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hyperbolic conservation laws
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We introduce the concept of energy-variational solutions for hyperbolic
conservation laws. Intrinsically, these energy-variational solutions fulfill the
weak-strong uniqueness principle and the semi-flow property, and the set
of solutions is convex and weakly-star closed. The existence of energy-
variational solutions is proven via a suitable time-discretization scheme under
certain assumptions. This general result yields existence of energy-variational
solutions to the magnetohydrodynamical equations for ideal incompressible
fluids and to the Euler equations in both the incompressible and the com-
pressible case. Moreover, we show that energy-variational solutions to the
Euler equations coincide with dissipative weak solutions.
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1 Introduction

Hyperbolic conservation laws form a class of nonlinear evolution equations that is om-
nipresent in mathematical physics and its applications. These range from traffic mod-
els [26] over thermomechanics [9, Sec. 2.3] to fluid dynamics and weather forecast [33].
Even though this class of equations is so fundamental and plays such a prominent role
in the research of partial differential equations, up to now there is no suitable concept of
generalized solutions such that existence can be established for a large class of general
multi-dimensional hyperbolic conservation laws. To contribute to filling this gap, in this
article we propose the concept of energy-variational solutions.
We consider general conservation laws

QU +divF(U)=0 inT¢x(0,7T), (1.1a)
U(-,0) =Uy in T¢ (1.1b)

on the d-dimensional (flat) torus T¢, d € N, and for a finite time 7' € (0,00). Here
U:T¢x (0,T) - R™, m €N, denotes the unknown state variable, F : R™ — R™*? is a
given flux matrix depending on the state, and Uy € R™ denotes prescribed initial data.
As usual (c¢f. [14], Sec. 11.4.2]), we assume that there exists a strictly convex entropy
n : R™ —[0, 00] such that the total entropy £(U(t)) := [ra n(U(t)) dx is conserved along
smooth solutions, but which may decrease along non-smooth solutions. To ensure this,
we assume that

” (U):VDnU)dx =0

for all suitable U. This condition differs from the usual entropy-pair assumption, where
the existence of a corresponding entropy flux is required, but it allows for more general
entropy functions and therefore a larger class of conservation laws; see Remark 7] below
for further explanation. Observe that we use the letter £ to denote the total entropy since
in the considered examples the mathematical entropy is always played by the physical
energy of the respective system.

Hyperbolic conservation laws are well understood in one spatial dimension, that is, in
the case d = 1 or m = 1. Going back to the fundamental works of Hopf [22] and Lax [25],



the theory is nowadays fairly standard; see [14] and [9] for example. In contrast, the
one-dimensional theory cannot be transferred to the multi-dimensional case m,d > 2 im-
mediately, where a general solution concept that ensures solvability is missing. Instead,
solution concepts are usually constructed such that they fit to one specific conservation
law, and often there are several different concepts for the same equation.

A prominent example is the Euler system for inviscid fluid flow, for which DiPerna
and Majda established the existence of measure-valued solutions in the incompressible
case [11], and a weak-strong uniqueness principle was proven later in [5]. Weak-strong
uniqueness is another favorable property for any solution concept and means that a gen-
eralized solution coincides with a strong solution with the same initial data if the latter
exists. In the same article [5], the weak-strong uniqueness of measure-valued solutions
to hyperbolic conservation laws was shown, but the existence of these solutions is not
known and not expected to hold in general. The weak-strong uniqueness principle for
dissipative measure-valued solutions, where the measure-valued formulation is enriched
with a defect measure, was shown for more general conservation laws in [I9], but still
their existence remains unclear. In the case of the compressible Euler equations, the
existence of dissipative weak solutions, defined by enriching the weak formulation with
a defect measure, was shown in [4], and a weak-strong uniqueness principle was proved
in [20].

We shall see that both the incompressible and the compressible Euler equations can
be treated in the abstract framework of hyperbolic conservation laws presented here. In
particular, we establish existence of energy-variational solutions to both systems, and
we show that they coincide with the corresponding dissipative weak solutions. In this
respect, we present a new way to construct dissipative weak solutions for these equations.
As another example, we consider the equations of magnetohydrodynamics for an incom-
pressible ideal fluid, which means that the effects of viscosity and electrical resistivity are
neglected. While there are results on the local existence of strong solutions [31], 32} [10],
and a weak-strong uniqueness principle for measure-valued solutions was shown in [19],
the global existence of suitably generalized solutions seems to be unknown. By pro-
viding existence of energy-variational solutions to this system, the present work gives
the first result in this direction. We believe that the class of equations considered here
is quite general, and that the presented theory yields existence results for many other
conservation laws.

To explain the main idea of our solution concept, let us begin with the classical
approach towards a generalized solution concept for problem (I.Il), namely the notion
of weak solutions, defined via the weak formulation of (LTIal), that is, the identity

t t
U, ) +//dU-8t<I>+F(U):V<I>da:dT:0 (1.2)
S s JT

for s,t € [0,T] and all test functions ® in a suitable class Y of test functions. As
mentioned above, a natural assumption is that the total entropy is non-increasing along
solutions, which means that £(U )‘Z < 0if s < t. Combing this condition with (L2]), we



obtain the variational inequality

[5(U)—(U,<I>>}t+/t/TdU-6t<I>+F(U):V<I>dde§O (1.3)

for s < t and ® € Y. Since (LZ) can be recovered from (L3) (see also Lemma ZT0l
below), we may also take (L3]) to define weak solutions with non-increasing total entropy.
As explained above, existence of such weak solutions cannot be guaranteed for general
hyperbolic conservation laws, which is why we introduce the concept of energy-variational
solutions. The main idea is to replace the total mechanical entropy E(U) € L*°(0,T) with
an auxiliary entropy variable E € BV([0, T]), which may be seen as a turbulent entropy
and may exceed the mechanical entropy of the system. Additionally, we introduce the
difference £(U) — E < 0, weighted by a suitable factor £(®) > 0 depending on the test
function, into the equation (I3]). This leads to the inequality

[E - (U,®)]

t+/t“ U-02+FU):Vede+K(®)[EU) - E]|dT <0 (1.4)
s s Td

for s <t and ® € Y, which will serve as the basic inequality defining energy-variational
solutions. In particular, if we have E = £(U), then (I3)) is equivalent to (L), and
energy-variational solutions coincide with weak solutions. The crucial assumption for
our approach is that the function C is chosen in such a way that the mapping

U~ TdF(U) Vo dx + K(2)EWU)
is convex for any ® € Y. Under this assumption, (U, E) appears in ([4) in a convex
way, so that inequality (IL4]) is preserved under weak* convergence.

Note that the idea of relaxing the formulation of an evolution equation to a variational
inequality and providing convexity by introducing an additional term goes back to Pierre-
Louis Lions in the context of the incompressible Euler equations [27, Sec. 4.4]. Similar
solution concepts have recently been used in the context of fluids with viscosity as the
incompressible Navier—Stokes equations [24] and viscoelastic fluid models [13].

Besides showing existence of energy-variational solution via a semi-discretization in
time, which may justify their usefulness for numerical implementations, we further show
certain properties that are directly included in the solution concept, for example, a
weak-strong uniqueness principle. Furthermore, we introduce the concept of energy-
variational solutions in such a way that the semi-flow property is satisfied. This is a
desirable property of a solvability concept, in particular, when uniqueness of solutions
cannot be guaranteed; see [3] [4] for example.

As is the case for many generalized solution concepts, energy-variational solutions
may not be unique but instead capture all limits of suitable approximations. Hence,
additional selection criteria would have to be applied in order to choose the physically
relevant solution. This definitely requires further research, but we shall see that the class
of energy-variational solutions has desirable properties for such a selection process. In
particular, we prove that the set of energy-variational solutions is convex and weakly*



closed, which might make it possible to define an appropriate minimization problem on
this set (cf. [23]), and to identify the (unique) minimizer with the physically relevant
solution. For scalar conservation laws, Dafermos [8] proposed the entropy-rate admissi-
bility criterion to select the physically relevant solution. He was able to prove that in
a certain class this selection procedure coincides with a selection according to the well
established Lax-admissibility criterion [8]. It is worth noticing that for the auxiliary vari-
able E' € BV([0, T]) the entropy rate 0;E is well defined in the space of Radon measures,
and the proposed minimization of this value may be defined at least for finitely many
points in time. Therefore, it might be possible to follow Dafermos’s proposed criterion
in the present case. This is in accordance with the semi-discrete time-stepping scheme
proposed in ([B.8]) below, where the energy is minimized in every step, which might pro-
vide additional regularity for the minimizer as well as for the solution in the limit. This
question will be further investigated in the future, together with the performance of the
proposed semi-discretization in numerical experiments.

The article is organized as follows: In Section 2 we explain the relevant notation and
introduce the notion of energy-variational solutions for hyperbolic conservation laws.
We formulate the main result on their existence and collect several auxiliary lemmas.
Section Blis concerned with the study of energy-variational solutions to these hyperbolic
conservation laws. We derive a number of general properties of energy-variational so-
lutions, and we prove the existence of energy-variational solutions via the convergence
of a suitable time-discretization based on an iterative minimization procedure. After
considering the incompressible hydrodynamical equations and the incompressible Euler
equations in Section M], we deal with the compressible Euler equations in Section [

2 Preliminaries and main result

2.1 Notation

For d € N, we denote the scalar product of two vectors a,b € R? by a - b = ajb;,
and the Frobenius product of two matrices A,B € R™*? by A : B = A;;B;;. Here
and in the following, we tacitly use Einstein summation convention and implicitly sum
over repeated indices from 1 to d or m depending on the context. By R&X¢ R and

sym> “skw
ngxn‘i 4 we denote the sets of symmetric, skew-symmetric and symmetric positive semi-

definite d-dimensional matrices, respectively. The symbols (A)sym = (A + A") and
(A)gew = 3(A — AT) denote the symmetric and the skew-symmetric part of a matrix
A € R™ and by (A)sym,+ and (A)sym,—, we denote the positive semi-definite and the
negative semi-definite part of the symmetric matrix (A)sym, respectively. We usually
equip matrix spaces with the spectral norm |-|o defined by

|Als = sup a’ - Aa, (2.1)

la[=1

that is, |A|p is the square root of the largest eigenvalue of ATA. The dual norm of
the spectral norm with respect to the Frobenius product is the trace norm and denoted



Rdxd

by | - [5. For symmetric matrices § € R§;} we thus have |S]o = max;ecq . q3/);| and

IS|5 = ?:j|)\j|, where A\, j = 1,...,d, are the (real) eigenvalues of the matrix S. For
symmetric positive semi-definite matrices S € Rg;nﬁl 4+ we may write S|y = gl:j Aj =

S : I =tr(8), where I denotes the identity matrix in R4,

By T% := R? / Z we denote the d-dimensional (flat) torus equipped with the Lebesgue
measure. The Radon measures on T¢ taking values in ngxrff are denoted by M (T¢; Rglyxnﬁl)
which may be interpreted as the dual space of the corresponding continuous func-

tions, i.e., M(T% ngxn‘f) = (C(T9, ngxrg)) . Moreover, M(T¢%; Rg;;fﬁ is the class of
symmetric positive semi-definite Radon measures, which consists of Radon measures
e M(T ]ngxn‘f) such that for any £ € R? the measure € ® £ : i is nonnegative.

For a Banach space X, we denote its dual space by X*, and we use (-,-) to denote
the associated dual pairing. The space Cy([0,7];X) denotes the class of functions on
[0,T] taking values in X that are continuous with respect to the weak topology of X.
Analogously, the space Cq+([0,T]; X*) denotes the class of functions on [0, 7] taking val-
ues in X* that are continuous with respect to the weak* topology of X*. The space
L2 ([0, T7; X*) is the space of all function on [0, 7] taking values in X* that are Bochner
measurable and essentially bounded with respect to X* equipped with the weak* topol-
ogy.

