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Existence and nonexistence of solutions to a
critical biharmonic equation with logarithmic

perturbation
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Abstract In this paper, the following critical biharmonic elliptic problem

A%y = M+ pulnu? + [ul>” 2u, z€Q,
w=2%_0, z € 00
v
is considered, where Q C RY is a bounded smooth domain with N > 5. Some interesting
phenomenon occurs due to the uncertainty of the sign of the logarithmic term. It is shown,
mainly by using Mountain Pass Lemma, that the problem admits at lest one nontrivial weak
solution under some appropriate assumptions of A and p. Moreover, a nonexistence result is
also obtained. Comparing the results in this paper with the known ones, one sees that some
new phenomena occur when the logarithmic perturbation is introduced.
Keywords Biharmonic equation; Critical exponent; Mountain Pass Lemma; Logarithmic

perturbation.
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1 Introduction
In this paper, we are concerned with the following critical biharmonic elliptic problem

Ay = u+ pulnu? + |ul? "2u, z€Q,

o (1.1)
u = —u = O7 xr E 697
ov
where Q C RV (N > 5) is a bounded domain with smooth boundary 952, v is the unit outward
normal on 99, 2** := 2% is the critical Sobolev exponent for the embedding HZ(Q2) <

L (), A, € R, and A? is the biharmonic operator.
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Problem (LT is closely related to the stationary version of the following equation
uge + A%u = f(t,x,u), (1.2)

which has wide application in describing a variety of phenomena in physics and other applied
sciences. For example, (L2)) can be used to describe the longitudinal motion of an elastic-plastic
bar. Interested reader may also refer to [II, B, [, [5] for more background of problems like (2]).

On the other hand, problem (1) is a special from of the following critical elliptic boundary
value problem

(=A)™u = \u+ [u|P~2u + f(x,u), =€,

(1.3)
D% =0, for la] <m—1, x € 08,

where m € N, Q € RY(N > 2m) is a bounded smooth domain, A € R, p = NQ_—ng and f(x,u)
is a nonlinear term. One of the main features of problem (L3 is that it involves a critical
term in the sense that the embedding HJ"(2) < LP(f2) is not compact, which brings essential
difficulty when proving the existence of weak solutions to ([3]). For this reason, the study
of elliptic problems with critical exponents is both interesting and challenging. However, it
was mainly after the outstanding work of Brézis and Nirenberg [§] that such problems were
extensively studied, and many interesting results were obtained on the existence, nonexistence
and multiplicity of weak solutions to such problems.

In [8], problem (I3) with m = 1, N > 3 and f(z,u) = 0 was studied by Brézis and
Nirenberg, and a new idea for establishing a Palais-Smale compactness condition for the energy
functional was introduced. This makes it possible to obtain a solution of the critical problem
by using Mountain Pass Lemma. Interestingly, they found that the conditions for the existence
of positive solutions are quite different between N > 4 and N = 3. When N > 4, it is
shown that problem (3] admits a positive solution if A € (O,Xl), where \; denotes the first
eigenvalue of —A with homogeneous Dirichlet boundary condition on 2. When N = 3 and Q2
is a ball, problem (3] has a positive solution if and only if A € (in,Xl). They also proved
that problem has no solution if A < 0 and 2 is a star-shaped domain, which directly follows
from Pohozaev’s identity (see [I7]). Later, their ideas were borrowed by Gu et al. [I5] to study
higher order critical problems, i.e. problem (L3) with m = 2, f(z,u) = 0 and N > 5. They
showed that problem (3] possesses at least one nontrivial weak solution if A € (0, A;(€2))
and N > 8 When N = 5,6,7 and  is a ball, they showed that there exist two positive
constants A**(N) < A\*(N) < A1(2) such that problem has at least one nontrivial weak solution
it A€ (A*(IN), A1(€2)), and there has no nontrivial solution if A < \**(N). Here A1(£2) denotes
the first eigenvalue of A% with homogeneous Dirichlet boundary condition on €. The above
mentioned results imply that whether or not problem (L3) with m = 1,2 and f(z,u) = 0 admits
a weak solution depends not only on the parameter A, but also on the space dimension N. It
is worth mentioning that there are also many other interesting works about elliptic problems

with critical exponents, among the huge amount of which, we only refer the interested reader

to 21 [6 [ [T0L 11, 12, [13], 16, 20] and the references therein.



A natural question is whether or not a lower order perturbation will affect the existence and
nonexistence results for problem (L3). Recently, Deng et al. [I0] investigated the existence and
nonexistence of positive solutions to problem ([[3) with m = 1, f(x,u) = pulnu? and u # 0.
After some delicate estimates on the logarithmic term, they showed that problem (L3) admits
a positive ground state solution, which is also a mountain pass type solution when N > 4,
A € R and o > 0. Comparing this result with the corresponding one in [8] one sees that the
range of A for the problem with p > 0 to admit a positive solution is larger than that with
@ = 0, which implies that the logarithmic term has a positive effect for the existence of positive
solutions in this case. When p < 0, the discussion becomes a little more complicated. However,
when N = 3,4, they also established the existence of at least one positive solution under
some additional assumptions on A and p. This also shows that the appearance of logarithmic
perturbation leads to some interesting phenomenon, mainly due to the uncertainty of the sign
of ulnu?.

Inspired mainly by [10} [15], we study problem (I} and consider how the term u Inu? affects
the existence and nonexistence of nontrivial solutions to problem (IJ). It turns out that the
results depend heavily on the sign of . When g > 0, we first show that the energy functional
satisfies the mountain pass geometry around 0. Then we obtain a local compactness condition
(known as (PS). condition) for the (PS) sequences, with the help of Brézis-Lieb’s lemma.
Finally, a mountain pass type solution follows from a standard variational argument. A crucial
step in this process is to prove that the mountain pass level is smaller than a critical number
¢(S), which is done after some delicate estimates on various norms of the truncated Talenti
functions. Special attention is paid to the case N = 8, due to the critical characterization of the
integrations. When g < 0, the situation is different. Although the mountain pass geometry is
still satisfied and the mountain pass level around 0 is bounded from above by the same critical
number, we cannot prove the (PS). condition in general. By applying the Mountain Pass
Lemma without compactness condition, we obtain a nontrivial solution to problem (I]). But
we donot know whether or not the solution is of mountain pass type. Moreover, a nonexistence
result is also obtained when p < 0. Comparing our results with that in [I5], one sees that the
logarithmic term plays a positive role for problem (I to admit weak solutions when N > 8
and this leads to some interesting phenomena.

This paper is organized as follows. In Section 2 we give some notations, definitions and
introduce some necessary lemmas. The main results of this paper are also stated in this section.
In Section 3 we prove some technical lemmas and the detailed proof of the main results will be

given in Section 4.

2 Preliminaries and the main results.

In this section, we first introduce some notations and definitions that will be used throughout
the paper. In what follows, we denote by || - ||, the LP(2) norm for 1 < p < co. The Sobolev
space H3(Q) will be equipped with the norm |[jul| := [ull g2 () = l|Aul|2, which is equivalent to
the full one due to Poincaré’s inequality, and its dual space is denoted by H~2(Q). For other



linear normed space X, we denote its norm by || - || x. We always use — and — to denote the
strong and weak convergence in each Banach space, respectively, and use C' to denote (possibly
different) generic positive constants. We always denote by Bpr(zg) the ball with radius R
centered at zo in RY. Sometimes B r(0) will be simply written as Bg if no confusion arises. We
use wy to denote the area of the unit sphere in RY. For each ¢t > 0, O(t) denotes the quantity
satisfying |@| < C, and o(t) means that |@| —0ast—0. Set

Pmaz = SUp{R > 0 : there exists an x € Q such that Br(z) C Q} (2.1)

and o0,(1) is an infinitesimal as n — oco.
We use S to denote the best embedding constant from HZ(Q) to L?™ (), i.e.,

2
ueHZ(\{0} [|u/[5
A1(€2) > 0 denotes the first eigenvalue of eigenvalue problem
Ay = M, x €9, 2.3)
2.3
w=2"_0. secon.
v

Finally, following the ideas of [10], we introduce the following sets

A:={(\p)| p>0,XeR},

A(Q) — A\ X

B::{(/\,u)|u<0,/\e[O,)\l(Q)),%( il(ﬂ) ) "s¥+Lial> 0,

In this paper, we consider weak solutions to problem (1) in the following sense.

