows, we give an example to point out that in part (vi) of Theorem the
assumption that ¢ (z,9;(x)) =0, x € X, cannot be omitted.

2.17 Example. Let X := {x, 25} (with 27 # x2) and © :=R. Let

2 ift<1,
W(xy,t) = —t if 1<t <2,
-2 ift > 2,
and
1 if t <2,
WU(xe,t) == ¢ 2 if t =2,
-1 ift > 2.

Then v is a Ti-function with 91(x1) = 1 and ¥4 (z2) = 2, and ¢ (x;, 91 (z;)) # 0 for i € {1,2}.
We also note that the function

Y(xq,t)
@D(l‘g, t)

is strictly decreasing. However, 1 is not a Ts-function, since

(F1(z1), 91 (22)) = (1,2) D t > —

(24+1=3>0 ift <1,

~1+1=0 ift=1,
(w1, t) +h(wg,t) = ¢ —t+1<0 ifl1<t<2,
—242=0 ift =2,

|—2-1=-3<0 ift>2

which shows that R 3t — 9(x1,t) + 1 (22,t) does not have a point of sign change. a

In what follows, as an application of Proposition we present an example of a large class
of functions 1 : X x © — R, which possesses the property (7) for each n € N and X € A,
and for which the point of sign change ¥} ,(z) (where & € X™") has an explicit form. This
class of functions may be called the class of Bajraktarevi¢-type functions, motivated by the
representation of Bajraktarevi¢ means as special deviation means. For the description of this
class of functions, we need to recall the notion of generalized left inverse of a strictly monotone
(but not necessarily continuous) function defined on a nondegenerate open interval of R due to
Griinwald and Péles [7, Lemma 1].

11



2.18 Lemma. Let © be a nondegenerate open interval of R, let f : © — R be a strictly increas-
ing function. Then there exists a uniquely determined monotone function g : conv(f(0©)) — ©
such that g is the left inverse of f, i.e.,

(gofl@) ==z, z€®.

Furthermore, g is monotone in the same sense as f, is continuous, and the following relation
holds:

(fog)y) =y, wyef(O).

The function g : conv(f(©)) — O described in Lemma is called the generalized left
inverse of the strictly increasing function f : © — R and is denoted by f(=1. In fact, by the
proof of Lemma 1 in Griinwald and Pales [7], it also turns out that

g9(y) =sup{lu € ©: f(u) <y}, y € conv(f(O)).

It is clear that the restriction of f(~1) to f(©) is the inverse of f in the standard sense. Therefore,
F1 s the continuous and monotone extension of the inverse of f to the smallest interval
containing the range of f, that is, to the convex hull of f(©).

2.19 Example. (Bajraktarevié-type functions) Let X be a nonempty set, © be a nonde-
generate open interval of R, f : © — R be a strictly increasing function, and p : X — R, and
¢ : X — conv(f(©)) be functions. In terms of these functions, define ¢ : X x © — R by

(2.5) U(z,t) = p(z)(p(x) - f(), reX teo.

2.19 Proposition. Under the above assumptions, v is a T} -function for each n € N and
A€, and

Mp(zy)p(zy) + - + /\np(xn)SD(xn))

A ()= fCD
(2.6) ﬁn,w( ) f ( )\1]9(1'1) +---+ )\np(l'n)

foreachn € N, x = (z1,...,2,) € X" and A = (\1,...,\y) € Ay, In particular, 9, = fV oy
holds.

One may call the value ﬁz’w(m) given by as a Bajraktarevi¢-type 1-estimator of
some unknown parameter in © based on the realization x = (xy,...,2,) € X" and weights
(A1, ..., ) € A, corresponding to the Bajraktarevié-type function given by . In par-
ticular, if p = 1 is a constant function in , then we speak about a quasi-arithmetic-type
1-estimator.

Note that in case of X := © and ¢ := f, Proposition [2.19 reduces to Theorem 3 in Griinwald
and Péles [7] for Bajraktarevié¢ means. In addition, if p = 1 is a constant function, then Proposi-
tion is about generalized quasi-arithmetic means (here, we use the term ’generalized’, since
for usual quasi-arithmetic means, the function f is not only strictly increasing, but continuous
as well). O
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In the next example, we point out that, in general, one cannot omit the restriction that m
divides n in Proposition [2.14] For another example, see the case of empirical median discussed
in Example [4.1]

2.20 Example. Let X be an arbitrary set with at least two distinct elements and let Xy, X5 C
X be nonempty disjoint subsets such that X;UXs = X and let wy,ws > 0. Define ¢ : X x0 —
R by

P(x,t) = {w ! if v € X,.

Then ¢ is a Ti-function and, for ¢ € {1,2} and x € X;, we have ¥, (z) = i.
Let n, k € N such that & is not a divisor of n (which implies that £ > 2). Then

1 1 n—1
2.7 - — .
2.7) k%{n . }
Indeed, on the contrary, if the inclusion were valid, then 1/k would be of the form m/n for
some m € {1,...,n — 1}, yielding that n = km, which contradicts the assumption k { n.

Assuming that w; = k — 1 and ws = 1, we prove that v is a T,,-function, but it is not a
Ti-function.

To show that 1 is a T),-function, let y := (y1,...,yn) € X" For j € {1,2}, define the set
S;={ie{l,...,n} :y; € X;}. Then {5}, S2} forms a partition of {1,...,n}. Let n; denote
the cardinality of S}, j € {1,2}. Then n = ny + ny and

n nqwy + nowg > 0 ift < 1,
wy(t) = Ziﬂ(yl,t) = —N1W1 + NoWs if 1 < t < 2,
i=1

—nqwy —ngwe < 0 if 2 < ¢t
Using condition (2.7) and k£ > 2, we have
—nqwy + ngwg = —ny(k— 1)+ (n—ny) =n —n1k # 0.

Therefore, the point of sign change for the function ¢ equals 1 if —n w; +nows < 0 and equals
2 if —njwy + nowy > 0. This proves that ) possesses the property (75,).

To verify that v is not a Ti-function, let 1 € X; and x5 € X5 be fixed and let z :=
(w1, 22,...,22) € X*. Then

wy+ (k—Dwy >0  ift <1,
Palt) = 90, 1) + (= D)2, t) = { —un + (k — Dup =0 1<t <2,

Therefore, the function ¢, does not have a point of sign change, and, consequently, ¢ is not a
Ty-function, as desired. O
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3 Existence and uniqueness of the point of sign change

of y-expectation functions

In this section, we investigate Problem 2 presented in the Introduction.

As it was mentioned in the Introduction, in case of simple random variables Problem 2 is
a special case of Problem 1. More precisely, if ¢ € U(X,0) and £ is a simple random variable
such that P(§ = z;) = p;, i = 1,...,n, where n € N, (z1,...,2,) € X" and py,...,p, = 0,

function, then, by definition, the function (1.4 has a unique point of sign change. Further,
Theorem provides some necessary as well as some sufficient conditions under which

.....

Next, we present our second main result in which we give a set of sufficient conditions in
order that the function given by (|1.4)) have a unique point of sign change.

3.1 Theorem. Let (X, X) be a measurable space, © be a nondegenerate open interval of R,
Y : X X0 = R be a function, and £ : Q@ — X be a random variable defined on a probability
space (Q, A, P). Let us suppose that

(1) ¢ is a Ti-function and, for each x € X, the equality ¥ (z,v1(x)) = 0 holds,
(i) for each x,y € X with ¥1(x) < V1(y), the function is strictly increasing,
(iii) 1 is measurable in its first variable,

(iv) E(|¢(&,t)]) < oo for each t € O,

(v) there ezist so,to € O such that E(¢(, s0)) = 0 and E((, 1)) < 0.

Then the map © >t — E((&,t)) admits a unique point of sign change in ©.

Next, we provide a set of sufficient conditions (which does not involve the condition
(x,91(x)) = 0 for each x € X) under which the map © 3 ¢t — E(¢(&,t)) also has a unique
point of sign change.

3.2 Proposition. Let (X, X) be a measurable space, © be a nondegenerate open interval of R,
P X x O — R be a function, and & : 0 — X be a random variable defined on a probability
space (2, A,P). Let us suppose that

(i) for each x € X, the function © >t +— 1 (x,t) is strictly decreasing,

(11) 1 is measurable in its first variable,

(111) E(](&,t)]) < oo for each t € O,
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(iv) there exist so,to € O such that E(¢(, s0)) = 0 and E(1(&, o)) < 0.
Then the function © >t — E(¢(&,t)) admits a unique point of sign change in ©.

Next, we formulate a corollary of Theorem [3.1, which is in fact part (vi) of Theorem [2.10]

3.3 Corollary. Let X be a nonempty set, © be a nondegenerate open interval of R, and ¢ €
U(X,0) be a Ti-function. Let us suppose that, for each v € X, the equality ¥ (x,v(x)) = 0
holds, and, for each x,y € X with ¥1(x) < 91(y), the function is strictly increasing. Then
Y is a T2-function for eachn € N and X € A,,.

In what follows, we present an example to Proposition [3.2] which can be considered as a
theoretical counterpart of Example for Bajraktarevi¢-type functions .