We write x,, — x if a sequence (x,) C X converges weakly to some x € X, and
on — ¢ if a sequence (p,) C X* converges weakly* to some ¢ € X*. In spaces of

the form L°°(0,7T;X) we usually consider a mixture of the weak convergence in X and

weak™ convergence in L*°, which we call weak(*) convergence, and we write u, QR w if
a sequence (u,) C L*(0,T;X) converges weakly(*) to some u € L*>°(0,T;X), that is, if

T

Ve LNO,T;XY) : lim [ (un(t), f(1)) dt = /OT(u(t),f(t)>dt. (2.2)

n— o0 0

The total variation of a function F : [0,7] — R is given by

|Elrv(o,m) = sup Z|E te—1) — E(ty)],
0=tp<...<tn= Tk: 1

where the supremum is taken over all finite partitions of the interval [0,7]. We denote
the space of all integrable functions on [0, 7] with bounded variation by BV([0, T]), and
we equip this space with the norm || E|lgy o)) := IEllz10,7) + | ElTv(0,m)) (cf. [21).
Recall that an integrable function F has bounded variation if and only if its distribu-
tional derivative E’ is an element of M([0,T7]), the space of finite Radon measures on
[0, T]. Moreover, BV(]0,T]) coincides with the dual space of a Banach space, see [Il, Re-
mark 3.12] for example, and we usually work with the corresponding weak™ convergence,
which can be characterized by

E, >~ Ein BV(0,T]) <= FE,— EinLY0,T) and E, > E'in M([0,T)).

Note that the total variation of a decreasing non-negative function E can be estimated



by the initial value since

N
[Elrvqory = sup > (B(ty-1) — B(ty)) = E(0) — E(T) < E(0).

0=to<...<tn=T k=1

Let 77 : R — [0,00] be a convex, lower semi-continuous function with 7(0) = 0. The
domain of 7 is defined by domn = {x € R? | n(x) < oo}. We denote the convex
conjugate of n by n*, which is defined by

n*(2) = sup [z-y —n(y)] for all z € R™.
yeR™

Then n* is also convex, lower semi-continuous, non-negative and satisfies n*(0) = 0. We
introduce the subdifferential dn of n by

oy) ={zcR"|VgecR": n@) <nly) +z-@H—y)}

for y € R™. The subdifferential dn* of n* is defined analogously. Then the Fenchel
equivalences hold: For y,z € R? we have

zeonly) <= yeo(z) <= ny+nk)=zy. (2.3)

A proof of this well-known result can be found in [2, Prop 2.33] for example. If dn(y) is
a singleton for some y € R™, then 7 is Fréchet differentiable in y and dn(y) = {Dn(y)}.
In this case, we identify dn(y) with Dn(y).

2.2 Main result

We introduce the notion of energy-variational solutions to the hyperbolic conservation
law (LI)). Consider an entropy functional 1 : R™ — [0, 00], m € N. We define the total
entropy functional

E: LNTLR™) = [0,00],  EU) = U)dz (2.4)

n
Td

with domain dom € := {U € LY(T%4R™) | E(U) < oo}. As the set of test functions, we
consider a closed subspace Y of C1(T%;R™). We next collect further assumptions on 1,

F. and Y.

Hypothesis 2.1. Assume that n : R™ — [0,00] is a strictly convex and lower semi-
continuous function that satisfies 7(0) = 0 and has superlinear growth, that is,

lim ) =00. (2.5)
lyl o0 [yl

We assume that the set

D:={U € dom& | H{P,}pen C Y : Dy 0 ®,, = U in LY(T4R™)} (2.6)



is convex. Furthermore, let F : R™ — R™*¢ be a measurable function such that there
exists a constant C' > 0 with

Yy eR™: |F(y)| < Cnly) +1), (2.7)
and such that
VoY : /TdF(Dn*(CP(x))) . Vb(z)dz = 0. (2.8)

We further assume that there exists a convex and continuous function K : Y —[0, c0)
such that for any ® € Y the mapping

D—-R, U~ dF(U):VCIde—i—IC((b)E(U) (2.9)
T
is convex, lower semi-continuous and non-negative.
Before we further explain the assumptions made in Hypothesis 2.1} let us introduce the
notion of energy-variational solutions and formulate the main result on their existence.

Definition 2.2 (Energy-variational solutions). We call a pair (U, FE) € L>=(0,T;D) x
BV(]0,T]) an energy-variational solution to (LI) if £(U) < E a.e. on [0,T], if

[E— (U, )]

t_|_/t|:/ UatCI)—FF(U)V(I)dx+,C((I>)[€(U)_E] dr <0 (2.10)
s s Td

for a.a. s,t € (0,7T), s < t, including s = 0 with U(0) = Uy, and all ® € C}([0,T];Y),

While energy-variational solutions may not have much regularity at the outset, we shall
see that the initial value Uy is attained in the weak™ sense in Y*, and that U and E can
be redefined such that F is non-increasing and U € C,,+([0,T]; Y*), see Proposition 31
below.

As the main result of this article, we show existence of energy-variational solutions
under the previously specified assumptions.

Theorem 2.3 (Existence of energy-variational solutions). Let Hypothesis [Z1] be satis-
fied, and let Uy € D. Then there exists an energy-variational solution in the sense of
Definition [2.2 with E(0+) = EU)).

The proof of this theorem relies on a suitable time discretization and is provided in
Subsection B3l Next we further comment on the assumptions stated in Hypothesis 2.1]
and on the solution concept of energy-variational solutions.

Remark 2.4. Hypothesis 2] ensures, that the integrals in (Z8]) and (Z9) are well defined.
For the integral in (Z3) note that the estimate (Z7)) implies |[F o U| € L}(T9) for all
U € D. For the left-hand side of (Z8]), we first observe that dn* is single valued by
Lemma T3] below, since n has superlinear growth. The Fenchel equivalences (23] yield
the identity

n(Dn*(®(x))) = D" (®(x)) - ®(x) — 0" ((2)),
which shows that z +— n(Dn*(®(z))) is a continuous function on the compact set T¢ and

thus bounded for any ® € Y. Hence Dn* o ® € dom . Therefore, inequality (2.7)) yields
a bound for the integrand in (2.8]).



Remark 2.5. The convexity assumption on D can be seen as a compatibility condition
on the space Y and the entropy 1. We note that Dn* o ® € dom £ for ® € Y as shown
in Remark 241 Moreover, for any sequence {U,}n,en C D with bounded entropies,
E(U,,) < C, there is a convergent subsequence with limit U € D. Indeed, (Z5) yields
the existence of a subsequence weakly converging to U in L'(T%4R™) with £(U) < C,
see Lemma below. A diagonalization argument gives a sequence {®,, },eny C Y with
Dn* o ®, — U in L'(T?;R™), which shows U € D.

In the case of a quadratic functional 1(y) = aly|?, a > 0, the set D is the weak closure
of Y in L'(T%; R™). Since Y is a linear subspace and 7 is quadratic, this is nothing else
than the strong closure of Y in L?(T¢; R™). In particular, the convexity of ) is satisfied
trivially.

In the case Y = CY(T% R™), we have D = dom&. In particular, D is convex. Since
dom(9€) is dense in dom & (see |2, Corollary 2.44]) this follows from the above approx-
imation property and dom(9€) C D. To see the latter, let U € dom(9€). From [2,
Prop. 2.53], we infer that the existence of ® € L>°(T¢;R™) such that ®(z) € n(U(zx))
for a.a. x € T? that is, Dn*(®(x)) = U(x) by the Fenchel equivalences (Z3). The
density of C}(T¢;R™) in L>(T% R™) with respect to the weak* topology, guarantees the
existence of a sequence {®,}neny C CH(TER™) with [9n | oo (ra;zmy < 1P| oo (1e,mm) and
®, — ® a.e. in T, see [6, Ex. 4.25]. Lebesgue’s convergence theorem allows to conclude
that Dn*(®,) —U in L'(T% R™) by the continuity of Dn*, which shows U € D.

Remark 2.6. Instead of assuming that n(0) = 0 and n > 0, we may consider a function
7 :R™ — (—00, 00| that attains its minimum at 0. Indeed, the original assumptions can
then be recovered by simply adding a suitable constant to 7.

Remark 2.7. Equation (Z.8]) ensures that the total entropy is conserved along smooth
solutions. Indeed, if U is a solution and all functions are sufficiently smooth, then we
formally have

d

SEU) = /T U - Dy(U) dz = /T [divPU)] - Dn(U) dar = /T F(U): VDy(U) dz =0,

where the last identity follows from (28] with ® = Dn(U). Classically, this conservation
property is ensured by requiring the existence of an entropy flux g : R™ — R? such that

Dn(y)" DF(y) = Dq(y)" (2.11)

for all y € R™, which is a shorthand for the relation

Dn(y)"DF;(y) = Dg;(y)"  (j=1,....d).

Clearly, this identity only makes sense if 1 and, in particular, F' are smooth enough.
This smoothness cannot be guaranteed for general conservation laws as we shall see in
Section [Blin the context of the compressible Euler equations. However, if this is the case,
then (2.8]) follows from (ZII)). Indeed, setting U = Dn*(®), that is, ® = Dn(U), and



integrating by parts, we deduce

/ F(Dy*(®)) : VP dz — / FU): VDy(U)dz — — / [DyU)T DF(U)] : VU dz
Td Td

Td
:—/ Dq(U):Vde:—/ divg(U)dz =0.
Td Td

Instead of verifying (2.8]) directly, one can also show existence of a vector field g: R™ —
R? such that g o Dn* € C*(R™; R%) and

VzeR™: F(Dn*(z)) = D[go Dn*|(2). (2.12)
This implies
F(Dn*(2))Ve = div [g(Dn*(2))]

for all ® € CY(T? R™), so that (ZS) follows from the divergence theorem. Observe that,
in contrast to (2.I1]), condition (ZI2) does not require F' to be differentiable. Moreover,
we do not require differentiability of ¢ and Dn* but merely of their composition. This dis-
tinction can be helpful since there are standard cases where n* is not twice differentiable,
for example, the compressible Euler equations, which we study in Section [Bl

Formally, the relations (ZI12)) and (ZII) are equivalent in the case that n* € C2(R™)
and D?n*(z) is invertible at each z € R™. Indeed, choosing y = Dn*(z), we find by (23)
and the chain rule that

[Dn(Dn*(2))" DF (Drj* (2)) — Da(Dn*(2))] D*n*(2)
= 2" DIF (D1’ (2))] — Dlg(Dn* (2))]
= D[z"F(Dn*(2)) - q(Dn*(2))] = F(Dr*(2)).-
Hence, ([2.I1)) is satisfied if and only if (ZI2)) holds for g(U) = Dn(U)"F(U) — q(U).
Remark 2.8. In case that F' is entropy-convex, i.e., there exists a constant A > 0 such
that |F|+ An is a convex, weakly lower semi-continuous function on R™, we may choose

K(®) = A|V®|| oo (ray. We shall use a similar functional K in Subsection BTl but finer
choices may be possible as we shall see in Subsection and Section

Remark 2.9 (Boundary conditions). In order to simplify the analysis, we restrict our-
selves to the case of periodic boundary conditions. But the method can also be adapted
to more general boundary conditions. These can usually be included into our framework
by modification of the space of test functions Y; see also Remark below.

2.3 Auxiliary results

Before we start with the analysis of energy-variational solutions, we prepare several
auxiliary lemmas. We start with the following basic result on an affine linear variational
inequality.

Lemma 2.10. Let X be a Banach space, and let ai,as € R and y1,ys € X* such that
ar + (y1,7) < az + (y2, )

for all x € X. Then a1 < as and y1 = ys.

10



Proof. The choice x = 0 directly yields a1 < ao. To infer y; = yo, let x € X and A > 0.
Choosing z = Az and dividing by A, we deduce

Mlay 4+ (51, 2) < X lag + (g, 7).