Definition 2.1. (Weak solution) A function u € HZ(Q) is called a weak solution to
problem (L)), if for all ¢ € H3(KY), it holds that

/ AulApdx — )\/ updr — u/ u¢Inudz —/ [ul?” ~2ugdaz = 0.
Q Q Q Q

The energy functional associated with problem (1) is given by

1 1 1 1 1 i,
I(w) = Sull® = Sl + 5 pllull3 - —u/ w?Inu’dz — s—|ull3., ¥V ue HF(Q).
2 2 2 2"/, 2

Obviously, the energy functional I(u) is a C! functional in HZ(Q) (see [10, [15]). From I(u) =
I(|u]), we may assume that u > 0 in the sequel.
For each u € HZ(Q) \ {0}, consider the fibering maps 1, (t): (0,+00) — R defined by

1 1 1 1
Yu(t) = 1(tu) = S8[|ull® = SA[lull3 + Sut?(lull3 — 5 pllul3t® nt?
2 2 2 2
1 | - .
- —ut2/ wInu’de — —t* [|ulf3-.. (2.4)
2 Q 2



In order to obtain the existence of weak solutions, we introduce the Nehari manifold

N = {u € Hi(Q\{0} : (I'(u), u) = 0}
= {u € Hi(@)\{0} : 9/, (1) = 0}.

Here we use ( , ) to denote the pairing between H ~2(Q) and HZ(£2). We usually split A/ into
three disjoint parts as N' = NT UN? UN~, where

Nt ={ue N:y/(1) >0},
N~ ={ue N:¢/(1) <0},
NO ={ue N :¢!1) =0}

It is well known that if u € H3({) is a nontrivial solution to problem ([I]), then u € N.
Next we introduce the definition of a compactness condition, usually referred to as the (PS).

condition.

Definition 2.2. ((PS). condition) Assume that X is a real Banach space, I : X — R is a
C* functional and c € R. We say that {u,} C H3(Q) is a (PS). sequence for I if

I(up) = ¢ and I'(u,) — 0 in X 1(Q) as n — oo,

where X~ is the dual space of X. Furthermore, we say that I satisfies the (PS). condition if

any (PS). sequence has a convergent subsequence.

The following two lemmas will play a fundamental role in proving the existence of weak
solutions when p > 0. The first one is the famous Mountain Pass Lemma, and the second one
is Brézis-Lieb’s lemma.

Lemma 2.1. (Mountain Pass Lemma [19]) Assume that (X, |- ||x) is a real Banach space,
I:X —RisaC functional and there exist 3 > 0 and r > 0 such that I satisfies the following
mountain pass geometry:

() I(u) > 8> 0 if Jullx = r:

(i) there exists aw € X such that ||Tl|x > r and I(w) < 0.

Then there exist a (PS)., sequence {u,} C X, i.e., I(uy) — co and I'(u,) — 0 in X1 as
n — oo, where X 1 is the dual space of X and

o= iﬁfptré}%ﬁ]lwt)) 2B, T'={yeC(0,1],X) : 7(0) = 0, I(v(1)) < 0},

which is called the mountain pass level. Furthermore, ¢y is a critical vale of I if I satisfies the

(PS)e, condition.

Lemma 2.2. (Brézis-Lieb’s lemma [7]) Let p € (1,00). Suppose that {u,} is a bounded

sequence in LP(Q) and u, — u a.e. in . Then

i ([fun| = [lun = ullp) = Jull3.



To deal with the logarithmic nonlinearity wIn u?, we need the following two lemmas. Lemma
can be directly verified and Lemma [24] is the modified logarithmic Sobolev inequality.

Lemma 2.3. (1) For all t € (0,1], there holds that

[tInt] < é. (2.5)
(2) For any o, 6 > 0, there exists a positive constant Cq s such that
|Int| < Cos(t®+t%),  Vit>0. (2.6)
(3) For any o > 0, there holds that
%Sé’ Vi>0. (2.7)

Lemma 2.4. (Logarithmic Sobolev inequality) Assume that Q@ C RN (N > 5) is a bounded
domain with smooth boundary. Then for any u € HZ(Q) and a > 0, we have

2
/ u? Inuldr < %HUHQ + (Inf|ull3 = N(1 + Ina)) [ul3, (2.8)
Q

AL
where Ay > 0 denotes the first eigenvalue of —A with zero Dirichlet boundary condition on §).

Proof. According to [14], for any u € H?(R") and a > 0, one has
2
/ u? Inu?de < a_/ |Vul*dz + (1n||u||2L2(RN) —N(1 —i—lna)) HUH%Q(RN). (2.9)
RN ™ JrRN

For any u € H2(12), extend the domain of u to RY by letting u(x) = 0 for z € RV \ Q and still
denote it by u. Then u € H?(RY) and therefore the above inequality holds with RY replaced
by €. Moreover, by integrating by parts and applying Cauchy’s inequality with €, one has

0
/|Vu|2d:v=/ u—uds—/uAud:v: —/uAud:v
Q o0 OV Q Q
€ 2 1 2
= | |u|*dz+ — | |Au|*dx
2 Ja 2e Jo
€ 2 1 2
— | |Vul*dze 4+ — [ |Au|*dz.
2\ Ja 2e Jo

Taking ¢ = Xl in the above inequality yields

IN

IN

/|Vu|2d:v§ Ni/ Auf?dz. (2.10)
Q AL Ja

Combining (29) with (ZI0) one obtains (2.8]). This completes the proof. O

The main existence results in the paper can be summarized into the following theorem.



Theorem 2.1. (i) Assume that N > 8. If (\, u) € A, then problem (1) has a nonnegative
mountain pass type solution, which is also a ground state solution.

925 .1920en T %

4
Pmaaz

least one nonnegative nontrivial weak solution to problem (LI, where

(i7) Assume that N = 8. If (\,u) € BUC and < 1, then there exists at

Pmaz = Sup{R > 0 : there exists an x € Q such that Br(z) C 2}.

(#3i) Assume that N =5,6,7. If (\,u) € BUC, then there exists at least one nonnegative
nontrivial weak solution to problem ([Tl).

925 .1920es T3

4
mazx

Remark 2.1. Notice that the assumption < 1 implies that the domain 2

should be appropriately large.
As for the nonexistence result for problem (LII), we have the following theorem.

Theorem 2.2. Assume that N > 5. If 7“(2’74) + “(1\1[4) In (7“(2[74)) +A-XM(Q) >0
and p < 0, then problem (L)) has no positive solutions.

3 Some technical lemmas

We begin this section with a lemma that gives some properties of the Nehari manifold and
fibering maps, which will help us to show that the mountain pass solution is a ground state
solution to problem (L)) when p > 0.

Lemma 3.1. Assume that p > 0. Then, N = N'~. Moreover, for any v € H3(Q)\{0}
there exists a unique t(u) > 0 such that t(u)u € N.

Proof. For each u € N/, we have

-
3. =0.

