arXiv:2211.10541v2 [math.ST] 1 Dec 2022

Phase transition and higher order analysis of L,
regularization under dependence

Hanwen Huang
Department of Epidemiology and Biostatistics
University of Georgia, Athens, GA 30602
huanghw@uga.edu

Peng Zeng
Department of Mathematics & Statistics

Auburn University, Auburn, AL 36849
zengpen@auburn.edu

Qinglong Yang
School of Statistics and Mathematics
Zhongnan University of Economics and Law
Wuhan, Hubei 430073, P. R. China

yangqinglong@zuel.edu.cn

Abstract

We study the problem of estimating a k-sparse signal 8, € RP from a set of noisy
observations y € R™ under the model y = X3 + w, where X € R"*P is the measurement
matrix the row of which is drawn from distribution N (0,3). We consider the class of L
regularized least squares (LQLS) given by the formulation B(),q) = argminBeRp%Hy -
X%+ MBI, where || - ||l (0 < g < 2) denotes the Lynorm. In the setting p,n, k — oo
with fixed k/p = € and n/p = §, we derive the asymptotic risk of B()\,q) for arbitrary
covariance matrix 3 which generalizes the existing results for standard Gaussian design,
ie. X AN (0,1). We perform a higher-order analysis for LQLS in the small-error
regime in which the first dominant term can be used to determine the phase transition
behavior of LQLS. Our results show that the first dominant term does not depend on
the covariance structure of X in the cases 0 < g<1 and 1<qg < 2 which indicates that
the correlations among predictors only affect the phase transition curve in the case ¢ = 1
a.k.a. LASSO. To study the influence of the covariance structure of 3 on the performance
of LQLS in the cases 0 < ¢<1 and 1<q < 2, we derive the explicit formulas for the second
dominant term in the expansion of the asymptotic risk in terms of small error. Extensive
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computational experiments confirm that our analytical predictions are consistent with
numerical results.

Keywords: Lg-reqularization, least squares, phase transition, higher order analysis

1 Introduction

The goal of linear regression is to estimate the parameter vector B, € RP from a set of n

response variables y € R™ under the model
y = X/BO + w, (1)

where X € R™? is a known measurement matrix and w € R"” is a noise vector. We consider
the popular class of L,-regularized least square methods (LQLS), given by the optimization
problem

. ‘ 1
5:argmlnﬁeRP§Hy—Xﬁ||§+)\||5||ga (2)

where | - ||, (0 < ¢ < 2) denotes the L,-norm and A > 0 is a fixed number.

In many modern statistical applications with large p, the true B, vector is often sparse, i.e.
only k of the elements of 3, are non-zero and the rest are zero. We would like to identify the
useful predictors and also obtain good estimates of their coefficients. Among all LQLSs, the case
g = 1, or in other words L; optimization a.k.a. LASSO, is the most popular and best studied
scheme for identifying a set of relevant features from a given list. LASSO enjoys attractive
statistical properties (Fu and Knight, 2000; Donoha, 2006; [Meinshausen and Biithlmann, 2006)
and has been effectively used for simultaneously producing accurate and parsimonious models.

However, as a convex relaxation of Ly-norm, the Li-norm may be sub-optimal for recovering
a real sparse signal because it tends to result in biased estimation by shrinking all the entries
toward to zero simultaneously, and sometimes leads to over-penalization. Many researchers
have shown that using the L,-norm (0<g<1) to approximate the Lo-norm is in fact a better
choice than using the L;-norm because the former provides a tighter optimization relaxation
to the original L sparsity finding formulation. For example, in the noiseless settings (w = 0),
Chartrand and Staneva (2008); [Saab et al! (2008); Saab and Ozgiir Yilmaz (2010) have shown
that the global minima of (2]) for ¢<1 outperforms the solution of LASSO. They have derived
the Restricted Isometry Property conditions that can guarantee the accurate recovers of the
sparse vector from ().

To understand the behavior of these algorithms in high dimension more reliably, a new
asymptotic has been proposed recently which assumes that p,n,k — oo with fixed k/p = €
and n/p = §. One of the main studies undertaken in this asymptotic framework is to find
the relationship between the sparsity of the vector B, and the successful recovery of it using
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L,-minimization algorithm (2]) under the noiseless setting. In other word, for different values
of 9, we need to know the boundary of sparsity e that differentiates the success and failure of
recovering by L, -minimization. This boundary is known as the phase transition curve.

Stojnid (2013) characterizes the phase transition curve for the case of ¢ = 0. Wang et al.
(2011)) analyzes the phase transition curve for § — 1. [Kabashima et al. (2009) and [Rangan et al.
(2009) derives the exact value of phase transition curve for any value of 0 < ¢ < 1 and any
value of ¢ using the non-rigorous replica method. In addition to the sharp characterization
of the phase transition in noiseless case, Weng et all (2016); [Zheng et al. (2017) also present
accurate calculation of the mean squared error (MSE) in the presence of noise and compare the
accuracy of estimator (2)) for different values of ¢ under the optimal tuning of the parameter
A. They observe that if the measurement noise w is zero or small, then the global minima of
@) for g<1 (when A is optimally picked) outperforms the solution of LASSO with optimal .
Furthermore, all values of ¢g<1 have the same performance when w = 0. When w is small,
LQLS with the value of ¢ closer to 0 has a better performance. This coincides with the intu-
ition that the performance of L,- minimization is improved when ¢ decreases since it is closer to
Lo-minimization. The analysis of Zheng et all (2017) is based on approximate message passing
(AMP) algorithm and replica method.

The phase transition of LQLS in the case 1<q < 2, also known as bridge regression, has been
thoroughly studied in last several decades with different techniques, such as combinatorial ge-
ometry (Donoho and Tanner, 2005), statistical dimension framework (Amelunxen et all, 2013),
Gordon’s lemma (Thrampoulidis et al., 2018), and AMP (Donoho et all, 2011; Weng et al.,
2018; Wang et_al., 12020; Ma et all,2019). It was summarized inWeng et al. (2018); Weng and Maleki
(2019); Wang et al. (2021) that the phase transition curve is J,(¢) = 1 if 2 > ¢>1 and
d,(€) = My(€) if ¢ = 1, where M;(€) is an increasing function with M;(0) = 0 and M;(1) = 1.
Similar toZheng et all (2017), they also propose a higher-order analysis for LQLS in the small-
error regime in which the first dominant term is the one that specifies the phase transition curve
and the second dominant term can be used to compare the performance of different values of ¢.
They observed that the actual MSE is smaller than the one predicted by the first-order term.

All the above results are based on the ii.d. Gaussian design assumption ie. X;; ~
N(0,1/n). Our aim in this paper is to study the phase transition under arbitrary covari-
ance dependence, i.e. X consists of i.i.d. Gaussian rows x; ~ N(0,X) with covariance matrix
¥ > 0 and ¥ # I,. The phase transition curve in the case ¢ = 1, i.e. LASSO, under arbi-
trary covariance dependence has been studied in [Huang (2021). It was found that the LASSO
phase transition curve changes with the correlation coefficients when the signed patterns of the
nonzero components of 3, are not symmetric. In current paper, we focus on 0 < ¢<1 and
1<q < 2. Toward this goal, we first derive the limiting prediction risk of LQLS estimator (2))
under asymptotic setting p,n — oo with fixed n/p = § using the non-rigorous, but widely ac-
cepted replica method from statistical physics. Then we apply the higher order analysis to the
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asymptotic prediction risk in terms of small noise error for a simple block diagonal covariance
matrix structure.

Here is the summary of our results: 1. The first dominant term is not influenced by the
actual covariance matrix 3 in both cases of 0 < g<1 and 1<q < 2. This is in sharp contrast
to the case ¢ = 1 and indicates that the phase transition curve is 6 = € if 0 < g<1 and § = 1 if
1<q < 2 for any covariance structure; 2. The second dominant term depends on the correlation
coefficient p which is positive in the case 0<g<1 and negative in the case 1<q < 2. To the best
of our knowledge, this is the first result to illustrate the phase transition and higher analysis
for LQLS estimators under design matrices X that have non-independent entries.