A a passage to the limit A — oo yields (y;,Z) < (y2,Z). Choosing x = —Az and
proceeding in the same way results in the converse inequality, and we obtain (yj,z) =
(y2, ). Since z € X was arbitrary, this yields y; = yo and completes the proof. U

The next result yields the equivalence of a pointwise inequality and its variational
formulation.

Lemma 2.11. Let f € L'(0,T), g € L>(0,T) and go € R. Then the following two
statements are equivalent:

1. The inequality

- [T o ar+ [ orar - o) <o (213
holds for all ¢ € CL([0,T)) with ¢ > 0.
1. The inequality
o) ~(s) + [ 1) dr <o 214
holds for a.e. s, t € [0,T) with s < t, incllding s =0 if we replace g(0) with go.

If one of these conditions is satisfied, then g can be identified with a function in BV ([0, T])
such that

gt+) — g(s—) + / " frydr <0 (2.15)

for all s,t € [0,T) with s < t, where we set g(0—) = go. In particular, it holds g(0+) <
go and g(t+) < g(t—) for allt € (0,T).

Proof. To see that (Z13)) implies (Z.14]), one can use a standard procedure and approx-
imate the indicator function of the interval (s,¢) by elements of CL([0,T)). For the
inverse implication, first note that (2I4]) implies that g coincides a.e. with an element
of BV([0,T]). Hence, one-sided limits of ¢ exist in each point, and we deduce (2.15])
from (ZI4]). The choice s =t in (ZI4]) implies g(t+) < g(t—) and g(0+) < go. Now let
0 < ¢ € CL([0,T)) and consider a partition 0 = s <ty < s1 <t <---< sy <ty <T
of [0, 7] such that

¢ >0 in[tj_1,sj], ¢ <0 in[sj,t4], p=¢" =0 inty,T].
To show (ZI3]), we subdivide the left-hand side of this inequality accordingly. Since
¢ < 01in [s;,t;], we can use (ZI0]) with s = s; and integration by parts to estimate
t; t; T
- [T omemar <= [ o) (sts-) - [ 50 ar)ar
5j 5 5
t.

= =o6) (s6s-) = [ 10 ar) + osy)gtsi-) — [ 6(rrar

J J
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where for j = 0 we have to replace g(so—) with go. Since ¢' > 0 in [t;_1, s;], we can use
(2I5) with ¢t = s; in a similar way to conclude

[ s <= [T o@(stsn+ [ s ar)ar

ti—1 ti—1

= —p(s5)9(sj+) + &(tj—1) <g(‘9j+) + /tjjl f(r)d ) / 1 A

J

Summing up and using ¢ = ¢’ =0 in [ty,T], we obtain

—/ o(r dT+/ 7)dr — 6(0)g0

N
:_Z ¢'(r dT—Z 1 dT—l—/ (1) f(1)dr — ¢(0)g0
j=0" 53 tj—
N SJ+1
<3 6(s7) (als5—) — gls;+)) + zwj)( (s5014) — g(s,) + / )
=1 j=1

Since ¢ > 0, invoking inequality (2I5) and that g(t+) > g(t—), we can estimate the
terms in the last line by 0 and finally conclude (2I3)). O

Next we show an adaption of a well-known theorem by de la Vallée Poussin, see [28]
Sect. 1.2, Theorem 2] for example. For the sake of completeness, we give a proof here.
Observe that the statement remains valid if T? is replaced with any other finite measure
space.

Lemma 2.12. Let ¢ : R™ —[0,00] have superlinear growth, i.e., limy _, o ¥(y)/ly| =
00, and let F C LY (T4 R™) and C > 0 such that

vU e F: dq/)(U)dIBSC-
T

Then the set F is equi-integrable and therewith relatively weakly compact in L*(T¢;R™).

Proof. Let ¢ > 0 and set M = 2C'/e. By assumption, we can choose R > 0 so large that
ly| > R implies ¢(y) > M|y|. Let A C T¢ be a measurable set with |A| < 5%. Then

/ U|de = / U de+ U|de < RyAHi/ W(U(@))de < e
A {zeA||U(z)|<R} {z€A||U(z)|>R} M Jya

This shows

lim sup/ |U|dzx = 0,
|Al=0UeFr

that is, the equi-integrability of F. The relative weak compactness of F now follows
from the Dunford-Pattis theorem [12, Thm. 3.2.1]. O

The next lemma collects useful properties of a convex functionals with superlinear
growth.
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Lemma 2.13. Let n : R™ —[0,00] be a strictly convex, lower semi-continuous func-
tion with n(0) = 0 and (Z38). Then the set-valued operator On : R™ —R™ is mazimal
monotone and surjective. Moreover, the convex conjugate n* is globally defined and
continuously differentiable. In particular,

vze R (9n)7 ({2}) = 9n*(2) = {Dn"(2)}.

Proof. The subdifferential 9n induces a maximal monotone operator according to [2]
Thm. 2.43], and from [2, Prop. 2.47] we infer that this operator is surjective. The
Fenchel equivalences (Z3]) allow to identify this inverse with the subdifferential of the
conjugate n*. Note that n* is even Gateaux-differentiable [2) Rem. 2.41 and Prop. 2.40]
and continuous with domn* = R? [2, Prop. 2.25 and Thm. 2.14]. The assertion that dn*
is single-valued and continuous can be found in [29, Thm. 5.20]. O

We use some of these properties to prove the following lemma that shows a way how to
continuously interpolate between 0 and a given value in the range of £ defined in (24]).

Lemma 2.14. In the situation of Lemma [Z13, let ® € C(T%R™) and U = Dn* o ®.
Then the mapping

G:0,1] = [0,£(U)], o~ E(Dn*(a®))
s well defined, continuous and surjective.
Proof. Fix £ € T¢ and let y = U(x) € domdn and z = ®(x) € In(y). Consider
f:00,1] = [0,00], @ n(Dn*(az))

Since On* has full domain and is single valued according to Lemma 13|, the mapping
is well defined. Via the Fenchel equivalences (23]), we may further express f as

fla) =n(Dn*(az)) = (Dn*(az), az) —n*(az).

This shows that f(«a) is finite and that f is continuous since n* and Dn* are continuous
by Lemma 213l Moreover, f(0) = 0 and f(1) = n(y), and via Fenchel’s identity and the
monotonicity of Dn*, we further observe for 0 < f < a < 1 that

fla) = f(B) = (Dn*(az),az) — (Dn*(Bz) Bz) — (n"(az) — n*(B2))
> (Dn*(az), az) — (Dn*(Bz), Bz) + (Dn*(az), Bz — az)

p
a—p
Hence, f is a continuous and non-decreasing mapping with range [0,7(y)]. This implies
that the mapping G is well defined with 0 = G(0) < G(a) < G(1) = &E(U) for all
a € [0,1]. Using Lebesgue’s theorem on dominated convergence, we further conclude
that G is continuous, which also implies that G is surjective. O

(Dn*(az) — Dn*(Bz),0z — Bz) 2 0.

We shall also make use of the following result on the extension of certain linear func-
tionals.
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Lemma 2.15. Let Il : V=R be a linear continuous functional, where V is a closed
subspace of

U = {p € CH(T% x [0,T);RY) | /dgodgC =0},
T

Set
I:U — L0, T;C(T4RED), (W) = (Vh)sym.

Sym

and let p : LI(O,T;C(Td;RZl;,g)) — R be a sublinear mapping such that

VpeV: (L) <p(Z(¥)). (2.16)

Then there exists an element

R e (LY(0,T;C (T4 RE N = L%5.(0, T; M(T% REXDY)

sym sym
satisfying
Vo € L', T;C(TERE) + (—R, @) <p(@),  WpeV: (-RI{))= (L)

Proof. First consider ¥ € V with Z(3) = 0. This implies that 9 (-, ) is affine linear, and
since 9 € V is spatially periodic and has vanishing mean value, this is only possible for

¥ = 0. Therefore, 7 is injective, and on its image W = Z(V) we can define the functional
L by (L,U) = (I,%) for ¥ = Z(¢) € W. Then estimate (ZI6]) implies

(L,U) < p() (2.17)
for all ¥ € W C Ll(O,T;C(']I'd;Rg;g)). By the Hahn-Banach theorem (see e.g. [0,
Thm 1.1]), we may extend L from W to a linear functional on Ll(O,T;C(Td;ngXIg)).
Using the Riesz representation theorem, we may identify this extension with an object
—R such that the asserted properties are satisfied. O

3 Properties and existence of energy-variational solutions

In this section we collect several general properties of energy-variational solutions that
follow directly from Definition [Z2] Moreover, under additional regularity assumptions,
we can show a relative entropy inequality, which yields a weak-strong uniqueness prin-
ciple. Finally, in Subsection [33] we introduce a time-discrete scheme that leads to the
existence of energy-variational solutions as claimed in Theorem 2.3

3.1 General properties

Let us begin with some continuity properties of energy-variational solutions, which follow
directly from Definition 2.2

14



Proposition 3.1. Let (U, E) be an energy-variational solution in the sense of Defini-
tion [Z2. Then U and E can be redefined on a subset of [0,T] of measure zero such
that E is a non-increasing function and such that U € Cy=([0,T];Y*) with U(0) = Uy
in Y*. Then inequality (2I0) is fulfilled everywhere in [0,T] in the sense that for all
® € CY([0,T);Y) it holds

E— (U, )] tt+/t/TdU-8t<I>+F(U):V<1>+IC(<I>) EU) - B dedr <0 (3.1)

forall s <tel0,T), where E(0—) — (U(0—),®(0—)) := E(0+) — (Uop, ®(0)).

Proof. Setting ® = 0 in inequality (ZI0]), we infer that E]Z <0 for a.e. t > s € (0,7).
Since E € BV([0, T]), all left-sided and right-sided limits exist and E is continuous except
for countably many points, so that we can redefine E such that it is non-increasing. For
any fixed ® € C*([0,T]; Y) we further observe that

t

E-(U,8)]| < _/: | U024+ F(U): VO +K(®) [E(U) - F] dzds

S

IN

/: [/w n(U) + n*(8,@) dz + K(®)E| dr

for a.e. t > s € (0,7), where we used the Fenchel-Young inequality and the non-
negativity of the function in (2.9]). This implies that ¢t — E(t)—(U (t), ®(¢)) € BV([0, T]).
In particular, left-sided and right-sided limits of this function exist, and passing to those
limits in (ZI0) yields (3). Choosing now s = ¢t and ® € Y independent of time, we
infer that

[E—(U,®)| <0 forallte (0,7)and ®eY .

‘H-
Lemma 210 now yields U(t+) = U(t—) in Y* for all ¢t € (0,7T) i.e., we can redefine U
on a set of measure 0 such that U € Cy([0,T]; Y"). O

Proposition 3.2. Assume that for two elements V, W € D with (V — W ®) =0 for
all ® € Y it holds V.= W. Then we have U € C([0,T]; L' (T4 R™)). Furthermore, if
E(Uy) = E(0), the initial value is attained in the strong sense in L'(T%;R™).

Proof. Let t € [0,T] and consider a sequence {t,}neny C [0,7] with ¢, —¢. Then
EWU(t,)) < E(t,) < Ey for n € N, and from (Z5) and Lemma we infer that
the set {U(t,)}nen is relatively weakly compact in L'(T¢; R™). Hence, we may extract

a subsequence such that
Ul(ty,) — Ay in L'(THR™)

for some A; € D. As shown above, we also have
Ulty,) >U(t) in Y*.

We infer that (U(t),®) = (A, ®) for all & € Y. The assumption implies U(t) = A;.
Due to the uniqueness of the weak limit, all subsequences converge to this limit, so that

U € Cy([0, T]; L} (T4 R™)).