1) = ul? = AJulfy = | o olde ~ Ju
Q
Consequently, it follows from g > 0 that

(1) = [lull® = Ml - 2pull3 - u/ﬂ w?Inu?ds — (27 - 1) Jul}3:-
2

= —2pfull3 = (2" = 2)|u
<0,

which implies that u € N~ (C N).
For any u € HZ(Q)\{0}, according the definition of v, (¢) in ([24)), we deduce that

lim ¢, (t) =0, lim ,(t) = —o0, (3.1)

t—0 t—+o0

and 1, (t) is positive for ¢ > 0 suitably small (since p > 0), which imply that there exists a
unique t(u) > 0 such that max Py (t) = ¥y (t(u)). Indeed, the existence of t(u) is obvious. If



there were 0 < ¢1(u) < t2(u) such that max Yy (t) = Yu(t1(u)) = Yy (tz2(u)), then there must

be a t3(u) € (t1(u), t2(u)) which is a local minimum of v, (t). Direct computation shows that
ts(u)u € N7, which is impossible since N'= A ~. This completes the proof. O

Remark 3.1. (i) Following from Lemmal3d], if pn > 0, one can give an equivalent charac-
terization of co defined in Lemmal21l, i.e., co = cnr, where
cn = inf I(u) = inf max I (tu).
N ueN ( ) u€HZ(2)\{0} t>0 ( )
The proof of this equivalent characterization can be founded in Theorem 4.2 of [19].

(i) Since all the nontrivial critical points of I belong to N, if u is a nontrivial critical point

of T satisfying I(u) = cpr, it must be a ground state solution to problem (III).

In order to apply the Mountain Pass Lemma, we first verify the mountain pass geometry
for I when (A\,u) € AUBUC.

Lemma 3.2. Assume that N > 5 and (A, ) € AUBUC. Then the functional I(u) satisfies

the mountain pass geometry.

Proof. The proof is divided into three cases.
Case 1: (A, pu) € A.

Since p > 0, by using Sobolev embedding inequality and applying [2.7) with o =
has

2% -2
2

one

1 1 1 1 1
= Ml gulul = g [ wmalde > ~Sxul - p [ Pl
2 2 2" 2 0

2
K 2 A 2 B2 22 22
=—= [ uv(=+lnu’)de=—=¢+ [ eru”ln(eru”)dx
2Ja p 2 Q
:—He_%/ \ e%uzln(eﬁlﬁ)dx—ﬁe_%/ R e%u21n(e%u2)dx
2 {7 uz>1} 2 (¥ u2<1}
oA A9 A9 Booa g 2 / A 9y2t
> ——e n eru In(eru”)de > —Ze v —— eru”) 2z do
B 2 ~/{eﬁu2>l} ( ) - 2 2% —2 {eﬁu221}( )
12 21 2%*F N 2%* ok
z _2**_26 ST HUH2 )
which ensures that
1 372** . . o .
1) > Zlul? = ol = g R S )2

Therefore, there exist positive constants 5 and r such that
I(u) > B for all ||ul]| = r.

On the other hand, for any u € HZ(2)\{0}, in view of ([B]), there exists a t,, > 0 suitably
large such that [[t,u| > r and vy, (t,) = I(t,u) < 0.
Case 2: (\, p1) € B.



Since p < 0, recalling (Z3]), one has

1 1
—p|ull3 - —u/ u? Inuide = —ﬁ/ u?In(etu?)da
2 2" Ja 2 Ja

= —Ee/ et ln(e%uQ)d:v - Ee/ et ln(e%uQ)d:v
2 {e-1u2>1} 2 {e-1u2<1}

> —ﬁe/ T ln(e%uQ)d:v > E|Q|,
2 {671U2S1} 2

which, together with (23]) and Sobolev embedding inequality, yields

1/ A(Q) = A , ST e
> (A2 - 219l

Set

1/ (@) =2 . S e u
t)= = e — t =2 t .
o) =5 (P ) - St il >0

N—

N4
By a direct calculation, ¢ takes its maximum at ¢y := (’\3(522_) )‘) © §% and

2 (M(Q) - A\ T _x
0<glt) = 3 (2A0=2) T 5% 4 Ll

due to (A, ) € B, which implies that there exist positive constants 5 := g(to) and r := ¢ such
that

I(u) > B for all ||u| =r.

Applying a similar argument to Case 1, one can show that there is a v € HZ(2) such that
[lv]| > r and I(v) < 0.
Case 3: (\, p) € C.

Since p < 0, using (ZX) again, one has

1 1 1 A
— 5)\Hu|\§ + §u||u||§ - §u/ﬂu2 Inu?de = —g/ﬂzﬁ(; — 1+ Inu?)dz

= Bomp / 212 In(e " u?)dx
Q
:_ge7ﬁ+l/ et In(er Lu?)de — e 2Jrl/ A er P In(er ) da
(3 Turs1 fer <1y
> _He—ﬁﬂ/ ) el In(er ~hu)dr > Lo |ql,
2 {ek tuz<1}y 2
and
1 5*2;* EE VA
I(u) 2 glull® = == llull*” + G ¥ 0
Set
_ 1 S~ T . _
glt) = 5t* — 2*: t* +ge flal >0



A direct calculation shows that g takes its maximum at to:=S 5 and
0<3(0) = 25% + Letiq)
= — —e M
g\lo N 2 )

due to (X, p) € C, which implies that there exist positive constants 8 := §(fy) and r := to such
that

I(u) > B for all ||ul]| = r.

Applying a similar argument to Case 1, one can show that there is a v € HZ(f) such that
[lv]| > r and I(v) < 0.

In a conclusion, I satisfies the mountain pass geometry around 0 if (A, u) € AUBUC. The
proof is complete. O

Now we show the boundedness of (P.S). sequence of I.

Lemma 3.3. Assume that N > 5, u € R\{0} and A € R. If {un} is a (PS). sequence of
I, then {u,} must be bounded in H3(Q) for all c € R.

Proof. Recalling the definition of the (PS). sequence {u,}, we have
I(up) = ¢ and I'(up) — 0 in HZ() as n — oo.

When p < 0, from the above equalities and using ([Z3]), we have, as n — oo, that

L (), )

c+1+ On(l)”unH > I(un) e

_ 2 2 2 2 1 2 2 2 2
= Sl = Ml + Gulualld - oo [ w2 mudae

= %Hunn2 - %u/guiln (e%_%ui)dx

> EHUnHQ _ zue_%"'%/ W N e%_%ui In (e%_%ui)dx
N N {en Tu2<1}

2 ol + e,

which shows that {u,} is bounded in H3(Q).

Assume now p > 0. Tt follows from the definition of {u,}, we have, as n — oo, that

e 1+ 0n(1) ] 2 Eun) = (8 () ) = gpllunld + el B2 2 Sl
which shows that
[unll < C + Clual.
From this and (Z8]), we can deduce, for n large enough, that
/Q w2nulde < 2l + [I(C + Clual) — N0+ )] (€ + Cllul).  (32)

10



On the other hand, one has, as n — oo, that

1wwm

2**

2 2 1
2 ol = 2N+ g sl — o /ulmlm

¢+ 1+ on(Dunl = I(un) -

V

2
= NHunH2 - CHunHQ — —M/ u;, lnu dx.
Then, in view of (32) and p > 0, one has, as n — oo, that

c+ 1+ 0,(1)lunl|
2

> 2l = (C 4 Cllunl) ~ o

2
(5 llunll+ [10(C + Clluall) = N +100)] (€ +Clunl))

2
(1 - —) lunll? — —u(O + Cllun|) In(C + Cllual) + 20N (1 +Ina) = 1)(C + Cllun|)
N 7T)\1
1 2
> < unl? = —1(C + Cllua ) + [2uN (1 + Ina) — 1)(C + Cllun)),
N eaN

where we choose a > 0 with £ < 1, and the last inequality is justified by 1) with o < 1.
1
Therefore, {u,} is a bounded sequence in HZ(Q). The proof is complete. O

On the basis of Lemma B3] we can prove that the (PS). condition is valid for some ¢ when
w>0.