The rest of this paper is organized as follows: In Section [2 we present the asymptotic
framework of our analysis from which the distributional limit of estimator (2]) is derived. In
Section 3] we study the phase transition and higher analysis for the case 0 < g<1. In Section
], we study the phase transition and higher analysis for the case 1<q < 2. In Section B we
show some simulation results to verify that our analytic derivations are indeed correct. The
last section is devoted to the conclusion and the proofs of our main propositions are placed in
Appendix.

2 Distributional limit of LQLS estimator

The main goal of this section is to formally introduce the asymptotic setting under which we
study the prediction risk of LQLS estimator (2). We write a sequence of instances {3,(p), w(p), 2(p), X(p) }
indexed by p which is called a converging sequence if the following conditions hold:

1. p,n — oo with n/p — § for some positive constant J.

2. The empirical distribution of the entries of B,(p) converges weakly to a probability mea-
sure pg, on R with Y7 | By.:(p)?/p — By, {B2}<o0.

3. The empirical distribution of the entries of w(p) converges weakly to a probability measure
pw on R with Y7 w;(p)?/n? — 02 <oo.

4. Denote Apin(X(p)) and Ae(2(p)) the smallest and largest eigenvalues of 3(p). Then
1/ Amin(2(p)) = O(1) and Apae(E(p)) = O(1).
5. The rows of X(p) are drawn independently from distribution N (0, X(p)/n).

6. The sequence of functions

eVt = 1 in {318 Aol - VS Pl +olBl | )
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admits a differentiable limit £(a,b) on R, x Ry with div€®(a,b) — div€(a,b), where
HV||2Z = vI'Sv and the expected value is with respect to two independent random vectors
z ~ N (0, Ipo) and By(p).

Assume we observe training data (X(p),y(p)), where y(p) = X(p)By(p) + w(p). We insist on
the fact that 8,(p), w(p), X(p), X(p), y(p) depend on p. However, we will drop this dependence
most of the time to ease the reading. In order to present our main result, for any v € RP and
a>0, we need to introduce the generalized thresholding operation n, : R? — RP which is defined
as

1
(v,0) = angming. ., {316~ vIi; + ol (@)

It can be easily verified that n (v, ) 2% v and n,(v, @) 2% 0. For ¥ = I, each
component of 7,(v, ) can be solved independently using the corresponding scalar thresholding
operator n,(u, a) = argmingep {3(8 — u)? + a|B]} whose solution is

wl (|u|>v2a) if ¢q=0

sign(u) S [|u|>C,a/?=9] if 0<q<l
ng(u, @) = sign(u)(|ul —a)I(ju[>a) if q=1
sign(u) if 1<g<?2
u/(1+2a) if q=2
where C; = [2(1 — )]/~ + ¢[2(1 — ¢)]@D/@=9 3 is the largest solution of 3 + g = ul,
and 3 is the solution of 8 + gaB9"! = |u|. Figure [ exhibits 7, for different values of q.
For a converging sequence of instances, we can define the function
1
wq(T27)‘) = U + hm p_ <||nq(/30 + 73 1/2Z >\) BOH%}) ’ (5)

where z ~ N(0,1,4,) is independent of 3,. Notice that the function ¢,(-,-) depends implicitly
on the law pg,.

Denote B(), p) the LQLS estimator for instance {B,(p), w(p), E(p), X(p)} with A>0 based
on ([2). Then the following proposition establishes the distributional limit of (ﬁ()\, p), Bo)-

Proposition 1 (3(\,p), 8,) converges in distribution to the random vector (’l’]q<ﬁ0+7'*2_1/2z, a), By)
as p — oo, where z ~ N(0,L,.,) is independent of B, ~ pg,, and «, 72 satisfy the following

equations
T = Y(rl @), (6)
v = a (1= 5B+ rE ) ). )

where the expectation is with respect to z ~ N(0,1L,x,) and By, n,(-,-) is the derivative of the

p

generalized thresholding function over its first argument, and (v) =3 L_,

the vector v € RP.

vj/p is the average of



Figure 1: n,(u, ) for 5 different values of ¢. « is set to 1.

The derivation of this proposition is presented in the supplementary material using the replica
method which is a non-rigorous technique invented in statistical physics to study the behavior
of large magnetic and disordered systems. This method has been used to analyze the accuracy
of B()\,p) for ii.d. Gaussian X, i.e. ¥ = I, in Rangan et al. (2009). Here we generalize it to
arbitrary 3.

The performance of LQLS estimator (2)) depends on the choice of the threshold parameters
A. Any fair comparison between LQLS for different values of ¢ must take this fact into account.
Consider a test point xo ~ N(0,%) independent of the train data. For an estimator 8 (a
function of the training data X,y), we define its prediction risk (or simply, risk) as

R,(B(N) = ;Emm _xIg,) = %EIIB(A) — Boll}s.

A

For ¥ = I,, R,(B()\)) is equivalent to the MSE defined in [Weng et al! (2016). Hence, it is

important to pick A optimally by minimizing the prediction risk, i.e. A, = argmin, R,(8(\)).
This is equivalent to consider the following optimal thresholding policy

1
0u(7) = argmin, Tim B (|ln, (8 + 75 %2,0) - By (8)
p—00 p

~

since R,(B(\)) = 6[¢(72, (7)) — 02]. This enables us to focus the analysis on a single
equation rather than two equations (6) and (7). The results we will present in the next two
sections are mainly based on investigating the solution of the following fixed point equation

T = (r au(n). (9)
We consider the cases 0 < g<1 and 1<q < 2 separately.
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3 Asymptotic performance for 0 < ¢<1

When 0 < ¢<1, the L, regularization has the nice property of creating coefficient sparsity
because the generalized thresholding operation n (v, A) defined in (4) maps small values of v
to zero. Also the smaller values of ¢ correspond to a preference for increasingly sparse solutions.
However, the penalty term is not convex for ¢<1 which makes solving the optimization problem
much more difficult because the local minima may not be unique.

3.1 Noiseless Settings

This section discusses our main results in the noiseless setting 62 = 0. Since there is no
measurement noise, 1,(7% a, (7)) — 0 as 72 — 0, thus 72 = 0 is a fixed point of ([{@). If
72 = 0 is also a stable fixed point of (@), i.e. there exists 7,0 such that for every 0<7<;,
Yy (7%, (7)) <72, then we say LQLS has successfully recovered the sparse solution of y = Xg,.
Otherwise, we say LQLS has failed.

The shape of ¥, (72, a,(7)) and its fixed points depend on the distribution pg,. In this work
we focus on pg, € F., where F. denotes the set of distributions whose mass at zero is greater
than or equal to 1 — e. In other words, Sy ~ pg, implies that P(8y # 0) < e. This class of
distributions is considered as a good model for exactly sparse signals and has been studied in
many other papers. The following proposition identifies the conditions under which zero is a
stable fixed point under noiseless setting.

Proposition 2 Let pg, be an arbitrary distribution in F.. For any 0 < q<1, zero is the stable
fized point of 1¥,(7%, (7)) under noiseless settings if and only if 6>¢. Thus the phase transition
curve s 0 = €.

The proof of this result can be found in Section [[.2l This result extends the conclusion of
Theorem 4 in|Zheng et al! (2017) from ¥ = I,,, to general ¥. There are three main features of
this proposition that we would like to emphasize. Firstly, the actual distribution that is picked
from F. does not have any impact on the behavior of the fixed point at zero. Secondly, this
proposition is universal in the sense that it does not depend on the actual structure of covariance
matrix 3. Thirdly, the number of the measurements ¢ that is required for the stability of this
fixed point is the same as the sparsity level €. As long as d>¢, zero is a stable fixed point and
LQLS recovers 3, accurately for every 0 < g<1. If we are concerned with the noiseless settings,
all L,-minimization algorithms are the same.