15



Moreover, if £(Uy) = E(0), we infer

> 1i > 1i > =
EO) > i B() > i EU ) > W) = B(0)
due to the monotonicity of the function E and the weak lower semi-continuity of £. We
conclude that E(U(t)) — EUy) as t — 0. Since we also have U(t) — Uy, from the strict
convexity of £, we infer that U(t) — Uy strongly in L'(T%; R™) by [I7, Thm. 10.20]. O

Remark 3.3 (Semi-flow property). We note that energy-variational solutions fulfill the
semi-flow property. This means that the restriction of a solution to a smaller time interval
as well as the concatenation of two solutions (U1, E7) and (Uj, Es) on subsequent time
intervals (to,tl) and (tl,tg) with (Ul(tl—),El(tl—)) = (Ug(tl—i—),Eg(tl—F)). is again a
solution. This follows from Proposition Bl due to inequality (31]) for all ¢ > s € [0, 7]
and the weak™ continuity of the solution.

Proposition 3.4 (Solution set). The set of all energy-variational solutions with common
initial value Uy € V is convex. Moreover, let E(Uy) < B for some B > 0, and let S be
the set of all energy-variational solutions (U, E) with initial value Uy € D and E(0) < B.
Then S is compact in L>=(0,T; L' (T?)) x BV([0,T]) with respect to the weak* topology
in BV([0, T]) and the weak(*) topology in L>(0,T; L*(T%)) defined in (22).

Proof. Using the convexity of £ and of the mapping from (239]), one readily sees that
all terms involving (U, E) appear in a convex way in (ZI0). Therefore, the convex
combination of two energy-variational solutions with coincident initial value is again an
energy-variational solution with the same initial value.

Now consider the set S. By Proposition B we may assume that for all (U, FE) €
S the function E is non-increasing, which implies that |E|py(o,r) < B. Due to the
inequality E(U (t)) < E(t) for a.a. t € [0,7] and the superlinear growth of 7, we infer
from Lemma and Helly’s selection theorem (cf. [2 Thm. 1.126]) that any sequence
in S contains a subsequence {(U", E™)},en such that

vr YUy i L0, T; LN(TY),
E" 2~ E  in BV([0,T]), (3.2)
E™(t) — E(t) forallte[0,T].

For the initial values, we may further extract a subsequence such that E™(0+) — Ey for
some Ey < B, and we have U"(0) = Uy for all n € N. Using Lemma 211 we may
rewrite the energy-variational inequality (210 in its weak form

- /OT ¢ [E" — (U™, @)] dt — ¢(0) [E"(0+) — (Uo, 2(0))]

+/OT¢

/WF(Un) Vo dr 4 K(®) [EU") - EM]| dt <0
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for all ¢ € CL([0,T)) with ¢ > 0 and for all ® € C'([0,7];Y). Via the convergences (3.2,
we may pass to the limit in this formulation and obtain, again by Lemma 2IT] the
formulation (ZI0). Moreover, the weak lower semi-continuity of £ allows to deduce that
E(t) > EU(t)) for a.e. t € (0,T). Consequently, (U, E) is an energy-variational solution
inS. O

Proposition 3.5. Let (U,E) € L*>(0,T;D) x BV([0,T]) be an energy-variational so-
lution in the sense of Definition [Z3, and let the regularity weight K be homogeneous
of degree one, i.e., K(a®) = afl(P) for all a € [0,00) and ® € Y. Then the inequal-
ity (2I0]) s equivalent to the two inequalities

t
E| <0, —({U,®)

S

t+/t/ U.0,0+F(U): Vodz+K(®) [EU) — ] dr <0 (3.3)
s s JTd

for a.a. s,t € (0,T), s <t, and for all ® € C*([0,T];Y).

Proof. Summation of the two inequalities in ([B.3]) directly gives the inequality (ZI0).
For the converse direction, the first inequality in ([B:3]) can be deduced from (2I0) by
choosing ® = 0. In order to infer the second inequality in ([B3), we choose ® = a¥
in (ZI0) for o > 0 and ¥ € C([0,T];Y). Multiplying the resulting inequality by é
implies

1 t t
[aE— <U,\If>} +/ /dU-at\IH—F(U) .V de + K(U) [EU) — E] dr < 0.
s s JT
Passing to the limit o — oo, we infer the second inequality in (33]). O

3.2 Relative entropy and weak-strong uniqueness

In order to derive a relative entropy inequality for energy-variational solutions, we make
the following assumptions on higher regularity of 7 and F' in the interior of the domain
of n.

Hypothesis 3.6. Let the assumptions of Hypothesis 21l be fulfilled. Set M := int domn
and assume that 7|, € C?(M;R) such that D?p(z) is positive definite for all z € M,

and that F|, € CH(M; R™*9) such that there exists a ¢ € C*(M;R?) fulfilling (Z12).

Under these regularity assumptions, we can introduce the relative total entropy func-
tional R : D x C*(T?; M) — R, which is given by

RUU) :=EU) - EU) — (DEWU),U -U). (3.4a)
Additionally, we define the relative form W : D x CY(T%; M) — R via
W(UIT) = / VDY) :(FW) ~ FO) ~ DFO)U-D)) dz + KO)RWUID) . (3.4D)
T
We note that the assumption U € C'(T¢; M) implies U € D, so that R(U|U) is finite.

Indeed, since 7 is continuous in the interior of its domain, the composition no U is a
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continuous function on the compact set T% and thus bounded, which yields £ (l} ) < oo.
Similarly, all compositions of functions in (3.4h]) are bounded, and W is well defined.
Moreover, both terms R and W are non-negative due to the convexity of n and of the
function from (29]), respectively.

Proposition 3.7 (Relative entropy inequality). Let (U, FE) be an energy-variational
solution in the sense of Definition [2.2, and let Hypothesis be satisfied. Then the
relative entropy inequality

[ROD) + E - )] \ —/ 0) [RU[D) + E ~ £U)] dr .
t 3.5
+ / {W(U|U) 4 /T (00 + avF@)) - D@V - ) dm} dr <0

holds for a.e. s,t € (0,T) and allU € C*(T¢ x [0,T]; M).

An immediate consequence of inequality (3.5 is the following weak-strong uniqueness
property.
Corollary 3.8 (Weak-strong uniqueness). Let Hypothesis[3.08l be satisfied. If there exists
a strong solution U € Cl(s,t;Y) N C([s,1);Y) to (LIA) in some interval (s,t) C [0,T],
then (U,E(U)) coincides with any energy-variational solution (U, E) € Cy»(0,T;Y") x
BV ([0, T]) in the sense of Definition 2.2 with (U(s), E(s—)) = (U(s),E(U(s))).

Proof. Since U is a strong solution on [s,#], it holds &,U + div F(U) = 0 in (s,t). For
any energy-variational solution (U, E) such that U(s) = U(s) and E(s—) = EU(s)), w
further observe 3

RU(s)|U(s))+ E(s—) —EU(s)) =0.

From the inequality (B.3]), we thus infer that
RUE)T) +Er+) - £U0) + [ W) dr
< / K@) [RWIT) + E - £@)] dr

for all » € [s,t]. The convexity of the function from (2.9 implies W > 0. From
Gronwall’s inequality, we infer that R(U|U) +E—-EU)<0in (s,t). Since E > EU),
this implies R(U|U) < 0, so that U = U due to the strict convexity of 7. O

Remark 3.9. The above weak-strong uniqueness result is stronger than the usual weak-
strong uniqueness results (cf. [5]). Usually, these results are stated in the sense that: If
there exists a strong solution emanating from the same initial data as the generalized
solution, then both solutions coincide as long as the strong one exists. The above result
also holds in case that the energy-variational solution coincides with a strong solution at
some later point s in the evolution. However, the solution has to satisfy E(s—) = E(U(s))
at such a point in time.

Note that here we do not claim existence of such regular solutions. There are many
different results on the existence of classical solutions on short time intervals for conser-
vation laws. We refer to [9, Ch. V] and the references therein.
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It remains to show the relative entropy inequality (3.5]).

Proof of Proposition 37 For any smooth function U € C*(T? x [0,T]; M), we observe
by the fundamental theorem of calculus and the product rule that

@) —(pe@ YU =U)-0,U —0,Dy(U) -Udzdr =0. (3.6)

Note that U only takes values in M such that the following calculations are rigorous.
Taking the derivative of the assumed relation (ZI2]) with respect to 2z, we infer

2
8Zk

Note that since 2 = Dn(Dn*(2)), we infer from the implicit function theorem that n*

DiF;;(Dn*(2))Diin* (2) = =—F;(Dn*(2)) = Di;la; o Dn*](z) .

is twice continuously differentiable with D?n*(2) = [D?n(Dn*(z))] ~' We may express
the derivative of F' via

DiFi;(Dn*(2)) = Di;la; o Dn*)(2) Diyn(Dn* (2)) -

Multiplying the above relation by D?n(Dn*(z)) from the left, we infer by the symmetry
of the second derivatives of ¢ and n that

Din(Dn’* (2)) DiF i(Diy (2)) = Din(Dn* (2)) Disla; © D) (2) Din(Di* (2))
= Djn(D* (2)) D F (D (2)) -

This symmetry can be used to calculate

= 0 = oU
Dinl0) 5 Fiy (0) = Din(0) DiF s (0) 52
7 7 8Ul —_— a . 7 .. 7
Din@)DnFy(0) 57 = 5o-Din(0) Dy (D).

which implies
divF(U) - D*n(U)U —U) = (DFU) : VU) - D*ypU)(U - U)
= DFU): VDy(U)® (U -U)
= VD) : (DFO)U - 1)) .

Additionally, we may set ® := DnU ) in (Z8)) in order to conclude from the Fenchel
equivalences (23] that

VD) : F(T) de = / Vo : F(Dy*(®))de = 0.
Td Td

Combining the last two equations, we find

0= / div F(U) - D*p(0)(U - U) dz — / V(@) : [F(O) + DF@)(U - U)] da.
Td Td
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Adding the above identities ([3.6) and ([37) to the inequality ([ZI0) with ® = Dn(U)
implies

t

(- £@) — (De@),U - )]

S

+/t /Td VDn(U) : (F(U) —-FO) —DF([]’)(U_[j)) de dr
—i—/t/Td (Btff—l—divF(ﬁ)) - D*p(0) (U—ff) dz + KO) [EU) — E] dr <0
which is (3.3]). -

3.3 Existence of energy-variational solutions

In this subsection we prove Theorem 2.3] that is, we show existence of energy-variational
solutions to the hyperbolic conservation law (). To do so, we introduce a semi-
discretization scheme in time. For N € N, we define 7 := T'//N, and we set t" := 7n for
n € {0,...,N} to obtain an equidistant partition of [0,7]. We set U? := Uy € D, and in
the n-th time step, n > 1, we compute U" from U™ ! € D by solving the minimization
problem

U" = arg min sup [ (E(U) — E(U"*I)) _ (U — U"*l, (I))
Uebie(U)<eUn1) €Y (3.8)

47 VT F(U): Vo de +K(®) (EU) - E(Unl))] ] '

Remark 3.10 (Comparison to time discretization for gradient flows). In the theory of
gradient flows it is nowadays standard to consider a time-discretization scheme based
on a sequential minimization [30, Chap. 6]. This is certainly a different setting than in
the problem considered here since the energy is not formally conserved along a gradient
flow but dissipated by some dissipation functional. Nevertheless, a similarity is that a
saddle-point problem has to be solved in every time step. The current algorithm can thus
be seen as a first generalization of this technique from gradient flows to more general
systems, also including Hamiltonian dynamics. A goal for the future is to combine
both approaches in order to find a suitable discretization scheme for general GENERIC
systems [I8], which combine dissipative and Hamiltonian effects.

Remark 3.11 (Solving the min-max problem numerically). It is worth observing that
the discrete optimization problem from (B.8]) is given in form of a saddle-point problem.
This is a standard problem in optimization theory and machine learning and there are
different tools to solve such a problem numerically [7].

Theorem 3.12 (Solution of the time-discrete problem). For each U"™' € D there exists
a unique solution U™ to the minimization problem (B.8]), and it holds

(1+7K(@)) (EU™") — EU™)) —(U" ~ U™, @) + T/ FU"):Vddz <0 (3.9)

Td
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forall® €Y.