Lemma 3.4. Assume that N > 5, n> 0, and A € R. If c < ¢(S), then I satisfies the (PS),

2
condition, where c(S) := NS%.

Proof. Let {u,} be a (PS). sequence of I. According to Lemma[3.3] {u,} is bounded in HZ(Q).
Consequently, by using the Sobolev embedding one sees that there is a subsequence of {u,}
(which we still denote by {u,}) such that, as n — oo,

u, — uin H3(Q),
Up, — win L7(Q) (1 <r < 2%),
un — win H(Q), (3.3)

272, = ul* 2w in L%(Q)

[tr, :

Up — U a.e.in .

Next, we are going to prove

n—oo

lim [ w?lnu?de = / u? Inu’dz. (3.4)
Q Q
Indeed, since u,, — u a.e. in 2 as n — 0o, we get

u?Inu? — u?Inu? a.e. in Q as n — oco. (3.5)

11



Moreover, combining (23] and ([27) we get

|u? Inu?| < E + iui(“r‘s) — 1 + iuQ(H‘S) in L'(Q) as n — oo, (3.6)
e ed eq ed
where § > 0 is chosen to satisfy 2(1 + ¢) < 2**. Then [B.4) follows from @B3), (B6) and
Lebesgue’s dominated convergence theorem.
To show that u,, — n in HZ(Q) as n — oo, set w, = u, —u. Then {w,} is also a bounded
sequence in HZ(). So there exists a subsequence of {w,} (which we still denoted by {wy})
such that

. 2 —7>
nll)rrgo lwn|*=1>0. (3.7)

We claim that [ = 0. Indeed, by virtue of the weak convergence u, — u in HZ(£2), we have
lunll? = lwnl® + ul® + 0n(1),  n— 0. (3.8)

From the boundedness of {u,} and the Sobolev embedding, we can easily conclude that
|lunl|2++ < C. This, together with u,, — u a.e. in €, implies that we can apply Brézis-Lieb’s
lemma to obtain

ok o *

e = |[wn||3ee + [[ull3es 4+ 0n(1), n — oo. (3.9)

[|wn

Therefore, in accordance with B3), B4), B8), B9) and the assumption that I'(u,) — 0 in
H~2(Q) as n — oo, we have

0n(1) = (I'(un),un) = (I'(w), u) + [[wa]® = wall32 +0a(1), 7= o0,
and for all ¢ € H3(Q),
on(1) = (I'(un), &) = (I'(u),¢) + on(1),  n — oo,

which implies that u is a weak solution to problem (II)). Combining the above two equalities,
and taking ¢ = u, one obtains
(I'(u),u) = 0, (3.10)

and
2. =0,(1), n-—o0c. (3.11)

[[wn[* = llwn

In addition, by the Sobolev embedding one has

2 <S5 |wa|?T <0, YneN. (3.12)

[|wn,

In view of B3)), II) and (3I2), it is easy to see that there is a subsequence of {w,} such
that
Jim l|wn |3 = lim. lwn|/? =1>0. (3.13)

oX*k ox

Letting n — oo in B12), we have | < S~7z7] el If I > 0, then

2

I>87 2 =38 (3.14)
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On one hand, with the help of [BI0), we can derive

1 1 2 o
() = I(u) — 3 (1'(w),0) = gllul} + |ull3 > 0,
since p > 0.
On the other hand, in view of B3), 4), B.8), B9) and the fact that I(u,) = ¢+ 0,(1)

as n — 0o, we have

on(1) + ¢ =T(uy) = wy+;mﬂ2—;JmM@i+%u% n — oo,
Thus, we can deduce that
I(u) = ¢ — glwal + szl +0u(1), n oo,
From this and recalling (813) and (3I4) one has

1 1

Hu)=c— (5_ 2+

2
)1§C—NS%<0,

a contradiction. Thus, lim |w,|* =1 =0, i.e., u, — u in HZ(Q) as n — oco. The proof is
n—r00

complete. [l

The case u < 0 is quite different from the case pu > 0 since we can not check the (PS).
condition in general. However, we can still obtain a nontrivial weak solution by apply the

Mountain Pass Lemma without (PS). condition.

Lemma 3.5. Assume that N >5, 1 <0, A € R and ¢ € (—00,0) U (0, ¢(S)), where ¢(S) is
given in Lemma[T4} If {u,} is a (PS). sequence of I, then there exists a u € HZ(Q)\{0} such
that u, — u in HZ(Q) as n — oo and u is a nontrivial weak solution to problem (LT)).

Proof. From Lemma B3] we know that {u,} is bounded in HZ(f2). Therefore, (B3)) and (B4
are valid. As was done in proving Lemma B4 set w, = w, — u. Then {w,} is bounded in
HZ(Q), and there exists a subsequence of {w,,}, still denoted by {w,,}, such that

lim |lw,|*=1>0.
n—oo

In view of ([33) and Brézis-Lieb’s lemma, we know that (B.8) and [B.3) are still valid. From

the definition of the (PS). sequence, we have, as n — oo,
I'(uy) — 0in H2(Q),  I(u,) — c. (3.15)
This, together with (B3), B8) and @), shows that, for any ¢ € H3(Q),
on(1) = (I'(un), &) = (I'(u),¢) + on(1),  n — o,

i.e., u is a weak solution to problem (LTI
Next, we claim that u # 0. Assume on the contrary that u = 0. Following from (B3)), 34,

B3), B3) and BI5), we have

0n(1) = (I'(un), un) = lwa|® = lwal3e + 0n(1), 1 — oo, (3.16)
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and

1 "
on(1) +c=I(u,) = 5||wn||2 - 2 Fon(1), n — 0o. (3.17)

It then follows from (BI6]) that there is a subsequence of {w,} such that

lim ||Jwy,
n—r00

20 = lim [Jw,|?>=1>0.
n—oo
Letting n — oo in (B12), we also have [ < S=*1*s . In what follows, we are going to show
that [ > 0. In fact, if [ = 0, one has
lim |jw,|/%. = lim |Jw,|* = 0.
n—oo n—oo

This, together with (BIT), implies that I(u,) — 0 as n — oo, which contradicts with the
assumption that ¢ # 0. Therefore, [ > 0 and ([BI4) still holds. Letting n — oo in (B17) and
recalling (BI4]), one has

11 2
— - — > _ 4§71
¢ (2 2**)Z—NS4’

a contradiction. Therefore, u is a nontrivial weak solution to problem ([I)). This completes
the proof. O

The successful application of the Mountain Pass Lemma in proving the existence of weak
solutions is based on the following lemma.

Lemma 3.6. Assume that N > 5 and (\,pn) € AUBUC. If there exists a u* € HZ(Q)\{0}
such that
sup I(tu™) < ¢(9), (3.18)
>0

where ¢(S) is given in Lemma[37], then problem (L)) possesses a nontrivial weak solution.