3.4 Example. (Bajraktarevié-type functions) Let (X, X) be a measurable space, © be a
nondegenerate open inrerval of R, f : © — R be a strictly increasing function, and p : X — R,
and ¢ : X — conv(f(0)) be measurable functions. Let ¢ : X x © — R,

b(a,t) == p(r)(px) = f(1), weX teO.

Further, let (£2,.4,P) be a probability space, £ : © — X be a random variable such that
E(p(§)]p(§)]) < oo and E(p(§)) < oco.

3.4 Proposition. Under the above assumptions, the function © > t — E(¥(&,t)) admits a
unique point of sign change in © which is given by

o (EG(©)2(6)
/ ( E(p(e)) )

The following auxiliary result is instrumental for the proof of Proposition [3.4]

3.4 Lemma. Let (X, X) be a measurable space andp : X — Ry, and ¢ : X — R be measurable
functions. Further, let & be a random variable on a probability space (2, A,P) such that P(¢ €
X) =1, E(p(§)) < oo and E(p(&)|¢(§)]) < oo. Then

E(p(§)e(€))

E(p(&)) € conv(p(X)).

O

In the next example, we consider a particular form of ¢ which has been recently investigated
by Mathieu [14]: namely, let ¢ : R x R — R,

(3.1) Y(x,t) :=sign(z —t)f(|z —t|), z,t € R,

where f : Ry — R;. Mathieu [14, Lemma 2] has derived some sufficient conditions on f and
¢ under which the equation E(¢(&,t)) = 0, t € R, has a unique solution, for more details and
our new results in this special case, see the next Example |3.5
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3.5 Example. Let X :=R, © := R and ¢ : R x R — R be given by . Given a random
variable &, Mathieu [14] has recently considered the problem of finding a unique element ¢, € ©
such that E(¢(&,t)) = 0 holds, where ¢ has the form given in such that f admits the
following properties (called Assumption 2 in Mathieu [14]):

a is continuous and differentiable Lebesgue almost everywhere,

(a) f
(b) F(0) =
(c) f

(d) there exist 8, > 0 such that y1y,<g < f'(z) <1 Lebesgue a.e. x > 0.

is concave,

For historical fidelity, we note that Mathieu [I4] investigated a more general setup, he considered
a random variable ¢ having values in a Hilbert space H, and a function ¢ : H x H — H,
(@, t) == = tHf(||x t||) for @ # t, x,t € H, where || - || is the norm of the Hilbert space H
(the value of ¢ at (x,z), x € H, was not specified in Mathieu [14]).

Mathieu [14, Lemma 2| has shown that (formulating his result only in the case of H = R)

if f admits the properties (a)-(d), E(|¢]) < oo and the inequality E(o(|¢ — E(£)])) < o(5)

holds, where o(z fo u)du, x € Ry, then there exists a unique element ¢, € © such that

E(¥(&,t)) =0 holds. Mathleu [14] also noted that the assumptions under which existence and

uniqueness of a solution in question was established are not the minimal ones, but he has not
searched for possible minimal assumptions.

Note that one can rewrite ¢ given by (3.1) as ¢(x,t) = ]?(ZL‘ —1), z,t € R, where f:RoR
denotes the odd extension of f: R, — R, to R, which is given by

f(2) if 2 >0,
(3.2) f(z):==<X0 if 2 =0,
—f(—=2) ifz<0.

As a new result, we have the following proposition.

3.5 Proposition. If f : R, — R, is continuous and strictly increasing with f(0) = 0 and
lim, , f(2) € (0,00), then, for any random variable &, we have that E(|(€,t)]) < oo, t € R,
and the equation

E((¢,t) =E(f(€—1) =0

has a unique solution with respect to t € R.

Finally, we compare the assumptions of Lemma 2 in Mathieu [14] and those of Propo-
sition Note that if a function f : R, — R, admits the properties (a)—(d), then it is
not necessarily strictly increasing (for example, it may happen that f(x) = f(B) for x > 3,
see, e.g., the Huber function ), so we cannot say that Proposition is a generalization
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of Lemma 2 in Mathieu [14]. However, the conditions of Proposition might be checked
more easily than those of Lemma 2 in Mathieu [14] in order to prove that the equation
E(¢(£,t)) = 0 have a unique solution with respect to t € R. For example, if f : R, — R,
f(z) :=2//1+2%2/2, z € Ry, then f is a continuous and strictly increasing function starting
from 0 and lim, ., f(2) = v/2. Indeed, we have f'(z) = (14 22/2)7%2 > 0 for each z € R,
This special choice of f plays a role in robust statistics, for more details, see, e.g., Rey [I8],

Section 6.4] or Example [4.4] O

In the next remark, restricted to a one-dimensional parameter set, we recall Theorem 3.2
in Clarke [4] on the local uniqueness of a root of the function (1.4]). We will see that the
assumptions of Theorem 3.2 in Clarke [4] are much more involved and quite different compared
to those of our Theorem [B.1]

3.6 Remark. Let X := R, O be a non-degenerate open interval of R, and ) : Rx © — R be a
measurable function in its first variable. Given ¢y, € © and a distribution function G : R — [0, 1],
let

I(Y,G) := {t €0: /w(ai,t) dG(z) = 0} :
R
and let T'(1, G) € O be a solution of the minimization problem

min_ |t — tol,
tel(y,G)

provided that I(¢, G) is nonempty.

In statistical estimation theory, a family of distribution functions {F; : R — [0,1] : t € O}
is given, and one chooses GG := F}, in the minimization problem above. We also note that the
minimization problem above is a special case of a more general one given in (1.3) in Clarke [4],
where a so-called selection function o : £ x © — R comes into play, where £ denotes the set of
distribution functions on R. Namely, the minimization problem in (1.3) in Clarke [4] with the
selection function o(G,t) := |t —ty|, G € £, t € O, gives the minimization problem above. In
Clarke [5 ] one can ﬁnd several interesting examples for other selection functionals, for example,
01(G,t) == [L(G (£))?dK(z), G € £, t € ©, where K : R — R, is a suitable weight
functlon, or QQ(G,t) = |Med( )—t|, G €&, t €O, where Med(G) denotes the median of G
(provided that it exists uniquely). Note that g, selects the root of [, v(x,t)dG(z) =0, t € O,
which is the closest to the median of G.

Given tg € © and a distribution function G : R — [0, 1], suppose the following assumptions:
(A0) to € I(x),G). In this case, we have T'(¢, G) = t.

(A1) % has a continuous partial derivative with respect to its second variable on R x D, where
D C O is a non-degenerate compact interval containing t, in its interior.

(A2) there exist a function g : R — R and € > 0 such that

o |Y(z,t)| < g(x) for each x € R and t € D,
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e |Oht)(x,t)| < g(x) for each z € R and t € D,

o [Lg(z)dF(xz) < oo for each F € K(G,¢), where F € K(G,¢) denotes the open
neighbourhood of G with radius € with respect to the Kolmogorov’s distance dx of
distribution functions given by dg (F,F) := sup,c |F(z) — F(x)| for distribution
functions F and F.

(A3) [ Ootb(z,t0) dG(x) # 0.

(A4) for each 0 > 0 there exists € > 0 such that for each F' € K (G, ¢), we have that

Sup‘/thdF /@D:pth <0

teD

and

sup}/ﬂgﬁgw(x,t) dF(x)—/Ragw(x,t)dG(x)‘ < 4.

teD
In particular Condition (A4) implies that, for each ¢ € D, the functionals £ > F —
Jpt(z,t)dF(z) and £ 3 F — [, &t(x,t) dF(z) are continuous at G with respect to the
Kolmogorov s distance d.

Given ty € © and a distribution function G : R — [0, 1], under the assumptions (A0)— (A4),
Clarke [4, Theorem 3.2] proved that for any ~ > 0 there exists an ¢ > 0 such that T'(¢, F)
exists for each F' € K(G,¢) and T(¢, F) € (ty — K, to + ). Further, for this ¢ there exists a
k* > 0 such that

[(’QD?F)m(tO_KV*atO_'_K*) :T(¢>F)>

that is, the equation [, ¢ (x,t) F(dz) = 0, t € ©, has a unique solution in the interval (t
K*,to+~"). In particular, by choosing F' := G, one can see that the equation [, ¢ (x,t) dG(z) =
0, t € ©, has a unique solution locally, provided that it has a solution.

We note that, if the Kolmogorov’s distance in the assumptions (A2) and (A4) is replaced by
the Lévy’s distance for distribution functions, then an analogous statement holds (see Clarke
[4, page 1197]). O

4 Examples from statistical estimation theory

In this section, we present several examples from statistical estimation theory, where our results
in Sections [2| and [3| can be well-applied. For example, we consider the cases of the empirical
median, the empirical quantiles, the empirical expectiles, y-estimators recently used by Mathieu
[14], some -estimators that are important in robust statistics, and we also study some examples
from maximum likelihood theory.
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4.1 Example. (Empirical median) Let X := R, © := R and ¢ : Rx R — R, ¢(x,t) :=
sign(z — t), z,t € R. For each x € R, the function R > ¢ — 9(z,t) is decreasing, but not
strictly decreasing. Then for each n € N and z1,...,z, € R, the equation (1.2]) takes the form

(4.1) Zsign(xi —t)=0, teR.