Note that since L, is not convex for 0 < g<1, 1,(7%, ae(7)) may have additional stable fixed
points than 72 = 0. The conditions under which this case happens depend on ¢, pgs,, and the
actual structure of ¥. We will provide a numeric study on this type of phase transition in
Section [5.1] for ¢ = 0 and a block diagonal 3.



As pointed out in|Zheng et al. (2017), this result seems to be counter-intuitive. For instance,
we expect to see that the performance difference between ¢ = 0 and ¢ = 0.9 is bigger than the
performance difference between ¢ = 0 and ¢ = 0.1. We also expect to see the impact of
covariance structure of ¥ on the performance of LQLS estimators. However, according to the
phase transition analysis of Proposition [2 the performance of all LQLS are the same under
the noiseless settings. This naturally leads to the following question: to what extent are the
phase transition analysis applicable if the response variables include small amount of errors in
practice, i.e. the variance o2 of the error w is assumed to be small. In the next section, we will

clarify this surprising phenomenon by performing high order analysis in terms of o,,.

3.2 Noisy Settings

In this section, we assume that o2>0. This implies that zero is no longer a fixed point of
(72, (7)) defined in (@) and the reconstruction error of LQLS is greater than zero for all
values of ¢. Denote 7; the lowest fixed point of 1,(7%, a,(7)). Our first result is concerned with
the first dominant term for small amount of noise.

2

Proposition 3 If e<d, then there exists 72 such that for every o2 <72, lim,2 o & = .

As discussed in Section B.I] the first dominant term determines the phase transition which is
the same for all ¢ and ¥. In order to see the discrepancy between different values of ¢ and
different structures of X, we have to do high-order analysis and explore how 77 — % behaves
for small values of 02. We consider the simplest block diagonal matrix 3 with two-dimensional

block ( ; '; ) where 0 < p<1. For this choice of the covariance matrix, it can be easily

verified that the function (3) defined in Condition 5 has a differentiable limit.

Consider pg, € Fe. Let pg, = (1 — €)dp + €G and U is a random variable with distribution
G, where 9y denotes a point mass at zero and G denotes the distribution of nonzero elements of
By Let us discuss the result for ¢ = 0 and 0<g<1 separately in the following two propositions.
Proposition 4 Suppose E|U|*<oco and P(|U|>p) = 1, where u = sup,{v : P(|U|>v) = 1}>0.
Then for ¢ =0 and €<9,

1) d— €
. 2 _ 2 ~ -1
crlirgon - 5—60“’ to <¢ <M ) Tw )) ’ (10)

where ¢ denotes the standard normal density function and [i is any constant that is smaller
than (2 — p — /1= p?)\/1 = p*p/2.

Proposition 5 Suppose E|U|?<oco and P(|U|>u) =1, where pn = sup,{v : P(|U|>v) = 1}>0.
Then for 0<g<1 and e<J,

y 77— 502 eCy7%1q*(eDy + (1 — €)Cy)6° 74
im

= 11
o o (log L7 - dg7 a6 o -




where Cy = [2(1—q)]"/ "9 +q[2(1—q)] @ /0, Dy = [E{|U**~?} — p(E{|U|**sign(U)})?] /(1—
p?), and Cy = E{|U[*?}.

It can be easily verified that when p = 0, results from Proposition 4l and Proposition [ are
the same as the results from Theorem 8 and Theorem 9 in [Zheng et al! (2017). Comparing
(I0) and (IIl), we conclude that the second dominant term for ¢ = 0 decays exponentially
faster than the polynomial rate for 0<g<1 in low noise regime. Since the second dominant
term in (I1]) is positive, optimally tuned L, regularization will outperform optimally tuned L,
regularization for 0<g<1 in this regime. Another interesting feature of Proposition [Hlis that the
second dominant term is proportional to o272 thus if ¢;<qs, LQLS for ¢, outperforms LQLS
for g, for small enough o2 . Moreover, the second dominant term increases with ¢ and decreases
with §. Examining the impact of p based on (1), we conclude that if the distribution of U is
symmetric about zero, the second dominant term increases with p since Dy is proportional to
1/(1—p?) and E{|U|" 'sign(U)} = 0. All these observations are consistent with the numerical

studies shown in Section

4 Asymptotic Performance for 1<g <2

The difference between the regularization for 1<q < 2 and the regularization for 0 < ¢<1 is
that the former is convex and its optimization problem has a unique global minimum. However,
since its penalty is differentiable everywhere, it never leads to a coefficient been zero rather
only minimizes it when A # 0. Our first result is concerned with the first dominant term of the
optimally tuned asymptotic prediction risk defined as R,(7,, 0,,) = miny %H B(\) — 60||2E which
is related to the phase transition curve for successful recovery.

Proposition 6 For 3, € F., suppose E|U|*> < oo and P(|U|>u) = 1, where yu = sup,{v :
P(|U|>v) = 1}>0. Then for 1<q < 2, we have

{ >0 if o<1

lim Ry(7,04) 0 if os1

02 —0

Therefore, assume the error o2 equals zero, for 1<q < 2 and any v>0, if §>1 + ~, then (2)
succeeds in recovering (3, while if <1 — ~, (2] fails. The phase transition curve 6 = 1 is
independent of €, ¢, and the covariance structure of 3. As pointed out by [Zheng et all (2017),
phase transition analysis based on the first dominant term may lead to misleading conclusions
in any practical setting where there is always error in the response variables. To study the
impact of them, we need to conduct higher-order analysis of LQLS in the small-error regime in
the expansion of prediction risk R, (7, 0y).

Our second result is concerned with the second dominant term of the optimally tuned MSE
of LQLS when the number of response variables is larger than the number of predictors p, i.e.
0>1. The key is to characterize the convergence rate for R,(y, 0,) as o, — 0.
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Proposition 7 Denote Z ~ N(0,1) and U a random variable whose distribution is specified
by the nonzero elements of By. Suppose E|U|*<oo and P(|U|>p) = 1, where p = sup,{v :
P(|U|>v) = 1}>0. Then for 1<q <2 and 6>1, we have

Rq(T*aaw)
I i s (|21 20% o

o—1 (60—t e (1=p)rH{E(UP2) — ep[E(|U]7 sign(U))]*}

The first term % shows a notion of phase transition. For as ¢, — 0, R, (7x,0,) = O(c2),
and will go to zero. For p = 0, the second dominant term is the same as the one derived in
Theorem 3.1 in [Weng et al! (2018). The important facts of the second dominant term include:
(1) it is negative; (2) its order is 02%; (3) its magnitude decreases with e for fixed ¢ and p; (4)
its magnitude decreases with ¢ for fixed € and p; (5) its magnitude increases with p for fixed ¢
and e. Facts (3) and (4) have been studied thoroughly in [Weng et al! (2018). Our numerical

studies in Section 5 focus on the verification of fact (5).

5 Numerical results

This section performs several numerical studies to evaluate the R, (7, 0,) of LQLS as a function

of o, for several different values of ¢ and p. Here we consider a block diagonal matrix 3 with

p
1

) . The equation can be decomposed into 2-dimensional blocks.
Sections 5.1 and [£.2] study the performance of LQLS with 0 < ¢g<1 and 1<q < 2 respectively.

two-dimensional block

5.1 0 < g1

We first study the phase transition result for ¢ = 0, i.e. g, = 0, in Figure[2to identify conditions
under which v, (72, o, (7)) has additional stable fixed points than 72 = 0. The following quantity

plays an important role in our analysis

Mo(e.p) = sup nt { S Bl — Bl + e(1 - 815 - Bl + LS LB (9
where
b= (B + BV, 0), o = (B + B, 0), iy = (5722, 0),
where

_( Lt _(n _(n

Here we consider 3 different situations according to the nonzero components of 2-dimensional
vector By. The first term in (I3)) is for situation that both components are nonzero. The
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second term is for situation that one is nonzero and the other is zero. The third term is for
situation that both are zero. From () we obtain that if §>My(e, p), ¥o(72, \c(7)) has a unique
stable fixed point at zero. On the other hand, if 6<M;(e, p), there exists Pg, € F. for which
¥o(7%, A(7)) has more than one stable fixed point. Figure Bl compares the phase transition
curves for different values of p. For larger p, we need larger ¢ to achieve unique fixed point for
o(7%, A\e(7)). Figures B and @ exhibit the lowest fixed point 77 of ¥o(7%, A\i(7)) as a function
of o2 for different values of p. Figure Bl is for the case of §>Mjy(e, p) while Figure @ is for the
case of 0<My(e, p). Note that the performance of Ly regularized method for smaller p is better
than its performance for larger p. Moreover, 77 is a continuous function of o2 if 1o(72, A\(T))
has a unique stable fixed point as shown in FigureB. On the other hand, if ¥g(72, A\,(7)) has
more than one stable fixed points, the function is discontinuous as shown in Figure [l

o

S

(e}

u

(o]

S

Ze]

< =

o p=0.9
p=0.7

N —

S p=0.5

p=0
o
o- L T T T T T T
0.0 0.2 0.4 0.6 0.8 1.0

Figure 2: Comparison of the phase transition of the L regularized method. The phase transition
exhibited is the value of ¢ at which the number of stable fixed points changes from one to more
than one for at least some prior Pg, € F.