Proof. From Lemma [B2] one sees that I has a mountain pass geometry around 0 if (A, u) €
AUBUC. Thus, according to the Mountain Pass Lemma without (PS). condition stated in
Lemma 2] there exists a sequence {u,} C HZ () such that I(u,) — c¢o and I'(u,) — 0 in
H~2(Q) as n — oo, where
0<f<co= irelfrtlrl[g>1<]f(7(t)) and T = {y € C([0,1], H5(2)) : 7(0) = 0,7(1) = ty-u"},
Y €10,

(3.19)
and t,» > 0 is determined in the proof of Lemma B2 such that I(¢,»u*) < 0. According to the
assumption (BI8]), we have

co < max I(tty~u™) <supI(tu®) < ¢(S). (3.20)
t€[0,1] >0

Next, we are going to prove the existence of nontrivial weak solutions to problem (ITJ).
When p > 0, according to (320) and Lemma B4l we know that there exists a convergent
subsequence of {u,}, still denoted by {u,}, such that u, — w in H3(Q) as n — oo, which
implies that I(u) = ¢p and I'(u) = 0, i.e., u is a mountain pass type solution to problem (LTI
When p < 0, following from ([B20) and Lemma[3H] it is easy to see that problem (L)) possesses
a nontrivial weak solution. The proof is complete. O

14



4 Proofs of the main results

In view of Lemma [3.6] one sees that it is sufficient to find u* € H3(Q) satisfying BIS) to
show the existence of weak solutions to problem ([T]). Inspired by Brezis and Nirenberg [§] and
Deng et al. [10], we shall do this with the help of the truncated Talenti functions. Without loss
of generality, we may assume that 0 € € is the geometric center of 2. Thus, pa. = dist(0,00Q).
For any € > 0, define

N—-4

Ude)=Cn—0— . z€RV, (4.1)

N—4

(€% +[z[?) ™=

where Cy = [N(N — 4)(N? — 4)]¥ Then U.(x) is a solution of the critical problem

Azu:uz**fl, zeRY, N>5,
o 2 U112
and ||[U]]2 = |U|2; = ¥, where S = i MQ::”S!.
weHF OV} [lull3-+  [|Ue[3--

We have the following estimates on the Talenti functions with a cut-off function (see [19]).
Lemma 4.1. Assume that N > 5. Let ¢ € C5°(§2) be a cut-off function such that p(x) =
e(z]), 0 < p(x) <1 forxz e, and

1, |z| <p,
p(z) =
0, |z|>2p,

where p > 0 is a constant such that Ba,(0) C Q. Set u.(x) = ¢(x)U:(x). Suppose that e — 0.
Then

luc]® = §% + 0N ),
Juc)|3 = ST + O(N).

In what follows, by carefully estimating each term of v,,_(t) we shall verify that ([B.I8]) holds
with u* = u. for suitable . The discussion will be divided into three cases, i.e., N > 9, N =8
and N =5,6,7.

4.1 The case N > 9.

Lemma 4.2. If N > 9, then, as ¢ — 0,

1
2 _ 2 4 N—-4
HUEHZ - CNE /]RN (1 + |y|2)N—4dy + O(E )a (42)
and . )
2 2 _ 2 4 4

Proof. Using (1)), the properties of the cut-off function ¢, change of variable, and polar coor-

dinates transformation, we have

|mﬁ:/wwm
Q
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) 5N74 ) ) 5N74
=C / L — e, / P ——
N g, (€2 +|z)N1 N Jpom, (€2 + [N

=C3 / eh " Ndy + 0N
b T

€

1
— 2 / —/ L ay+oEv
v ( 5, ) Ty H o)

1
:CQ 4/ d +O N74,
N fon T Ry +OET)

where we have used the fact that

/ ¢ g EN_: —dz < aN_4/ 72&74) dz = 0N,
Bo\B, (€% +[z]?) B2,\B, 7|

and
1 +o0o TNfl +oo 1 Nog
S S S — _dr=0(EN"®). (44
/BC 1+ [y)N—* Y WN/E 1+ 2N T—‘*’N/ﬁ N7 dr ™ 7°) (4.4)
g 5 e

This shows ([{2).
Next we prove ([@3]). According to the definition of ., we have

/uglnugd;v:/goszln(gosz)d;v:/ U829021ng02dx+/ QU InU2dz .= T+ 11. (4.5)
Q Q Q Q

To calculate I and II, we first estimate fB2p\BP Ua%d:t with ﬁ <k < 1and k > 1,

respectively. When ﬁ < k < 1, one has

2% 2%k gtV =4
Ufdxe =C / dz
/BZP\BP ) ¥ Jpon, (2 + 2PV
2%, _N—k(N—4) * yM ! 2%, _N—k(N—4) oo yV !
=CnwnNE /p Wdy < CN WNE /0 (1 =+ yz)k(N—4) dy
= 0(e"). (4.6)

When k£ > 1, we deduce that

/ Us%dx = C?Vk/ S dz < C?vkak(N_4) / _ 1 dz
B2,\B, Ba,\B, (2 + |:1:|2)k(N*4) Bap\B, |I|2k(N74)

= 0(e%). (4.7)

By recalling the fact that 0 < ¢ <1 with (2.3 and applying (7)) with k£ = 1, we have

e

|7 < 1/ UZdz = O(g%). (4.8)
B2p\Bp
Set

II = / UZ2lnUZdr + / U2 InU2dw := 1) + I1>. (4.9)
Bp B2P\BP
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Using (Z8) with § > 0 satisfying ﬁ <1-4¢ <1, we have
I1I,| < / |U2InU2|dz < CM/ (U20+e) 1 g20-)dg = O(e4), (4.10)
B2,\B B2,\B,
where the last equality is justified by (@8] and (£71). In addition, one has

N—-4 C]2V5N74

g
I = C? 1 d
' N/Bp @+ 2P)N 1 (@ g )N

202/ e’ In Ck dy
N, (L4 [yHN=1 7 eN-A(1 4 [y[2)N -1

= (N —4)C%e* 1%/35 dec}"va‘*/}% (1+|y1|2>N,4 In (1+|2]|2§)N4dy
= (N—4)CJQVE41H§ ~/]RN_~/% Wdy

FOe /Bg T e
= (N — 4)C%&* lné/RN Wdy+0(54), (4.11)

where we have used ([£4) and the fact that

| L X gy
5, A+ PN T+ )y

1 1
< |InC% / ———dy + N—4/ — —In(1+ |y|*)d
B N (A A

1 4 1
< |lnC? ————d N —4)- —d
=l N'/RN CEATREER A )e/RN L+ PNt

<C.

Notice that we have used (Z7T) with o = % in the last but one inequality. Therefore, in

accordance with (£H), (@8), (£9), (@I0) and [@IT), one obtains [3)). The proof is complete.
O

Then, we verify condition BI8]) for N > 9 with the help of Lemma 21
Lemma 4.3. If N > 9, 4> 0 and \ € R, then condition [BI8) holds.

Proof. Since pu > 0, for u. given in Lemma Il one has }iné Py, (t) = 0, 1y (t) > 0 for t >0
—
suitably small and , ligl . (t) = —oo uniformly for e € (0,e1), where &1 > 0 is a suitably
— 400

small but fixed number. Thus, for each € € (0, 1), there exists a t. € (0, +00) such that

sup I (tue) = sup ¢y, (t) = o, (te),
t>0 t>0

17



and
0= 7/};5 (ts) = ts(”Ust - AH“E”% - .U/ ug ln(t5u5)2dx - t? _2”“5”%**),
Q
that is

See + pillue ]3It (4.12)

uell? = Alue? — p /Q wInuide = 277 |u.

We first show that there exist 0 < Ty < T such that T, < ¢, < TP for all suitably small «.
From (ETI2), Lemmas 1] and 2] one has, for suitably small ¢,

25% > —5%127 2 — C|Int?,

N =

which implies that ¢. is bounded from above. On the other hand, by (I2), Lemmas [£1]
and making use of ([27)) with o = 1, one also has

1 o

55% <2572 2 o,

which implies that ¢. is bounded from below by some positive constant.
Set

1

) - -

h(t) :== §t2||u5||2 - 2**{4’ Uel|3ee, > 0. (4.13)
Direct computation shows that h takes its maximum at ¢t := ( ”l“i!**) and by Lemma

(A1l one has ’

2 (ucll \* _ 2
* Ue N N—4

h(tl) = — =—=5140 — 0. 4.14
-5 (i) - Estroe ., e (4.14)

Thus, in view of [@I4), Lemma 2 and recalling Ty < t. < T° and u > 0, one sees, for € small
enough, that