In this special case, the function 1 is not continuous in its second variable, and the corresponding
equation (4.1]) has an important role in statistics. Namely, one can check that Med,, : R” — R,

1 ; if n=2k+1,
(4.2) Medy,(z1,...,2,) = = (m + 2} ): kil o keZ,,
2 (51 [5+1] 1/,..% * : _ +
5@+ i) if n= 2k,

is a solution of the equation , where z7 < 25 < --- < 27 denotes the ordered sample of
x1,...,ox, € R, and [z] and |z] denote the upper and lower integer parts of a real number
z € R, respectively. Of course, if n = 2k, then there are other solutions of the equation (4.1)).
For example, if 1 < x5 < - -+ < 9, then we have

(4.3) {t ER: isign(:ﬁi —t) = 0} =[5, a1,

where [z, g11] is not a singleton. Note that Med,, (z1,...,x,) is nothing else but the well-
known empirical median of x4, ..., x,.

Further, we have that 1 is a T,,-function for each n = 2k + 1, k € Z,, with 9, () = 2},
x = (x1,...,2,) € R". Note also that ¢ is not a T),-function for any n = 2k, k € N. Indeed,
if 11 <9 <--+ < X9, then implies that the function 9, . +,,) does not have a point of
sign change. Furthermore, for each x,y € R with ¥,(z) = z < y = ¥1(y), the function (2.4))
takes the form
(2.9) 5t U(x,t) __ sign(z - t) _ —1 _ 1
Y(x,t) —(y,t)  sign(ex —t) —sign(y —¢) —-1-—-1 2
This function is a rational constant, in particular strictly %—increasing for each ¢ € N. It
underlines the fact that the strictly %—increasing property of the function in Proposition
[2.13] is only a necessary, but not a sufficient condition for ¢ being a T,-function. Indeed, in
the present example, the function is strictly %—increasing for each ¢ € N, but it is not a
T,-function for n = 2k, k € N. Moreover, for each xz,y € R with ¥;(z) = x < y = 91(y), the
function takes the form

(2.9) >t Y1) _ _sign(z — 1) .

Y(y,t) sign(y — 1)

This function is a rational constant, in particular, increasing, but not strictly increasing. It is
in accordance with part (iv) of Theorem and part (i) of Proposition as well, since v is
a T,,-function for infinitely many n € N, namely, for each n = 2k+1, k € N; and for each = € R,
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the function R 3 ¢ — ¢ (z, ) is decreasing. Note also that it does not hold that for each m € N
there exists an n € N such that m divides n and ¢ is a T,,-function (indeed, in case of an even
m € N one cannot choose such an n). Moreover, one cannot apply part (vi) of Theorem m
This underlines that the increasing property of the function is only a necessary, but not a
sufficient condition in order that ¢ be a T,-function for each n € N. Finally, we mention that
the present example also shows that in Proposition the restriction that m € {1,...,n}
divides n cannot be removed in general. O

4.2 Example. (Empirical quantiles) Given o € (0,1), n € N and zy,...,2, € R, an em-
pirical a-quantile based on z1,...,z, is defined as any solution of the minimization problem:

n

I%g;@a(% —t) = rgﬂg ) (al{xi>t} + (a— 1)1{zi<t}) (x; —t)

(4.4)

n

1
= mi Sllzi— 200 — 1)(w; — >,
nin 25 (\x t|+ (2a—1)(x; — t)

where ¢, : R — R is the so-called a-quantile check function given by

1
Pa(T) == |a — 1| 7] = (alfez0p + (@ — 1)1gzcoy)z = 5 <|ZL‘| + (2a — 1)x>, x € R,

see, e.g., Koenker and Bassett [II, Section 3]. Some authors call a solution of (4.4) as a
geometric a-quantile, see, e.g., Passeggeri and Reid [I7], Section 2].

It is known that ¢ € R is an empirical a-quantile based on zy,...,x, if and only if the
following two inequalities hold

(4.5) %Zléa and aé%Zl,

112 <q i x; <q
see, e.g., Lange [13, Problems 12.12/13.].

It is also known that, given o € (0,1), n € N and 1, ...,z, € R, an empirical a-quantile

given as a solution of the minimization problem (4.4) is uniquely defined if and only if o ¢
12

575,..

., ™11 "and in case of uniqueness, we have that it is given by
n

o 1 * *
(46) q,s )(xl, cee 7~rn) = é(x[na] + anaJrlj)a

see Passeggeri and Reid [I7, Lemma 4.1]. We also mention an interesting result of Passeggeri
and Reid [I7, Lemma 4.2], which states that, given « € (0,1) and n € N, the function g
R™ — R given by (4.6) is Lipschitz continuous:

@y, am) — ¢y, yn)| < max |z —y;
|4 (21 )= @ Yo wn)l S max g — )

for each x1,..., T, y1,. .., Yn € R.
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Note that if o = %, then the empirical median Med,,(x1, ..., z,) of z1,...,x, given in (4.2))
is a solution of the minimization problem

Indeed, if o = 3, then ¢1/5(z) = |z|, z € R, and hence the minimization problem (.4) with
1
2
minimization problem if and only if the inequalities (4.5 hold for ¢ with o = % Further, one

a = 3 is equivalent to mineg Y ., |z; — t[, and, as we have recalled, ¢ € R is a solution of this

can easily check that the empirical median Med,,(x1,...,z,) based on xy,. .., x, satisfies the
inequalities (4.5) with a = 1.
Motivated by the minimization problem (4.4)), we investigate the function ¢ : R x R — R,

« if x >t
(4.7) U(z,t) =140 if v =t
a—1 ifx<t.

For each = € R, the function R > ¢ — (x,t) is decreasing, but not strictly decreasing. By
choosing X := © := R, we have that ¢ is a T}-function with 9, (z) := z, x € R. Analogously
to the result of Passeggeri and Reid [17, Lemma 4.1], we are going to show the following result.

4.2 Proposition. Given o € (0,1), for each n > 2, the function b defined by (4.7) has the
property (T,,) if and only if a & {*,... =1}

O

4.3 Example. (Empirical expectiles) Let a« € (0,1), n € N and zy,...,2, € R. The
empirical a-expectile based on x1, ..., x, is defined as any solution of the minimization problem:

mlnz &a(xi - t) = min (al{xi2t} + (1 - @)1{mi<t}) (‘rz - t>27

teR 4 teR 4
i=1 =1

where ¢, : R — R is given by
gza(x) = ‘Oz - 1{z<0}|x2 = (al{x>0} + (1 - Oz)l{w<0}):€2, reR,

see, e.g., Newey and Powell [15]. Expectiles are also called smoothed versions of quantiles or
least asymptotically weighted squares estimators.

Motivated by this minimization problem, we may investigate the applicability of Theorem

for the function ¢ : R x R — R,

alx —t) if x > t,
Y(x,t) == <0 if v =1,
(1—a)(z—t) ifz<t.
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For each z € R, the function R > ¢t + 9(x,t) is strictly decreasing. By choosing X := R
and © := R, we have ¢ is a Tj-function with ¥;(z) := z, x € R, and for each z,y € R with
Yi(x) =z <y =3 (y), the function takes the form
(1.4) 5 s Y(z,t) :_(1—04)(1'—15) _1-a (1_ y—x) 7
Uy, 1) a(y —1) a y—t

which is a strictly increasing function. It is in accordance with part (i) of Proposition [2.12]
Since ¢(z,91(z)) = 0, € R, by part (vi) of Theorem [2.10, we have % is a T>-function for
each n € N and A € A,,. In particular, using that 1 is continuous in its second variable, we
also have, for each n € N and z1,...,x, € R, that the equation >, ¢(z;,t) =0, ¢t € R, has a
unique solution, see part (ii) of Remark . a

Next, we apply Theorem for a function v that has been recently used for constructing
M-estimators by Mathieu [I4] (see also Example [3.5)).

4.4 Example. Let X :=R, 0:=Rand ¢ : R xR — R,
(48) 1/)(1’,75) = sign(x - t)f<|1‘ - t|)7 RIS R,

where f: R, — R is an arbitrary function with f(0) = 0. Note that if f is continuous as well,
then 1 is continuous in its second variable. Next, we discuss the applicability of Theorem [2.10
for the function ¢ given in (4.8). Namely, we prove the following statement.

4.4 Proposition. Let f : Ry — R be a function with f(0) = 0 and let ¢ be given by (4.8]).
Then we have that

(a) ¥ is a Ti-function if and only if f(z) > 0 for all z > 0, and, in this case, V1(x) = = and
Y(x,91(x)) =0 hold for all x € R.

(b) if ¥ is a Ty -function and T, -function for infinitely many n € N, then f is increasing.
(c) 9 is a Ty'-function for each X € Ay if and only if f is strictly increasing.

(d) v is a TX-function for each n € N and X € A, if and only if f is strictly increasing.

As a consequence of Proposition if f:R, — R is a strictly increasing and continuous
function such that f(0) = 0, then ¢ given in is continuous in its second variable, and
hence for each n € N and z1,...,z, € R, the equation ) ., ¥(z;,t) = 0, t € R (i.e., the
equation ) has a unique solution.