Figure [l illustrates the dependence of the risk function on the correlation coefficient p for
0<g<1 under different choices of q. It is shown clearly that the risk increases with p for fixed q
which is consistent with the analytical result (I1I) derived in Proposition [l based on high order
analysis. Moreover, the magnitude of changes due to p is larger for small ¢ than that for large
q. In particular, as ¢ close to 1, the curve for p = 0 and the curve for p = 0.9 in the right
panel of Figure Al are almost indistinguishable. This is consistent with the conclusion drawn in
Theorems 3.3 of Weng et al. (2018) which states that the first order term is sufficient to describe
the performance of LASSO (q=1) in the small-error regime because the second dominant term
is exponentially small. Figure [6] depicts the impact of ¢ on risk for fixed p. It is shown that
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Figure 3: The curve of 77 as a function of o2 for p € [0,0.5.0.7.0.9]. Here 6 = 0.9, ¢ = 0.1, and
the non-zero elements of 3, are i.i.d. £1 with probability 0.5.

Figure 4: The curve of 77 as a function of o2 for p € [0,0.5.0.7.0.9]. Here 6 = 0.1, € = 0.01,
and the non-zero elements of 5 are i.i.d. £1 with probability 0.5.
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LQLS for ¢, outperforms LQLS for go when ¢;<qgs. This is consistent with the conclusion in
Weng et al! (2018) and also confirms our observation in Proposition 5l Moreover, it is shown
from Figure [6] that the discrepancies caused by different values of ¢ decreases with p.

g=0.1 q=0.6 g=0.9

0.15
0.15
0.15

- p=0.9 p=0.9 - p=0.9
p=0 p=0 p=0

Risk

0.10
Risk

0.10
Risk

0.10

0.05
0.05
0.05

0.00
0.00
0.00

000 004, 008 000 = 004, 008 000 ' 004, 008

Figure 5: The curve of MSE as a function of o2 for p € [0,0.9] under three different values of
q. Here 6§ = 0.9, ¢ = 0.1, and the non-zero elements of 3, are i.i.d. £3 with probability 0.5.

5.2 1<g<2

In this section, we check the approximation accuracy of the first and second order expansions
of the risk over a reasonable range of o, in the case 1<g < 2. The dependence of risk on
parameters J, €, and ¢ has been studied extensively in Weng et all (2018). Here we focus on
the dependence of risk on the correlation coefficient p. Throughout this section, we set the
distribution of U to f(b) = 0.501(b) + 0.56_1(b).

Figures [ and [§ compare the true value, first order approximation, and second order approx-
imation of risk under different choices of p for ¢ = 1.5 and ¢ = 1.9 respectively. Our numerical
results in Figures [l and [§ show that both the first order and second order expansions present a
good approximation when o, is small enough. As we increase o, both first order and second
order expansions are larger than the true values and the second order approximation is more
accurate than the first order approximation. The discrepancies between the approximation and
the true values increase with p as demonstrated in these Figures. Therefore, the expansion
approximation is less accurate under large correlation than under small correlation. Consis-

tence with the analytical form of the second-order term in ([I2)), we conclude from the numerical
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Figure 6: The curve of MSE as a function of ¢2 for ¢ € [0.1,0.6,0.9] under two different values
of p. Here 6 = 0.9, ¢ = 0.1, and the non-zero elements of 3, are i.i.d. £3 with probability 0.5.

studies that the second order approximation outperforms the first order, however, it may not
be sufficient if the following conditions hold: (i) ¢ is close to 1; (ii) € is small, (iii) ¢ is close to
1, (iv) p is close to 1.

Figure [0 exhibits the impact of p on the true value of risk for different values of ¢. As is
clear in this figure, the risk decreases with both p and ¢ which is in agreement with the second

order approximation in (I2)).

6 Discussion

L ,-regularized least square is one of the most popular schemes for recovering a high-dimensional
sparse vector from low-dimensional measurements. This paper focuses on asymptotic behavior
of LQLS estimators in the framework in which it is assumed that p, n, k — oo while n/p — ¢ and
k/p — € are fixed. We first derive the distributional limit of LQLS estimators for nonstandard
Gaussian design models where the row of design matrix X are drawn independently from
distribution N(0,3) with arbitrary 3. Then we obtain an explicit characterization of the
asymptotic risk by deriving its higher order expansion in the small-error regime. Our analysis
is performed on both the convex case 1<q < 2 and non-convex case 0 < g<1. We conclude
that the first order term does not depend on the covariance structure of 3 and thus the phase
transition curves are the same as the in the case of standard Gaussian design. This is different
from the case ¢ = 1 in which the correlation can change the phase transition boundary if the
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Figure 7: Plots of actual risk and its approximation for ¢ = 1.5, = 2, and € = 0.7. The true
value, first order approximation, and second order approximation are denoted by black, red,
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Figure 8: Plots of actual risk and its approximation for ¢ = 1.9,6 = 2, and € = 0.7. The true
value, first order approximation, and second order approximation are denoted by black, red,
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Figure 9: Plots of actual risk for ¢ = 1.5,0 = 2, and ¢ = 0.7. The results for p = 0.1, p = 0.5,
and p = 0.9 are denoted by black, red, and blue curves respectively.

signed pattern of signal is not symmetric. The second order term depends on the correlation
and the explicit formulas are derived in both cases based on a simple two-dimensional block
diagonal covariance model.

Note that part of our analysis is based on the replica method which are not fully rigorous
yet. So far the rigorous work in this area mainly focuses on i.i.d. randomness. For example,
the mean square error of LQLS for the case of 1 < g < 2 is characterized using Gordon’s lemma
in [Thrampoulidis et all (2018) and AMP in Weng et al/ (2018). For nonstandard Gaussian
design models, ¥ # I, the rigorous analysis for the case ¢ = 1 have been conducted recently
Celentano et al) (2020) using Gordon’s comparison inequality and in [Huang (2021) using AMP.
Our next step is to derive the rigorous results for Proposition [l for the case 1<q < 2. The case
0<q <1 is more challenging because the penalty term is not convex and even in the i.i.d. case
its rigorous results have not been established yet.

Our conclusion in this paper is based on higher-order analysis in small error region. It
may not be applicable if the noisy error is large enough. As shown in [Zheng et al. (2017),
for large values of noise, the LASSO outperforms Lg-minimization and if ¢;>¢qo, then optimal
L, -minimization outperforms optimal L,,-minimization. Proposition 3 of Zheng et all (2017)
provides theoretical justification on this high-noise phenomenon. Another direction of our
future research is to study the high-noise phenomenon of LQLS for nonstandard Gaussian
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design models.

7 Appendix

This appendix outlines the proofs of the Propositions in the main text.

7.1 Proof of Proposition 1

Proof 1 We limit ourselves to the main steps of replica calculations leading to Propositions 1.
For a general introduction to the method and its motivation, we refer to Mezard et all (1987);
Mézard and Montanari (2009).