1 1 1 1
sup T(tus) = h(te) = M2 el + 52 uel3 — Sullucl 32 e — S / W Inulde
t>0 Q

1 1 1
)= Ml = 5t 2 = Dl = 5t [ w2 inidda

2 N 1
< =87 +0(*) — Cue*In =
SN +0(e) petln -
2 N
< =87
N 4
Fix such an € > 0 and take u* = u.. The proof is complete. O

4.2 The case N = 8.

Lemma 4.4. If N =8, then, as ¢ — 0,

1
luel3 = 1920wse* In = + O(e*), (4.15)
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1 1920(£? 2)2
/ u? Inu?dz > 1920wge® In = In (#) +0(e"), (4.16)
o € e (€2 + 4p2)4
and
1. (1920e% (£2 + 4p?)>
27,0 .2 4 4
/QuE Inuzdz < 1920wse™ In - In < EFYSL + O(e%). (4.17)

Proof. By definition

4 4
2 9

2 _ 1920/ __° __4d +1920/ _  dw=TI41I, 418
(e || 5, (2 +[a?)! x sz\Bp<p (2 1 [22)° z (4.18)

where
! 4 L 4
[11] < 1920/ —————dx <1920¢ / —dz = O(e"), (4.19)
Bo\B, (82 + |2[?)* Bo\B, 1Z[®
and
1920, 7 O .
I: 2 wse ‘/0 md(g +’l° )
1920 , [* 1 3e? 3t eb 9 o
=" - - d
g 8¢ /0 [€2+T‘2 (e2 +1r2)2 N (24+712)3  (241r2)4 e+
1920 9 . o 32 3et o r
= 1 j—
g 8¢ [D(E Tt a e 2+ 31 2p |,
1920 32 3et gl 11

1
= 1920wse” In = + ——wse” |In(e? + p? —
wee Mg e {n(g MR g2+ p2  2(e2 4 p?)? * 3(e24+p2)3 6

1
= 1920wge® In -+ O(e"). (4.20)

From ([{I8), (II19) and [@20), we immediately obtain ([@I5]).

Now, we are going to estimate the logarithmic term. Notice that

4

4
2 2 2 € 2 €
1 dxz = 1920 —— In [19200* ——— | d
/Q“E et /gﬁ” (€ F [a?)? “[ 4 <e?+|x|2>4] !
4

gt et 5
= 1920 / ©* In dz + 1920 1n(1920) / O —————dx
By, (€ [x)t (2 + |2[?)? By, (824 [2)
4
€
+1920 / O Inp’dz
BB, (€2 +[z[?)?
=10 + I, + Is. (4.21)
Recalling (2, one has
1920 4 1920 1
|I5] < / 5 c spdr < 64/ —gdv =0(eh). (4.22)
e Jp,\B, (€2 +[z[?) € Ba\B, 17
It follows from ([@20) and (£22) that
4 , 4
I, = 19201n(1920) / = _dx +19201n(1920) / P —
B, (€% +[z?)* Ba\B, (€2 +[z?)?
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1
= 19201n(1920)wse? In = + O(e*).
€
In addition, by a direct computation, we have

I 1920/ o? <, 1
1= 2 2)4 1
Bap  (E2F2[?) L4 [1+(1|)2]

£

(4.23)

(4.24)

1 2 et 2 : || ?

:4-1920111—/ <p7dx—4~1920/ p————1In 1—|—<—) dx
€ Jpyp (€2 [z)? Bap (£ [zP)* €

= I11 + 1o

Applying similar argument to the proof of ([@.20), one has
Iy >4 19201n1/ S
e e Jp, @+ [Pt
1 3¢e? 3et £

1 1
=4-1920wse® In ~ {ln -+3 {m(sz +p%) +
e e

2
= 4-1920wge? <1n é) +2-1920wse In é In 82;7”2 +0
and
€ Jp,, (€% + |z[*)*
32

24 p2 2(e2 + p2)2

1
61 -
(),

3t

N 6 11
3(e2+p%)3 6

(4.25)

1 1 1
=4-1920wse In B {ln - + 3 [1n(52 +4p%) +

52+4p2
1L
€6

()

1\? 1
= 4-1920wge? (ln g> +2-1920wse? In . In

On the other hand,

9
-1920/ —_—
Bap (€2 + [22)

4

Iip > —4

e24+4p2  2(e2 4 4p?)?

+O(e8 lné).

=701 3 3
- 1920wse? —
s /0 T12  Wree 0t r2)p
=701 3
-1920w854/ +
0 L

(1+72)
!
- 1920wse? -
wg&'/o _1+’I”2

- 1920wse?

Y

Y

2p
€

(ln(l + 7‘2))2 +3In(1+ 7‘2)}

0
1
- 1920wge™ { 5

20

T +1r2>4}

3} In(1 4 r*)d(1 + r?)

3 2
+T2}d(1+r)

b 11
+ -
3(e2 + 4p2)3 6

(4.26)

In(1 4+ r*)d(1 + r?)

1] 1
{ln(s2 +4p?) +21n g} +3 {111(52 +4p%) +21In g} }



2
1
= —4-1920wge? (m g) —4-1920wsge* In — ln(a +4p%) — 1920wse* (In(e? + 4p2))2
— 6 - 1920wse® In(e? + 4p%) — 12 - 1920wge” In 2 .

1 2
= —4-1920wse* <1ng> —4-1920wge* In = 1n[ (2 +4p%)] + O(e"), (4.27)

4

9
I3 <-4-1920 [ —~————1In
v /B (€% + [a]?)*

where we have used (Z7) with o = 2 and the fact that 5 < 1. Similar to (@.21), we have
6

v (1) ]dx

I3
= —2 . 1920wg€4/() m 111(1 + 7"2)(1(1 =+ ’I”2)

P
e 1 3 3 1

= —2-1920wse? - _ (1 12V 2

o /0 [ 1+72 (1+r2)2+(1+r2)3 (1_,_7«2)4} n(l+77)d(1 + %)

g 1 3 1

< —2-1920wse? — _ (1 4+ 72)d(1 4 12

B e /; _1+T‘2 (1+r2)2 (1+T‘2)4] n(1+7r7)d(1 +77)
: 3 1

< —2-1920wse* . (142 — B A1 42

- e /o [1+12 n(l+77) 1+ 72 1+r2] (1+77)

P
1 g
= —2.1920wse* [5 (In(1+ T2))2 —4In(1 + r2)}
0
11? s o 1
= —2-1920wge? lna +p?) —|—21ng —4 |In(e +p)—|—21ng
= —4-1920wge? ( ) —4-1920wsge* In — ln(£2 + p?) — 1920wse? (In(e? + p2))2

+ 8- 1920wse® In(e? + p?) + 16 - 1920wge® ln -

4 1\ e2+p
= —4-1920wge™ [ In z) - 4 - 1920w85 ln In
et

) +0(Y). (4.28)
Therefore, from ([L2I)-([#28)), we conclude that

g2 4+ p?

11
6

1 1
/ w?Inu?dz > 4 - 1920wge* (ln E) + 2 - 1920wge* ln 5 In +0(%In E)
Q

e

1 2
— 4-1920wse* (mg) —4-1920wge In = 1n[ (% +4p*)] + O(e")

+ 1920 1n(1920)wse? n 2 -+ O(e)
1 1920(e? )2
= 1920wse® In = In (#) + 0(eh),
€ e (e2 4+ 4p?)t
and

2 2 2

1 4 1
/ u?InuZdzr < 4-1920wge* (ln E) + 2 - 1920wge* ln In # +0(%In E)
Q

e 6
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2 2 2
1 1
4 1920wge? (1ng> 41920’ In < In (5 L ) +O(eh)
&

1
+ 1920 In(1920)wse® In -+ o(e")

1 1920 (22 + 4p2)2
_1920w854ln—1n< 920 (€ +4p7) >+O(E4).
&

(2 + p2)t
This completes the proof. [l

With Lemma 4] at hand, we will verify condition (BI8]) for N = 8 under appropriate

assumptions on A, p and 2.