To complete this example, we recall some special choices for the function f appearing in
(4.8) such that the corresponding -estimator has an important role in (robust) statistics:

(i) the Huber function fy : R, — R,

(4.9) fu(2) = 2lpepy + Blisgy, 2 €Ry,
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where 8 > 0 (see Huber [§]), which is a continuous and increasing (but not strictly
increasing) function starting from 0. Then the function ¢ : R x R — R given in (4.8))
takes the form

x—t if |z —t| < B,
Bsign(z —t) if |z —t] > 5,
In general, v is not a T,-function. Indeed, for example, if 8 := 1, x; := 0 and x5 := 3,
then )
141=2>0 if t < -1,
9 —t+1>0 if -1 <t<1,
PSi(ayan(t) = D (@i t) =4 ~1+1=0 if1<t<2,
= —143—t=2—-1t<0 if2<t<4,
(—1-1=-2<0 if t > 4.

Consequently, the function t(,, »,) does not have a point of sign change, and, thus v is
not a Ty-function, and, by Proposition [2.14] it yields that 1) is not a Ty,-function for any
k € N. On the other hand, for each k € N, v is a Ty, -function. Indeed, let £ € N and
Z1,...,Toks1 € R be arbitrary. Then the function R > ¢ — Zfﬁ?l (x4, t) is decreasing
(because each of its terms is decreasing), and, on the contrary, let us assume that it does
not have a point of sign change. Then it is constant on a proper subinterval [ of R. In
this case, each term in question must be also constant on this subinterval, and, by taking
into account the form of v, it must be equal to 5 or to —f on I. However, a (2k+ 1)-term
sum whose terms are equal to 8 or to —f3 cannot be equal to zero, which leads us to a
contradiction. All in all, ¢ is a T,,-function if n € N is odd, and % is not a T,-function if

n € N is even.

(ii) the Catoni function fo: Ry — R,

fo(z) :=In (1—1—%4—%(%)2) , z € Ry,

where b > 0 (see Catoni [2]), which is continuous and strictly increasing starting from 0.
(iii) a polynomial function fp: R, — R,

fr(z) = ————=,
)

z
ze Ry,

where p € N and 8 > 0, which is continuous and strictly increasing starting from 0.

(iv) another Catoni-type function fo: R, 5 R,

folz) :zln(l—i-z—i—%), z €R,,

where a € (1,2) (see Chen et al. [3]), which is continuous and strictly increasing starting
from 0.
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(v) f:Ry =R, f(2):=2//1+22/2, z € Ry, which is a continuous and strictly increasing
function starting from 0. Indeed, we have f(z) = (1 4 22/2)73/2 > 0 for each z € R,.
Then the function ¢ : R x R — R given in (4.8]) takes the form

—1
@b(l’,t) = %, x,t € R.
r—t
14 &0

In robust statistics, one calls ¥ as the L;-Ly function, see, e.g., Rey [I8, Section 6.4].

(vi) f: Ry = R, f(2) := z/(1 + 2), z € Ry, which is a continuous and strictly increasing
function starting from 0. Then the function ¢ : R x R — R given in (4.8)) takes the form

T —t
)= ——, ,t eR,

which is called a ”fair”-type function in robust statistics, see, e.g., Rey [I8, Section 6.4].

In the above recalled special cases (ii)—(vi), by part (d) of Proposition 4.4} the corresponding
function v given in ([4.8) is a T>-function for all n € N and A € A,,. In particular, since in the
cases (ii)-(vi), ¢ is continuous in its second variable, for each n € N and zy,...,z, € R, the
equation (|1.2)) with the given function ¢ has a unique solution, see part (ii) of Remark . a

In the remaining part of this section, we investigate the applicability of Theorem for
finding solutions of likelihood equations in the theory of MLEs. Let © be a nondegenerate
open interval of R, and f : R x ©® — R be a function such that for each ¢t € ©, the function
R > 2 — f(x,t) is a density function. Let us introduce the set

Xp={xeR: f(z,t) >0, Vit € O},

and suppose that X is nonempty. Note that, in general, it can happen that X; = (. For
example, if © = (0,00) and f: R x (0,00) = R,

{% if z € (0,1),

f@t) =14 itz ¢ (0,1),

t € (0,00),

i.e, for each t € (0,00), the function R 5 z — f(z,t) is the density function of a uniformly
distributed random variable on (0, ¢), then X; = (). Turning back to the case when X; # (), and
supposing that 0, f exists, the equation (1.2) with X := Xy and the function ¢ : Xr x © - R
defined by

9) t
(4.10) P(x,t) == O(In(f(z,1))) = M, (x,t) € Xy x O,
flz,t)
is nothing else but the likelihood equation based on the observations xi,...,x, in the theory

of MLEs.

In the next examples, we demonstrate the applicability of Theorem together with
Proposition for proving existence and uniqueness of a solution of the likelihood equation
(1.2) corresponding to the function ¢ given in (4.10)).
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4.5 Example. Let ¢ be a normally distributed random variable with mean m € R and with
variance o2, where ¢ > 0. Let n € N and z1,...,7, € R be a realization of a sample of size
n for £&. Here by a sample of size n, we mean independent and identically distributed random
variables &1,...,&, with common distribution as that of £&. It is known that, supposing
that o is known, there exists a unique MLE of m based on zq,...,z, € R, and it takes the
form m, = w We will establish the existence and uniqueness of a solution of the
corresponding likelihood equation using Theorem together with Proposition In this

case, we have © =R and f: R x R — R,

1 _@-m?
f(z,m) = 27me 202 x,m € R,

and consequently Ay = R. Then ¢ : R x R = R,

L@ —m)f(z,m) 1

52 ) .

U(x,m) = ) —;(a:—m), z,m € R.

Hence ¢ is a Tj-function with 9, (z) := z, € R, ¢¥(z,9,(z)) = 0, z € R, and 1 is continuous
in its second variable. Further, using Proposition and Theorem (with X := X; = R),
we can conclude that for each n € N and z4,...,z, € R, the (likelihood) equation (1.2)) with

the given function 1 has a unique solution, which is equal to ¥,,(x1,. .., z,) = B+ —

as desired.

It is also known that, supposing that m is known, there exists a unique MLE of 0% based on
x1,...,7, € R, and it takes the form 52 = 23" (z; —m)?. We will establish the existence
and uniqueness of a solution of the correspondig likelihood equation using Theorem In
this case, we have © = (0,00), and f : R x (0,00) — R,

1 _@=—m)?
f(z,0%) = e 27 reR, 02 >0,

w(x,az) _ 1 ( 1 (_%) (02)_36,%;3)2 N 1 6@2;;)2(13——771)2(0%—2)

f(x,0%) \V2r V2mo? 2
1 2 2 2
:2<02)2((x—m) —0‘), reR, 0% >0.

Hence ¢ is a Tj-function with 91(z) := (x — m)?, z € R, ¥(x,91(x)) = 0, z € R, and o
is continuous in its second variable. Further, for each z,y € R with 9;(z) < ¥1(y), ie.,
(x —m)? < (y —m)?, we get that the function
2 2 _ 2 2 2
2 o 2, Y@o) (z-m)i-o (y—m)* = (x—m)
—m)% (y — > 0% — - — =1
(emmlly=m?) 208 =) = " mmp = = mmp o2
is strictly increasing. Consequently, by part (vi) of Theorem [2.10] (with X := Xy = R), we
conclude that for each n € N and zy, ..., z, € R, the (likelihood) equation (1.2]) with the given
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¥ has a unique solution, which is equal to 9, (x1,...,z,) = %Z?Zl(xz —m)? = EZ, as desired.

Finally, we present an alternative argument. Note that the equation ((1.2) with the given
function v has a solution if and only if the equation (1.2]) with the function ¢ : R x (0,00) — R,

U(z,0?) = 2(0*)*Y(z,0%) = (v —m)* — o7, r€R, 0? >0,

has a solution, and the two sets of solutions coincide. Further, 1; is a Ti-function and the
corresponding 91 (z) is equal to (z — m)? for each z € R. The function 1 is strictly decreasing
in its second variable, and hence part (i) of Proposition can be applied to {/; This, together
with part (vi) of Theorem , yield that {E is a T,,-function for each n € N, and hence, trivially,
¥ is a T),-function for each n € N as well, as expected. a

4.6 Example. Let o > 0 and let £ be an absolutely continuous random variable with a density

function
2ax(1 — x%)* 1 if x € (0,1),
felx) = .
0 otherwise.
Then one can check that given n € N and a realization zy,...,z, € (0,1) of a sample of size n

for &, there exists a unique MLE of «a and it takes the form
~ n
Oy = ——5 .
Zi:l In(1 — 3%2)

We will establish the existence and uniqueness of a solution of the corresponding likelihood
equation using Theorem together with Proposition [2.12] In this case, we have © = (0, c0)
and f: R x (0,00) = R,

20z(1 — 23>t ifx € (0,1), a > 0,
f(z, ) == .
0 otherwise,

and consequently Xy = (0,1). Then ¢ : (0,1) x (0,00) — R,

20((1— 2% + a(1 - a3 In(1 — 22))

1 2
U(r,a) = 2or(l =221 :a—i—ln(l—x ), x€(0,1), a>0.