We consider Lq-reqularized least squares estimators of the fO’f’mH

~

. 1
0 = argming _g, {%HY—XOngL)\HOHZ}. (A1)

Define g : R x R — R a continuous function strictly convex in its first argument. Then
its Lagrange dual §(x,y) = maz,er{pr — g(p,y)} is also a continuous function convex in its
first argument. We start from estimating the following moment generating function also called
partition function

n p

2,(5.9) = [ exp {—% S (5~ x10)* = BXI62 — 85 Dl (s o) - uﬂj]} a0dp, (A2)

i=1 j=1
where s>0, (y;,x;) are i.i.d. pairs distributed as model ([3) in the main text, and >0 is the

inverse temperature parameter. The free energy is the low temperature limat

F(s) = — lim lim %log Zy(B,s), (A3)

p—00 f—00 P

which is assumed to converge to

o1
Fls) = — lim lim p—Elog Zy(B,5), (A4)
where the expectation is with respect to the distribution of (y1,%X1), + , (Yn,Xn). Using Laplace
method in the integral (A2), we have

1 1 ¢ 6
— lim - min {— > (5 —x70)2 + A|0||? Bog) — il b (A
F(s) pggopeﬁlean{M;(y X[ 0)" + ||q+s;[g(ug,ﬁo,3) ty J]} (A5)

!There is a subtle discrepancy between this definition and (2)) in the main text, i.e. X and y are scaled by

1//n.
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Taking the derivative of F(s) as s — 0, we have

dF B RN
—(s=0) = lim P Z minlg(;. fog) = wif) = = Hm =3 305 Bo). (A6)
=1

where 0 is the solution of (Ad).
Now we compute Elog Z,(8, s) using the replica method. Instead of performing integration

over the log-term directly, we use the following identity

oE{Z d
Elog 7,(3,5) = 2EAZB: )} (A7)
dd d=0
We first compute the expectation for integer d, and then extrapolate it as d — 0.
Define the measure v(d@) over @ € RP as follows
p
v(d6) = [ exp {—mneug — 55D lolin ) - uﬂ%]} s, (A9
j=1
where the integration is with respect to dp. Then for integer d, define v*(d0) = v(d@") - - - v(dO?)
be a measure over (RP)?, with @, --- 8% € RP. With these notations and substituting (1.1), we
have

B{Z,(8,5)"} — / Eexp{ ZZ 0%+ w,] }Vd(de),

alzl

where the expectation is with respect to w and x;. Using identity

/5(u —x7(By — 0"))dul =1, (A9)
and Fourier transformation
Sut = x1(8y ~ 6%) = 5 [ explits(ut — <1 (B, — %)}, (A10)

where §(-) is the Dirac delta function, we obtain

E{Z,(8,5)"} = ﬁ(g)‘ / Eexp{—%DuHW

a,t

+¢\/§ Zu (u? — x7 (B, — ea))} v (dO) v (du)?(da),  (A11)

where v¢(du) = v(du')---v(du?) is a measure over (R")? with u',--- u? € R* and v(di)
is defined similarly. For fized ZZ:l(ﬁo — 0%), the product term xI Zzzl(ﬁo — 0%) follows a
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multivariate normal distribution with mean zero and covariance matriz 3, (B — 0)'3(8, —
0°). After integration over Xy, -- - ,X,, we have

FiA(B.TY = <2w1i>nd @/ Eexp{‘zﬁn k) v/ >t

Z 04)"2(8, — Hb)}ud(de)ud(du)ud(dﬁ). (A12)

We nezt follow the similar procedure as in|Javanmard and Montanart (2014) and use the iden-
tity

1 R . )
—zy) = — xp(— — (y)dcd A
exp(—zy) 57 /(_ioo’m) /_wm)e p(—¢¢ + ¢z — Cy)d¢d( (A13)

to [(A12) and introduce integration variables Q = (Qap)1<ap<d and A = (Aawp)i<ap<a. Letting
dQ =[[,,dQw and dA =], , dAap, we have

d Bn “
B0 = (1) [eol-nsiQ AQda (ALY
SHQA) = 3 2uQu— S0 €(A) - losé(@), (A15)
a,b

E(A) = / exp{ ZAab - 09"%(8, —0*’>}vd<d0>,
3

Q) = (2;) E Xp{—w Z (Tixa + (BQ) ™)) ;log det(Lixa + BQ) — o —dw® }

where in E(Q) we have performed integrations over du and da and the remaining expectation
is over the noise variable w. We next use the saddle point method in ([A1j)) to obtain

- lim 1o E(Z,(5,9)"} = Su(Q A"), (A16)

where Q*, A* is the saddle-point location. From replica symmetry, Q*, A* are invariant under
permutations of the row/column indices, which is equivalent to

T A R S (A (A7)

go otherwise B¢y otherwise

The next step is to substitute the above expressions for Q* and A* in ([A13) and then taking
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the limit d — 0. Hence
520

Llii_if}(l] B¥] Ea ApQy = T(CIQI — Coqo)
—§log&(QY) ) 0 PBle+o0l)
0 d 2 og(1+H(en — @) + 21+ B(q1 — qo)

. * 2
i =) — g iog | o {6 - wlo - il

+61/Co" B0 By) | v(d6)] |
where expectation is with respect to z ~ N(0,1,x,). In order for the exponent in above equation
to be extensive in p, we introduce ¢ —qo = q/5 and ( — (o = —C/B. We find in the asymptotic
limit B — oo the free energy becomes
N oo 1 x A
Fls) = — Jim lim p—Elog Zp(B,5) = lim lim %Sd(Q , A7)
§qo+ o2

1)
= §(C0q—CQO)+§ 1+ ¢

+ lim 1E min {%HO - BOHZE —/z"ZV2(0 — B,) + D(6; s)} . (A18)

P20 D Qcre

where
p
) _ . T
D(0;s) = Join, {AHGHZ — 50" p + sz;g(uj, Bovj)} : (A19)
=
After eliminating q and qo using their saddle-point equations and renaming (o = (%72, we have
1 ) )
_ _I(- 2 9. 9 0 9
Fls) = —5(1=0)r = 56" + ok
1 ¢
+ lim —F min {— 0—8,— > Y?z|3% + D 0,3}. A20
lim i { 310~ B, 1%+ D(0.5) (A20)

In the case s = 0, solving the saddle-point equations for ¢ and 72, we finally get
1. 1 _
o= aht g Jim B (I8 + 7200 - Bull)

1 _
¢ = 1—5E{m(Bo+ 7520/}, (A21)
where n,(v, ) is defined in (2.2). Then taking the deriative of (A20) as s — 0 and minimizing

over u, we get

dF 1L

E(s =0) (A22)

I
|
=
g
= |
=
Na¥}
=
IS

where 6 = 1,(By+7X"?2,7/¢). Comparing (A23) with [AD) for a complete set of functions §
and using the standard weak convergence arguments, we prove the claim that the distributional
limit of LQLS estimator does indeed hold.
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7.2 Proof of Proposition

Proof 2 Define A\ = agm* . This will enable us to employ the scale invariance properties of
the general thresholding operation ((f]) more efficiently. We can write (8) as

1 _ _
Yo%, 007> ) = ﬁEH"?q(BOﬂLTE V27,0077 — Bolln (A23)

Note that 7% = 0 is actually a fized point of 1¥,(7%, >~ ). Furthermore, it is straightforward
to see that 0 is a stable fized point if and only if

dipy (T2, apT*™1) Vg (T2, p7?77)

dr? =0 lejgo T2 <l
Denote U = B/7. Then (A23) can be written as
2 2— 72 2
¢Q(T , QT q) = KRQ(T ,Oéo),
where
1 .
Ry(7%,000) = EEHﬁ — U, (A24)
where
~ ' 1 B
8 = argmznﬁ{§||ﬁ—U—2 1/2z||22+a0||ﬁ]|g}. (A25)