Proof. The proof is divided into different steps:
Step 1: Functional framework. We define the set

= {venlew) <cwn )}
and the function

FLU®) = (1+7K@)) (EU) - U™ )) = (U-U"1 @) +7 | F):Vedz.

Then we solve the time-discrete minimization problem (B.8)) if we find a unique minimizer
U" € D" of the function

H:D" =R, HU)=supF,(U|®).
deY

Step 2: Min-mazx theorem. In order to show that

inf sup F,, (U|®) = sup 1nf Fa(U[2). (3.10)
Ueb” pey oYU
we apply a min-max theorem. Since £ is superlinear, the set D™ is weakly compact in
LY(T4;R™) by Lemma and the function U — F] (U|®) is convex and weakly lower
semi-continuous for every ® € Y. Moreover, the function ® — F7(U|®) is concave for
all U € D" since K is convex and E(U) < (U™ ). Therefore, BI0) follows from Fan’s
min-max theorem [15, Theorem 2].

Step 3: Inequality (3.9). We show infyyepn H(U) < 0. To do so, let & € Y be arbitrary
and define U = Dn* o ® and U= Dn* o (a®), where a > 0 is chosen as follows: If
EU) < EW™Y), weset @ =1, s0 that U =U. If EU) > EWU™Y), we let a € (0,1)
such that £(U) = EWU™ ), which is possible by Lemma T4l Then the assumed identity
([28) implies

F(O): Vo de — l/ F(Dy(ad(2))) : aVd(x) dz = 0.
Td « JTd

Since a® € 0& (U’), from the definition of the subdifferential of £ we obtain

Jnf Fr(U]@) < FI(U|®)

- l<l}'—U"_1,oz<1>>+7' 'IrdF(ﬁ) : Vo dx

(%

< (1 b rK(®) — é) (e@) - ew ") <o

The last inequality follows since a € (0,1] and EU) < EWU™ ). Because ® € Y was
arbitrary, identity (B.I0) implies infyepr H(U) < 0.
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Step 4: Solvability of the optimization problem. From the identity
HU) = (W) - @)

+sup (K@) ED) — £U™) — (-0 @)+ [

deY Td

F(U): Vo dx) ,

we conclude the strict convexity of the mapping H from the strict convexity of £ and the
convexity the function in the second line, which is the supremum of convex functions.
Additionally, H is not equal to +o0o0 everywhere due to Step 8. Furthermore, we observe
the coercivity of H via

HU) > Fi(U0) = EU) - £U")

since £ is superlinear, which also implies that D" is weakly compact in L'(T?) by
Lemma T2l In total, H is a strictly convex, lower semicontinuous and coercive function
on the compact set D™ and thus has a unique minimizer U". U

Proof of Theorem [ZZ3. We prove the existence of energy-variational solutions via the
convergence of a time-discretization scheme. We divide the proof into three steps.

Step 1: Discretized formulation. For N € N, let 7 = T/N and t" = nt as above.
Set U® = Uy, define U™ iteratively by ([3.8), and set E* := EU") for n € {0,...,N}.
Theorem guarantees that U" € D exists and satisfies

B (U U a)
(3.11)
+7 Md FU"):Vodz + K(®)[EU™) - E”l]} <0

for all ® € Y. For functions ¢ € C°([0,T);[0,00)) and ® € C([0,T];Y), we define
" = ¢(t") and ®" := ®(t") for n € {0,...,N}. Using ® = ®"~! in (FII)), multiplying

the resulting inequality by ¢"~! and summing this relation over n € {1,..., N} implies
N
Z |:¢n—1(En _ En—l) _ ¢n—1<Un _ Unfl’ q)n—1>}
n=1

N
473 gt [/T FU™) : Vo' dz + K@) (EU™) — E”l)] <0.

n=1

Since ¢V = 0, using a discrete integration-by-parts formula and dividing by 7 > 0, we
obtain

> [ww (U@ ) - g <U",

n=1 T

P — (Ianl

T

>] — ¢*(E(Uo) — (2°,Uy))

N
+3 g U FU™) : V& dz + K(@" ) (EU™) — E"l)} <0.
n=1 T4
(3.12)
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Step 2: Prolongations. We define the piece-wise constant prolongations
— U" forte (t" 1 n
UN(t) — ori e ( ) ]’
Uy fort=0,
— EW™) forte ("L EUYN) fort=T
EN(t) = ( ) orte ( ) ]a EN(t) . ( _)1 or ’ .
EWUy) fort=0, EWU") forte [t t").

Analogously, for test functions ¥ € C([0,T];X), where X is R or Y, we define the
piece-wise constant and piece-wise linear prolongations by

N, ™) forte ("t N . Ju(T) fort =T,
v = {1/1(0) for t =0, v = {w(tnl) for ¢ € [t"~1,tm),
IZN(t) — ¢(t") — w(tnil) (t . tn_l) + 1/1(75”_1) for t € [tn—17tn] )

T

With this notation, the discrete energy-variational inequality (3I2]) becomes
T -~ J— —_— —_— —_— -~
-/ <at<z>N Y - 0", 0] - 3" ", a8") + ¢NIC@N)EN) at
0 @

T N 77N N Ny e 77V
+/0 9 [ - FU ): Ve de+K(@V)EWU )| dt —¢(0) [EUg) — (9(0),Up)] <0
(3.13)

for all ® € C1([0,7];Y) and all ¢ € CL([0,T)) with ¢ > 0.
Step 3: Convergence. Since we have 0 < E(U™) < E(U™ '), we obtain that ¢ — EN(t)

and t — EN(t) are non-negative and non-increasing functions and as such bounded
in BV([0,T]) by the initial value E° = £U,). Moreover, by the superlinear growth

of n, we infer from E(UN(t)) < &(Uy) that the sequence {UN}NeN is bounded in
L>(0,7;D). Thus, we may extract (not-relabeled) subsequences such that there ex-
ist £, E € BV([0,T]) and U € L*(0,T;D) such that

TSN in L*(0,T; L' (T4 R™))
E", EY) 2~ (E, E) in BV([0,T]),

EN (), EN(t)) — (B(t), E(t))  forallt e [0,T],

where the weak(*) convergence in L°°(0,T; L' (T%;R™)) was defined in (2.2]), and where
we used Helly’s selection theorem (see [2, Thm. 1.126] for example). We next show

that E" and EN converge to the same limit, that is, E = E a.e. in (0,7). Due to the
monotony E” < E" !, we find

T N
/ B — BNt =S r(E"! — B") = 7(E(0) — EV) < 7E(0) — 0 as N — cc.
0

n=1
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Since BV([0, T]) continuously embeds into L!(0,T), this allows to identify E = E =: E.

Due to the pointwise convergence in [0,7] of EN, we infer from the weak lower semi-
continuity of £ that E > £(U) a.e. in (0,7"). We clearly have

0N — 8,0, EN — o, N = ¢ pointwise in [0,7] as N — oo,
3t§>N—>ath>7 N 59, VeV 5V in C(’]I‘d;Rm) pointwise in [0,7] as N — 0.

With these observations, we may pass to the limit in the weak form (3.I3]). We note that

T occurs linearly in the first line of ([BI3]). All other terms are bounded and converge
almost everywhere in (0,7"). This implies that

im [ [aﬂﬁN BY —@",oM)| - 3" 0", 0,8") + ¢NIC@N>EN} dt
i ¢

N — oo
/
0

Observing that the second line in (8I3]) is bounded from below due to Hypothesis (2.1])
and that ¢ > 0in [0, 7], we may apply Fatou’s lemma and the weak lower semi-continuity
of the function from (29]) as well as the continuity of K in order to pass to the limit in
the second line of (3.13]), which yields

06 [E — (U, ,)] — 6(U, 5 D) + ¢IC(<I>)E} dat.

Jim inf l / N [ FO): va" de + IC@N)E(UN)] dt]
0 Td

N — o

> OT lim n [¢N { /T FOY): VeV do + /C@N)e(ﬁw ] at

T
> / 6 [ FU): Vode +K@)EU)dt.
0 Td
In total, we infer from (B.I3]) that
- [ 2015 - w.9)] di - 60) (W) ~ Wy, 2(0))
T
+/O ¢ {(U, 0,®) + /TdF(U) LV dz + K(®)EWU) — E| dt < 0.

Via Lemma [ZTT] we now end up with the energy-variational inequality (ZI0) and with

lim [E(t) = U(t),®(t))] < EUo) — (U, ®(0)),

after possible redefining the function on a set of measure zero. By Lemma 210, this
inequality implies U(t+) = Uy in Y*, that is, the initial value is attained in the asserted
sense. U

24



4 Two incompressible fluid models

Our first two examples are models for incompressible inviscid fluids, the incompressible
magnetohydrodynamical equations and the incompressible Euler system. While the
latter can be seen as a special case of the first system, it allows to derive more properties
and the comparison with weak dissipative solutions for the Euler equations.

4.1 Incompressible magnetohydrodynamics

As the first example, we consider the equations modeling an incompressible, inviscid
and electronically conductive fluid. The corresponding equations of motion are the
magnetohydrodynamical equations given by

B + (v Vo — u(H-V)H + Vp + vguen2 —0, in T x (0,7), (4.1a)
OH -V x(vxH)=0 in T x (0,T),  (4.1b)

dive =0, divH =0 in T x (0,T),  (4.1c)

v(0) =vo, H(0)=H, in T¢. (4.1d)

Here v : T¢ x (0,T) —R? denotes the velocity of the fluid, H : T¢ x (0,T) —R? is the
magnetic field, p : T¢ x (0,T) — R denotes the pressure, and p € (0, 00) is the quotient
of the magnetic permeability and the constant density of the fluid.

Remark 4.1. We note that the above equation is not formally of the form (ITal). The
pressure is not a function of H and v but should rather be seen as a Lagrange multiplier
to fulfill the divergence-free condition in the evolution. The first equation ([@TIal) can be
interpreted as O + P div(v®@v — pH ® H) = 0, where P denotes the Helmholtz projec-
tion on divergence-free functions, and condition (£Id) is incorporated in the functional
framework by working in the space of divergence-free functions. Another viewpoint is
that one can derive a weak formulation of (Il by testing with divergence-free test
functions. Then the pressure term can be omitted, and the weak formulation is of the

form (L2]).

To introduce the notion of energy-varational solutions to the magnetohydrodynamical
equations (4.1]), we define the corresponding mathematical entropy as the physical energy

1 2 o 2
Ew,H) = 5H”HL2(W) + §HHHL2(W)' (4.2)
Moreover, we we introduce the class of divergence-free vector fields
LL(TY) = {v e LI(T4; RY) \ Vo € CH(TY): /dv Vedz = 0}
T

for ¢ € [1,00). The mathematical precise sense of energy-variational solutions is given
in the following definition.
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Definition 4.2. A tuple (v, H, E) € L>=(0,T; L2(T%))? x BV([0, T]) is called an energy-
variational solution to the incompressible magnetohydrodynamical equations (41 if it
satisfies E(v(t), H(t)) < E(t) for a.a. t € (0,7T), and if the energy-variational inequality

t t
|:E—/Ed’v-§0_H-¢d£L‘:| +/Ad[v-at¢+(v®v_uH®H):v¢dx

t (4.3)
+/ /TdH-att/H—(H@v—v@H):V¢dx+l€(<p,1/;) (S, H) — E]]ds <0

holds for a.e. s < t € (0,T) including s = 0 with (v(0),H(0)) = (vo,Hy) and all test
functions (@,4) € C*(T? x [0, T]; R?)? with dive = divep = 0. Here,

2
Klp,¢) = 2||(V‘P)sym”1;oo(1rd;[[gdxd) + _H(V"/’)skvaLoo(Td;Rdxd) (4.4)
VA
with
”q)HLoo(Td;Rdxd) = esssup [P(x)]q,
z€Te

where |-|o denotes the spectral norm defined in (2.1]).