Hence v is a Tj-function with ¥(x) := —m, z € (0,1), ¥(x,01(x)) =0, x € (0,1),
and v is continuous in its second variable. Further, using Theorem [2.10] and Proposition
2.12 (with X := Xy = (0,1)), we can conclude that for each n € N and z4,...,z, € (0,1),
the (likelihood) equation with the given 1 has a unique solution, which is equal to

n ~ .
19”(56'1, ce ,ZL’n) = —m = Qp, AS desired. O
1= 1

4.7 Example. Let £ be an absolutely continuous random variable with a density function

1 a2
' V2T

1 (z—m)?
e 272 rzeR
\2mo ’ ’

e 2 +

DN | —
DO | —

fe(z) ==
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where m € R and o > 0. Note that f; is a mixture density function of the standard normally
density function and the density function of a normally distributed random variable with mean
m and variance o2 with equal % weights. Let n € N and z1,...,2, € R be a realization of a
sample of size n for £. In what follows, we assume that o is known, and, using Theorem [2.10]
we show that, in general, the corresponding likelihood equation for m may have more solutions.
In this case, we have © =R and f: R x R — R,

1 1 ,(z—w2z>2 cR
5 € 20, x,m )
2 2ro

and consequently Xy = R. Then ¢ : R x R — R,

(wfm)2
;(ZE _ m)e_T
Y(w,m) = 222r . zmeR
flz,m)
Hence ¢ is a Ti-function with ¥4(z) := z, x € R, ¢¥(z,91(z)) = 0, € R, and 1) is contin-
uous in its second variable. Consequently, for each n € N and = (xy,...,2,) € X", the

likelihood equation has at least one solution in R. Further, for each z € R, we have
lim,,, 1o ¥ (z,m) = 0. In what follows, we check that it is not true that for each x,y € R with
Y (x) < 91(y), i.e., x <y, the function is increasing. For each z,y € R with z < y, the
function takes the form

2 2
( 7m)2 _L+(y—m)
Y(x,m) m-—x fly,m) e 2 (m —x) <Je Tt T 4 1)

w(y7 m) B y—m f(‘/E? m) 6(12—;’21)2 B (y — m) (0-63022+(z2_0ﬂ;)2 + 1) 7

(x,y) 2mr— —

and, for each m € (z,y), one can check that

;L(_w@mw):
dm ’ll)(y, m) (y . m)z (o_e—%—f—(r;;gﬂ . 1)2

z (1*"”)2 2 ( 7'm)2
X [(y - $)<Ue_7+2072 + 1) <ae_y7+ ST 1)
(4.11)

oS

1 2 (y=—m)? a? | (w—m)®
— = (m—a)(y —m)?e T w2 <ae‘7+T + 1)
o

1 22 | (a—m)? 2 y—-m)?
— —(m—2)*(y—m)e” T+ 5 <0e_y7+ e 1)
ag

If for each z,y € R with x < y, the function (2.3]) were increasing, then we would have that

d (_1/1(93, m)
dm \ ¥(y,m)

)20, m € (z,y), z<y, v,y €R,
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which, by (4.11)), is equivalent to

(m—a)(y—m)*  (m—2)*(y —m)
oly—x) > e T T m e (v,y), =<y, v,y €R.

oFer o+e?

However, this inequality does not hold in general, since its left hand side tends to 0 as ¢ | 0,
but its right hand side tends to co as o | 0. To give an example, for example, on Figure [1]
we plotted the function (x,y) > m —ZEZ%

increasing. All in all, it is not true that for each z,y € R with x < y, the function ({2.3)) is

with = 1, y = 5 and ¢ = 1, which is not

0.20 0.30
| |

0.10
|

0.00
|

Figure 1: The function (1,5) 2 m > —igg with o = 1.

increasing. Hence, by part (iv) of Theorem [2.10] (with X := X; = R), we get that there exists
ng € N such that ¢ is not a T,,-function for any n > ng, n € N. In particular, it yields that
there exists ng € N such that for each n > ng, there exist real numbers z1,...,z, € R such
that the solution of the corresponding likelihood equation (based on @ = (x1,...,2,)) is
not unique. By part (v) of Theorem we also get that there exists a A € Ay such that ¢ is
not a Ty*-function. O

5 Proofs for Section 2

Proof of Lemma [2.7} Assume that y is a level of increase for f and (i) and (ii) are not valid.
Define

A={veOBl|y > f(v)} and B:={ueO|y< f(u}
Then AUB = © and A, B are nonempty, since (i) and (ii) do not hold. If v € A and u € B, then

the inequality u < v cannot be true, since y is a level of increase for f, thus v < u must be valid.
Consequently, sup A < inf B, and, using that AU B = O, we have that sup A = inf B =: 9. If
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t < ¢, then t ¢ B, which implies that y > f(¢). Similarly, if ¢ < ¢, then ¢ ¢ A, which yields
y < f(t). Hence, we have proved that 9 is a point of sign change for the function y — f, i.e.,
(iii) must hold.

Conversely, if (i) or (ii) hold, then almost obviously, using the definition of a level of increase,
we have that y is a level of increase for f. Finally, assume that (iii) is valid, i.e., there exists
¥ € © which is a point of sign change for the function y — f, and, on the contrary, suppose
that y is not a level of increase for f. Then there exist u,v € © such that u < v, y < f(u) and
y = f(v). Therefore, y — f(u) < 0 and y — f(v) > 0, which imply that v < ¥ < u contradicting
u < v. O

Proof of Lemma [2.8 Assume that the levels of increase for f form a dense subset in the
convex hull of f(©), but f is not increasing. Then there exist u,v € © with u < v such that
f(u) > f(v). The convex hull of f(©) contains the open interval (f(v), f(u)). Hence, by the
assumption, one can find an element y € (f(v), f(u)) which is a level of increase for f. Then
we have that u,v € © with v < v and y < f(u), which imply y < f(v), and this contradicts
y € (f(v), f(u)). The second statement of the lemma readily follows from the definitions of
strictly increasing property and level of increase. For the last statement of the lemma, assume
that u € © satisfies g(y) < (go f)(u) = g(f(u)). Since g is strictly increasing and y, f(u) € H,
we have that y < f(u). Using that y is a level of increase for f, for all v € © with u < v, we
get that y < f(v). Hence the strictly increasing property of g together with vy, f(v) € H yield
that g(y) < g(f(v)) for all v € © with u < v, as desired. O

Proof of Lemma|2.9] To verify the e-increasingness property of f, let u,v € © be arbitrary
such that v < v. The intervals J; = [yo,v1], ..., Jn = [Yn—1,Yn] cover the image f(O).
Therefore, for some i € {1,...,n}, we have that f(u) € J;, which implies y;_1 < f(u) < ;.
Since y;_1 is a level of increase for f, we have that y;_; < f(v). On the other hand, due to the
definition of ¢, it follows that y; < y;_1 + . Thus, we get

fw) <y <yia+e< flv)+e,

which was to be proved. O

Proof of Theorem [2.10} (i): Let 2,y € X be such that ¢;(z) < ¥1(y). Since ¢ is a
Ty-function, for all ¢t € (J1(x), 91 (y)), we have ¢(z,t) < 0 and ¢(y,t) > 0.

To the contrary, assume that i—f is not a level of increase for the function (2.3)). Then there
exist u,v € R such that ¥, (z) < u < v < ¥4(y) and

¢($,U) < )‘2 < ¢($au)

Py, v) M Y(yu)

Rearranging these inequalities, we get that

)\177/}(:E, u) + >‘277Z}(y7 u) <0< )\1¢(ZE, U) + /\2¢(y’v)'

In view of the property (TQ(AI’M)) of v, this implies that

0 <0y () <,
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which contradicts the inequality u < v.

To the contrary, assume that i—; is not a level of increase for the function (2.3). Similarly

as before, we have that there exist u,v € R such that ¥;(z) < u < v < ¥1(y) and

MYy, u) + Aab(w,u) <0< M(y,v) + Aatb(z,v).

In view of the property (TZ(M’)‘Q) ) of ¢, this implies that v < ﬁgﬁ’b)(y,x) < u, which again
contradicts the inequality v < v.

T;ZLI YD

for each k € {1,...,n — 1}, we have ¢ is a =k )\i)—function, since for each z,y € X

and k € {1,...,n — 1}, it holds that

(Z Ai) Wl t) + ( > Ai> U, t) = Y Aent),  tee,

i=k+1

where x; ==z, i € {1,...,k} and x; ;== y, i € {k+1,...,n}. Consequently, the assertion
readily follows from part (i) of the present theorem.

A1 = -+ =\, := 1, thus the assertion follows from part (ii) of the present theorem.