For fized U, denote S = {j|U; #0}. As T — 0, Bg = U, + op(p/7), we obtain
Sos(Bs — Us) + TssBs — (3Y72)s + qao| Bs|* " sign(Bs) = 0,
which can be written as
Bs —Us = (27%2)s — £5i35585 — g 541851 sign(Bs)- (A26)

Substituting into [A24), we have

1 . . . . . .
Ry(r*,00) = - B{(Bs— Us)Sss(Bs — Us) +2(Bs — Us)"Bssfs + BsTssBs)
1

= BU(S2)s — qaol sl sign(Bs) + SssBs) T
{(22)5 — qao|Bs|" " sign(Bs) — Ss3Bs) + BsSs58s)

— }DE[{(E%S — qao|Bs] " sign(Bs)} DA {(ZV22)s — qaolBs|T sign(Bs)}
+3§(2§5 ~ X55255845) B3] (A27)
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AsT—0, By — Ug. Thus, |B4]7! = O,(7171), we have

1 _ . ) . i

Ry(m%, a0) = ]gE[(El/zZ)?Esé(El/zZ)s +B5(Bss — BgsX553s5)B3] + O(7'7).
The second term Bg(zgg — ¥55X5:845)Bs > 0. Combining (A2H) and (A28), we obtain the
equation for Bg as

2 - 2 _ st 1/2 oy /2, 1| e ey
Bs = argming {|B - Tss{ (5"2)s - Bss(Z2)s}sy_+ qaol B sign(B) }
which goes to 0 if ag is large enough. Here Xgg = gg — BgeXgsBgg. Therefore denote g,
the optimal ag, we obtain

- 1 _
By(s00.) =5 CEIE2)i85s(5  a)s] = e
and
Aty (T2, cgm79) €
dr? w0y

7.3 Proof of Proposition [4
Proof 3 Define A = ay7?, then from (), we have for ¢ =0
B = B/T =1o(Bo/7T + g, ap)
. 1 _
= argmingeg, {§||ﬁ —By/T—X% 1/2z]|22 + 0z0||ﬁ]|0} . (A28)

For block diagonal covariance 3 with block ( ; f ), equation ([A28) can be decomposed into

2-dimensional blocks each of which can be solved as

(Bla 52) = (Bl/Ta 32/7-) = argminﬁlﬁfc’

where

= LB =) + (B~ 1) + 20051 — ) (B2~ 1)} + (181l + 1Bl

i.4.d

For problem (A28), y1 = Uy +&1, yo = Us + &, where Uy = By /7, Us = Bo2/T, Boq,Bo2 ~ G,

and
B \/ \/ I 1/ [ [1
oo ( 1+, V1= p)zl+5< T+p TP)ZQ’
B \/ \/ I 1 I I
IO e S o




with 2,z & N(0,1).

As shown in Figure[I0, the two dimensional space can be divided into nine regions. In each
region, the estimator is chosen to be the one that gives the lowest loss L. The solution can be
summarized as

Bi>0 & Bo>0 if yel
Bi>0& Bo=0 if yely
Bi>0 & fo<0  if yeL
Bi=0& B>0 if yel
B =0& B0 if ye€ls (A29)
Bi<0 & Bo>0 if ye
Bi<0& Bo=0 if ye€ls
Af31<0&@2<0 if yel,
| 51=0& B=0 if y€ely

where

(I, = I<y1>\/g&y2> 12_(1;,2)
Io= 1 (luel<\/32% & =[] & 1+ pya>v/2a0)
Iy = 1 <91> 12_(1;)2 & ya< — 12sz & y%+yg+20ylyz>\/M)
I = 1 (lnl<y/2% & lnl<lyel & g2+ pyr>v2a0)
Iy = l(|y1|< 220 & fyil<lyel & yo + pyi< — \/270)
Iy =1 <91< - 12_0652 & yi + 3 + 20m192>V4ag & y2>\/g)
Io = I (lp2l<\/22% & lynl>[yal & 1+ pya< — v2a0)
Iy = (<= /3% &pe - [22)

( Iy = (VL)

We consider three different scenarios. The first scenario includes regions 1-4 where both Bl and
Bg are nonzero and the loss is L = 2aq. Its contribution to the prediction risk is

R1(7'2, ay) = E{(B1 - ﬁo,l)2 + (32 - 50,2)2 + 20(31 — 50,1)(32 — Bo2) (i + 1o+ I3+ 14) /2
= TE{(&+& +2066) L+ L+ I+ 1,)/2. (A30)

The second scenario includes regions 5-8 where Bl #0, B2 =0 or Bl =0, Bg % 0 and the loss is
L=3(1-p)ys+ap or L=13(1-p")yl+ ao. Its contribution to the prediction risk is

Ry(m*,000) = 7 [E{(& + p&2)* + (1 — p*)U3 (15 + 1)
+E{(&+ p&)? + (1= p)UTHI7 + I8)] /2. (A31)
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The third scenario includes regions 9 where Bl = Bg = 0 and the loss is L = (y? +y2+2py112) /2.
Its contribution to the prediction risk is

R3(7'2,Oéo) = T2E{(U12 + U22 + 2pU1U2>}[9/2 (A32>
< 4
I I, I
A
9\ O |6 |9 |5
AN
|
|3 |8 |4
<
|
S 5 5 ;
Y1

Figure 10: Tllustration of the solution ([A29) for equation ([A28)) in two dimensional space. Here
p=0.5and op = 1.

To find the optimal ay for minimizing R(72, ap) = Ry (72, ag) + Ra(72, i) + R3(7%, ), we
need to take derivative over oy. Since the explicit function R(T% ap) in each region does mot
depend on ag, changing ag only causes the change of the boundaries among different regions.
According to Stokes’s theorem, as in Theorem 1 of |Baddeley (1977), we conclude that the
dominant contributions to lim,_g %ﬁéao) come from the boundaries between scenarios 1 and
2 as well as the boundaries between scenarios 2 and 3. For example, the contribution from the

boundary between regions 1 and 5 is

, 1= p? 20, S 200 200
T 20 FE 1—p2_U2 —U2 I U1+£1> 1—p2 1) U2+£2: 1_p2

~ &p (,/f_“@pz—vz) —U§}¢(\/ﬂ—\/_1—p2U2)+6+(1—6) 20 5(v/2a0).

1—p
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where €, = P(ﬁo>0). The contribution from the boundary between regions 5 and 9 is

I—p
6 (Ur + pUz + & + plo = V2a0)
~ (1= €e)?Eayd(v2ayp).

The contributions from other boundaries can be derived similarly. The total contributions in-

clude three dominant terms: ¢(v/2ap), ¢(v2a9 — /1 — p?Uyr), and ¢(\/2a0 — /1 — p?Us).
Therefore, we need to have lim, o v/2a0, 7 = /1 — p?/2 to ensure the ezistence of the finite

solutions for m = 0. Substituting into (A30), (@]} and (A33), we obtain

Ri(7%,a0,) = %E{(€%+€§+2p€1§2)}l <|U1+§1|>\/T(;2)I<|U2+52|> 12?0;2)

= 7°[€(1+ o(v2a0,0(v20a0,))) + €(1 = €)o(v2a0.0(v20a0,)) + (1 — €)*0(p(v200,)?)]
= 72 + o(v200.0(V2000,))],

2

- 2000,
Ry(T%, i) = ?E{(ﬁl + p6)? + (1= pYUSH (Jy1 + py2|>v200,) <|U2 + &< 1 —0p2>

T B{(Ga 60"+ (1= AUBH (st pul=vaa) 110+ 1<y 222
— PlCo(yTand(v/Fa0)) + (1 — 1 + oy Tand(v/Ta0)) + (1 — ) 0(v/Fags6(vEa0)
= 72[e(1 — €) + o(v200,6(V200,) )],

and

2
-
Ry(T%, ape) = ?E(Ulz + U; + 2pU1Us) (ly1 + py2|>v200.) (ly2 + pyi|>v200.)

2 + /1= p?)V2
T B(U? + U2 + 20U, U1 |U1+€1|<('0 PPV 20
2 /1—p?