Theorem 4.3. For every initial datum (vo,Ho) € L2(T9) x LZ(T%), there exists an
energy-variational solution in the sense of Definition with E(0) = E(vo,Hp) and
(v,H) € Cy,([0,T); L2(T%) x L2(T%)), and the initial values are attained in the strong
sense.

Proof. We have to show that the Hypothesis[2.Tlis fulfilled. To realize the system (4.1]) in
the abstract framework introduced above, we introduce the quadratic entropy functional
n: R SR via n(y;,y,) = 2ly1|? + £|y,|?, which is obviously strictly convex, lower
semi-continuous and has superlinear growth. The space of test functions is given by
Y = {(p,%) € C'(T%R?)? | divp = divep = 0}, and we have D = L2(T9) x L2(T?) (see
Remark [27), which is obviously convex. Note that n*(21,22) = |21 + ﬁ |22|%, and the
corresponding total entropy is given by the physical energy £ from (4.2]). The function
F : R? 5 R?¥%4 ig given by

_ (vev—puH®H
FloH) = (H@v—v@H) '

Observing that Dn*(z1,22) = (21, %)T, we find that the condition (ZJ)) is fulfilled due
to

/TdF(DW*(SOJP)) Y (g) dz

:/w (<p®<p—iw®¢) :V<p+i(¢®<p—<p®¢):vwdm

d

2
1
o o _

T 5 0 (YY) Vo—(p-V) Vo: Wo9p)—p-¢pdivy| de
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where we integrated by parts in the last term. The last equality follows by another
integration by parts since ¢ and ¥ are solenoidal vector fields. Moreover, inequality (2.7
is fulfilled for C' = 2 + % since from Young’s inequality, it follows

2
|[F (v, H)| < Jvf* + plH? + 2| |H| < 2n(v, H) + ﬁn(v,H)-

Finally, we have to show that the choice ([@4]) of the regularity weight K yields the
convexity of the function from (2Z9). We infer similarly to the previous estimate that

| /TdF(v,H) v (i) de| < (o @ v — puH @ H| s pagaxay ) [(V)syml| oo ra gy

+2lv® HHLl(Td;Rdxd) H(V'KIJ)S]{WHLOO(Td;Rdxd)
< Klp,¥)E(v.H).

This implies that the mapping

(v, H) — /TdF(v,H) .V (2;) dz + K(, )€ (v, H)

is quadratic and non-negative, and thus convex and weakly lower semi-continuous. In
total, Hypothesis .11 is satisfied, and from Theorem [2.3] we infer the existence of a
solution in the sense of Definition with the regularity from Proposition Bl Finally,
Proposition implies the additional regularity. O

Remark 4.4 (Alternative choice of F'). We could also define the function F' by

Flu,H) = v®v—uH®H+1(@+m_I;\2)
s H®v—v®H_(,v_H)I .

With this definition, we can derive the relation (2.12]) for the function ¢ given by

P

. H|?

Q0. H) =v< : +%> ~ WH(H ),

and the function F' fits better into our abstract framework with Hypothesis But
since both choices yield the same when tested with solenoidal functions, we rather use

the simpler version in the above proof. Note that both choices fulfill the condition (2.8]).

Remark 4.5 (Boundary conditions). The concept can be transferred to the usual imper-
meability boundary conditions. Indeed, on a bounded Lipschitz domain Q ¢ R?, we may
equip the system (4.1]) with the boundary conditions n-v =0 =mn- H on 02, where n
denotes the outer unit normal vector at 9€2. The associated space for the test functions
Y has to be restricted to (p,%) € Y := C(Q x [0,T];R?*) withn-¢ =0 =n -4 on
0 and divyp = 0 = dive in Q. Similarly to the above calculation, one may verify that
condition (ZJ) is still fulfilled, where the integral is taken over Q instead of T¢.
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4.2 Incompressible Euler equations

For the sake of completeness, we apply the abstract result to the incompressible Euler
equations, even though the existence of energy-variational solution to this system was
already proven in [23]. Actually, this can be seen as a special case of the magnetohydro-
dynamical equations (&1]) by setting H = 0. However, here we can give a finer choice of
the regularity weight IC that allows us to show that energy-variational solutions are also
dissipative weak solutions.

The incompressible Euler equations are given by

ow+@w-Vw+Vp=0, divv=0 in T¢ x (0,7), (4.5a)

v(0) =vo  inT¢. (4.5b)

Again, v : T¢ x (0,T) — R? denotes the velocity of the fluid and p : T¢ x (0,7) =R
denotes the pressure. We introduce the energy £ : L2(T?%) — R with £(v) := 1 HvHiQ (Tay"

)

Definition 4.6. A pair (v, E) € L>(0,T;L2(T%)) x BV([0,T]) is called an energy-
variational solution to the incompressible Euler system (&3]) if E(t) > E(v) for a.e. t €
(0,T) and if the inequality

oo

holds for a.e. s <t € (0,7), including s = 0 with v(0) = vy, and for all test functions
@ € CHT? x [0, T];RY) with dive = 0, where

t t
+//dv-6t<p+v®v:chdm—i—lC(cp)[S(v)—E] ds <0 (4.6)
S s JT

,C(QO) = 2H(v90)5ym,—HLOO(']I*d;]RdXd) . (47)

Besides existence of energy-variational solutions, we shall show that they can be identi-
fied with so-called weak dissipative solutions to the incompressible Euler equations (£.5)).
The following definition is an adaption of the compressible case, see Definition B.1T] be-
low.

Definition 4.7 (Dissipative weak solution). We call a pair (v, E) € L>(0, T; L2(T%)) x
BV([0,T]) a dissipative weak solution to the Euler equations, if there exists a Reynolds
defect |} € L% (0, T; M(T% R4 ) such that the equation

Sym7+
/ v-pdx
Td

is fulfilled for all ¢ € C*(T?x [0, T); R?) with dive = 0, and for a.a. s,t € (0,T), including
s = 0 with v(0) = vp, and if F is a non-increasing function with E(0+) = £(vg) such
that

t t t
://dv-8t<p+v®v:V(pda:ds+//dV<p:d%(s)ds (4.8)
s sJT sJT

Ew(t) + % [ 1 a0 < BQ) (4.9)

for a.a. t € (0,T).
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Theorem 4.8. For every initial datum vy € L2(T9), there is an energy-variational
solution in the sense of Definition [J.0 with E(0) = E(vo) with v € Cyu([0,T]; L2(T9))
such that the initial condition is attained in the strong sense. Moreover, a pair (v, E) €
L>(0,T; L2(T4)) x BV([0,T]) is an energy-variational solution in the sense of Defini-
tion [4.0] if and only if it is a dissipative weak solution in the sense of Definition[{.7].

Proof. At first, we show that the Hypothesis 2.1is fulfilled, which is very similar to the
proof of Theorem 4.3l To the most extent, we can copy the above proof with H = 0 or
vanishing second component in all functionals. But since we assert that the regularity
weight K can be chosen in the finer manner stated in (A7), it remains to verify the
convexity of the function from (2Z9) with this choice. Indeed, we have

| F@): Vedz + K(p)e()

= [ vev: (Volmida+ [ ©@0): [(VOhm + (V@) || rigacey ] do.

where we infer the convexity and weak lower semi-continuity of both terms in the second
line since they are non-negative and quadratic. Hence, Hypothesis 1] is satisfied, and
from Theorem 2.3] we infer the existence of an energy-variational solution.

Now let (v, E) be an energy-variational solution in the sense of Definition The
choice ¢ = 0 implies that F is non-increasing. Since the regularity weight K is homoge-
neous of degree one, we infer from Proposition that

T T T
—/Tdv-ipdx’0 +/0 Adv-8t¢+(v®v):V¢Mdt§/o K@W)[E — E@)]dt (4.10)
for all ¢ € CY(T¢ x [0, T]; R?) with divep = 0. We define

Vi={p e C{(T? x [0,T);RY) | divp = 0 a.e. in T x (0,7T), /dcpdx:O},
T
T T
l: VR, <l,1,b>::—/ v-t/)da:’ +/ /v-&tt/)+(v®v):v¢dmdt,
Td 0 0 JTd

T
pi L0, TSC(THRE) SR, p(®) = [ 2(@)-lpaeonsy (B = Ew)) dt.

sym

Due to (ZI0), Lemma 2I5 implies that there exists % € L% (0, T; M (T4 R¥%)) with

sym

VO € LY(0,T;C(T4RED)) . (=R, @) < p(®), VepeV: (—R V) = (1,4).

sym

The first property implies (0, ®) > 0 if ® is positive semi-definite in T¢ x (0,T'), so that
we have R € L% (O,T;M(Td;ngXri +))- The second property yields [.8) for ¢ € V.
Using ¥ = e; in ([@I0), where e; is the j-th unit vector in RY, we see that Jravdz is
constant in time. Therefore, we can drop the mean-value condition on % and infer (4.8
for all ¢ € CY(T? x [0, T];RY) with divep = 0. Considering ®(z,t) = —¢(t)I for some
¢ € CY([0,T)) with ¢ > 0, we further have

T T
/ o(t) [ T:dR@)dt = (—R, B) < p(d) = 2 / S(1)(E — £(v)) dt.
0 Td 0
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Since ¢ > 0 is arbitrary, this directly implies (£9]) for a.a. t € (0,7"). In total, we see
that (v, F) is a dissipative weak solution.

In order to prove the converse implication, let (v, E) € L>(0,T; L2(T9)) x BV ([0, T])
be a dissipative weak solution to ([@3X). Due to R(t) € M (T Rg;ri +), the duality of the
spectral norm and the trace norm for matrices, Holder’s inequality and inequality (4.9)
allow to infer

/ Vo : dR > / (V)sym t AR > — [ (V)| o iy / I:an
Td Td Td
2 QH(V‘/’)symrHLoo(Td;Rdxd) [£(v) — E]

a.e. in (0,7). Estimating the last term of (48] with ¢ = —% in this way, we obtain

v

Since FE is non-increasing, we may add the term E‘Z to the left-hand side to infer the
formulation (Z.6]). O

t t
+/ /Tdv-atip—i—v@v:Vzpd:z:—l—IC(zp)[E(v)—E] ds < 0.

Remark 4.9 (Trace-free measures). Due to the fact that the equation (L)) holds for
solenoidal test functions, one may change the measure R in this formulation by adding
a multiplicative of the identity. This can be done in such a way that the resulting
measure R is trace-free by setting R = R — étr(ﬂ‘i)[ . Consequently, we could adapt
Definition &7 by requiring R € L°(0, T; M(T4; ngxrio)), where R‘Siyxrg,o denotes the set
of symmetric trace-free matrices, and by demanding the simpler inequality £(v) < E
instead of inequality ([@9]). We could infer this formulation with the same arguments
as above, but by choosing Z(¥) = (V§)sym — 3 tr(Vep)I in Lemma and p(P) =
f(;[ 2/|®@||¢(pa,gaxay(E — E(v)) dt. However, we prefer the choice made in Definition E.7]

since in inequality (£9)) the dissipative nature of the Reynolds defect R becomes visible.

5 Compressible Euler equations

Now, we turn to the compressible Euler system. Here, instead of formulating the equa-
tions in terms of the density h and the fluid velocity v, we use the density and the
momentum m = hv. This is often done in the literature, see for instance [16]. The main
reason for this choice is that the associated energy functional is convex in the variables
(h,m) as we will see below. The Euler equations then read

Oth + divm = 0 in T¢ x (0,7T), (5.1a)
am + div (m i’ m) +Vp(h) =0 in T x (0,T), (5.1b)
(h,m)(-,0) = (ho,mo) in T, (5.1c)

Here h: T% x (0,T) — [0,00) and and m: T? x (0,7) — R denote the mass density
and the momentum field of an inviscid fluid flow, and the pressure p is related to the
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density h by a barotropic pressure law p = p(h). Note that we follow [20] and use h for
the density variable instead of p, which fits to our notation to use Latin letters for the
state variables and Greek letters for the test functions.