(iv): Let (n;)ien € N be a strictly increasing sequence such that ¢ is a T,,,-function for all
i € N. Let z,y € X such that ¥;(x) < J1(y). Then, by assertion (iii) of this theorem we have

that the numbers
k
1 i—l,. = y P ,Z‘—l.
{ni—k‘k€{7 .M }ZGN} {ni—lni—Q 5N ZEN}

are levels of increase for the function . We are going to apply Lemma . The convex
hull of the range of the function is contained in (0,00), so if we check that the set
{51k € {1,...,n; = 1},i € N} is dense in (0,00), then Lemma will imply that the
function is increasing. Since the function g : (0,00) — (0,1), g(u) := u > 0, is
bijective, it is enough to check that the set

{g(nilik) ’ke{17...,ni—1},ieN}:{nﬁi

is dense in g((0,00)) = (0,1). This readily follows, since if (a,b) C (0,1) is an open interval,
then there exists 4o € N such that -- < b — a (due to n; — oo as i — o00), and hence there
0

exists k € {1,...,n4 — 1} such that = € (a,b).
20

_u_
u+1?

ke{l,...,ni—l},ieN}

Now we turn to prove the second statement of the assertion (iv). Let £,m € N. We show
that % is a level of increase for the function (2.3). By assumption, there exists ig € N such
that m + ¢ divides n;, and ¢ is a T, -function. By part (iii) of this theorem, we have that the

elements of the set L
k 1,...,n;, — 1
{nio_k‘ E{ ’ o }}
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ZTLZ'O
m-+£

k Knio 14

are levels of increase for the function (2.3)). By choosing k := e{1,...,n; — 1}, we have

N, — k N (m—i—f)nm — Enio N m’
yielding that % is a level of increase for the function (2.3)), as desired.
(v): Assume that v is a T-function for each A € A,. Let 2,4 € X be such that ¥,(x) <
Y1 (y). By assertion (i), it follows that A; /Ay is a level of increase for the function (12.3) for each
A1, A2 > 0. Since Ay and Ay are arbitrary positive numbers, we get that each positive number

is a level of increase for the positive function (2.3)). In view of the second statement of Lemma
, this implies that the function ([2.3)) is strictly increasing.

(vi): This assertion is an immediate consequence of Theorem [3.1] as stated in Corollary [3.3]
therefore its proof is omitted here. O

Proof of Corollary [2.11]. If (i) holds, then part (vi) of Theorem implies that (iii) is
valid as well. If (iii) holds, then (ii) is readily satisfied. Finally, if (ii) holds, then part (v) of
Theorem implies the validity of (i). O

Proof of Proposition (i): First, let us suppose that for each z € X, the function

© >t Y(x,t) is decreasing. Let ¥4(z) < s <t < ¥1(y). Then, since ¢ is a T}-function, we
have

0>d(z,s) 2¢(x,t) and  P(y,s) = ¢y, t) > 0.
Consequently, we get
0 < —t(z,s)p(y,t) < —(x, 1)(y, s),
which is equivalent to

U(y,s) — W(y,t)
yielding that the function (2.3) is increasing. The case when the function © > ¢ — ¢(x,t) is
strictly decreasing for each z € X can be handled similarly.

Yas) _ vt

(ii): Let us suppose that for each # € X, the function © > t — (z,t) is strictly decreasing.
Let n € N, A = (Ag,...,\,) € Ay and (2q,...,2,) € X" Since \; > 0,4 € {1,...,n} and
A+ A, >0, we get that the function © 3 ¢ +— > \i)(2;, t) is strictly decreasing. Using
that 1 is a Tj-function, we have that

= >0 if ¢t <min(Vy(z1),...,0(x,)),
)\i 1)
ZZ:; v(t) {< 0 ift > max(di(xy),..., 0 (z,)).

Consequently, we have

t* :=sup {t €0: Z)\ﬂﬂ(azi,t) > O} < max(V(xq), ..., 01 (xy,)),

i=1

t, = inf {t €0: Z)\igb(a:i,t) < 0} > min(Vy(z1), ..., 91(xn)),

=1
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yielding that ¢* < t,. Using the definition of infimum, supremum and that the map © >
t— > AN(xy,t) is strictly decreasing, we get t* = ¢,. Indeed, if t* < ¢, were true, then,
by the definition of infimum and supremum, Y ", \jp(x;,t) = 0, t € (t*,¢,), would hold,
contradicting the strictly decreasing property of the function © > t — Z;’\zl Xitv(z,t). All in
all, we get 192,1&(951, ...,1,) =t*=t,, and then 1 possesses the property (T2). a

Proof of Proposition Let x,y € X be such that ¢;(z) < ¥1(y). Since ¢ is a T}-
function, for all t € (¥1(x),V1(y)), we have ¥(z,t) < 0 and ¥(y,t) > 0, and hence the function
takes values in (0,1). By part (iii) of Theorem [2.10] we have that the elements of the set
{2 |k € {1,...,n— 1}} are levels of increase for the function (2.3). Note that

w(l‘,t) o _@D([E,t) .
Ol t) = v(y.t) (1/1(3/,75))’ L€ (d1(x),0(y)),

where g : (0,00) = R, g(u) := 25, u > 0. Since g is strictly increasing and (0, 00) contains

the range of the function ({2.3)), by Lemma , we get that the elements of the set

{g(%) ‘ke{l,...,n—l}}:{g‘ke{l,...,n—l}}

are levels of increase for the function . Since the function is positive, we readily
have that 0 is also a level of increase for the function (2.3). Consequently, using that the
function takes values in (0, 1), the conditions of Lemma are satisfied with the choices
Y = %, ke {0,1,...,n}, and then we get that the function is strictly e-increasing with

8::max{k—ﬂ:ke{l,...,n}}:l,asdesired. O
n n n

Proof of Proposition Now let us suppose that m € {1,...,n} and m is a divisor
of n. Then there exists k& € N such that n = km. Consequently, for each (y1,...,ym) € X™,
with the notation

(mla"'axn) = (yla"'7yl>y27"'7y27"'7ym7--'7ym) EXna

using that v is a T),-function, we have that

7 " >0 ift<dn(zy,...,20),
k ¢ ylvt = 1/} m’i)t

; (9 1) ; ( ){<0 ift >0, (x1,...,2,).
Hence 1 is a T,-function with 9,,(y1, ..., ym) = Un(z1,. .., Tp). O

Proof of Proposition [2.15] For each y := (y1,...,ym) € X™ and ¢ € O, we have
(5'1) ¢y,#(t) = ZMaW%J) = Z <Z >‘%> w(yavt) = Z )‘jw('xﬁt) = ¢Z,A(t)’
a=1 a=1 \i€eH, Jj=1

where z := (21,...,2,) € X" is such that z; := y, if j € H,. By the assumption, the value
I (21, ..., 2,) is a point of sign change for the function v . Therefore, by (5.1), we can see
that the function 1, has the same point of sign change, and hence we have

lgétn(yla s 7ym) = 792(251, B ,$n>,
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yielding that v is a T¥-function. a

Proof of Proposition First, we check that v is a Tj-function with ¢, = f(=1 o ¢.
Let € X be fixed. If t < (fCY o p)(x), t € O, then ¥ (x,t) > 0, since otherwise 1 (z,t) < 0
would yield that o(x) < f(t), and hence, by Lemma [2.18, we would have that (=1 o )(z) <
(f&Y o f)(t) = t, leading us to a contradiction. Similarly, if ¢ > (=1 o ¢)(x), t € ©, then
(x,t) < 0, since otherwise 1(x,t) > 0 would yield that ¢(x) > f(t), and hence, by Lemma
.18 we would have that (£ o p)(z) = (fY o f)(t) = t, leading us to a contradiction. All

in all, for each z € X, we have that

>0 ift< (fCYop)(x),tecO,
(,t) . _
<0 ift>(fVoyp)(z),t €O,

as desired.

Consequently, using also that for each € X, the function © > ¢t — ¥(z,t) = p(z)(p(x) —
f(t)) is strictly decreasing, part (ii) of Proposition implies that the function 1 has the
property (T?) for each n € N and X € A,

It remains to check that (2.6) holds. First, note that the right hand side of ({2.6]) is well-

defined, since

Mp()e(xr) + -+ Ap(an) ()
)\1p(5171) +oeee )‘np(xn)

_ )\119(951)
Ap(x1) 4 -+ App(an

€ conv(p(X)) C conv(f(O)),

Anp@n)
Ap(@1) + -+ + Aap(@y)

)90(371) +o 4 ()

and £V is defined on conv(f(©)) (see Lemmal2.18). Let n € N, (zy,...,2,) € X" and X € A,
be fixed. If

oy Ap(@)e(n) + -+ Aap(En) ()
<t )< Ap(x1) + - 4 Aap() )7 reo.

then > ° | A\jY(x;,t) > 0, since otherwise Y1 | \jth(x;,t) < 0 would yield that
Ap(z)p(@1) + -+ Aap(@n) o
)\1P<I1) Tt /\np<xn)
Hence, by Lemma [2.18] we would have that

£ (Alp(iﬁl)s@(ﬂfl) + o Aap(En) (@)
Ap(@1) 4 -+ 4 Anp(n)

) < ft).

)<0wawrﬂ,
leading us to a contradiction. Similarly, we can easily see that the inequality

1) [ Mp(z)e() + -+ Aap(@n) (@)
- (M e ) teo,

implies > 1" | Nitp(2;,¢) < 0. These two properties together with the fact that ¢ has the property
(T2) yield the equality (2.6)). O
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6 Proofs for Section [3

Proof of Theorem [3.1 Define the sets U,V C © by
U:={s€O:E@(¢s) >0} and V:={teO: E@(E1) <0}

Then, in view of assumption (v), we have that s € U and t; € V. In what follows, we show
that s < t holds for all s € U and t € V. To the contrary, assume that ¢ < s, and, for any
Borel subset H C ©, let us define

Qp ={weN:({(w)) € H}.