+ /1= )20,

Q%+€Kp %)

IN

G ww—p—¢m—>2%ﬂ>el—wm@ﬂw@—w—1—&W%am
= 7°0(V200,0((2— p — P?)V20,)).

Thus, as T — 0, the total MSE becomes R(7?, ) = 7%(e + o(d(ar™1)), where i = (2 — p —
V1= p2)\/1—p2u/2. The fized point equation for small o2 can be written as

R 2
Tl2 = 0_12U+7(7—l(;a0*)

2
— 0%+ e+ o(o(iim ™))
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Therefore,

7.4 Proof of Proposition

Proof 4 For ¥ = (; f), denote py = (VI +p+ T —=p) and po = L (vVT+p—VIT—=p).

Let X = ag7®79, then the solution can be decomposed into 2-dimensional block of 3 € R? as
By, Bs = argming, s, (L],
where
£ o= S18- B8y 5l + ar 7| Bl
= %{(51 — Bo1)?* + (B2 = Bo2)? + 2p(Br — Bo1) (B2 — Bo2) }

—7&(B1 — Boa) — 72(B2 — Boz) + %TQHZH2 + oo Y| BT+ 162]7),  (A33)

with & = p121 + pazo, & = poz1 + p12o. If both Bl and B2 are nonzero, they should satisfy

{ B - Bo,1 + P(Bg — Bo2) — & + 0407'2_‘16]|@1|q_15i9n(5:1) = 0, (A34)
p(Br — Box) + B2 — Poo — T + a0 q|Ba| P sign(B2) = 0.

The v function defined in (2.3) can now be written as
1 o
U000 = o+ BB Bl

= o+ 2—15E{(31 — Bo1)® + (By — Bo2)” + 2p(fBy — ﬁo,1)(B2 — Bo2) HA35)

We consider three different situations. In the first case: Bo1 # 0 and Bp2 # 0. Then as T — 0,
both 3y and B are nonzero and (A34) can be written as

A

B = By+ 2y a07'2_qq2_1|B0|q_lsign(ﬁ0) + 0,,(7'2_‘1).

Substituting into (A30), its contribution to the prediction risk is

1 . _ 1
Ri(1% ot ) = E7°E 1+5&372_2‘1(12{(Bo)q_lszgn(ﬁo)}Tz Y(By)? Lsign(B,)
+o(7472). (A36)
Taking derivative over ag, we obtain

OR1 (7%, apr?79)

72000

= ¢F [04072_2qq2{(50)q_15i9n(50)}Tz_1|50‘q_15i9n(50)} +o(T7%1)
= 2e€apT* 2¢* Dy + o(7*7). (A37)
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where Do = E{|Bo|*~2} — p(E{|Bol* " sign(Bo)})?/ (1 — p*).
In the second case: Bo1 # 0 and oo =0 (or Bo2 # 0 and o1 = 0). The first equation of

(A3]) becomes
By — Boi = T& — pBs — o7 9q| Bo.1 | sign(Bo.1) + 0p(7779).
Substituting into (A33), we obtain the solution for [
Bz = argming {(1 = p*)[8 — (1 = p*) 7' 7(& — p€)I* + o> "q|B|* ' sign(5) }

which is zero when |& — p&i|<(1 — pz)Cq(%)U@“” with C; = [2(1 — q)]Y®9 + ¢[2(1 —
q)] = V/C=9) gnd nonzero solved otherwise Denote I} = I <|§2 — p&|>(1 — pz)Cq(lf‘;z)Z%z) Its

contribution to the prediction risk can be written as

Ro(7%, 00771 = (1 — ) E{(1& — aom® Y| B0 |7 sign(Boa))? + (1 — p*) 52}
= (1 — {1+l M E|Bor |72 + (1 — p) EFL} + o(T7721)(A38)

where B is the solution of
(1 —p*)B — (& — p&1) + ang| Bl sign(B) = 0.

Taking derivative over ag, we obtain

2 q
OR, (7'27 0407'2—q) B ap s 1 e | q%}z
= 2e(l =) o’ Co — (1= p") Dy | 1= C\T= 2 7%

720
1 2(2—% rlq 2—q
Qb Cq 1—7p2 (&7 + 0(7_ ) (A39)

3q q
1 22-9) C,D? at1 1 0e-q 1
= 21 — 2—2q 20 . q—q 24 C 2—¢
€( €) {0407' q Lo 71—p2 2_qa0 ¢ | Cq 1— 2 o) 5

where Cy = E|5y1*17% and Dy = [2(1 — q)]ﬁ
In the third case, Bo1 = Bo2 = 0, its contribution to MSE can be summarized as

_ 1 - 5 5 A
R3(T2, Oé0T2 q) = §E(512 + 522 + 2pﬁ1ﬁ2), (A40)
where Bl and B2 are the solution that minimizes
1
L = 3lB- TS + aom? | B2 (A41)

As shown in Figure [I1, we can divide the 2-dimensional space into nine regions. In region
Iy, Bl = 0 and Bg = 0, wn regions I and Ig, Bg = 0 and Bl s solved by Bl — 1€ +
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a072_qq|31|q_1sign(31) = 0; in regions Iy and Is, Bi = 0 and By is solved by By — TE +
T 9|17 sign(Ba) = 0; In regions Iy, Iy, I3, and I, By # 0 and By # 0 which are solved by

{ ﬁl—l—pﬁz—T&—'—OéoTz qul‘q 1519”(ﬁ1) = 0,
p51+ﬁ2—7'§2+a07‘2 qQ|ﬁ2|q 18@9”(52) = 0.

Then the derivative of R3(T%, apT?™%) over ayg involves the explicit derivative inside each region
and integrals over the boundaries among different regions over 1-dimensional boundary curve.
According to Stokes’s theorem, as in Theorem 1 of Baddeley (1977), we conclude that the main
contributions come from the four dominated boundaries which connect region 9 and four other
regions 5, 6, 7, and 8 respectively. The contribution can be summarized as

OR3(72, p7%79) _ o 6)ZC'qu
7200 2—q

Put (A37), (A53), and [A43) together, we obtain

22?2 g? Do + 2¢(1 — €)aym**1¢*Cyy

C,D? _ 1 Pemn} ~
—le—eﬁhﬂ2iqa$“mzﬂ¢<oq( ) ay@qv

aéq+1)/(2—q)¢(oqaé/(2w)) + o(7%7). (A42)

q 1—p?
C.D?
_2(1 . 6)2 2‘1_ :]1aéQ+1)/(2—fI)¢(an(1)/(2—Q)) =0,

where f(p) = (1_1p2)2<2330>. Therefore, for 0<p<1, we have

722 (1—e)3C,D;

= P2 QDo (1—aCy) (A43)
2—¢ 1/(2— — —
ay ¢(an0/( 4)> €q q 0 0
while for p =0, we have

2-2q 1—¢€)C,D?
e _ U 9CD, (Ad4)

e*(2 — q)Co

2 q ¢(C al/(2 Q))
From (A43) and (A44), it is straightforward to show that

C2 qu

e ~ M and (4 - 4q) log ~ Clag "
Combining (A34), (A38), and [A40) together, we obtain the risk function

R(t*,a07* %) = 72 {e+eafm* %" (eDo + (1 — €)Co)}
— 2—q
= 72 {6 +€ (4 024q log %) 7% (eDy + (1 — e)Co)} :




From the high order analysis for the fixed point equation

R(T%, agr?79)

2 _ 2
T =0, + 5 ,
we obtain the leading order term 78 = &ai and the next-to-leading order term
2 . 4-2q 2—q
s €Ty 4 —4q 1
L ( c? log o (eDo + (1 —€)Cy)
2 52-q 42 2—q
geed* 901 (4 — 4q 1
= - log — D 1—¢€)Ch).
(6 — e)pa ( gz 85, ) (Lot (=)

Hence we obtain (3.2).

ly

Figure 11: Illustration of the solution for equation ([A41]) in two dimensional space. Here p = 0.5
and o = 1.