To see that (5.1]) belongs to the class of hyperbolic conservation laws introduced above,
we set

F(h,m) = <(m®m + p(h) 1) X(0,00) (P ))

)
Then (B.)) is equivalent to (IIl) with U = (h,m).

system is defined as

The mathematical entropy 7 for the

LmZ 4 p(h) if h>0,
n(h,m) = {0 it (h,m) = (0,0),

00 else,

and E(h,m) = [pan(h(z),m(z))dzx is the total physical energy. Here P denotes the
potential energy, which is associated to the pressure p via

h) = h/oh fg dz. (5.2)

Vice versa, the pressure p can be derived from the potential energy P via

p(h) = hP'(h) — P(h). (5.3)
For conditions ensuring that all expressions in (5.2]) and (5.3]) are well defined, we refer
to (0.7 and (B.6]) below, respectively.

5.1 Energy-variational solutions to the compressible Euler equations

For the sake of convenience, we now transfer Definition to the compressible Euler
system, and express all quantities in the way considered here.

Definition 5.1. A triple (h,m, E) € L (T% x (0,T);[0,00)) x L (T% x (0,T);R%) x
BV([0,T]) is called an energy-variational solution to the compressible Euler system (5.1])
if £(h(t),m(t)) < E(t) for a.e. t € (0,T") and if the energy-variational inequality

t
[E—/ h,o+m-<pdx]

Td s

t mem
+/S/Tdm‘8t90+< .

holds for a.e. s <t € (0 T) including s = 0 with (h(0),m(0)) = (hg,mg), and for all
test functions (p, @) € CH(T¢ x [0,7]) x C*(T¢ x [0, T];R™), where K, is given by

Ka(p, @) = Ka(p) = max {2, ad} H(V‘P)symr”Lw(Td;RdXd) (5.5)

for a suitable choice of a > 0.

+ p(h)I)  Vedz + Kalp.@) [E(hym) — E] dr <0 (5.4)
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Remark 5.2 (Choice of regularity weight). There are different choices possible for the
regularity weight IC,. A finer choice would be given by

Ka(p) = max {2”(v90)sym7—HL°°(’]1‘d;Rd><d)7 af|(div ¢)- ”LOO(Td;]R)}
< max {2, O‘d}H(V‘P)sym,—HLOO(Td;RdXd) = Kal(p).

Note that the solution concept is finer for a smaller regularity weight, since the energy-
variational inequality (2I0) remains valid, if the regularity weight increases (cf. [13|
Prop. 4.4]). Nevertheless, we use the above choice since it yields the equivalence to
dissipative weak solutions; see Theorem below.

To show existence of energy-variation solutions to (B5.1]), we restrict the class of ad-
missible pressure laws and assume that p is of the form p(h) = ah?. Then we show the
following result.

Theorem 5.3. Let p(h) = ah” for some a > 0, v > 1, and set ¢ = 2v/(1 +~) and
o = — 1. For every initial data (hg,mq) € Li (T4 RYL) with £(hg,mo) < oo there
exists an energy-variational solution

(h,m, E) € Cy([0,T]; L (T%)) x Cyp ([0, TT; LY(T%RY)) x BV([0, TY)
to the compressible Euler equations ([0l in the sense of Definition [51 with E(0) =
E(ho,mo) and such that the initial conditions are attained in the strong sense.
5.2 Existence of energy-variational solutions

To prove existence of an energy-variational solution, we show that all assertions of The-
orem [2.3] are satisfied. Actually, most of them can be shown for more general pressure
laws than those in the statement of Theorem (.3l For the moment, we shall merely
assume that the potential energy P satisfies

P e C0,00) NC3(0,00),  P"(z)>0forall z>0, (5.6a)
lim PE) _ . Py = P(0) =0, (5.6b)
zZ—00 gz

In particular, P is a strictly convex function with superlinear growth, and p is well
defined via (5.3]).

Remark 5.4. In (5.6]) we introduced assumptions on the potential energy P, while in the
literature it is much more common to state assumptions on the pressure p directly. To
guarantee (5.6a) and (5.6D]), one may assume that p satisfies

peCl0,00)NCL0,00),  p'(z) >0forall z>0, (5.7a)
1
lim p(z) = 00, / IL? dz < 0. (5.7b)
zZ—00  zZ 0 z

One readily verifies that then the right-hand side of (5.2]) is well defined, and that (5.6al)
and (5.7a) are equivalent since P”(z) = p/(z)/z. Moreover, the second condition in
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(E7D) implies lim,_,op(z)/z = 0, and it is equivalent to the second condition in (5.61),
which follows with the identity

/1 p(2) 4. _ /1 L2 4, = pay — 1im 2~ pay - P0).
0 0

22 dz' =z 20 2

Additionally, superlinear growth of p implies superlinear growth of P. Indeed, the first
condition in (B.6D) yields the existence of hg > 0 such that p(z) > z for all z > hy,
whence we have

P(h)

h h h
W [P2 s ["Las= [M 2D d b togh) -~ logth) o
0 0

22 ho 2 22

as h — oo. However, the converse is not true. For example, the function P(h) = (1 +
h)log(1+4h)—h satisfies (5.6a)) and (5.6D), but the associated pressure p(h) = h—log(1+h)
does not have superlinear growth. Therefore, the assumption on the potential P in (5.6])

are less restrictive than the assumptions on the pressure p in (2.7), which explains why
we work with the former in what follows.

We separate the proof into several lemmas, the first one concerns properties of 7.
Lemma 5.5. If P satisfies (0.0), then n is strictly convex and has superlinear growth.

Proof. By (B.6al), we have P” > 0, and the strict convexity of n directly follows by com-
puting the second derivatives. To show the superlinear growth, let (h,,m,) C R x R"
be a sequence with |(h,,m,)| — oo. If h, — —oo0 as n — oo, then we clearly
have n(hpn,my)/|(hn,m,)| — oo. So we may assume h, > 0 in the following. If
lim,,— o0 [My |/ By, = 00, then

n(hn, my) |m'n|2 _ Im, | Im, |
‘(hnamn)‘ o th ‘(hnamn)’ \ h% + |mn|2 th

as n — oo; if lim inf,,_,|my,|/h, = ¢ > 0, then we have h,, — oo and

— 00

n(hp,my) - P(hn) hn P(hy,) s
[(hnymn)| — [(hpsmn)| /B2 + M2 e
as n — oo due to (5.6D). In total, this completes the proof. O

Next we calculate the convex conjugate n* of n. To this end, we use that P’ is an
invertible mapping.

Lemma 5.6. If P satisfies (5.6)), then the mapping Q = P’ is strictly increasing and a
bijective self-mapping on [0,00). The convex conjugate n* of n is given by

(e = [ ) s =po @ ((o+ %)) (53

Di*(p,¢p) = Q1<<,0 + @)) (;) (5.9)

where z4 = max{z,0} for z € R.

and it holds
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Proof. By (B.6]), the function @ = P’ is strictly increasing and continuous on [0, 0o) with
Q(0) = 0, and the convexity of P yields

P(z)

— 00

Q(z) = P'(2) =

as z — oo. Therefore, Q is a bijective self-mapping on [0, 00) with inverse Q~!. The
second equality in (5.8]) is now a direct consequence of the identity

d

ZPQ () =P Q@ () =r(Q(2) :

Q'(Q(2))

where we used Q'(z) = P"(z) = p/(2)/2. To verify the first equality in (58], consider
2
the case p + % < 0 at first. We employ Young’s inequality to estimate

=Q (),

lpl? | Im|* | hlp?
h m-@—nlh,m) < —h _
p+ ¢ —n(h,m) < 5 + o7, + 5

n(h,m) <0,

which shows 1n*(p,p) < 0. Since we also have n* > 0, we infer n*(p,¢) = 0, which is
2 2

BER) if p+ % < 0. This also implies (5.9) in this case. If p + % > 0, then (p,¢)

belongs to the range of Dn, which is given by

[m?

m
D”?(h’m) = <_2—h2 + Q(h)’ E)

for h > 0, m € R%. Computing the inverse, we arrive at (59) in this case. This further
2

yields (B8] for p + % > 0 since Q(0) = 0. In total, we have thus verified (58] and

B9). O

In the next lemma, we verify the compatibility condition (2.8]) between F' and the
entropy functional 7.

Lemma 5.7. If P satisfies (0.0), then the condition (2.8]) is satisfied.
Proof. We first consider the integrand of (Z8). Using (59), for all (p,¢) € C'(T4; R*Y)

we have

N T QN (p+ 1)) v (”
F(Di*(p,9)) : V <¢> = (Mw Q' ((p+142).) +po@ M ((p+ '), f) - <‘P>

+
:(p.V(,o%—@) Q1<<p+ @)Jr) +poQ1<<p+@ )diwp

N
=div [pn*(p, @)].

where the last equality follows from (5.8). Integrating this identity yields (Z8]). O
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Remark 5.8. We can also show (Z8) by verifying the alternative condition (Z.12)). Indeed,
we can use (0.8) and (B9]) to derive

) - " Q ((p+95))
F(Dn*(p,9)) = ((p®(p Q(p+142),) +pij1((p+ el ) I)

— (pT Dpn* (pa (P)
® @ Dpn*(p,) +n"(p, ) I
= D[pn"(p,¢)] = Dlep(D,n*(p,¢))] = D[g o Dn*](p, )

for g(h,m) = Tp(h). This shows (ZI2), which implies (28] by Remark 7. However,
we cannot use the classical entropy-flux condition (2.IT) in the present situation, since
F is not differentiable.

It remains to show that the function X defined in (B.5)) is a suitable choice. To show
this, we have to impose more restrictive conditions on p and P.

Lemma 5.9. Assume that additionally to (5.6]) there exist constants ¢, > 0 such that
p(h) < (14 P(h)), (5.10)

for all h > 0, and such that the functions p and aP — p are convex and non-negative.
Then (1) holds for some C > 0, and for any ¢ € C1(T%R?) the mapping

maem
h

domé =R, (h.m) > | ( +p(h)1) Veda + Ko(@)E(h,m)  (5.11)

is convez, lower semi-continuous and non-negative for Ko, as in (B.5]).

Proof. For h < 0, estimate (2.7)) is trivial, and for A > 0 we use Young’s inequality and

(5I0) to conclude

[F(h,m)| < C<%¢E+ @ +p(h)> < C<h+ % +1+ P(h)) < C(1+n(h,m)),

where we used the superlinear growth of P in the last estimate. In total, this shows
21). To deduce that (G.IT) is convex and non-negative, firstly note that the mapping

mem lm|? mem

(h,m)l—>/Td 2 :chd:l:—i—ICa(cp)/Td e (V@)agm + 3Kal9)1) dz

is convex and non-negative because the matrix

1 1
(V@)sym + 5Ka(@)T = (V)sym,+ + (V@)sym,— + 5Ka(@)]

is symmetric and positive semi-definite. For the term (V¢)sym + this is clear, and for
the remaining term this follows from 3K, () > ||(V(p)sym,*||L0°(Td.Rd><d)- Secondly, the
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mapping
his /po(h)l Vo dz + Ka(p) /Td P(h) do
= [T (Vohm + 5 [ PO 5 (Ka@)] +ad(Vi)om, ) 0
Td Td
+ [ (60 = aP()T 5 (Tg)oym - da

is also convex and non-negative. Indeed, this follows from the convexity of p, P and
aP — p and from the fact that (V@)sym,+, —(V@)sym,— and Ka (@)l + ad(Ve)sym,— are
positive semi-definite in T¢. Note that for the last term, this follows from K, (p) >
ad|| (V@)sym,— || oo (a gixa)- In total, the asserted convexity and non-negativity of (5.1T])
follows. Finally, since strong convergence implies point-wise convergence almost every-
where of a subsequence, the non-negativity of the mapping (5.II) and Fatou’s lemma
imply the lower semi-continuity of (&.IT). O

Finally, we prove Theorem B3] on existence of energy-variational solutions to the
compressible Euler system.