925 .1920en T 7
b |

4 7
pma;ﬂ

Lemma 4.5. Assume that N = 8. If (A\,u) € A or (A, u) € BUC with
then BI8) holds.

Proof. As in the proof of LemmalL3] one has }ir% Wy, (t) = 0 and , 1i+m ¥y, (t) = —oo uniformly
= )

for € € (0,22), where 3 > 0 is a suitably small but fixed number and u. is given in Lemma [Tl
This, together with Lemma B2] implies that there is a . € (0, +00) satisfying (L.I12)) and

1 1 1 1
sup T(tus) = h(te) — SN el + 5 ucl3 — Sullucl 3202 — 2y / u? Inulde, (4.29)
t>0 Q

where h is defined in {@I3). Moreover, there exist 0 < Ty < T such that
To <t.<T° (4.30)

for both © > 0 and p < 0. Indeed, the boundedness of ¢. for © > 0 and the upper bound of
te for 4 < 0 can be obtained by similar argument to that of the proof of Lemma 3l We only
need to show that ¢t. > T for u < 0. Suppose on the contrary that there exist a sequence {e,,}
such that €, — 0 and t., — 0 as n — oo. For each n, take v(1) = t,__u., in 3.19), where ¢,
is suitably large such that I(y(1)) < 0. From this, we have

0<pB<co<I(t,ue,)—0, n — 0o,

a contradiction. Thus, the positive lower bound of ¢. follows and (Z30) is valid.
On the basis of (A30), we claim that

ucl|22 nt? = o(e*|Ing|). (4.31)
Indeed, from ([@IH), we have
ucll3 = O(e*| nel). (4.32)

On the other hand, by (I30), (@II2), Lemmas [ and 4] one has

el = A3 — g fo unude — pljuc||3Int2

- PEE

£27 -2
) [[ue |3+
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ST 4+ 0(*In L
:M 1 e 0.
ST +0(e)

Consequently, t2Int2 — 0 as ¢ — 0. Combining this with ([@32)), one arrives at

|\u5|\§t§ 1nt§ B O(e4 1na|)t§ 1nt§

etllne| e4|Ine|

— 0, e —0,

which implies (Z3T]).
In what follows, we divide the proof into two cases.
Case 1: > 0.
50

A
den ™
Let p > 0 be such that ?ﬁl% > 1 and take € < p. Following from (£14), (A15), (@14,

o
@29), @E3T) and the fact that
(* +p*)? (P 1
(2 +4p) 7 (p2+4p2)*  625p"

one obtains

A 1
swuwaSM@—ﬂm/[@—wﬁ+ﬁmﬁ}m—wwm%m@
>0 2 Ql M 2

2 |~ 1 A 1
<SSt O(e*) - §ut§ {(; — 1)1920wge® In .
1. [1920(c2 + p?)2
+ 1920wge® In = In (M) ] +o(e* Inel)
€ es (2 +4p?)t
A
2 1 1, [1920en (2 + p?)?
< =81 +0(e) — Zput? [1920wge? In =1 41
<55 +O0EY 2/%[ wsetln 2o | = +o("|Inel)
2 1 1 [384ex %
< NS% +O0(e*) — FHC 1920wge® In=n <%5p4> + o(e*|Inel).
. 384en ™5
Recalling that p > 0 and T > 1, we know
P
2 N
sup [ (tus) < =85+,
tzlg (tue) N

for e suitably small. Fix such an € > 0 and take u* = u.. We obtain (B.IF]).
Case 2: ;1 < 0.

For this case we fix p = pmas and let € < p. Then, in view of ({14), @I5), @I7), (E29)
and (L3]), one obtains, for £ suitably small, that

1 A 1
sup I(tuc) < ne2) = o [ |3 = 2+ a2 o - Jululrt e
>0 2 Ql M 2

2
< NS% + O(e*) 4 o(e? Inel)
1, L1 oo 1 [1920eF (2 + 4p2)2
~ gut? (; — 1)1920wse™ In — + 1920wse* In — In CEYIL
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4

A 3
2 x PR a1 [1920eiF5 (£2 + 4p?)? A
< NS4 +O0() — §ut5 [19204;.}85 lng In @A) +o(e*|Ingl)
2 n a1 b 1. (25.1920ent% .
< NST +0(e%) — §MC 1920wse lngln — + o(e*|Inel),
where we have used the fact that ((652214;22))42 (;)2(4,;245)2 = i—i and p < 0. Noticing that
A, 34
25'1954% < 1, similar to Case 1, one sees that (3I8) holds with u* = u. for suitably small
€. The proof is complete. O

4.3 The case N =5,6,7.

Lemma 4.6. If N =5,6,7, then, as € — 0,

2p
ue|? = CwyeN 4 O Ndr + 0(eN73), 4.33
2 N
0

2p
/ w?lnu?dr = (N — 4)Chwne¥ ™4 1115/ O?rTNdr 4+ O(eN ). (4.34)
Q 0

Proof. We first estimate ||uc||3 with N =5,6,7, respectively. When N = 5, one has

2

2p
2 _ 2 2 € 2 22 T
[uellz = C5 /B%%’ mdx—C%%E/O e T de
2 2 2 2 2 2 2.2 e
:C5o.;55/0 or dr—C5w55/0 por S r
2p
= C§w5a/ o*ridr +1, (4.35)
0
where
20,2 2p 2
1] < C2use® / T dr < Clue? / T dr = 0(%) = 0(&). (4.36)
0o &°+r o T

When N = 6, one has

2 2 2 e 2 . 2 2 2 r
u.lls =C ———dx = Ciwge r——-—o—dr
[|uell2 G/szw (e + |2]2)2 646 /0 ' (e2 + r2)2
2p 2 4 2.2
2 2 2 2 2 9 € +2e7r
= Cuwee /0 Prdr — Cluge /0 PrE e

2p
= ngGaQ/ ordr + 11, (4.37)
0
where
2p 4 2,.3
9 9 e'r + 2e°r
|II| S OﬁWGE /0 md?"
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1 2 2 2 4 o 1 e? 2 2
d(e® +1°) + Ciwee - d(e® +7r7)
0

\

N |
o
€
(=)

m
(=}
S—
D
<
—

2 + 12)2 2412 (2422
2p 2 2p
= —30624%56; + C2wee? [ In(e? +r?) + _c
2 e2+1r2|, e2+r2) |,
= —lC2 656# + 10200684 + C2uwget 111(82 + 4p2) + i —Ilne? -1
276 e244p2 276 6 e2 4+ 4p?
= 0(&%). (4.38)

When N =7, direct computation shows that

2 2 2 e’ TN T
el =3 [ @ e = Chunet [
2 0

P R e +12)°
2p 2p 6 4,2 2,4
_ 2.3 2 2 3 5 €° + 3e*re + 3er
= Crwre /0 p-dr — Crwre /0 %) RS dr
2p
= C$w7g3/ o2dr + 111, (4.39)
0
where
2p 6 3 3 2.4
|[I1T] < C$w7€3/ * 2 —;—36 —dr
0 (e2+12)
207 322 3et e®
_ 02 3/ _ d
TwTe 0o e+ (e2+12)? - (e2 +7r2)? '

S

2

2103 3 1
= (? 54/ [ + + ] d
(e A F R V) BRI TRPE ) et

<02wa4/+00{3 TN S— }d
=TT 1+2 0+ a+y22] Y

=0(g"). (4.40)

Therefore, in accordance with ([{33)-(40), we obtain ([{33)).
Next, we consider [, uZ Inu?dz with N =5,6,7. One has, for N = 5,6,7, that