7.5 Proof of Proposition
Proof 5 Denote U = B,/7. For fited U, denote S = {j|U; # 0}. From (A27), we obtain
1 A L _ o la—1 2
Ry(m%, o) = EE[{(EWZ)S — qao|Bs|" sign(Bs) Y B5s{(£1%2)s — qao| Bs|* " sign(Bs)}

Bos

T

and we obtain R, (72, a, (7)) % 1. From (), we have * = o2 +
that 72(8 — R,(7%, (7)) = d02. If 6>1, we have T 2u20 0 since Ry (7% cpu (7))
7—0

1<d. On the other hand, if 6<1, we have 7>0 as o, — 0 because R, (7% cpu(T)) — 1
and Ry (72, a, (1)) == 0 which leads to T T2 - >0 such that R, (Ty, apu(T3)) = 0.
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which goes to infinity as T — 0 for fixed ay>0 since Bs —

and g>1. Therefore, ag, (1) =0

w which implies

T—0



7.6 Proof of Proposition [7]

Proof 6 For A\ = agr®74, the the solution of n, i [4) in the case 1<q < 2 is the minimizer of
loss

L= 8By~ 5l + ar Bl

It is the solution of the following equation

S(B — Bo) — 72"z + gaor*1|B|" sign(B) = 0 (A45)
which can also be written as

B — By = 5?2 — qagr' 1| B|" ' sign(B)}, (A46)
or

B =By + 7572z — qagr* 1= Bl sign(B). (A47)
Taking derivative of [A47) over z, we have

op
0z

~

= =2 gl — Dgr S diag{ B sign(3)) 2.
Thus

9B

0z

Taking derivative of [A47) over ap, we have

0B

dag

N N -1
=7 {I +q(q - 1)@072“12‘1diag[|ﬂ|"‘2sign(ﬁ)]} Il

= 7 IS B sign() — ala — Doy TS Bl sign(B) o
0

Thus
B

2 {1 ala— Dagr s diagl| B 2sign(B)]} ar S B sign(B).(A49)
Qo

Using ([A43), we can derive the risk function as

9 1

R(*a0) = —EIB=Boll%
T2 . .
= —F {||z||2 — 2o 12T STV 8|9 L sign(B)
p
o3 (B sign(B)) TS B sign(B) } (A19)
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Then we can conclude that as T — 0, the optimal oy — 0 because B — B, and 2 — 2¢<0.
Therefore in order for the third term to be finite, we need af — 0.
In order to obtain the second dominant term, we need to take the first order derivative of

L p
1

into 2-dimensional block. Denote py = 3(v/T+ p+ /T —=p) and p» = 3(vT+p— /T = p), we
can obtain

R(7%, ) over ag and assume it equal to 0. For ¥ = ( ), the equation can be decomposed

R(2,00) = 3EIB - Boll
= %E{(Bl — Bo1)? + (B2 — o) + 2p(Br — Boa) (B2 — Boz)}s

and the two explicit equations for 31 and B2

{ By - Bo,1 + P(Bg — Bo2) — &+ 0407'2_‘16]|@1|q_15i9n(5:1) = 0,
p(B1 — Box) + P2 — Poo — T2 + a2 79q| o] sign(Ba) = 0,

where § = p121 + paze, §o = p221 + p122.

We consider three different cases according to the nonzero components of Bo1 and Boo. In
the first case: Bo1 # 0 and foo # 0. Using (A49), we obtain its contribution to the derivative
of R(7%, o) as
R(T* ap) = €7°F {—2q7’1_quE_1/2|ﬁ\q_1sign(ﬁ) —2¢(q — D)oy 712" 712| 8|9 2sign(B)

+2¢%aoT*7(| 817 sign(B)) T ETHB|  sign(B)

12q(q - 1>a372—2q<|ﬂ|q-1szgn<ﬂ>>Tz—1|ﬁ|q-2szgn<ﬁ>§7i} . (A50)

Since both components of B, are nonzero, as T — 0, [A47) can be written as
B =By + 7=z — pagr* =By |" sign(By) + 0p(77).

Thus, using [A48), we obtain the two leading terms of (A51) as

9B
0@0

Ry 00) = ST E{~2qq — 17> Tr[S diagl B[ sign(8,)]

+2q2a072_2q(‘ﬁ0‘q_ISign(ﬁo))Tz_l‘ﬁo‘q_ISign(ﬁo)}- (A51)
In the second case, Bp1 # 0 and B2 =0 (or Bo1 =0 and By # 0). We have

Ry(T%,0g) = %6(1 — ) E{(5 - Boa)? + B2+ 2p(B — 50,1)32}
= %6(1 — ) E{B7 + [aom*9q| 51| T sign(Br) — 7€ — pBa)[anT? | B1|T  sign(Br) — T + pfal}
= L - OB - 8 + oo gl sign(By) - 76 )

1 . . . .
— 5e(l — ) E{(1 - p*)B5 + 0437'4_2qq2\51\2q_2 + 7262 — 20077 9q&1 | Br |7 sign(B1) ) (A52)
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Taking derivative over ag, using (A48), we obtain the dominant terms as

Ry(1* ap) = e(1—e)B{(1— )Bgﬂ + Pt B [P}

= —6(1 - €)q7'2 qE{|ﬁ2|q - pﬁ2‘50,1|q 15@9”(50,1) - qa072_q|50,1\2q_2}

2—q 2 2q—2
_ 5 qopT Bo, _ _
= —€(l — €)qr*1B{|fo]? — = 715 — qoT* " Bo 1| ?}

1—p?
- e { L - e A (A53)
In the third case, Bo1 =0 and foo = 0. Using [A47), we obtain
B =732 — qapr? 1S B sign(B).
Its contribution to risk function is
Ry(ra0) = 5(1-eP BBl (A54)

Taking derivative over ag, we obtain the dominant term as

Ry a0) = (1 P EAT S0P _ (1~ epgrip (@ — -

2(1 — €)%qr
o Bl (A5

(1—p?)
Combining [A21), (A53), and [A53) together, we obtain

R(7%, ag) + 2R,(7%, apg) + Ry(72, )

2 1— 2 q 2 1_ 2,2 2—2qE ﬁ 2q—2

= —7((1 /f)fZ B{jsfr} + 20— ) ol
2 2.2 _2-2

= L (B {1} = plE)f sign(fh)).

Therefore, the optimal tuning o, satisfies
1 —e)E(|Z]9)(1 — p*)'—/?
vrg_ U= QBUZNO - 56
eq{ E(|5o[*~2) — eplE|Bol1~" sign(Fo)]*}

where Z ~ N(0,1) is independent of By. Now we can obtain the dominant terms in the corre-
sponding R functions. From ([A49), we obtain

aO*T

1 . _ 1.
Ri(7% ap,) = T2€2E{1—|— 2q on* 2= 2q(|60|q_lszgn(ﬁ0))TE 1|Bo|q lszgn(ﬁo)}.

From (A53), we obtain

R2(7'2, ape) = 2¢(1-— €)T2E {1 — an*T_q\Bg\q +
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From ([A5])), we obtain
Rs(1%, ap,) = (1 —€)*7°E {%HZHZ — an*Tl_qu2_1/2|B|q_lsign(3)}
= -rE {Glal - ganr B }
= - (1 B () )
Putting them together, we have

2.2 . 2-2
q aO*T 1

R(T%*, ap,) = 77 (1 +
* 1_p2

(I = Bl s . (457
Substituting (A50) into , we have
R(T* ag) = T2+ CT1™,

where
e [B(Z1)P( - )0

e {E(IBol*7?) — ep[E[Bo|* sign(Bo)]*}
Therefore, the fixed point equation is

C =

9 , T24CT%
=0, + ————
4]
The first and second dominant terms are

9 (O B Cr%

e
We obtain the prediction risk
do? Cér2a
. _ 2 2 — W
Risk = 6(m° —o0}) 51 -1
ooy ot (1—¢)? [E(1Z]7)(1 = p*)! o3

6—1 (—-1r e {E(|5o|*172) — ep[E|Bo|r sign(Bo)]*}
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