Proof of Theorem [5.3. If p(h) = ah?”, then P(h) = (v — 1)"tah?, and one directly sees
that all properties from (5.6 (or even (5.7])) are satisfied, and Lemma and Lemma
6.1 are applicable. Moreover, we have p(h) = (v — 1)P(h), so that the assumptions of
Lemma [5.9] are satisfied with ¢ = a = v — 1. Moreover, we may identify D = dom €&,
which is convex, c¢f. Remark From Theorem 23] we thus conclude the existence
of energy-variational solutions (h,m) in the sense of Definition [.Il Moreover, Young’s
inequality implies

m|? = (M)qh% calml 2mg e o w1,

Vh 2 h 2 I+y b 141+

)

whence

/w h(t)Y + [m(t)|?dz < CE(h(t),m(t)) < C &(ho,mo)

for a.a. t € (0,7) and some C' = C(v) > 0. Finally, the assumptions of Proposition
are clearly satisfied such that (h,m) belongs to the asserted function class. O

Remark 5.10. It is readily seen that the previous proof also works for more general
pressure laws than the above choice p(h) = ah” since it suffices to satisfy condition
(56) and the assumptions from Lemma to obtain existence. For example, one may
consider pressure laws of the form p(h) = a1h" + aoh?? with aj,as > 0 and 71,2 > 1.
One easily checks that then (5.6]) is satisfied, and the assumptions of Lemma[5.9hold with
¢ = o = max{y1,72}—1. Another example would be the pressure law p(h) = h—log(1+h)
with associated potential energy P(h) = (1 + h)log(1l + h) — h from Remark [5.4], where
one can choose ¢ = a = 1.
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5.3 Comparison with dissipative weak solutions

To compare the notion of energy-variational solutions with existing solution concepts for
the compressible Euler system (B.I]), we recall the notion of dissipative weak solutions
for pressure laws p(h) = ah? (cf. [16], Def. 2.1]).

Definition 5.11. We call a tuple (h,m, E) € L>(0,T; LY(T4)) x L>(0, T; LY(T%; R%)) x
BV(]0,T]) with ¢ = 2v/(1 + ) a dissipative weak solution to the compressible Euler
system (B.I0) if there exists a so-called Reynolds defect R € L% (O,T;M(Td;RdXd )

sym,—+

such that the equations
t t

/ hp dzx :/ / hoip +m - Vpdxdr, (5.12a)

Td s s JTd
t t
m-pdz :/ / méyp + (mfm)  (V@)sym + ah (div ) dz dr
e s s T (5.12b)

t
—l—// Ve : dR(7)dr
s JTd

are fulfilled for all p € C*(T?x [0, T]) and ¢ € C}(T?x [0, T];R?), and for a.a. 5,t € (0,T),
including s = 0 with (h(0),m(0)) = (hg,mq). The function E is non-increasing and
satisfies E(0+) = £(ho,mp) and

E(h(t),m(t)) + on /T dulR()] < E() (5.12¢)

for a.a. t € (0,T) and a constant cg > 0.

Now we show that energy-variational solutions to (B.I]) coincide with dissipative weak
solutions in the above sense.

Theorem 5.12. Let p(h) = ah” with a > 0 and v > 1, and let (hg,mg) € L'(T9) x
LYT4RY) satisfy £(hg,mo) < co. Consider a tuple (h,m,E) € L>®(0,T; LY(T9)) x
L>®(0,T; L9(T4RY)) x BV([0,T]) with ¢ = 2vy/(1 + 7). Then (h,m,E) is an energy-
variational solution in the sense of Definition [l with o = v — 1 if and only if it is a
dissipative weak solution in the sense of Definition [ 11l with cs; = min %, ﬁ}

Proof. Let (h,m,E) be an energy-variational solution in the sense of Definition B.II
Since the regularity weight K = K, given in (5.5]) is homogeneous of degree one, we may
apply Proposition in order to infer £ ‘Z <0 and

— [/ hp—i—m-cpdx}
Td

t
+//dm-at¢+(mfm+m):wdm+/C(<p)[5(h,m)—E] ds<0 (5.13)
s JT

t t
—l—//dh@tp—i—m-Vpdmds
S s JT

for every (p,¢) € CY([0,T];C*(T%R™)) and ae. s < t € [0,T], where E(0+) =
E(hg,mp). For the choice ¢ = 0 we infer (5.12al), but first merely with an inequality
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sign. However, since p varies in a linear space, the equality (B.12al) follows immediately.
Choosing p = 0 in (513]) instead implies

t t
+/ /dm-atcp—i— (mi’m +1m) - Ve da dr
S s JT

¢
< [ Kie) (B~ Ehm)] ar.
The left-hand side of (5.14]) defines a linear functional I by

T T
(l,p) = —/dm-cpdx‘o —|—/ /dm-(?tcp—i— (mfm—i—lh'y) :Veodrdr (5.15)
T o Jr

for ¢ € V, where

— m-pde
T (5.14)

V= {p € CY(T? x [0,T|;R% | /dgodx — 0},
T
We define the sublinear mapping p by
p: L0, T5C(THREM)) = R,

sym

T
p(®) := max {2,d(y — 1)} /0 () lloragaay(E — E(h,m)) dt.

From (5.14)), we infer the estimate (I,¢) < p(Z(p)) for all ¢ € V. Lemma 215 shows the
existence of an element R € L2 (0, T; M(T%; REX4)) satisfying

Sym

VO € L0, T;C(THRED)) - (=R, ®) < p(D), VoeV: (-R, V)= (I, V).

Sym
As for the incompressible Euler equations (see the proof of Theorem [A.8]), we show that
R e L0, T; M(T4RE%E 1)) and that (E12H) holds for all ¢ € CY(T¢ x [0, T]; RY).

sym,-+
Considering ®(z,t) = —(t)I for some ¢ € C§([0,T)) with ¥ > 0, we further have

T T
[ o) [ dame at = (-3,0) < p(@) = max {2,d(-D} [ w(0)(E-E(hm))dr
0 T 0

Since 1 > 0 is arbitrary, this directly implies (B.12d) for a.a. ¢t € (0,7"), where
In order to infer the converse implication, let (h,m, E) be a dissipative weak solution
in the sense of Definition 5.I1l Adding E|% < 0 for s < t and the identities (5.1Zal)

and (B.12D) with p = —¢ and ¢ = —4, we infer

oo oo S

t t
+/ Adm-at¢+<m§’m+mf) :V¢dxd7+/ [ Ve an(dr <o

for a.e. s < t € (0,T) and all test functions (¢,4) € C1(T? x [0, T]) x C* (T x [0, T]; R™).

From R € L0, T; M(T4; R;l;ncll, +)), the duality between spectral norm and trace norm,

Holder’s inequality, and inequality (5.12d), we infer

/]I‘d V'I/): dR > /Td(v"/))sym,f dR > _H(VQI))Sym,fHL°°(’]1‘d;RdXd) /TdI: dR
> [[(V)eyim, | o [0 m) — ] = KalW)[E(h,m) — E]
a.e. in (0,7, where a = v — 1. Using these estimates in (5.16]) yields (5.4). O
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5.4 Relative entropy inequality and weak-strong uniqueness

It is readily shown that the Hypothesis is fulfilled for the compressible Euler equa-
tions (B.I)), and that the weak-strong uniqueness principle of Corollary 3.8 holds. In
particular, relation (ZI2]) was already observed in Remark (.8 Nevertheless, the cal-
culation of the relative entropy inequality (3.5]) for this non-quadratic energy remains a
nonstandard task, and we exemplify it here for the reader’s convenience. All calculations
are done along the lines of Proposition 3.7l Note that during the calculations only (5.3))
is used, but in order to derive weak-strong unigeness, we explicitly need (5.6 and the
assumptions of Lemma (.9
The relative total entropy R is given by

s [ mP mP m w2
R(h,m|h,m) = /]I‘d 5% o 7 (m—m)+ 573 (h—h)dz
+ [ P(h) - P(h) — P'(h)(h — h) dz
T
_ [ ™y - gy — PPy — By de
~Jra2|h ok '
the system operator A by
Al 1 Oh + divin
(1) = | i + div (m2m 4 p(h)I) )

and the relative Hamiltonian is defined via

W(h, m|h,m)
=L r(R-F) 2 (F-5) + 60 —s)—s@r0-0) 1] (v(F)) oo
+K <%> R(h,m|h,m),

where the regularity measure K is given as above.

Proposition 5.13. Let (h,m) be energy-variational solution in the sense of Defini-
tion [21] with initial value (hg,mg). Then (h,m) fulfills the relative entropy inequality

() i ]

)< _%))>d7§0 (5.17)

Il h e (T4 x[0,T); (0,00)) and m € C}(T¢ x [0, T] RY). Moreover, if p(h) = ah?,
7 nd (h,m) is a (classical) solution to [B1) with (h,m)(0) = (ho,mg), then (h,m) =
(h m).

[R(h,m|h, ) + B = £(h,m)]

; ) ) P"(h)(h — h) —
+/S W(h,m\h,rh)+<A(h7m)a( e %(;n

=3

>
SERSS

for a
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Proof. First we calculate the second derivative of the entropy function n and mulitply
it with the difference (h — h,m —m), which implies

B 7 1"y \'IZLIQ _@_T T
D2y (0 2 (P T ) (A
m—m - ZI m—m

- (ron-n-2 (-3 £G-3)

This gives the term the system operator .A(~ m) is tested with in (5I7). For this, we

P — pr(h) that

— [ 0P (Bh ~ ) - atﬁ}%; <% - %) de
+ [ divin (P”(B)(h gy (% = %)) dz
/d(atﬁ% - %)% (%n B %) dz (5.18)
[ (aen™ s () i) (™)
- /T o+ divin] PY(R)(h — ) da

L) (@) oa](3-7) e

Adding and substracting the energy £(h,m) in the first term of the energy-variational
formulation (5.4) and choosing p = P'(h) — [P ond @ = as test functions, we further

252
observe that

2 ~ 2
/ [mf> . m mP ‘
lE E(hm+/ P(h) ~ P+ =+ dx] S
+ ho,hP"(h) — hdy= - = +m - VAP"(h) —m - V= - = dad
// t Lok m () m T S
mem m m
. — I N = i —E < .
+/5 [ m 3th+< > —i—p(h)) Vhdx+IC(h)[€(h,m) lds < 0

We now invoke the identity
hdhP"(h) = 0yhP" (h)h + O;hP"(h)(h — h) = —0,[P(h) — P'(h)h] + 8;hP" (h)(h — h)

to introduce the relative energy in the first line. Subsequently, we use equation (B.I8])
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to deduce

[E — &(h,m) + R(h,mm,m)}

[ () ) - 5 0

t mem m m
hI):V=-m - V=
+/s/11‘d< h +p()> pomY

h
t 7 7 - - 7 - 7 -~ m - -
+// [@-V(L")Jrvm”(h)] L [h v V- PR (h — h) de dr
sJra T R 3 7
t

h

. ) = 5% > T
+ <A(h,m), %(%_%) dr <0.

S

With the identity AP”(h) = p/(h) and integration by parts, the second and the third
line can be transformed to

t m ~ . . m m m m m
div = (p(h)—p(h)—p'(h)(h—h —i—h(——T)@(——T):(VT) dzdr,
L L (pu—pd—p®o-) +n (7 -7 ) e (3 -5): (vF)
which implies the relative entropy inequality (0.I7). The weak-strong uniqueness prin-
ciple now follows as in the proof of Corollary B.8, where we required that the relative
entropy R and the relative Hamiltonian WV are non-negative. For this purpose, we
assume p(h) = ah? again, which satisfies (5.6]) and the assumptions of Lemma O
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