Then Qy € A due to the measurability of ¥, : X — © and £ : Q — X. Indeed, for each r € ©
we have that

I (oo, r)) ={z e X :th(z) <r} ={z € X :¢(z,r) <0} € X,

where we used assumptions (i), (iii) and that the sigma-algebra generated by the family
{(=00,7)NO,r € O} coincides with the Borel sigma-algebra on ©.

Consider the following partition of ©, which is induced by ¢ and s:
I:=0nN(—o0,t), J = [t, s], K :=0nN(s,00).
Then, using assumption (i), we have

Q={weQ:(¢w)) <t} ={weQ:Pw)),t) <0},
Qg ={weQ: (W) >s}={we:YEw),s) >0}

We show that P(Q;) > 0 and P(Qx) > 0. Indeed, on the contrary, if P(Q2;) = 0, then
P(y(&,t) > 0) = 1, which implies that E(¢(£,t)) > 0. By the inclusion ¢ € V, we also have that
E(¢(&,t)) < 0 and hence E(¢(€,t)) = 0. Therefore, P(¢0(€,t) = 0) =1, ie., P(¥1(€) =1t) = 1.
It follows from the inequality ¢ < s that P(¢;1(§) < s) = 1, and hence P(¢(§,s) < 0) = 1. This
implies that E(¢ (£, s)) < 0, which contradicts that s belongs to U. The equality P(2x) = 0
leads to a contradiction similarly.

The inequalities P(2;) > 0 and P(Q2x) > 0 imply that Q; # 0 and Qx # 0. Then, for all
W' € Qy and W’ € Qk, we have that

Y1 (W) <t < s <P (EW)).

Therefore, using assumption (i) with z := {(w’) and y := £(w"), the function (2.3) is strictly
increasing, hence we get

(6.1) ( <



Using that ¢ (£(w”),s) > 0 and ¥ ({(w"”),t) > 0, we can obtain that

(6.2) (W), ) (E(W), 1) <P(E(W), p(E(W"),s), (W, w") € Qr x Q.

Integrating on €2; and then on Qi with respect to P, it follows that

g (W), 5) dP(w)- | (E(w"), 1) dP(W") < g (E(W), 1) dPW)- [ p(E(w”), 5) dP(W"),

QK QK

that is,

The inequality in (6.3) is indeed strict because the left hand side of (6.2)) is strictly smaller
than its right hand side over the set {2; x Qx which has positive measure with respect to the

product probability P & P.
Furthermore, using also that t < s, for each w’ € Q; and w” € Qg, we have that ¥(£(w'), s) <
0, Y(§(w"),t) > 0, Y(§(w'), ) = 0, and ¢(§(w"), s) > 0. Therefore,

P(E(w), 9)(E(w"), 1) <0< P(EW), DY(E(W"),5), (' w") € Qs x Q.

N

Integrating on 2; and then on 2 with respect to P, it follows that

(6'4) E(w(’fa 3)1QJ) ’ ]E("éb(fa t>1QK> < E(w(éa t)]‘ﬂJ) ’ E<w(£> 5)191()'

Adding up the inequalities (6.3) and (6.4)), and using that 2; and 2 are disjoint, we get

A(s)B(t) == E(¥(&, 8)1a00,) - E(D(E ) 1ay) < E(Y(E 1)1o,00,) - E(U(E, 5)1ay) = A(t)B(s).

Further, we have A(t) + B(t) = E(¢(&,t)) < 0 and A(s) + B(s) = E(¢(&,s)) 2 0, since t € V,
s e U, and Q; U ; and Qg are disjoint.

To summarize, t,s € © are such that ¢ < s and the following inequalities hold

(6.5) A(s)B(t) < B(s)A(t),  A{t)+B{) <0,  A(s)+ B(s) > 0.

Here B(t) > 0 because it equals the integral of a positive function over the set Q2 which has
positive measure with respect to the probability P. On the other hand, A(s) < 0, because

A(s) = E(¢ (&, 8)1o,00,) = E(D(E, s)1o,) + E(4(E, 5)10,)

and the first term is negative being equal to the integral of a negative function over the set €2y
(which has positive measure with respect to IP) and the second term is nonpositive being equal
to the integral of a nonpositive function over the set €2;.

Consequently, by the last two inequalities of (6.5]), we get
0 < B(t) < —A(t) and 0 < —A(s) < B(s),
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yielding that
0 < —A(s)B(t) < —A(t)B(s),
i.e., A(s)B(t) = B(s)A(t). This contradicts to the first inequality in (6.5)).
Consequently, we have that sy < ug := supU < infV =: vy < ty. It remains to show
that ug = vo. If, to the contrary, we assume that uy < vg, then for each r € (ug,vy), we get

r ¢ U and r ¢ V, yielding that E(¢(&,7)) < 0 and E(¢(&,7)) > 0, respectively, which is a

contradiction.

All in all, ug = vy is a unique point of sign change for the function © > ¢ — E(¢(£,t)), as
desired. O

Proof of Proposition By the assumption (i), for each w € Q, we have that the
function © > ¢t — ¥(&(w),t) is strictly decreasing. By the monotonicity of the expectation, it
implies that the function © > ¢ — E(¢(&,t)) is decreasing, and in fact, it is strictly decreasing.
Indeed, if t; < to, t1,ty € O, are such that E(¢(&,t1)) = E((&, ta)), then E(¢ (&, 1) = (€, t)) =
0, where P(v(§,t1) — (€, t2) = 0) = 1. Consequently, P(¢)(€,t1) — (&, t2) = 0) = 1, leading us
to a contradiction, since ¥(&(w),t1) > Y(&(w),ts), w € Q.

Define the sets U,V C © by

U:={s€0:E¥(Es)) >0} and Vi={teO:E((E1) <0}

By the assumption (iv), we have that s € U and t, € V. Since the function © > ¢t — E(¢(&, 1))
is strictly decreasing, we can easily that s < ¢ forall s € U, t € V. Indeed, if for some s € U and
t € V, the inequality s > ¢ were true, then we would have that 0 <E((&, s)) < E(¥(€,t)) <

leading us to a contradiction. Hence we have sy < ug :=supU < inf V =: vy < ty. It remains
to show that ug = vg. If, to the contrary, we assume that ug < vg, then for each r € (ug,vy),
we get r ¢ U and r ¢ V| yielding that E(¢(&,7)) < 0 and E(¢(&,7)) > 0, respectively, which
is a contradiction. Consequently, ug = vy is a unique point of sign change for the function
© 5t — E(Y(t)), as desired. O

Proof of Corollary To verify the statement, we have to show that, for each n € N,
T1,...,2, € X and A = (A,..., \,) € A, the function © 3 ¢ — >~ | \jib(x;,t) has a unique
point of sign change in ©. Without loss of generality, we may assume that zi,...,z, are
pairwise distinct elements of X and A\y,..., A\, > 0 with Ay +---4+ )\, = 1.

Define the probability space (€2, 4, P) by
Q:={zy,...,2,}, A =2 P({z;}) =\ ie{l,...,n},

and the random variable £ : Q@ — Q by {(w) == w, w € Q.

Then the conditions (i) and (ii) of Theorem [3.1] follow from our assumptions. The measur-
ability condition (iii) of Theorem [3.1]is trivial due to the fact that A = 2%. Since

E(|4(¢,1)]) waz,, teo,
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the condition (iv) of Theorem [3.1]is obviously valid. Finally, the condition (v) of Theorem
is satisfied by

8o := min{¥(x1),...,91(x,)} and to := max{vi(xy1),...,91(x,)}.

Indeed, for each i € {1,...,n}, we have that ¢ (x;, s0) = 0 = ¥(x;,19), since ¢ is a Ti-function
and ¢ (z, ¥ (z)) =0, z € X. This implies that

E((&,50)) = Z)\ﬂﬂ(xia s0) =0 > ZAW(%%) =E((&, o))

Therefore, according to the conclusion of Theorem [3.1] the mapping © > t — E(¢(¢,t)) =

Sor Aip(, t) has a unique point of sign change in O, as desired. O
Proof of Lemma Let us define the probability measure Q on the measurable space
(€2, A) by
4¢9) E(p(€)1a)
Q(A ::/ dP = ———="———=, Ae A
"= L Ee@) T E©)
By denoting the expectation with respect to Q by Eg, we have
E(p(§)|#(©)])
Eo(le(©l) = =72y
¢ E(p(£))
and hence, by the assumptions, (&) is integrable with respect to Q, and we also get
E(p(&)¢(§))
Eq(e(8)) =
b E(p(€))
Applying Lemma 1 in Jankovié¢ and Merkle [10] (for integrable one-dimensional random vari-
ables), we have that Eg(p(£)) € conv(p(£(£2))) C conv(p(X)), yielding the statement. O

Proof of Proposition [3.4, We apply Proposition The assumptions (i), (ii) and (iii)
of Proposition [3.2] readily hold.