/u21nu2dx—C2/ 2LIH(C2 2L)dx
o TN T @ )Nt TN (@ )N

) 2p ) cN—4,N-1 cN—4
_CNwN/O %) 7(€2+ % In <CN<p 7( 2+T2)N_4)dr

= C% In(C%)wneN /
0

TSR
2 N-—4
+ (N —4)Cywne Ine / E —l—r2 — v 1d"
2 N—4 o 2 -
+ CN(UNE /0 "2} W lnga d'l"
2 Nea [P, PN 1
+ Cywie /0 g (2 + r2)N-4 In (2 +T2)N74dr
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=0+ 1+ Is+ 14, (4.41)

where

2p N—-1 2p
11| < C% In(C%)wyeN 4 / L —dr = O} In(C%)wyeN / P Ndr
0 0

r2(N—4)
= 0N, (4.42)
and in virtue of (2.3)),
L Nea [ PNl 1 Noa [P rN! N—4
According to (A33),
2p
I, = (N —4)C3wne™*Ine / O*rTNdr + 0N 3 1ne). (4.44)
0
As for I, we set
2 noa [7 rVt 1
I,=C - 1 d
4 NWNE /0 (2 + r2)N-4 n (2 + r2)N-4 r
2 Nea [0, PN 1
+ Cywne /p @ RS In (€2+r2)N_4dr
= 141 —|— 142. (445)

Similar to the proof of [@33)), it is shown that

2 Nea [ rNt 2, .2
I41 = —(N — 4.)CNWN€ ‘/O W ln(E —+r )dT
o (€2 4 r2)N—4 _ ;2N -8
= —(N —4)C3wye" 4/0 PN <1 - EFTare > In(e? + r?)dr

p
=—(N - 4)C]2VwNaN*4/ "N n(e? 4 r?)dr
0

o 2, 2\N-4 _ _2N-8
2 N—4 7-n (7 +77) -r 2, .2
+ (N —4)Ciwne /0 r EFTne In(e® + r)dr
= Iy11 + La12, (4.46)
where
1 2 Nea [ 2, 2\1.8-N
Ijjn = ——=(N —4)Cywne In(e” + r*)dr
S_N .
_ 1 N — 4)C2 N—4 J 18N 112 1 p2)] |P ot N d
__—8—N( —4)Cywne [r n(e —l—r)} 6 — ; o r
< 1 N — 4)C2 N—4 1 8=N (o2 4 2] g 27"97Nd
__—S—N( —4)CRwne [r n(e” 4+ )5 — A "
1
=gV - 4)Clwne™ {p* N In(e® + p?) + O(1)}
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= 0(eN ).

(4.47)

The estimate of 1412 will be done separately, depending on N. When N = 5, by applying

1
E1) with o = 1 and using — < 1, we have
e

4 82
|I412| = ng%&/o sz' 1n(€2 + 7'2)|d7‘

£ 2
<y
= Cune [ g (B0 ) [y

2

£ 2 £
< C2uset|Ine?| / Y dy + C§W5a4/ Y 5 In(1+y%)dy
0 0 Y

1+y2 1+

< C2uset|Ine?| /E 1dy + C52o.)554/5 y2dy
0 0
1
= C2wspe®|Ine?| + §C§W5p3<€
= 0O(e).
When N = 6, direct computation yields

P ety 4+ 223
Iy = 202 2/ ——
412 6W6E y (2122

= Cawege? /P el + 20 In(e? + r?)d(e? + r?)
o LEZ2+7r2)2 (24 1r2)2

In(e? + 72)dr

P
= ngﬁsﬁ/ (; In(e? + r?)d(e? + r?)
0

&2 +12)2
2 a4 f” 1 e In(e2 2)4(e2 2
+2C6wee 0 [52—1-7“2 B (524-7“2)2} n(e” +ro)d(em +)

P 1
—_C? 6‘/ In(e2 2)d(e2 2
GweE R EETE n(e® +r)d(e® +r°)

(4.48)

P
+ 2C2wee? /0 oy In(e? + r3)d(e? + %)
In(e? +r?) 1 r 2
= —0620.2686 [_ 2 1 r2 224 g2 . + Cﬁ2w654 (111(52 + T2)) ’g
In(e? +p?) Ine? 1 1 2
= —C2wge® [— s + o S + = + C2uweet {(ln(g2 +p%)" - (1n52)2}
= 0(£?).

When N =7, by applying [2.7) with o = 1, one has

P &b 4 3etpr? 4 324

[uns| = 3C3wre® | [In(e? + r2)[dr
0

(e2 + r2)3
703 3 1

=307 4/{ - + }121+2d

TWT7E 0 1+y2 (1+y2)2 (1+y2)3 | H(E ( Y ))| Y

ET 3 3
< 3C2we* In g2 / [ — + ]
<3G | T T TR T T

dy
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P

B 3 3 1
+3C% 4/[ — + }11+2d
Wy (TR T e P MO
—+o0 3 1 g
< 3C2wre?| Ing? / { + ] dy + 3C3w 54/ 4d
< 307w | 0 I+y*  (1+y?)3 Y T Y
= 0(g%). (4.50)
In conclusion, from [@ZI)-{50), we obtain ([@34]). The proof is complete. O

Now, we are able to verify condition (BI]) for N = 5,6, 7.
Lemma 4.7. Assume that N =5,6,7. If (\,n) € BUC, then [BI8) holds.

Proof. The proof is similar to the proof of Lemma and we only sketch the outline. Notice
that for e suitable small, we still have there is a t. € (0, +00) satisfying ([£29) and [@30). From
this, (AI4), and Lemma .0l one has

1 1 1
sup T(tue) < h(t2) = SN el — 5t (it + 1)l — St / @ Inulde
t>0 Q

+0EN Y — CueN"*1ne.

Then the conclusion follows by choosing u* = u,. with suitable small . The proof is complete.
O

By virtue of the above lemmas, we can establish the existence results for problem (ITJ).

Proof of Theorem [Z11. (i) When N > 8 and (), u) € A, following from Lemmas and L5
we know that condition ([BI8) holds. Consequently, there exists a mountain pass type solution
u to problem (LI)) from Lemma 3.6 Furthermore, in view of Remark B we know that u is a
ground state solution to problem (I.TJ). N

A
25 - 1920ents
(i1) When N =8, (A, p1) € BUC with ————

condition ([BI8) is valid. Thus, from Lemma Bﬂ,mife know that there exists a nontrivial weak
solution u to problem ([IIJ).

(#i1) When N = 5,6,7 and (A, ) € BUC, by combining Lemma B.6] with Lemma [£7] we
know that there exists a nontrivial weak solution u to problem (IIJ). The proof of Theorem
2Tl is complete. O

< 1, it follows from Lemma [£5] that

Finally, we give the proof of the nonexistence of positive solutions in the following.

Proof of Theorem [ZZ2. To this end, we assume by contradiction that problem ([I)) admits a
positive solution ug. Let ¢1(z) > 0 be the first eigenfunction corresponding to A1(€2). Then,
by integrating by parts, one has

/ A+ plnud +ud " Hugprdr = [, AugAgrdar = [, ¢1A%ugdz = A () [, uogrda,
Q
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or equivalently

/Q()\ —M(Q) + plnud + u Huggrda = 0.
Set

F@) =A=X(Q) 4+ pnt>+12" 72 t>0,

N—4
— — 8
7“(2] 4)) and

Direct computation shows that f attains its minimum at ¢ := (

1) > £ = =9

p(N—4) (—pN —4)
P m( 4

>+A—MGDZQ

by assumption. Following from ug € HZ(Q2) and ug > 0, ¢1 > 0, we claim that fQ f(up)ugprde >
N—4
0. Otherwise, f(ug) = 0 a.e. in , which implies that ug = (#) " ae. in Q, and this

contradicts with the assumption that ug € HZ(Q). Thus, we see that

0= /()\ — A (Q) + plnwud + ug**fz)uowdx = / f(ug)ugprda > 0,
Q Q

a contradiction. Hence problem () has no positive solutions. This completes the proof.
O
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