To verify the assumption (iv) of Proposition , we first show that, for any y € J :=
conv(f(0)), there exist so,tp € O such that f(sg) < y < f(to). By the Carathéodory’s
Theorem on convex hulls, there exist at most two elements y;,y, € f(©) C J with y; < ys
such that y can be represented as a convex combination of y; and y,. This also yields that
y1 < y < yo, and therefore, there exist sg,tp € © such that f(sg) < y < f(tp). Now observe

that E(p()0(¢)
(—1) p§)¥
/ ( E(p(0)) )

is well-defined, since, by Lemma |3.4] we get that

E(pOe(€) _ .
Bt € onvlp(X)  conv(£(0),
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and, by Lemma [2.18) f(-Y is defined on conv(f(©)). Next, for y := E(p(£)¢(€))/ E(p(£)), let
us choose sg, ty € © as it was described above. Then

E(y (€, 50)) = E(p(§)#(€)) — f(s0) E(p(€)) = E(p(£))(y — f(s0)) =0,

and
E(¥(&:t0)) = E(p(§)¢(£)) — f(to) E(p(€)) = E(p(§))(y — f(to)) < 0.

Therefore, the assumption (iv) of Proposition holds as well, and, according to the conclusion
of Proposition 3.2, we get that the function © > ¢t — E(¢(&,t)) admits a unique point of sign
change in ©. It remains to check that this unique point of sign change takes the form given in
the proposition.

If, for some ¢t € ©, we have t < f(=(y), then E((&,t)) > 0, since otherwise E(¢(&,t)) < 0

would yield that E(p(£)¢(€)) < f(£) E(p(€)), ie., y < f(t). Then, by Lemma [2.18 we would
get fTV(y) < fFEV(f(t)) = t leading us to a contradiction.

If for some t € O, we have t > f(“U(y), then one can similarly argue to obtain that
E(¥(€,1)) <O0.

Consequently, the unique point of sign change in question is (=1 (y), as desired. a

Proof of Proposition [3.5 First, we give a direct proof. Denote the limit lim,_, f(z) by
foo € (0,00). In view of the increasingness of f, it follows that 0 < f(2) < f for all z € R,

Therefore, |f(z)| < fw for all z € R, which implies that |¢(z,t)| < fu for all z,t € R. Hence,
for any random variable ¢ and for any ¢ € R, we have that E(|(&,t)]) < oc.

Since for each = € R, the function R > t +— (z,t) is strictly decreasing, we have
the function R 3 ¢ — E(¢(£,t)) is strictly decreasing. Indeed, if s < ¢, s,t € R, then
we have ¥(&(w),s) > ¥(E(w),t), w € Q, yielding that E(y(£,s)) > E(¥(£,t)). Here the
equality cannot hold, since otherwise E(¢(&,s) — (&, t)) = 0 would be valid yielding that
P(y(&,s) —1(€,t) = 0) = 1. This leads us to a contradiction, since ¥ (&(w), s) — P (&(w),t) > 0,
w € Q. Using that lim; 4+ ¥(§(w), 1) = Ffoo, w € Q, and |[(§(w), )| < foo, w € Q, t € R, the
dominated convergence theorem implies that

(6.6) lim B((&, 1)) = E ((lim 0(6,8)) = B(—foc) = —foo <0,
and
(6.7) Jim EW(,6) =E ( lim (&1)) = E(fo) = foo > 0.

Since f is continuous and f(0) = 0, we have that v is continuous in its second variable. Thus,
by the dominated convergence theorem, it follows that the function R 3 ¢ — E(¢(,t)) is also
continuous. All in all, the function R > t — E(y(&,t)) is strictly decreasing, continuous, and
changes sign, and hence there exists a unique ¢, € R such that E(¢(€, %)) = 0, as desired.

Finally, we present an alternative proof of Proposition [3.5 using Theorem [B.1] We check
that the assumptions of Theorem hold. Since f(0) = 0 and f is strictly increasing, the
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assumption (i) of Theorem 3.1/ holds with 9, (z) = z, x € R. Using that f is strictly increasing,
by part (d) of Proposition , we have that ¢ is a Ty-function for all A € Ay. Consequently,
part (v) of Theorem yields that, for each z,y € R with ¥(z) < ¥;(y), the function
is strictly increasing, i.e., the assumption (i) of Theorem holds. The assumption
(iii) of Theorem readily holds. The first part of the direct proof of the present proposition
implies that the assumption (iv) of Theorem holds. Using and we have that
the assumption (v) of Theorem holds as well. All in all, we can apply Theorem [3.1] and it
yields that the function R > ¢ — E(¢(,t)) = E(sign(§ — t) f(]€ — t])) has a (unique) point of
sign change. Since the function R > t — E(¢(&,t)) is strictly decreasing and continuous (see
the direct proof), we have that the equation E(¢)(£,t)) = 0 has a unique solution with respect
to t € R, as desired. O

7 Proofs for Section (4

Proof of Proposition [4.2] Assume that n > 2 and ¢ has the property (7},). Then, according

to part (iii) of Theorem [2.10 for each z,y € R with z < y, the number "T_k must be a level of

increase for the function (2.3) if £ € {1,...,n — 1}. Note that for each z,y € R with z < y,
the function (2.3) takes the form

(a:,y)BtH—Z 2 > 0.

Therefore, we have that

l—a ,n-—
fi hke{l,...,n—1},
- # 2 or eac { n—1}
which implies that a # £ for each k € {1,...,n — 1}.
Conversely, ifoz%{%,...,%},wheren}?, then we have that
k E+1
—<a<
n n

for some k € {0,...,n — 1}, and hence k < nav < k+ 1. Let xy,...,2, € R be arbitrary.
If t € R with ¢ < z},,, then we have that (z;,t) > a— 1,7 = 1,...,k, and ¢(z},t) = o,
1=k+1,...,n, yielding that

k

D d(ant) = et + D v t) = k(e —1)+ (n—k)a=na—k > 0.
i=1 i=1 i=k+1

If t € R with ¢t > 2}, then we have that ¢(z],t) =a—1,i=1,...,k+ 1, and 9(z],1) < a,
1 =k+2,...,n, yielding that

n k+1 n
D db(ant) = W)+ Y ) < (k+De-1)+(n—k-1la=na—k-1<0.
i=1 i=1 i=k+2
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Therefore 9, (21, ..., x,) exists and equals x}, ;. This proves that 1 is indeed a T,-function. O

Proof of Proposition 4.4} Part (a): It follows from the facts that for each z € R, we
have i(z,z) = 0; ¢(x,t) > 0 holds for each ¢t < x if and only if f(z) > 0 for each z > 0; and
¥(x,t) < 0 holds for each ¢ > z if and only if f(z) > 0 for each z > 0.

Part (b): Let us suppose that 1 is a T}-function and 7},-function for infinitely many n € N.
By part (iv) of Theorem for each z,y € R with ¥;(x) < ¥1(y), the function is
increasing. Since 1 is a Tj-function, by part (a) of the present proposition, we have f(z) > 0
for each z > 0 and ¥;(z) = z. Consequently, for each x < y, x,y € R, the function (given by

(2.3))

P(x,t)
Y(y,t)

is increasing. Hence the statement of part (b) follows by the following observation (that we
check below): provided that f(z) > 0 for each z > 0, the function is (strictly) increasing
for each x < y, z,y € R if and only if f is (strictly) increasing. Since the function ¢ given in
depends only on = — ¢, it is enough to check that

¥(0, 1) f(t)

= ———"— s (strictly) decreasing for each z > 0

Pz,t) [z —1)

holds if and only if f is (strictly) increasing. Indeed, for each x < y, z,y € R, and t € (x,y),
we have

v, t)  flt-x)  flt—a) Y0, t—x) . .
0t fy—1  fy—c-—(-2) dly—=zt-2z) t—xe(0,y—x).

Thus, the property (7.2)) holds if and only if

f(s) f(t)
f(z=s) flz—1)

which is equivalent to

(7.1) (x,y) Dt — —

(7.2) the function (0,2) 3¢ +—

(<) <

for each s,t,z e Rwith 0 < s <t < z,
(7.3) fs)f(z—=t) (<) < f(t)f(z—s) for each s,t,z e Rwith0 < s <t < z.
Using the nonnegativity of f, it yields that (7.2]) holds if and only if

(7.4) f(s) (<) < f(t) for each s,t € R with 0 < s < ¢,

i.e., f is (strictly) increasing on R, . Indeed, if holds, then holds as well, and, by
choosing z = s + ¢, we get that f(s)?(<) < f(t)?, which implies (7.4), since f is nonnegative.
If holds, then for each s,¢,2 € R with 0 < s <t < z, we have 0 < f(s) (<) < f(t) and
0< f(z—1t)(<) < f(z—s), implying (7.3), and hence as well.

Parts (c) and (d): Let us suppose that ¢ is a Ts-function for all A € A,. In particular, ¢ is a
Ti-function, and hence, by part (a) of the present proposition, we have f(z) > 0 for each z > 0
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and ¥1(z) = z, © € R. Consequently, by part (v) of Theorem [2.10] for each z < y, z,y € R,
the function is strictly increasing. By the proof of part (b) of the present proposition,
it implies that f is strictly increasing, as desired. Conversely, let us suppose that f is strictly
increasing. Then for each x € R, the function R > ¢ +— ¢(z,t) is strictly decreasing. Hence
Proposition implies that 1 is a (T)-function for each n € N and A € A,, (in particular, a
T-function for each X € A,,), as desired. a
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